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R<2 = {a, b},
Raa = ∅,
Rab = {ab} ∪ ({a} ×Rbb) ,
Rba = {ba} ∪ ({b} × Raa) ∪ ({b} × Rab) ,
Rbb = {bb} ∪ ({b} × Rba) ∪ ({b} × Rbb) .
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R<2(z) = 2z,
Raa(z) = 0,
Rab(z) = z2 + zRbb(z),
Rba(z) = z2 + zRaa(z) + zRab(z),
Rbb(z) = z2 + zRba(z) + zRab(z).
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T = ({I} ∪ T ) × {∆} × ({I} ∪ T ) .
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T (z) = (1 + T (z)) z (1 + T (z)) .
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R = {a} × Seq({b, bba})
∪ {ba} × Seq({b, bba})
∪ {bba} × Seq({b, bba})
∪ {b} × Seq({b, bba})
= {a, ba, bba, b} × Seq({b, bba}).
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D(t, 1)
�

E(t, 1) =
1

2

(

1 +
1√

1 − 4t

)

= 1 +
1

2

∑

n≥1

(

2n

n

)

tn.

� !Ä	H>?�"',� 	x%�0�	x�Á���
��	�'�.��&0��]��01�Á	\')�"�7.�! 	=��	H>?.��&'�-ç	9.�!�%�'4! �&��0	��	�0 ����	\! 	�'R��0������=%?>ö��� ����K&-�'4'�%��®�)-�'�	���%
�2�ñ����-j	H�x�����"��0�K&%�!"��� �
	6(*%�� 	�>?.�!"��(L%�	N!Ñ�D-�K ��!����<-

E(t, 1) = D(
t

1 − t
, 1).
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E1/2(t, r)
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E1/2(t, 1) =
1 −

√
1 − 4t

2t
=
∑

n≥0

1

2n + 1

(

2n + 1

n

)
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1 − t − 2t2 −
√
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2t3
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1 + max{((ir − jr) − (il − jl)) , (il, jl) ∈ a, (ir, jr) ∈ a}.
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(Tn(t))n≥0'���0*�
T−1(t) = 1, T0(t) = 1
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Tn+1(t) = Tn(t) − tTn−1(t).cI0
t = −1

� ��0d�
	�� �
�&%15�	�!b�r')%�����	���	����"3��&0]��������C � �^')-Á��� 	tK&-�0�-ç�<�=�������Á	t'�	�! �&0s! �D��� �
	ö��	�',��	��O� +
��0������=%?>r')%�����-�'�	2�=%�� �)�b��01K&%�!b�=� ��	���	A!b�ñ��K�	�%��8��%Z.�!"%1'

n
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1/2(t, 1) =

Tn−1(t)

Tn(t)
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(i − 1, j) ∈ a
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∑
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Pj�7�ç�&0î���D��3������	ç�B�Á	��)� 	M(*%�	�')�<� �&0G	�',�j��	M�Á�&01'�� �1-Á��	ç�B! 	¨�1-�5�	�! �&.1.	��#	�0*�j��	 ���2kL! ����	�0
r = 1

��	
�Á	H����	N')-Á�)� 	��
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i≥0
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t(2 − 6t − 5t2 + 12t3 + 13t4 + 12t5 + 9t6)

(t + 1)2(3t − 1)3
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√

(t + 1) (1 − 3 t)
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G = (V, E)
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∑
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(*%��F%�0
�7����TW-�	���0����N0����J��31!�B'����;3�!"�(�H>?�"',����	4��0*��	��N����'#�
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�90 5=�^%?�<�"!��"'���	9%�0�����.1.
	��L�JS
�7.]��	A���n��	������5�
�M��	<��0�',P ��	,�U.6�&%
	A-�0*%��7-�	���	N'���!�&0s!-�D���	������i!�

.�-�	����OuH��	��`!��' �
���7�Q+���0�������%L>N'�%
	I!"��	�-�'��2�=%7����	�	)-�C � ��' �1-�d]0��Q�<�"�&0�'/')%���5=��0 ����'I'��&0 � �
��0�0�-���'4.��&%�	
!�2	)-�'�����%�����	�	)-��H�$�
��5L���0�0
��0*�\0]�=��%
	���!"!��'�'�� �&0Z���&%�	�0
�N!�2	�-�'�����%�����	�	)-����F%�0^S*%������"u����(�
�A���&%�	
�]��01'[!�6'���0�'[��	)�"K���0
�&�7-���	)�"(*%
�8�����O���6')%
	[!"�Nd]K�%
	�� , C 0 /1C � ��� � � � ��� � 		� � � � �� �

(i, j)
��')�

i + j
C

� � � � � � ��� � 		� � � ��� � � ���
a
��')�@!"���O�n>?�"�;%1� �
��'�S]��%1����%
	)'r.]��	)�O�8!��'O')������'r�=.�.]��	,����0���0 �@a

a
C � � � � ��� �

h
��')�;! � ��0�'����;3�!"������'U')������'ia�!b�@S]�=%1����%
	

h
C�� �&%�	i%�0���0�������!

a
� �&0 ���)�
�7.]��	

Ck!-�.�L����%1.]�=�<�"�&0��
�A!b�;!��"K&0����
�AS]��%1����%
	
k
��0^.6�&'<��0 �

C2k = {(i − j)/2|(i, j) ∈ a, i + j = 2k}



� ����� � �
����� ���� �1�� � �
��� �;� � �1��� ��� � � �/�(� ���� ��� ��� � � � � ��� ������� . �

C0 = {0}
C1 = {0}
C2 = {0}
C3 = {−1, 0}
C4 = {−1, 1}
C5 = {−2,−1, 0, 1}
C6 = {0, 1, 2}
C7 = {−1, 1}

C9 = ∅
C8 = {−1, 1}

ij

0

0

0

0

0

0 1

1

1

1

1

2

−1

−1

−1

−1

−1

−2

V (C0) = {−1, 0}

V (C1) = {0, 1}
V (C2) = {−1, 0}
V (C3) = {−1, 0, 1}
V (C4) = {−2,−1, 0, 1}
V (C5) = {−2,−1, 0, 1, 2}
V (C6) = {−1, 0, 1, 2}
V (C7) = {−1, 0, 1, 2}
V (C8) = {−2,−1, 0, 1}

� ����� , C 0 / � g��)�]��K��B.]��	�!"��K&0
��� �D%�0���0�������!�'�%�	x!"�(	�-�'��2�=%��2�,	�	�-

���
C2k+1 = {(i − j − 1)/2|(i, j) ∈ a, i + j = 2k + 1}.� 0^��01�"�O��!���')�8����	<���H�<-�	��"')-B.]��	�!"�U'�%��Q���(�
�B'���'8!"��K&0
��'

C0, . . . Ca(h)+1

�1!b������	�01�"u�	��B!"��K&0
�
Ca(h)+1-��<��0 �t5?�"�
��C �B0�0
�����

V (i, j) = {(i + 1, j), (i, j + 1)} !"� :�� � � �� � � �����F%�0�'��&�7�%�H�
(i, j)

C � �
5����"'���0]��K��(� �D%�0 ��01'����U3�!�2�
�A'��Q����'

E
��')�

V (E) =
⋃

(i,j)∈E

V ((i, j)).

cI0^��	<���1%��"'���0 �8�����)���N0
������&0@')%
	8!�B���)�]��K��(�
��'x!"��K&0
��'��

V (C2k) =
⋃

i∈C2k

{i − 1, i}

���
V (C2k+1) =

⋃

i∈C2k+1

{i, i + 1}.
X!�&�Q�

C0C1 . . . Ca(h)+1

!b����-����&�7.6�&'��Q�<���0(��0N!"�"K�0
��'����R! �:�=0��"�O��!
a
C�p ��%?>B!"�"K�0
��'����&0�'�-���%1����5���'

Ci

�H�
Ci+1

'��&0 ��� � � � ��� ��� � � �i'�� �H�9'���%�!���%��0 �\')�
Ci+1 ⊆ V (Ci)

C � 0
�N'�%��Q���7�
�U!��"K&0���'���',�9���&�O.��=�<��3�!�
'�� �
��%L>�!"��K&0
��'N����0�'�-���%1����5���'%����0�';!"��'�%��Q���r'��&0 �;����%n_��&%
	)';���&�7.]�=���"3�!"��'�C�p ��.�!"%�'���!"��!"��K&0
���
�
S]��%?����%�	

0
���F%�0^��0�������! ��')��'��&���$5?�"�
�9'��&���[!�9'���%�!	')�����

(0, 0)
�?����%�.�-�C � ��'��
��%L>@!"��K&0
��'[.6�&'�')�"3�!"��'

.6�&%
	
C0

'��&0 � ∅ ��� {0} C � �D���	��(�
�A!-�D��0�������!6��',�
a(h)
∑

i=0

|Ci|



. - ������� � �����	� ��
 �����
� � 	��� � ����� � ��� 	 ����������

���x!"�B.W-�	��"�7u���	������N')�����7��')�
a(h)
∑

i=0

(|V (Ci)| − |Ci+1|) .

�90��1-�d]0��Q��.]��	�����'�P ��	��;%�!"��'�! �:���"	�� �H��!�4.W-�	����OuH��	�� �
�$')�����I.��&%�	�%10
�$')%��������
�R!"�"K�0
��'	���&�7.]�=�<��3�!��'�C
� �M0]�=�<%�	��2�
��'8')������'8'�%
	8!b�;!��"K&0��

h
��',�$��-�����	��7�"01-��B.]��	8!"��'�!"��K&0
��'

Ch−1

�H�
Ch

C��90�.]�,	)�<�Q�<�"�&0�0
�
!-�.��01'����U3�!�(�
��'6')%�������'4�
�A!"��K&0
��'`���&�7.]�=���"3�!"��'`'���!"�&0Z!b�M.]��	)���<-(���N!"���
��	)0��"u�	��A!"��K&0
�

8

Hpair(A) =
∑

C0...C2k−1A

t � 2k−1

i=0
|Ci|+|A|r � 2k−2

i=0
(|V (Ci)|−|Ci+1|)+(|V (C2k−1)|−|A|).

��',��!b�N'�-�	���6K&-�01-�	<�n��	������9'���!"�&0r!-�D���"	��4����!"�6.�-�	)�"�7u���	��$�
��'�')%�������'����&0 ��!b�7�
��	)0��"u�	��9!��"K&0
�
A
��')���
�

S]��%?����%�	x.����	����
�H�6',kL�O-H��	���(*%
������0 �

Himpair(B) =
∑

C0...C2kB

t � 2k
i=0

|Ci|+|B|r � 2k−1

i=0
(|V (Ci)|−|Ci+1|)+(|V (C2k)|−|B|)

��',�U!"�r'�-�	���tK&-�0�-�	��=��	)�"���7'���!"�&0 ! �:�=�	��*���N!�M.�-�	)�"�7u���	��5�
��'N'�%1������'2�
�&0 �N!b���
��	)0��"u�	��t!"��K&0
�
B
��')�

�
�7S]��%1����%
	N�"�7.]���"	��=C�cI0 	��H�<�"	<��0 �N!b� �
��	)0��"u�	��7!"��K&0
�5���F%�0
�7'�%��Q�����&0 ��31�<�"��0 �N!��'N-�(*%]�n�<���0�'2�
�
��-����&�7.���'�������&01'`'�%��Q5=��0 ����'8!��b��0 ������'x'�-�	)���'
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Hpair(∅) = r +
∑

B 6=∅|∅⊆V (B)

r|V (B)|Himpair(B),

Hpair({0}) = t +
∑

B 6=∅|{0}⊆V (B)

tr|V (B)|−1Himpair(B),

Hpair(A) =
∑

B 6=∅|A⊆V (B)

t|A|r|V (B)|−|A|Himpair(B),

Himpair(B) =
∑

A6=∅|B⊆V (A)

t|B|r|V (A)|−|B|Hpair(A).

� �U'�-�	���\K&-�0�-�	<�=��	������ ����'���01�"�O��%?>7'��\�2��!���%�!"�\aU.���	)���	 �
��'�')-�	��"��'`K�-�0�-�	<�=��	��"����' �
��'`')%�������'`'��
����	��7�"0]�=0*�`.]��	8%�0
�A!"��K&0
�\5L�"�
�

D(t, r) = Hpair(∅) + Himpair(∅).
�J� �)? ��� � �����	 ��	�� � � � ��� � � ����� ��� ��� � � � �

D1/2,n(t, r)
� ��� �	� �
� � �� � ��� � � � ��� � ���� � � 	 ��� �� ��	 � �

	 ��� ��� ��� � � � � =	 � � ��� � ��� � � � � � � � n
� ��� � � � < ��� �������	� � �������	�
� ���� � ���

t
���

r
� � � � � ��� � ��� � � � ���
�

∂

∂r
D1/2,n(t, 1)

� ��� �	� � � � ��� � ���� � � 	 ��� � � � � � ��� � � ��� � � � < � � ��� ���	� ���������	�
� ���� � ���
t
�

�J� �>� ��� 	 X?%
	M!"� 	�-�'�����%��2��	�	�-���0 �����	��/�"!4ko�Y%10
�@�"01d�0�����- ���.�?����%�.]�n�<���0�';.6�&'�')�"3�!"��';.6�&%
	;%10
�
!"��K&0
�=C�����	;����0*��	��@.6�&%
	i!��'*�
���7�Q+���0��"�O��%?> �
�@!b��	)K���%�	;��%o.�!�%�'

n
�/!��'��L����%1.]�=�<�"�&0�'i.��&')'���3�!��'

�
��'�!��"K&0
��'r.]���"	���'^'��&0 �^!��'
2dn/2e '���%�',+ ��0�'����;3�!"��' �
� {0, 1, . . . , dn/2e} �H������!�!��'�����'^!"�"K�0
��'

�"�7.]���"	���'B'��&0 �i!��'
2bn/2c '��&%�'y+���01'����U3�!��'*�
� {0, 1, . . . , bn/2c} C � �7')kL',�<u�����!��"0�-����	��5	���')��	�����0*�

a~����'%�?����%�.��=�<�"�&0�' �
��'7!"��K&0
��'7.6�&')'�u����
2dn/2e �"0����&0�0*%
��'

Hpair(A)
��%

Himpair(B)
������%1�<��0 �
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����� ���� �1�� � �
��� �;� � �1��� ��� � � �/�(� ���� ��� ��� � � � � ��� ������� . �

���F-�(*%]�=����&01'�C�g��N')kL')��u����i.6�&'�')u��
�N%�0
�A'��&!"%1����&0@0��&0?+�0*%�!�!�B.�%1�"'�(*%
�A!"��'8'�-�	����'8K&-�0�-�	<�=��	�������'4�
��'
'�%1������'O���&�7.]�=�<��3�!��'M'��&0 �O3����0 ��-Hd]0��"��'����%��0�'��&0 ��%10
��'��&!"%?�<���0	C � ��'O'�-�	)���'O'��&!"%1����&01'5�
�����
')kL',�<u����\'��&0 ���
��'$P 	���������&0�' 	��=�<�"�&0�0
��!"!��'���0

r
�H�

t
� �
��0��

D1/2,n(r, t)
(L%1����')�$!b�A'��&�7�%�4�
�#�
��%L>

�
�A����'8'�-�	)���'���')�x%�0��AP 	���������&0�	��=�<�"�&0�0
��!"!"�#��0
t, r

C � ����-�	��Q5&-��N'���!�&0
r
���8!-�F-�5=��!�%]�=����&0 ��0

r = 1.
	)-�'���	)5=��0 �i!�M�2�,	<���H�<u�	��%	��=�<�"�&0�0
��! ∂

∂r
D1/2,n(t, 1)

��')�N%�0��7P 	���������&0 	��=�<�"�&0�0
��!"!�*��0s!b�r5=��	��"��3�!�
t
C

2

� �Y�2��!���%�!x.
	��=�<��(L%��3�
��'�P 	<���H�<�"�&0�'�	<�=����&0�0���!"!"��'O� -H�<-/�HT �����<%1- �
��!"�sPj�7���&0�'�%1��5=��0 ���=C �90
5���%1�Z�2�=!"��%1!��	

H
�['����JS]��0 �Z(*%
�

H = MH + B
� �

M
��',�@!b� ���=��	������3����'@���)� �7�����0 ��'��
��'

�"01���&0�0*%
��'���%Y',kL')�<u��%�i!"��0�-2���"	��2���
B

����	�	���'�.6�&0
�~�=%?> ��0 ��	)-���'9���&01')�J�=0*����'�C	���,	\����-�	��=�<�"�&0 ��0Y�
H =

∑N
n≥0 MnB + MNH

CWg[S]�=(L%��U.
	��!��%1���x.]��	
M

�;%�!Q�<��.�!"�"�\���&%1'6!"��'8����	)�%��'6.���	\�=%����&�"0�'
%�0s���)� �7���"��0 �

t
����	A�JS]��(*%
�7!"��K&0
���W'<��%?P[!"� �
��	)0��"u�	��������&0 �<�"��0 �i��%~�%�&��0�'9%�0s'��Q���=�����N!��'B'�-�	����'

'���0*����0 �<��u�	���'5�
�&0��&��0+�&3�'���	,5��=0*�;!��'i����	)�%��'��
� ����K�	)-@��%o.�!�%�'
N − 1

��0
t
�]��0�';! �D-�(*%]�=�<�"�&0

.
	)-���-��
��0 ���#�&0t�
H(t) =

∑N
n≥0 MnB+O(tN ).

����	I�����)���`P ��	)�;%�!�=�,��0M�2��!���%�!"�[!b�6'�-�	)��`��	��&0�(*%�-��
aA!-�.��	��
	��

N
�
�

Dn(t, r)
CLg��x����!"��%�! ��',�[%10O����!"��%�!].]��	4�O�=��	)�"�������8��	<��01')P ��	,�\� � < � �DXL�<� - 5��b�HC �90���0

��-���%�����!b�x'�-�	)��R��	���0�(*%�-���a6!-�.��	��
	��
N
��%M.
	����7���	����&�%��0 �2C � 0
�$P 	<���H�<���0*	<�n�<���0�0
��!�!�

P (t)/Q(t)��',�8�2��	�������-�	)�"'�-��B.]��	`!"��'
deg(P ) + deg(Q) + 1

.
	����7���	)'[����	�����'��
�B'��&0���-H5���!"�&.�.6������0 �x.]��	)�O�
!��'[P 	<�=���<�"�&0�' 	<�=����&0�0���!"!"��' �
�(�
��K�	�-9���&�7.]��	<�=3�!�=C1cI0@%1���"!"��'<��0 �$%�0
�A��.1.
	��2>?�"�O�=�<�"�&0&���B�����1-(�&0
����0n_����H�<%
	���!"��P 	<���H�<���0 	��=�<�"�&0�0
��!"!"�&��0

t
���&0 ��!"����-�3�%?�%�1% ��-H5���!�&.�.6������0 �O������0����"�
�Z�25�����!�

��-H5���!"�&.�.6������0 �8��	��&0�(*%�-N�2��!���%�!�-�C]�'�&%
	
n
��!"!"��0 ���
�

2
a

7
��0��5�&3?����0*%�!��'`P 	���������&01'

∂

∂r
D1/2,2(t, 1) = −t (−2 + t)

(−1 + t)2 ,

∂

∂r
D1/2,3(t, 1) = − t (−2 − t + t2 + t3)

(t + 1) (t2 + t − 1)2 ,

∂

∂r
D1/2,4(t, 1) =

t (2 − 3 t − t2 + 3 t3)

(t + 1) (2 t − 1)2 ,

∂

∂r
D1/2,5(t, 1) = −t (−2 + 3 t + t6 − 8 t4 + 5 t2 − 5 t3)

(t + 1) (t3 − t2 − 2 t + 1)2 ,

∂

∂r
D1/2,6(t, 1) = −t (−2 + 7 t + 2 t5 + t4 − 3 t2 − 8 t3)

(t + 1) (−1 + t)2 (t2 + 2 t − 1)2 ,

∂

∂r
D1/2,7(t, 1) =

t (2 − 7 t − 15 t5 + t6 + 4 t7 + t4 − t2 + 18 t3)

(t + 1) (1 − 3 t + 3 t3)2 ,

∂

∂r
D1/2,8(t, 1) = −t (−2 + 11 t + 5 t5 − 14 t6 − t7 + t8 + 22 t4 − 15 t2 − 9 t3)

(t + 1) (t2 + t − 1)2 (t2 − 3 t + 1)2 .

� ��%
	\.
	��&%15���	\����'#	�-�')%�!��<�=�<'#�&0�.6�&%
	�	<���Q�4��')'<�2k���	(���D��0 5���	)'���	9!b�t���n��	������
M

�O���"'4��!"!�2��')�B�='�'����
5���!"%��7�"0
��%�'��(�1u�'x!��'`5=��!"��%
	)'

n = 7
�&%

8
C
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465��!5 � ³6���Êª¬� ����¡¤���
�90 -H�<%
���"�~!��' �
���O� +y��01�"�O��%?> �
�~!b��	)K���%�	Z��%�.�!"%�'

n
'�%�	^!"� 	�-�'��2��% �2�,	�	�-=Cxc40 %1���"!"��'<��0 �

!-�F-�K&��!"�Q�<-@��� �9!"��-��MaZ!b�r��	���0�',P ��	��O�=�<�"�&0/�
��'������7�Q+�. k)	<�=�O�"�
��'���0 �
���O� +�. k)	<���7�����'9',��	���������'A.�%���'
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P2(−t) = 2 t + 3 t2,
P3(−t) = 2 t + 7 t2 + 8 t3 + 4 t4 + t5,
P4(−t) = 2 t + 11 t2 + 20 t3 + 12 t4 + t5,
P5(−t) = 2 t + 15 t2 + 40 t3 + 45 t4 + 23 t5 + 8 t6 + 2 t7,
P6(−t) = 2 t + 19 t2 + 68 t3 + 114 t4 + 93 t5 + 35 t6 + 5 t7,
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P9(−t) = 2 t + 31 t2 + 200 t3 + 697 t4 + 1427 t5 + . . . + 554 t8 + 148 t9 + 30 t10 + 4 t11,
P10(−t) = 2 t + 35 t2 + 260 t3 + 1070 t4 + 2673 t5 + 4185 t6 + . . . + 937 t9 + 223 t10 + 30 t11.
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� � � 	 ��� � � ��� �� ��	 � � ��� � ���� � � 	 ��� �� � ��� � � � ��� � � ����� ������� � � � �

D1/2(t, 1)	 � � 	 ��� ��� ��� � � � � =���� � � � � � � ��� � ����� � � � �	�
� � � � � � � ��� � � � ��� �������	�

(

(1 + t)2

D1/2(t, 1)2
− t2D1/2(t, 1)2

)

∂

∂r
D1/2(t, 1)+
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DPD uhYy.=(O,�$;(+&)&/*@&/.v5/:6&/NP( 1 5/.}.=<d(`,4*?H-*?&/$;<F,%H?. 1 :6�;.=H-NPY+Yy.=7'.=<F,1 .I¡�$�ohH?N;5v&).=H?N;<
HJ$£�V$;5)*J$;Q+H-.Z\�$V,4$;H-o@,4*->@(+.;XhS�.	,/,4.M5/:6&/NPH-(O,4*-NP<[Y+$;&/&).�Yj$;5 (+<
&)oh&),/e=7'.�H?*-<+:�$V*?5/.�H-*J$;<F,H?.6& 1 :65/*L�P:=.6&3Yj$;5G,4*?.6H?H-.=&=X � <"Y+5)NPYyNP&/.R(O<+.R*?<F,/.=5/YO5/:6,4$V,4*-NP<x\6NP7RQ+*-<j$V,/NP*?5). 1 .d\=.R&Go`&G,4e67[.K¤[H � $;* 1 .1 .THJ$[{+$;(O,4.6(+5 1 .d54$�o;NP<�ly(+<
A <ONP(O�P.=$;(;: E Yj$;5/$;7'e6,45).T&)(+5�H-.=&M\W{+.=7'*?<+& 1 .R|Io`\W~�X � <�:=\=H?$;*?5).T&/$5/:6&/NPH-(O,4*-NP<�Yj$;53(O<+.�Q+*�z).6\6,4*-NP<".6<@,/5/.'H?.6&3\W{+.=7'*?<+& 1 .�|Moh\W~ 1 .K{j$;(O,/.=(+5 1 .�54$�o;NP<�$;(�Y+H?(+& n

.	,H?.6&£\W{+.67[*-<+& 1 .�|Io`\W~ 1 .K{j$;(`,4.=(O5
A (+&)(+.=H-H?. E

2n + 1
X�S�.6,),4.KQ+*�z).=\6,/*?NP<�&/.K\6N 1 .d.=<�Yj$;5/$;7':6,45/$;<F,H � $;H-8PNP5/*L,4{+7'.�Y+$;5 1 .=(`�¢5)e=8PH-.=& 1 .]5/:6:=\=5)*-,/(+5/.9.6,M.=<�(O,4*-H?*?&/$;<F,�H � (+<+.]NP(¢H � $;(O,/5/.].=<¢fgNP<+\	,4*?N;< 1 .TH?$Yj$;5)*-,/: 1 .MH � .6<F,4*?.65 1 .IHJ$3&/(+*L,4.Z>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/.;Xh| � $;(O,45).MY+$;5),=lFY�NP(O5}*-<F,4.=5)Y+5/:	,4.65}(O<+.IfgN;5/7R(+H-.;l<�$V*?7[$;<�.6,�<�$;8PH-(+< 1 p=<M$;8

D2> u}NP<F, 1 :	�j<+* 1 .=&TYj$;5/$;7[e	,45).=&]&/*-7[*-HJ$;*-5/.=&£¤¢H � $;*-5/. 1�� (+<�\W{O.=7'*?< 1 .|Moh\W~�X � <�7'NP<F,45). 1 .=&]Q+*�z).=\	,4*?N;<+&�Y+5):=&).=5)�V$;<F,9\=.6&]Yj$;54$V7[e	,45/.6&3.=<�(O,/*?H?*-&4$;<F, 1�� $V(O,45).=&£�V$;5/*?$;<F,4.6&1 .£H � $VH?8PNP5)*-,/{+7[.�Y+$;54$;7':6,/5/:VX+bc<+&/(O*-,4.VlONP< 1 NP<+<+.£(O<+.35/.6HJ$V,/*?NP<'.=<F,45).3(+<+.3Q+*�z).=\	,4*?N;< 1 .3|M.=H?.6&),Z.	,?£*-.=<+<ON;,Mpr|@?3sBA;u�.=<F,45).MH-.=& \W{+.67[*-<+& 1 .�|Io`\W~�.	,vH-.=& YyNPH-o;NP7[*-<+NP&�Y+$;54$;H-H?:6H?NP8P5/$;7'7[.6&=laHJ$35/:DCj.	�`*-NP<Yj$;5}54$VY+Y�N;5),�¤THJ$9Y+5/.67[*-e=5). 1 *J$;8PN;<j$;H?. 1 .6&�YyNPH-o;NP7'*?<+NP& Yj$V54$;H-H?:=H-NP8P5/$;7[7'.=&�.6,�(+<+.�*-<F�PNPH-(O,4*-NP< 1 .E35/.DF�.654$;&'p #n$VH
G > uc&/(+5]H-.=&3\W{+.67[*-<+& 1 .'|Moh\W~�X�bc<O�+<�l�NP<�Y+5/:6&/.=<F,/.[(+<O.'QO*�z).=\	,4*-NP<�>@(+*�< � .=&G,dYj$V&.	�`Y+5)*?7[$;Q+H-.£Yj$;5ZH?.6& 1 *-¥�:=5).=<F,4.6&ZQ+*�z).6\6,4*-NP<+&�Y+5):=&).=<F,4:6.=&=X

HJILK MONQPSRUT�PWV X�Y@T�P[Z]\^V X�_D_DPa`cbd\eRfRQ_DXLgh\ei�XDj�NQkl`Um@noNQXDPWkpRf\(TqX�Nsr
k%P@T&i�X�jtN

u@vxwyvzw {}|%~�������|%�����d�y��~������d�y~�~$�d�@��|%~��

|£$;<+&]\6.K\W{j$;Y+*L,45/.d(+<��]� ����� �D�D�
A
.6&),](+<�.=<O&/.=7dQ+H?. 1 .KH-.6,),45/.6&3>@(+*�YyNP(+5/5/$�:6�;.=<F,4(+.6H?H-.=7'.=<F,.6,/5/.}*?<O�+<+*CX��I</�s� � &/(+5nH � $;H?YO{j$;Qy.6, A .=&G,�(O<+.v&)(+*-,/.c�j<+*?. 1 . H-.6,/,/5/.6& 1 . A X � <T<+NV,4. A∗ H � .6<+&/.67RQ+H-.1 .6&�7[N;,/&U&/(O5UH � $;H?YO{j$;Qy.6, A X+#%$RH?N;<+8P(+.6(+5 1 (27'N;, u .6&),ZH?.M<+NP7RQO5/. 1 .£H-.6,),45/.6& 1 (w7'N;, u � NP<2H?$<+N;,/. |u| X��nNP(+5£(+<�7'N;, u ∈ A∗ .	,3(+<+.KH-.6,/,/5/. a ∈ A∗ l�NP<"<+N;,/. |u|a H-.d<+NP7dQ+5/. 1�� Nh\=\6(+5/5).=<+\6.=&1 .9HJ$�H?.	,/,45). a 1 $;<+&IH?.97[NV, u X��I<x7'N;, v .=&),�(+<xYO5/:6�`�O. 1 ("7'N;, u &/*%H-.=& |v| Y+5/.67[*-e=5).=&IH?.6,),45).=&1 . u

fgN;5/7'.=<F,ZH?.37'N;,
v
X�S � .=&G,�(+<�� � ��¡�� &/*�H?.6& |v| 1 .65/<+*-e=5/.6&MH-.6,),45/.6& 1 . u

fgNP5)7[.6<F,ZH?.37'N;,
v
X
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�M< 7'N;,
u
&/(+5KH � $;H-Y+{j$;Qy.6, {x, x} .=&G,�(+< �s� ��$��������� &/* |u|x = |u|x

.	,K>@(+.wY�NP(O5d,4NP(`,Y+5):6�O�`.
v 1 . u

l |v|x ≤ |v|x
X%#%$2�j8P(+5). B X _ \=NP<F,/*?.=<F,T(+<�.	�`.=7'Y+H?. 1 .'7'N;, 1 .'|Moh\W~.	,9*?H?H-(+&),/5/.HJ$�5/.6Y+5/:6&/.6<@,4$V,4*-NP<"8P5/$;Y+{+*->@(+.T>@(+*n&/(O*-,�X�#�.6&�7'N;,4&I&/(+5IH � $;H-Y+{j$;Qy.6, {x, x} & � *?<F,4.65/Y+5)e6,4.6<F,38P54$VY+{+*L�
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��� x x x x x x x x x x x x x x x x

x = (1, 1) =

x = (1,−1) =

 �"!9� B X _ # �I<�7'N;, 1 .9|Moh\W~2.	,M&)NP<¢\W{+.=7'*?< 1 .9|Moh\W~¢$;&/&)N`\6*?:
>@(+.=7'.=<F,9Yj$;5�(+<�\W{+.=7'*?< 1 $;<O&3H?.RY+H?$;<"fgNP5)7[: 1 .�Yj$;&3:=H-:=7'.=<F,W$V*?5/.6& 1 $;<O& {(1, 1), (1,−1)} X�#�.\W{+.67[*-<[$V&/&/Nh\=*-:Z$;('7[N;,

u
.=&G,}H?.�\W{+.67[*-<'*-&/&)( 1 .ZH � NP5)*?8P*-<+. 1 ([YOHJ$;< 1 NP<F,}HJ$£&)(+*-,/. 1 .ZYj$;& :=H-:=7'.=<`�,W$V*?5/.6& & � NPQO,4*-.=<F,�¤9Yj$V5),4*-5 1 .=&vH?.	,/,45).=& 1 . u .=<
$;&/&)N`\6*J$;<F, (1, 1)

¤9HJ$3H?.	,/,45).
x
.6,

(1,−1)
¤9H?$]H-.6,),45/.

x
Xy�M< � � � �%$"& $�����'��� .=&),M(+<�\W{+.=7'*?<¢*?&)&/( 1 .TH � NP5)*?8P*-<+.;lhfgNP5/7': 1 .9Yj$;&I:=H-:=7'.=<F,W$;*-5/.6& (1, 1)

.6,
(1,−1)

lF>@(+*j&).I,/.=5)7[*-<+.�&/(+5 H � $k�`. 1 .6&v$VQ+&/\6*?&/&).=&v.6,}<+.ZYj$;&)&/.�z/$;7
$V*?&�.6< 1 .6&/&/N;(+&=X`bc<[5).=7'Y+HJ$)(=$;<F,H?.6&�Yj$;&Z:=H-:=7'.=<F,W$V*?5/.6&UYj$;5�H-.=&�H-.6,/,/5/.6&�\=NP7'7[.�\=*L� 1 .=&)&/(+&ZNP<wNPQ`,4*?.6<F,Z(+<+.]Q+*�z).6\6,/*?NP<w$��P.6\TH-.=&�7'N;,4&1 .¢|Moh\W~�X��I< ��� � �s�*& � �)& � l�5).=&/Yy.=\	,4*L�P.=7'.=<F, $� � � � &  �)& � l�.=&),'(+< Yj$;& (1, 1)
l�5).=&/Yy.=\	,4*L�P.=7'.=<F,

(1,−1)
X

#�.=&�<+NV,4*?N;<+& 1 .x\W{+.=7'*?<+&[NP( 1 ."7'N;, 1 .�|Moh\W~q&/.=5)NP<F,2(O,/*?H?*-&/:6.=&
*-< 1 *L¥�:65/.=7'7'.=<F, 1 $;<+&�\6.\W{j$;YO*-,45).;Xy��$V5M.��O.67[YOH?.;ljH?$�,4$;*?H-H?. 1�� (+<�\W{+.=7'*?< 1 .d|Moh\W~ u
.=&),�&4$ $� �%$"+0� �*&-, �����-. |u|/2 = |u|x

XA N;<�$�(O,/*?H?*-&/:MHJ$K<+N;,/*?NP< 1 .]7'N;,ZYyNP(+5 1 :	�j<+*?5�H?$R,W$;*-H?H?. 1 (w\W{+.=7'*?<
E

�M<+.s� � $ �0� ��� � �/$"+ ����/. �*$ � �L�)& �0�
s = s1, . . . , sn

l 1 .R,W$;*-H?H?. n
l�.=&G,3(+<+.d&/(+*L,4. 1�� .=<F,/*?.=5)&£YyNP&/*L,4*-fg&,4.6H?&�>@(+.

s1 = 0
.	,IY�NP(O5U,4NP(O,

1 < i ≤ n
l
si ∈ [0, si−1 + 1]

X
�M<¢.	�`.=7'Y+H-. 1 .9&)(+*-,/.3>@(j$;&/*�� 1 :6\=5)NP*?&)&4$;<F,4.].6&),

0, 1, 2, 3, 2, 3, 2, 2, 0, 1, 2.

��N;(+5vH-.=&}\=NP<O<j$;*?&)&/.6(+5/&6l`\6.6,/,/.�<+NV,4*?N;< 1 .�&/(O*-,4.Z.6&),UYO5/Nh\W{+. 1 .IHJ$3<+NV,4*?N;< 1 .I7'N;,4& 1 .M#%(O~V$V&/*?.DFZ*?\�5H?(O&Z¤'H � .6<@�;.=5)&=X#�.=& � ���0$�� � � � & � � $�1 � �%$"&�� ��NP<F,w:6,/:�YO5/:=&).=<F,4:6& 1 $;<+&wH?."\W{+$;Y+*-,/5/.�Y+5):=\6: 1 .6<@,=X£S�.�&)NP<F,H?.6&d\6HJ$;&)&/.=& 1 .�\=N;7[7R(`,W$V,/*?NP< 1 .=&K&)(+*-,/.=&9�j<+*?.6& 1�� .=<F,4*-.=5)&R&/.6H?NP<iH-.=&R5).=H?$V,4*-NP<+& 1 .�\6NP7[7d(O,W$V,/*?NP<
ij = ji

YyNP(+5 ,4N;(O,
i, j
,/.=H-&v>@(+. |i− j| ≥ 2

Xh�M<[.=<F,4*-.=5}.=&G,��%$"&2$����]� 1 $;<+&�(O<
.=7'Y+*-H?.=7'.=<F,}& � H�.=&G,H?.KYO5/.=7'*?.653:=H-:=7'.=<F, 1�� (+<+. 1 .=&9&/(+*L,4.6& 1 .'H?$�\=H?$;&/&). 1 .�\6NP7[7d(O,W$V,/*?NP<�X�#�.=& $� �%$"+ � �*. �]�%$ $� � $� � �%$"&�� �d&/NP<F,£H-.=&M.=7'Y+*?H-.=7'.=<F,4& 1 . 1 N;7[*-<+NP& 1 NP<F,£,/NP(+&�H-.=&M:=H?:67[.6<F,4&�&)NP<F, 1 .6&£.=<F,4*-.=5)&�YyNP&/*L,4*-fg&NP(<h(OH?&d.	,dH � (O<+*?>@(+.':6�;.=<F,4(+.6HU.=<F,/*?.=597'*?<+*-7
$;H�.=&G, 0
Xn#%$¢,4$;*?H-H?. 1�� (+<O. 1 .=7'*L� YFo`5/$;7'* 1 .K.6&),R&)NP<<+NP7dQ+5/. 1 . 1 NP7'*?<ONP&=X
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S�.=&U,/5/NP*-&v\6HJ$;&)&/.=&�\=NP7RQO*?<j$V,/NP*?5).=&}&/NP<F,�:6<@(+7[:65/:6.=&�&/.6H?NP<
H?.=(O5},4$;*?H-H?.ZYj$;5vHJ$T&)(+*-,/. 1 .3SU$V,W$;H?$;<�X|�.�Y+H-(+&c*?H`.	�`*?&G,4. 1 :�z/¤ 1 $;<+&cH?$£H?*-,),4:654$V,/(+5/. 1 .=&cQ+*�z).=\	,4*?N;<+&�.=<F,/5/.Z\=.6&}N;Qhz).6,/&=XF#%$£�j8P(+5).
B X B *?H?H-(+&),/5/.H?.6&�Q+*�z).6\6,/*?NP<+&�>@(+.9H � NP< 1 :6\=5)*-, 1 $;<+&ZH-.3Yj$;54$V8P54$;YO{+.3&/(+*L�V$;<F,�X
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2

2
1

1

0, 1, 2, 2, 0, 1

0

0

 �"!9� B X B # 7�*�z).6\6,4*-NP<+&v.=<F,45).9\W{O.=7'*?<+& 1 .]|Moh\W~yl�&)(+*-,/.=&U>@(j$;&)*L� 1 :=\65/NP*-&/&4$V<@,/.=&Z.6, 1 .=7'*L��YFoh54$V7[* 1 .=&1 . 1 NP7'*?<ONP&

��NP(O5�,4NP(`,U\W{+.67[*-< 1 .3|Moh\W~�l+H?$d&/(+*L,4. 1�� .6<F,4*?.65/&�fgN;5/7':=. 1 .=&U{j$V(O,4.6(+5/& 1 .=&�&/N;7[7'.6,/&vNP5)*?8P*-<+.=&1 .6&�Yj$;&I7'NP<F,W$;<F,4&Z.6&),M(+<+.d&)(+*-,/.]>h(+$;&/*�� 1 :6\=5/N;*?&/&/$;<F,4.VX�# � .=7'Y+*?H-.=7'.=<F,Z5/.6Y+5/:6&/.6<@,4$;<F,3HJ$K\6HJ$;&)&/. 1 .\=N;7[7R(`,W$V,/*?NP< 1�� (+<+.v&/(+*L,4.�>@(j$V&/*L� 1 :=\65/NP*-&/&/$;<F,4. s .6&),�(+<+. 1 .=7'*L��YFoh54$V7[* 1 .;XkS�.	,/,4. 1 .=7'*L� YFo`5/$;7'* 1 .& � NPQO,/*?.6<@,3$;(+&/&)*�.=<�f $;*-&4$;<F,£,/NP7RQy.=5 1 .=&3Y+*-e=\6.=&3(+<+.KY+$;5£(+<+.2��H?. ieme 1 N;7[*-<+N�$az)N;(O,4:K.6&), 1 $V<+&HJ$9\=NPH-NP<+<+.
si

X87c,4$;<F, 1 NP<O<+:�(+<O. 1 .=7'*L� YFo`5/$;7'* 1 .ZNP<�5).6,/5/NP(O�;.3H � NP5 1 5/. 1 $;<+&UH-.=>@(+.6H�&)NP<F,U,4NP7dQ�:6&H?.6& 1 N;7[*-<+NP& 1 $;<+&£H?$[\6NP<+&),/5/(+\	,4*-NP<"Y+5):=\=: 1 .=<F,/.'.6<�5/.	,4*?5/$;<F,�5):=\6(+5/&)*-�P.67[.6<F, 1 .dH � .67[Y+*-H?.67[.6<@,IH?$Y+*-e=\=.
7[*-<+*?7[$;H?. 1 $V<+&RHJ$�\=NPH-NP<+<+. 1 .2Y+H?(+&d8P54$;< 1 *?< 1 *-\=.VX�#%$ $�/. &2$39 . � $� � � � & �0� 1�� (+< \W{+.67[*-<1 .d|Moh\W~�.6&),3H-.9<ONP7RQ+5). 1 .TYj$;& 1 .=&)\=.=< 1 $;<F,4&3>@(+*�<+.d&)NP<F,£Yj$;&I&/(O*-�h*?& 1�� (O<"Yj$;&I7[N;<@,4$;<F,�Xy��N;(+5(+< \W{+.=7'*?< <+NP< �h* 1 . u
l�\=.6HJ$ \=NP5)5/.6&/YyNP< 1 $V( k 1 ( &/(;:K�`. xxk 1 . u

XZ��$;5),4$;<F, 1 ( \W{+.67[*-<�h* 1 .Vl�NP< \=N;<+&),/5/(+*L,�H?.�\W{+.67[*-< 1 .w|Moh\W~ $;&/&)N`\6*?:w¤�HJ$"&)(+*-,/.2>@(j$;&/*�� 1 :6\=5)NP*?&)&4$;<F,4. s
.=< *?<+&):=5/$;<F,&/(O\=\=.6&/&)*-�P.67[.6<F, 1 .6&'YO*?\=&6l 1 .6&�f $V\6,4.6(+5/& xx

l 1 $V<+&KHJ$ 1 .65/<+*-e=5). 1 .=&/\6.=<F,4.VX=< HJ$ ieme :	,W$;Yy.;l�NP<*?<O&/e=5).�H?.�Y+*-\�$;( <+*-�;.�$;( 1 ( &/N;7[7'.6,w¤ H?$i{j$;(O,/.=(+5 si 1 .�HJ$ 1 .=5/<O*?e=5). 1 .=&)\=.=<F,/.q��H-."&/(;:K�`.
xxsi−1+1 1 .	�`*-.=<F, 1 NP<+\ xxsi−1+1−sixxsi+1.#%$ 1 .=5)<+*?e65/.TQ+*�z).6\6,4*-NP<x\6NP<+&)*?&),/.K¤[\6NP<+&G,45/(O*?5/.T(+<�NPQhz).	, 1 .T,W$;*-H?H?. n + 1

¤
Yj$;5G,4*?5 1�� (+<�NPQhz).	,1 .d,4$;*?H-H?. n
.	, 1�� (+<�$V,4N;7[.

A
1 .d,4$;*?H-H?. 1

E X�S�.	,/,/.�$;Y+Y+5)N`\W{+.R¤
:6,/:dfgNP5/7[$;H-*?&/:6.TY+$;5�7U$V5/\=(O\=\=*^l�|�.6H#�(+<+8PNOlO�n.=5/8;NPHJ$9.6,Z�c*?<�5�$;<+*y&/N;(+&UH?.I<+NP7 1 .MHJ$T7':6,/{+N 1 .£b}S � p=7U|�#n� �yG2GVu^X+|�$;<+&U\6.�\=N;<@,/.	�h,4.Vl*?H%o�$[(+<�$;5/Q+5).R&/N;(+&G�Lz/$;\=.6<@, 1 NP<F,3H?.6&£&/NP7'7'.6,4& 1 .K<+*L�P.�$V( n
&/NP<F,]:	,4*?>@(+.	,4:6&3Yj$;5£H-.=&£NPQ@z).6,4& 1 .,W$V*?H?H-.

n
Xybc<"8P:6<+:=5/$;HCl�HJ$�5/:68PH?. 1�� *?<+&).=5G,4*?N;< 1 .TH � $V,4N;7[.]Yy.=5/7'.6,),W$;<F, 1 . 1 :6,4.65/7'*?<+.65M(O<��jH-& 1 $V<+&\=.	,T$;5/Q+5).�.=&), 1 N;<+<+:=.VXn|£$;<+&9\=.�\W{j$;YO*-,45).�NP<�& � *?<F,4:65/.=&)&/.
¤¢H?$
f $)(=NP< 1 . 1 :6\=NP(O�h5)*?5].6, 1 .�\=N 1 .651 .6&M5)e=8PH-.=& 1�� *?<+&).=5G,4*?N;<+& 1 .=&M$V,/NP7[.6&

A H-.=&�Y+*-\=& E 1 $V<+&ZH?.=&�N;Qhz).6,/&
A H?.=&�\W{O.=7'*?<+& 1 .9|Moh\W~

E X
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	t� ����,|%~���	�	��d�d���!���d�y��~�	���� |%� ��|%~���� �,��|��,| ��|%~
������|%�����d�y��~

#%$9Q+*�z).=\	,4*?N;<[$V&/&/Nh\=*?$;<F,}(+<[\W{O.=7'*?< 1 .I|Moh\W~[¤](+<+.I&/(O*-,4.Z>@(j$;&)*L� 1 :=\65/NP*-&/&4$V<@,/.MYy.=(`,v&). 1 :=\=5)*?5).$;(O,/5/.67[.6<@,=Xy��NP(+5Z,4N;(O,�.6<F,4*?.65MYyNP&)*-,4*Lf�l�NP<¢<+NP7'7'.���� .
����� �TH?.=&IH?.	,/,/5/.=&
i
.6,

i � i .6&),£H?$U��� . ������s�*& � �)& �d� 1�� *?< 1 *-\=. i
.6,

i
.=&),RHJ$c��� .
����� $� � � � &  �)& �0� X � <�<+N;,4.

M
H � $;H?YO{j$;Qy.6, 1 .=&K7[$;5/>@(+.6&

⋃

i≥0{i, i}
X��I<#�s� � $� ������� ��� .
��� � .=&),](O<�7'N;,3&)(+53H � $;H-Y+{j$;Qy.6, {x, x} ∪ M

,4.=H�>@(+.�H?.R7'N;,NPQO,/.=<@(¢.=<¢&/(+Y+YO5/*?7[$;<F,ZH?.6&ZH?.6,),45).=& 1 . M
&)NP*-,U(+<�7'N;, 1 .9|Moh\W~�X

��������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
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 �"!9� B X > #�� .6Y+5/:6&/.=<F,4$V,4*-NP<�8;54$;Y+{O*?>@(+. 1�� (+<�\W{O.=7'*?<w7
$V5/>@(+:
� <d�V$M(O,/*?H?*-&/.65n\6.=&�\W{+.=7'*?<+&�7
$V5/>@(+:=&�\=NP7'7'. 1 .=&�NPQ@z).6,4&�*?<F,4.65/7': 1 *?$;*?5).=& 1 $;<O&�HJ$Z\=N;<@,/5/(+\	,4*-NP<1 .THJ$�Q+*�z).6\6,4*-NP<x.6<F,45/.TH?.6&�&/(O*-,4.6&�>@(j$;&)*L� 1 :=\65/NP*-&/&4$V<@,/.=&M.6,£H-.=&I\W{+.=7'*?<O& 1 .d|Moh\W~yX�S�.6,/,/.dQ+*�z).=\	,4*?N;<&/.I\=N;<+&),/5/(+*L,v.6<
*-<+&/:654$;<F,}(+<
Y+$;&v7'NP<F,W$V<@,}.	,v(O<
Yj$;& 1 .6&/\6.=< 1 $V<@, 1 $;<+&}(+<'\W{+.=7'*?<'Y�N;(+5 \W{j$;>@(+..=<F,/*?.=5 1 .�H?$i&/(+*L,4.�>@(j$;&)*L� 1 :=\65/NP*-&/&4$V<@,/.;XZ#%$ Y�N;&/*-,/*?NP<�N21 \=.=&wYj$V&¢&)NP<F,w*?<+&):=5):=& 1 :=Yy.=< 1 1 .�H?$�V$;H?.6(+5 H?(+. 1 $;<O&vH?$9&)(+*-,/.;l@\ � .=&G,UHJ¤]>@( � *?<F,4.65)�h*?.6<+<+.=<F,�H?.=&}7[$;5/>@(+.6&��@HJ$37[$;5/>@(+. i lh5/.6&/Yy.=\6,/*-�;.=7'.=<F,

i
lj*-< 1 *->h(O.3HJ$KY�N;&/*-,/*?NP<2N]1¢&).=5/$[*?<O&/:=5):]H?.3Yj$;&Z7'NP<F,W$;<F,=l+5/.6&/Yy.=\6,/*-�;.=7'.=<F, 1 .6&/\6.=< 1 $V<@,=l�&)* 1 $;<+&ZH?$&/(O*-,4.�>@(j$V&/*L� 1 :=\65/NP*-&/&/$;<F,4.ZNP<�H?*L,�H � .=<F,/*?.=5 i X � <[<O.�7
$;<O*?Y+(+H-.=5/$�>@(+. 1 .=&}\W{+.=7'*?<O&c>h(O*j\=NP<F,4*-.=<+<O.=<F,$;(wY+H-(+&�(+<+.37[$;5/>@(+.

i
.	,Z(+<+.]7[$;5/>@(+.

i
X���Y+5)e=&I$��PNP*-5�*?<+&):=5):3H?.=& 1 .=(`�wY+$;&=l+*-H�f $;(`,Z5/:�$V\6,4(+$;H?*-&/.=5H?.6&R7[$;5/>@(+.6&KY�NP(O5RH � *?<+&).=5G,4*?N;<i&/(+*L�V$;<F,4.;X�# � $;H-8PNP5/*L,4{+7'.�&/(+*L�V$;<F, 1 NP<+<+.2(O<+.2&),/54$V,/:=8P*-.�Y�N;&/&/*-Q+H?.YyNP(+5�\=.	,/,/.T5):�$;\	,4(j$;H-*?&/$V,4*-NP<�X

bc<@,/5/:6.[�j(+<O.9&)(+*-,/.]>h(+$;&/*�� 1 :6\=5/N;*?&/&/$;<F,4. s = s1, . . . , sn �
CheminMarque

���
00 ���� �"! i

�]��� �)& � $�
1 # n $&%(' !*)m`(+YOY+5/*-7[.65 1 $V<+& CheminMarque

H?.=&}7[$;5/>@(+.6& 1�� *?< 1 *-\=.I&),/5/*?\	,4.67[.6<@,�&/(+Yy:=5)*?.6(+5U¤ si �m`(+QO&),4*L,4(+.65 1 $;<+& CheminMarque x.si + 1.si + 1
¤ H?$�7
$V5/>@(+.

si

.6,
x.si.si

¤ HJ$7[$;5/>@(+.
si �+-,m`(+Y+YO5/*?7'.=5 1 $;<+& CheminMarque

,4NP(`,4.=&ZH-.=&Z7
$V5/>@(+.=&6X �m`NP5G,4*?.K�
CheminMarque �

��H-8PNP5/*L,4{+7'. _ �yS�N 1 $;8P. 1 .]HJ$KQ+*�z).=\	,4*?N;< 1 .(?£*?.6<+<+N;,ZY+$;5 1 .=&I5/:6:=\65/*-,/(+5/.6& 1 .]\W{+.=7'*?<+&Z7[$;5/>@(+:6&
��NP(O5d*?H-H?(+&G,45).=53H?.KfgNP<O\6,4*-NP<+<+.67[.6<F, 1 .'\=.	,K$;H-8PNP5)*-,4{O7[.Vl�NP<Y+5/NPYyNP&). 1�� NPQ+&).=5G�P.=5dH � .	�`:=\6(O,4*-NP<1 .K\6.=H?(O*L��\6*�$��;.=\�HJ$
&)(+*-,/.R>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/. 0, 1, 0, 1, 2, 1

X�m`(O53HJ$[�j8;(+5/. B X=A+l�NP<�$�5/.6Y+5/:6&/.=<F,/:H?.6&��V$;H?.6(+5/& &/(O\=\=.6&/&)*-�P.6& 1 .ZH?$3�V$;5)*J$;QOH?. CheminMarque
$VY+5/e6&}H?$3H?.=\	,4(+5). 1 .Z\W{j$;\6(+< 1 .6& .=<F,4*-.=5/&1 .]HJ$R&)(+*-,/.;X
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 �"!9� B X=A # S�NP<+&G,45)(+\6,/*?NP<+& 1 .9H � $;H-8PNP5/*L,4{+7'.ZY�N;(+5ZHJ$R&/(O*-,4. 0, 1, 0, 1, 2, 1

S�.£\=N 1 $;8;. 1 .£H?$9QO*�z).=\	,4*-NP<
Yy.=(O,�&/.67RQ+H?.65�\6NP7[YOH?*?>@(+.65v&/$d\=N;7[Y+5):={+.6<+&/*-NP<�lh7
$V*?&}H � *?<F,4:656.6,v.=&G,>@(+.9H � NP<�Yy.=(`,M8;:=<+:654$;H-*?&/.65ZHJ$KQ+*�z).6\6,/*?NP<w&/N;(+&M\6.6,),4.TfgN;5/7'.;Xj�I<x7'N;, w .=&),M(+<�� � � �)&-, � 1 . 1 .=(`�7'N;,4&
u
.	,

v
& � *?H�.	�`*?&G,4.R(O<+.RYj$;5G,4*L,4*?N;< (U, V ) 1 .dH � .=<+&).=7RQ+H-. 1 .6&£Y�N;&/*-,/*?NP<O& 1 .R&).=&3H-.6,/,/5/.6&M,4.6H?H-.>@(+.

u
l%5/.6&/Yy.=\6,/*-�;.=7'.=<F,

v
l%.=&G,KH?.'7[NV,9fgN;5/7':[Yj$V5dH?.6&TH-.6,),45/.6& 1 . w 1 NP<F,RHJ$wYyNP&/*L,4*?N;<.6&), 1 $;<+&

U
lc5/.6&/Yy.=\6,/*-�;.=7'.=<F, 1 $V<+& V

X � <q<ON;,4.
mel(u, v)

H � .6<+&/.67RQ+H?. 1 .=&'7[N;,/&K>@(+*�& � NPQO,/*?.=<O<+.=<F,[Yj$;57':=HJ$V<+8P. 1 . u .	, v XP�M<
\6NP(+Y+H-. 1 .I7[N;,/& (w1, w2)
.6&),v(+<f� � � �)&-, � $� � � � ��� � 1 ([\6NP(+Y+H-. 1 .M7'N;,4&

(u1, u2)
.6, 1 (w7[N;, v &/* w1, w2

.=&G,Z(+<27[:6HJ$;<O8P. 1 .�7[N;,/& 1 . u1, u2
.6,

v
N212YyNP(+5�H-.�7':=H?$;<+8P.Vl`H?$�h*?5)8P(+H?.].6&),M\=NP<+&)* 1 :65/:6.d\=N;7[7'.](+<+.dH-.6,),45/.VX���$;5I.	�`.67[Y+H-.TYyNP(+5IH?.]\6NP(+Y+H-. (a, bc)

.6,MH?.]7'N;,
DENP<¢$

mel((a, bc), DE) = {(a, bcDE), (a, bDcE), (a, DbcE), (aD, bcE), (Da, bcE),
(a, bDEc), (a, DbEc), (aD, bEc), (Da, bEc), (a, DEbc),
(aD, Ebc), (Da, Ebc), (aDE, bc), (DaE, bc), (DEa, bc)}.

# � .6<+&/.67RQ+H-. {A, A, B, B} .=&),'H � $;H-Y+{j$;Qy.6, 1 .=&Q��� .
����� � , � & �/. $ ����� �	Xc�I< �s� $� �� $"&�� �/. � $ �*& m.=&G,w(+< \=NP(OY+H?. 1 .�7[N;,/&�>@(+*3.=&G,w(+< 7[:6HJ$;<O8P. 1 . (x, x)
l

AA
.	,

BB
X�#%.6&w\=NP(+YOH?.=& 1 .�7[N;,/&

(xBB, xAA)
.6,

(Ax, BxBA)
&)NP<F, 1 .=(`�¢.��O.67[YOH?.=& 1 .]7'N 1 .=& 1�� *?<+&).=5G,4*?N;<�X�M< 7'N 1 . 1�� *?<+&).=5),/*?NP< m = (m1, m2)

Y�.6(O,4.6,/5/.�(`,4*?H-*?&):[\6NP7[7'.
(O< Yj$;54$V7[e	,45/. 1�� (O<+.�8P:��<+:654$;H-*?&4$k,4*?N;< 1 .2H � $;H-8PNP5)*-,4{O7[.
_ X4< HJ$xH-.=\	,4(+5). 1 .2HJ$¢�;$VH?.=(O5 si 1 $;<+&KH?$x&/(O*-,4. 1 :=\=5)NP*?&)&4$;<F,/.2NP<*?<O&/e=5).

m1
¤RHJ$dY+H?$;\=. 1 .3HJ$d7[$;5)>h(O. si

.6,
m2
¤RHJ$TY+HJ$;\6. 1 .3H?$d7
$V5/>@(+. si

X+b <O&/(+*L,4.£H-.=&�7[$;5/>@(+.6&8P:6<+:=5)*?>@(+.=&
A
l
A, B, B 1 .6�h*-.=<+<+.6<F,M5).=&)Y�.6\6,4*L�P.67[.6<@,ZH-.=&v7
$;5)>@(+.=& si

l
si + 1

l
si
.6,

si + 1
X��%�V$;<F,

1 . 1 NP<O<+.=5}H � $;H?8;NP5/*L,4{+7'.�$��;.=\�\6NP7'7[.�Yj$V54$;7'e6,/5/.�(+<'7[N 1 . 1�� *?<+&).=5G,4*?N;<'>@(+.6H?\6NP<+>@(+.;l@NP<'NPQ+&).=5G�P.1�� $;QyNP5 1 >@(+.9H � $;H?8PN;5/*-,/{+7'.
B (O,/*?H?*-&4$;<F,�H?.37'N 1 . (xBB, xAA)

\6NP5/5).=&/YyNP< 1 ¤KH � $;H?8;NP5/*L,4{+7'.
_ X

S�.6,),4.x�;.=5/&)*?NP< 1 ."H � $;H?8;NP5/*L,4{+7'.�*?H-H?(+&G,45).¢H-.x5��PH?. 1 .=&
7
$;5)>@(+.=& 1�� *-< 1 *?\6.=&[8P:=<+:65/*->h(O.=& A
NP(

B
XZ�I<+.�fgNP*?&�\6.7':=\=$;<+*-&/7'.�$;&/&)*?7'*?H-:xNP< Y�.6(O, 1 N;<+<+.=5wH � $;H-8PNP5)*-,4{O7[.¢8P:=<O:=54$VH

> (`,4*?H-*?&/$;<F,2(+<7'N 1 . 1�� *?<+&).=5G,4*?N;<
>@(+.=H-\=NP<O>h(O.;XjS�.	,Z$;H-8PNP5/*L,4{+7'.�.=&G,�>@(j$;H-*-�j:�� 1�� *?<+&).=5G,4*?N;<[(+<O*-fgNP5)7[.��I\�$V5},/NP(O,4.6&H?.6&R5/:6:=\65/*-,/(+5/.6&�(O,4*-H?*?&).=<F,RH-.�7�.=7'.
7'N 1 . 1�� *-<+&/.65),/*?NP<�X�¡�N;(O,4.6&'H-.=&RN;Y�:654$V,/*?NP<+& 1 .2H � $;H?8;NP5/*L,4{+7'.YyNP5),/.=<F,I&/(+5ZHJ$d�V$;5)*J$;QOH?.
CheminMarque

X
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� ���������/�B���#���&� ����	����!� t _

bc<@,/5/:6.[���I<+.]&/(+*L,4.3>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/. s = s1, . . . , sn ���$;5/$;7'e6,45).��j#�.97'N 1 . 1�� *?<+&).=5),/*?NP< m = (xBB, xAA) �
CheminMarque

���
00 ���� �"! i

�]��� �)& � $�
1 # n $&%(' !*)m`(+YOY+5/*-7[.65 1 $;<+& CheminMarque

H?.6&�7
$V5/>@(+.=& 1�� *?< 1 *?\6.=&Z&/(+Yy:=5)*?.6(+5I¤ si �m`(+QO&),4*L,4(+.65 1 $;<+& CheminMarque xBB
¤�HJ$R7[$;5/>@(+.

si

.6,
xAA

¤�H?$K7
$;5)>@(+.
si �m`(+QO&),4*L,4(+.65 1 $;<O& CheminMarque

H?.6&�7[$;5/>@(+.6&
si

l
si

l
si+1

.	,
si+1

$;(`��7
$V5/>@(+.=&8P:6<+:=5)*?>@(+.=&
A
l
A
l
B
l
B �+-,m`(+Y+YO5/*?7'.=5�H-.=&Z7[$;5/>@(+.6& 1 . CheminMarque �m`NP5G,4*?.K��#�.3\W{+.67[*-<

CheminMarque �
��H-8PNP5)*-,4{O7[. B �j�M<¢Y+5).=7'*?.=5�.��`.=7'Y+H?. 1 .]Yj$V54$;7':6,/54$;8P.3Y+$;5�(+<¢7[N 1 . 1�� *?<+&).=5G,4*?N;<bc<@,/5/:6.[���I<+.]&/(+*L,4.3>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/. s = s1, s2, . . . sn ���$;5/$;7'e6,45).��j#�.97'N 1 . 1�� *?<+&).=5),/*?NP< m = (m1, m2) �

CheminMarque
���

00 ���� �"! i
�]��� �)& � $�

1 # n $&%(' !*)m`(+YOY+5/*-7[.65�H?.=&�7[$;5)>h(O.=& 1�� *?< 1 *-\=.3&)(+Y�:65/*-.=(+5I¤ si �m`(+QO&),4*L,4(+.65
m1

l+5/.6&/Yy.=\6,/*-�;.=7'.=<F,
m2

l�¤KH?$R7
$;5)>@(+.
si

lj5/.6&/Yy.=\6,/*-�;.=7'.=<F,
si �m`(+QO&),4*L,4(+.65�H-.=&I7
$;5)>@(+.=& 1�� *-< 1 *-\=.=& si

l�5/.6&/Yy.=\6,/*-�;.=7'.=<F,
si + 1

ly$;(`��7[$;5/>@(+.6& 1�� *?< 1 *?\=.8P:6<+:=5)*?>@(+.
A
lj5).=&/Yy.=\	,4*L�P.=7'.=<F,

B �+-,m`(+Y+YO5/*?7'.=5�H-.=&Z7[$;5/>@(+.6& 1 . CheminMarque �m`NP5G,4*?.K��#�.3\W{+.67[*-<
CheminMarque �

��H?8;NP5/*L,4{+7'. > �(�MH?8PN;5/*-,/{+7'.�8P:6<+:=5/$;H%$��P.=\9*?<O&/.=5G,4*-NP<2(+<+*LfgNP5/7'.
��H�.=&G,I,/.=7'Y+& 1 .�z)(+&),/*-�j.65ZH?.£\W{+N;*L� 1 .]\6.6,M$;H?8;NP5/*L,4{+7'.�.	,M\6.=H-(+* 1 .6&M7'N 1 .=& 1�� *?<+&).=5G,4*?N;<+&=X

� ! � ����� '��*' � ,��	��
� � �]� ,$� . $ � �$� ���� $"&�� �/. � $ �*& � &2$ � � . � ��� ��� . �]� �D� . � ��� .� &o�s� $���� $"&�� �/. � $ �*&
m

 �*&2& � � & � �D� ��� $ � � � $ �*& � & � . � � � �(� � $ �0� � ��� � �/$"+ ����/. �*$ � �L�)& �0� � $� � �*&-, ����� .
n
�D� � � � � � � �%$"&��

$� ��������$� $� �%$"+0� �*&-, ����� .
n �

#%$TY+5).=(O�;.�.=&G,UQj$V&/:=.M&/(+5}(+<+.M5/:6\=(+5)5/.=<O\=.�(`,4*?H-*?&/$;<F, (+<
&)NP(+&G� .=<+&).=7RQOH?. 1 .=&�\W{O.=7'*?<+& 1 .M|Moh\W~7[$;5/>@(+:6&=X��I<+. � �*&�� � .��2�D� $ �*& $� � �'��� $�%. �)&-,
k
.6&),](+<�\W{O.=7'*?< 1 .�|Moh\W~"7[$;5)>h(O:R>@(+*�.=&G,](+<7':=HJ$V<+8P. 1�� (+<¢7[NV, 1 .9|Moh\W~2.6, 1 .=&IY+*-\=& ii YyNP(+5�,4N;(O,Z*?< 1 *?\=. i

*-<Ofg:=5)*?.=(O5UNP(w:=8F$VH%¤
k
X

� ! ) ��� ) �v� <iY+5)NP(O�;.�Yj$;5T5/:=\6(+5/5).=<+\6.2&/(+5THJ$¢H?NP<+8;(+.=(+5 n 1 .�HJ$w&/(+*L,4.[>h(+$;&/*�� 1 :6\=5/N;*?&/&/$;<F,4. s =
s1, . . . , sn

Yj$;&)&/:6.T.6<xYj$;5/$;7'e6,45).3>@(+.d$��V$;<F,IHJ$K&/(OY+Y+5/.6&/&)*?NP< 1 .3,4NP(O,/.=&IH?.6&I7[$;5)>h(O.=&=ljH?$R�;$V5/*J$VQ+H?.
CheminMarque

.6&),](+<O.K\=NP<+&G,45)(+\6,/*?NP< 1 .�|Io`\W~ 1 .R54$V<+8 sn + 1
l�N;(�Q+*?.6< 1 .R54$V<+8 0

&/*
s
.6&),�h* 1 .VX�|�.]Y+H?(O&�H?.3\W{+.67[*-< 1 .9|Moh\W~ 1 .]\6.6,/,/.T\6NP<+&G,45/(O\6,4*-NP<w.=&G, 1 . 1 .67[*���H-NP<+8P(+.6(+5 n X��NP(O5

n = 0
lnH?$2&/(+*L,4.

s
.=&G,d�h* 1 .'.	,dH?$2Q�NP(O\=H?.�� � � ! <+.'\=NP<F,4*-.=<F,TYj$;& 1�� *-<+&),/5/(+\	,4*-NP< 1 NP<+\

CheminMarque = 00
.=&),IQ+*-.=<w(+<+.]\6NP<+&),/5/(+\	,4*-NP< 1 .95/$;<+8 0

X
��NP(O5

n = 1
lhH-.Z&/.=(OH�:6H?:=7'.=<F, 1 .IHJ$]&/(+*L,4. s .6&), 0 X CheminMarque = 00 1 NP<O\�*?HO\=NP<F,4*-.=<F,UH-.
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Y+*-\
00
X�S�N;7[7'.]H?.97[N 1 . 1�� *-<+&/.65),/*?NP< m = (m1, m2)

.=&G,�,4.6H�>@(+.
m1m2

&/NP*L,�(O<+.d\6NP<+&),/5/(+\	,4*-NP<
1 .]54$V<+8 1

ljH � {FohY�N;,/{+e=&). 1 .]5/:=\6(+5/5).=<+\6.d.6&),I&4$V,/*?&Gf $;*-,/.;X��NP(O5
n > 1

l%&/N;*-,
s = s1, . . . sn−1, sn

.6,dNP<�&/(+Y+YyNP&).�>@(+.
H?$¢Y+5)NPY+5)*?:6,/:�.=&),T�h54$;*-.[$V(�54$V<+8
n − 1

X���$;5�{FohY�NV,4{+e6&/.;l�$;Y+5/e6&£H?.6&
n − 1

Y+5/.67[*-.=5)&MYj$V&/&4$V8P.=& 1 $V<+&�H?$[QyNP(+\=H-. � � � ! l�H?$'�V$;5/*?$;Q+H-.
CheminMarque

.=&G,�(+<+.�\=NP<O&),45)(+\6,/*?NP< 1 .¢54$;<+8 sn−1 + 1 1 N;<@,[H?.¢\W{+.67[*-< 1 .x|Moh\W~q.6&), 1 .H?N;<+8P(+.6(+5
n − 1

X}#%.�54$;<O8 1 .¢\=.	,/,4.�\=NP<O&),45)(+\6,/*?NP<�\=NP5)5/.=&)Y�N;< 1 .	�O$;\	,4.67[.6<@,�¤H?$�Y+H-(+&'8P54$;< 1 .�V$;H?.6(+5�Y�N;&/&/*-Q+H?.¢YyNP(+5
sn 1 N;<+\�>@(+.6H?H-.�>@(+.�&/NP*L,[&/$��V$;H-.=(+5'*?H�.��O*-&),/.x(+<+.¢&/.6(+H?.�7
$V5/>@(+. sn

.	,(+<+.¢&/.6(+H?.¢7[$;5/>@(+.
sn

XvS�.6,),4.¢5/.67
$;5)>@(+.�8P$;54$;<F,/*-,'>@(+.�H?$�&)(+Y+Y+5).=&)&/*?N;< 1 .=&'7[$;5/>@(+.6& 1�� *?< 1 *?\6.&),/5/*-\6,4.67[.6<F,2&/(+Yy:=5)*?.6(+52¤
sn

\6NP< 1 (+*L,w¤i(+<+.x\=NP<+&G,45)(+\6,/*?NP< 1 .�5/$;<+8 sn

XU| � $;Y+5)e=&2H � {FohY�N;,/{+e=&).1 .�5/:=\6(+5/5).=<+\6.;lvHJ$�7
$;5)>@(+. sn

$;Y+Y+$;54$ � ,[$��V$;<F,[HJ$�7
$V5/>@(+.
sn 1 $V<+&
\6.6,/,/.x\6NP<+&),/5/(+\	,4*-NP< 1 NP<O\HJ$�5):=:6\=5/*L,4(+5). 1 .�\=.6&97[$;5)>h(O.=&3Yj$;5 m1

.6,
m2

\=N;< 1 (+*L,]Q+*?.6<¤�(O<7':=H?$;<+8P. 1 . m1m2

.	, 1�� (O<+.\=N;<+&),/5/(+\	,4*?N;< 1 .254$;<O8 sn − 1
XcS � .=&G,'$;(+&/&)*U(+< 7':=HJ$V<+8P. 1 ( 7[N;, 1 .2|Moh\W~ 1 . 1 .=7'*L� H?NP<+8;(+.=(+5

n − 1
l 1 (�Y+*?\ xx

$;YOYj$;54$V*?&/&/$;<F, 1 $;<+& m1m2

l 1 .=&9Y+*-\=& ii
.6, 1 .6&TY+*-\=&98P:=<O:=5/*->@(+.=& AA

.	,
BB
X#�.�7[:6HJ$;<+8;. 1 .=&w7'N;,4&2&)(+5 {x, x} \=NP< 1 (+*-,¢¤ (+< \W{+.67[*-< 1 .|Io`\W~ 1 . 1 .=7'*L��H-NP<+8P(O.=(+5 n
.	,H � :6�V$;H-(j$V,/*?NP< 1 .6&�*?< 1 *-\=.6&�8P:6<+:=5)*?>@(+. A

l�5).=&/Yy.=\	,4*L�P.=7'.=<F,
B
l�.6<

sn

lI5/.=&)Y�.6\6,/*-�P.67[.6<F,
sn + 1

l
1 NP<O<+.](+<+.]\=NP<O&),45)(+\6,/*?NP< 1 .]54$V<+8 sn + 1

X
2

u@vxwyv�� �U��� ��| �,|%~��%�@������� �d|%�,��|%~#|��#~
	 ����� ���z|%~ �,| ��|%~*��	�	��d�z� �!���d�y��~
� < <+N;,4.

Φm
H � $;Y+YOH?*?\=$V,4*-NP< 1 :6�j<O*?.�Yj$V5RH � $;H?8;NP5/*L,4{+7'.KYj$;5/$;7[:	,45):
Yj$;5dH?.�7'N 1 . 1�� *?<+&).=5G,4*?N;<

m
X ��H�.��O*-&),/. 7!

3!2!2!
= 210

7[N 1 .6& 1�� *-<+&/.65),/*?NP<+& 1 *?&G,4*?<O\6,4&6X S�.=Yy.=< 1 $;<F,�l \=.65),4$;*?<+& 1 .2\=.=&�7'N 1 .=&*?< 1 (+*?&).=<F,IHJ$R7�.=7'.]$;Y+Y+H-*?\=$V,4*-NP<�lhNP<�Y+$;5/H-. 1 .J�s� $� � � ��� $� �]� � & � �9.6,INP<¢<+N;,/. ≡mode

HJ$K5/.6HJ$V,/*?NP<
1�� :=>@(+*L�;$VH?.=<O\=.;X � <xYy.=(`,�NPQO&/.=5G�P.65£(+<+.9Yj$;5G,4*?. 1 .T\=.6&�:=>@(+*L�V$;H?.6<+\=.6& 1 *-5/.6\6,4.67[.6<F,�&)(+5�H-.=&Z7[N 1 .6&1�� *?<+&).=5G,4*?N;<�X�M<+.(��� .
����� �s�*& � �)& �d� $ � � � � � 1 $;<O&�H?.U7'N 1 . m = (m1, m2)

.=&G, (+<+.�7[$;5/>@(+.U8;:=<+:65/*?>@(+.
Y ∈

{A, B} ,/.=H?H-.M>@(+. m1 = Y x
X+|£$;<O&U\=.£\=$;&=l`H?.6&�7'N 1 .6& (Y x, m2)

.	,
(xY, m2)

&/NP<F, 1 *-,4&��s�*& � � � +
� ��� $� �]� � & � �¢.	,
NP< <+N;,/.w\=.6,),4.¢5/.6HJ$V,/*?NP< ≡montee X}mhoh7[:	,45)*?>@(+.=7'.=<F,=l}(O<+. ��� . ����� $� � � � &  �)& �0�
$ � � � � � .6&),9(+<+.�7[$;5/>@(+.K8P:6<+:=5)*?>@(+.

Y ∈ {A, B} ,/.=H-H?.R>@(+. m2 = xY
X%|£$;<+&]\=.�\=$;&=l�H-.=&37'N 1 .6&

(m1, xY )
.6,

(m1, Y x)
&/NP<F, $� � � � & �d� + � ��� $� �]� � & � ��.6,vNP<[<ON;,4.Z\=.	,/,/.M5).=HJ$k,4*?N;< ≡descente X@�M<o�s� $�

$� �0$ � .=&),R(+<i7'N 1 . m = (m1, m2)
,4.=Hv>@(+. 1 $;<O&dHJ$¢\=NP<O\�$V,/:=<j$V,/*?NP< m1m2

$;Y+Yj$;5/$;*?&)&/.6<@,dH?.6&f $;\	,4.=(O5/&
AA
.6,

BB
Xh|�.6(`�[7[N 1 .=& 1 .IY+*?\6& (m1, m2)

.	,
(m′

1, m
′
2)
,4.6H?& >@(+.

m1m2 = m′
1m

′
2

&)NP<F,
�0$ � + � ��� $� �]� � & � �].	,INP<�<ON;,4.3\6.6,/,/.T5).=H?$V,4*-NP< ≡pic X
� ! � ����� '��*' � ,��	� � �}���]¡ �s� $� � ��� $�� �*& � �s�*& � � � + � ��� $� �]� � & � ��� $� � � � & �0� + � ��� $� �]� � & � ��� � �0$ � +
� ��� $� �]� � & � � $"&  � $ � � & � � �����D� � �D� ��� $ � � � $ �*& � � . � ��� � $�� ��� �*& � ��� . �]� 9 � . � � $� � � �]� ,$� . $ � �$� �1$�
. � ���/. $ � �-. � � &2$ � � . � � � �
� ! ) ��� ) �

• m ≡montee m′ =⇒ m ≡mode m′ �c�c(+*?&)>@(+.wH?.=&d*?<+&).=5),/*?NP<O&R&/.2fgNP<F,R,/NP(kz)NP(+5)&K&/.6H?NP< H?.7�.=7'.d7'N 1 .Vl�H?$[7[$;5/>@(+. Y
$;Y+Y+$;54$;*-&/&/$;<F,3H?NP5)& 1�� (+<O.K5/:=:6\=5)*-,4(O5/.R&).=H?N;<"H?.T7[N 1 . (Y x, m2)

&/.654$&/(OY+Y+5/*-7[:6.
NP(�Q+*?.6<i\=NP< 1 (+*?5/$"¤xH � *-<+&/.65),4*-NP< 1�� (+<�\=.=5G,W$;*-<i<+NP7dQ+5/. 1 .
Yj$;&d7[NP<F,4$;<F,4&U��� �)& � H?.
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Yj$;&
x
.6, 1�� $;(+\=(O<�Yj$;& 1 .=&)\=.6< 1 $;<F,�X+|�.�7�.=7'.;lFH-.M7'N 1 . (xY, m2)

\6NP< 1 (+*-54$T¤TH � *?<O&/.=5G,4*-NP< 1 .�Yj$V&7'NP<F,W$;<F,4&^�D� . 9 �9H-.£Yj$;&
x
X�S�NP7'7'.£.=<w,4.65/7'.=& 1 .]\W{+.67[*-<+& 1 .9|Moh\W~2*?H�.=&),I:6>h(O*-�V$;H?.6<F, 1�� *?<+&):=5/.65(+<¢Yj$;&Z7'NP<F,W$;<F,�z)(+&G,4.9$��;$V<@,INP(dz)(+&G,4.9$;Y+5)e=&Z(+<¢Yj$;&Z7'NP<F,W$;<F,�lO\=.=H?$ 1 NP<+<+.3,/NP(kz)NP(+5)&ZH?.£f $;\	,4.=(O5

xx
X(��*-<+&/*�H-.=&�7'N 1 .=& (Y x, m2)

.6,
(xY, m2) 1 N;<+<+.=5)NP<F,IH?.=&Z7�.=7'.=&�\W{+.67[*-<+& 1 .9|Moh\W~�X

• m ≡descente m′ =⇒ m ≡mode m′ ��S�.6,/,/. 1 :=7'NP<+&G,45/$V,4*-NP<".=&G,9&)oh7[:	,45)*?>@(+. 1 .KH?$
Y+5):=\=:��1 .6<@,/.;X
• m ≡pic m′ =⇒ m ≡mode m′ � � < 1 :67[NP<F,/5/.]Yj$;5�5):=\=(O5/5/.6<+\=.9&/(O5IH?$RH?NP<O8P(+.=(O5 1 .=&I&/(+*L,4.6&>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/.=&�>@(+.MH?.6&v7[$;5/>@(+.6& i .6, i &)NP<F,U\6NP<+&/:6\=(O,/*-�;.=& 1 $V<+&�H-.=&}\=NP<+&G,45)(+\6,/*?NP<+& 1 .�|Moh\W~NPQO,/.=<@(+.6&}Y+$;5�(+<�7'N 1 . m = (m1, m2)

,/.=HO>@(+.
AA
.6,

BB
&/NP<F, 1 .6&�f $;\6,/.=(+5)& 1 . m1m2

X;|£$;<+&c\6.\�$V&�HJ$RYyNP&/*L,4*?N;<+<+.=7'.=<F, 1 .]HJ$T�h*?5)8P(+H-. 1 $;<+& m1m2
< � $;&�Yj$;& 1�� *-<�Cj(+.6<+\=.]&/(O5�H?.35/:6&/(+HL,W$V,UY+(+*?&)>@(+.H?.6& 1 .=(h�¢7
$;5)>@(+.=&Z5/:6:=\65/*-,/.=&Z&/N;<@,Z,/NP(kz)NP(+5)&��PNP*-&/*?<O.=&Z.6, 1 $V<+&MH-.£7�.=7'.3NP5 1 5).;X

2

�M< .	�`.=7'Y+H-. 1�� $VY+Y+H?*-\�$V,/*?NP< 1 . \=.	,/,4. YO5/NPYyNP&/*L,4*-NP<�.=&G, HJ$ Y+5).=(O�;. >@(+. H-.=& $;Y+YOH?*?\=$V,4*-NP<+&
Φ(xBB,xAA)

l
Φ(xB,BxAA)

l
Φ(x,BBxAA)

.6,
Φ(Bx,BxAA)

&/NP<F,�:68F$;H?.6&��`H?.=&v7[N 1 .6& 1 .=&v,45/N;*?&�YO5/.=7'*?e65/.6&$;Y+YOH?*?\=$V,4*-NP<+&n&/NP<F,cYO*?\	� :=>@(+*L�;$VH?.=<F,/&�.6,�H?.�7'N 1 . 1 .�H?$M>@(j$V,/5/*-e=7'.�.=&G, 7[N;<@,/:=.���:=>@(+*L�V$;H?.6<@,�$;(K7'N 1 .1 .]HJ$d,/5/NP*-&/*-e=7'.;X��H�.��`*?&),/. 1�� $;(O,/5/.TYj$;5), 1 .6&£&)oh7':6,45)*?.6&M&)(+5�H-.=&�&)(+*-,/.=&I>@(j$;&/*�� 1 :6\=5)NP*?&)&4$;<F,4.6&£.6,�H?.6&M\W{+.67[*-<+& 1 .|Moh\W~�l�>@(+* 1 NP<+<+.6<@, 1 .6&M5).=H?$V,4*-NP<+&U.6<@,/5/. 1 *-¥�:=5).=<F,4.6&Z7[N 1 .=& 1�� *-<+&/.65),4*-NP<�X��NP(O5d,4NP(`,R7'N;,
u
&)(+5RH � $;H-Y+{j$;Qy.6, {x, x} ∪ ⋃i≥0{i, i}

l%&/NP<��s� � �%$ . �*$ .
mir(u)

.6&), 1 :	�j<+*5/:6\=(+5)&/*L�P.=7'.=<F,MYj$;5






















mir(ε) = ε

mir(au) = mir(u)a ∀a ∈ {x} ∪
⋃

i≥0

i

mir(au) = mir(u)a ∀a ∈ {x} ∪
⋃

i≥0

i.

��N;(+5d(+< 7'N;, 1 .2|Io`\W~ u
lnH-.
\W{+.67[*-<

miroir(u)
.=&G,RH?.'&)oh7':6,/5/*?>@(+. 1 . u

Yj$;5954$VY+Y�N;5),K¤¢(+<+.�P.65),/*?\�$VH?.;X�#�. �s� $� �� $"&�� �/. � $ �*&��%$ . �*$ .
mir(m) 1�� (O<�7'N 1 . 1�� *?<O&/.=5G,4*-NP< m = (m1, m2)

.6&),]H?.7'N 1 . (mir(m2), mir(m1))
XyS � .=&G,�QO*?.=<w(+<¢7'N 1 . 1�� *-<+&/.65),4*-NP<�X��NP(O5�(+<O.v&)(+*-,/. 1�� .=<F,/*?.=5)& s = s1, . . . sn

laNP<9<+N;,/.
s⊕k
H?$Z&)(+*-,/. 1�� .6<@,/*?.65/& s1+k, s2+k, . . . sn+

k
X;¡�NP(`,4.Z&/(+*L,4.�>@(j$;&)*L� 1 :=\65/NP*-&/&4$V<@,/.�&/.�f $;\	,4NP5)*?&/. 1 .Uf $)(=NP<�(+<O*?>@(+.Z&/NP(O&}H?$�fgNP5/7'. 0, t1⊕1, t2

N21
t1.6,

t2
&)NP<F, 1 .=&�&/(O*-,4.6&�>@(j$;&/*�� 1 :6\=5)NP*?&)&4$;<F,4.6&=X��nNP(+5Z& � .=<w\=N;<@�V$;*-<+\=5).;l+N;<¢Yy.=(`,Z5/.=7[$;5)>h(O.=5=l+¤RH � $;* 1 .1 .MHJ$9�+8P(+5/.

B X ¦ lh>@(+.�\=.6,),4. 1 :=\=N;7[YyNP&/*L,4*-NP<',/54$ 1 (+*-,vHJ$ 1 :=\6NP7[YyNP&)*-,4*-NP< 1 .=&U\W{O.=7'*?<+& 1 .£|Moh\W~
$;(Y+5).=7'*?.=5 5).6,4N;(+5v&)(+5�H � $a�O.9�@Y�N;(+5 t1 NP<
\6NP<+&)* 1 e65/.�H-.=&}Yj$;&}7[N;<@,4$;<F,4& 1 (�Y+5).=7'*?.65 f $V\6,4.6(+5}.6,vY�NP(O5
t2
H?.6&£Yj$;&�7[NP<F,4$;<F,4& 1 (�&).=\6NP< 1 X � <"(`,4*?H-*?&).T\6.6,/,/. 1 :=\6NP7'Y�NP&)*-,/*?NP<�Y�NP(O5 1 :	�j<+*?5�5/:=\6(+5/&)*-�;.=7'.=<F,HJ$4� � � �D� . $ ���� ��� ���)&-, �

ech
�`Y�N;(+5v,/NP(O,4.�&/(+*L,4.�>@(j$V&/*L� 1 :=\65/NP*-&/&/$;<F,4. s

l
ech(s)

.=&G,ZHJ$T&)(+*-,/.£>@(j$;&)*L�
1 :6\=5/N;*?&/&/$;<F,4. 1 :6�+<+*?.35):=\=(O5/&/*L�P.67[.6<@,MYj$;5

{

ech(ε) = ε
ech(0, t1 ⊕ 1, t2) = 0, ech(t2) ⊕ 1, ech(t1).
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0

1

2

1

2

1

00

t2 = 0, 0, 1t1 ⊕ 1 = 1, 2, 2, 10s =

s = 0, 1, 2, 2, 1, 0, 0, 1

 �"!9� B X ¦ # ��$;\	,4NP5)*?&4$k,4*?N;< 1�� (+<+.9&/(+*L,4.3>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/.
S�.6,),4.K$VY+Y+H?*-\�$V,/*?NP<¢.=&G,3(+<+.dQ+*�z).6\6,4*-NP<x\=$;5�\ � .6&),](+<O.R*?<F�PN;H?(O,/*?NP<�XyS�.6\=*�&).d�P:65/*L�j.RYj$;5M5/:6\=(+5)5/.=<O\=.¤KYj$;5G,4*?5 1 .9H � * 1 .=<F,/*-,4:d�

ech(ech(0, t1 ⊕ 1, t2)) = 0, ech(ech(t1)) ⊕ 1, ech(ech(t2)).

#�./�s� $� �� $"&�� �/. � $ �*& ��� ���)&-, �
ech(m) 1�� (+<�7'N 1 . 1�� *?<+&).=5),/*?NP< m

& � NPQO,4*-.=<F,I.=<�:=\W{j$;<O8P.�$;<F,H?.6&%*?< 1 *-\=.6&n8;:=<+:65/*?>@(+.6& A .6, B 1 $;<O&�H-.}7'N 1 . m Xk��$;5%.	�`.67[Y+H-. ech(Ax, BBxA) = (Bx, AAxB)
X

� ! � ����� '��*' � ,��	����� � �-.e� � �$� �s� $���� $"&�� �/.D� $ �*&
m
�*& �/� � � � , �]� $ � � �

mir ◦ Φm = Φmir(m)

�D�
Φm ◦ ech = Φech(m).

#%$�Y+5/.6(O�P. 1 .UHJ$I&/.=\6NP< 1 .�5/.=H?$V,4*-NP<9<+:=\6.=&/&)*-,/.�(+<+.U<+NV,4*?N;<d&/(OY+Y+H?:67[.6<F,W$;*-5/.;XV|£$;<O&�H � $;H?8;NP5/*L,4{+7'.8P:6<+:=5/$;H HJ$��V$;5/*?$;Q+H?.
CheminMarque

.=&),T*?<O*-,4*?$;H?*-&/:6.R¤
00
7
$V*?&3NP<��P.6(O, 1 :6&/NP5)7
$V*?&3&/.'HJ$V*?&/&).=5HJ$�YyNP&/&)*?Q+*-H?*-,/: 1�� *?<+*L,4*J$VH?*?&).=5 CheminMarque

¤ 1 *-�;.=5/&[\W{+.=7'*?<O&
7[$;5/>@(+:6&=X�m`NP*-, u
(+<q\W{+.=7'*?<7[$;5/>@(+:Vl�NP<x<+N;,4.

Φu
m

H � $VY+Y+H?*-\�$V,/*?NP<2>@(+*�¤[(+<O.R&/(+*L,4.9>@(j$;&/*�� 1 :6\=5)NP*?&)&4$;<F,4. s
$V&/&/Nh\=*-.T(O<�7[N;,I&)(+5H � $;H-Y+{j$;Qy.6, {x, x} .=<w*?<O*-,4*?$;H?*-&4$;<F, H?$d�;$V5/*J$VQ+H?. CheminMarque

$;(27'N;,U7[$;5)>h(O:
u
XjS�NP7'7[.MH?.6&7[$;5/>@(+.6& 1 .=&]\6NP<+&),/5/(+\	,4*-NP<+& 1 .�|Io`\W~x<+.R&/N;<@,]Y+$;& 1 :=YOHJ$;\6:=.=&6l�NP<�NPQO&/.=5G�P.�YyNP(+5M,/NP(O,37'N 1 . m.6,M,4NP(`,4.9&/(+*L,4. 1 :=\65/NP*-&/&4$V<@,/. s

l�H � :=8F$;H-*-,/: Φm(s) = Φ0
m(s)Φ0

m(s)
Xy| � $;(O,45).dYj$V5),MY�NP(O5I,/NP(+&�7'N;,/&

u
l
v
l
w
l�.6,I,4NP(`,4.=&IH?.	,/,/5/.=&

a
.6,

b
NP<¢<+N;,/.

u[a := v]
H?.]7[NV,MN;QO,4.6<h(x.=<x&)(+Q+&G,4*-,/(j$;<F,£H-.]7[N;,

v
¤,4N;(O,4.6&9H-.=&3Nh\=\6(+5/5).=<+\6.=& 1 .�HJ$�H?.	,/,/5/. a 1 $;<+&]H?.d7[N;, u

l
u[a := v, b := w]

H?.6&3&/(+QO&),4*L,4(O,/*?NP<O& � &
��� . �]����9D� � 1 .6&]H?.6,),45).=& a

.6,
b
.	,].=<O�+<

u[a := v][b := w]
H?$
&/(+QO&),4*L,4(O,/*?NP< 1 .KH?$�H?.	,/,45). a 1 $;<+& uY+(+*-& 1 .]HJ$KH?.	,/,/5/. b 1 $V<+& u[a := v]

X
� ! ) ��� ) �

• mir ◦ Φm = Φmir(m) :
� <�\6NP<+&),4$V,4.�Yj$V535/:=\6(+5/5).=<+\6.�&/(+5]HJ$[H?NP<+8;(+.=(+5 1 .KHJ$�&/(O*-,4.K>@(j$V&/*L�1 :6\=5/N;*?&/&/$;<F,4.Z>@(+.�H?.�7[*-5/NP*-5 1 .�H?$£\=NP<O&),45)(+\6,/*?NP< 1 .Z|Io`\W~d&/.=H-NP<�H?.U7'N 1 . m .=&),}$V(+&/&)*jHJ$�\6NP<+&),/5/(+\��,4*-NP< 1 .T|Moh\W~2&/.6H?NP<wH?.37'N 1 . mir(m)

X
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• Φm ◦ ech = Φech(m) :
� <�7'NP<F,45).�Yj$V5[5):=\=(O5/5/.6<+\=.x&/(+5[HJ$�H?NP<O8P(+.=(O5 1 .6&
&)(+*-,/.=&
>@(j$V&/*L�1 :6\=5/N;*?&/&/$;<F,4.6&�>@(+."YyNP(+5�,4NP(O,/.x&)(+*-,/. s

.6,[,4NP(`,�7'N 1 . m
NP<�$

Φ0
m(s) = Φ0

ech(m)(ech(s))
.6,

Φ0
m(s) = Φ0

ech(m)(ech(s))
X���N;(+5Z\=NP<+\6H?(+5).3NP<¢(O,4*-H?*?&).=5/$dH?.£f $;*L,�>@(+.

ech
.=&),I(+<O.9*-<F�PNPH-(O,4*-NP<�X

��NP(O5
n = 0

l 1 $;<O&Z,/NP(+&ZH?.6&Z\�$;& Φ0
m(ε) = ε = Φ0

ech(m)(ech(ε))
.6,ZH?$�7�.=7'.3\W{+NP&).]Y�NP(O5

Φ0
m

X
��NP(O5

n = 1
l 1 $;<+&�,4NP(O&�H-.=&�\�$V& Φ0

m(0) = x = Φ0
ech(m)(ech(0))

.6,
Φ0

m(0) = x =

Φ0
ech(m)(ech(0))

X
��NP(O5

n > 1
l�&)NP*-,

s
(+<+.w&)(+*-,/.2>h(+$;&/*�� 1 :6\=5/N;*?&/&/$;<F,4. 1 .wH?N;<+8P(+.6(+5 n

X � < \�$;H-\=(+H-.
Φ0

m(s)
.	,

Φ0
ech(m)(ech(s))

.=< NPQO&/.=5G�V$;<F,�HJ$¢f $V\6,4N;5/*?&/$V,4*-NP<
s = 0, t1 ⊕ 1, t2

X � < <+N;,/.
u
HJ$x\6NP<+&),/5/(+\	,4*-NP<NPQO,/.=<@(+.K$VY+5/e6&�HJ$�H?.6\6,/(+5/.9&/.6H?NP<�H?.97[N 1 . m 1 . 0

l�H-.]\W{+.=7'*?<
CheminMarque

:	,W$;<F,£*-<+*-,/*J$;H-*?&):¤
0
X � <¢$

Φ0
m(s) = u[1 := Φ1

m(t1 ⊕ 1), 1 := Φ1
m(t1 ⊕ 1), 0 := Φ0

m(t2), 0 := Φ0
m(t2)].��$V5 1 :	�j<+*-,/*?NP< 1 . ech(m)

lhHJ$]\=NP<O&),45)(+\6,/*?NP<
NPQO,4.6<@(+.£$;YO5/e=&vHJ$]H?.6\6,4(O5/.I&/.=H-NP<�H-.I7'N 1 . ech(m) 1 .
0
.=&G,

u[0 := 1, 0 := 1, 1 := 0, 1 := 0].� <x$ 1 N;<+\
Φ0

ech(m)(ech(s)) = u[0 := 1, 1 := 0, . . .][1 := Φ1
ech(m)(ech(t2) ⊕ 1), 0 := Φ0

ech(m)(ech(t1)), . . .].#%$R�;$VH?.=(O5 1 .=&I*?< 1 *?\=.6&�< � *?<�Cj(O.=<+\6.9Y+$;&ZH?.=&Z*-<+&/.65),4*-NP<+& � NP<x$ 1 N;<+\]H � :=8F$;H-*-,/:
Φ1

ech(m)(ech(t2) ⊕ 1) = Φ0
ech(m)(ech(t2)).bc<�(`,4*?H-*?&/$;<F,�H � {Fo`YyN;,/{+e=&). 1 .95):=\6(+5/5).=<+\6.d&/(O5 t2 NP<wNPQO,/*?.6<@,

Φ0
ech(m)(ech(t2)) = Φ0

m(t2).�M<¢54$V*?&/N;<+<+.=7'.=<F,Z(O,/*?H-*?&4$V<@,UH?.=&�7�.=7'.=&Z$V5/8P(+7'.=<F,/&IYy.=5)7[.	, 1�� NPQO,4.6<+*?5�H � :68F$;H-*-,4:
Φ0

ech(m)(ech(t1)) = Φ1
m(t1 ⊕ 1).

#�.T7�.=7'.£,�ohY�. 1 .95/.6HJ$V,/*?NP<2.��O*-&),/.TYyNP(+5 Φ0
ech(m)(ech(t2) ⊕ 1)

.	,
Φ1

ech(m)(t1)
X � <�NPQO,/*?.=<F, 1 NP<O\HJ$R5).=H?$V,4*-NP<

Φ0
ech(m)(ech(s)) = u[0 := 1, 1 := 0, . . .][1 := Φ1

m(t2), 0 := Φ0
m(t1 ⊕ 1), . . .].

� <2NPQ+&).=5)�;.3>@(+.3H?.6&�&/(OQ+&),/*-,4(`,4*?N;<+&U&/.�\=NP7'Y�.6<+&/.6<F,ZQ+*?.6<�Y�N;(+5�5). 1 NP<O<+.=5�H � .��OYO5/.=&)&/*-NP< 1 . Φ0
m(s)
X� <x$ 1 N;<+\

Φ0
ech(m)(ech(s)) = Φ0

m(s).��$V5I(O<�5/$;*?&)NP<+<+.67[.6<@,Z&)*?7'*?H?$;*?5).MNP<wNPQ`,4*?.6<F,ZH � :=8F$;H-*-,/:
Φ0

ech(m)(ech(s)) = Φ0
m(s)
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\=.]>@(+*�,/.=5/7'*?<O.3HJ$R5/:6\=(+5)5/.6<+\=.VX
��NP(O5I\6NP<+\6H?(+5).9N;<¢5).=7[$;5/>@(+.]>@(+.

Φech(m)(ech(s)) = Φ0
ech(m)(ech(s))Φ0

ech(m)(ech(s)) = Φ0
m(s)Φ0

m(s) = Φm(s),

.6,INP<¢$;YOY+H?*->h(O.3\=.]5/:6&/(+HL,W$V,I¤
ech(s)

.=<¢&/.9&/NP(`�P.=<+$;<F,�>@(+.
ech
.=&G,�(O<+.]*?<F�PNPH-(O,4*-NP<�X

2

# � (+&/$;8P.2*-<@,/.=<+&)*-f 1 .
H � NP5 1 *-<j$V,/.=(+59Y�.65/7'.6, 1 .
,45)NP(O�P.65 1 .=&K\6NP<F,45).	��.��`.=7'Y+H?.6&RY�N;(+5RY+5)NP(O�P.65>@(+.
178
$;YOY+H?*-\�$V,/*?NP<+&I*?< 1 (+*-,/.=&MYj$;5 1 .=&37'N 1 .6& 1�� *?<O&/.=5G,4*-NP<+&�<O.R&/NP<F,3Y+$;&£Q+*�z).=\6,/*-�;.=&=X�#�.=&£:6>h(O*L��V$;H?.6<+\=.6& 1 .TH?$RY+5/N;Y�NP&)*-,/*?NP<

B X B .6,IH?.6&�&)oh7[:	,45)*?.=& 1 .9HJ$RYO5/NPYyNP&/*L,4*-NP<
B X > 5): 1 (+*-&/.6<@,IH?$�YO5/.=(`�P. 1 .HJ$ �	Q+*�z).6\6,4*L�h*-,4:�� 1 .=& 32

7'N 1 .=& 1�� *?<+&).=5G,4*?N;<+&�5/.6&),W$V<@,M¤�\=.6H?H?. 1 .3,45/N;*?& 1�� .=<F,45).T.6(`��X
� )���� ) �	���	� 
 � � . �%$h� � �

210
�D� ��� $ � � � $ �*&�� ���� &2$ � �;��� . � � �

210
�s� $� � �� $"&�� �/. � $ �*&�� $�� � � &

�
178

��� $ & � � �*& � ��� � $� � � $ � ���D� $ �*&������ ��� � & � �*& � . � + �x¡�� ����� ��$��� �)$���� � $"& � �/. $ ��� . � � � � , �]� � #
3 � � � . �%$9� � � 32

�D� ��� $ � � � $ �*&�� . � � � �)& �d� ��� $�� � �
12

�D� ��� $ � � � $ �*&��  $ � � $"& �D�0� � �D� $�� & � � �s��� � $�
� �*& � . � + �x¡�� ����� � # � ��� .�� � $ � ���D� $� $ � �	� $�^� �)$���� � $"& � �/. $ ��� . � # 11 ��
 & �%� �*&  $ � $ �*&o� � � �L�)& �d� $� � �� � $ � ���D� $� $ � �	� $� � � �

12
�D� ��� $ � � � $ �*&�� � � � � � � $ � ���D� $� $ � � $� �;�D� ��� $ � � � $ �*&�� ���� &2$ � ����� . � � �

3
�s� $� �

�� $"&�� �/. � $ �*&f� � $� �)& ��
(xBB, xAA),

(ABBx, xA),

(BABx, Ax).

� ! ) ��� ) � �I<iNP5 1 *?<j$V,/.=(+5d$xY+5)N 1 (O*-,TH?.=& 178
\=N;<@,/5/.���.	�`.67[Y+H-.=&K¤�HJ$�QO*�z).=\	,4*L�`*L,4: 1 . 178

7'N 1 .=&1�� *?<+&).=5G,4*?N;<+&=X � <w<+.]5/.6Y+5/N 1 (+*L,ZYj$;& 1 $V<+&Z\=. 1 Nh\=(+7'.=<F,IH?.6&�5/:=&)(+H-,4$V,4&�7[$;*-&UH?.6&�\=NP<F,45).	� .	�`.=7'Y+H?.6&&/N;<@,Z,/NP(+& 1 .3,W$;*-H?H-.�*?<`fg:=5/*-.=(+5).]¤ 3
X

#�.=&
32
7[N 1 .=&�5/.=&G,W$;<F, 1 :	�j<+*-&/&/.6<F, 12

$;Y+YOH?*?\=$V,4*-NP<+& 1 *L¥�:65/.=<F,/.=&3\=N;7[YO,/.d,4.6<@( 1 .=&£5).=HJ$k,4*?N;<+&1 .IHJ$3Y+5)NPY�N;&/*-,/*?NP<
B X B X@|£$V<+&vH?$]�+8P(+5/. B XrtOl@NP< 1 NP<+<O.MH-.=& 7[N 1 .6& 1�� *?<O&/.=5G,4*-NP<+& 1 .I\W{j$;\=(O<+. 1 .I\=.6&$;Y+YOH?*?\=$V,4*-NP<+&v.6,IH?.6&I&Goh7[:	,45/*-.=&�H-*J$;<F,�\6.=&I7[N 1 .=&6X��H�ow$

3
\=HJ$V&/&/.6& 1�� $VY+Y+H?*-\�$V,/*?NP<O&U5/.6H?*?:6.=&�Yj$V5�H?.=&Z&Go`7':6,/5/*-.=&�7'*?5/N;*?5�.	, 1�� :6\W{j$;<+8;.;X� 5

mir
.=&G,'(+<+.w*?<F�PN;H?(O,/*?NP< &)(+5�H?.=&�\W{+.67[*-<+& 1 .¢|Moh\W~ 1 NP<+\ 1�� $;Y+5)e=&�HJ$�Y+5)NPY�N;&/*-,/*?NP<

B X > l
Φmir(m)

.6&),�(+<O.2Q+*�z).6\6,4*-NP<i&)*U.6,�&).=(+H-.=7'.=<F,K&/*
Φm
.=&G,�(+<+.2Q+*�z).=\	,4*?N;<�X�|M.27/.67[.

ech
.=&G,�(+<+.*?<F�;NPH?(O,/*?NP< &/(O5
H?.6&[&)(+*-,/.=&[>h(+$;&/*�� 1 :6\=5/N;*?&/&/$;<F,4.6& 1 NP<+\ 1�� $;Y+5/e6&
H?$�Y+5)NPYyNP&/*L,4*?N;<

B X > l
Φech(m)

.=&G,(+<+.]Q+*�z).=\	,4*?N;<�&/*�.	,Z&/.=(OH?.=7'.=<F,Z&)*
Φm

.=&G,Z(+<+.]Q+*�z).6\6,/*?NP<�XO��NP(O5�Y+5/NP(`�P.=5Z>@(+.]H?.6&
12
$;YOY+H?*-\�$V,/*?NP<+&5/.6&),4$;<F,4.=&M&/NP<F,MQ+*�z).6\6,/*-�P.6&M*-H�&/(;:�, 1 NP<+\ 1�� :6,W$VQ+H?*-5�HJ$KQ+*�z).6\6,/*-�h*-,/: 1�� (O<"5/.6Y+5/:6&/.=<F,4$;<F, 1 .9\W{j$;\6(+<+.1 .6&I,/5/NP*-&U\=H?$;&/&).=&=X

2
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(xBB, xAA)
≡pic (x, BBxAA)
≡pic (xB, B, xAA)
≡montee (Bx, B, xAA)

⇐⇒ ech















(xAA, xBB)
≡pic (x, AAxBB)
≡pic (xA, A, xBB)
≡montee (Ax, A, xBB)

mmir mmir














(AAx, BBx)
≡pic (AAxBB, x)
≡pic (AAxB, Bx)
≡descente (AAxB, xB)

⇐⇒ ech















(BBx, AAx)
≡pic (BBxAA, x)
≡pic (BBxA, Ax)
≡descente (BBxA, xA)

{

(ABBx, xA)
≡descente (ABBx, Ax)

⇐⇒ ech

{

(BAAx, xB)
≡descente (BAAx, Bx)

mmir mmir
{

(Ax, xBBA)
≡montee (xA, xBBA)

⇐⇒ ech

{

(Bx, xAAB)
≡montee (xB, xAAB)

{

(BABx, Ax)
≡descente (BABx, xA)

⇐⇒ ech

{

(ABAx, Bx)
≡descente (ABAx, xB)

mmir mmir
{

(xA, xBAB)
≡montee (Ax, xBAB)

⇐⇒ ech

{

(xB, xABA)
≡montee (Bx, xABA)

 �"!9� B X t # #�.=& 1 NP(�5=.T$;Y+Y+H-*?\�$k,4*?N;<+&�5).=8P5)NP(+Yy:=.=&Z.6<¢,/5/NP*-&�\=HJ$V&/&/.6&
u@vxwyv�� � � |%� �y|��� ����� �y����� ��| ������|%������� ��|

12
��	 	��d�d���!���z�y�,~

#�.=&'&),45)(+\6,/(+5/.6& 1 .6&[YO5/.=(`�P.=& 1 .wHJ$�Q+*�z).6\6,/*-�h*-,/: 1 .�\W{+$;\=(+< 1 .=&',45)NP*?&K7'N 1 .=&�5/.6&),W$V<@,/&[&)NP<F,&/*-7[*-HJ$;*-5/.6&=X � <�<+N;,/.
Φ+

m(s)
HJ$
\6NP<+&G,45/(O\6,4*-NP< 1 .�|Moh\W~"NPQ`,4.=<@(+.'$��V$;<F,3H � (+HL,4*?7'.9.6¥�$;\=.67[.6<@, 1 .=&7[$;5/>@(+.6&�H?N;5/& 1 (K\�$;H-\=(+H 1 . Φm(s)
&/.6H?NP<TH � $;H?8;NP5/*L,4{+7'. 1�� *?<+&).=5),/*?NP<T(+<+*LfgNP5/7'.

> X;#%$I\=H?.	f 1 .v,/NP(O,/.=&H?.6&ZY+5/.6(O�P.6&£.=&G,�(+<O. � �*& �D� $ �*& $� ��� .
��� � , � >@(+*%:	,W$;<F, 1 NP<+<+:9(+<¢\W{+.=7'*?< 1 .T|Moh\W~w.=&),M\�$VYj$;Q+H-.1 .M5/.=YOHJ$;\6.=5}H?.=&}7[$;5/>@(+.6&v.	¥�$;\6:=.6&�¤9H?$ 1 .=5/<O*?e=5).�:	,W$;Yy. 1 .�H � $;H-8PNP5/*L,4{+7'.
> X`#%$9&/(+*L,4. 1 .MH?$9YO5/.=(`�P.\=N;<+&/*-&),4.R¤
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$;5)>@(j$;8P.3&)(+5ZHJ$ 1 .=5)<+*?e65/. 1 .6&/\=.6<F,4.
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\6.6,),4.
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¤

n
NP< $

Φ+
m(s) = f(Φm(s))

.6,d>@(+.
Φm
.6&),K(O<+.
Q+*�z).=\	,4*?N;<H-NP5/&)>h( � .6H?H?.�.=&),M5/.6&),/5/.=*-<F,4.9$;(`�w&)(+*-,/.=&Z.6,Z\W{O.=7'*?<+& 1 .]H?N;<+8P(+.6(+5�*?<Ofg:65/*-.=(+5).3NP(w:=8F$;H-.]¤ n

X
� % ��
")�� % � )�� ��NP(+5 n = 0

l
Φ+

m(s) = 00 = f(ε)
.6,

Φm

.6&),}(+<+.IQ+*�z).6\6,/*?NP<�>@(+*y$;&/&)N`\6*?.ZHJ$3&)(+*-,/.�h* 1 .]$;(�\W{O.=7'*?<2�h* 1 .VX� � !��
 '�� ��� m`NP*L, u (+<
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X � <
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1 .2,�ohYy.�$V<j$;H-oh&).��V&Go`<F,/{+e=&).x(+<+.¢&/(O*-,4.2>@(j$V&/*L� 1 :=\65/NP*-&/&/$;<F,4. s = s1, . . . sn, sn+1
,4.6H?H-.�>@(+.

Φm(s) = u
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Φ+
m(s) = f(u)
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 �"!9� B Xrs # �I<�.��O.67[YOH?. 1 .]5/.6\W{+.=5)\W{+. 1 .9H � *-<F�P.=5)&/. 1 . Φ(xBB,xAB)

9 , %;: � � )�� mhNP*-, s
(+<+.�&/(+*L,4. 1 :6\=5)NP*?&)&4$;<F,4.K,/.=H?H-.R>@(+. Φm(s) = u

.	,
Φ+

m(s) = f(u)
X � <<ON;,4.

l(u)
H?$'H-NP<+8P(O.=(+5 1 .dH?$ 1 .65/<+*-e=5). 1 .6&/\6.=<F,4. 1 . u

X�#%$'\=NP<+&G,45)(+\6,/*?NP<
f(u)
.=&G, 1 .5/$;<+8

l(u)
X��c(+*-&/>@(+.

f(u) = Φ+
m(s)
ljNP<¢.=< 1 : 1 (O*-,I>@(+. sn+1 = l(u) − 1

XyS�NP7'7'.
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,4.6H?H?.9>@(+.
Φm(s1, . . . , sn) = v

X�| � $;YO5/e=&3\6.6,),4.$V<j$;H-oh&).9*-H�.	�`*-&),4.](+<O.9(O<+*?>@(+.]&/(O*-,4.
s1, . . . , sn+1

YyNP(O�V$;<F,;.6,/5/.9$;&)&/Nh\=*?:6.9¤
u
X

< � , �� � � )�� � <��P:=5)*-�j.'>@(+.'HJ$2&/(+*L,4. 1 :68F$;8P:6.[Yj$V59H � $V<j$;H-oh&).K\=NP<F�h*?.6<@,=Xn| � $VY+5/e6&dH � {FohY�NV�,/{+e=&). 1 .95/:6\=(+5)5/.=<O\=.RNP<"$ Φ+
m(s1, . . . sn) = f(v)

$��P.6\
sn = l(v) − 1

N]1
l(v)
.=&G,£HJ$H-NP<+8P(O.=(+5 1 .}HJ$ 1 .=5)<+*?e65/. 1 .=&)\=.6<@,/. 1 . v XV#%$Z&/(+YOY+5/.6&/&/*-NP< 1 ( 1 .65/<+*-.=5nY+*?\ 1 . u 1 *-7[*-<h(O.1�� $;(dY+H?(+&n(+<RH?$IH-NP<+8P(O.=(+5 1 .}HJ$ 1 .=5)<+*?e65/. 1 .=&/\6.=<F,4. 1 NP<+\ l(v) ≥ l(u)−1

X;S�.=H?$MY+5)NP(O�P.>@(+.
s1, . . . , sn+1

.=&G,U(+<O.£&/(+*L,4.M>h(+$;&/*�� 1 :6\=5/N;*?&/&/$;<F,4.£YO(+*?&)>h(O. s1, . . . , sn
.=&),U(+<+.£&)(+*-,/.>@(j$V&/*L� 1 :=\65/NP*-&/&/$;<F,4.9.6,M>h(O. sn+1 = l(u) − 1 ≤ l(v) = sn + 1

X�| � $;Y+5/e6&�H?$ 1 :6�j<+*L,4*-NP<1 . f
l�HJ$�\=N;<+&),/5/(+\	,4*?N;<

f(v) = Φ+
m(v)
\6NP<F,4*?.6<F,�&).=& 1 .6(`��7
$V5/>@(+.=& l(u) − 1l(u) − 1
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&)(+5UH-.M&)NP7[7'.6,�¤T{+$;(O,4.6(+5
l(u)− 1 1 .£HJ$ 1 .=5)<+*?e65/. 1 .=&)\=.=<F,/. 1 . v

Xh��NP(+5�HJ$]\=NP<+&G,45)(+\	�,/*?NP<
Φ+

m(v)
lOH � *-<+&/.65),/*?NP<[&/.=H-NP<2H?.�7[N 1 . m ¤RH?$dH?.6\6,4(O5/. 1 .�HJ$T�V$;H-.=(+5 sn+1 = l(u)− 1\6NP< 1 (O*-,M¤KH � *?<+&).=5),/*?NP< 1�� (+<¢Y+*-\ 1 NP<F,MH-.3&/NP7'7'.6,�.6&),�¤�H?$K{j$;(O,/.=(+5 l(u) 1 $V<+&MH?$ 1 .=5��<O*?e=5). 1 .=&)\=.=<F,/. 1 . v

X ��$;5 1 :	�j<+*L,4*?N;< 1 . v
NP<q$ 1 NP<+\ Φm(s1, . . . , sn+1) = u

Xc|�.YOH?(+&UH-.=&v7
$;5)>@(+.=&v.6¥�$;\=:6.=& 1 . Φ+
m(v)
H?NP5)& 1 .£H � *?<+&).=5G,4*?N;<[&)NP<F,�.	�O$;\	,4.=7'.=<F,�\6.=H-H?.=&v>@(+*YO5/:=\6e 1 .6<F,£H?.3<ONP(O�P.=$;(xYO*?\3*?<O&/:=5): 1 NP<+\ Φ+

m(u) = f(u)
X

�nNP(+5�,/NP(O,�\W{+.=7'*?< 1 . u 1 .�H-NP<+8P(+.6(+5 n + 1
lINP< $ ,45/N;(O�P:(+<+.�(O<+*?>@(+.�&/(+*L,4.>h(+$;&/*��

1 :6\=5)NP*?&)&4$;<F,4. s1, . . . , sn+1

,4.6H?H?.�>@(+.
Φm(s1, . . . , sn+1) = u 1 NP<+\ Φm

.6&),dQ+*�z).6\6,4*L�P.�H?N;5/&G�>@( � .=H-H?.3.=&G,I5/.=&G,45).=*?<F,/.d$;(h�2\W{+.67[*-<+& 1 .]H?NP<+8;(+.=(+5�*-<Ofg:=5)*?.6(+5/.3NP(w:68F$;H?.]¤ n + 1
X

2

#%$
&/.6\=NP< 1 .dfgNP<+\	,4*?N;< 1 .T7
$;5)>@(j$;8P. faxe
>@(+.dH � NP<x\6NP<+&/* 1 e=5).d.6&),3H-*?:=.9$;(h�"5).6,4N;(+5/&M&/(+5MH � $k�`.1�� (+< \W{+.=7'*?< 1 .w|Moh\W~�X �M< \W{+.=7'*?< 1 .w|Moh\W~i&/.�f $V\6,4N;5/*?&). 1 .�f $ (=NP< (+<O*?>@(+.�.6< (O<+.�&/(O*-,4. 1 .f $;\	,4.=(O5/&

(xukx)k=1..K

N21
H?.=&
uk

&)NP<F, 1 .6&U\W{+.67[*-<+& 1 .3|Moh\W~�X 7�,W$;<F, 1 NP<+<+:�(+<�\W{+.67[*-< 1 .�|Moh\W~
u 1 NP<F, K

&/NP7'7[.	,4&3&)NP<F,T&)(+59H � $k�`.;l�H?$w\6NP<+&G,45/(O\6,4*-NP< faxe(u)
.=&), 1 .�54$V<+8 K − 1

.	,9& � NPQO,4*-.=<F,.=<2*-<+&/:654$;<F,�H?.=&v7
$V5/>@(+.=&�7[NP<F,4$;<F,4.=& 1 $;<+&UH � N;5 1 5).M\65/NP*-&/&4$V<@,�$;( 1 :6Q+(O, 1 (
7[N;,=l`YO(+*?&vHJ$T7[$;5)>h(O.1 .6&/\=.6< 1 $;<F,/. K − k
&)(+5ZH?.

keme &)NP7'7[.	,Z&/(+5ZH � $k�`.;X
��� ) � � : )�� #�.]\W{+.=7'*?< 1 .9|Moh\W~
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Φ+
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Φm
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 �"!9� B X _�D # �jNP<O\6,4*-NP< 1 .]7[$;5/>@(j$;8;.3&/(+5ZH � $k�`.3YyNP(+5�H?.37'N 1 . (ABBx, xA)

� % ��
")�� % � )�� ��NP(+5 n = 0
l
Φ+

m(s) = 00 = f(ε)
.6,

Φm
.6&),}(+<+.IQ+*�z).6\6,/*?NP<�>@(+*y$;&/&)N`\6*?.ZHJ$3&)(+*-,/.�h* 1 .]$;(�\W{O.=7'*?<2�h* 1 .VX� � !��
 '�� ��� m`NP*L, u (+<
\W{+.67[*-< 1 .�|Moh\W~ 1 .IH?NP<+8;(+.=(+5 n+1
X � <
\W{O.=5/\W{O.£Yj$;5 (+<[54$;*-&/NP<+<O.=7'.=<F,

1 .2,�ohYy.�$V<j$;H-oh&).��V&Go`<F,/{+e=&).x(+<+.¢&/(O*-,4.2>@(j$V&/*L� 1 :=\65/NP*-&/&/$;<F,4. s = s1, . . . sn, sn+1

,4.6H?H-.�>@(+.
Φm(s) = u

.6,
Φ+

m(s) = f(u)
X

9 , %;: � � )�� mhNP*-, s
(+<+.�&/(+*L,4. 1 :6\=5)NP*?&)&4$;<F,4.K,/.=H?H-.R>@(+. Φm(s) = u

.	,
Φ+

m(s) = f(u)
X � <<ON;,4.

c(u)
H-.c<+NP7RQ+5). 1 . &/NP7'7'.6,�&)(+5%H � $k�`.c{+NP5/* 5=NP<F,4$;H 1 (9\W{+.67[*-< u

X � <9<@(+7':=5/NV,4.cH?.6&&)NP7'7[.	,4&�&)(+5�H � $k�`. 1 . u 1 . 1 5/N;*-,4.�¤£8F$;(+\W{O.U.6, 1 . 0 ¤ c(u)−1
#%$�\=N;<+&),/5/(+\	,4*?N;<

f(u).6&), 1 .]54$;<+8 c(u) − 1
X��c(+*-&/>@(+.

f(u) = Φ+
m(s)
ljNP<x.6< 1 : 1 (+*L,�>@(+. sn+1 = c(u) − 2

XS�N;7[7'.
m
.=&G,nH?Nh\�$;H-.=7'.=<F,�5/:	�P.65/&/*-Q+H?.VlaNP<T\6NP<+&G,W$V,/.v>@(+. H?.6& 1 .=(`� 1 .=5/<O*?.=5)&�Y+$;&%*?<+&):=5/:6&&).=H-NP<�\6.T7'N 1 .3Y�N;(+5 1 NP<+<O.=5 u &/N;<@,IH-.3Y+5/.67[*-.=5�Yj$;&Z7'NP<F,W$;<F,Z.	,MH-.]Yj$;& 1 .=&)\=.6< 1 $;<F,\6NP5/5).=&)Y�NP< 1 $;<F,£$V(�5).6,4N;(+5Z&/(+5IH � $k�`. 1 (x\W{O.=7'*?<w&/(+5IH?.3&)NP7'7[.	,Z<h(O7[:65/N;,/: c(u) − 2

X� < <+N;,/.
v
H?.2\W{+.67[*-< 1 .¢|Moh\W~ 1 . 1 .67[*���H?N;<+8P(+.6(+5 n

NPQO,/.=<@( Yj$;5�HJ$�&/(OY+Y+5/.6&/&)*?NP<
1 . u 1 .�\6.=& 1 .6(`��Yj$;&=X�| � $;Y+5/e6&RH � {FohY�N;,/{+e=&). 1 .[5/:=\6(+5/5).=<+\6.;l�*-H .	�`*?&G,4.�(+<O.�(+<+*->h(O.&)(+*-,/. 1 :=\=5)NP*?&)&4$;<F,/. s1, . . . , sn

,/.=H?H-.3>@(+.
Φm(s1, . . . , sn) = v

X�| � $;Y+5/e6&M\6.6,),4.T$;<j$;HLo`&).*-H�.	�`*-&),4.](+<O.T(+<O*?>@(+.]&/(+*L,4.
s1, . . . , sn+1

YyNP(O�V$;<F,W.6,/5/.9$;&)&/Nh\=*?:6.9¤
u
X

< � , �� � � )�� � <��P:=5)*-�j.'>@(+.'HJ$2&/(+*L,4. 1 :68F$;8P:6.[Yj$V59H � $V<j$;H-oh&).K\=NP<F�h*?.6<@,=Xn| � $VY+5/e6&dH � {FohY�NV�,/{+e=&). 1 .�5/:6\=(+5)5/.6<+\=.NP< $ Φ+
m(s1, . . . sn) = f(v)

$��;.=\
sn = c(v) − 2

N21
c(v).6&),¢H?.x<+NP7RQ+5). 1 .�&/N;7[7'.6,2&)(+5wH � $k�`. 1 . v

XU#%$ &/(+YOY+5/.6&/&/*-NP< 1 ( Y+5/.67[*-.=5�Y+$;& 1 .
u
.	, 1 ( Yj$;& 1 .=&)\=.=< 1 $;<F,�Y+5):=\=: 1 $;<F,"H-.YO5/.=7'*?.65w5/.6,/NP(+5¢&/(+5�H � $k�`. 1 *?7'*?<@(+. 1�� $;(
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YOH?(+&�(O< H?.x<ONP7RQ+5). 1 ."&)NP7'7[.	,4&
&)(+5�H � $k�`. 1 . u

A
1 $V<+&�H?.�\�$;&
N21 u 1 :=Q+(`,4."Yj$V5

xx
X � <�$ 1 NP<+\xH?$�5).=H?$V,4*-NP< c(v) ≥ c(u) − 1

XvS�.=H?$Y+5)NP(O�P.x>h(O.
s1, . . . , sn+1

.=&G,(O<+.K&/(+*L,4.K>@(j$;&)*L� 1 :=\65/NP*-&/&4$V<@,/.KY+(+*-&/>@(+. s1, . . . , sn
.6&),](+<O.K&/(+*L,4.R>@(j$;&)*L� 1 :=\65/NP*-&/&4$V<@,/..	,
>@(+.

sn+1 = c(u) − 2 ≤ c(v) − 1 = sn + 1
X � <q<@(+7':=5)N;,4.wH-.=&�&/NP7'7'.6,4&K&)(+5H � $a�O. 1 . v 1 . 1 5)NP*-,/.K¤28F$;(+\W{O.'.	, 1 . 0

¤
c(v) − 1

X�| � $;YO5/e=&]H?$ 1 :6�+<+*-,/*?NP< 1 . f
l�HJ$\6NP<+&G,45/(O\6,4*-NP<

f(v) = Φ+
m(v)
\=N;<@,/*?.6<@,£&4$�7[$;5/>@(+.

sn+1

&/(+5£H-.dY+5).=7'*?.65�&/N;7[7'.6, 1 (\W{O.=7'*?< A <h(O7[:65/N;,/:
c(v) − 1

E .	,R&/$x7
$V5/>@(+.
sn+1

&/(+5TH?.'&/NP7'7[.	,9<h(O7[:65/N;,/:
sn+1

X�nNP(+5vHJ$]\=NP<+&G,45)(+\6,/*?NP<
Φ+

m(v)
l@H � *?<+&).=5G,4*?N;<'&).=H-NP<
H-.I7'N 1 . m ¤9H?$9H-.=\6,/(+5/. 1 .MHJ$3�;$VH?.=(O5

sn+1 = c(u) − 2
\=N;< 1 (+*L,'¤�H � *-<+&/.65),/*?NP< 1�� (+< Yj$;&�7'NP<F,W$;<F,'$;( 1 :6Q+(O, 1 ( \W{+.=7'*?<.	, 1�� (+<�Yj$;& 1 .=&/\6.=< 1 $;<F,d$VQ�NP(`,4*?&)&4$;<F,£$;(�&/NP7'7'.6,M<h(O7[:65/N;,/: c(u) − 2 1 $;<+& v

X���$;5
1 :6�j<+*L,4*-NP< 1 . v NP<
$ 1 NP<O\ Φm(s1, . . . , sn+1) = u

X@| � (+<+.MYj$;5),=lFH?.6&}7[$;5)>h(O.=& .6¥�$;\=:6.=&1 . Φ+
m(v)
H?N;5/& 1 .9H � *?<+&).=5),/*?NP<2&)NP<F,�.��O$;\6,/.=7'.=<F,�\6.=H-H?.=&Z>@(+*%\=N;5/5/.6&/YyNP< 1 .6<F,3$;(`�¢&)NP7K�7'.6,/&M&)(+5IH � $k�`. 1 . v

<@(+7':=5)N;,4: 1 . c(v) − 2
¤

c(u) − 1
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m(u) = f(u)

X
�nNP(+5�,/NP(O,�\W{+.=7'*?< 1 . u 1 .�H-NP<+8P(+.6(+5 n + 1

lINP< $ ,45/N;(O�P:(+<+.�(O<+*?>@(+.�&/(+*L,4.>h(+$;&/*��
1 :6\=5)NP*?&)&4$;<F,4. s1, . . . , sn+1

,4.6H?H?.�>@(+.
Φm(s1, . . . , sn+1) = u 1 NP<+\ Φm

.6&),dQ+*�z).6\6,4*L�P.�H?N;5/&G�>@( � .=H-H?.3.=&G,I5/.=&G,45).=*?<F,/.d$;(h�2\W{+.67[*-<+& 1 .]H?NP<+8;(+.=(+5�*-<Ofg:=5)*?.6(+5/.3NP(w:68F$;H?.]¤ n + 1
X

2

#%$T,45)NP*?&)*?e=7'.UfgNP<+\	,4*-NP< 1 .M7
$V5/>@(j$;8P.Zf $;*L,�$VY+Y�.6H�¤T(+<+.�<ON;,4*-NP<
$VY+Yj$;5).=7'7[.6<@,v7'NP*?<+&}\=N;<+<@(+.>@(+.]H?.6&�&/NP7'7[.	,4& 1 .]H?$ 1 .=5)<+*?e65/. 1 .=&)\=.6<@,/.TN;(¢H-.=&Z&/N;7[7'.6,/&U&/(+5ZH � $k�`.VXj�M<U��� . �D��� � $ � p 1 .],4$;*?H-H?.
k ≥ 1 1 ( 7'N;, 1 .¢|Moh\W~ d

.6&),'(+< f $;\6,/.=(+5 1 . d
,4.6H�>@(+.

d = upv
$��;.=\

v
<+. 1 :6Q+(O,4$;<F,
Yj$V&Yj$;5M(+<+. 1 .=&)\=.=<F,/. x

.	,
p ∈ (x(x∗))k−1x(x)k X�#%$����*$"& �0� 1 ("Yj$;5/$;Y+H-(+*?.].=&G,3H?.9&/N;7[7'.6,M.=<F,45).RH?.1 .65/<+*-.=5 x 1 . p

.	,£H-.=&
xk X�|�.Tf $)(=NP<�Y+H?(O&�8P:6NP7[:	,45)*?>@(+.;lj,/NP(O,£&)NP7'7[.	,�>@(+*n.=&G,3(+<"Y+*-\T.6&),]$V(+&/&)*HJ$KYyNP*?<F,/. 1�� (+<¢Yj$;5/$;Y+H-(+*?.VXj#%$�,4$;*?H-H?. 1 .T\6.TYj$V54$;Y+H-(+*?.3.6&),IH?.]<+N;7RQ+5/. k 1 .9Yj$;& 1 .6&/\=.6< 1 $;<F,/&£>@(+*&/(O*-�P.6<F,K\=.�&)NP7'7[.	,�Xn#�.
Yj$;5/$;Y+H-(+*?.�.=&G,RfgNP5)7[: 1 .
\6.=& k

Yj$;& 1 .=&)\=.=< 1 $;<F,4&6l 1 .=& k 1 .=5)<+*?.65/&RY+$;&7'NP<F,W$;<F,4&M>@(+*�YO5/:=\6e 1 .6<F,]HJ$�Y�NP*-<F,4.9.6, 1 .=&£:	�P.=<F,/(+.=H-&£Yj$;& 1 .=&)\=.=< 1 $;<F,4&]>@(+*�$;Y+Yj$;5/$;*?&)&/.6<@,�.=<F,45).\=.6&MY+$;&Z7[NP<F,4$;<F,4&�.6,IH?$RY�NP*-<F,4.;X
��NP(O5',/NP(O,'\W{+.=7'*?< 1 .¢|Moh\W~ u

*?H�.	�`*?&G,4.¢(+<�Y+H-(+&�H?NP<O8�&/(;:K�`.x>@(+*Z&/N;*-,�HJ$�\6NP<+\�$k,4:=<+$V,4*-NP<
1 .TYj$;54$VY+H?(+*-.=&6X�#%$ � � � � �/. ��� . � 1 ("\W{+.67[*-< 1 .R|Io`\W~¢.=&G,3H?.9<+NP7dQ+5/. 1 .RYj$V54$;Y+H-(+*?.6&Z>h(O*nfgNP5)7[.6<F,\=.�&/(;:K�`.;X�#�.=&�Yj$V54$;Y+H-(+*?.6&�>h(O*M&)NP<F,�\=N;<+\�$V,/:=<+:6&�YyNP(+5�fgNP5/7'.=5'H?.w&/(8:��`.�&)NP<F,�H?.6&J��� . �D��� � $ � �
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�������������������������������������������������������������
�������������������������������������������������������������
�������������������������������������������������������������
�������������������������������������������������������������
�������������������������������������������������������������
�������������������������������������������������������������
�������������������������������������������������������������
�������������������������������������������������������������
�������������������������������������������������������������
�������������������������������������������������������������

�����������������������������������������������������������
�����������������������������������������������������������
�����������������������������������������������������������
�����������������������������������������������������������
�����������������������������������������������������������
�����������������������������������������������������������
�����������������������������������������������������������
�����������������������������������������������������������
�����������������������������������������������������������
�����������������������������������������������������������
�����������������������������������������������������������
�����������������������������������������������������������
�����������������������������������������������������������
�����������������������������������������������������������
�����������������������������������������������������������
�����������������������������������������������������������
�����������������������������������������������������������

���������������������������������������������
���������������������������������������������
���������������������������������������������
���������������������������������������������
���������������������������������������������
���������������������������������������������
���������������������������������������������
���������������������������������������������
���������������������������������������������
���������������������������������������������
���������������������������������������������
���������������������������������������������
���������������������������������������������
���������������������������������������������

���������������������������������������������
���������������������������������������������
���������������������������������������������
���������������������������������������������
���������������������������������������������
���������������������������������������������
���������������������������������������������
���������������������������������������������
���������������������������������������������
���������������������������������������������
���������������������������������������������
���������������������������������������������
���������������������������������������������
���������������������������������������������

���������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�		�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�		�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	�	

$ 0������#' ! ��
',
 ) % �

� �/*
3
� �������1� % 
(�/* 0 % ���/�1'�*

 �"!9� B X _P_ # �M<¢.	�`.=7'Y+H?. 1 .9\6NP(O�;.=5),/(+5/.T$��P.6\ 1 .6&MY+$;54$;YOH?(+*-.=&
Yj$;5/$;Y+H-(+*?.KNP(`�P.=5G,d.6<�Yj$V5),W$V<@, 1 .'HJ$��j< 1 (�\W{+.67[*-<�l�NP<*?<+&)e=5/.'H?.Kf $;\	,4.6(+5 (i − 2)i − 1

X�m`(+59H?.&/N;7[7'.6,Z\65/*-,/*?>@(+.£N;<�*-<+&/e65/.]H?.£f $;\	,4.6(+5
k.k − 1.k
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���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
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���������������������������������������
���������������������������������������
���������������������������������������
���������������������������������������
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���������������������������������������
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���������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
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0
1
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3
2
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 �"!9� B X _aB # ��N;<+\6,/*?NP< 1 .]7[$;5/>@(j$V8P. 1 .=&IYj$;5/$;Y+H-(+*?.6&UY�N;(+5�H?.37'N 1 . (BABx, Ax)

� )���� ) �	���	��� � � �s� $� �� $"&�� �/. � $ �*&
(BABx, Ax)

� � � � � ����� � $ � � � ��� ��� � � � �*& �D� $ �*& $� ��� . +
��� � , �

fparapluie

�D�
Φ(BABx,Ax)

� � � � & � � $ � ���D� $ �*& �
� ! ) ��� ) �}� <Y+5/NP(`�P.
\6.6,),4.
YO5/NPYyNP&/*L,4*-NP<�Yj$;595/:=\6(+5/5).=<+\6.�&/(O5TH?$¢H-NP<+8P(+.6(+5 n 1 .6&d&)(+*-,/.=&d>@(j$V&/*L�1 :6\=5/N;*?&/&/$;<F,4.6&=XV|£$;<+&n\=.	,/,4.}Y+5).=(O�;.�NP<9<+N;,/. m H?. 7[N 1 . 1�� *?<O&/.=5G,4*-NP< (BABx, Ax)

.	,
f
H?$�fgN;<+\6,/*?NP<

1 .]7[$;5/>@(j$;8;. fparapluie

X



� A ���������
	������������������������	������������! ��#"$�����%�&��'(���&��)��*�,+!�%-

��� ��� ���	� � )�
 ) !��� � ! !*) , � )�� � <[&)(+Y+YyNP&/.I>@(+.MYyNP(+5c,/NP(O,4.Z&)(+*-,/.I>@(j$V&/*L� 1 :=\65/NP*-&/&/$;<F,4. 1 .ZH?NP<`�8P(O.=(+5T*?<Ofg:65/*?.6(+5/.'NP(i:68F$;H-.
¤
n
NP< $

Φ+
m(s) = f(Φm(s))

.6,d>@(+.
Φm
.6&),K(O<+.
Q+*�z).=\	,4*?N;<H-NP5/&)>h( � .6H?H?.�.=&),M5/.6&),/5/.=*-<F,4.9$;(`�w&)(+*-,/.=&Z.6,Z\W{O.=7'*?<+& 1 .]H?N;<+8P(+.6(+5�*?<Ofg:65/*-.=(+5).3NP(w:=8F$;H-.]¤ n

X
� % ��
")�� % � )�� ��NP(+5 n = 0

l
Φ+

m(s) = 00 = f(ε)
.6,

Φm

.6&),}(+<+.IQ+*�z).6\6,/*?NP<�>@(+*y$;&/&)N`\6*?.ZHJ$3&)(+*-,/.�h* 1 .]$;(�\W{O.=7'*?<2�h* 1 .VX� � !��
 '�� ��� m`NP*L, u (+<
\W{+.67[*-< 1 .�|Moh\W~ 1 .IH?NP<+8;(+.=(+5 n+1
X � <
\W{O.=5/\W{O.£Yj$;5 (+<[54$;*-&/NP<+<O.=7'.=<F,

1 .2,�ohYy.�$V<j$;H-oh&).��V&Go`<F,/{+e=&).x(+<+.¢&/(O*-,4.2>@(j$V&/*L� 1 :=\65/NP*-&/&/$;<F,4. s = s1, . . . sn, sn+1

,4.6H?H-.�>@(+.
Φm(s) = u

.6,
Φ+

m(s) = f(u)
X

9 , %;: � � )�� mhNP*-, s
(+<+.�&/(+*L,4. 1 :6\=5)NP*?&)&4$;<F,4.K,/.=H?H-.R>@(+. Φm(s) = u

.	,
Φ+

m(s) = f(u)
X � <<ON;,4.

c(u)
HJ$¢\=NP(`�P.=5G,4(+5). 1 (i\W{+.67[*-< u

X � <i<@(+7':=5)N;,4.[H?.6&dYyNP*?<F,4.6& 1 .6&RYj$;5/$;Y+H-(+*?.6&N;(O�P.65),4& 1 . 1 5/N;*-,4.]¤K8F$V(+\W{+.9.6, 1 . 0
¤

c(u) − 1
Xj#%$'\6NP<+&),/5/(+\	,4*-NP<

f(u)
.6&), 1 .]54$;<O8

c(u)
X��c(+*-&/>@(+.

f(u) = Φ+
m(s)
lvN;<�.=< 1 : 1 (+*L,
>@(+. sn+1 = c(u) − 1

XUS�N;7[7'.
m.6&),IH?Nh\�$VH?.=7'.=<F,�5):6�;.=5/&)*?Q+H-.;ljNP<w\6NP<+&),4$V,4.]>@(+.]H?.6& 1 .=(h� 1 .=5)<+*?.65/&�Yj$;&Z*-<+&/:65/:=&Z&).=H?N;<¢\6.7'N 1 .RYyNP(+5 1 NP<O<+.=5 u

$;Y+Yj$V5),4*-.=<+<O.=<F,9$;(�Yj$;5/$;Y+H?(O*?. 1 NP<F,]HJ$�YyNP*?<F,4.d.=&),]<@(+7':=5)N;,4:6.
c(u) − 1

�j*?Hyow$KH?.£Yj$V&I7'NP<F,W$V<@,ZH-.3Y+H?(O&Z¤�8P$;(+\W{+.].6,ZH-.3Yj$;& 1 .6&/\=.6< 1 $;<F,M&/(+*L�V$;<F,ZHJ$YyNP*-<@,/.;Xy|£$;<O&�H?.]\=$;&MY+$;5),/*?\=(OH?*?.65�N21xH-.]Yj$;54$VY+H?(+*-.]NP(O�P.65),M<@(+7[:65/N;,/:
c(u) − 1

.=&G,£(+<&)*?7'Y+H?.�Y+*?\
xx
$;H?NP5)&�NP<'&/(+YOY+5/*-7[.UH-.�Y+*?\�>@(+*j&)(+*-, H-.U&/N;7[7'.6, \65/*-,/*?>@(+.U.	,}H?.UYj$V54$;Y+H-(+*?.N;(O�P.65), 1 *-&/Yj$V54$ � ,�X � <"<+N;,/. v

H-.T\W{+.67[*-< 1 .d|Moh\W~ 1 . 1 .=7'*L� H?NP<O8P(+.=(O5 n NPQ`,4.=<@("Y+$;5H?$T&)(+Y+Y+5).=&/&)*?NP< 1 . u 1 .�\6.=& 1 .6(`�2Y+$;&=X`| � $;Y+5/e6&�H � {Fo`YyN;,/{+e=&). 1 .�5):=\6(+5/5).=<+\6.;l+*-Hy.��`*?&),/.(O<+.�(+<+*->@(+.�&/(O*-,4. 1 :=\65/NP*-&/&/$;<F,4. s1, . . . , sn

,4.=H-H?.'>@(+.
Φm(s1, . . . , sn) = v

X�| � $;Y+5)e=&\6.6,),4.T$;<j$;HLo`&).3*?H�.��`*?&),/.](+<+.9(+<+*?>@(+.]&)(+*-,/.
s1, . . . , sn+1

Y�NP(`�;$V<@,W.	,45).T$V&/&/Nh\=*-:=.9¤
u
X

< � , �� � � )�� � <��P:=5)*-�j.'>@(+.'HJ$2&/(+*L,4. 1 :68F$;8P:6.[Yj$V59H � $V<j$;H-oh&).K\=NP<F�h*?.6<@,=Xn| � $VY+5/e6&dH � {FohY�NV�,/{+e=&). 1 .�5/:6\=(+5)5/.6<+\=.NP< $ Φ+
m(s1, . . . sn) = f(v)

$��;.=\
sn = c(v) − 1

N21
c(v).6&),THJ$�\6NP(O�P.65),/(+5/. 1 . v

X%S�NP7'7[.RH-.=&3Yj$V54$;Y+H-(+*?.6& 1 NP<F,]HJ$2YyNP*?<F,/.R.=&G,d<@(+7':=5)N;,4:6. 1 .
0
¤

c(u) − 2
<O.x&/N;<@,
Yj$;&[7[N 1 *-�+:=&'H?NP5)& 1 ."HJ$�&/(+YOY+5/.6&/&/*-NP< 1 .6&
Yj$;& 1 NP<O<j$;<F, v

lN;< .6< 1 : 1 (+*L,�>@(+.�H?$ \6NP(O�;.=5),/(+5/. 1 . v
.6&),�$;( 7[N;*?<+&

c(u) − 1

A H � :=8F$;H-*-,/:"$ H?*-.=(H-NP5/&)>@(+.�H?.�Yj$V54$;Y+H-(+*?.�<@(+7[:65/N;,/:
c(u) − 1 1 $V<+& u

.6&),w(+< &/*-7[YOH?.xYO*?\
xx

E X � < $
1 NP<+\"H?$5/.6HJ$V,/*?NP< c(v) ≥ c(u) − 1

X�S�.=HJ$�Y+5/N;(O�P.">@(+.
s1, . . . , sn+1

.6&),
(+<+."&)(+*-,/.>@(j$V&/*L� 1 :=\65/NP*-&/&/$;<F,4. Y+(+*-&/>@(+. s1, . . . , sn

.6&),�(+<+. &)(+*-,/. >@(j$;&/*�� 1 :6\=5)NP*?&)&4$;<F,4. .	,�>@(+.
sn+1 = c(u) − 1 ≤ c(v) = sn + 1

X � < <@(+7':=5)N;,4.�H-.=&2YyNP*?<F,4.6& 1 .=&wYj$;5/$;Y+H-(+*?.6&N;(O�P.65),4& 1 . v 1 . 1 5)NP*-,/.'¤�8F$;(O\W{+.
.	, 1 . 0
¤

c(v) − 1
X � < 1 *-&/\=(`,4.[$;H?NP5)&]&/.=H-NP<�H-.=&�V$;H-.=(+5)&Z5/.=H?$V,4*L�P.6& 1 . sn

.	,
sn+1

X�#%$R�j8P(+5). B X _ > *-H?H-(+&),/5/.£H-.3Y+5/NPYyNP&6X
< ' sn+1 = sn + 1 � |£$;<+&w\=.�\=$;&w*?HMo $ c(u) − 1

Yj$;54$VY+H?(+*-.=&�N;(O�P.65),4& 1 $;<O& v
.6,

1 NP<+\[Yj$;& 1 .
Yj$;5/$;Y+H-(+*?.'NP(O�;.=5),R<h(O7[:65/N;,/: c(u) − 1
X�| � $;Y+5)e=&KH?$ 1 :	�j<+*-,/*?NP< 1 .

f
l%HJ$w\=NP<O&),45)(+\6,/*?NP<

f(v) = Φ+
m(v)

\=NP<F,/*?.=<F,T&/.6&d7[$;5/>@(+.6&
sn+1

.	,
sn+1

&/(O5dH?.&/NP7'7'.6,}\=5)*-,4*->@(+. 1 . v Xh��NP(+5vHJ$]\=NP<O&),45)(+\6,/*?NP< Φ+
m(v)
l@H � *?<O&/.=5G,4*-NP<[&).=H-NP<
H-.M7'N 1 .

m
¤wHJ$wH?.=\	,4(+5). 1 .
H?$2�V$;H-.=(+5 sn+1 = c(u) − 2

\6NP< 1 (O*-,T¤¢H � *-<+&/.65),/*?NP< 1�� (+<�YO*?\&/(+5IH?.]&)NP7[7'.6,I\65/*-,/*?>@(+.9$;QyNP(O,/*?&/&/$;<F,M¤[HJ$K\65/:�$k,4*?N;< 1�� (+<�Yj$;54$VY+H?(+*-.3NP(O�;.=5),�>@(+.H � NP< <@(+7':=5/NV,4. c(u) − 1
X���$;5 1 :	�j<+*L,4*?N;< 1 . v 1 $;<+&KH?.
\�$;&KYj$V5),4*-\=(+H-*?.65dN21 H-.=&Yj$;&�&)(+Y+Y+5)*?7':=&
fgN;5/7'.=<F,2(+< Y+*-\ 1 $;<O& u

l}NP< $ 1 N;<+\ Φm(s1, . . . , sn+1) = u
X| � (+<+.�Yj$;5G,�l�H-.RYj$;5/$;Y+H?(O*?.R<@(+7':=5)N;,4: c(u) − 1

Y+5):=\6e 1 .'H?.R&)NP7'7[.	,3\=5)*-,4*->@(+. 1 .
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sn+1 = 3 = sn + 1

sn = 2

sn+1 = 2 ≤ sn

1
2

0
1

0

2
3

3

0

0
12

1
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4

 �"!9� B X _ > # #�.=& 1 .=(h�w,�o`Yy.=& 1�� *?<+&).=5G,4*?N;< 1 $;<+&ZH?.6&Uf $;\6,/NP5/*-&4$V,/*?NP<+& �=$��P.=\9Yj$;5/$;Y+H-(+*?.6& �

u
N21�&).�Y+H?$;\=.6<@,TH?.6&d7[$;5/>@(+.6&

sn+1snsn+1
Xn| � $;(O,/5/.[Yj$;5),=l�H?$¢7[$;5)>h(O. 1�� *?< 1 *?\6.

sn+1 − 1
*-<+*-,/*J$;H-.=7'.=<F,�YOHJ$;\6:=.I&/(+5vH?.Z&/NP7'7'.6,}\=5)*-,4*->@(+.Z&/.�5).6,/5/NP(O�;.�&)(+5�H?$9YyNP*?<F,/.

1 (¢Yj$;54$VY+H?(+*-.£<@(+7':=5/NV,4: c(u) − 1
X ��*?<j$VH?.=7'.=<F,

Φ+
m(u) = f(u)

X
< ' , � , sn+1 ≤ sn

� |£$;<+&v\=.M\�$;&v*?H�.	�`*?&G,4. 1 $;<+& v (+<
Yj$V54$;Y+H-(+*?.Z<@(+7':=5)N;,4: c(u)− 1
X| � $;Y+5/e6& HJ$ 1 :	�j<+*-,/*?NP< 1 . f lPHJ$£\6NP<+&G,45/(O\6,4*-NP< f(v) = Φ+

m(v)
\6NP<F,4*?.6<F,v&/$37
$;5)>@(+.

sn+1
&/(+5wH-.�&/NP7'7[.	,2\=5)*-,/*?>@(+.�&/*

sn+1 = sn
.6,w&/(O5¢H?$iY�N;*?<F,4. 1 ( Yj$V54$;Y+H-(+*?.<@(+7[:65/N;,/:

c(u)
&/*-<+NP<�lnHJ$¢7
$;5)>@(+.

sn+1
&).
,45)NP(O�;.
&/(O5RH?.'Yj$;5/$;Y+H?(O*?.'<h(O7[:65/N;,/:

c(u)−1
X;�nNP(+5�H?$�\=NP<O&),45)(+\6,/*?NP<

Φ+
m(v)
lkH � *?<O&/.=5G,4*-NP<d&).=H?N;<KH?.�7'N 1 . m ¤�HJ$MH?.=\	,4(+5).1 .£H?$T�V$;H?.6(+5 sn+1 = c(u)− 2

\6NP< 1 (O*-,Z¤dH � *-<+&/.65),/*?NP< 1�� (O<2Yj$;& 1 .6&/\6.=< 1 $V<@,�z)(+&G,4.$;Y+5)e=&UH?$dY�N;*?<F,4. 1 (2Yj$;5/$;Y+H?(O*?.I<h(O7[:65/N;,/: c(u)− 1
XjS�.6HJ$R$V(+8P7'.=<F,4. 1�� (+<O.£(+<+*L,4:HJ$],W$;*-H?H?. 1 (
Yj$;54$VY+H?(+*-.M.	,�H?(O*yYy.=5)7[.	, 1 .�\=NP<F,4.6<+*?5�(+<�Yj$;& 1 .£Y+H-(+&�>@(+*�&/.�,/5/NP(O�;..6,/5/.;l 1 $;<+&�H-.=& 1 .6(`�2\=$;&=ljH-.£Yj$;&�7'NP<F,W$;<F,�*-<+&/:65/:]¤RH?$dY+HJ$V\=. 1 .3H?$d7
$V5/>@(+. sn+1

X#�.=&'Yj$;&'$az)NP(O,/:=&'&/NP<F, 1 NP<+\wH-.¢Y+$;&�7[NP<F,4$;<F,[H-.2Y+H?(O&[¤�8F$;(O\W{+. 1 (qYj$V54$;Y+H-(+*?.<@(+7[:65/N;,/:
c(u) − 1

.	,KH?.[Yj$;& 1 .=&/\6.=< 1 $;<F,[>@(+*�&/(+*L,R&4$"YyNP*-<@,/.;X���$;5 1 :6�j<O*-,4*-NP<1 . v
NP< $ 1 NP<+\ Φm(s1, . . . , sn+1) = u

X�|�$;<+&
Φ+

m(v)
l�H?$x7[$;5/>@(+.

sn+1
< � .=&G,z/$;7[$;*?&UYO5/:=\6: 1 :6. 1�� (+<+. 1 .6&/\=.6<F,4.��j*-H�o¢$K(+<xYj$V&I7'NP<F,W$V<@,I7'.=<j$V<@,M¤�HJ$KYyNP*?<F,4.1�� (+<
Yj$V54$;Y+H-(+*?.�N;( 1 ([&/NP7'7[.	,}\=5/*L,4*->h(O.IN;([Q+*-.=<[5/*?.6< 1 ([,4N;(O,�X@#�.IYj$;&}7[NP<F,4$;<F,*?<+&):=5):9.6&), 1 NP<O\TH-.3Y+5/.67[*-.=5�Yj$;& 1 (¢Y+H-(+&�H?NP<O8'&)(;:K�`. 1 .9Yj$;5/$;Y+H-(+*?.6&UNP(O�;.=5),/&M\6.>@(+*�Yy.=5)7[.	, 1 .MY�NP&)*-,/*?NP<+<O.=5}H?.I&/NP7'7[.	,U\65/*-,/*?>@(+. 1 . u

Xh#�.=&U7[$;5/>@(+.6&U.6¥�$;\6:=.=& 1 .
Φ+

m(v)
H-NP5/& 1 .�H � *-<+&/.65),4*-NP<

A
1�� *?< 1 *?\=. c(v)

¤
sn+1 + 1

E &)NP<F, 1 NP<+\
.	�O$;\6,/.=7'.=<F,\=.6H?H?.6&�Y+5/:6\=: 1 $;<F,�H-.3&/NP7'7'.6,Z\=5)*-,/*?>@(+. 1 . u
X ��*-<j$;H?.67[.6<F,

Φ+
m(u) = f(u)

X
�nNP(+5�,/NP(O,�\W{+.=7'*?< 1 . u 1 .�H-NP<+8P(+.6(+5 n + 1

lINP< $ ,45/N;(O�P:(+<+.�(O<+*?>@(+.�&/(+*L,4.>h(+$;&/*��
1 :6\=5)NP*?&)&4$;<F,4. s1, . . . , sn+1

,4.6H?H?.�>@(+.
Φm(s1, . . . , sn+1) = u 1 NP<+\ Φm

.6&),dQ+*�z).6\6,4*L�P.�H?N;5/&G�>@( � .=H-H?.3.=&G,I5/.=&G,45).=*?<F,/.d$;(h�2\W{+.67[*-<+& 1 .]H?NP<+8;(+.=(+5�*-<Ofg:=5)*?.6(+5/.3NP(w:68F$;H?.]¤ n + 1
X

2
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#�.=&
12
$;Y+Y+H-*?\=$V,4*-NP<+&�YyNP(+5%H-.=&/>@(+.6H?H-.=&�H � NP5 1 *?<j$k,4.=(O5

A
� � � H?.=7'7'.

B X > X _�E <+. 1 NP<+<+. Yj$V& 1 . \6NP<F,45/.��.	�`.67[Y+H-.2¤xH?$xQ+*�z).6\6,/*-�h*-,/: 1 .�,4$;*?H-H?.�*?<`fg:=5/*-.=(+5).�¤ 11
&/N;<@, 1 NP<+\�Q+*-.=< 1 .6&RQ+*�z).=\6,/*?NP<O&=X�#%.6& 1 .=(h�&)oh7':6,/5/*?.6&=l�7'*?5/N;*?5�.	, 1�� :6\W{j$;<+8;.;lyY�.65/7'.6,/,/.=<F, 1 .T5).=8P5)NP(+Yy.=5Z\=.6&�$VY+Y+H?*-\�$V,/*?NP<O&U.=< 3

\6HJ$;&)&/.6& 1 . 4$;Y+YOH?*?\=$V,4*-NP<+&6X
� ! � ����� '��*' � ,��	� � � � �

210
�s� $� � �� $"&�� �/.D� $ �*&�� & � $"&  � $ � � & � �����

12
�D� ��� $ � � � $ �*&�� � $ � ���D� $� � �  $ � +

� �/. � & �d� � � � � � 6
�s� $� � �� $"&�� �/.D� $ �*&f� � $� �)& � � � �*&  � $ � � & � # 6

$� � � � � $ � ���D� $ �*&���� � � �
6
� �$� . � � � &

� �*& � � � ��� � � �D� . $ � �^�%$ . �*$ . �
(xBB, xAA),

(ABBx, xA),

(BABx, Ax),

(xAA, xBB),

(BAAx, xB),

(ABAx, Bx).

#�.=&c,45)NP*?&�YO5/.=(`�P.=& 1 .ZQ+*�z).=\	,4*-�h*L,4:�N;<@, 1 NP<+<+:U,/5/NP*-&�&),4$V,4*-&),4*->@(+.=&�>@(+*jN;<@, H?$�7�.=7'. 1 *?&G,45)*?Q+(O,/*?NP<&/(O53H?.=&�\W{+.=7'*?<+& 1 .�|Moh\W~i��H?.T<+NP7RQO5/. 1 .KYj$V& 1 .=&)\=.6< 1 $;<F,4&T$;Y+5)e=&]H?. 1 .=5)<+*?.653Yj$;&£7'NP<F,W$V<@,=l�H?.<+NP7dQ+5/. 1 . 5/.	,4NP(O5/&n&/(+5%H � $k�`. .6,nHJ$�\6NP(O�P.65),/(+5/.VX;#�.=&n7'N 1 .6&�>@(+*@&/NP<F,�7[*-5/NP*-5/& 1 .=&%,45/N;*?&�7'N 1 .6&%:6,4(h�1 *-:=&}\=*L� 1 .=&)&/(+&�<+. 1 N;<+<+.=<F,�Yj$;& 1 .M&G,W$V,/*?&),/*?>@(+.I&/.6<+&/*-Q+H?.67[.6<@, 1 *-¥�:=5).=<F,4.M\�$;5}*?H-& & � NPQO,4*-.=<+<O.=<F,UYj$V5HJ$I&)oh7':6,45)*?.U7'*?5)NP*?5%&)(+5�H?.6&�7'N;,4& 1 .Z|Moh\W~�XF��$V5�\=NP<F,/5/.;l;H?.=&�7[N 1 .6&�>@(+*O&)NP<F,cNPQO,/.=<@(+&cYj$;5�:=\W{j$;<O8P.1 .6&I7[$;5)>h(O.=&�8P:6<+:=5)*?>@(+.=&Z&)NP<F,ZY+H?(+&�H?*?:6&�¤R(+<+.]&Go`7':6,/5/*-.£&/(+5ZH-.=&U&)(+*-,/.=&�>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/.=&Z>@(+.&/(O53H?.=&3\W{O.=7'*?<+& 1 .�|Io`\W~ � *?H-& 1 NP<O<+.=<F, 1 NP<+\R,/5/NP*-&£<+NP(`�P.=H-H?.6&£&),4$V,4*-&),4*->@(+.=&3&).=<+&)*?Q+H-.=7'.=<F, 1 *-¥�:	�5/.6<F,4.=&6X � <�$95/:6(+&/&)*�¤T* 1 .=<F,/*-�j.65 1 .6(`� 1 .�\6.=&v&),W$k,4*?&G,4*->h(O.=&�&/$;<+&vYj$;5)�;.=<+*-5�¤ 1 :=\65/*-5/.�H?$],/5/NP*-&/*-e=7'.;X� <�<+.'5/: 1 *?8;.'Y+$;&TH-.=&9Y+5/.6(O�P.6& 1 .'HJ$2\=N;7[Yj$k,4*?QO*?H?*L,4: 1 .[\6.=&9fgNP<+\6,/*?NP<O& 1 .[7[$;5/>@(j$V8P.'$��;.=\[H?.=(O57'N 1 .3\=$;5�.=H-H?.6&�&/NP<F,I&/*-7[*-HJ$;*-5/.=&v$;(`��,45/N;*?&�Y+5):=\=: 1 .=<F,/.=&=X�M<w&/N;7[7'.6, 1 $;<+&Z(+<+.  � � � � � $� � � � & �0� .=&G,Z(+<¢&/NP7'7[.	,U>@(+*�.6&),ZY+5):=\=: 1 : 1�� (O<+. 1 .=&)\=.=<F,/.T.	,>@(+*%< � .=&),�Yj$;&I&/(+*L�h* 1�� (+<O.T7'NP<F,4:6.;Xy#%$�fgNP<O\6,4*-NP< 1 .T7[$;5)>h(+$;8P. fdouble−descente

\6NP7[Y+$V,4*-Q+H?.3$��;.=\H?.T7[N 1 . 1�� *-<+&/.65),/*?NP< (xAA, xBB)
&/. 1 :	�j<+*-,�.=<�\=N;<+&/* 1 :=5/$;<F,3H?.T<+NP7RQ+5). 1 .RYO*?\=&�Y+5/:6\=: 1 $;<F,]HJ$Y+5).=7'*?e=5). 1 NP(+Q+H-. 1 .=&/\6.=<F,4.VX+#%$3�j8P(+5).
B X _ A9*?H-H?(+&G,45/.�\6.�7[$;5/>@(j$V8P.;X@#�.I54$;<+8

k 1 .MH?$9\6NP<+&G,45/(O\6,4*-NP<
fdouble−descente

.=&G,3\=.K<ONP7RQ+5). 1 .RY+*-\=&6X���N;(+5£NPQO,/.=<+*-5�\6.6,/,/.K\=NP<O&),45)(+\6,/*?NP<�l�NP<"*-<+&/e65/.KH-.Tf $;\	,4.=(O5
(i − 1)i − 1 1 $;<O&2H?. ieme YO*?\".	,wH?.�f $V\6,4.6(+5 kk 1 $;<+&2H?.x&/NP7'7[.	, 1 $V<+&2HJ$�YO5/.=7'*?e65/. 1 NP(+Q+H-.1 .6&/\=.6<F,4.;X�M< � . ���&¡����/. �*$ � �L�)& � 1�� (+<7[NV, 1 .
|Io`\W~�.6&),R(O<Y+5):6�O�`.',4.=H >@(+.�,4NP(`,d&)NP7[7'.6,].6&),d¤¢(O<+.{j$;(`,4.=(O5v&)(+Y�:65/*-.=(+5).MNP([:=8F$VH?.I¤9\6.=H-H?. 1 ( 1 .=5/<O*?.=5 \65/.=(h�
>@(+*yH?.ZY+5):=\6e 1 .VXO�nNP(+5 ,4NP(O,}7'N;, 1 .M|Moh\W~*?H`.	�`*?&G,4.�(+<}��� � �W� �*&-,W� . ���&¡�� �/. �*$ � �L�)& � XP#%$�fgNP<+\	,4*?N;< 1 .�7
$V5/>@(j$;8P. fprefixe−croissant

\6NP7[Y+$V,4*-Q+H?.$��P.6\dH?.]7'N 1 . 1�� *-<+&/.65),4*-NP< (xB, xAAB)
&). 1 :	�j<+*L,M.6<"\=N;<+&/* 1 :=5/$;<F,�H-.=& 1 NP(+QOH?.=& 1 .6&/\=.6<F,4.=& 1 $;<+&H?.9Y+H-(+&MH-NP<+8'Y+5/:	�O�`.d\65/NP*-&/&4$V<@,=X�bcH-H?.].=&G,£*?H-H?(+&G,45):=.3&/(O5�(+<".��`.=7'Y+H?.9Yj$;5IHJ$K�j8P(+5). B X _ ¦ X��nNP(+5M(+<\W{+.67[*-< 1 .]|Moh\W~ d

lOH-.£54$V<+8
k 1 .3HJ$R\6NP<+&G,45/(O\6,4*-NP<2.=&G,ZH?.£<ONP7RQ+5). 1 . 1 NP(OQ+H?.6& 1 .=&)\=.6<@,/.=& 1 $;<+&�H-.Y+H-(+&cH?NP<O83Y+5/:	�O�`.M\65/NP*-&/&4$V<@,=XF��N;(+5 NPQO,4.6<+*?5c\6.6,),4.Z\=NP<O&),45)(+\6,/*?NP<�lPNP<'*?<+&)e=5/.�H-.Uf $;\6,/.=(+5

k−1k − 1k
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 �"!9� B X _ A # ��N;<+\6,/*?NP< 1 .37[$;5)>h(+$;8P. 1 $;<O&�H?.=&�YO*?\=&Z$��V$;<F,ZHJ$RYO5/.=7'*?e65/. 1 NP(+Q+H-.	� 1 .=&/\6.=<F,4.9YyNP(+5�H?.7'N 1 . (xAA, xBB)

1 $;<O&[H-. 1 .=5/<O*?.=5'&/N;7[7'.6, 1 (qY+H?(O&[H-NP<+8�Y+5/:	�O�`.x\65/NP*-&/&4$V<@,=X}#%. 1 .65/<+*-.=5'Y+*?\¢$��V$;<F,
\6.�&)NP7[7'.6,\=N;<@,/*?.6<@,£HJ$
7[$;5/>@(+.
k
X��nNP(+5

i = 0 . . . k − 2
l�NP<�*?<+&)e=5).KH?.Tf $V\6,4.6(+5

ii 1 $;<+&�HJ$ i + 1eme 1 NP(+Q+H-.1 .6&/\=.6<F,4.;X

���������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
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0
0
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1
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5
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 �"!9� B X _ ¦ # �jNP<+\6,/*?NP< 1 .97[$;5)>h(+$;8P. 1 .6&IYO5/:6�`�O.6&�\65/NP*-&/&4$V<@,/&ZY�NP(O5�H?.37'N 1 . (BAAx, xB)

# � :	,4( 1 . 1 .6&v7'N 1 .=& 1�� *?<+&).=5),/*?NP<'$]Y�.65/7'*?& 1 .ZY+5)NP(O�;.=5}>h(O. 5 &),4$V,4*-&),/*?>@(+.=& &)(+5vH-.=&c\W{+.67[*-<+& 1 .|Moh\W~RNP<F, H?$�7/.67[. 1 *?&G,45)*?Q+(O,/*?NP<�X;S�.65),4$;*?<+.6&c:=8F$VH?*-,/:=&�:6,W$V*?.=<F, 1 :�z/¤£\=N;<+<@(+.=&6lF\=NP7'7[.vH?.UH-*?.6<R.=<F,45).H?.6&v&)NP7'7[.	,4&}&/(+5vH � $k�`.M.	,UH?.6&v&)NP7'7[.	,4&v$;Y+5/e6&�H-. 1 .=5/<O*?.=5vYj$;&v7[NP<F,4$;<F,�l 1�� $;(O,45).=&v&/NP<F,U<ONP(O�P.6H?H-.=&=X��H�7
$V<+>@(+. 1 $;<+&}\=.6,),4.I:6,/( 1 .�H?$3&),W$k,4*?&G,4*->h(O.M$V&/&/Nh\=*-:=.M$;(
7'N 1 . 1�� *-<+&/.65),/*?NP< (ABAx, Bx)
>h(O*y.6&),5/.6H?*-:£Yj$;5ZHJ$R&Goh7[:	,45/*-. 1�� :=\W{j$;<O8P.d$V(�7'N 1 .3& � .	�`Y+H?*->@(j$;<F,IYj$;5�H?.6&ZYj$;54$VY+H?(+*-.=&6X

� ! � ����� '��*' � ,��	��� � � �
5
� � � � $ � � $ ����� �;� � $� �)& �d� �^�*& � � �4���D� �  $ � � . $ ����� $ �*&U� � . � � � � � � �%$"&�� $�

������� �
�
� � &�� � � . � $� ��� � $� � � � &  �)& � �e�D� . 9 �^� ��$�/. &2$ �/. ��� �^�s�*& � �)& � �

�
� � &�� � � . � $� ��� � $� � � � &  �)& � �  �*& � � & � � �4� �D�@� � � � �-. � � � ¡�� �

�
� � &�� � � . �%$� ��� . �D��� � $ � �  �)&��t� � ��� � �}� �*&-,/� � ��¡�� ��� $ � � � � & ��� �*& � � � � &�� � $ �*& $� ��� . �)+
��� � $ � ���

�
� � &�� � � . � $� �0$ � �^��� �)& � � �^� . � �%$39 . �  � � � � � $� � � � & �0� �
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�
� � &�� � � . � $�  � � � � � $� � � � & �0� �  �)&��e� � ��� � �e� �*&-,e� . ���&¡�� �/. �*$ � �L�)& � �

� ! ) ��� ) � #n$ 1 *-&),45)*?Q+(`,4*?N;< 1 .]\=.=&M&),4$V,4*-&),4*->@(+.=&Z.=&G,£$V(+&/&)*n\6.=H-H?. 1 .]HJ$R�V$;H-.=(+5 1 ( 1 .=5)<+*?.65Z:=H?:67[.6<F,&/(O52H?.=&2&)(+*-,/.=&2>@(j$;&)*L� 1 :=\65/NP*-&/&4$V<@,/.=&6XZ#n$iQO*�z).=\	,4*-NP< 1 NP<F,wH?$�fgNP<+\6,/*?NP< 1 .�7
$V5/>@(j$;8P.x.=&),¢H-*?:=.x¤(+<+. 1 .=&3&),4$V,4*-&),/*?>@(+.=&3YO5/NP(O�;.K>@(+.K\=.	,/,4.�&G,W$V,/*?&),/*?>@(+.K¤�H?$
7�.=7'. 1 *-&),45)*?Q+(`,4*?N;<">@(+.KHJ$[�V$;H-.=(+5 1 (1 .65/<+*-.=5Z:=H-:=7'.=<F, 1 .=&Z&)(+*-,/.=&Z>@(j$;&/*�� 1 :6\=5)NP*?&)&4$;<F,4.6&=X 2

HJI H ���sPWV Rf_DPWk `QP��QX���PWg i�XDjtNfkl`Um@noNUX�PWk Rf\(T X�Nfk%P@T&i�X�jtN

#%$ZY+$;5),/*?.cY+5):=\=: 1 .=<F,/.�:6,4$;*-, 1 : 1 *-:=.}¤�H � :6,4( 1 . 1�� (+<d.6<+&/.67RQ+H?. 1 .c�V$;5)*J$V,/*?NP<+&�&/(+5%(+<T$;H-8PNP5/*L,4{+7'.\=N 1 $;<F,M(+<+.TQ+*�z).6\6,4*-NP<¢\=HJ$V&/&/*->@(+.T.6<F,45/.dH?.=&I&/(O*-,4.6&M>@(j$V&/*L� 1 :=\65/NP*-&/&/$;<F,4.=&M.6,�H?.=&I\W{+.67[*-<+& 1 .R|Moh\W~�X# � :	,4( 1 .R&)oh&),/:=7[$V,4*->@(+. 1 .d\=.=&M�;$V5/*J$k,4*?N;<+&�< � :6,W$V*-,MYj$;&£&)Y�:6\=*J$VH?.=7'.=<F,M7[NV,4*-�;:=.9Yj$;5M(+<"Y+5)NPQ+H?e67[.\=N;7RQ+*?<+$V,4NP*-5/.VlUH � *?<F,4:656.	,�:	,W$;*L, 1 .�\6NP7'Y+5/.6< 1 5/.�\=.	,/,/.7':6,/{+N 1 .;X � < & � $V,),W$;\W{+.�7[$;*?<F,4.6<j$;<F,�¤Y+5):=&/.6<F,4.=5 1 .=&]>@(+.6&),4*-NP<+&9\=NP7dQ+*?<j$k,4NP*-5/.=&�N21�$VY+Yj$;5/$;*?&)&/.=<F, 1 .6&TQ+*�z).=\	,4*?N;<+& 1 .�\=.�\�$ 1 5/.'NP(�Q+*?.6<1 .]8P:6<+:=5/$;H?*-&4$V,/*?NP<+&�<j$V,4(O5/.=H-H?.6&=X
u@v u@vzw � | � �	�*	 	 � � � ����|%~ ~ � ���d����|%~�|��*����| � �d��~ ��|�
a�!����9�d�
� <$'�`( 1 $V<+&3HJ$
&).=\	,4*?N;<

B X _ X _ >@(+.KH-.=&£&)(+*-,/.=&3>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/.=&3&/N;<@,].6<�Q+*�z).6\6,4*-NP<"$��;.=\H?.6& 1 .=7'*L� Y@oh5/$;7[* 1 .=& 1 . 1 NP7'*?<+NP&6X+#�.=& 1 .67[*���YFoh54$;7'* 1 .6&U&),/5/*-\6,4.6&=l 1 :�z/¤'YO5/:=&).=<F,4:6.dH-.3\W{j$;Y+*L,45/.
_ lfgNP5)7[.6<@,[(+<�&)NP(+&���.=<O&/.=7dQ+H?. 1 .=& 1 .=7'*L� Y@oh5/$;7[* 1 .=&6X �M<+. � � $ �0� ��� � �/$"+ ����/. �*$ � �L�)& �0� �L�)&��4���]� $ �/.

s = s1, . . . sn

.6&),M(+<+.9&/(+*L,4.]>@(j$;&/*�� 1 :6\=5)NP*?&)&4$;<F,4.3,/.=H?H-.3>@(+.TYyNP(+5 i = 2 . . . n
l
si−1 6= si

X � <�Yy.=(`,\�$V54$;\	,4:=5)*?&).=5RH-.=&K&/(O*-,4.6&R>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/.=&K>@(+*U&)NP<F,'$;&/&)N`\6*?:=.6&�$;(`� 1 .=7'*L� Y@oh5/$;7[* 1 .=&9&),/5/*-\6,4.6&Yj$;59HJ$w&/(OY+Y+5/.6&/&)*?NP<i5):=\6(+5/&)*-�P. 1 .
H?$¢Y+*-e=\6.[7'*?<+*-7
$VH?. 1 $;<+&dH?$¢\6NPH?N;<+<+. 1 .
Y+H-(+&98P54$;< 1 *?< 1 *?\6.¢�\=.d&/NP<F,]H?.6&�&)(+*-,/.=&3>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/.=&£&/$;<+&3Yj$;H-*?.65=X�m`(+5£H?$
Yj$;5G,4*-.d8F$;(O\W{+. 1 .RH?$'�j8P(O5/.
B X _ tOly*?How$K(+<¢.	�`.=7'Y+H-. 1 . 1 .=7'*L��YFoh54$V7[* 1 .�&G,45/*-\6,/. � H?.6&I<ONP7RQ+5).=& * *?< 1 *->@(+.=<F,ZH � NP5 1 5/. 1 $V<+&ZH?.=>@(+.6H�H?.6&Y+*-e=\=.6&Z&/NP<F,I5/:6\=(+5)&/*-�;.=7'.=<F,M.=<+H-.6�P:6.=&MY�NP(O5�NPQO,4.6<+*?5�H?$R&/(+*L,4.]>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/.9&/$;<+&ZYj$;H-*?.65=X�M< �s� � $��� � ���/� $"& .=&),d(+<�7'N;,

u
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l |v|x ≥ |v|x
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� ! � ����� '��*' � ,��	����� � �-.s� � �$�
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$;&/&)N`\6*?.IQ+*�z).6\6,4*L�P.67[.6<@,v(+<+. 1 .=7'*L� YFo`5/$;7'* 1 .�&G,45/*-\6,/. d 1 .M,W$V*?H?H-. n+1

¤T(+<[\W{+.=7'*?<
1 .t3�N;,65=~@*?< m 1 .9H-NP<+8P(O.=(+5 n X#%$ 1 .67[*���YFoh54$;7'* 1 . d .=&),�$;&)&/Nh\=*?:6.9¤�H?$K&/(+*L,4.3>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/.9&/$;<+&IYj$;H-*?.=5 sd

X�#%$K\=H-.6f 1 .\=.	,/,/.�Q+*�z).6\6,/*?NP<.=&),R>h(O.
ech(sd)

.=&),R(+<+.
&)(+*-,/. 1 .[{j$;(O,/.=(+5)& 1 . n + 1
&/NP7'7'.6,4&9>@(+*�\6N 1 .�(+<\W{+.67[*-< $� � � ���/� $"& 1 .9H?NP<+8;(+.=(+5 n X��NP(O5I& � .6<�\6NP<F�V$;*?<+\65/.3NP<2\6NP<+&)* 1 e65/.]HJ$ 1 :6\=NP7'YyNP&/*L,4*?N;< 1 .6&I&)(+*-,/.=&Z>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/.=&�<+NP<h��h* 1 .6& s �

s = 0 + 0.
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s1 ⊕ 1
)

+ 0.s2 + 0.
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)

.s2
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s = 0 + 0.
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s1 ⊕ 1
)

+ 0.
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)

.s2
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$;8;.=& 1 .]\6.=&Z&/(+*L,4.6&IY+$;5ZH � *?<F�PNPH-(O,4*-NP< ech

�
ech(s) = 0 + 0.ech(s1) + 0.
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ech(s2) ⊕ 1
)

.ech(s1).
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.=&G, 1 NP<+\9$;&)&/Nh\=*?:6.9¤�(O<�\W{+.67[*-< 1 .t3�N;, 56~@*?<¢.6,IHJ$R5):=\=*-Y+5/Nh>@(+.].=&G,I�h5/$;*�\�$;5

m = ε + ym1 + xm2xm1

ACB ¦ E
.=&G,IH � :=>@(j$V,/*?NP< 1 . 1 :6\=NP7'Y�N;&/*-,/*?NP< 1 .=&I\W{+.=7'*?<O& 1 .}3¢N;, 56~h*-<¢$;(�YO5/.=7'*?.65U5/.	,4NP(O5I&)(+5ZH � $k�`.;X
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u@v u@v u 
 �����,� ��| ��� ��� 	y�y�O|�� � � �y|%�d��	�	t| � |%� � �,|��}� 	9�d���
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>
1�� *-<+&/.65),/*?NP<w(+<+*LfgNP5/7'.;X



�� ������!��'(��"$���/)�� ����������	���������) �
� ���&�����s�B��� ����� ����	������ s _

� ! � � ) , � % �*' � , � � ! � , ) � ) � � : ) 
 ) : % � � ��� ��
 )�
"� , � � % �
��NP(O53:=\=5)*?5).d(+<+.K:6>@(j$V,4*-NP< 1 . 1 :=\6NP7[YyNP&)*-,4*-NP<xYyNP(+5�H?.=&M\W{+.=7'*?<O& 1 .K|Moh\W~"N;<�*?<F,45)N 1 (O*-,M(+<Yj$;5/$;7'e6,45).]&/(+Y+YOH?:=7'.=<F,4$;*?5).[�jH?$'H-NP<+8P(+.6(+5 1 .9HJ$ 1 .=5)<+*?e65/. 1 .=&)\=.=<F,/. l(u) 1�� (O<x\W{+.67[*-< 1 .T|Moh\W~

u
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u∈Dyck

t|u|xsl(u)

N21wHJ$R�V$;5)*J$;Q+H-.
u
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1−ts

X+¡nNP(O,I\W{+.67[*-< 1 .9|Moh\W~ u
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√
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√
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σ1(t)

.=&G,T�+<+*?.K.6<
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(1−t)k+1

X@��NP(+5 H-.=&}$;(O,/5/.=& \W{+.67[*-<+&=lF*-H+.=&G,}Y�NP&)&/*-Q+H?. 1 .ZH-.=&cf $;\6,/NP5/*-&/.65c.=<'(+<[&)NP(+&��\W{+.67[*-< 1�� NP5 1 5/. j l 1 ≤ j ≤ k +1
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+
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.6,v.=<�Yj$V5),4*-\=(+H-*?.65 ¤dH � :=>@(j$k�,4*-NP<
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N
.6, 1�� NP5 1 5/. k
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� )���� ) �	��� � ��� � �-.

N ∈ � �y� � � � �/. $ � � , � & �/. � � . $ � � � (EN,k(t))0≤k≤N
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vi

 �"!9� B X BPB # # � {O*?&),/NP*?5). 1�� (+<¢\W{+.=7'*?< 1 .9|Moh\W~
p1, . . . , pk 1 .Z8F$;(+\W{O.M¤ 1 5)NP*-,/.U.6,}H?.6&c\=5).=(`�'Yj$V5 c1, . . . , ck−1
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\6.U>@(+*O.6&),cH?$ 1 :	�j<+*L,4*?N;<1 .MHJ$T{+$;(O,4.6(+5 1 .�54$�o;NP< 1 . pi

X`#n$9{j$;(O,/.=(+5 1 .�5/$�oPNP< 1�� (+<�\W{O.=7'*?< u
.6&), 1 NP<+\�H � N;5 1 5).M7[$k�`*?7[$;H1 .6&M&)NP(+&G� \W{+.=7'*?<O& v1, . . . , vk

X
S�.6,),4.9Y+5/.6(O�P.T& � :6,4.6< 1 ¤�HJ$K{j$;(`,4.=(O5 1 .T5/$�o;NP<x7[$;5)>h(O:=.].=<�$;(O,/NP5/*-&4$;<F,IH?.6&IY+$;& 1 .=&)\=.=< 1 $;<F,4&7[$;5/>@(+:6&�¤}.6,/5/.£H-.=&U&)NP(+5/\6.=& 1 .35/$�oPNP<+&6Xj|£$;<O& (SN+1)

lOH � :6>@(j$V,4*-NP< XN+1 = 0

A .6,U*?7'Y+H?*-\=*-,/.=7'.=<F,
XN+k = 0

lnYyNP(+5
k > 1

E ln:=>@(+*-�V$;(`,K¤"*?<F,/.=5 1 *?5/.'H?.6&d\W{+.67[*-<+& 1 .
{j$;(O,/.=(+5 1 .�54$�oPN;< 7
$;5)>@(+:=.&/(OY�:65/*?.6(+5/.¢NP( :=8F$VH?.¢¤
N + 1 1 $;<+&'H � {+*-&),4N;*?5/. 1 .=&'\W{+.=7'*?<+& 1 .�|Moh\W~�XU#�.=&[$;(O,/5/.6&[:6>h(+$V,4*-NP<+&\=N;5/5/.6&/YyNP< 1 .6<F,d¤�H?$ 1 :=\6NP7'Y�NP&)*-,/*?NP< 1 .=&]\W{+.67[*-<+&37
$V5/>@(+:=& 1 .K{j$;(O,/.=(+5 1 .K5/$�oPNP<�7[$;5/>@(+:6.�$;(Y+H-(+&

N
XZ#�.=&¢&/:65/*-.=&2fgNP5/7'.=H-H?.6&

(EN,k(t))k=0..N
&/NP<F, 1 NP<O\&)NPH?(O,/*?NP< 1 ( &Go`&G,4e67[. (SN+1)

X�bc<Yj$;5G,4*-\=(+H-*?.=56l
X0 = EN,0(t)

.=&G,ZHJ$9&/:=5)*?.38P:6<+:=5/$V,45)*?\6. 1 .6&�\W{+.=7'*?<+& 1 .]|Moh\W~ 1 .£{+$;(O,4.6(+5 1 .£5/$�oPNP<$;(wY+H-(+&
N
X

2

| � $;Y+5/e6&�\=.3H-.=7'7[.VlhH?$T&):=5/*-.£8P:6<+:=5/$V,45)*?\=. EN(t) 1 .=&�\W{+.67[*-<+& 1 .£|Moh\W~ 1 .£{j$V(O,4.6(+5 1 .£5/$�oPNP<$;(�Y+H-(+&
N
.=&),£HJ$[�V$;H-.=(+5 1 . D(t; 1) 1 $;<+&£H?$
&/NPH-(O,4*-NP< 1 . (SN+1)

X�#%$�\=N;<kz).=\	,4(+5).K7[.6<j$;<F,]¤
H?$Y+5)NPY�N;&/*-,/*?NP< B X � :=>@(+*L�V$;(O, 1 NP<O\T¤KH � :68F$;H?*L,4:
EN(t) =

T2N (t)

T2N+1(t)
.

� <d$U�h(9>h(O.v\6.}>@(+NV,4*?.6<F, 1 .vYyNPHLo`< �P7[.6& 1 . ��*-Q�NP<+$;\=\6*P.=&G,�$V(+&/&)*hH?$U&/:65/*?. 8P:6<+:=5/$V,45)*?\6. 1 .=&n\W{+.=7'*?<O&



�� ������!��'(��"$���/)�� ����������	���������) �
� ���&�����s�B��� ����� ����	������ s2G

1 .M|Moh\W~ 1 .M{+$;(O,4.6(+5
A (+&)(+.=H-H?. E $V([Y+H-(+&

2N +1
X@�nNP(+5 Y+5)NP(O�P.65�H?$3fgN;5/7R(+H-. 1 .ZHJ$3Y+5)NPY�N;&/*-,/*?NP<

B X �*?H}&/(8:', 1 NP<+\ 1�� :	,W$;Q+H-*?5T(+<+.�Q+*�z).=\	,4*?N;<�.=<F,/5/.2H?.6&d\W{+.67[*-<+& 1 .
{j$;(O,/.=(+5K$V( Y+H?(+& 2N + 1
.6,KH-.=&\W{+.67[*-<+& 1 .]{j$;(O,/.=(+5 1 .]54$�o;NP<x$V(¢YOH?(+& N X

� ! � ����� '��*' � ,��	��� � � �x¡ $ � �0� � & � � $ � ���D� $ �*&�� . � � �/. � �)& � � � $� �%$"+0� �*&-, �����-.t� & � . � � � � � � � �%$"&�� $�
������� $� ��� �$�d���-. $��. � � �*&

N
�D� � � � � � � �%$"&�� $� ��������$� ��� ���0���-.

2N + 1 �
��NP(O5 1 :	�j<+*-5�&)*?7'Y+H?.67[.6<@,w\6.6,),4.�Q+*�z).6\6,4*-NP<�lUN;< �V$ (`,4*?H-*?&).=52(+<+.�8P:6<+:=5/$;H?*-&4$V,/*?NP< 1 .�H � $;H-8PNV�5/*L,4{+7'. > X��;(+&)>@( � ¤"YO5/:=&).=<F,�(+< (+<O*?>@(+.�7'N 1 . 1�� *?<+&).=5G,4*?N;<�Yj$;5/$;7':6,45/$;*-,9,4N;(O,4.6&RH?.6&d5/:6:=\65/*-,/(+5/.6&1 $;<O&dH � $;H-8PNP5/*L,4{+7'.;lyNP<Y�NP(`�;$V*-,]Yj$;5)H?.65 1 .
5/:6:=\65/*-,/(+5/. �6(+<O*-fgNP5)7[.��VX�#%$�8P:6<+:=5/$;H?*-&4$V,/*?NP<�\6NP<+&)*?&),/.¤2(O,4*-H?*-&/.=5�(+<7'N 1 .KH?NP5)&/>@(+.KH-.R,4.=5)7[. si 1 .�HJ$2&)(+*-,/. 1 :=\65/NP*-&/&4$V<@,/.[.6&),9Yj$;*-5£.6,9(+<$;(O,/5/.�7'N 1 .H?N;5/&/>@( � *?H�.=&),I*-7[Yj$V*?5=XOS�.=H?$K\=NP< 1 (+*-,I¤KH � $;H-8PNP5/*L,4{+7'.;A+Xbc<@,/5/:6.[���I<+.]&/(+*L,4.3>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/. s = s1, s2, . . . sn ���$;5/$;7'e6,45).��j#�.=&I7[N 1 .=& 1�� *-<+&/.65),4*-NP<+& m1 = (ma, mb)

.	,
m2 = (mc, md) �

CheminMarque
���

00 ���� �"! i
�]��� �)& � $�

1 # n $&%(' !*)m`(+YOY+5/*-7[.65�H?.=&�7[$;5)>h(O.=& 1�� *?< 1 *-\=.3&)(+Y�:65/*-.=(+5I¤ si �� ' si

� � � ���)$ . % : � ! �m`(OQ+&),/*-,4(O.=5
ma

lj5).=&)Y�X
mb

lj¤�HJ$R7[$;5/>@(+. 1�� *?< 1 *?\6. si

l+5/.6&/Y�X
si �� ' , � , m`(OQ+&),/*-,4(O.=5

mc

lj5/.6&/Y�X
md

l�¤KHJ$R7[$;5/>@(+. 1�� *?< 1 *?\6. si

l+5/.6&/Y�X
si �+ ,m`(+QO&),4*L,4(+.65TH-.=&]7[$;5/>@(+.6& 1�� *-< 1 *?\6. si

l�5/.6&/Yy.=\6,/*-�;.=7'.=<F,
si + 1

l%$;(h��7
$;5)>@(+.=& 1�� *?< 1 *?\=.8P:6<+:=5)*?>@(+.
A
lj5).=&/Yy.=\	,4*L�P.=7'.=<F,

B �+-,m`(+Y+YO5/*?7'.=5�H-.=&Z7[$;5/>@(+.6& 1 . CheminMarque �m`NP5G,4*?.K��#�.3\W{+.67[*-<
CheminMarque �
��H-8PNP5/*L,4{+7'.�AO����H-8PNP5/*L,4{+7'.�8;:=<+:654$;H 1 .]Yy:=5)*?N 1 . 2

4
4

0
0

1
1

2
2

0
0

1
1

1
1

0
0

0
0

0
0

1
1 2

2

1

02
02

0
0

1
1

2
2

3
3

0
0

1
1

3
3 2

2

0 1 2

0 11

1 3

 �"!9� B X BB> # �I<�.��O.67[YOH?. 1 .]\�$;H-\=(+H 1 .]H � $;Y+Y+H-*?\�$k,4*?N;< Φ<(BBx,AAx);(AAx,BBx)>

#�.9Y+$;54$;7':6,/54$;8;. 1 .]H � $;H?8PN;5/*-,/{+7'.MYj$V5�H?.=&Z7'N 1 .=& m1
.6,

m2
.6&),I<+N;,/:

< m1; m2 >
X+# � $;Y+YOH?*L�\�$k,4*?N;<'N;QO,4.6<h(O.�Yj$;5 \6.MYj$V54$;7':6,/54$;8P.�.6&),v<+N;,/:

Φ<m1;m2>

XhS�.6,/,/.£$;YOY+H?*-\�$V,/*?NP<K$V&/&/Nh\=*-.M(O<[\W{+.67[*-<



G D ���������
	������������������������	������������! ��#"$�����%�&��'(���&��)��*�,+!�%-

1 .w|Moh\W~ ¤",4N;(O,4.2&)(+*-,/.2>h(+$;&/*�� 1 :6\=5/N;*?&/&/$;<F,4.���.6< .	¥�.	,�l�H?$"Y+5/N;Y�NP&)*-,/*?NP<
B X _ &/.28;:=<+:654$;H-*?&/.w¤"\6.,�ohY�. 1�� $;H?8PN;5/*-,/{+7'.3\�$;5MH?.=&IYj$;&M.6,M7
$V5/>@(+.=&M&/NP<F,M,4NP(kz)N;(+5/&M*?<+&):=5/:6&�&).=H?N;<x(+<"7'N 1 . 1�� *-<+&/.65),4*-NP<�X#%$d�j8P(+5). B X B]> 1 N;<+<+.3(+<2.��O.67[YOH?. 1�� .	�`:6\=(O,/*?NP< 1 .3\6.6,Z$VH?8PNP5)*-,/{+7[.ZH-NP5/&)>h( � *-H�.6&),ZYj$;5/$;7':6,45):�Yj$V5

< (BBx, AAx); (AAx, BBx) >
X

�M<+.]Q+*�z).=\	,4*?N;<¢&/$V,4*-&)f $;*-&4$;<F,�H?$KY+5/NPYyNP&)*-,4*-NP< B XrsK.=&G,�H � $;YOY+H?*-\�$V,/*?NP< 1 .]Yj$;54$V7[:	,454$V8P.
< (BBx, AAx); (AAx, BBx) > .

bc<q.	¥�.	,�H?.2Y+*-\2*?<+&):=5):w¤�H?$"H?.6\6,4(O5/. 1 .wHJ$x�V$;H-.=(+5 2p − 1
NP(

2p
.6&), 1 .w{j$;(O,/.=(+5 1 .¢5/$�oPNP< p

Xbc<x$��V$;<F,)� 8PN��O,=l+NP<wYy.=(O,INPQ+&).=5G�P.=5I\=.	,/,/.9YO5/NPY+5)*?:	,4:]&/(+5ZH � .��O.67[YOH?. 1 .]H?$d�j8P(+5).
B X B]> Xj#%$�YO5/.=(`�P.

1 (�\�$;5/$;\6,/e=5).'QO*�z).=\	,4*Lf 1 .'\6.6,),4.[$;Y+Y+H-*?\�$k,4*?N;<x.6, 1 .�&)NP<H-*?.6<�$��;.=\'HJ$2{j$;(`,4.=(O5 1 .'5/$�oPNP<�.=&G,T(O<+.5/:6\=(+5)5/.6<+\=."&)(+5
H?$�H-NP<+8P(O.=(+5 1 .=&
&/(+*L,4.=&'>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/.=&=X�bcH?H?.w.6&),�&)*?7'*?H?$;*?5).2$;(`�qY+5).=(O�;.=&YyNP(+5}H?.=&}$;YOY+H?*-\�$V,/*?NP<+&c(`,4*?H-*?&/$;<F, 1 .=&v5/:=:6\=5)*-,4(O5/.=&v(+<+*LfgNP5/7'.=&c7[$;*?& H?$ 1 :	�j<+*L,4*?N;< 1 .�HJ$3fgNP<+\	,4*-NP< 1 .7[$;5/>@(j$;8;.3.=&),I(+<¢Yy.=(¢Y+H?(+&�\6NP7'Y+H?.��O.VX
� ! ) ��� ) �

A � !*� ����� ' � ' � ,��������#�.=& 1 .6(`�K7'N 1 .=& 1�� *?<O&/.=5G,4*-NP<K$ 1 7'.6,),4.6<@, AA
.	,

BB
\=N;7[7'.vf $;\	,4.6(+5 1 NP<O\�H?.=&�7
$V5/>@(+.=& 1�� *-<`�1 *-\=.Z:=8F$V(`�'&/.65/NP<F,},4NP(kz)N;(+5/&}\=NP<O&/:=\6(O,4*L�P.6&�.6,vNP<'< � *?<+&)e=5/.654$]>@(+. 1 .6&vYO*?\=& 1 $V<+&vH-.=& \=N;<+&),/5/(+\	,4*?N;<+&1 .2|Io`\W~�X �nNP(+5K\=.	,/,/.2$;Y+Y+H-*?\=$V,4*-NP<�l%HJ$wfgNP<+\6,/*?NP< 1 .27
$V5/>@(j$;8P. frayon

&/. 1 :=\65/*-,R.=< .	�`Y+H-*?\6*-,W$V<@,H � .	�`*-&),4.6<+\=.w.	,�HJ$�Y�N;&/*-,/*?NP< 1 .=&�7[$;5/>@(+.6& 1�� *-< 1 *?\6. i
.=< fgNP<+\	,4*?N;< 1 .wHJ$"YyNP&/*L,4*?N;< 1 .=&'7[$;5/>@(+.6&1�� *?< 1 *?\=. i − 1

X�S�.=&I5/e68PH?.6& 1 .]Y+HJ$;\6.=7'.=<F,Z&/N;<@,I*-H?H?(O&),45):=.6&�Yj$;5�HJ$d�+8P(+5/.
B X B A+X

S�.]Y+HJ$;\6.=7'.=<F,U�;:=5/*L�j. 1 .=(h�2Y+5)NPY+5/*-:6,/:=&�>@(+*�8F$;5/$;<F,4*-&/&/.6<F,ZHJ$d\6NP{+:=5).=<+\6. 1 .3HJ$ 1 :	�j<+*-,/*?NP<x�+H?.6&7[$;5/>@(+.6& 1�� *-< 1 *-\=.=& 2p l p ≥ 0
&)NP<F,}Y+HJ$;\6:=.6&c&/(+5c(+<�Y+*-\U.6, & � *-HO.��O*-&),/. 1 .=&c7[$;5/>@(+.6& 1�� *-< 1 *-\=. 2p+2$;H-NP5/&nH?.6&�7
$V5/>@(+.=& 1�� *?< 1 *-\=. 2p+1
l
p ≥ 0

&)NP<F,cY+HJ$V\=:=.6&�&)(+5�H?.v&/NP7'7'.6,�\=*?QOH?. 1�� (+<K5/$�oPNP<�XPS�NP7'7[.\=.	,/,/. 1 :6�j<+*L,4*-NP< 1 (�7
$V5/>@(j$;8P.d.=&),95):=\=(O5/&/*L�P.�NP<��P:65/*L�j.=5/$w.	,](O,4*-H?*-&/.=5/$
\=.6& 1 .=(`��Y+5/NPYO5/*?:	,4:6&]$;(\=N;(+5/& 1 .]HJ$ 1 :	�j<+*L,4*?N;<�X
• � % !�� �") � 
�� ' , 
 ' � ) 0 � #�.=&K7[$;5/>@(+.6& 00

&/.wY+H?$;\=.6<F,K&/(+5KH-. 1 .65/<+*-.=5KY+*-\ 1 ( \W{+.=7'*?<�Xcm`*UH-.\W{+.67[*-<�.=&G,9�h* 1 .;l�HJ$�\=N;<+&),/5/(+\	,4*?N;<�.=&), 1 .K5/$;<+8 0
X%m`*?<ONP<�l�*-H�.��`*?&),/.�(+<+.K7[$;5/>@(+. 1�� *-< 1 *?\6.

1
XjS�.=&Z7[$;5/>@(+.6&Z&/NP<F,ZQ+*-.=<2Y+H?$;\=:6.=&Z&/(+5�(O<¢YO*?\ A &4$;(Of 1 $;<O&IH-.£\�$V&�N21wH?.£\W{+.67[*-<2.=&G,I�h* 1 .

E X
• � % !�� �") � 
�� ' , 
 ' � ) 2p + 1 � � <�&/(+Y+YyNP&).2>h(O.�H?.6&R7
$V5/>@(+.=& 1�� *-< 1 *-\=. 2p

&/N;<@,RY+HJ$;\6:=.6&d&/(O5(+<�Y+*-\ 1 .'{+$;(O,4.6(+5 h
X � <�<+NP7'7'.

A
H?.K&/N;7[7'.6,]Y+5):=\6: 1 $;<F,T\=.6H?(+*cYyNP5),4$;<F,9H?.=&]7[$;5/>@(+.6&1�� *?< 1 *?\6. 2p

Xy|£$;<+&MH?.9\W{+.=7'*?< 1 .R|Moh\W~�l�&)NP*-,M*?H�.��`*?&),/.d(+< 1 .=5)<+*?.65MYj$V&�7'NP<F,W$;<F, y l�Yj$V5/7'*\6.=(`� >@(+*ZY+5):=\=e 1 .=<F,2\6.w&/NP7'7[.	,�lc>@(+*Z&/N;*-, 1 .¢{j$;(O,/.=(+5�*-<Ofg:=5)*?.=(O5/.¢$;( &/NP7'7[.	, A
l 1 $V<+&\6.K\�$;&3NP<�<+N;7[7'.

B
H?.d&/NP7'7[.	,]$;Y+5)e=&

y
l�&)*?<+N;<

B
.6&),9H?.dY+5/.67[*-.=5£&)NP7[7'.6, 1 (�\W{+.=7'*?<�XS � .=&G,U&/(O5vH-.�&/NP7'7[.	, B >@(+.M&/.IY+HJ$;\6.=<F,vH?.=& 7[$;5/>@(+.6& 1�� *-< 1 *-\=. 2p+1

X@m`*�\6.M&)NP7[7'.6, .6&),�H?.&)NP7[7'.6,nY+5):=\6: 1 $;<F,c\6.=H-(+*@Y�NP5G,W$;<F,�H?.6&�7[$;5/>@(+.6& 1�� *?< 1 *?\6. 2p
A
A = B

E $;H?NP5)&%HJ$Z\=NP<+&G,45)(+\6,/*?NP<
1 .£|Moh\W~�.=&G, 1 .£54$V<+8 2p + 1

XOm`*?<ONP< 1�� (+<+.£Yj$V5),�*-H�.��O*-&),/. 1 .=&U7[$;5)>h(O.=& 1�� *?< 1 *?\=. 2p + 2
.6,

1�� $;(O,/5/.TYj$;5),�H?.T&/NP7'7[.	, B \=NP<F,4.6<j$;<F,3\6.=&£7[$;5/>@(+.6&£.=&G,3H?$'\6*?Q+H-. 1�� (+<�5/$�o;NP<
A *-H�ox$[(+<+.&)(+*-,/. 1 .]54$�oPNP<O& 1 :6Q+(O,4$;<F,�Yj$V5�\=.=H-(+*�*?&)&/( 1 . A

E X
• � % !�� �") � 
�� ' , 
 ' � ) 2p 	 p > 0 � � <'&)(+Y+YyNP&/.Z>@(+.ZH?.6&c7
$V5/>@(+.=& 1�� *?< 1 *?\6. 2p−1

&)NP<F, Y+HJ$V\=:=.6&&)(+5d(+<�&/NP7'7[.	,9>h(O*v.6&),KH?$¢\6*?Q+H-. 1�� (+<�54$�oPNP<�X � <�\6NP<+&/* 1 e=5).
H-.[5/$�o;NP<i>@(+*v$;5/5)*-�;.
&/(O5dH?.&)NP7[7'.6,]YyNP5G,W$;<F,]H?.6&]7
$;5)>@(+.=& 1�� *?< 1 *?\=. 2p − 1
.6,9NP<�\=N;<+&/* 1 e=5).'H-. 1 .=5)<+*?.65]Y+*?\�$��V$;<F,dH-.
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 �
	 � � ����! �/�0��� * �5��� ) % �/* 
���� ��
��1�/*

2p �/*2'
2p + 1 �

2p
2p

2p
2p �/*2'

2p �

2p
2p

2p + 1
2p + 1

2p + 1
2p + 1

2p − 1
2p − 1

2p − 1
2p − 1

 � � � ��!#�	�0�(�/*�� ��� ) % � *�� ��
��1� *

7 � ����! �/�0��� * �5��� ) % �/* � $ 
�� ��
�!#� 0

B
y

y

A

 �"!9� B X B A # � e68PH?.6&�Y�N;(+5�H?.37[$;5/>@(j$V8P.]$;&/&)N`\6*?:9¤KHJ$R{j$V(O,4.6(+5 1 .]54$�oPNP<
&)NP7[7'.6,'&)NP(+5/\6. 1 .�\6.x54$�o;NP<�XvS � .6&),
&/(+5'\=.¢&/NP7'7'.6,'>@(+.x&).�Y+H?$;\=.¢H?.2f $;\	,4.6(+5 2p2p
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.6&),'H?.2<ONP7RQ+5).¢7[$k�`*?7[$;H 1 .w\�$;5)5/:6& 1 .w\ �;,4: √2>@(+*�Yy.=(`�P.=<F,(.	,45).RY+HJ$V\=:=&M.=<F,45).RH?.9\W{+.67[*-< 1 .K|Io`\W~�.6,�H � $k�`.T{+N;5/* 56NP<F,W$;H^Xy��NP(+5MH?.9\W{+.=7'*?< 1 .dH?$

������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
����������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������0 0 0

1 1 1

2 2

 �"!9� B X B s # ��*-5/. 1�� (+<¢\W{+.=7'*?< 1 .9|Moh\W~
�j8P(O5/. B X B sOlhNP<w$RY+H?$;\=:MH?.6&U\�$;5)5/:6&U>@(+*�Y+5)NP(O�P.6<F,Z>h(O.3H � $;*?5). 1 .�\=.3\W{+.67[*-<�.=&G, 7 XOm`*�NP<25).=8P5)NP(+Yy.H?.6&]\�$;5)5/:=&T&/.6H?NP<�H?.6& 1 *?$;8PNP<+$;H?.6&3Yj$;54$VH?H?e6H?.6&3$;(`��Yj$V& 1 .6&/\6.=< 1 $V<@,/&RNP<\=NP<+&G,W$V,/.[>@(+.[H � $;*?5). 1�� (+<\W{+.67[*-< 1 .]|Moh\W~�.=&G,I$;(+&)&/*�HJ$T&/NP7'7[. 1 .=&�{+$;(O,4.6(+5/& 1 .6&�Y+5/.67[*-.=5)&U&/NP7'7'.6,4& 1 .=&�Yj$V&�7[NP<F,4$;<F,4&=X



�� ������!��'(��"$���/)�� ����������	���������) �
� ���&�����s�B��� ����� ����	������ G ¦

#�.W���*$  � 1�� (+<+.M&/(+*L,4.I>@(j$;&/*�� 1 :6\=5)NP*?&)&4$;<F,4. s = s1, . . . sn
.=&G,�H?$9&)NP7'7[. ∑n

i=1 si
Xh��$V5�HJ$3Q+*�z).=\	,4*?N;<

1 .f?£*?.6<+<+N;,[NP<q.=< 1 : 1 (+*L,
>@(+."H � $V*?5/. 1�� (+<�\W{+.=7'*?< 1 ."|Moh\W~q.=&),�$;(+&)&/*IH?.¢Y�NP* 1 & 1 .xH?$�&)(+*-,/.>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/.d$;&)&/Nh\=*-:=.;X�m`(O5MH � .��O.67[YOH?.;ljH?$K&/(+*L,4.9>h(+$;&/*�� 1 :6\=5/N;*?&/&/$;<F,4.9.=&G, 0, 1, 2, 1, 0, 0, 1, 2.6,IH � $;*-5/. 1 (¢\W{O.=7'*?<¢.=&),IQ+*-.=< 0 + 1 + 2 + 1 + 0 + 0 + 1 + 2 = 7
X

� % � � % �*' � �*' � �") 
 ) � %(' � % ,

<�$;*-7
$V<�l@\=*-,/:£Yj$;5@<�$;8PH-(+< 1 .	,Z#�N`.6{+5 1 $;<+&]p8<�#
DFB u^l+$RYO5/NPYyNP&/:�(+<+.3&/.6\=NP< 1 .3&),4$V,4*-&),4*->@(+.�&)(+5H?.]\W{+.67[*-< 1 .d|Moh\W~ d

>@(+*%&/. 1 :6�+<+*-,M$;(+&)&/*n.=<�(O,4*-H?*?&/$;<F,�HJ$�&/(O*-,4. s = s1, s2, . . . sn 1 .=&M{j$;(O,/.=(+5)&1 .6&3Y+5/.67[*-.=5/&�&/NP7'7[.	,4& 1 .=&3Yj$V&37[NP<F,4$;<F,4&=X�#%$o� � � � $ � � $ ����� $��� �)$����)& 1�� (+<�\W{+.=7'*?< 1 .�|Moh\W~
d
l�<+NV,4:=.

dinv(d)
l�.=&G,�H?.2<+N;7RQ+5/. 1�� *-< 1 *?\6.=& i, j

,/.=H-&K>h(O.
i < j

.6,
si ∈ {sj, sj + 1} X m`(O5KHJ$�j8P(O5/. B X B G9NP<�5/.6Y+5/:6&/.6<@,/.]H?.=&vYj$;*-5/.=& 1 .£Yj$V&�7'NP<F,W$;<F,4&v\=NP7'YO,4$;Q+*?H-*?&):=.=&}Yj$;5vHJ$9&),W$k,4*?&G,4*->h(O. dinv

X

�������������������������������������
�������������������������������������
�����������������������������������
�����������������������������������
�������������������������

� ��
��2�4���4� �+*��=0���'3����'�*

dinv(u) = 7

u

0

1

2 2

1

0

!#0��5�&'�./� * � ���
dinv �

 �"!9� B X B G # S�NP(+Y+H?$;8P. 1 .6&MY+$;&Z7[NP<F,4$;<F,4& 1 :	�j<+*?&)&4$;<F,MHJ$R&G,W$V,/*?&),/*?>@(+. 1 .^<M$;*?7[$;<
# � $;*-5/.K.	,TH?$2&),W$k,4*?&G,4*->h(O. 1 ./<M$;*?7[$;<�& � $az)N;(O,4.6<@,d¤wHJ$ 1 .67[*���H?N;<+8P(+.6(+5£YyNP(+5 1 NP<+<O.=5]HJ$2&/:65/*-.8P:6<+:=5/$V,45)*?\=.

C(t; q, p) ≡
∑

d∈Dyck

t|d|xqaire(d)pdinv(d).

A A _aE

�M<O. 1 .6& 1 :6�+<+*-,/*?NP<+& 1 .RH?$�fgN;5/7R(+H-.T*-<F,4.=5)Y+5/:	,4:6.RYj$;5 C(t; q, p)
.=&G,3&)oh7':6,/5/*?>@(+.T.=<

q
.6,

p
ly\=.	,/,4.&/:65/*-.9.6&), 1 NP<O\9&Goh7[:	,45/*->@(+.].=< q

.6,
p
�

C(t; q, p) = C(t; p, q).

A A BPE
�M<O.K>h(O.=&),/*?NP<�NP(`�P.=5G,4. 1 $;<O&3\=. 1 NP7[$;*?<O.d.=&G, 1 . 1 NP<O<+.=53(+<O.'YO5/.=(`�P.�Q+*�z).6\6,/*-�P. 1 .KHJ$
&Go`7':6,/5/*-.1 .�\6.6,),4.2&/:65/*-.�.=< (O,/*?H-*?&4$V<@,TH � *?<F,/.=5/YO5/:6,4$V,4*-NP<�\6NP7RQ+*-<j$V,/NP*?5).'&)(+5KH?.6&d\W{+.67[*-<+& 1 .�|Moh\W~ 1 NP<F,KH?$1 :	�j<+*-,/*?NP<2&).=7RQOH?./�^� . $ � . $�$;&Go`7':6,/5/*->h(O.;XS�.=& 1 .=(h�'&),W$k,4*?&G,4*->h(O.=& NP<F,}HJ$37/.67[. 1 *?&),/5/*-Q+(O,4*-NP<K&/(O5}H-.=& \W{+.67[*-<+& 1 .�|Io`\W~�XOS�.6,),4. 1 *?&G,45)*?Q+(`�,4*-NP<w.=&G,£$;(O&/&/*%\6.=H?H-. 1 (�YyNP* 1 & 1 .=&I&/(+*L,4.6&M>@(j$;&)*L� 1 :=\65/NP*-&/&4$V<@,/.=&6X�#%$�Q+*�z).6\6,/*?NP< 1 .(?£*-.=<+<ON;,�lj\6N 1 :6.Yj$;5dH � *?<+&).=5),/*?NP<�(+<+*-fgN;5/7'.
&/.6H?NP< H-.�7[N 1 . (xBB, xAA)

l�Y+5)NP(O�;.¢QO*�z).=\	,4*L�P.=7'.=<F,�>@(+.2H � $;*-5/. 1 .=&\W{+.67[*-<+& 1 .
|Io`\W~�.	,TH-.�Y�NP* 1 & 1 .6&T&)(+*-,/.=&]>@(j$;&/*�� 1 :6\=5)NP*?&)&4$;<F,4.6&dNP<F,9HJ$27�.=7'. 1 *?&G,45)*?Q+(O,/*?NP<�X � <Y+5)NPY�N;&/.I(+<+.�\6NP5/5).=&)Y�NP< 1 $;<+\6.�.=<F,/5/.�H-.=&}&/(+*L,4.6&�>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/.=&�.	,�H-.=&}\W{+.=7'*?<O& 1 .M|Moh\W~'>h(O*,45/$;<+&GfgNP5/7'.
H-.[YyNP* 1 &d.=< H?$�&G,W$V,/*?&),/*?>@(+. 1 .U<�$V*?7[$;<�X%|£$;<O&R(+< Y+5).=7'*?.=5],4.67[YO&RNP<iY+5):=&).=<F,4.2H?$fgNP<+\	,4*-NP< 1 .[7[$;5/>@(j$V8P.�(O,4*-H?*?&):=.Vl�NP<�7[NP<F,/5/.�&/NP<H?*-.=<�$��P.=\[HJ$w&),4$V,4*-&),4*->@(+. 1 .s<M$;*?7[$;<�Y+(+*-&]NP<Y+5):=&/.6<F,4.d(O<¢7'N 1 . 1�� *?<+&).=5),/*?NP<w\6NP7[Y+$V,4*-Q+H?.�$��;.=\9HJ$RfgNP<+\	,4*-NP< 1 .]7
$V5/>@(j$;8P.VX



GPt ���������
	������������������������	������������! ��#"$�����%�&��'(���&��)��*�,+!�%-

|£$;<+&�(+< \W{+.67[*-< 1 .w|Moh\W~ 1 .2{j$V(O,4.6(+5 h
l�(+< Yj$;&K7'NP<F,W$;<F,�.6&), $� ��� �$�0��� . ��� ¡ $����]� � #). �*$ �d� &)*j\ � .=&G,�(+<'Yj$;& &).Z�+<+*?&)&4$;<F,v¤9H?$£{j$;(O,/.=(+5 h N;([&)*j\ � .=&),v(+<'Yj$;& 7'NP<F,W$;<F, 1 .Z{j$;(`,4.=(O5 h−1¤dH?$ 1 5)NP*-,/. 1 (O>h(O.=H�*-H�< � o[$dYj$V& 1 .�Y+$;&�¤TH?$T{j$V(O,4.6(+5 h X+mh(+5�H?$9�j8P(O5/.

B X >PD NP<2$d7[$;5/>@(+:MYj$;5v(+<,45)*J$;<O8PH?.�H-.=&}Yj$;& 1 .�{j$;(`,4.=(O5�7[$k�`*?7[$;H?.�¤ 1 5/N;*-,4.VX � <
�V$9�PN;*?5 >@(+.£H?.Z<+N;7RQ+5/. 1 .MYj$;& 1 .M{j$V(O,4.6(+57[$k�`*?7[$;H?.�¤ 1 5/NP*L,4. 1 $;<O&I(O<�\W{+.67[*-<w.=&),I(+<�$;<j$VH?NP8P(O. 1 .]HJ$ 1 .65/<+*-e=5/. 1 .6&/\6.=<F,4.VX� <��V$xNP5 1 NP<+<+.65dH?.6&d&)NP7[7'.6,/&T&)*-,/(+:=&d$;Y+5/e6&R(+<iY+$;& 1 .
{j$;(O,/.=(+5T7
$k�`*-7
$;H-.�¤ 1 5)NP*-,/.[.	,KH?.&/N;7[7'.6,v&/*L,4(+:M$;Y+5)e=&�H-.MY+$;& 1 .6&/\6.=< 1 $V<@,Z>@(+*y&/(O*-,vH?.IYj$;& 1 .�{j$;(`,4.=(O5�7[$k�`*?7[$;H?.
A (+&/(O.=H?H-. E H?.IY+H?(O&¤ 1 5)NP*-,/.;Xk¡�N;(O, 1�� $;QyNP5 1 *-HhoT$£H-.=&�&)NP7'7[.	,4& 1 .U{j$;(O,/.=(+5�7
$k�`*-7
$;H-.

A (+&)(+.=H-H?. E l;N;5 1 NP<O<+:=& 1 . 1 5/N;*-,4.¤
8F$V(+\W{+.;l�Y+(+*?&�H?.=&M&/NP7'7'.6,4& 1 .R{j$V(O,4.6(+5£*?<`fg:=5/*-.=(+5).d:68F$;H?.67[.6<F,£NP5 1 NP<+<+:6& 1 . 1 5)NP*-,/.R¤
8P$;(+\W{+.VlH?. 1 .=5)<+*?.65 1 .3\6.=&�&/N;7[7'.6,/&�:6,4$;<F,�\=.6H?(+*�>@(+*�&/(O\=\=e 1 .9$;(2Yj$;& 1 .=&)\=.=< 1 $;<F,I\=*L� 1 .=&)&/(+&6Xj#%$dfgNP<+\	,4*?N;<1 .]7[$;5/>@(j$;8;. fhaiman

.=&G,MH?$R&/(+*L�V$;<F,4.K�j&/(O5IH-.
ieme &)NP7'7[.	,�NP<wY+HJ$V\=.3H?.£f $V\6,4.6(+5 i − 1i − 1

X�S�.7[$;5/>@(j$;8;.3.=&),I*-H?H?(O&),45):£Yj$;5�H � .��`.=7'Y+H?. 1 .]H?$d�j8P(+5).
B X >PD X

���������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
���������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

0
0

1
1

2
2

3
3

4
4

5
5

6
6

 �"!9� B X >PD # �jNP<+\	,4*-NP< 1 .]7
$V5/>@(j$;8P.3H?$R&),4$V,4*-&),4*->@(+. 1 .^<�$;*-7
$V< dinv

#�.=&3&/N;7[7'.6,/&£7
$V5/>@(+:=&3Y+$;5£HJ$'fgNP<+\6,/*?NP< 1 .K7
$V5/>@(j$;8P. fhaiman
$;Y+Y+$;54$;*-&/&).=<F, 1 $;<O&3HJ$
H-*-,/,/:	�54$k,4(+5).�.6,v.=<
Yj$;5),/*?\6(+H?*-.=5 1 $;<+&v(+<2$;5G,4*-\=H?.�Q+$;&/:6.£&/(+5vHJ$]7[:	,4{+N 1 .�bvS � p87U|£#%� �yGPs;uCX ��Hy&/(;:�, 1�� o5/.67
$V5/>@(+.=5I>@(+.dH-.=&M$;5/QO5/.=&MY+HJ$V<j$;*?5).=&�Y+5):=&).=<F,4:6&3Yj$;5,7U$;5/\6(+\=\6*Cly|�.6H�#�(+<+8;N+l���.65/8PNPH?$[.	,£�c*?<�5�$;<+*Yy.=(O�;.=<F,�.	,45).]�h(+&I\=N;7[7'. 1 .=&Z\W{+.67[*-<+& 1 .9|Moh\W~�X� < YyNP*?<F,4.�*-\=*3(+<+.�Y+5)NPY+5/*-:6,/:�&)(+Y+Y+H-:=7'.=<F,W$V*?5/. 1 .�\=.	,/,/.�fgNP<O\6,4*-NP< 1 .7[$;5)>h(+$;8P. � .6H?H?.�&).\=N;7[YyNP5),/.3Q+*?.6<wYj$;5�54$VY+Y�N;5),I¤�HJ$R&),4$V,4*-&),/*?>@(+.

dinv
X

� )���� ) �	���	� 
�� �*$ � u � &U�s� �	$� ���'�����D�
k
� � . �)&-, $� � � � �*&�� � . �
�D� $ �*&

fhaiman(u) � � � �-.W� � �$�
i ≤ k

�9� � $"&�� �/. � $ �*& $� �,��� �
x
�D�

x
 �)&��}� � �4��� . ����� �

i
�D�

i
� �*&  � $ � # � & � � � �%$"& $� �������

vi�0� � �����
dinv(vi) = dinv(u) + i.

� ! ) ��� ) � # � *-<+&/.65),/*?NP< 1�� (O<¢YO*?\ 1 $;<+&�H?.M\W{+.=7'*?< u
<+.�7[N 1 *-�+.MYj$V&UH?.6&U{j$;(O,/.=(+5)&�.6,�H-.=&vY�NP&)*-,/*?NP<+&5/.6HJ$V,/*-�;.=& 1 .=&cYj$;&�7[NP<F,4$;<F,4& 1 . u � H?.6&�Yj$;*-5/.6& 1 .UYj$V&�7[N;<@,4$;<F,4&�*-<+*-,/*J$;H-.=7'.=<F, 1 $;<O& u \=NP<F,45)*?Q+(+$;<F,¤TH?$9&G,W$V,/*?&G,4*?>@(+.

dinv
\=NP<F,45)*?Q+(O.=<F,�$;(O&/&/*�¤TH?$9&G,W$V,/*?&G,4*?>@(+.

dinv 1 $;<+& vi
Xh#�.�Yj$V&�7'NP<F,W$;<F,�$az)NP(O,/:

1 $;<O&IH?$d7[$;5/>@(+. i
fgNP5)7[.�(+<+.]Yj$;*-5/.3$��P.6\T.��O$;\6,/.=7'.=<F,Z,4NP(+&�H-.=&�Yj$V&�7[NP<F,4$;<F,4&�7'.=<j$;<F,I¤K(+<wY+*-\\=N;<@,/.=<j$V<@,£H?.=&M7
$V5/>@(+.=& 1�� *?< 1 *-\=. j

*?<Ofg:65/*?.6(+5M¤
i
X�#%$[&),4$V,4*-&),/*?>@(+.

dinv
.6&), 1 NP<+\R$V(+8P7'.=<F,4:6. 1 .

i 1 $;<+&ZH-.3\W{+.=7'*?< vi
Y+$;5�54$;YOY�NP5G,I$;(¢\W{+.=7'*?<

u
X

2



�� ������!��'(��"$���/)�� ����������	���������) �
� ���&�����s�B��� ����� ����	������ G �

��NP(O5],/5/NP(`�P.=5](+<�7'N 1 . 1�� *-<+&/.65),/*?NP<�\6NP7[Y+$V,4*-Q+H?.d$��;.=\'HJ$
fgNP<O\6,4*-NP< 1 .�7[$;5/>@(j$;8;. fhaiman
*?Hf $;(O,U8P:=<+:654$;H-*?&).=5UH?$d<+N;,/*?NP< 1 .37[N 1 . 1�� *?<O&/.=5G,4*-NP<�X+#%$R8P:6<+:=5/$;H?*-&4$V,/*?NP<',4*-.=<F,�.=<w(+<O.3NPY�:654$V,/*?NP< 1 .� �/. � ��� � � $ �*& � $ . ��� � �)$ . � $� ��$"&  $ � � � 1 .=&I7
$;5)>@(+.=&]�+YyNP(+5�(+<O.9\6NP<+&G,45/(O\6,4*-NP< 1 .]54$;<+8 si + 1
l+H?.6&7[$;5/>@(+.6& 1�� *-< 1 *-\=.=& k 1 .6�h*?.6<+<+.=<F, 1 .6&37
$;5)>@(+.=& 1�� *?< 1 *?\6. k + 1 mod(si + 1)

X���$;53.	�`.67[Y+H-.;l�H?$\=N;<+&),/5/(+\	,4*?N;< 1 .[|Io`\W~ 1x01x23x3x20 1 .	�h*?.=<F,9HJ$�\6NP<+&G,45/(O\6,4*-NP< 2x12x30x0x31.
#%$��V$;5/*?$V,4*-NP<

1 ( 7'N 1 . 1�� *?<+&).=5G,4*?N;<�(+<+*LfgNP5/7'. 1 ."H � $;H?8;NP5/*L,4{+7'.
> \=N;<+&/*-&),4."¤�Y�.65/7R(`,4.=5
H?.=&[7
$V5/>@(+.=&�$;Y+5/e6&\W{j$;>@(+.9*?<O&/.=5G,4*-NP<�l+NP<wNPQ`,4*?.6<F,ZH � $;H?8PN;5/*-,/{+7'. ¦ Xbc<@,/5/:6.[���I<+.]&/(+*L,4.3>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/. s = s1, s2, . . . sn ���$;5/$;7'e6,45).��j#�.97'N 1 . 1�� *?<+&).=5),/*?NP< m = (m1, m2) �

CheminMarque
���

00 ���� �"! i
�]��� �)& � $�

1 # n $&%(' !*)m`(+YOY+5/*-7[.65�H?.=&�7[$;5)>h(O.=& 1�� *?< 1 *-\=.3&)(+Y�:65/*-.=(+5I¤ si �m`(+QO&),4*L,4(+.65
m1

l+5/.6&/Yy.=\6,/*-�;.=7'.=<F,
m2

l�¤KH?$R7
$;5)>@(+. 1�� *-< 1 *-\=. si

lj5).=&/Yy.=\	,4*L�P.=7'.=<F,
si �m`(+QO&),4*L,4(+.65�H-.=&I7
$;5)>@(+.=& 1�� *-< 1 *-\=.=& si

l�5/.6&/Yy.=\6,/*-�;.=7'.=<F,
si + 1

ly$;(`��7[$;5/>@(+.6& 1�� *?< 1 *?\=.8P:6<+:=5)*?>@(+.
A
lj5).=&/Yy.=\	,4*L�P.=7'.=<F,

B �� ) ! � � � ) ! : ) � ' , 
 ' � ) � 
 ) � � % ! � �") ��� k := k + 1modulo(si + 1)
� �+-,m`(+Y+YO5/*?7'.=5�H-.=&Z7[$;5/>@(+.6& 1 . CheminMarque �m`NP5G,4*?.K��#�.3\W{+.67[*-<

CheminMarque �
��H-8PNP5/*L,4{+7'. ¦ �(��H?8;NP5/*L,4{+7'. 1�� *?<O&/.=5G,4*-NP<2(+<+*LfgNP5/7'.3$��P.6\TYy.=5)7R(O,W$k,4*?N;< 1 .=&Z*?< 1 *?\=.6&

¡�$V<@,Z,/NP(O,I\=.]\W{j$;YO*-,45).
σ 1 :=&/*-8P<+.]H?.6&�Y�.65/7R(`,W$V,/*?NP<+&�\	oh\=H?*->@(+.=& 1 :	�j<+*?.6<F,M&)(+5�,4NP(`,Z.=<+&).=7RQ+H-.

{0, . . . , n} Yj$V5 σ(i) = i + 1 mod n
XO��NP(+5 1 .=&�54$V*?&/N;<+&U>@(+*�$;YOYj$;54$ � ,45)NP<F, 1 $;<+&�HJ$TYj$;5),/*?.

B X B X=A+lNP<"<ON;,4.
σ ◦ σ ◦ m1

lyH � *?<O&/.=5G,4*-NP<�&).=H-NP<xH-.T7'N 1 . m1
l�&/(O*-�h*?. 1�� (O<+.dYy.=5)7R(O,W$k,4*?N;<�\	o`\6H?*->h(O. σ 1 .6&7[$;5/>@(+.6& 1 .IY+$;& 1 .=&)\=.=< 1 $;<F,4&v.6, 1�� (+<+.IY�.65/7R(`,W$V,/*?NP<K\	o`\6H?*->h(O. σ 1 .6& 7
$;5)>@(+.=& 1 .ZYj$;& 7'NP<F,W$;<F,/&A H � *-<+&/.65),/*?NP<2.6&),I(+<+.9$;Y+YOH?*?\=$V,4*-NP<�.6<@,/5/.]\=N;<+&),/5/(+\	,4*?N;<+&
E X

� ! � ����� '��*' � ,��	��� � � �s� $���� $"&�� �/. � $ �*&
σ ◦ σ ◦ (xBB, xAA)

� � � � � ����� � $��L� � ��� ��� � � � �*& �D� $ �*&
$� ��� .���� � , �

fhaiman

�D�
Φσ◦σ◦(xBB,xAA)

� � � � & � � $ � ���D� $ �*& ��� $ � . �)&�� � � . � � � � ���*$  � �� � & � � � $ �0�
 ���/. �*$ � �L�)& �d��� &�� ��� � � � $ � � $ ����� $� � �)$����)&

dinv
� � . � �%� � � �%$"& $� ���'��� �

� ! ) ��� ) �}� <Y+5/NP(`�P.
\6.6,),4.
YO5/NPYyNP&/*L,4*-NP<�Yj$;595/:=\6(+5/5).=<+\6.�&/(O5TH?$¢H-NP<+8P(+.6(+5 n 1 .6&d&)(+*-,/.=&d>@(j$V&/*L�1 :6\=5/N;*?&/&/$;<F,4.6&=X�|£$V<+&3\=.	,/,4.KYO5/.=(`�P.KNP<�<+NV,4. m
H?.T7[N 1 . 1�� *-<+&/.65),/*?NP< σ ◦ σ ◦ (xBB, xAA)

.6,
fHJ$dfgN;<+\6,/*?NP< 1 .]7[$;5/>@(j$;8;. fhaiman

X
��� ��� ���	� � )�
 ) !��� � ! !*) , � )�� � <[&)(+Y+YyNP&/.I>@(+.MYyNP(+5c,/NP(O,4.Z&)(+*-,/.I>@(j$V&/*L� 1 :=\65/NP*-&/&/$;<F,4. 1 .ZH?NP<`�8P(O.=(+5T*?<Ofg:65/*?.6(+5/.'NP(i:68F$;H-.
¤

n
NP< $

Φ+
m(s) = f(Φm(s))

.6,d>@(+.
Φm

.6&),K(O<+.
Q+*�z).=\	,4*?N;<H-NP5/&)>h( � .6H?H?.�.=&),M5/.6&),/5/.=*-<F,4.9$;(`�w&)(+*-,/.=&Z.6,Z\W{O.=7'*?<+& 1 .]H?N;<+8P(+.6(+5�*?<Ofg:65/*-.=(+5).3NP(w:=8F$;H-.]¤ n
X

� % ��
")�� % � )�� ��NP(+5 n = 0
l
Φ+

m(s) = 00 = f(ε)
.6,

Φm

.6&),}(+<+.IQ+*�z).6\6,/*?NP<�>@(+*y$;&/&)N`\6*?.ZHJ$3&)(+*-,/.�h* 1 .]$;(�\W{O.=7'*?<2�h* 1 .VX���NP(+5 n = 1
NP<¢$

Φ+
m(0) = x00x11 = f(xx).
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� � !��
 '�� ��� m`NP*L, u
(O<i\W{+.=7'*?< 1 .�|Io`\W~ 1 .[H?NP<+8;(+.=(+5 n + 1

.6, 1 .
{+$;(O,4.6(+5 hu
X � <i\W{+.=5)\W{+.Yj$V5"(+< 54$;*-&/NP<O<+.=7'.=<F, 1 .,�o`Yy. $;<j$;HLoh&/.��k&)oh<F,4{+e6&/. (+<+. &)(+*-,/. >h(+$;&/*�� 1 :6\=5/N;*?&/&/$;<F,4. s =

s1, . . . sn, sn+1
,4.6H?H-.�>@(+.

Φm(s) = u
.6,

Φ+
m(s) = f(u)

XO#%$d�j8P(O5/. B X >O_ *-H?H?(O&),45).MH-.£Y+5)NPY�N;&=X

4
4

5
5

3
3

2
2

1
1

0
0

0
01

12
2

3

34

5 4

5

0
01

1

2
2

0
0

2
2

1
1

0
0

1
1

2
2

3
3

5 4

45

4
� '

(xBB, xAA)

σ ◦ σ

1
� '

(xBB, xAA)

σ ◦ σ

 �"!9� B X >O_ # �M<¢.	�`.=7'Y+H?. 1 .95).=\W{+.65/\W{+. 1 .]H � *?<F�P.65/&). 1 . Φσ◦σ◦(xBB,xAA)

9 , %;: � � )�� mhNP*-, s
(+<+.�&/(+*L,4. 1 :6\=5)NP*?&)&4$;<F,4.K,/.=H?H-.R>@(+. Φm(s) = u

.	,
Φ+

m(s) = f(u)
X � <<ON;,4.

maxd(u)
H?.w<+NP7dQ+5/. 1 .¢Yj$;& 1 .¢{j$;(O,/.=(+5�7[$k�`*?7[$;H?.2¤ 1 5)NP*-,/.;Xc#%$�\=NP<+&G,45)(+\	�,/*?NP<

f(u)
.6&), 1 . 54$;<O8 maxd(u)

X3�c(+*-&/>@(+.
f(u) = Φ+

m(s)
l£N;< .6< 1 : 1 (O*-,�>@(+.

sn+1 = maxd(u) − 1
X-�MY+5/e6&�H � *?<+&).=5),/*?NP<i¤�H?$xH?.6\6,/(+5/. 1 . sn+1

NP< $�Y�.65/7R(O,/:2H?.6&7[$;5)>h(O.=&
(σ ◦ σ) 1 NP<+\£YyNP(+5v,45/N;(O�P.65�H?.=& 1 .=(`� 1 .=5)<+*?.65/&UY+$;&�*?<+&):=5):=&U*-H�f $;(O,�NPQ+&).=5)�;.=5H-.=&37[$;5/>@(+.6& 1�� *?< 1 *?\=. 0

.6,
maxd(u)

X%S�NP7'7[.
(xBB, xAA)

.6&),]H?Nh\�$VH?.=7'.=<F,M5/:	�P.=5��&)*?Q+H-.;lPN;<'\6NP<+&G,W$V,/.M>@(+.ZH?.6& 1 .=(h� 1 .=5)<+*?.65/& Yj$;& *?<O&/:=5):=& &/.6H?NP<�H-.�7[N 1 . m Y�NP(O5 1 NP<+<+.65
u
&/NP<F,I\=.6(`��>h(O*�fgNP5/7'.=<F,IH?. 1 .65/<+*-.=5ZY+*-\9N]1�H-.3\W{+.=7'*?< 1 .9|Moh\W~¢$V,/,/.=*?<F,Z&/$'{j$V(O,4.6(+57[$k�`*?7[$;H-.;X � <�<ON;,4.

v
H?.d\W{+.=7'*?< 1 .�|Io`\W~ 1 . 1 .=7'*L� H?NP<+8;(+.=(+5 n .	, 1 .K{j$;(`,4.=(O5 hvN;QO,4.6<h(�Yj$;5�H?$�&)(+Y+Y+5).=&)&/*?N;< 1 ( 1 .65/<+*-.=5ZY+*?\ 1 .9{+$;(O,4.6(+5Z7
$a�O*-7
$VH?. 1 . u

X
| � $;YO5/e=& H � {FohY�NV,4{+e6&/. 1 . 5/:6\=(+5)5/.6<+\=.Vl2*?H¢.	�`*?&G,4. (+<+. (+<O*?>@(+. &)(+*-,/. 1 :=\65/NP*-&/&4$V<@,/.
s1, . . . , sn

,4.6H?H-.v>@(+.
Φm(s1, . . . , sn) = v

Xk| � $;Y+5)e=&c\=.	,/,/.U$;<j$VH-oh&/.v*?H@.	�`*?&G,4.U(O<+.U(+<+*->@(+.&)(+*-,/.
s1, . . . , sn+1

Y�NP(`�;$V<@,W.	,45).T$V&/&/Nh\=*-:=.9¤
u
X

< � , �� � � )�� � < 1 *?&/\6(O,4.9&/(O*-�V$;<F,IH?.]<+NP7RQO5/. 1 .TYO*?\=& k 1 .T{+$;(O,4.6(+5I7
$k�`*-7
$;H-. h 1 $V<+&�H-.\W{O.=7'*?<
u
X
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k = 1 � S�.�\�$;&�.6&), *-H?H?(O&),45):vY+$;5�H � .��O.67[YOH?. 1 .UHJ$M�+8P(+5/.
B X >`_ Y�N;(+5�H-.�\W{+NP*�� 1 . sn+1 =

1
X�#�.cY+*-\;l6<+N;,4:

p
l�>@(+. H � NP<3&/(+YOY+5/*-7[. 1 . u YyNP(+5 1 NP<O<+.=5 v .=&G,%H?.�&).=(+H@¤�HJ$v{j$;(O,/.=(+5

h
l�*?H}o $ 1 NP<+\ maxd(u) − 1

Y+*?\6&�¤�HJ$"{j$;(`,4.=(O5
h − 1

¤�H?$ 1 5/NP*L,4. 1 . p
Xc#%$&/(+YOY+5/.6&/&/*-NP< 1 ([Y+*?\ p 1 NP<+<O.M(+<[\W{+.=7'*?< v

>@(+*y.=&), 1 .I{j$;(O,/.=(+5 h−1
.6,vYyNP&/&)e 1 .1 NP<+\R$;("7'NP*?<+& maxd(u) − 1

Y+*?\6& 1 .d{j$;(O,/.=(+5£7[$k�`*?7[$;H-.;X <�\6.=(`�@� \=*�& � $�z)NP(O,4.$;(x7'NP*-<+&�H?.9<+NP(O�;.�$;(xY+*?\
p′
¤[H?$'{j$V(O,4.6(+5

h − 1
\65/:=:TYj$;5IHJ$�&/(+YOY+5/.6&/&/*-NP< 1 . pA �c(+*-&/>@(+.

p
.6&),�&/.=(OH�¤]HJ$3{j$V(O,4.6(+5

h 1 $;<+& u lF*?Hj<+.ZYy.=(O,}oJ.6,/5/.IY+5/:6\=: 1 : 1�� (+<
Y+$;&1 .=&)\=.6< 1 $;<F,
E Xy|£$;<+&

v
HJ$TfgNP<O\6,4*-NP< 1 .37[$;5/>@(j$V8P.£7[$;5/>@(+.3H-. 1 .=5)<+*?.65U7[$k�`*?7R(O7�l7
$V*?<F,4.6<j$;<F,�¤IHJ$I{j$;(O,/.=(+5

h−1
lk.6,�>@(+.

p′
YyNP&/&)e 1 . maxd(u)−1

Y+*?\6& 1 .v{j$;(O,/.=(+5
h − 1

¤�&4$ 1 5)NP*-,/.;l p′ .6&),27[$;5/>@(+:�Yj$;5[H?.=&'7[$;5/>@(+.6& 1�� *?< 1 *-\=. maxd(u) − 1
X|�NP<+\

Φm(s1, . . . , sn+1) = u
X�|�.�Y+H-(+&=lnHJ$x\6NP<+&G,45/(O\6,4*-NP<

Φ+
m(s1, . . . , sn+1)

.=&G,Q+*?.6<
f(u)
\�$;5MHJ$�Y�.65/7R(O,4$V,4*-NP<

σ ◦ σ
Yy.=5)7[.	, 1 . 1 :=\=$;H?.65MH-.=&I*?< 1 *?\=.6&MYyNP(+56l�Yj$;5.	�`.=7'Y+H-.;ljY+H?$;\=.65�H?.=&�7[$;5)>h(O.=& 1�� *?< 1 *-\=. 0
&)(+5ZH?.3<+NP(`�P.�$V(x7[$k�`*?7R(+7¢X

k > 1 � S�.�\�$;&�.6&), *-H?H?(O&),45):vY+$;5�H � .��O.67[YOH?. 1 .UHJ$M�+8P(+5/.
B X >`_ Y�N;(+5�H-.�\W{+NP*�� 1 . sn+1 =

4
X � < <+NP7'7'.

p
H?.�Y+*-\"\=N;5/5/.6&/YyNP< 1 $V<@,�$;( 1 .65/<+*-.=527[$k�`*?7R(O7 1 . u

X ��HMo $
maxd(u)−k

Y+*?\6&}¤9H?$£{j$;(O,/.=(+5
h−1
XP|£$;<+&

f(v)
lPH?.�YO*?\ZNP(�HJ$ 1 NP(OQ+H?. 1 .6&/\=.6<F,4.N21 $x:	,4:2&/(OY+Y+5/*-7[:

p
YyNP5),/.�H?.6&R7
$V5/>@(+.=& 1�� *-< 1 *-\=. maxd(u) − 1

\=$;5RH-.=&RY+*-\=&¤�H?$�{j$;(`,4.=(O5
h
YyNP5),/.=<F,RH-.=&d*-< 1 *-\=.=& 0

¤
k − 2

.	,RH-.=&
maxd(u) − k

YO*?\=&d¤�H?${j$;(O,/.=(+5
h − 1
l 1 :�z/¤[7[$;5)>h(O:=& 1 $;<+& u ljH?.=&Z*-< 1 *?\6.=& 1 . k − 1

¤
maxd(u) − k +

(k − 1)
Xj|�N;<+\

Φm(s1, . . . , sn+1) = fm(u)
Xj|�.]Y+H-(+&

Φ+
m(s1, . . . , sn+1) = fm(u)\�$;5�&/*�H � *-<+&/.65),/*?NP<�&/.=H-NP<�H?.d7[N 1 . (xBB, xAA

\6NP< 1 (+*L,3$;(�7[$;5)>h(+$;8P. 1 . p
Yj$;5

x(maxd(u))(maxd(u))x(maxd(u) − 1)(maxd(u) − 1)
ljH?$dY�.65/7R(`,W$V,/*?NP<

σ ◦ σ\=NP< 1 (+*-,¢¤ x00x(maxd(u))(maxd(u))
.6,¢H-.=&¢$;(O,/5/.=&w7[$;5/>@(+.6&�&)NP<F, 1 :=\=$;H?:6.=&Y�N;(+5�Y+5/.6< 1 5).T.6<�\6NP7[Y`,4.3H?.3YO*?\ p

X
�nNP(+5�,/NP(O,�\W{+.=7'*?< 1 . u 1 .�H-NP<+8P(+.6(+5 n + 1

lINP< $ ,45/N;(O�P:(+<+.�(O<+*?>@(+.�&/(+*L,4.>h(+$;&/*��
1 :6\=5)NP*?&)&4$;<F,4. s1, . . . , sn+1

,4.6H?H?.�>@(+.
Φm(s1, . . . , sn+1) = u 1 NP<+\ Φm

.6&),dQ+*�z).6\6,4*L�P.�H?N;5/&G�>@( � .=H-H?.3.=&G,I5/.=&G,45).=*?<F,/.d$;(h�2\W{+.67[*-<+& 1 .]H?NP<+8;(+.=(+5�*-<Ofg:=5)*?.6(+5/.3NP(w:68F$;H?.]¤ n + 1
X

2

|£$;<+&3H?$[Y+5).=(O�;.KY+5/:6\=: 1 .=<F,4.Vl�HJ$
QO*�z).=\	,4*L�`*L,4: 1 .RH � $;YOY+H?*-\�$V,/*?NP<w&/.67RQ+H-.dYyNP(O�PN;*?5�.	,45).R8F$;5/$;<F,4*?.8P5 �;\=.2¤"(O< H-.=7'7[.'Y+H-(+&K8P:=<O:=54$VH�\�$V5RHJ$xYy.=5)7R(O,4$V,4*-NP<i\=*-5/\6(+HJ$;*-5/. 1 .=&�7[$;5/>@(+.6&R.=&G,�H?*-:=.�¤"(O<+.Q+*�z).=\6,/*?NP< &/(O5[H-.=&'&/(+*L,4.=&'>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/.=&=X � � $�oF$;<F,2YO(qfgNP5)7
$;H-*?&).=5RH � $;5)8P(+7'.=<F,�lc\6.xH-.=7'7[.5/.6&),/.T(+<O.9\6NP<kz).6\6,4(O5/.;X
� � ,�� )�� � � !*) �	���	� 
 � �*$ � m � &o�s� $� �� $"&�� �/.D� $ �*& � � � �D� ��� $ � � � $ �*&  ��� &2$ � ��� . � � ��� . �]� 9 � . � σ ◦
σ ◦ m

� � � � $ � ���D� $� � �/$ �D� � ��� � � � � & � �/$ � � �D� ��� $ � � � $ �*&  ��� &2$ � ��� . � � ��� . �]� 9 � . �
m
� � � � $ � ���D� $� � �

�]5 �;\=.¢¤�\=.	,/,/.¢\6NP<kz).6\6,4(O5/.¢.6,[¤�HJ$"Y+5)NPY�N;&/*-,/*?NP< B X=A�NP< :6,4$;Q+H-*?54$V*-,RH?$"Q+*�z).6\6,/*-�h*-,/: 1 . 1 NP( 56.<+NP(`�P.=H-H?.6&Z$;Y+Y+H-*?\�$k,4*?N;<+&U.6,Z*-H�5).=&),/.=5/$;*-,I¤K\=N;7[Y+5).=< 1 5/.]H?.6&�Yj$;54$V7[e	,45/.6&Z$;<j$;H-NP8P(+.6& 1 .]HJ$ 1 .65/<+*-e=5).1 .6&/\=.6<F,4.d>@(+*�.6< 1 :=\=N;(+H?.654$;*L,�X
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 ) � % � : � , 

<�$;8;H?(+< 1 $xY+5)NPY�N;&/:
(O< $;(O,/5/.
Y+$;54$;7'e6,/5/.'&/(+5TH?.6&d\W{+.67[*-<+& 1 .2|Moh\W~ 1 NP<F,RHJ$ 1 *?&G,45)*?Q+(O,/*?NP<z)NP*-<@,/.3¤R\=.6H?H-. 1 .3H � $;*-5/.I.=&),IH?$d7/.67[.�>h(O.3HJ$dQ+*-&),4$V,4*-&),4*->@(+. 1 .3H � $;*-5/.I.6, 1 .3H?$d&),4$V,4*-&),/*?>@(+. 1 .e<M$;*L�7[$;<�X � <2& � *-<+&/Y+*-5/. 1 (2<ONP7 Y+5)NPYyNP&/:3Yj$V59<�$;8;H?(+< 1 YyNP(+5�<+NP7'7[.65�\=.	,/,/.9&G,W$V,/*?&G,4*?>@(+.�H?.}�s� � � & �$� � . $ � � � � �D� � 1�� (+<x\W{O.=7'*?< 1 .d|Moh\W~�X��nNP(+5 1 :6�+<+*?5I\=.	,/,4.T&),4$V,4*-&),4*->@(+.]&/(+5M(+<x\W{+.67[*-< 1 .T|Moh\W~�lNP< *?7[$;8P*-<+.�>@(+.wH � NP< HJ$V<+\=.2(+<O.¢Q+$;H?H-.2¤�Y+$;5),/*?5 1 ( 1 .65/<+*-.=5K&/N;7[7'.6, 1 ( \W{+.67[*-< 1 .�|Io`\W~ .	,Yj$;5/$;H?H-e=H-.=7'.=<F,]¤2HJ$ 1 .65/<+*-e=5/. 1 .6&/\6.=<F,4. � NP<�&/(+Y+YyNP&).[>@(+.'\=.	,/,4.'Qj$;H-H?.R5).=QyNP< 1 *L,�l �65)*?\6N`\W{+.��Vl�&)(+5(+<¢Y+HJ$V<2{+NP5/* 5=NP<F,4$;H�¤K\W{j$;>@(+.]fgNP*-&U>@( � .6H?H-.35/.=<O\=NP<F,45).T(O<¢&)NP7'7[.	, 1 (¢\W{+.=7'*?<wY+5):=\=: 1 : 1�� (O<�Yj$V&7'NP<F,W$;<F,]NP(�Q+*-.=<�H � $k�`.K{+NP5)* 56NP<F,W$;H^X�#%$
,45/$az).=\	,4NP*-5/. 1 .�HJ$�Q+$;H?H-.d.=&G,9(+<�\W{+.=7'*?< 1 .�|Moh\W~ 1 .KH?$7�.=7'.�H?N;<+8P(+.6(+5�>@(+.3H-.�\W{+.67[*-< 1 .3|Moh\W~ d

lhNP<2H?.M<+NP7'7[.MHJ$ � . � � ���D� �*$ . � 1 (2\W{+.67[*-<�X � <2\=N;<+&/*��1 e65/.
7[$;*-<@,/.=<j$V<@,TH?.6& 1 *-&),4$;<+\=.6&d.6<@,/5/.�(O<i5/*-\=Nh\W{+.6,T&/(+5dH � $k�`.[{+N;5/* 56NP<F,W$;H .	,RH?.'YyNP*?<F, 1�� $V5/5/*L�P:6.1 .]HJ$KQj$VH?H?. � H?.3Y+5).=7'*?.65�.6,IH?. 1 .65/<+*-.=5Z&/NP7'7'.6, 1 .]HJ$R,/54$az).6\6,4N;*?5/.3<O.T&)NP<F,MY+$;& 1 .=&I5/*-\=Nh\W{+.6,/&=Xy#�.7'NP7[.6<F, 1�� (+<�\6NP<F,W$;\	,�l�5/*-\=Nh\W{+.6,=l�&/(O59H � $a�O.K.6&),THJ$�7'NP*-,/*?: 1 .�&4$ 1 *?&G,W$;<O\=.'¤2HJ$��j< 1 (�\W{+.=7'*?<�X#%$K&/NP7'7[. 1 .=&Z7[N;7[.6<@,/& 1 .=&I5/*-\=Nh\W{+.6,/&Z.=&),IH-.37[NP7'.=<F, 1 .6&Z5/*?\6N`\W{O.6,4& 1 (¢\W{+.67[*-< 1 .T|Io`\W~�X
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1 3 7 9
� 0��=�	��'�*
 �"!9� B X >FB # 3¢NP7[.6<F,4& 1 .=&I5/*-\=Nh\W{+.6,/& 1�� (O<�\W{+.67[*-< 1 .9|Moh\W~

m`(+5IH � .	�`.=7'Y+H-. 1 .]HJ$R�j8P(+5).
B X >FB l+NP<�$'(+<¢\W{+.67[*-< 1 .T|Moh\W~ 1 NP<F,IH?.]7'NP7[.6<F, 1 .=&I5/*-\=Nh\W{+.6,/&.=&G,

1 + 3 + 7 + 9 = 20
X

� < 1 :6�+<+*-,�Y�N;(+5�H-.v7'NP7'.=<F, 1 .=&�5/*?\6N`\W{O.6,4&�(+<RYj$V54$;7'e6,/5/.}>h(O*`&).=54$MH � $;<j$;H-NP8P(+. 1 .vHJ$IH?NP<+8;(+.=(+51 .MHJ$ 1 .=5)<+*?e65/. 1 .=&)\=.=<F,/.3Y�NP(O5}H � $V*?5/. 1 .6&�\W{+.67[*-<+& 1 .£|Moh\W~�X+#%$]�j8P(+5).
B X >2> *?H?H-(+&),/5/.�H?$ 1 :	�j<+*L,4*?N;<1 .[\=.
Y+$;54$;7'e6,/5/.VX��nNP(+5 1 :6�j<O*?59H?.=&95/*-\=Nh\W{+.6,/&dNP<�$x$;(`,4NP5)*?&/:'HJ$wQj$;H-H?.'¤�5).=QyNP< 1 *-5T&)(+5],4NP(+&TH?.6&&/N;7[7'.6,/&�$;YO5/e=&�(+<RYj$;&�7[NP<F,4$;<F,�X � <d�V$ 1 :6�+<+*?5�(+<+.U$V(O,45).v,45/$az).=\	,4NP*-5/.VlVH?$MQj$;H-H?. <+.U5).=QyNP< 1 *-&/&/$;<F,7[$;*?<F,4.6<j$;<F,£YOH?(+&£>@(+.K&)(+53H?.6&£&/N;7[7'.6,/&�>@(+*�&)NP<F, 1 .=&3YO*?\=& 1 (�\W{+.=7'*?<�X�S�.6,),4.KQj$;H-H?.9Y�.6(O, 1 NP<O\:6�;.=<F,4(O.=H?H-.=7'.=<F,I\=5)NP*?&).=5UH-.£\W{+.=7'*?<2&)(+5Z(+<w&/NP7'7'.6,U>@(+*�.6&),Z(+<O. 1 NP(+Q+H-.37[N;<@,/:=.VX+#�.%&�� � � . ��$�

. $ � � � � �D� �(� �-. � � �;�0$ � � 1�� (+<"\W{O.=7'*?< 1 .d|Io`\W~¢.=&G,�H-.T<ONP7RQ+5). 1 .T5)*?\=Nh\W{+.	,4& 1 .T\6.6,/,/.9,/54$az).6\6,/NP*?5).&/(O5I(O<�Y+*-\ 1 (¢\W{+.=7'*?<�X
� ! � ����� '��*' � ,��	��
�� � � �x¡ $ � �d� � & � � $ � ���D� $ �*& ��� $ � . �)&�� � � . � � � & � � � $ �0� ��� � �/$"+  ���/. �*$ � �L�)& �0� $�
���*$  �

p
�D� $� $�/. &2$ �/. � � � � � & �

k
� & � & � � � �%$"& $� ������� $� �s� � � & � $� . $ � � � � �D�

p
�D� $�

&�� � � . � $��. $ � � � � �D� ��� � . � � �@�0$ � �
k + 1 �

��NP(O5 1 :6�j<O*?53\=.	,/,/.KQ+*�z).6\6,4*-NP<"NP<"�V$2(O,/*?H?*-&/.65M(+<O*?>@(+.=7'.=<F,](+<O.RfgNP<+\6,/*?NP< 1 .K7
$V5/>@(j$;8P.VX��I<+.fgNP<+\	,4*-NP< 1 .T7[$;5/>@(j$V8P. f
.6&), � � ������9 �0� &/*%YyNP(+5Z,4NP(O,I\W{+.67[*-< 1 .T|Moh\W~ u 1 NP<F,�H?$'\6NP<+&G,45/(O\6,4*-NP<
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 �"!9� B X >2> #�� *-\=Nh\W{+.6,/&I&)(+5ZH?.6&�Y+*?\6& 1�� (+<¢\W{+.67[*-< 1 .T|Io`\W~

f(u)
.=&G, 1 .254$;<O8 k

l�YyNP(+5R,/NP(O,
i ≤ k

l�H � *-<+&/.65),/*?NP< 1 .=&�Yj$;& x
.6,

x 1 $;<+&KH-.=&K7[$;5/>@(+.6& i
.6,

i\=N;< 1 (+*L,I¤�(O<�\W{+.67[*-< 1 .]|Moh\W~ vi

,/.=H�>@(+.]H?.35/$;<+8 1 .]HJ$R\6NP<+&),/5/(+\	,4*-NP< f(vi)
.6&),

i + 1
X < H � $;* 1 .1�� (+<+.]fgNP<+\	,4*?N;< 1 .T7[$;5)>h(+$;8P.3\=N;7[Y+H-e6,/. f

NP<�Yy.=(`, 1 :6�j<+*-5Z(+<+.9$;Y+Y+H-*?\=$V,4*-NP< If

.=<F,45).TH-.=&Z&/(+*L,4.6&>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/.=&�.6,�H?.6&U\W{+.=7'*?<O& 1 .3|Io`\W~
>h(O*�Y+5):=&/.65)�;.9H?$9,4$;*?H-H?. 1 .=&�NPQhz).6,/&=Xj# � $;H?8;NP5/*L,4{+7'.Zt.=&G,I\=.=H-(+*�>@(+*%$;\6\=.=Y`,4.9.=<¢.=<F,45):=.9HJ$R&/(O*-,4.
s
.6,I5/.	,4NP(+5)<+.

If(s)
X

bc<@,/5/:6.[���I<+.]&/(+*L,4.3>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/. s = s1, s2, . . . sn ���$;5/$;7'e6,45).��j�M<+.3fgNP<O\6,4*-NP< 1 .]7
$V5/>@(j$;8P. f
\6NP7'Y+H?e	,4.;X

Chemin
� �

ε ���� �"! i
�]��� �)& � $�

1 # n $&%(' !*)��<+&):=5/.65 1 $;<O& Chemin
H-.=&IYj$;&

x
.	,

x
*-< 1 *->h(O:=&�Y+$;5MH-.=&I7
$V5/>@(+.=& 1�� *?< 1 *-\=. si 1 $;<+&MHJ$\=N;<+&),/5/(+\	,4*?N;<

f(Chemin) �+-,m`NP5G,4*?.K��#�.3\W{+.67[*-<
Chemin �

�MH?8PN;5/*-,/{+7'.£tO���MH?8PN;5/*-,/{+7'.�Yj$;5/$;7':6,45):3Yj$;5Z(+<+.3fgNP<O\6,4*-NP< 1 .]7
$V5/>@(j$;8P.3\6NP7'Y+H?e	,4.
#%$¢\=$;54$;\	,4e65/.�\=NP7'Y+H-.6, 1 .�HJ$�fgNP<O\6,4*-NP< 1 .�7
$V5/>@(j$;8P.K&)(;:�,R¤28F$V54$;<F,4*-53>@(+.�\=.6,d$;H-8PNP5/*L,4{+7'.$;&)&/Nh\=*?.�(+<�\W{+.=7'*?< 1 .Z|Io`\W~ 1 . 1 .=7'*L� H?NP<+8;(+.=(+5 n ¤£,4N;(O,4.U&)(+*-,/.�>@(j$;&/*�� 1 :6\=5)NP*?&)&4$;<F,4. 1 .�H?NP<+8;(+.=(+5

n
XI#%$ 1 *-¥�:=5).=<+\6.YO5/*?<O\=*?Y+$;H?.�$��;.=\�H-.=&¢$;H-8PNP5/*L,4{+7'.=&
Y+5/:6\=: 1 .=<F,4&".6&),¢>@(+.�*?\=*3N;< <+.�&/.�&/N;(+\=*-.Yj$;& 1 .w5):�$;\	,4(j$;H-*?&).=5KH?Nh\�$VH?.=7'.=<F,KH-.=&�7[$;5/>@(+.6&=X}S�.6,),4.�$;H?8;NP5/*L,4{+7'.
.6&),'(+<+.¢8P:=<O:=54$VH?*?&/$V,4*-NP< 1 .6&$;H-8PNP5/*L,4{+7'.=&cYO5/:=\6: 1 .6<F,4&�H?N;5/&/>@(+.M\=.6(`�@��\=*y\=N;< 1 (+*-&/.=<F,Z¤ 1 .=&vQ+*�z).6\6,/*?NP<+&6Xhb <
.6¥�.6,�lhYyNP(+5}(+<�7'N 1 .1�� *?<+&).=5G,4*?N;< m

\6NP7[Y+$V,4*-Q+H?.w$��P.6\xH?$�fgNP<O\6,4*-NP< 1 .x7[$;5/>@(j$V8P. f
,/.=HZ>@(+.

Φm

&/NP*L,
QO*�z).=\	,4*Lf�NP<�$
Φm = If

Y+(O*?&/>@(+.9YyNP(+5U,4N;(O,4.]&/(O*-,4.3>@(j$V&/*L� 1 :=\65/NP*-&/&/$;<F,4. s
l
Φ+

m(s) = f(s)
X

� < 1 :6�j<O*-,U(O<+.�fgNP<+\	,4*-NP< 1 .�7
$;5)>@(j$;8P. fhaglund

Y�N;(+5 1 :6\=5)*?5/.MH?.6&�*?<O&/.=5G,4*-NP<+& 1 .£HJ$9Q+*�z).6\6,4*-NP<�X< HJ$ 1 *-¥�:=5).=<+\6. 1 .=&IQ+*�z).6\6,4*-NP<+&�Y+5):=\6: 1 .6<@,/.=&6l�\=.	,/,4.]fgNP<+\	,4*-NP< 1 .T7[$;5)>h(+$;8P.]< � .=&),MYj$;&I\=N 1 :6.TYj$V5H � *?<O&/.=5G,4*-NP< 1 .Z7
$V5/>@(+.=&}$;(K�;NP*?&)*?<j$;8;. 1 .=& 1 .=(h�'Yj$;& *?<+&):=5):=&=X@�nNP(+5 7[$;5/>@(+.65}(O<[\W{+.67[*-< 1 .I|Moh\W~NP<q\=NP<+&)* 1 e65/.¢H?.6& k
5/*-\=Nh\W{+.6,/&[&)(+5'H?.=&'Y+*-\=& 1 . 1 5/NP*L,4.w¤8P$;(+\W{+.VX�mh(+5[H-.w&/NP7'7[.	, 1 (�Y+5).=7'*?.655/*-\=Nh\W{+.6,=lONP<
Y+HJ$;\6.£HJ$97
$V5/>@(+.

0
XO�nNP(+5UH-.=&UY+*-\=&U&)(+*-�V$;<F,/&=lON;<2Y+HJ$;\6.�H-.Mf $;\	,4.=(O5

(i− 2)(i − 1)
&/(O5H?.

ieme &/N;7[7'.6,=X@m`(+5cH?$ 1 .=5)<+*?e65/.Z*?<F,4.65/&).=\6,/*?NP< 1 .ZH?$�,454$�z).=\6,/NP*?5).�.6, 1 ('\W{+.67[*-< 1 .M|Io`\W~KN;<'YOHJ$;\6.H?.If $;\6,/.=(+5
kk − 1

X`��NP(+5�Y+HJ$;\6.=5vHJ$ 1 .=5/<O*?e=5).£7[$;5/>@(+. k
l`N;<�&/(+YOY�NP&).3>@(+.3HJ$9Qj$;H?H-.M5)*?\6N`\W{+.M.=<+\6NP5/.
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vi
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��� . . �D� ��� . � # u � �}� ��� � � fhaglund
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Xn# � .	�`.=7'Y+H?. 1 .'HJ$2�j8P(+5).
B X > Aw,45/$;*-,/. 1 .[H � *-<+&/.65),4*-NP< 1 .
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 �"!9� B X > A # �I<+.]*?<+&).=5),/*?NP< 1 .9Y+$;&ZY�NP(O5IH-.37[N;7[.6<@, 1 .=&I5/*-\=Nh\W{+.6,/&\=N;< 1 (+*L,
¤�(+< 1 :=\=$;HJ$;8;. 1 .=& i
YO5/.=7'*?.65/&�5/*-\=Nh\W{+.6,/& 1 .¢H?$�Q+$;H?H-.�&/(+5'H � $k�`. 1 . 2

(O<+*-,/:=&K�P.65/&
H?$
1 5)NP*-,/.9.	,�H?$;*?&)&/.]HJ$R�j< 1 .9HJ$K,454$�z).=\6,/NP*?5).]*?<F�V$;5/*?$;<F,4.;X+|�NP<+\TH?.]7[N;7[.6<@, 1 .=&�5)*?\6N`\W{+.	,4&M$;(+8P7'.=<F,/.1 . i
X�| � $;(O,45).TY+$;5),=lyH?$�,/54$az).6\6,/NP*?5). 1 .=&�5)*?\6N`\W{+.	,4&I&/(+5MH?.6&MY+*-\=&Z.=&G,£7'N 1 *-�j:6.9YO(+*?&)>h(O.dH?.]&)NP7[7'.6,N21�&).d,45)NP(O�V$;*-,MHJ$[7
$;5)>@(+.

i
.6&),]7[$;*?<F,/.=<j$;<F,�(+<+. 1 N;(+Q+H?.�� 1 .6&/\6.=<F,4. � H-.d7[$;5/>@(j$V8P. 1 (�<ONP(O�P.=$;(\W{+.67[*-<¢\6NP< 1 (O*-,I¤�(+<+.]\=NP<O&),45)(+\6,/*?NP< 1 .9|Moh\W~ 1 .]54$V<+8 i + 1

X
2

< \6."&),4$ 1 .;lv(+<+."&)*?7'Y+H?.w5):=\=(O5/5/.6<+\=.�&)(+5�H?$�,W$V*?H?H-. 1 .=&
NPQhz).6,/&=lvY�.65/7'.6, 1 .x\=N;<+&),4$V,4.65�>@(+.H � $;Y+YOH?*?\=$V,4*-NP< Ifhaglund

,45/$;<+&)fgN;5/7'.�H?.ZY�N;* 1 & 1�� (+<+.I&/(+*L,4.Z>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/. s .6<[H-.Z7[NP7'.=<F, 1 .6&5/*-\=Nh\W{+.6,/& 1 ("\W{O.=7'*?< 1 .R|Moh\W~ Ifhaglund
(s)
X��nNP(+5£\6NP<+\6H?(+5).d*?Hn5/.6&),/.K¤
Y+5)NP(O�P.653>@(+.

Ifhaglund

.=&G,Q+*�z).=\6,/*-�;.;X
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Ifhaglund

� � � � $ � ���D� $� � �
� ! ) ��� ) �I� <qH?.¢7[NP<F,/5/.¢Yj$;5'5/:=\6(+5/5).=<+\6."&/(O5
HJ$�H?N;<+8P(+.6(+5 n 1 .6&
&/(O*-,4.6&
>@(j$;&)*L� 1 :=\65/NP*-&/&4$V<@,/.=&6X|£$;<O&I\6.6,),4.9Y+5/.6(O�P.

f
.=&),MHJ$dfgN;<+\6,/*?NP< 1 .T7[$;5/>@(j$V8P. fhaglund

X
��� ��� ���	� � )�
 ) !��� � ! !*) , � )�� # � $;YOY+H?*-\�$V,/*?NP< If

.6&),�Q+*�z).=\	,4*-�;.�YyNP(+5�H � .=<+&).=7RQ+H-. 1 .6&�&/(+*L,4.6&>@(j$;&)*L� 1 :=\65/NP*-&/&4$V<@,/.=& 1 .wH?NP<O8P(+.=(O5K*?<Ofg:65/*?.6(+5/.�¤ n
X ��NP(+5K,/NP(O,4.w&)(+*-,/.

s1, . . . , sn
l
n ≥ 1

l
If(s1, . . . , sn) = v

.=&G,
(+< 7'N;, 1 .¢|Moh\W~ ,/.=H�>@(+. f(v)
.6&),[(+<+.¢\=NP<+&G,45)(+\6,/*?NP< 1 .w54$;<+8

sn + 1
X

� % ��
")�� % � )�� ��NP(+5 n = 0
NP<�$

If (∅) = ε
.	,

f(ε) = 00
X��nNP(+5

n = 1
N;<�$

If (0) = xx
.6,

f(xx) = 110x0x
X+# � {FohY�N;,/{+e=&). 1 .]5):=\=(O5/5/.6<+\=.9.=&G, 1 NP<+\]&4$k,4*?&Gf $;*-,/.£YyNP(+5 n ≤ 1

X
� � !��
 '�� ��� � <�&)(+Y+YyNP&/.'>@(+.'H � {@ohYyN;,4{Oe=&/. 1 .�5):=\=(O5/5/.6<+\=.[.=&G,T&/$V,4*-&)f $;*L,4.K$V(�5/$;<+8 n ≥ 1

X%m`NP*L,
u
(+<�\W{+.=7'*?< 1 .R|Io`\W~ 1 . 1 .=7'*L� H?NP<O8P(+.=(O5 n + 1

X � <�<+N;,/.
k
H?.]54$;<O8 1 .THJ$�\=NP<+&G,45)(+\6,/*?NP<

f(u)
>@(+*%.=&G,�$V(¢7'NP*-<+&

1
Y+(+*-&/>@(+.

n ≥ 1
X
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 �"!9� B X > ¦ # #�.=& 1 .=5)<+*?.65/&ZYj$;&Z*-<+&/:65/:=& 1 $V<+&Z(+<�\W{O.=7'*?<wYj$;5 fhaglund

#%$T�j8;(+5/. B X > ¦ ,4.6<@,/. 1�� *?H?H-(+&),/5/.65}H?$ 1 *-&/\6(+&/&)*?NP<2&)(+5UH?.M\W{+NP*�� 1 .=& 1 .6(`�2Y+$;&�¤d&)(+Y+Y+5)*?7'.=5 1 .
u
X+|�$;<+&

f(u)
lOH?$d7
$V5/>@(+.

k − 1
.6&),I&/(+5�H-.

keme 5/.6Q�NP< 1 &)(+5�(+<wY+*-\ 1 .3HJ$dQ+$;H?H-. 1 NP<O\9*-H�o(+<
Yj$;& 1 .=&/\6.=< 1 $;<F,�l+<+NV,4: p lO$VY+5/e6&�\=.	,/,/.£7
$V5/>@(+.;X`| � $;(O,/5/.�Y+$;5),=l`H?$97[$;5/>@(+. k− 1
.6&),�&/(+5H-.�&/NP7'7[.	, 1 . u N21'Y�N;(+5cHJ$3Y+5).=7'*?e=5).UfgNP*?&cH?$3Qj$;H?H-.U<+.Z5/.6Q�N;< 1 *-,}Yj$V&}&)(+5 (+<'Y+*?\]�F&/N;*-, \ � .=&G,H-.RY+5/.67[*-.=5M&/NP7'7[.	, 1 (�\W{+.67[*-< u

l�&/N;*-,3\ � .6&),](+<+. 1 NP(+Q+H-.R7[N;<@,/:=. � 1 $;<+&3H-.=& 1 .6(`��\=$;&3*?Ho¢(+<"Y+$;&�7'NP<F,W$;<F,
p
$;YO5/e=&MHJ$'7
$;5)>@(+.

k − 1
X � <"\=NP<O&/* 1 e=5/.TH?.9\W{+.=7'*?< v

NPQO,/.=<@(�Yj$;5IHJ$&)(+Y+Y+5).=&/&)*?NP< 1 .6&�Yj$;& p .	, p 1 . u
X+#�.£\W{+.67[*-<

v
.6&),ZQ+*-.=<2(+<w\W{+.67[*-< 1 .]|Moh\W~�\�$V5U&/NP*L, pp.6&),�(+<wY+*-\ 1 . u

A .6,Z$;H-NP5/&v\=.3Y+*-\�.6&),I$;( 1 :6Q+(O, 1 (¢\W{O.=7'*?<
E &/NP*L,UHJ$9,454$�z).=\6,/NP*?5). 1 .3H?$dQj$;H-H?..6<@,/5/.

p
.	,

p
*?7'Y�N;&/.d>@(+.KH?$
{j$;(`,4.=(O537[*-<+*?7[$;H?.3&)NP*-,

1

A H-.R&/N;7[7'.6,
A
&/(+53H?$[�j8P(O5/. B X > ¦5).=Y+5):=&/.6<F,4.�H?.TY+*?5).d\�$V& E X�S�NP7'7[.

v
.6&), 1 .RH?NP<O8P(+.=(O5 n *-H%.	�`*?&G,4.;l 1�� $;Y+5/e6&3H � {Fo`YyN;,/{+e=&). 1 .5):=\=(O5/5/.6<+\=.Vl�(+<+.K&)(+*-,/.K>h(+$;&/*�� 1 :6\=5/N;*?&/&/$;<F,4. s = s1, . . . , sn

,/.=H-H?.d>@(+.
If (s) = v

.	,
sn + 1.6&),UH-.�5/$;<+8 1 .�HJ$9\=NP<O&),45)(+\6,/*?NP< f(v)

X`�nNP(+5��+<+*?5}HJ$]Y+5/.6(O�P.3N;< 1 NP*L, 1 *?&/\6(O,/.=5U&).=H?N;<
>@(+.£H-.=&1 .6(`�¢Yj$;& p .	, p &)NP<F,M\6NP<+&):=\=(`,4*-fg& 1 $;<O& u NP(w<+NP<�X
p ) � p � � , � � � , � ��� � � ' $ � 
 % , � u � #n$U,/54$az).6\6,4N;*?5/. 1 .cHJ$UQj$;H-H?.�*-7[YyNP&).�>@(+. H?.cY+*-\ pp &/NP*L,(O<TY+5):6�O�`. 1 . u X�|£$;<O&n\6. \�$;&6l v .6&),%(+<+. \6NP<+&),/5/(+\	,4*-NP< 1 . 54$;<+8 k−1

\�$;5�H?$ 1 *?&)Yj$;5/*L,4*-NP<1 . pp
$ &/(+Y+YO5/*?7':�(+< 5).=QyNP< 1 Yj$;5¢54$;Y+YyNP5G,x¤ u

XZ|�NP<+\ 1�� $;Y+5)e=&xH � {FohYyN;,4{+e6&/. 1 .
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5):=\6(+5/5).=<+\6.
sn = k − 2

Xj|�NP<O\
s1, . . . , sn, (k − 1)

.=&G,M(O<+.]&/(+*L,4.3>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/.;X|M.[Y+H-(+& 1 $;<O&9\6.�\�$;&6l�HJ$
,45/$az).=\	,4NP*-5/. 1 .6&T5).=QyNP< 1 &]&)(+5]Y+*?\6& 1 . v
&).�,/.=5)7[*-<+.K&/(+5]H-.YO5/.=7'*?.65M&)NP7'7[.	, 1 . v

.6,MH?.6&�7[$;5/>@(+.6& 1�� *?< 1 *?\6.=& k − 1
&/NP<F,3&)(+5�\6.d&/N;7[7'.6,=X�|�NP<+\

If (s1, . . . , sn, (k − 1)) = u 1 NP<+\£H?$d&/(O5gz).=\	,4*L�`*L,4: 1 . If

.6&),�:	,W$;Q+H-*?.MY�NP(O5
u
XjS�NP7'7[.H-.354$;<O8 1 . u

.=&),
k
H?$�&).=\6NP< 1 .9Yj$;5G,4*?. 1 .9H � {FohYyN;,4{+e6&/. 1 .]5/:6\=(+5)5/.6<+\=.T.=&),Z�;:=5/*L�j:=.VX
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 �"!9� B X > t # p
.6,

p
<+NP<¢\=NP<+&):=\6(O,4*Lfg&

p ) � p
, ) � � , � � % ��� � , � ��� � �*' $ ��
 % , � u � #%$I�j8P(O5/.

B X > tI,4.6<F,4. 1 .�5/.6Y+5/:6&/.6<@,/.=5�H-.v5/$;*L�&)NP<+<+.67[.6<F,�Xn#%$
,454$�z).=\6,/NP*?5). 1 .=&]5).=QyNP< 1 &]&/(O53H?.=&3YO*?\=&3< � .6&),9Yj$;&]7'N 1 *L�j:=.Zz)(+&/>@( � $;(YO*?\]>@(+.]H?.3Yj$;&
p
fgNP5)7
$;*L,�$��P.6\TH-.3Yj$;&Z7'NP<F,W$;<F,

q
>@(+*^l 1 $;<+&Z\=.]\=$;&=lj.6&), 1 *-¥�:=5).=<F, 1 .

p
X � <"<+N;7[7'.

B
H?.9&/NP7'7[.	,£$��V$;<F,3H-.TYj$V&

p 1 $;<O& u .6, A
H-.d&/N;7[7'.6,�$��;$V<@,�H?.TYj$;&S�.MY+*?\

qp
:	,W$;<F,UH-.

keme 5)*?\=Nh\W{+.	,�&)(+5v(O<�Y+*?\ 1 $;<O& u l@*?H+o[$d$V(
7'NP*?<+& k− 1
5/*?\6N`\W{O.6,&)(+5�(+<wY+*-\ 1 $;<O& v 1 N;<+\ f(v)

.=&G,Z(+<+.3\6NP<+&),/5/(+\	,4*-NP< 1 .£5/$;<+8�$;(27'NP*?<O& k − 1
X+|�NP<O\

sn ≥ k−2 1�� $;Y+5/e6& H � {@ohYyN;,4{Oe=&/. 1 .Z5):=\=(O5/5/.6<+\=.I.6, H?$£&/(+*L,4. s1, . . . , sn, (k−1)
.=&G, (+<+.&)(+*-,/.M>@(j$V&/*L� 1 :=\65/NP*-&/&/$;<F,4.;X@bc<+&)(+*-,/. 1 $;<+& f(v)

H-.=& 7
$V5/>@(+.=& 1�� *?< 1 *?\=. k−1
&/.IY+HJ$V\=.=<F,&)(+53H?.6&£&/N;7[7'.6,/&

B
.6,

A 1 NP<+\dNP<�$ If(s1, . . . , sn, k − 1) = u
.	,]NP<"5/$;Y+Yy.=H?H-.d>@(+.

u
.=&G,K(+<+.2\6NP<+&G,45/(O\6,4*-NP< 1 .�5/$;<+8 k

X�|�NP<O\�H � {Fo`YyN;,/{+e=&). 1 .25/:6\=(+5)5/.=<O\=.2.=&G,K�P:65/*-�+:=.{ONP5/7'*?&�H � *-<kz).=\	,4*-�h*L,4: 1 . If

X
� < $x7'NP<F,45):
>@(+.

If

.=&G,K&/(+5 z).=\	,4*-�;.2Y�N;(+5TH-.=&TNPQhz).6,/& 1 .[,4$;*?H-H?. n + 1
l�N;5d*?Hco�$"$;(O,4$;<F,

1�� NPQhz).	,4& 1 .9,4$;*?H-H?. n + 1
l
If

.6&),3Q+*�z).=\	,4*-�;.T.	,£H � {FohY�NV,4{+e6&/. 1 .d5/:6\=(+5)5/.6<+\=.K.6&),£7[$;*-<@,/.=<j$V<@,\6NP7[YOH?:6,/.=7'.=<F,��P:65/*L�j:=.VX
2

#%$�5):�$;\	,4(j$VH?*?&/$V,4*-NP< 1 .=&Z7
$V5/>@(+.=& 1 .=&�\=N;<+&),/5/(+\	,4*?N;<+&I$;Y+5/e6&�HJ$RH-.=\6,/(+5/. 1 .]HJ$T�V$;H-.=(+5 i <O.3\=NP5��5/.6&/YyNP< 1 Yj$V&U¤T(O<27[N 1 . 1�� *-<+&/.65),/*?NP<�X`S�.65),4.6&UHJ$97
$V5/>@(+. i .=&G,U5/.67[YOHJ$;\6:=.�Y+$;5�H-.If $;\	,4.6(+5 ii + 1x.6,9H?$w7[$;5)>h(O.
i
Yj$V53H?.Kf $;\6,/.=(+5

ix
\=.'>@(+* Y�.65/7'.6, 1 . 1 *-5/.�>@(+.'\=.6,),4.�*?<O&/.=5G,4*-NP<�.=&),TH?Nh\�$VH?.=7'.=<F,5/:	�P.65/&/*-Q+H?.VX$3x$;*-&cHJ$£7[$;5/>@(+.

i+1
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 �"!9� B X > � # �M<+.�&)oh7':6,45)*?.�<j$V,/(+5/.6H?H?.�Yy.=(`,x*-< 1 (+*-5/.�(+< Yj$;54$V7[e	,45/.�$;<+$;H?NP8;(+.�¤ H?$ 1 .65/<+*-e=5).1 .6&/\=.6<F,4.��NP(O5 1 .6&�NPQ@z).6,4&I\=N;7[YO,/:=&IYj$;5IHJ$K&/(O*-,4. 1 .dSU$V,4$;HJ$;<¢*?H�.��`*?&),/.T&)NP(O�;.=<F,£(+<O.TQ+*�z).=\	,4*?N;< �6\=$;<+NV�<+*->h(O. �
g
$��P.=\�H-.=&£\W{+.67[*-<+& 1 .R|Moh\W~yXnS�.6&]NPQhz).6,/&3Y�N;&/&/e 1 .=<F,]Yj$V5)fgNP*-& 1 .6&3&)oh7':6,45)*?.6&3<j$V,4(O5/.=H-H?.6&>@(+*c&/N;<@,T$;(`,W$;<F, 1 .�Q+*�z).6\6,/*?NP<+& �	&/*?7'Y+H-.=& �kl�<+N;,/:=.6& r

X �35	�;\6.�$;(`��Q+*�z).=\	,4*?N;<+&3\�$;<ONP<+*?>@(+.6&]NP<�.=<
1 : 1 (+*-,UHJ$dQ+*�z).=\	,4*?N;< h = g−1 ◦ r ◦ g

.=<F,45).9H-.=&U\W{O.=7'*?<+& 1 .]|Moh\W~yXy�nNP(+5U\6N 1 .65�HJ$dQO*�z).=\	,4*-NP< h
&/(+5H?.6&37[NV,4& 1 .�|Io`\W~�N;<�\W{+.=5)\W{+. 1 .=(`��QO*�z).=\	,4*-NP<+& Φm1

.6,
Φm2

.6<F,45/.�H-.=&£&)(+*-,/.=& 1 :=\65/NP*-&/&/$;<F,4.=&].	,\=.6&M\W{O.=7'*?<+&U,/.=H?H-.=&�>@(+.
h = Φm2

◦ Φ−1
m1

X
��NP(O53*?H?H-(+&),/5/.65I\6.KY+5/*-<+\=*-Y�.TNP<"& � *-<@,/:=5).=&/&). 1�� $VQ�NP5 1 $;(�\6N 1 $V8P. 1 .RH?$[&Go`7':6,/5/*-.RYj$;5£5/$;Y+YyNP5),¤RHJ$ 1 *J$;8PN;<j$;H?. 1 .6&IYyNPHLoPNP7'*?<+N;&vYj$V54$;H-H?:=H-NP8P5/$;7[7'.=& Y+(O*?&�¤K(+<+.3*-<F�PNPH-(O,4*-NP< 1 .eE35/.DF�.654$;&Z&)(+5�H?.6&\W{+.67[*-<+& 1 .Z|Moh\W~�Xh|£$;<+& (+<�Y+5).=7'*?.=5�,4.=7'Y+&cNP<K\W{O.=5/\W{O.MH?$�fgNP<+\6,/*?NP< 1 .�7
$;5)>@(j$;8P.U\6NP7'Y+H?e	,4. 1 .6&\W{+.67[*-<+& 1 .d|Io`\W~¢(O,/*?H?*-&/:6.£Y�N;(+5M\6N 1 .=5Z\=.6& 1 .6(`�¢Q+*�z).6\6,/*?NP<+&6X�bc<+&/(+*L,4.]NP<�Y+5/NPYyNP&).9(O<+.T<ONP(O�P.6H?H-.�V$;5/*?$;<F,4. 1 .]H � $;H-8PNP5/*L,4{+7'.

> Yy.=5/7'.6,),W$;<F, 1 .],45)NP(O�P.65 1 .=&I7[N 1 .=& 1�� *?<O&/.=5G,4*-NP<+&Z\=NP7'Yj$V,/*?Q+H-.=&�$��;.=\\=.6&IfgN;<+\6,/*?NP<+& 1 .97[$;5)>h(+$;8P.;X
� ��
 % � )�
�� � , ) � � ��� � ! ' ) � � ! : ) � ��� : � � � ' , ��� � % ! %;: : � : � � ! % � � ) �
�M< ��� � � � �%$"&��o��� . �]��� � � � , . �]�4� � .=&),�(+<+.�&/(O5)f $;\6.QyNP5/<O:=.�&/(+5¢H?.�5/:6&/.=$;( \=$;5/5): 1 NP<F,xH?$fg5/N;<@,/*?e65/.'.=&), 1 :	�j<+*?.[Yj$;5 1 .=(h��\W{O.=7'*?<+&9*?&)&/(+& 1 .
H � NP5)*?8P*-<+.;lyfgNP5/7':=& 1 .[Yj$;&9:=H?:67[.6<F,W$;*-5/. �MNP5 1.6,[bc&),=l�,4.6H?&�>@(+.wH?.=&�.��`,/5/:67[*L,4:=& 1 .=& 1 .=(`� \W{+.=7'*?<+&�&)NP*?.6<@,'H-.=&K&/.6(+H?.6&[*-<F,4.=5)&/.6\6,4*-NP<+&�.=<F,/5/.wH?.6&1 .6(`�w\W{+.67[*-<+&=Xym`(O5IH?$ 1 5/N;*-,4. 1 .]HJ$d�j8P(O5/.

B X > sKH?.=& 1 .=(`�w\W{O.=7'*?<+&Z.=<F,/5/. A
.6,

B 1 :6�+<+*?&)&/.=<F,M(+<
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 �"!9� B X > s # S�{+.=7'*?<+& 1 .9|Moh\W~w.6,ZYyNPHLoPNP7'*?<+N;&UYj$;5/$;H?H-:=H?N;8P54$;7'7'.=&
YyNPH-o;NP7[*-<+NKYj$;5/$;H?H-:=H-NP8P54$V7[7'.;Xh#�.�� �/. $�� 9 � . � 1�� (+<xYyNPH-o;NP7'*?<+NKYj$V54$;H-H?:=H-NP8P5/$;7[7'.Z.=&G,�H-.9<ONP7RQ+5).1 .MYj$;&vfgN;5/7[$;<F,�H-.=& 1 .=(`�[\W{+.67[*-<+&=XOm`(+5vHJ$9�+8P(+5/.Vl`H-.MYyNPHLoPNP7'*?<+N9.=&G, 1 .MY�:65/*-7[e	,45/. 28

X`|M.=H?.6&),�.	,
?£*-.=<+<ON;,Tpr|@?3sBA;unNP<F,MYO5/NP(O�;:T>@(+.9H?.6&ZY�NPHLoPNP7'*?<ONP& 1 .]Y�:65/*-7[e	,45/. 2p + 2

&/NP<F,M.=<xQO*�z).=\	,4*-NP<w$��P.=\H?.6&£\W{+.67[*-<+& 1 .K|Moh\W~ 1 . 1 .=7'*L� H?NP<+8;(+.=(+5 p X�#n$
�+8P(+5/.
B X > s�*?H?H-(+&),/5/.9H?.6(+5£Q+*�z).=\6,/*?NP<

g
��Yj$;5),4$;<F,

1�� (+<w\W{+.=7'*?< 1 .]|Moh\W~ 1 . 1 .=7'*L� H?NP<O8P(+.=(O5 p lOH?.6&�\=NPH-NP<+<+.6& 1 (2fg(O,/(+5UYyNPH-o;NP7[*-<+Nd&).]Y+HJ$;\6.=<F,�&)NP(+&\W{j$;>@(+.dY+*?\9.6,�H?.=(O5MH-NP<+8P(+.6(+5I.=&),£HJ$�{j$;(O,/.=(+5 1 .d\6.=&£Y+*-\=&6X � <xfgNP5)7[.](+<xY�NPHLoPNP7'*?<ON'.6<�\=NPH-HJ$;<F,\=.6&v\6NPH?N;<+<+.=& 1 .I8F$;(+\W{O.�¤ 1 5/N;*-,4.Vl 1 .Z,4.6H?H?.�&)NP5),/.M>@(+.IHJ$3{j$V(O,4.6(+5 1 ([\65/.=(h�
.6<F,45/. 1 .6(`�'Y+*?\6&v\6N 1 .HJ$]YyNP&/*L,4*?N;<'5).=H?$V,4*L�P. 1 .=& 1 .=(h�
\6NPH?N;<+<+.=&I�@HJ$]\�$;&).�H?$]YOH?(+&}{j$;(O,/. 1 .IHJ$]\=N;H?NP<+<O. 1 . 1 5)NP*-,/.I.6&),�¤TH?$7�.=7'.T{j$V(O,4.6(+5�>@(+.THJ$[\=$;&/. 1 .dH?$[\6NPH?NP<O<+. 1 .d8F$;(O\W{+.R&/N;(+&�H-.TYj$V&�7'NP<F,W$;<F,IfgNP5/7[$;<F,�H-.T\65/.6(`��X��(`,45/.67[.6<F, 1 *L,�lj&)*�H-.9\65/.6(`��.=&), 1 .9{j$;(O,/.=(+5 h lyH-.=& 1 .=(h�x\6NPH?N;<+<+.=&INP<F, h + 1
\�$;&).=&�$ 1 z/$;\6.=<F,4.6&=X� <[5).=7[$;5/>@(+.I>@(+.IHJ$3H?NP<O8P(+.=(O5 1 (
\W{+.67[*-<[&)(+Y�:65/*-.=(+5 .=<F,/5/. A .	, B .=&G, p+1 1 NP<+\IH?.ZYy:=5)*?7'e6,45).1 (¢Y�N;H-oPN;7[*-<+NRYj$;5/$;H?H-:=H-NP8P54$V7[7'.Z.=&), 2p + 2

X
# � .6<+&/.67RQ+H?. 1 .=&3YyNPH-o;NP7'*?<+NP&ZYj$V54$;H-H?:=H-NP8P5/$;7[7'.=&�.6&),3&G,W$;QOH?.dY+$;5£HJ$'5/:DCj.	�`*?N;<�Yj$;5�5/$;Y+YyNP5),£¤HJ$9Y+5/.67[*-e=5). 1 *?$;8PNP<j$VH?.;X@|�$;<+&UH-.�\=N;*?<
*-<Ofg:=5)*?.6(+5v8P$;(+\W{+. 1 .£HJ$]�j8P(+5).

B X > GTNP< 1 NP<+<+.M(+<2.	�`.=7'Y+H-.1 .�YyNPH-o;NP7'*?<+N+l .6< 1 .=&/&)NP(+& 1 .�H?$ 1 *J$;8;NP<j$;H-.�.6< YyNP*-<@,/*?H-H?:=&6l .6, 1 .�&)NP< *?7[$;8P.;l}$;( 1 .6&/&)(+& 1 .HJ$ 1 *?$;8PNP<j$VH?.;lOYj$;5IHJ$�5/:�C+.	�`*?NP<�X�S�.	,/,/.d5/:DCj.	�`*-NP< r
.=&G, 1 N;<+\d(+<O.T*-<@�;NPH?(`,4*?N;<�&)(+5MH � .6<+&/.67RQ+H-. 1 .6&YyNPH-o;NP7[*-<+NP&�Yj$V54$;H-H?:=H-NP8P5/$;7[7'.=&6X � <R.6< 1 : 1 (+*L,�>@(+. g−1◦r◦g

.=&),�(+<+.}*?<F�PN;H?(O,/*?NP<9&/(+5�H?.6&�\W{+.67[*-<+&
1 .2|Io`\W~�X � < \W{+.65/\W{+.w7[$;*?<F,/.=<j$;<F,d¤x\=N 1 .65R\=.	,/,4.
Q+*�z).6\6,4*-NP<�&)NP(+&KH?$¢fgNP5)7[. Φm2

◦ Φ−1
(xBB,xAA)$��P.6\ 1 .=(h�"Q+*�z).=\	,4*?N;<+&M.6<F,45/.TH?.6&�\W{+.67[*-<+& 1 .K|Moh\W~�.	,£H-.=&�&)(+*-,/.=& 1 :=\65/NP*-&/&4$V<@,/.=&6X � . 1 *-&/NP<+&M\=.6HJ$��NP<2�P.6(O,I,45/N;(O�P.65M(+<O.9QO*�z).=\	,4*-NP<

Φm2

,4.6H?H-.£>@(+.
g−1 ◦ r ◦ g = Φm2

◦ Φ−1
(xBB,xAA)

A A >FE
\=.]>@(+*�*-7[Y+H-*?>@(+.£Y+$;5�\=NP7'YyNP&/*L,4*?N;<2¤ 1 5/NP*L,4.3Yj$V5 Φ(xBB,xAA)

>h(O.
Φm2

.6&), 1 :	�j<+*%Yj$;5
Φm2

= g−1 ◦ r ◦ g ◦ Φ(xBB,xAA).

A A2A E

#%$�QO*�z).=\	,4*-NP<
Φm2

.6&), 1 NP<+\ 1 :	�j<+*-.;l+*-H�5/.6&),/.T¤ 1 :6\=* 1 .=5Z&/*�\=.6,),4.]Q+*�z).=\6,/*?NP<2.6&),Z.6<+8P.=< 1 5/:6.TYj$V5*?<O&/.=5G,4*-NP<T.	,n&/*@NP(+*h¤�,45/N;(O�P.65 1 .6&�7'N 1 .=& 1�� *?<+&).=5),/*?NP<9\=N;7[Yj$k,4*?QOH?.=&6X���N;(+5�\6NP<kz).6\6,4(O5/.=5�H � :6�;.=<F,4(+.6H?H-.fgNP<+\	,4*-NP< 1 .�7
$;5)>@(j$;8P.�$;&)&/Nh\=*-:=.'¤ Φm2

NP<�f $V*-,3H-.K\�$;H-\=(+H^l�*?H-H?(+&G,45/:dYj$;5]HJ$
�j8;(+5/. B X > GOl�YyNP(+53H?$



�� ������!��'(��"$���/)�� ����������	���������) �
� ���&�����s�B��� ����� ����	������ _�D
�

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

���������
���������
���������
���������
���������
���������
���������
���������
���������
���������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

�����������
�����������
�����������
�����������
�����������
�����������
�����������
�����������

0

1

1

2

2

2

33

2

2

2

1

1

0
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222

11

0

0 1 1 2 2

2

3

g

r

g−1

 �"!9� B X > G # mhoh7':6,/5/*?.3&).=H-NP<wHJ$ 1 *?$;8PNP<j$VH?.£Y+5)*?<+\6*?Yj$VH?. 1 .6&ZY�NPHLoPNP7'*?<ONP&UYj$;5/$;H?H-:=H-NP8P54$V7[7'.=&
&/(O*-,4.K>@(j$V&/*L� 1 :=\65/NP*-&/&/$;<F,4. 0, 0, 0, 0, 0, 0, 1, 2

.6,9&).=&]Y+5/N;H?NP<+8;.=7'.=<F,4&3Yj$V53H?.=&£�V$;H-.=(+5)&
0, 1, 2

.6,
3
Xm`(+5}HJ$£�j8;(+5/.VlhN;<
:6,/*?>@(+.	,4.IYj$;5

i
H-.=& \�$V&/.=& 1 .=&}\=N;H?NP<+<O.=&v$az)NP(O,/:=.=&vH?NP5)& 1 .IHJ$]H?.=\	,4(+5). 1 .MH?$]�V$;H-.=(+5

i 1 $;<+&ZH?$R&/(+*L,4.]>@(j$;&/*�� 1 :6\=5)NP*?&)&4$;<F,4.VX

�����������������������������������������������
�����������������������������������������������
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 �"!9� B X=A D # #%$RfgNP<+\	,4*?N;< 1 .97[$;5)>h(+$;8P. freflexion

S�.=&U\=$;H?\6(+H?&6l@.6, 1�� $V(O,45).=& 1 .M\=.	,�$;\=$;Q+*-, 1 N;<@,�NP< 1 *?&/Yy.=<O&/.£H-.IH-.=\	,4.=(O5=lhY�.65/7'.6,/,/.=<F, 1 .�\=N;<kz).=\��,4(O5/.=59HJ$2fgNP<+\	,4*-NP< 1 .[7[$;5/>@(j$V8P. freflexion
Y�N;(+5TH-.�7[N 1 . Φm2

Xn#�.'54$;<+8
k 1 .[H?$¢\6NP<+&G,45/(O\6,4*-NP<.=&G,�H?.I<+NP7dQ+5/. 1 .£Y+*-\=&�$;Y+5/e6&�H?$ 1 .65/<+*-e=5/. 1 NP(+QOH?.	� 7[N;<@,/:=. 1 (�\W{+.67[*-<�X � <
<h(O7[:65/N;,/.�\=.6&UY+*-\=&}.=<Yj$;5G,W$;<F, 1 .3HJ$T�j< 1 (w\W{+.67[*-<�Xjmh(+5UH?.�Y+*?\£<@(+7':=5)N;,4: i

NP<wY+HJ$;\6.£HJ$T7
$;5)>@(+.
i− 1
Xjm`(+5UH-. 1 .=5)<+*?.65&/N;7[7'.6, 1 (w\W{+.67[*-<�N;<¢YOHJ$;\6.3H?.=&Z7[$;5/>@(+.6& kkk − 1 . . . 10

Xj#%$��+8P(+5/. B X=A D 1 N;<+<+.9(+<w.	�`.=7'Y+H?.VX
� )���� ) �	��
 � ��� � � � �*& �D� $ �*& $� ��� . ��� � , �

freflexion

� � � � � ������9 �0� �
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 !	�1�4��0 % ���(� ��0���'�./�

1

0

2
2

0

���	�2� 
 !	�1�4��0 % ���(� ��0���'�./�

0

1

23

4

4
3
2
1
0

1

5
5

v

vivi

i = 1 < k = 4 i = 4 = k

 �"!9� B X8A _ # �I<+.]*?<+&).=5G,4*?N;<2&/.=H-NP<¢HJ$dfgNP<+\	,4*-NP< 1 .]7
$;5)>@(j$;8P. freflexion

X
m`NP*L,

v
(+<�\W{O.=7'*?< 1 .£|Moh\W~ 1 NP<F,�HJ$T\6NP<+&G,45/(O\6,4*-NP< freflexion(v)

.=&G, 1 .M54$;<+8 k
X � <
\=NP<+&)* 1 e65/.H � *?<O&/.=5G,4*-NP< 1 .RYj$;&£&)(+5£H-.=&�7[$;5)>h(O.=& 1�� *-< 1 *?\6. i ≤ k

>@(+*�\=NP< 1 (+*-,�$;(�\W{+.67[*-< vi
X�#%$[�+8P(+5/. B X=A _*?H-H?(+&G,45).£H?.6& 1 .=(`�¢\=$;& 1 *?&)\=(O,/:=&]�

i = k � � <2*?<+&)e=5).3(+<2Y+*?\£¤RHJ$T�j< 1 (2\W{O.=7'*?<�l f(vi)
.=&G, 1 NP<+\�(+<+.3\=N;<+&),/5/(+\	,4*?N;< 1 .£54$;<O8 k + 1Y+(O*?&/>@( � NP<�$�$az)NP(O,/:9(O<�Y+*-\]$;Y+5)e=&ZHJ$ 1 .65/<+*-e=5/. 1 NP(+Q+H-.97'NP<F,4:6.

i < k � � <�*?<O&/e=5).�(+<
Yj$;&�7'NP<F,W$V<@,U$��;$V<@,�H?.IY+*?\MY�N;5),W$V<@,vHJ$97
$V5/>@(+. i \=.M>h(O*�\=5):=.65U(+<+. 1 NP(+Q+H-.7'NP<F,4:6.;X%#�.=&]Y+*-\=&]7
$V5/>@(+:=&]Yj$V5
j > i 1 $;<+& v

<O.'&)NP<F, 1 NP<+\�Y+H?(O&37
$;5)>@(+:=& 1 $;<O& vi
>h(O*.6&),I(+<+.]\=N;<+&),/5/(+\	,4*?N;< 1 .]5/$;<+8 i + 1

X
2

#%$ZfgNP<O\6,4*-NP< 1 .}7
$V5/>@(+. freflexion

.6&),�\=NP7'Y+H-e6,4. 1 NP<+\ H � $;Y+Y+H-*?\=$V,4*-NP< Ifreflexion

.6&),nQ+*-.=< 1 :6�j<O*?.;X#�.]H?.=7'7'.£&/(+*L�V$;<F,Z\=NP7'Yj$;5).3\=.6,),4.T$;Y+Y+H-*?\=$V,4*-NP<�¤
g−1 ◦ r ◦ g ◦ Φ(xBB,xAA)

�
� )���� ) �	��
 � � � � � �D� ��� $ � � � $ �*&

Ifreflexion

� � � � , �]� � # g−1 ◦ r ◦ g ◦ Φ(xBB,xAA) �
� ! ) ��� ) � #%$'Y+5).=(O�;.T.6&),I(+<+.]5):=\=(O5/5/.6<+\=.T&/(+5ZH?$RH?NP<+8;(+.=(+5 n 1 .]&)(+*-,/.=&Z>@(j$;&/*�� 1 :6\=5)NP*?&)&4$;<F,4.6&=X
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� ���&�����s�B��� ����� ����	������ _�D G

��� ��� ���	� � )�
 ) !��� � ! !*) , � )�� ��NP(O59,/NP(O,4.'&/(O*-,4.[>@(j$;&/*�� 1 :6\=5)NP*?&)&4$;<F,4. s = s1, . . . , sn 1 .'H?NP<`�8P(O.=(+5
n
NP<¢$

g−1 ◦ r ◦ g ◦ Φ(xBB,xAA)(s) = Ifreflexion
(s).

� % ��
")�� % � )�� ��NP(+5 n = 0
.6,

n = 1
l�(+< Yy.6,4*L,R\=$;H?\6(+H�Yy.=5)7[.	, 1 .��P:65/*L�j.=5KH � {FohY�NV,4{+e6&/. 1 .5):=\=(O5/5/.6<+\=.VX

� � !��
 '�� ��� � <2&/(+Y+YyNP&).£H � {Fo`YyN;,/{+e=&). 1 .£5/:6\=(+5)5/.6<+\=.]&4$k,4*?&Gf $;*-,/.�$V(�54$;<O8 n
XOm`NP*-,

s = s1, . . . , sn(+<O.M&)(+*-,/.I>@(j$V&/*L� 1 :=\65/NP*-&/&/$;<F,4. 1 .MH-NP<+8P(O.=(+5 n .6, u H?.�\W{+.67[*-< g−1 ◦ r ◦g ◦Φ(xBB,xAA)(s) =
Ifreflexion

(s).
� < \W{+NP*-&/*L,R(+<+.��V$;H-.=(+5

sn+1

*?<Ofg:65/*?.6(+5/.[NP( :=8F$VH?.�¤
sn + 1

.6,KNP< 1 *?&/\6(O,4.Vl&).=H?N;<�HJ$w�V$;H?.6(+5T5).=H?$V,4*L�P. 1 . sn

.6,
sn+1

l 1 .=&d*?<+&).=5),/*?NP<O&TYj$V5 g−1 ◦ r ◦ g ◦ Φ(xBB,xAA)

.	,
Ifreflexion

XF�I<+.Z5/.=7[$;5)>h(O.I\6H?:�.6&),}>@(+.MH?$£Q+*�z).6\6,/*?NP<
g−1 ,45/$;<+&)fgN;5/7'.�HJ$£H?N;<+8P(+.6(+5 1 .ZHJ$3H?*-8P<+.&)(+Y�:65/*-.=(+5). 1�� (+<Y�NPHLoPNP7'*?<ON p

.6<H-.�<+NP7RQ+5). 1 .[YO*?\=&9$;YO5/e=&9HJ$ 1 .65/<+*-e=5). 1 N;(+Q+H?.���7'NP<F,4:6.1 (¢\W{+.67[*-< g−1(p)
X

< ' sn+1 < sn + 1 � � < \=5/:6.i(+< \65/.6(`� ¤ HJ$q{+$;(O,4.6(+5 sn+1 1 $;<+&xH-.�\W{+.67[*-< 1 .i|Moh\W~
Φ(xBB,xAA)(s1, . . . sn).

S�.=HJ$x$xY�N;(+5d\6NP<+&/:6>@(+.=<+\6. 1�� $az)N;(O,4.65d(+<+.
\=NPH-NP<+<+. 1 .�{j$;(h�,/.=(+5
sn+1 + 1

¤"HJ$ 1 5)NP*-,/. 1 ( YyNPH-o;NP7'*?<+N�Yj$;54$VH?H?:6H?NP8;54$;7'7[.K>@(+.2H � N;<iNPQO,/*?.=<F,KY+$;5
g
X�S�.6,/,/.�\=NPH-NP<+<+. 1 .6�h*?.6<@,](O<+.KH?*-8P<+.d&)(+Y+Y+H-:=7'.=<F,W$V*?5/. 1 .R,W$;*-H?H-. sn+1 + 1

$;(`� 1 .=&)&/(+&1 (qYyNPH-o;NP7'*?<+N�5/:=&)(+H-,4$;<F, 1 .wHJ$x5):�Cj.��`*?NP< r
X�# � $az)N;(O, 1 .2\=.	,/,/.¢H-*?8P<O.�\=NP5)5/.6&/YyNP< 1 ¤H?$�&/(+5):=H-:6�V$V,4*-NP< 1�� (+<+.�{j$V(O,4.6(+5 1 1 .6& sn+1 + 1 1 .=5)<+*?.65/&3Y+*-\=&£&)(+53H?.d\W{+.=7'*?< u

X�bc<,/.=5)7[.6& 1�� *?<+&).=5),/*?NP<�lyN;<"*?<+&)e=5).dQ+*-.=<"(+<xYj$;&�7'NP<F,W$V<@, 1 $;<+&MH?.9&/NP7'7'.6,M7
$;5)>@(+:dYj$V5
sn+1

.6,�(+<2Y+$;& 1 .=&)\=.6< 1 $;<F,I¤RHJ$9�j< 1 (2\W{+.67[*-<�\=.3>@(+*�\=NP5)5/.=&)Y�N;< 1 ¤dHJ$TfgN;<+\6,/*?NP< 1 .7[$;5)>h(+$;8P.
freflexion

X
< ' , � , sn+1 = sn + 1 � � < $;(O8P7[.6<F,4. 1 . 1

H?$iH?NP<+8;(+.=(+5 1 .�HJ$ 1 .65/<+*-e=5). 1 .=&)\=.=<F,/. 1 (\W{O.=7'*?<
Φ(xBB,xAA)(s1, . . . sn).

S�.6HJ$�$;8;54$;< 1 *-, 1�� (+<O.R\�$;&).R�P.65/&3H?.T{j$;(O,£HJ$ 1 .65/<+*-e=5).\6NPH?N;<+<+.2¤ 1 5/NP*L,4. 1 ( Y�N;H-oPN;7[*-<+N�N;QO,4.6<h( Yj$V5 g
X�mh(+5RH?.'YyNPH-o;NP7'*?<+N�NPQO,4.6<@( Yj$;5dH?$5):�Cj.��`*?NP<

r
lFH?$]H-*?8P<O.U&/(+Yy:=5)*?.6(+5/.M$;(+8P7'.=<F,/. 1�� (+<O.M\=$;&/.Z�P.65/&�H?$ 1 5/NP*L,4.VX@m`(+5}H?.�\W{+.67[*-<

u
l`\=.6,),4.3,45/$;<+&GfgNP5/7[$V,4*-NP<
\6NP< 1 (O*-,�Q+*-.=<w¤RH � *-<+&/.65),4*-NP< 1�� (+<wY+*-\3¤RHJ$9�j< 1 (w\W{+.=7'*?<2.	,\6NP5/5).=&)Y�NP< 1 ¤KHJ$dfgNP<O\6,4*-NP< 1 .]7
$V5/>@(j$;8P. freflexion

X
2

#%$9Y+5)N`\W{+$;*?<+.I:6,4$;Yy. 1 $;<+&}HJ$35/.6\W{+.=5)\W{+. 1 . Φm2

.=&G, 1 .Z,45)NP(O�;.=5}(+<�$;H-8PNP5)*-,4{O7[. 1 .M5):=:=\65/*L,4(+5).1 .6&M7[$;5/>@(+.6&M>@(+*%\6NP5/5).=&/YyNP< 1 .R$;(`�¢*-<+&/.65),/*?NP<+&Z&).=H?N;<�H?$KfgN;<+\6,/*?NP< 1 .97
$;5)>@(j$;8P. freflexion

X���N;(+5
1 .6&[5/$;*?&)NP<+&K>@(+*Z$;Y+Y+$;54$ � ,45)NP<F, 1 $;<+&�HJ$"Y+$;5),/*?.2&/(O*-�V$;<F,4.wNP< 5/.	,W$;5 1 . 1 .w>h(O.=H?>@(+.6&[Y+$;8P.=&�\6.6,/,/.:6,/( 1 .VX
� ��
 % � )�
�� � , )�� ' � )�� �*' � , 
")�� !*)�� ) ! % �
|£$;<+&
pr#%$;H G > uCln#%$;HJ$V<+<+.�Y+5/:6&/.6<@,/.
(+<O.[*-<@�;NPH?(`,4*?N;<�&)(+59H?.=&97'N;,4& 1 .[|Moh\W~ 1 (+.[¤ E35/.DF�.654$;&6X� < 5/$;Y+Yy.=H-H?.�Q+5/*-e6�;.=7'.=<F,x\6.6,),4.�Q+*�z).6\6,4*-NP< Y+(+*-&�NP< \W{+.65/\W{+. ¤ HJ$ \6N 1 .65�.6H?H-.�$;(+&/&)*TY+$;5 1 .=(`�$;Y+YOH?*?\=$V,4*-NP<+& 1 :6�j<O*?.=&IYj$;5�*-<+&/.65),/*?NP< 1 NP<F,Z(+<O.T.6&), Φ(xBB,xAA)

X
#%$��j8P(O5/. B X=A B 1 N;<+<+.¢(+<�.��O.67[YOH?. 1 .�\6.6,),4.¢*?<F�PNPH-(O,4*-NP< h

X � <q\=NP<+&)* 1 e65/.¢(+<�\W{O.=7'*?< 1 .|Moh\W~
u
X � < 1 :6�+<+*-,]\6NP7[7'.R&)(+*-,]H-.R\W{+.=7'*?< h(u)

X�bc<�\W{j$;>@(+.�&/NP7'7'.6, 1�� (+<+. 1 N;(+Q+H?.K7'NP<F,4:6.



_P_�D ���������
	������������������������	������������! ��#"$�����%�&��'(���&��)��*�,+!�%-

���������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������
���������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������������

0
0

1
1

2
2

3
3

4
4

01

23

4
4
3
2
1
0
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 �"!9� B X8A B # # � *-<@�;NPH?(`,4*?N;< 1 .^E]5).�Fv.=5/$;&M&)(+5ZH?.6&I\W{O.=7'*?<+& 1 .9|Moh\W~
NP( 1�� (+<O. 1 NP(+Q+H-. 1 .6&/\6.=<F,4. 1 ("\W{O.=7'*?< u

NP<",/54$;\6.dHJ$ 1 .=7'*L� 1 5/NP*L,4.]<+NP5)7
$VH?.9$;(`�xYj$;&£*-<+\=* 1 .=<F,/&$;(&/NP7'7[.	,9>h(O*v*-<@,/.=5)&/.=\	,4.[H � $k�`.[{+N;5/* 56NP<F,W$;H^X%S�.=& 1 .=7'*L� 1 5/NP*L,4.6&3&/NP<F,T.=<iYyNP*?<F,/*?H?H-:=&£8;5/*?&9&/(O5TH?$�j8P(O5/.;lcH-. 1 :6Q+(O,'.6,�H?$x�j< 1 (q\W{O.=7'*?< &/N;<@, 1 .6&�\�$;& 1 :68P:=<+:65/:6& 1 . 1 NP(+Q+H-.27[NP<F,/:=.2.6, 1 NP(+Q+H-.1 .6&/\=.6<F,4.;Xy��$;5),4$;<F, 1 (w&/NP7'7[.	,Z$;( 1 :6Q+(O, 1 (w\W{+.67[*-< u
l`NP<wNPQO,/*?.=<F,�H-.£\W{+.67[*-<

h(u)
.=<w&/(O*-�V$;<F,HJ$ 1 .67[*�� 1 5)NP*-,/.R.6,d¤w\W{j$;>@(+.
*-<F,4.=5)&/.6\6,4*-NP<�.6<F,45/. 1 .67[*�� 1 5)NP*-,/.=&3NP<�\W{j$;<+8;. 1 . 1 .67[*�� 1 5)NP*-,/.��%NP<& � :=H-NP*?8;<+.;l`5/.=&)Y�.6\6,/*-�P.67[.6<F,M&).]54$;Y+YO5/Nh\W{+.;l 1 .3H � $k�`.3{+NP5/* 5=NP<F,4$;H�&)(+5�(+<+. 1 .67[*�� 1 5)NP*-,/.�*-&/&/(O. 1�� (O<+.1 NP(OQ+H?.���7'NP<F,4:=.Vl+5/.6&/Yy.=\	,4*-�;.=7'.=<F,M(+<+. 1 NP(+QOH?.	� 1 .=&)\=.6<@,/.;X|�.=&Z, �k,4NP<+<O.=7'.=<F,4&Z&/*-7[*-HJ$;*-5/.6&�¤K\=.6(`� 1 .]H � :	,4( 1 . 1 .]H?$R5/:�C+.	�`*?NP<w&)(+5ZH?.=&�YyNPHLoPNP7'*?<+N;&UYj$;5/$;HL�H?:6H?NP8;54$;7'7[.6&Z\=NP< 1 (+*?&).=<F,9¤�\=NP<az).=\6,/(+5/.653HJ$[fgN;<+\6,/*?NP<"7[$;5)>h(+$;8P.R\6NP5/5).=&/YyNP< 1 $;<F,9$;(`��*-<+&/.65),/*?NP<+&1 $;<O& h(u)

¤RHJ$R&)(+*-,/. 1�� (+<+.]*?<+&).=5G,4*?N;< 1�� (O<¢YO*?\ 1 $V<+&ZHJ$ 1 .65/<+*-e=5). 1 .=&)\=.=<F,/. 1 (w\W{+.67[*-< u
X+S�.6,),4.fgNP<+\	,4*-NP< 1 .v7[$;5)>h(+$;8P.c.=&G, freflexion

\=.=H-H?.c>@(+.}H � NP<9$I:68F$;H-.=7'.=<F,n(O,4*-H?*?&):=.�YyNP(+5%\6N 1 .65%HJ$�5/:DCj.	�`*?N;<��#%$KY+5/NPYyNP&)*-,4*-NP<2&/(O*-�V$;<F,4.]\=N;<O�j5/7'.3\=.	,/,/.T\6N � <+\6* 1 .6<+\=.VX
� )���� ) �	��
 � ��� � � �D� ��� $ � � � $ �*&

Ifreflexion

 ��� &2$ � ��� . $"&�� �/. � $ �*&�� � � �*& � � � �*& �D� $ �*& $� ��� . ��� � , �
freflexion

� � � � , �]� � # � � � $ � ���D� $ �*&
h ◦ Φ(xBB,xAA) �

� ! ) ��� ) �
#%$'Y+5).=(O�;.T.6&),I(+<+.]5):=\=(O5/5/.6<+\=.T&/(+5ZH?$RH?NP<+8;(+.=(+5 1 .=&I&/(+*L,4.=&Z>@(j$;&)*L� 1 :=\65/NP*-&/&4$V<@,/.=&6X

��� ��� ���	� � )�
 ) !��� � ! !*) , � )�� ��NP(O5 ,4N;(O,4. &)(+*-,/. >@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/. s1, . . . , sn

N;< $
Ifreflexion

(s) = h ◦ Φ(xBB,xAA)(s)
X

� % ��
")�� % � )�� ��NP(+5 n = 0
.	,

n = 1
(+<�Yy.6,/*-,Z\=$;H?\6(+H�&/(8:',=X

� � !��
 '�� ��� � <�&)(+Y+YyNP&/.9H � {Fo`YyN;,/{+e=&). 1 .95/:6\=(+5)5/.6<+\=.9�;$VHJ$;Q+H-.£YyNP(+5 n Xym`N;*-, s = s1, . . . , sn
(O<+.&)(+*-,/.�>h(+$;&/*�� 1 :6\=5/N;*?&/&/$;<F,4.�.	, v = Ifreflexion

(s) = h ◦ Φ(xBB,xAA)(s)
X � < \=NP7'Yj$;5)."H?.6&*-<+&/.65),4*-NP<+& 1 .RYj$V&�&/.6H?NP< h ◦ Φ(xBB,xAA)(s)

.	,
freflexion

X�m`N;*-,
sn+1 ≤ sn + 1

l�NP< 1 *-&/\=(`,4.1 .6&I�V$;H-.=(+5)&Z5/.=H?$V,4*L�P.6& 1 . sn

.6,
sn+1

X�#%$K�j8P(+5). B X8A > *?H-H?(+&G,45/.�H?.]Y+5/N;Y�NP&6X�m`(+5Z\=.6&�&/\W{O:=7[$;&
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A
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B

B

sn+1 = 3 < sn + 1 = 5
sn+1 = 5 = sn + 1
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1
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4
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23
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5
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6
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0

 �"!9� B X=A > # ��<+&).=5),/*?NP< 1 .]Yj$V&IYyNP(+5Z(+<O.9*-<F�PNPH-(O,4*-NP< 1 .^E35/.�Fv.=5/$;&
H-.�\W{+.67[*-<�*?<Ofg:65/*-.=(+5}.=&G,

v
.6,�H-.�\W{+.67[*-<�&/(+Yy:=5)*?.6(+5U.=&G,

h−1(v).
< HJ$TH-.=\	,4(+5). 1 . sn+1

&).=H-NP<
h ◦Φ(xBB,xAA)

NP<
*-<+&/e65/.�(O<
Y+*-\�¤9HJ$]{j$;(O,/.=(+5
sn+1 1 $V<+&�H?$ 1 .65/<+*-e=5). 1 .6&/\6.=<F,4. 1 . h−1(v)

X� <w�P.=(`,£7'NP<F,45/.65Z>h(O.
h ◦ Φ(xBB,xAA)(s1, . . . , sn+1)

\6N � <+\6* 1 .9$��P.6\dH � *-<+&/.65),4*-NP< 1 .6&�Yj$;& x.	,
x 1 $;<+& v $;(`�wYyNP&)*-,4*-NP<+& 1�� *-< 1 *?\6. sn+1

X
< ' sn+1 < sn + 1 � # � *?<O&/.=5G,4*-NP< 1 (YO*?\ 1 :=\=$;H?.�H?$ 1 NP(+Q+H-. 1 .=&/\6.=<F,4.[*?&)&/(+. 1 (&/NP7'7[.	, AYyNP5G,W$;<F,cH-.=&�7[$;5)>h(O.=& 1�� *?< 1 *?\=. sn+1 1 $V<+& h−1(v)

XFm`(+5�HJ$I�+8P(+5/.�NP<KNPQO,/*?.=<F,�H?.�\W{O.=7'*?<
1 $;<+&3H?.T\=NP*-<"&/(OY�:65/*?.6(+5 1 5)NP*-,�.=<�\W{+N;*?&/*-&/&/$;<F, sn+1 = 3

X�S�. 1 :=\=$;HJ$;8;.R\=NP5)5/.6&/YyNP< 1 ¤*-<+&/:65/.65 1 $;<+& v (O<�Yj$;&U7'NP<F,W$V<@,U$��;$V<@,UH?.IY+*?\M<h(O7[:65/N;,/: sn+1

.	,U(+<2Yj$V& 1 .=&)\=.6< 1 $;<F,¤�HJ$d�+< 1 (¢\W{+.67[*-<�X�S�.=H?$K\=NP5)5/.=&)Y�N;< 1 ¤KHJ$dfgN;<+\6,/*?NP< 1 .]7[$;5/>@(j$;8;. freflexion

X
< ' , � , sn+1 = sn + 1 � # � *?<+&).=5G,4*?N;< 1 (xY+*-\3\=5/:6.d(+<O. 1 N;(+Q+H?.]7'NP<F,4:6. B 1 $;<O&MH-.3\W{+.=7'*?<

h−1(v)
XOm`(+5�H?$]�+8P(+5/.VlOH-.M5):=&/(OH-,W$k, 1 .�H � *?<+&).=5),/*?NP<'& � NPQO,/*?.6<@,�&/(+5vH � .	�`.=7'Y+H-.M.6<2\W{+NP*?&)*?&��&/$;<F,

sn+1 = 4
X@#%$ 1 .67[*�� 1 5)NP*-,/.U*?&)&/(+. 1 .I\=.6,),4.I<+NP(O�;.=H-H?. 1 NP(+Q+H-.	� 7[NP<F,/:=. B *?7'Y+H?*->h(O.H � $VY+Yj$;5)*-,4*-NP< 1�� (+<�Y+*-\x¤�HJ$��j< 1 (�\W{+.=7'*?< v

XvS�.6HJ$\6NP5)5/.=&)Y�N;< 1 ¤H?$�fgN;<+\6,/*?NP< 1 .7[$;5)>h(+$;8P.
freflexion

X
2

��H�ow$ 1 N;<+\3(+<¢H?*?.6<�.=<F,/5/.]H � *?<F�PN;H?(O,/*?NP< 1 .eE35/.�Fv.=5/$;&Z&/(+5ZH-.=&U\W{+.67[*-<+& 1 .9|Moh\W~�l�HJ$dQ+*�z).=\	,4*?N;<\�$V<+NP<+*->h(O. 1 .'|�.=H-.=&),].	,e?£*?.6<+<+N;,£.=<F,45).'\W{O.=7'*?<+& 1 .'|Moh\W~�.	,]Y�NPHLoPNP7'*?<ONP&�Yj$V5/54$VH?H?:6H?NP8;54$;7'7[.6&.6,IH?$R5/:�C+.	�`*?NP<¢Yj$;5�5/$;Y+YyNP5),I¤�HJ$RYO5/.=7'*?e65/. 1 *?$;8PNP<+$;H?. 1 .=&IY�N;H-oPN;7[*-<+NP&�Y+$;54$;H-H?:6H?NP8P5/$;7'7[.6&=X
� ! � ����� '��*' � ,��	��
�
� � $"& �]� � �$� $ �*& $����. �
	h�/. � �

h
� � � � , �]� � # � � $"& �]� � �$� $ �*& g−1 ◦ r ◦ g

���
g
� � �



_P_aB ���������
	������������������������	������������! ��#"$�����%�&��'(���&��)��*�,+!�%-

� � � $ � ���D� $ �*& � � �)&��*&2$ �����	��� & � . � � � � � � � �%$"&�� $���������f�D� � � �,��� � � � �%$"&�� �9��� . �]��� � � � , . �]�4� � � �D�
r
� � � � � . ���W�x¡ $ �*&/��� .�. �D� ��� .D� # � �^� . � �%$39 . �� $ � ,$�*&��]� � $� � � �9��� � � � �%$"&�� � �

� ! ) ��� ) � | � $;Y+5/e6&MH-.=&ZH?.67[7'.=&
B X _�D X ¦ .	, B X _�D X=A�NP<�$

h ◦ Φ(xBB,xAA) = Ifreflexion
= g−1 ◦ r ◦ g ◦ Φ(xBB,xAA).

S�NP7'7[.
Φ(xBB,xAA)

.=&G,�(+<+.3QO*�z).=\	,4*-NP<�NP<2.6< 1 : 1 (+*L,�Yj$;5�\=NP7'Y�N;&/*-,/*?NP<
¤ 1 5)NP*-,/.£Yj$;5 Φ−1
(xBB,xAA)>@(+.

h = g−1 ◦ r ◦ g.

2

� % ! ' % , � ) 
") : � %;: � � ! '��� � ) ��� � ! : % $ � , � �*' � , 
 ) � % !�� � % � )
#%$�Q+*�z).6\6,4*-NP<

h ◦ Φ(xBB,xAA)

.=<F,/5/.RH-.=&£&)(+*-,/.=&£>@(j$;&)*L� 1 :=\65/NP*-&/&4$V<@,/.=&£.	,3H?.6&�\W{+.67[*-<+& 1 .R|Moh\W~Yy.=(O,Z&). 1 :6�j<+*-5�8P5	�V\=.]¤RHJ$dfgN;<+\6,/*?NP< 1 .37[$;5)>h(+$;8P. freflexion � .=H-H?.MY�.6(O,M$;(+&/&)*�&/. 1 :	�j<+*-5Z¤RH � $;* 1 .1 .�5/:6:=\65/*-,/(+5/.KH-N`\=$;H?.6&=X���NP(+5]7'.6,),45/.�¤Tz)NP(O53H?.=&37[$;5)>h(O.=& 1 .KHJ$�\6NP<+&G,45/(O\6,4*-NP< 1 .'|Moh\W~�NP< 1 NP*-,(O,/*?H?*-&/.65
H � $;H-8PNP5/*L,4{+7'. � l�(O<+.�<+NP(O�;.=H?H-.x�V$;5/*?$;<F,4. 1 .�H � $VH?8PNP5)*-,/{+7[.w8P:6<+:=5/$;H
> XUS�.6,�$;H-8PNP5/*L,4{+7'.*?<F,/5/N 1 (+*-,�(+<+.K<+N;(O�P.6H?H?. 1 *?&G,4*?<O\6,4*-NP<�l�NP<�(O,/*?H?*-&/. 1 .=(h��7[N 1 .6& 1�� *?<+&).=5),/*?NP<O& 1 *-¥�:=5).=<F,4&3&).=H-NP<�>@(+.

si ≤ si−1

NP(w>@(+.
si = si−1 + 1

X
bc<@,/5/:6.[���I<+.]&/(+*L,4.3>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/. s = s1, s2, . . . sn ���$;5/$;7'e6,45).��j|�.=(h�¢7[N 1 .=& 1�� *?<O&/.=5G,4*-NP<+& m1

.6,
m2

CheminMarque
���

00 ���� �"! i
�]��� �)& � $�

1 # n $&%(' !*)m`(+YOY+5/*-7[.65�H?.=&�7[$;5)>h(O.=& 1�� *?< 1 *-\=.6&I&)(+Yy:=5/*-.=(+5)&I¤ si �� ' i > 1
�D�

si = si−1 + 1 % : � ! ���<+&):=5).=5IH?.=&�7[$;5)>h(O.=&Z&/.6H?NP<¢H?.37'N 1 . m1 �� ' , � , ��<+&):=5).=5IH?.=&�7[$;5)>h(O.=&Z&/.6H?NP<¢H?.37'N 1 . m2 �+ ,+-,m`(+Y+YO5/*?7'.=5�H-.=&Z7[$;5/>@(+.6& 1 . CheminMarque �m`NP5G,4*?.K��#�.3\W{+.67[*-<
CheminMarque �

�MH?8PN;5/*-,/{+7'. � ���MH?8PN;5/*-,/{+7'. 1 *-&/\=(`,W$;<F,IHJ$RYyNP&/*L,4*-NP<25/.6HJ$V,/*-�P. 1 . si

.	,
si−1

��NP(O59N;QO,4.6<+*?5 1 .=&]\=NP<O&),45)(+\6,/*?NP<O&3>h(O*c\=NP5)5/.=&)Y�N;< 1 .=<F,T¤2HJ$[fgN;<+\6,/*?NP< 1 .K7[$;5)>h(+$;8P. freflexionNP< Yj$V54$;7'e6,/5/.�\6.6,�$;H-8PNP5)*-,4{O7[.'Yj$;5
m1 = σ ◦ (xB, xABA)

.6,
m2 = (xA, xBBA)

X�S�NP7[7'.YyNP(+5}H?.=&�$;H?8;NP5/*L,4{+7'.=&cYy:=5)*?N 1 *?>@(+.6&vNP< 1 :6�j<O*-,v(+<+.£&Go`<F,4$k�`.£Y�N;(+5�\6.�Yj$;5/$;7':6,45/$;8P.Z>@(+.£H � NP<[<+N;,/.
[m1|m2]·
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� ! � ����� '��*' � ,��	��
 � � � �s� $�
[σ ◦(xB, xABA)|(xA, xBBA)]

� � � � � ����� � $��L� � ��� ��� � � � �*& �D� $ �*&
$� ��� . ��� � , �

freflexion

�

Ifreflexion
= Φ[σ◦(xB,xABA)|(xA,xBBA)].

� ! ) ��� ) �`� <df $;*L,�(O<+.�5):=\=(O5/5/.6<+\=.�&)(+5�H?$MH?N;<+8P(+.6(+5 n 1 .=&�&/(+*L,4.=&�>h(+$;&/*�� 1 :6\=5/N;*?&/&/$;<F,4.6&=XP|�$;<+&�\6.6,/,/.

4
*2���(0��/�(� �=0����

(xB, xABA) 2
*2���(0��/�(� �=0����

(xA, xBBA)

� �/��� % '3� ',
�0��
σ

01

23

4

4
3
2
1
0

4
3
2
1
0

0

12

34

2

1 0

3
3
2
1
0

01

23

4
4
3
2
1
0

5
5

5
5

 �"!9� B X8A2A # S�N;7[Yj$k,4*?QO*?H?*L,4: 1 ( [σ ◦ (xB, xABA)|(xA, xBBA)]
$��P.6\

freflexion

X
Y+5).=(O�;.TNP<¢YyNP&/.

m = [σ ◦ (xB, xABA)|(xA, xBBA)]
.	,

f = freflexion

X
��� ��� ���	� � )�
 ) !��� � ! !*) , � )�� ��NP(O5n,/NP(O,4.v&/(+*L,4. s = s1, . . . , sn 1 .vH?NP<O8P(+.=(O5 n lVN;<R$ Φ+

m(s) =
f(Φ

+
m(s))
X

� % ��
")�� % � )�� �nNP(+5 n = 0
.6,

n = 1
(+<�\�$;H-\=(+H�.��`Y+H?*-\=*-,/.3Y�.65/7'.6, 1 .]�P:65/*-�+.=5IH � {@ohYyN;,4{Oe=&/. 1 .5):=\=(O5/5/.6<+\=.VX

� � !��
 '�� ��� � <2&/(+Y+YyNP&).£H � {Fo`YyN;,/{+e=&). 1 .£5/:6\=(+5)5/.6<+\=.]&4$k,4*?&Gf $;*-,/.�$V(�54$;<O8 n
XOm`NP*-,

s = s1, . . . , sn(+<O.x&/(O*-,4.¢>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/.;X � <�<+N;,4. v
H?.¢\W{+.67[*-<

Φm(s1, . . . , sn)
X}| � $;Y+5/e6&�H � {FohY�NV�,/{+e=&). 1 ."5/:6\=(+5)5/.6<+\=. Φ+

m(s1, . . . , sn) = f(v)
X � <�\W{+NP*-&/*-,

sn+1
l�NP<�<+N;,4.

u
H-.x\W{+.67[*-<

Φm(s1, . . . , sn+1)
.6,�NP< \=NP7'Yj$;5).xH-.=&�\6NP<+&),/5/(+\	,4*-NP<+&

Φ+
m(s1, . . . , sn+1)

.6,
f(u)
X ��HMo�$

1 .6(`� \�$V&[¤ 1 *-&),/*?<+8P(O.=5K&/(O*-�V$;<F,�H?.27'N 1 . 1�� *-<+&/.65),/*?NP< (O,/*?H?*-&/:VX�#%$"�j8P(+5).
B X=A2A�*-H?H?(O&),45).�H?.Y+5)NPYyNP&=X



_P_ A ���������
	������������������������	������������! ��#"$�����%�&��'(���&��)��*�,+!�%-

< ' sn+1 = sn + 1 � |£$;<+&2\6.�\�$;&�N;< (O,4*-H?*?&).�H-."7'N 1 . 1�� *?<+&).=5),/*?NP< (xB, xABA)
\=.">@(+*\65/:6.[(+<�Y+*-\�¤2HJ$
�j< 1 (�\W{+.=7'*?< v

X�#%$2Yy.=5/7d(O,W$V,/*?NP<
σ
Yy.=5)7[.	,].=<+&)(+*-,/. 1 . 1 :=\=$;H?.65H-.=&�*-< 1 *?\6.=& 1 .=&Z7
$V5/>@(+.=& 1 .3Yj$;&�7'NP<F,W$;<F,4&�&/(+5�H-.=&�Y+*-\=&UYyNP(+5�Y+5).=< 1 5/.3.=<w\6NP7[Y`,4.3H?.<ONP(O�P.=$;("Y+*-\d$VY+5/e6&MH?$ 1 .65/<+*-e=5). 1 N;(+Q+H?.97'NP<F,4:=.VX � <�5/.	,45/N;(O�P.TQ+*?.6<�H?$'\6NP<+&),/5/(+\	,4*-NP<

f(u)
X

< ' , � , sn+1 ≤ sn
� # � *-<+&/.65),4*-NP<�&/.6H?NP< 1 .'7[N 1 . (xA, xBBA)

\=5):=.'(+<+. 1 NP(+Q+H-.�7[NP<F,/:=.z)(O&),4.I$��V$;<F, H?.�Y+*-\�Y�N;5),W$V<@,�HJ$£7[$;5/>@(+.6& 1 .�Yj$;&c7'NP<F,W$;<F, 1�� *?< 1 *?\=. sn+1
XF#�.=& 7[$;5/>@(+.6&.	¥�$V\=:=.6&�\=NP5)5/.6&/YyNP< 1 .6<@,�¤d\=.6H?H?.IY+H?$;\=:6.=&U$��V$;<F,U\6.6,),4.£<+N;(O�P.6H?H?. 1 .=5)<+*?e65/. 1 NP(+Q+H-.M7'NP<`�,/:=. 1 NP<+\]NP<w5).6,45)NP(O�;.TQ+*-.=<wHJ$R\6NP<+&G,45/(O\6,4*-NP< f(u)

X
2

u@v u@v�� ������|%�����d�y��~#���y� � � ��� ���d|%~

|£$;<+&]\6.K\W{j$;Y+*L,45/.KN;<�$w.6&/&/$�o;: 1�� $;\6\=(+7d(+H?.65 1 .=&3.��O.67[YOH?.=& 1 .'QO*�z).=\	,4*-NP<+&�>@(+*c(`,4*?H-*?&).=<F, 1 .6&\=N;<+&),/5/(+\	,4*?N;<+& 1 .d|Moh\W~x.	,£\=.65),4$;*?<+&�$;H?8;NP5/*L,4{+7'.=& 1 .T5/:6:=\=5)*-,/(+5/.6& 1 .d\6.=&£\6NP<+&G,45/(O\6,4*-NP<+&6X�S�.6Y�.6<`�1 $;<F,I*?H�.	�`*?&G,4. 1 .=&IQ+*�z).6\6,/*?NP<+&�>@(+*%<+.]5).=<F,45).=<F,£Yj$V& 1 $;<+&I\=.]\�$ 1 5/.;X�¡n5/NP(`�P.=5 1 .],4.6H?H?.6&�Q+*�z).6\6,/*?NP<+&Yy.=(O,Z$V* 1 .65U¤R\=.65/<+.65�H?.6&UH?*-7[*L,4.=& 1 .�\�$ 1 5).;X � <2\6NP7[7'.=<O\=.�Y+$;5 1 NP<O<+.=5�(+<O.£Q+*�z).6\6,/*?NP<2$V5),4*L�j\=*-.=H-H?.>@(+*�*?H-H?(+&G,45).�&/N;(+&ZHJ$dfgNP5)7[. 1�� (+<¢\=NP<F,/5/.	� .	�`.=7'Y+H-.3(+<+.]Y+5/N;Y+5/*-:6,4:3&/$V,4*-&)f $;*L,4.£Y+$;5U,4NP(`,4.=&ZH-.=&�Q+*�z).=\	�,4*-NP<+& 1 :	�j<+*?.6&%Y+5/:6\=: 1 .=7'.=<F, 1 $V<+&�\6.v\W{+$;Y+*-,/5/.VXab <O&/(+*L,4. NP<9Y+5/:6&/.=<F,/.U(+<+. Q+*�z).=\6,/*?NP<]Y+H-(+&%<j$V,/(+5/.6H?H?.>@(+*�&/.67RQ+H-.9<O.9Y+$;&W.6,45).]\=N 1 $;Q+H-.3Yj$;5 1 .6(`�¢Q+*�z).6\6,/*?NP<+&U$��;.=\9H?.6&I&)(+*-,/.=&Z>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/.=&=X�M<9\W{+.=7'*?< 1 . |Io`\W~ u
.=&G,�¤ � &J� � � �)&-, ��$� �0$ �  � � � � �%$"&

v
&)*

u
.=&G,nH?.�7':=H?$;<+8P. 1 . v .6, 1�� (+<Y+*-\;X��M<+.K$VY+Y+H?*-\�$V,/*?NP<

g
.=<F,45).KH?.6&�&/(O*-,4.6&£>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/.=&3.	,3H?.6&�\W{+.67[*-<+& 1 .K|Io`\W~x.=&), � & ��D� ��� $ � � � $ �*&/��� . � � � �)&-, ��$� �0$ � �9&/*%YyNP(+5U,/NP(O,4.]&)(+*-,/.9>@(j$V&/*L� 1 :=\65/NP*-&/&/$;<F,4. s = s1, . . . , sn, sn+1

lH?.[\W{+.=7'*?<
g(s)
.=&G,'¤x(+< 7':=HJ$V<+8P. 1 .2Y+*?\ 1 ( \W{+.=7'*?< g(s1, . . . , sn)

X�¡nNP(O,/.=&KH?.6&K$;Y+YOH?*?\=$V,4*-NP<+&NPQO,/.=<@(+.6&R¤wYj$;5),/*?5 1 .6&d$;H-8PNP5)*-,4{O7[.6&£Yj$;5/$;7[:	,45):=&]&/NP<F, 1 .=&T$;Y+Y+H-*?\=$V,4*-NP<+&£Yj$V5T7':=H?$;<+8P. 1 .'Y+*-\=&=X# � *-<+&/.65),/*?NP< 1 .dY+$;&�YyNP(+5IH?.97[N;7[.6<@, 1 .6&�5)*?\=Nh\W{+.	,4& 1 .}<�$V8PH?(+< 1 .6<".=&G,£(+<�$V(O,45).T.��O.67[YOH?.
A
� � �HJ$RY+$;5),/*?. B X B X >FE X+�M<+.]Q+*�z).=\6,/*?NP<

f
.6<F,45/.]H-.=&�\W{+.67[*-<+& 1 .9|Moh\W~2.=&G,  ��� &2$ � �L� �L� � ��� . � � � �)&-, ��$�

�0$ � & � *-Hc.	�`*?&G,4. 1 .=(`�Q+*�z).=\	,4*?N;<+& g
.6,

h
>@(+*}&/NP<F, 1 .=&d$;Y+Y+H-*?\=$V,4*-NP<+&£Yj$V5T7':=H?$;<+8P. 1 .'Y+*-\=&],4.=H-H?.6&>@(+.

f = h ◦ g−1 X ��$V5'.��`.=7'Y+H?.VlcHJ$"Q+*�z).=\6,/*?NP< f
$;&)&/Nh\=*?$;<F,[(O<q\W{+.67[*-< 1 .¢|Moh\W~ 1 .¢{+$;(O,4.6(+51 .T54$�oPNP< n

¤
(+<"\W{O.=7'*?< 1 .K|Moh\W~ 1 .T{j$;(O,/.=(+5 2n
.=&), 1 :6�j<O*?&/&/$;Q+H-.dYj$;5M7[:6HJ$;<O8P. 1 .RY+*-\=&M$��;.=\

g
H � $;YOY+H?*-\�$V,/*?NP< 1 .�H � $VH?8PNP5)*-,/{+7[.[Yj$;5/$;7[:	,45):2Yj$;5 < (BBx, AAx); (AAx, BBx) >

.6,
h
\=.6H?H-.Yj$;5/$;7':6,45):=.3Yj$V5

(xBB, xAA)

A
� � � H?$KYj$;5),/*?.

B X B X BPE X
� ! � ����� '��*' � ,��	��
 � � �*$ � f

� & � � $ � ���D� $ �*&o� �-. � � �^�s� � � $� ������� ��� . � � �/. � �)& � � � � �)$���� � � � $






f(xxxx) = xxxx,
f(xxxx) = xxxx,
f(xxxxxx) = xxxxxx,

�]� � . �
f
& � � � � ��� �  ��� &2$ � �L� �L� � ��� . � � � �)&-, � $� �0$ � � �
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 �"!9� B X8A ¦ # �I<¢.��`.=7'Y+H?. 1�� $;Y+Y+H-*?\=$V,4*-NP<2$;5G,4*-�+\=*?.6H?H-.�<+NP<w\6N 1 $VQ+H?.3Yj$V5I7':=H?$;<+8P. 1 .]Y+*?\6&
� ! ) ��� ) � m`(+YOY�NP&)NP<+&Z>@( � *?H�.��`*?&),/. 1 .=(h�2Q+*�z).=\6,/*?NP<O&�Yj$;5�7':=H?$;<+8P. 1 .£Y+*-\=& g .	, h .6<@,/5/.3H-.=&�&/(O*-,4.6&>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/.=&£.	,£H?.6&M\W{O.=7'*?<+& 1 .K|Moh\W~w,4.=H-H?.6&M>@(+. f = h ◦ g−1 X � < 1 *-&/\=(`,4.d&)(+5�H?$[&)(+*-,/.>@(j$;&)*L� 1 :=\=5)NP*?&)&4$;<F,/. s = s1, s2, s3 = g−1(xxxxxx)

X
• m`* g(s1, s2) = xxxx

ln$;H?NP5)&
g
< � .6&),dYj$;& 1 :6�j<+*-.
Yj$V5T7':=H?$;<+8P. 1 .'Y+*?\'\�$V5 g(s1, s2, s3) =

xxxxxx
< � .=&G,�Yj$V&M¤K(+<¢7':=HJ$V<+8P. 1 .]Y+*-\ 1 . g(s1, s2) = xxxx

X
• m`* g(s1, s2) = xxxx

l�NP<x(`,4*?H-*?&).9H?$'5).=H?$V,4*-NP<
f = h ◦ g−1 Y�N;(+5M.6< 1 : 1 (+*-5/.d>@(+. h = f ◦ g.6, 1 NP<+\ h(s1, s2) = xxxx

.6,
h(s1, s2, s3) = xxxxxx

X
h
< � .6&), 1 NP<+\KY+$;&](+<+.�$;Y+YOH?*?\=$V,4*-NP<xY+$;57':=HJ$V<+8P. 1 .]Y+*-\;XS�.=&I\=NP<F,/54$ 1 *-\6,/*?NP<+&�*-7[YOH?*?>@(+.6<F,U>@(+. f

< � .6&),MYj$;& 1 :	�j<+*?&)&4$;QOH?.3Yj$;5Z7':=H?$;<+8P. 1 .9YO*?\=&6X 2

S�.6,),4.
YO5/NPYyNP&/*L,4*-NP<�<+.',/54$;*L,4.�Yj$;& 1�� (+<+.[Q+*�z).6\6,4*-NP< �6<j$V,/(+5/.6H?H?.��R&/(+5TH?.=&]7'N;,4& 1 .[|Moh\W~�X � <Y+5)NPY�N;&/.�7
$V*?<F,4.6<j$;<F,2(+<+.�Q+*�z).=\6,/*?NP<
gcyclique

Q+$;&/:6.�&)(+5wH?.�H-.=7'7[."\	oh\=H?*->@(+. 1 :=\6NP(O�P.65),�.=<F,45).$;(O,/5/.6&MYj$V5 � $;<+.	oPX � <x\=N;<kz).=\	,4(+5).T>@(+.T\=.6,),4.TQ+*�z).6\6,4*-NP<w< � .=&),�Yj$;& 1 :6�+<+*?&)&4$;Q+H-.TY+$;5Z7[:6HJ$;<+8;. 1 .Y+*-\K&4$;<+&9$��PN;*?5£Y+(�H-.KY+5/NP(`�P.=56XnS�NP7'7[.R(O<+.K�;$V5/*J$V<@,/. 1 .�\=.	,/,/.'QO*�z).=\	,4*-NP<"&/.654$w(O,4*-H?*-&/:=. 1 $;<+&3H?$Yj$;5G,4*-. > X ¦ X _ lO\=.=H?$ 1 NP<+<+.](+<O.9&).=\6NP< 1 .954$;*-&/NP< 1 .]Y+5):=&).=<F,4.65�\=.	,/,/.9QO*�z).=\	,4*-NP<�X

������������������������������������������������������������������������������
������������������������������������������������������������������������������ ������������������������������������������������������������������������������
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B

C B

C

D

A

vBCxvAB vBC x vAD

u gcyclique(u)

D

A

 �"!9� B X8AFt # |�:6�+<+*-,/*?NP< 1 . gcyclique

#%$d�j8P(+5). B X=APtR*?H?H-(+&),/5/.IHJ$ 1 :6�j<+*L,4*-NP< 1 . gcyclique

Xjm`NP*L,
u
(+<w\W{+.=7'*?< 1 .]|Moh\W~ 1 .3{j$;(`,4.=(O5 h X
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m`*
u
.6&),£H-.]\W{+.=7'*?<w�h* 1 .T$;H?N;5/& gcyclique(u)

.6&),MH?.]\W{+.67[*-<��h* 1 .VX�m`*?<+N;<�NP<¢<+NP7'7'. A
H?.]Y+5).=7'*?.65&/N;7[7'.6, 1 (T\W{+.=7'*?<�l C H?. 1 .=5)<+*?.65%&/NP7'7[.	,�l B H?. &)NP7[7'.6,nN219H?. \W{+.67[*-<d$k,/,4.6*?<F,%YyNP(+5%HJ$ZY+5/.67[*-e=5).fgNP*-&�&4$[{+$;(O,4.6(+5I7
$k�`*-7
$;H-.�.	,

D
H?.]&/N;7[7'.6,ZY+5):=\6: 1 $;<F,�H?.]&/NP7'7'.6, B X � <¢5/.=7[$;5)>h(O.T>@(+. A

.	,
D
Y�.6(O�P.6<F,�.	,45/.�:68F$;(`�"7
$;*-&£>@(+.�\=.6HJ$2< � *?< 1 (O*-,3Yj$V& 1 .K\�$;&]Yj$;5G,4*-\=(+H-*?.=5 1 $;<+&]H?$�\=NP<+&G,45)(+\6,/*?NP<�X� <<ON;,4.

vAD

l�5/.6&/Yy.=\	,4*-�;.=7'.=<F,
vBC

l�H?.�&/N;(+&G� \W{+.=7'*?< 1 . u 1 NP<F,TH?.6&9.��h,45/:67[*L,4:6&9&)NP<F, A
.	,

D
l5/.6&/Yy.=\	,4*-�;.=7'.=<F,

B
.	,

C
X � <¢$

u = vAD x vBC .��N;(+5v,/NP(O,U7'N;,
w
&)(+5�H � $VH?Y+{j$VQ�.	, {x, x} NP<�<ON;,4. w H � *-7
$;8;. 1 . w

Yj$;5�H-.M7'NP5)Y+{+*?&)7[. 1 :	�j<+*�Yj$;5
x −→ x

.6,
x −→ x

Xnb <�,4.65/7'.=& 1 .[\W{O.=7'*?<�\=.
7'NP5)Y+{+*?&)7[.K\6NP5/5).=&)Y�NP< 1 ¤w(+<+.
&Goh7[:	,45/*-.�Yj$;554$VY+Y�N;5),I¤K(+<�$k�`.9{ONP5/* 5=NP<F,W$VHCX � <¢Y�N;&/.
gcyclique(u) = vBC x vAD.

��H�5).=&),/.�¤
�P:65/*-�+.=53>@(+.�H?.R\W{O.=7'*?<
gcyclique

.6&),]Q+*-.=<�(+<�7'N;, 1 .�|Io`\W~�Xn| � (+<+.�Yj$;5G, vAD

.=&G,9(+<Y+5):6�O�`. 1 .�|Io`\W~ &/.w,4.65/7'*?<j$V<@,'¤�&4$�{j$;(`,4.=(O5[7[$k�`*?7[$;H?. h − 1 1 N;<+\ vAD

.=&G,
(+<q&/(;:K�`. 1 .|Moh\W~ 1 :6Q+(O,4$;<F,]¤�&4$
{+$;(O,4.6(+537[$k�`*?7[$;H?. h − 1
X�| � $V(O,45).RYj$;5G, vBC

.=&G,3(+<�&)(;:K�O. 1 :6Q+(O,4$;<F,]¤&4$K{j$V(O,4.6(+5U7[$k�`*?7[$;H?.
h 1 NP<+\ vBC

.6&),Z(+<wY+5):6�O�`.]&/.£,/.=5/7'*?<+$;<F,�¤R&4$K{j$V(O,4.6(+5�7
$a�O*-7
$VH?.
h
Xj#�.Yj$;&

x 1 .[HJ$ 1 :	�j<+*-,/*?NP< 1 . gcyclique(u)
5).=H-*?. 1 NP<O\
Q+*-.=<�H?.=&9&/N;7[7'.6,/& C

.	,
D
Y�N;(+59fgN;5/7'.=5](+<\W{+.67[*-< 1 .T|Io`\W~�X��NP(O5I&).T\6NP<F�V$;*?<+\65/.3>@(+.

gcyclique

.=&G,M(O<+.TQO*�z).=\	,4*-NP<2NP<2�V$'\6NP<+&),/5/(+*-5/.
g−1

cyclique

X
� ! � ����� '��*' � ,��	��
 � � � �D� ��� $ � � � $ �*&

gcyclique

� � � � & � � $ � ���D� $ �*&f� � . � � �e�s� � � $� ������� �
� ! ) ��� ) � m`NP*L, u (+<w\W{+.67[*-< 1 .9|Moh\W~ 1 .]{j$;(O,/.=(+5 h X�m`* u .=&G,I�h* 1 .;l+H?$RY+5/N;Y+5/*-:6,4:3.6&),I&4$k,4*?&Gf $;*-,/.;Xm`*-<+NP<iNP< Yy.=(`,�5/.6,/5/NP(`�P.=5KH-.=&R&)NP7'7[.	,4&

A
l
B
l
C
l
D 1 . gcyclique(u)

X�bc< .	¥�.	,
B
.=&),�H-.
Y+5).=7'*?.65Yj$;& 1 . gcyclique(u)

l
D
H?. 1 .65/<+*-.=5KYj$V&=l C .6&),'&/(+5�H-. 1 .=5)<+*?.65K&/NP7'7'.6, 1 ( \W{+.67[*-<q$k,/,4.6*?8P<+$;<F,HJ$ {j$;(`,4.=(O5�7[$k�`*?7[$;H?. .	,

A
H?. &/NP7'7[.	,�&/(+*L�;$V<@,

C
Xdmh.=(+H[H?. Y�NP&)*-,/*?NP<+<O.=7'.=<F, 1 . C

.6,
A<+:6\=.=&)&/*L,4.R(+<O.T5).=7[$;5/>@(+.[�

vBC

.6&),£(O<"Y+5/:	�O�`. 1 .d|Moh\W~�&).9,/.=5)7[*-<j$;<F,M¤[&4$'{j$;(O,/.=(+5M7
$a�O*-7
$VH?.
h
l

vAD

.=&),¢(+< &/(8:��`. 1 .�|Moh\W~ 1 :=QO(O,W$;<F,x¤ &4$ {j$;(O,/.=(+5w7[$k�`*?7[$;H?. h 1 N;<+\ C
.=&G,�QO*?.=< H?.

1 .65/<+*-.=5w&/NP7'7'.6,¢N21 H?.�\W{+.=7'*?< u
$V,),4.6*?<F,¢&4$q{+$;(O,4.6(+5¢7
$k�`*-7
$;H-.

h
XZ�M<+.�fgNP*?&2H-.=&w&/N;7[7'.6,/&

A
l
B
l
C
.6,

D
5).=\=N;<+<@(+&�NP<TY�.6(O,�5/.=\6NP<+&G,45/(O*?5/.}H?.}7'N;,

u
Y�N;(+5%NPQO,4.6<+*?5

g−1
cyclique(gcyclique(u)) = u. 2

#%$w5).=7[$;5/>@(+.K&)(+*-�V$;<F,/.K.=&),9.6<5/$;Y+YyNP5),]$��;.=\�HJ$�Yj$V5),4*-. > X ¦ X _ X � <�$ 1 :=\=N;(O�P.65),9HJ$�Q+*�z).=\	,4*?N;<
gcyclique

Yj$;5nHJ$Z\=NP<O&),45)(+\6,/*?NP<T8P:=N;7[:	,45/*->@(+. *?H?H-(+&),/5/:6.c&/(+5�HJ$U�j8P(+5). B X8A � X � < 1 :=\65/*-,�\=.	,/,/.v\6NP<+&),/5/(+\��,4*-NP<�54$VY+* 1 .67[.6<F,�X%S�.65),W$V*?<+.6& 1 .=&9$ :'5/7[$V,/*?NP<+&M&/(+*L�V$;<F,4.=&]<+:6\=.6&/&/*L,4.6<@,TYy.=(O,G�0.6,/5/. 1�� .6,/5/.�(+<�Y�.6(Y+H-(+&£fgNP5/7'.=H^X�m`N;*-,
u = u0

(+<�\W{+.=7'*?< 1 .[|Moh\W~�<+NP<`�C�h* 1 . 1 . 1 .67[*���H-NP<+8P(+.6(+5 n
X � <�\6NP<+&/* 1 e=5).H?.2\W{O.=7'*?<

u1 = xu0xu0

X � < Yy.=(O,'\=N;H?H?.65R&/N;(+&[\6.w\W{+.=7'*?< (+<+. 1 5)NP*-,/. 1 .wY�.6<F,4. 1/(2n + 1)>@(+* &/NP*L,].=<\=NP<F,W$V\6,d$��;.=\
3
&/NP7'7[.	,4& 1 (�\W{+.=7'*?<�XnS�.6,/,/.[* 1 :=.�.6&),T*?<F,4*-7[.67[.6<@,]H-*?:6.�$;(H-.=7'7[.\6oh\6H?*?>@(+.wYyNP(+5RH-.=&�\W{+.67[*-<+& 1 .¢|Moh\W~ 1�� N21 H?.2<+NP7 1 . gcyclique

Xc| � $;(`,45/.wYj$V5),�NP< Yy.=(O,'YyNP&/.65&/(O5d\=.[\W{+.=7'*?<(+<+. 1 5/NP*L,4. 1 .[Y�.6<@,/. 1/(2n + 1)
>@(+*}.=&G,R.=<�\=NP<F,W$V\6,K$��;.=\�.��+$V\6,4.67[.6<F,4& 1 .6(`�&/N;7[7'.6,/&

B1
.	,

B2 1 . u1
X � < 1 :	�j<+* u2

\6NP7'7[.3H-.£\W{+.=7'*?<¢.=<F,/5/.
B1
.6,

B2
X � <¢Y�NP&).

u3 = u2
l\ � .=&G,)��¤k� 1 *-5/.MH?.I&)oh7[:	,45)*?>@(+. 1 . u2

Yj$;5v54$;Y+YyNP5G,U¤d(O<w$k�`.�{+NP5)* 56NP<F,W$;H^XOS�.M\W{+.=7'*?<
&/.�,/.=5/7'*?<O.MYj$V5(+<"Y+$;& 1 .6&/\6.=< 1 $V<@,]>@(+.dH � NP<�&)(+Y+Y+5)*?7'.dYyNP(+5INPQO,/.=<+*-5MH-.T\W{+.67[*-< 1 .d|Moh\W~ gcyclique(u)
Xy�nNP(+5£H-.
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A

D

B

C

A1

D1

B1

A2

D2

B2

C2

D1
B1

A2

B1

C1

C1

A2

D2

C1

gcyclique

� �20�
'��4! 0 ���(./�

� �20�
'��
� 06*�. �

 �"!9� B X8A � # #�.9H-.=7'7[.�\6oh\=H-*?>@(+.].6, gcyclique

�P:65/*L�j.=5�H-.£H?.6\6,4.6(+5�YyNP(+5/5/$RNPQ+&).=5)�;.=5ZH � $ 1 :6>@(j$V,4*-NP< 1 .3\6.6,),4.]\=NP<O&),45)(+\6,/*?NP<w$��;.=\]HJ$RY+5):=\6: 1 .6<@,/.].=<NPQ+&).=5G�;$V<@,I&)(+5ZH?.3\W{+.67[*-<
u1
H?.6&I&)NP7'7[.	,4&

Ai
l
Bi
l
Ci
.	,

Di
(`,4*?H-*?&):=&UYyNP(+5 1 :	�j<+*?5 gcyclique

X
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|�.=&KYO{@oh&)*?\=*-.=<+&d\=NP7'7[. � $az).=&){�l�|�{+$;5=l �]*-5/*Cl�E3(+7[$;59.6,'mh*?<+8P{�p � |£| +

DPB u�N;<@,d:6,/( 1 *?:
(+<7'N 1 e6H?. 1 .�YyNPHLo`7'e=5).=& 1 *?5)*?8P:6&�$V(d�PNP*-&/*-<j$;8P. 1�� (+<+.U&)(+5)f $;\6.�N21dH � :=<+.65/8P*-. 1 .v\W{j$;>@(+.�7'NP<+NP7'e=5). <+.1 :6Y�.6< 1 >@(+. 1 . &/NP<9�PNP*-&/*?<+$;8P. H?.cY+H-(+&%Y+5/Nh\W{+.VX;�nNP(+5%H?. &/*-7[YOH?*-�+.=5=l6&4$;<O&n,/NP(O,4.	fgNP*?&%H-.�,45/*L�h*J$;H-*?&/.65=l6NP<\=N 1 .�H?$£\=NP<O�+8P(+54$k,4*?N;<K&/Yj$V,/*J$;H-.U$ 1 NPYO,4:6.ZYj$;5�H-.�Y�NPHLoh7[e65/.UYj$V5�(+<'\W{+.=7'*?< 1 .I|Moh\W~�Xh#�.�\�$;H-\=(+H 1 .H � :=<O.=5/8;*?.Uf $;*L, *?<F,4.65)�P.6<+*?5 1 .6(`��,�ohY�.6& 1�� *?<F,4.654$;\	,4*-NP<+& &/(+5}H?.6& \W{+.=7'*?<+& 1 .M|Moh\W~�XO|�$;<+&�(O<[\W{+.67[*-<1 .�|Moh\W~ 1 .6(`��&)NP7'7[.	,4&v¤THJ$97/.67[.Z{j$V(O,4.6(+5U&/N;<@,�.=<�*-<F,4.=5/$;\6,/*?NP<'&/(OY�:65/*?.6(+5/.�&/*yH?.I&/NP(+&���\W{+.67[*-<1 NP<F,T*?H-&9&)NP<F,dH-.=&9.	�h,45):=7'*-,/:=&9\=NP<F,4*-.=<F,T.	�O$;\6,/.=7'.=<F,R(O<�\=5).=(`��.6,d$;(+\6(+<�YO*?\;X�mhoh7':6,/5/*?>@(+.67[.6<F,NP<�Y�.6(O, 1 :6�j<+*-5MH-.=&Z*?<F,/.=54$V\6,4*-NP<+&Z*?<`fg:=5/*-.=(+5).=&6X��nNP(+5IH?.6&M*-<@,/.=5/$;\6,/*?NP<+&Z*-<Ofg:=5)*?.=(O5/.=&Z&).=(+H-.=&=lyHJ$�&/:65/*-.8P:6<+:=5/$V,45)*?\=.Z$]:6,/:Z:6,W$VQ+H?*-.UYj$;5 |�.6<+*?&).Z.6,�m`*?7'*?N;<2pr|£m�G ¦ u�.	, .=H?H-.�.=&G,�$VH?8P:6Q+5/*->h(O.;XF#�.=& *-<@,/.=5/$;\6,/*?NP<+&&/(OY�:65/*?.6(+5/.6&[&).=(+H-.=&'<+.w&/.67RQ+H?.6<F,[Y+$;&[&).wY+56.	,4.=5[¤ 1 .=& 1 :6\=NP7'Y�N;&/*-,/*?NP<O&K$;H?8;:=Q+5)*?>@(+.=&�\=$;5 1 .=(`�&/N;7[7'.6,/&}.6<
*-<@,/.=5/$;\6,/*?NP<[$;Y+Yj$V5),4*-.=<+<O.=<F,U¤ 1 .6&vf $;\	,4.=(O5/& 1 *-¥�:=5/.6<F,4& 1 .=& 1 :=\6NP7[YyNP&)*-,4*-NP<+&c(+&)(+.=H-H?.6&1 .6&'\W{O.=7'*?<+& 1 .w|Moh\W~�X�S�.6,/,/. 1 *-:'\=(OH-,4:2.6&),[$V,),4:=<@(+:6.wYj$;5KH?.�f $V*-,K>@(+.wH?.2\W{O.=7'*?< .=<F,45). 1 .=(`�&/N;7[7'.6,/&�.=<¢*?<F,4.654$;\	,4*?N;<2&/(+Yy:=5)*?.=(O5/.9.=&),ZfgNP5G,4.67[.6<@,Z\6NP<F,45/$;*?<F,�X
� <�&/.¢Y+5)NPY�N;&/. 1�� .	�`Y�N;&/.=5',45)NP*?&�$;YOY+5/Nh\W{+.=&'>@(+*Z&/.67RQ+H?.6<F,
H-*?:=.6&�Y�NP(O5K\�$;H-\=(+H-.=5�\=.	,/,4.¢&/:65/*-.8P:6<+:=5/$V,45)*?\=.K�
�}bc<2& � *?<+&)Y+*?5/$;<F, 1 .�,/54$��V$;(`� 1 .e7�NP(O&/>@(+.6,G�z3�:6H?NP(2.	, � .6\W{+<+*L, 5=.653p8793 �

D2> u^lONP<2*-<@,/5/N 1 (+*L,�H?$H?N;<+8P(+.6(+5 1 .]HJ$ 1 .65/<+*-e=5/. 1 .6&/\6.=<F,4.Vl�(+<¢Yj$;5/$;7'e6,45).3&/(+YOY+H?:67[.6<@,4$;*?5).3>@(j$;H?*L�j: 1 .]\�$k,W$;HLoh,/*?>@(+.3Yj$V5��.=*-H?Qy.=5)8P.=5Mp ��.6* DPD u^XjS�.=H?$dYy.=5/7'.6, 1�� :=\=5)*?5).£(+<+.£:6>@(j$V,4*-NP< 1 . 1 :=\6NP7[YyNP&)*-,4*-NP<'H?*J$V<@,},45)NP*?&}&/Yy:=\6*J$;H-*L�&4$k,4*?N;<+& 1 .UH?$�&/:65/*-.U8P:=<O:=54$k,45/*-\=.v.=< 1 .=&��V$;H-.=(+5)& 1 *-&),/*?<+\	,4.=& 1 .�HJ$Z�;$V5/*J$VQ+H?.}\�$V,4$;H-o@,/*?>@(+.;X;# � :6H?*?7'*?<+$k�,4*-NP< 1 . 1 .6(`� 1 .=&U&)Y�:6\=*?$;H?*-&4$V,/*?NP<+&c*-<+\=N;<+<@(+.=&v<+:=\6.=&/&)*-,/. 1�� (+<+.£Yj$V5),vH � $;Y+Y+H-*?\�$k,4*?N;< 1 .�H?$97':6,/{+N 1 .1 (�<+N�oF$;(�>h(O*%f $V*-,I$;Y+Y+$;54$ � ,45).3(+<¢,/.=5)7[.9$;H-8P:=Q+5)*?>@(+.].6, 1�� $;(O,/5/.9Yj$;5G,M(O<+.T*L,4:654$V,/*?NP<�f $;*-&4$;<F,M$;Y`�Yj$;5/$;*-,/5/. 1 .=&�>P� f $;\	,4NP5)*?.=H-H?.6&=X�# � .	�h,45/$;\6,/*?NP< 1 .wH?$"&/:=5)*?.25).=\W{+.65/\W{+:6.x*?7'Y+H-*?>@(+.
(O<+. 1 *-�h*?&)*?NP<�X � <5/.67
$V5/>@(+.Z>@(+.MH-.U,4.65/7'.M$VH?8P:6Q+5/*->h(O.�.=&),v$;(O&/&/*�H?$]&):=5)*?.Z8P:=<O:=54$k,45/*-\=. 1 .6&v\W{O.=7'*?<+& 1 NP<F,}NP<'\=NP7'YO,/.H?.6&�*?<F,4.654$;\	,4*-NP<+&�*?<`fg:=5/*-.=(+5).=&6X
��bc<�.��`Y+H?NP*L,W$;<F,HJ$ 5/:68P(+HJ$V5/*-,/: 1�� (O<�\W{+.=7'*?< .=<F,45). 1 .6(`� &/NP7'7[.	,4&�.=<�*-<F,4.=5/$;\6,/*?NP<�l3NP<\=N;<+&),/5/(+*L,�(+<+.w5/.6HJ$V,/*?NP< 1�� :6>h(O*-�V$;H?.6<+\=.w&)(+5KH?.6&K\W{+.=7'*?<+&6X � < ,/54$��V$;*?H-H?.[$;H?N;5/&R&)(+5�(+< .=<+&).=7RQ+H-._P_ G
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1 .25).=Y+5):=&/.6<F,W$;<F,4& 1 .6&K\=HJ$V&/&/.6& 1�� :=>@(+*-�V$;H-.=<+\6.=&6lcH?.=&d\W{+.=7'*?<+& 1 .w|Moh\W~ ¤"Yy.6,4*L,4&R\65/.6(`��X # � $az)NP(`,1�� (+<+.]$;(`,45/.£�V$;5)*J$;QOH?.I\�$V,4$;H-o@,4*->@(+.£Yy.=5/7'.6, 1�� :6\=5)*?5/.3(O<+.3:=>@(j$V,/*?NP< q
��$VH?8P:6Q+5/*->h(O.�YyNP(+5U\6.=&Z5/.6Y+5/:��&/.6<F,W$;<F,4&I\=N;5/5/.6\6,/.=7'.=<F,4&Z�V$;H?(+:6&=Xj#%$K5/:6&/NPH-(O,4*-NP< 1 .]\=.	,/,/.9:6>@(j$V,4*-NP<w<+:=\6.=&)&/*-,/. 1 .=(`�w:	,W$;Yy.=&]�+(O<+.H?*-<+:�$V5/*?&/$V,4*-NP<
Y+$;5�(+<¢\W{j$;<+8P.67[.6<F, 1 .]fgN;<+\6,/*?NP<w*?<O\=NP<+<@(+.3YO(+*?&Z(+<+.]5):=&/N;H?(O,/*?NP< 1 .]H � :6>h(+$V,4*-NP<2>P�H?*-<+:�$V*?5/.ZNPQ`,4.=<@(+.VXj��N;(+5UHJ$9H?*-<+:�$;5)*?&/$V,4*-NP<�NP<2& � *?<+&)Y+*?5). 1 .M,454$��V$;(`� 1 .�7�54$;~'.6,�� 5).=H-H?Qy.=5/8
p=7�� G ¦ uCl.6,h?}$;< � .6<+&/QO(+5/8wp �V� � DPD $VuCXO��NP(O5UHJ$95/:=&)NPH?(`,4*?N;< 1 .£H � :6>h(+$V,4*-NP<�>P��H-*?<+:=$;*?5).;lFH?N;5/&/>@( � .=H-H?.M< � .6&),ZYj$V&1 *-5/.=\	,4.VljNP<w(O,4*-H?*?&).£(+<�$;H?8;NP5/*L,4{+7'.MYO5/NPYyNP&/:]Yj$V5��MQ+54$V7[N��ylj��.	,4~VNa�h&).=~¢.6,M��$;(OH?.�p �£� �yGPs;uCX��#�.=&
\W{+.=7'*?<+&�¤�Y�.	,4*L,4&
\65/.6(`��&)NP<F,��V$;H?(O:=& 1 $V<+&�\W{j$;>@(+.x\=5/.6(`� Y+$;5
H?$�&/NP7'7'. 1 . 1 .=(`�,4.65/7'.=& 1 .�<j$V,/(+5/. 1 *L¥�:65/.6<@,/. ��(+<+.�\=NP<O&),W$V<@,/..	,¢(+<+.��;$VH?.=(O5 1 :=Yy.=< 1 $;<F,x8P:6NP7':6,45)*?>@(+.67[.6<@,1 .wHJ$�{j$V(O,4.6(+5=X � < 1 :6�P.6H?NPYOY�.¢HJ$�&/N;7[7'. 1 .w\=.6&[\65/.=(h��YyNP(+5KN;QO,4.6<+*?5 1 .6&[\W{+.67[*-<+& 1 NP<F,'H?.6&\=5).=(`�2&/NP<F,Z�V$;H?(+:6&�Yj$;5�H � (+<O.9N;(¢H � $V(O,45).;X+#%$K&/N;(+&G� \=HJ$V&/&/. 1 .6&Z\W{+.=7'*?<+& 1 N;<@,�,/NP(+&ZH?.6&�\=5).=(`�w&)NP<F,�V$;H?(O:=&]Yj$;5 1 .6&T\6NP<+&),4$;<F,4.6& 1 N;<+<+.'(+<+.'*?<F,4.65/Y+5):6,W$k,4*?N;<�\=NP7RQO*?<j$V,/NP*?5). 1 (�,4.=5)7[.�$VH?8P:6Q+5/*->h(O. 1 .HJ$¢fgNP5/7R(OH?.[�+<j$;H?.VXc�M<O.2Q+*�z).6\6,4*-NP<�lnQj$;&):=.w&/(+5KH-.�H?.67[7'.'\6oh\=H-*?>@(+.;l�.	�`Y+H?*->@(+.w$;H?N;5/&dH-.�H?*-.=< $��;.=\H � :=<@(+7':=5/$V,4*-NP< 1 .6&3*?<F,4.654$;\	,4*-NP<+&£*-<Ofg:=5)*?.=(O5/.=&6X�#%$�&/N;(+&G� \=HJ$V&/&/. 1 .=&3\W{+.67[*-<+& 1 NP<F,3,/NP(+&3H?.6&£\=5).=(`�&/N;<@,3�V$;H-(+:=&3Y+$;5£H?.T,4.=5)7[. �	8P:=NP7':6,/5/*->h(O. �T\6NP5/5).=&/YyNP< 1 $;(h��\W{+.67[*-<+& 1 NP<F,3,4N;(+&3H?.6&3\=5/.6(`��&)NP<F,&/(O5�H � $k�`.;l�7'N 1 e=H?.]5):=&/N;H?(xY+$;5;?}$V< � .=<+&)Q+(+5/8�p �V� �

D;D $ku�¤[H � $;* 1 . 1�� (+<+.R:6>@(j$V,4*-NP<x>P��$;H?8P:6Q+5/*->@(+.;X� <"5/.	,45)NP(O�P.T\=.	,/,4.TfgNP5/7R(OH?.]\=NP7'7'.T(+<O.d*?<O&),W$V<+\=. 1 ("H?.67[7'. 1�� *?<F�P.65/&/*-NP< 1 .6&�.67[Y+*-H?.67[.6<@,/& 1 .&/.68P7'.=<F,4&6lU:6,/( 1 *?:6&2Yj$;5s?�*?.6<+<+N;,
.6,Q7�N;(+&/>@(+.	,)�z3¢:=H?N;( p8793f?�G
B u^X ��H�5).=&G,4.�¤i7[$;5/*-.=5'H?.=& 1 .=(`�:=<@(+7':=5/$V,4*-NP<+& �	\=NP7RQO*?<j$V,/NP*?5).=& � 1 .2\=.6& 1 .=(`� &/NP(+&���\6HJ$;&)&/.=&�YyNP(+5R,/5/NP(O�;.=5�HJ$�&/:=5)*?.28P:6<+:=5/$V,45)*?\6.*?<O*-,4*?$;H?.VX � <¢.	�`Y+H-*?>@(+.654$KY�N;(+5/>@(+NP*�.6H?H-.=&�&/N;<@, 1 :�z/¤R��$;<+\6:=.=&6X

�/ILK � T�mWk%PWNJi&\(i�X�jtN `UPWk R j^_
	 V Y@T�PWk P@i `QPWkpg��UPWV XLNQk

�Wvxwyvzw 
a� � �%�d|%~ ��| 	��y��	 � � � |%~

#�.=&cYyNPH-oh7'e=5/.6&�&/N;<@, 1 .=& $;8P5):=8F$k,4& 1 .�7'NPH-:=\=(OH?.=&6lVH-.=&�7'NP<+N;7[e65/.=&6XP#%$£&),/5/(+\	,4(+5). 1 .�YyNPH-oh7'e=5/..=&G,w7
$V*?<F,4.6<h(O."8P5	�V\=.�$;(h� *?<F,/.=54$V\6,4*-NP<+&[.=<F,45).�\=.=&27'NPH-:=\=(OH?.=&6XU�nNP(+5�&)*?7'Y+H?*L�j.=5'NP< :6,/( 1 *-."H?.6&YyNPH-oh7'e=5/.6& 1 NP<F,3HJ$�&),/5/(+\	,4(+5).R.=&G,3(+<x�jH 1 .R7'NP<+N;7[e65/.=&6X � <x&/(+Y+YyNP&).R>@(+.R\=.6&£YyNPH-oh7'e=5/.6&M&)NP<F,Y+H-NP<+8P:6& 1 $V<+&R(+<i7'*?H-*?.6(�l�H-.[&)NPH-�V$;<F,�l%fgNP5)7[: 1 .[7[NPH-:=\6(+H?.6&T*-&/NPH-:=.=&6Xn��NP(+5T&/*-7[Y+H-*-�j.65].=<+\6NP5/.[NP<,45/$��;$V*?H?H-.M.6< 1 *?7'.=<+&)*?NP< 2
Xj��N;(+5�7[N 1 :6H?*?&).=5UH � .6&/Yj$V\=.3NP<w(O,/*?H?*-&/. 1 NP<+\3H-.35/:=&).�$;(¢\�$V5/5/:VXj#�. . � � � � �� � . . � .=&G,ZH?.M8P54$;YO{+.3*?<O�+<+* 1 NP<F,ZH?.=&�&/NP7'7[.	,4&v&/NP<F,Z*?< 1 .	�`:=&�Y+$;5� 2 .6,�N212*-H�o
$R(+<+.]$;5x.6,/.£.=<F,45).H?.6&�&)NP7[7'.6,/&

(xa, ya)
.	,

(xb, yb)
&/*n.6,£&).=(+H-.=7'.=<F,3&)* |xa − xb| + |ya − yb| = 1

X�|�.=(h�"&)NP7[7'.6,/&fgNP5)7
$;<F,�(O<+.d$V56.6,/.3&/NP<F, �]�*$ �/$"&��	X
S�{j$;>@(+.v&/NP7'7[.	, 1 . HJ$�8P5)*?H?H-.�5).=Y+5):=&/.6<F,4.�(O<T.67[Y+H?$;\=.67[.6<F,�>@(+*FYy.=(`,�.	,45).vNh\=\6(+Y�: &)NP*-,nYj$;5�(O<+.7'NPH?:6\=(+H-. 1 (¢&/NPHL�;$V<@,=l+&/N;*-,ZYj$;5Z(+<¢7'NP<+NP7'e=5). 1 (�YyNPHLo`7'e=5).;XO#n$�&),/5/(+\	,4(+5).9�+HJ$;*-5/. 1 (¢YyNPH-oh7'e=5/.Yy.=5/7'.6, 1 .R\6N 1 .65£Yj$;5M(+<"\W{+.67[*-<"HJ$[\=NP<O�+8P(+54$k,4*?N;<x&/Y+$V,4*?$;H?.T$ 1 NPY`,4:=.dYj$;5�\6.=H-(+*L� \=*CXy�I< � � � �%$"&1 .�H?N;<+8P(+.6(+5 n 1 $;<+&]H?.K5):=&).�$;(�\�$;5)5/:�.=&G,9(+<+.'&/(+*L,4. 1 .�&/N;7[7'.6,/& v0, v1, . . . , vn

,/.=H?H-.K>@(+.�Y�NP(O5,4N;(O,
i < n

l
vi
.6,

vi+1
&/NP<F,��PNP*-&/*-<+&=Xc# � .=<+&).=7RQOH?. 1 .6&'\W{O.=7'*?<+&K>@(+.wH � NP<i�V$�:6,/( 1 *?.65 1 $;<+&K\6.\W{j$;YO*-,45).�&/.=5/$ 1 :6�j<+*cY+$;5 1 .=&]\=N;<@,/54$;*-<F,4.=&]&)(+5TH-.=&3\W{+.67[*-<+&=X%#�.6&]�h*-NPHJ$V,/*?NP<O& 1 .�\=.6&9\6NP<F,45/$;*?<F,4.6&&/N;<@,I*-H?H?(O&),45):=.6&�Yj$;5�H?.3\W{O.=7'*?< 1 .]HJ$R�j8P(O5/.

> X _ X
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 �"!9� > X _ # �M<¢\W{+.67[*-<¢\6NP<F,45).	��.��`.=7'Y+H?.9$;(`�2Y�NPHLoh7[e65/.=& 1 *?5/*-8P:=&

|�.=(h�¢7[NPH-:=\6(+H?.6&U<+.3YyNP(O�V$;<F,IN`\6\=(+Yy.=5�H-.37/.67[.£&)NP7'7[.	,�lOH-.3\W{+.=7'*?<2>@(+*�5).=Y+5):=&).=<F,4.9(+<¢Y�NV�H-oh7'e=5).I.6&),�<j$V,4(O5/.=H-H?.67[.6<@,}$V(O,4NV� :6�h*-,4$;<F,I�hH-.Z\W{+.=7'*?<'.=&G,e� �$� �*+ � � $ � �)& � &/*j,4N;(O,�&)NP7'7[.	,}$;Y+Yj$;5/$ � ,$;(wY+H-(+&�(+<+.£fgNP*-& 1 $;<O&IH?$d&/(O*-,4.VXj�M<¢\=N;(+Y+H?. 1 .]&/NP7'7[.	,4&��;NP*?&)*?<+& 1 :6�j<+*L,Z(+<2�P.6\6,4.6(+5I<+NP7'7[:M*?\=*(+<o��� �	X ��Hn.	�`*?&G,4.T>h(+$V,45).T,�ohY�.6& 1 .TYj$;&9��H-.e��� � 
 � � e ≡ (1, 0)
ljH-.e��� ���^� . 

n ≡ (0, 1)
l�H?.(��� �

� ��� � �
o = (−1, 0)

.	,3H?.^��� � � � 
s = (0,−1)

X�#%$o� � $ �0� $� �,��� �  � � � � �%$"&�.6&),]H?$
&/(+*L,4. 1 .=&Yj$;& 1 :6�+<+*?&vYj$;5}HJ$T&)(+*-,/. 1 .=&U\6NP(+Y+H-.=& (v0, v1), (v1, v2), . . . , (vn−1, vn)
X � <
&)(+Y+YyNP&/.£>@(+.�H?. 1 .=7'*L�Y+H?$;<w*?<Ofg:65/*?.6(+5�&),/5/*-\6,I.=&G,�(+<¢7'*?H?*-.=(�&)NPH?* 1 .£fgNP5)7[: 1�� $V,/NP7[.6& 1 .]&/NP5G,4.9>h(O.TH-.=&Z.=7'Y+HJ$V\=.=7'.=<F,/& 1 .\=.	,/,/.£Yj$;5G,4*?. 1 .£H � .6&/Yj$;\6.£<+.£Yy.=(`�P.=<F,IYj$;&h.6,45).£Nh\=\=(OY�:6&UYj$;5 1 .=&�7'NPH?:6\=(+H-.=&6XOS�.	,/,/.3{@ohYyN;,4{Oe=&/.3&).,45/$ 1 (+*L,UYyNP(+5�H-.=&U\W{+.67[*-<+&�Yj$;5�(+<+.3\=N;<@,/54$;*-<F,4. 1 .3YyNP&/*L,4*L�`*L,4:VXO#�.£\W{+.67[*-<w.=&),@��� �/$ � $ ��&/*�,/NP(+&�&/.6&&/N;7[7'.6,/&Z$;Y+Yj$;5G,4*-.=<+<+.6<F,�¤  × � ⊂  2 X#�.=& 1 .=(`� 1 .65/<+*-e=5/.6&[\6NP<F,45/$;*?<F,4.6&
NP<F, 1 .6&
7'N;,4*L�;$k,4*?N;<+&RY+H-(+&[\6NP7RQ+*-<j$V,/NP*?5).=&=X�#%.¢\�$V54$;\	,4e=5).$;(O,/NV��:	�h*-,W$V<@, 1�� (+<�\W{O.=7'*?<
:	,W$;<F, 1 *-:'\6*?H?.I¤9Y+5/.6< 1 5/.M.=<�\6NP7'YO,4.Z\=N;7RQ+*?<+$V,4NP*-5/.67[.6<@,}NP<'f $;*-, (O<+.{FohY�N;,/{+e=&). 1 . 1 *?5).=\	,4*?N;<9YyNP(+5%&)*?7'Y+H?*L�j.=5�H-.}YO5/NPQ+H-e=7'.;Xa#�. \W{+.=7'*?<T.=&G,  $ . $ , � &/*hHJ$�&)(+*-,/. 1 .}&/.6&�Yj$V&.=&G,�fgNP5/7':=. 1 .3Yj$;& �INP5 1 l�m`( 1 NP(¢bc&),Z7[$;*-&vYj$V& � (O.=&),=Xj#�.=&�&Go`7':6,/5/*-.=& 1 (w7'N 1 e6H?.MY�.65/7'.6,/,/.=<F,�l$;(�YO5/*L� 1 .�>@(+.=H->@(+.=&�\=$;H?\6(+H?&6l 1 .�&/.�\=NP<F,4.6<F,4.=5 1�� :6<@(+7[:65/.65UH?.6&v\W{+.67[*-<+& 1 NP<F,U(+<+.�.	�h,45):=7'*-,4:I.=&G,¤[H � N;5/*?8;*?<+.VX���NP(+5M&/*-7[Y+H-*-�j.65�NP<"&)(+Y+YyNP&/.654$�>@(+.dH-.=&M\W{+.=7'*?<+&M&/NP<F,�*?&/&)( 1 .TH � NP5/*-8P*?<+.VXj#�.d\W{+.67[*-<.=&G,�$ � � � $� � � � . $ ,)$"& � &)*�&/NP<¢Y+5).=7'*?.=5�&)NP7'7[.	,

v0

.=&G,
(0, 0)
X

|£$;<+&c\6.U\W{j$;YO*-,45).;lV(+<}��� � � � 9 . �  $ . $ , � .=&G,c(+<�\W{+.=7'*?<d*?&/&)( 1 .UH � NP5)*?8P*-<+.;l 1 *-5/*-8P:;lk$;(O,/NV��:	�h*-,W$V<@,.6,IYyNP&/*L,4*Lf�XO�I<�.��O.67[YOH?. 1 .]Y�N;H-oh7[e65/. 1 *?5/*-8P:£.6&),MY+5/NPYyNP&):3Yj$;5ZHJ$d�j8;(+5/.
> X B X

S�NP7'7[. H?.=& Y�N;H-oh7[e65/.6& 1 *-5/*?8;:=& &/NP<F, *-&/&/(O& 1 .�H � NP5)*?8P*-<+. *?H-& &)NP<F, \�$V54$;\	,4:=5)*?&):=& Yj$V5H?.6(+5 &/(O*-,4. 1 . Yj$V&=X � < Yy.=(`, 1 NP<+\ \=N 1 .=5 <j$k,4(+5).=H?H-.=7'.=<F, \6.=& Y�NPHLoh7[e65/.=& Y+$;5 (+<7'N;, &/(O5 H � $;H?Y+{+$;Q�.	, {n, s, e} X #%. YyNPHLo`7'e=5). 1 . H?$ �j8P(+5).
> X B .6&), \=N 1 : Yj$;5 H-. 7'N;,

n.e.n.e.s.s.e.n.n.n.e.s.e.n.n.e.e.s.s.s.e.s.e.e.n.n.e.n.e
XV|�.�H?$M7�.=7'.}f $ (=NP<R>@(+.�Y�NP(O5�H?.6&�\W{O.	�7'*?<+& 1 .£|Io`\W~'NP<�Yy.=(`,v,/54$ 1 (O*?5/.IH?.6&�\6NP<F,454$V*?<F,4.6&�&/(O5�H?.6&v\W{O.=7'*?<+&vYj$;5 1 .=&U\6NP<F,45/$;*?<F,4.6&�&)(+5�H-.=(+5)&7'N;,4&6X �M< 7[N;,'\6N 1 .w(+<q\W{+.=7'*?<q$;(O,/NV��:	�h*-,W$V<@,�& � *-H�:6�h*-,/.�H-.=&Kf $;\	,4.=(O5/& n.s

.	,
s.n
X � < �;NP*-,[¤
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 �"!9� > X B # b��`.=7'Y+H?. 1 .]YyNPH-oh7'e=5). 1 *?5)*?8P:

\=.	,/,/.dNh\=\�$V&/*?N;<x\=N;7[7'.=<F,MH � {@ohYyN;,4{Oe=&/. 1 . 1 *-5/.6\6,4*-NP<¢Y�NP(O5�H?.6&M\W{O.=7'*?<+&MY�.65/7'.6, 1 .d&)*?7'Y+H?*L�j.=5�H?$5/.6\=NP<O<j$;*?&)&4$;<O\=. 1 .dHJ$[<+$V,4(+5).K$;(O,/NV��:	�h*-,W$V<@,/. 1 .=&£\W{+.67[*-<+&=X��M<"7'N;,M\=N 1 .R(+<x\W{+.=7'*?<"YyNP&)*-,4*Lf�&)*,4N;(O,ZY+5/:	�O�`.
u 1 (¢7[N;,Z&/$V,4*-&)f $;*L, |u|n ≥ |u|s

X
��NP(O5"5/:6&/(+7'.=56l�H?.6&xYyNPH-oh7'e=5).=& 1 *?5/*-8P:=&¢&/N;<@,".=< Q+*�z).=\6,/*?NP< $��P.=\ H-.=&�7[N;,/&x&)(+5"H � $;H-Y+{j$;Qy.6,

{n, e, s} >h(O*�:6�h*L,4.=<F,2H-.=&�f $;\6,/.=(+5)& n.s
.6,

s.n
.6, 1 NP<F,
,4N;(O,�Y+5):6�O�`. u

&/$V,4*-&)f $;*L, |u|n ≥ |u|s
XS�NP7'7[.3YyNP(+5�H-.=&�\W{+.67[*-<+& 1 .9|Moh\W~wNP<w\=NP<OfgN;< 1�1 NP<+\]\=.6&I<ON;,4*-NP<+& 1 .]\W{+.67[*-<�.	, 1 .]7[N;,=X#�.=&UYyNPH-oh7'e=5).=& 1 *?5/*-8P:=& 1 :	�j<+*?&)&/.6<@,U(+<+.£\6HJ$;&)&/.£\6NP7RQ+*-<j$V,4N;*?5/. P 1 NP<F,UH?$9,4$;*?H-H?. 1 .=&�:=H?:67[.6<F,4&=lH?.6&�\W{+.=7'*?<O&=lj.=&G,IHJ$KH?NP<O8P(+.=(O5=X � < 1 :6�+<+*-, 1 NP<O\9YyNP(+5�\6.6,),4.]\=H?$;&/&).9(O<+.T&):=5)*?.38P:6<+:=5/$V,45)*?\=.

P (t) =
∑

c∈P

tl(c)

N21
l(c)
.=&G,MH?$KH?NP<+8;(+.=(+5 1 (¢\W{O.=7'*?< c

X
��NP(O5I\6.]7[N 1 e=H-.3*?&)&/( 1 .]HJ$RY+{Foh&/*->@(+.;lyNP<w\�$;H-\=(+H-.3H � :=<+.65/8P*-. 1�� (+<¢Y�NPHLoh7[e65/. 1 $;<O&I(O<+.]\=NP<O�`�8P(+5/$V,4*-NP<
&)Yj$V,/*J$;H-. 1 N;<+<+:=.VlO.6<
fgNP<+\	,4*?N;< 1 .�Y+$;54$;7'e6,/5/.6&�&/(OY+Y+H?:67[.6<F,W$;*-5/.=&6X+#%$T�j8;(+5/.

> X > *?H?H-(+&),/5/.HJ$ 1 :6�j<+*L,4*-NP< 1 .]\=.=&IYj$;5/$;7'e6,45).=&6X# � :6<+.=5)8P*?. 1�� (+<�YyNPH-oh7'e=5/.w.6&),�H?$�&)NP7'7[. 1 .6&
:=<O.=5/8;*?.=& 1 .6&
7'NPH?:6\=(+H-.=&�>@(+*MH-.�\6NP7'Y�NP&).=<F,�X# � :6<+.=5)8P*?. 1�� (+<+.�7'NPH-:=\=(OH?.Z.=&G,UfgNP<+\	,4*?N;< 1 .M&/.6&U*?<F,4.654$;\	,4*-NP<+&v$��;.=\£&)NP<
�;NP*?&)*?<j$;8;.;X`m`*yNP<�5/.6&),/5/.=*-<F,&/N;<9�;NP*?&)*?<j$;8;.c$;(`�]&)NP7'7[.	,4& 1 (95/:6&/.=$;(T\=$;5/5):��PNP*-&/*-<�l�&/N;<T:6<+.=5)8P*?.c<+. 1 :=Yy.=< 1 >h(O. 1 .}H � Nh\=\6(+Yj$V,/*?NP<1 .6& 4 &/NP7'7[.	,4& >@(+*y&/NP<F,�¤ 1 *-&),W$V<+\=. 1 1 .M\=.	,/,4.I7'NPH?:6\=(+H-.;X@#%$T&G,45/(O\6,4(O5/. 1 .MYyNPH-oh7'e=5).I*-7[YyNP&).IH?$Y+5):=&/.6<+\=.�\=NP<+&G,W$;<F,/. 1 $;<O&�\=.}�PNP*-&/*-<j$;8P. 1 .6&�7'NPH?:6\=(+H-.=&%Y+5/:6\=: 1 .=<F,4.�.6,�&/(+*L�;$V<@,/. 1 $V<+&�H-.vYyNPHLo`7'e=5).;X#�.=& �V$;5/*?$V,4*-NP<+& 1�� :=<O.=5/8;*?.Z<+.ZY+5/N��h*?.6<+<+.6<@, 1 NP<O\MYj$V& 1 .I\6.=& 1 .=(`�'7'NPH-:=\=(OH?.=&6lP(+<+. 1 .I7'NP*?<+&�Y�NP(O5H?.6&2.	�h,45):=7'*-,/:=& 1 ( Y�N;H-oh7[e65/.VXZS�.=Yy.=< 1 $;<F,x*-H�Yy.=(O,¢.	�`*-&),4.65 1 $;<+&wH?.��PNP*-&/*?<+$;8P. 1 .6&¢7'NPH-:=\=(OH?.=&&/(OY+Y+H?:67[.6<F,W$;*-5/.=& 1 (2YyNPH-oh7'e=5/.I>@(+*y&/NP<F, 1 N;<+\3¤ 1 *-&),4$;<+\=. 1 1 .MHJ$97[NPH-:=\6(+H?. 1 $;<+&vH � .=&)Yj$;\=.VlO&/$;<+&.6,/5/.3\6NP<+&/:6\=(O,/*-�;.d¤RH?$R7[NPH-:=\6(+H?. 1 $;<+&�H-.£Y�N;H-oh7[e65/.VX+|£$;<O&�\=.]\�$;&�N;< 1 *-,�>@(+.3H-.=&�7'NPH?:6\=(+H-.=&�&)NP<F,.=<�*?<F,4.654$;\	,4*?N;<�X}� H-(+&�fgNP5/7'.=H-H?.=7'.=<F,=l 1 .=(`�q&)NP7[7'.6,/& vi
.	,

vj 1 (�\W{+.67[*-< v0, . . . , vn
&)NP<F, � &

$"& �0�/. � �D� $ �*&2& � *?H-&c&/NP<F,}�PNP*-&/*-<+& &4$;<+& .6,/5/.I\=NP<O&/:=\6(O,4*Lfg& 1 $;<+& H?.Z\W{+.67[*-<�lF\ � .=&G,)��¤a� 1 *-5/. j /∈ {i−1, i+
1} X���NP(O5£H?.6&£Y�N;H-oh7[e65/.6& 1 *-5/*?8;:=&�H-.=&£\6NP(+Y+H-.=& 1 .K&/NP7'7[.	,4&M.=<�*?<F,/.=54$V\6,4*-NP<"&)NP<F,]<+:=\6.=&/&/$;*?5).=7'.=<F,
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(0��
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(� % �1�

� ��'�.	����!#',
(0��
* % � ./��
(� % �1�

 �"!9� > X > # |�:	�j<+*-,/*?NP< 1 .6&ZYj$;54$V7[e	,45/.6&Z:6,4( 1 *?:6&I&)(+5ZH?.6&�Y�NPHLoh7[e65/.=& 1 *?5/*-8P:=&

1 .9HJ$RfgNP5)7[. ((x, y), (x + 1, y))
Xy|�.TYOH?(+& 1 $;<+&IH?.3&)NP(+&���\W{+.67[*-< 1 :6Q+(O,W$V<@,M.=< (x, y)

.6,Z�j<O*?&/&/$;<F,.=<
(x + 1, y)

*?HIo�$i(+< (O<+*?>@(+.�Yj$V&wb &G,�X�#�.6&�\=NP<F,/54$;*-<@,/.=& 1 .�H � :6<@(+7[:654$V,/*?NP< �PNP<F,w*-7[YyNP&/.651 . 1 *-&),/*?<+8P(O.=5 1 .6(`��,�ohYy.=& 1�� *?<F,4.654$;\	,4*?N;<+&R��H-.=&3*?<`fg:=5/*-.=(+5).=&£.	,]H?.6&£&/(+Yy:=5)*?.6(+5/.6&=X%|�.6(`��&/N;7[7'.6,/&&/N;<@, � & $"& �0�/. � �D� $ �*& $"& � �/. $ ���-. � l�5).=&)Y�.6\6,4*L�P.67[.6<@, � & $"& �0�/. � �D� $ �*&c� � � �/. $ ���-. � l�&/* H?.6(+53NP5 1 NP<+<+:6.\=N;7[7R(O<+.M.6&),�*?<Ofg:65/*?.6(+5/.VlF5/.6&/Yy.=\6,/*-�;.=7'.=<F,�&/(OY�:65/*?.6(+5/.Vlh¤T\=.6H?H-. 1 .6&�&)NP7[7'.6,/&cfgNP5/7[$;<F,}H?.IYj$;&vb &G,$;&)&/Nh\=*?:VX+|£$V<+&�<+NP&�&):=5/*-.=&�8P:6<+:=5/$V,45)*?\6.=&UNP<w\6NP7[Y`,4.£H-.=&U*-<@,/.=5/$;\6,/*?NP<+&v&/(+Yy:=5)*?.6(+5/.6&IY+$;5UHJ$9�;$V5/*J$VQ+H?.
u
.	,IH?.=&�*-<Ofg:=5)*?.6(+5/.6&�Yj$;5ZHJ$d�V$;5)*J$;Q+H-.

v
X

<MNP5)7[*-&TH-.=&T7[NPH-:=\6(+H?.6& 1 (i&)NPH-�V$;<F,=l�H-.=&R$k,4NP7'.=&9fgNP5/7[$;<F,RH-.[&)NPH?* 1 . 1 ( 1 .=7'*L� Y+HJ$;<�*?<`fg:=5/*-.=(+5&/N;<@,�H?.6& 1 .65/<+*-.=5/&I�PNP*-&/*-<+&MYyNP&)&/*?QOH?.=& 1�� (+<+.R7'NPH-:=\=(OH?. 1 ("YyNPH-oh7'e=5).;X�|£$;<O&£\=.T\�$;&MNP<"Yj$;5)H?. 1�� (+<\=N;<@,4$;\6, 1 .dH?$
7[N;H?:=\6(+H?.9$��P.6\KH?.T&/NPH^X��I<�&/NP7'7'.6, vi = (xi, yi) 1�� (O<�\W{+.=7'*?<�.=&),£(+< � �*& � � �D� &)*
yi = 0

Xj|£$V<+&MH?$R&/:65/*?.]8P:6<+:=5/$V,45)*?\6.;l+NP<¢\=N;7[YO,/.3H?.6&I\6NP<F,W$;\	,4& 1�� (+<¢\W{+.=7'*?<wYj$;5ZH?$d�;$V5/*J$VQ+H?. w
X

� <2Y+5/:6&/.=<F,/.97[$;*-<@,/.=<j$V<@, 1 .=(h�wYj$;5/$;7[e	,45).=& 1 NP<F,ZH � NP5/*-8P*?<+.Z.6&),ZY+H-(+&UY+5)N`\W{+. 1 .3HJ$d\6NP7RQ+*-<j$k�,4N;*?5/. 7�.=7'. & � *?H 1 NP*L,�.	,45).vYyNP&/&)*?Q+H-. 1 .�H-.=(+5�,45)NP(O�;.=5�(O<d*?<F,/:=56.	,�YO{@oh&)*?>@(+.;X;#�.v5):=&/.=$;(R\=$;5/5):vYy.=5)7[.	,1 .�Yj$;5G,4*L,4*?N;<+<+.=5�H?.�Y+HJ$V<�� 2 .=< � � ��� � � � �[>@(+*c&/N;<@, 1 .6&T\=$;5/5):=& 1 .'HJ$
fgNP5)7[. [i, i + 1[×[j, j + 1[
l

i, j ∈ £X � <�Y�.6(O,cNP5)*?.6<@,/.=5c(+<�YyNPH-oh7'e=5). 1 *?5)*?8P: 1 . v0

¤
vn

XFS�.6,/,/.ZNP5/*-.=<F,W$V,/*?NP<d*?< 1 (O*-,�(O<+.�NP5/*-.=<`�,W$k,4*?N;<'&)(+5}H?.=&}\=.6H?H-(+H?.6& 1 NP<F,U$V(
7'NP*?<+& 1 .=(`�[\=N;*?<+& &/N;<@, 1 .=&}&/N;7[7'.6,/&}\6NP<+&):=\=(`,4*-fg& 1 (
YyNPHLo`7'e=5).;X�M< �/$ �0� � �/. $�� �D� . $ ����� 1 (�\W{+.67[*-<w.=&),M(+<+.]\6.=H?H-(+H?. 1 NP<F,�H � N;5/*?.6<F,W$V,/*?NP<�.6&), 1 $;<O&MH-.3&/.=<O&I,/5/*?8;NP<+NV�7':6,45)*?>@(+.VX+#�.£<+NP7dQ+5/. 1 .3&)*-,/.=&UYy:=5)*?7':6,45)*?>@(+.6& 1 :6�+<+*-,�H-.,� �/. $�� 9 � . ��$� �/$ �0� 1 (2YyNPH-oh7'e=5/. 1 *?5)*?8P:.6,�*?HF.6&),�\=NP7'YO,4:}Yj$;5nHJ$U�V$;5)*J$;Q+H-.
p 1 $;<+&�H?$I&):=5)*?.}8P:=<+:654$V,/5/*-\=.;Xk# � :=<@(+7':=54$k,4*?N;<T&).=H?N;<d\=.vYj$;5/$;7[e	,45).&/(O5�H?.6&�YyNPH-oh7'e=5).=& 1 *?5/*-8P:=& \6NP<F,454$V*?<F,4&�¤9&/.�,/.=5)7[*-<+.=5}Yj$;5v(+<+.�7'NPH-:=\=(OH?.Z.=<2\6NP<F,W$;\	,�$��P.6\3H?.I&/NPH�¤\=N;< 1 (+*L,y7�NP(+&)>@(+.6,G�z3�:6H?NP(�.6, � .6\W{+<+*-,65=.65Zp=793 �

D2> uj¤3(O,4*-H?*-&/.=5nHJ$I,4.=\W{O<+*?>@(+. 1�� :=<@(+7':=5/$V,4*-NP< �=¤£H?$¡n.=7'Y�.65/H?.	o �I>@(+.I<+NP(+&�$;H?H-NP<+&c&/(O*-�h5/.M&/\=5)(+Y+(+H-.=(+&).=7'.=<F, 1 $;<+&�(O<+.MYO5/Nh\W{j$;*?<O.MYj$V5),4*-.;X@#%$J��� �$�0��� .� &��]� � 1�� (+<
YyNPH-oh7'e=5).M.6&),UH � N;5 1 NP<O<+:=. 1 .I&/NP< 1 .=5/<O*?.=5}&/N;7[7'.6,=XhS�.6,/,/.�{j$V(O,4.6(+5�.6&),U\6NP7'YO,4:6.MYj$V5
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HJ$d�V$;5)*J$;QOH?.
h 1 $;<+&ZHJ$R&):=5/*-.]8P:=<+:654$V,/5/*-\=.;X

�������������������������������������������������������������������
�������������������������������������������������������������������
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����	��������������� �!�"�

#%$&
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4 $1�5
6�!�3�"�879�9���-�)�:� ;<�>=%�

? ��
��@�'����
6$A�	�B����(9*@�/$-�@�3�/�

? ��
��@�'����
6$A�	�B$1�C�D*@�/$-�@�3�5�

 �"!9� > X8A # � :=\=$;Y+*L,4(+H?$V,4*-NP< 1 .6&MYj$V54$;7'e6,/5/.=&�:	,4( 1 *?:=&Z&)(+5ZH?.=&ZYyNPH-oh7'e=5).=& 1 *-5/*?8;:=&

#%$'&):=5/*-.38P:=<O:=54$k,45/*-\=.]Y+5).=<j$;<F,I.=<¢\=N;7[YO,/.3\=.6&MYj$V54$;7'e6,/5/.=&�.6&), 1 NP<+\
P (t, u, v, w, p, h) =

∑

c∈P

tlongueur(c)usuperieures(c)vinferieures(c)wcontacts(c)pperimetre(c)hhauteur(c).A A ¦ E#%$K\=NP<F,45)*?Q+(`,4*?N;< 1 (¢\W{O.=7'*?< 1 .]HJ$d�j8P(O5/.
> X8A[¤KH?$�&):=5)*?.38P:6<+:=5/$V,45)*?\=.].6&), 1 NP<+\ t28u3v4w7p18h2 X

< (+< 1 :	,W$;*-H},/.=\W{+<+*->@(+.27
$V*?&T,/5/*L�`*?$;H Y+5/e6&=l 7vNP(+&/>@(+.	,)�d3�:=H-NP( .6, � .=\W{+<O*-, 56.=5wp8793 �
D2> u�NP<F,:=<@(+7':=5):=&�H?.=&¢YyNPH-oh7'e=5/.6& 1 *?5)*?8P:6&¢\6NP<F,45/$;*?<F,4&�¤q&).�,/.=5)7[*-<+.=5w&/(O5xH � $k�`.�&/.6H?NP< HJ$ H?NP<O8P(+.=(O5�.	,H?.¢Yy:=5/*-7[e	,45). 1 .x&/*-,/.;X ��H?&[NP<F, 1 .�Y+H?(O& 1 *-&),4*-<+8P(+:¢H?.6&
Yj$V&[�P.65),/*?\�$V(`��.	,�H-.=&
Y+$;&
{+N;5/* 56NP<F,W$;(h��X#%$�&/Yy:=\6*J$;H-*?&/$V,4*-NP< 1 .xH?.=(O5[fgNP5)7R(+H?. 1 NP<+<O."(+<+.�:	�;$VH?(j$V,/*?NP<qYj$;5G,4*?.6H?H-. 1 ."HJ$�&):=5)*?."8P:6<+:=5/$V,45)*?\6.

P (t, u, v, w, p, h)
�`HJ$d&):=5/*-. 1 .=&�YyNPHLo`7'e=5).=& 1 *?5/*-8P:=&v:=<@(+7':=5):=&�&/.6H?NP<2H-.=(+5�H?NP<+8;(+.=(+5v.6,ZYy:=5)*?7'e6,45).1 .]&/*L,4.

P (t, 1, 1, 1, p, 0) = − 1

t2
.

∑

n≥0

t2nξnpnq(
n+2

2 )(1 − p)n

(1 + t − tp)n(1 − q)n(1 − pt)n(q)n(ξq)n

∑

n≥0

t2nξnpnq(
n+2

2 )(1 − p)n(1 + t − ξqn+1(p + tp − t))

(1 + t − tp)n(1 − q)n(1 + t − ξqn)(1 + t − ξqn+1)(q)n(ξq)n

.

A AFt EN21
• q ≡ tp

l
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• ξ
.6&),IHJ$R&).=(+H-.]&/:=5)*?.3fgNP5)7[.6H?H?.M.=<

t
>@(+*�&)NP*-,Z(+<O.95/$;\=*-<+. 1 (¢Y�N;H-oh< �P7'.3.=< s 1 . 1 .=8P5): 2

(1−q)(1−s)(1−sqp)+tp
(

(1 − q)(1 − p)
(

1 + s2pq
)

+ sp
(

(1 − q)(1 + pq − 2q) + tpq2(1 − p)
))

,A A � E

• #%$K<+N;,4$V,4*-NP< (a)n 1 :=&/*-8P<+.]\=N;7[7'. 1�� {j$;Q+*L,4( 1 .9H-.3Y+5/N 1 (+*L,
n−1
∏

k=0

(1 − qka)
X

�Wvxwyv u �2� ��| � �y�����d�y��~#~$� ���z|%~ ���,| � �d��~ ��| � 	9� �
#�.=&£YyNPH-oh7'e=5).=& 1 *?5/*-8P:=&ZNP<F,3:	,4: 1 :6�j<O*?&£YyNP(+5;.6,/5/.RH?$[\=H?$;&/&).dH?$[Y+H-(+&�H?$;5/8P.9YyNP&/&)*?Q+H-.T>@(+.RH � N;<&4$V\W{+.M:6<@(+7[:65/.65}&).=H-NP<[H-.=&cYj$V54$;7'e6,/5/.=&c>@(+.IH � NP<'$3Y+5/:6&/.6<@,/:;X � <[Yy.=(`, 1 :6�j<+*-5c&/(+5 H-.=& \W{+.=7'*?<O& 1 .|Moh\W~ 1 .6&MYj$V54$;7'e6,/5/.=&Z$V<j$;H?N;8P(+.=&Z$V(`�w*?<F,/.=54$V\6,4*-NP<+&U.	,M$;(`�w\6NP<F,W$;\	,4&=X ��H-&�fgNP5/7'.=<F,�(+<O.T\6HJ$;&)&/. DY+H-(+&�&)*?7'Y+H?. 1�� (+<RYyNP*-<@, 1 .}�h(+.�\6NP7RQ+*-<j$V,4N;*?5/. 1 NP<F,�H?.6&nfgN;5/7R(+H-.=& 1�� :=<@(+7':=5/$V,4*-NP<+&�&)NP<F,�&)*?7'*?H?$;*?5).=&.6, 1�� :6\=5/*L,4(+5).KY+H?(O&3\=NP7'Yj$;\	,4.;X�|£$;<+&]\=.�\W{j$VY+*-,/5/.;l�NP<�:6,/( 1 *?.K.6< 1 :6,W$V*?H�H-.R7'N 1 e6H?. 1 .=&]\W{+.=7'*?<O&1 .9|Moh\W~�X#%$'�j8P(O5/. > X ¦ *?H-H?(+&G,45).3HJ$ 1 :6�j<O*-,4*-NP<¢&/(+5IH?.6&M\W{+.67[*-<+& 1 .d|Io`\W~ 1 .6&MYj$V54$;7'e6,/5/.=&M$;<j$VH?NP8P(O.=&I¤\=.6(`� 1 .6&]Y�NPHLoh7[e65/.=& 1 *?5/*-8P:=&6X��I< � �*& � � �D� 1 (\W{+.67[*-< 1 .'|Moh\W~�.=&G,T(O<�&)NP7'7[.	, 1 .�\=.K\W{+.67[*-<>@(+*%.=&G,�&)(+5�H � $k�`. 1 .6&�$;QO&/\=*-&/&).=&=X�|�.6(`��&/NP7'7[.	,4& 1 *-&),4*-<+\6,/&M&)NP<F,�.6< $"& �0�/. � �D� $ �*&1$"& � �/. $ ���-. � lj5).=&��Yy.=\6,/*-�;.=7'.=<F,£.6< $"& �0�/. � �D� $ �*& � � � �/. $ ���-. � l�& � *?H?&Z&)NP<F,3¤�HJ$�7/.67[.]{j$;(`,4.=(O5�.6,M>@(+.dH-.]&/NP(+&���\W{+.67[*-<1 NP<F,I*?H-&U&/N;<@,ZH-.=&Z.	�h,/5/:=7'*-,/:=&�\6NP<F,4*?.6<F,M.��O$;\6,/.=7'.=<F,I(+<�YO*?\3.6,I$V(+\=(+<¢\=5).=(`��l�5/.6&/Yy.=\	,4*-�;.=7'.=<F,M(+<\=5).=(`�¢.	,M$;(+\=(O<�Y+*-\;X
��NP(O5I:6<@(+7[:65/.65M&).=H?N;<¢\6.=&IYj$;5/$;7[e	,45).=&�NP<¢*?<F,45)N 1 (+*-,�HJ$K&/:65/*?.38;:=<+:654$V,/5/*?\6.

D(t, u, v, w) =
∑

c∈D

tdemilongueur(c)usuperieures(c)vinferieures(c)wcontacts(c).

A AFs E

#%$T\=N;<@,/5/*-Q+(O,4*-NP<'¤9\6.6,),4.�&):=5)*?.Z8P:=<O:=54$k,45/*-\=. 1 (
\W{O.=7'*?< 1 .�|Io`\W~ 1 . 1 .IHJ$£�j8P(+5).
> X ¦ .=&G, 1 NP<O\

t14u7v10w4 X#�.x\�$VH?\=(OH 1 .xH?$�&):=5/*-. D(t, u, v, w)
.6&), �f� . $ � . $UY+H-(+& 1 *-:'\6*?H?.w>@(+.�\=.=H-(+* 1 .¢\=.=5G,W$;*-<+.=& 1 .&/.6&�&/Yy:=\=*?$;H?*-&4$V,/*?NP<O&=X���$;5�.	�`.67[Y+H-.;l�H?$"&/:65/*?.

D(t, 1, 1, w)
\6NP7[Y`,4.�H-.=&K\W{+.67[*-<+& 1 .w|Moh\W~ &/.6H?NP<H?.6(+5 1 .=7'*L� H?NP<O8P(+.=(O5c.6,UH-.Z<+NP7RQ+5). 1 .M\6NP<F,W$;\	,4&=X`��N;(+5U$;QO5/:=8;.=5}H?.=&}<+N;,4$V,4*-NP<+& NP<[<+N;,4.I\=.	,/,/.�&/:65/*-.

D(t, w)
X;�cH-(+&c8P:=<O:=54$VH?.=7'.=<F,cN;<K&/(+Y+YO5/*?7'. 1 $V<+&c<+NP&c<+NV,W$V,/*?NP<+&�H?.6&�Yj$;5/$;7[e	,45).=& 1 N;<@, N;<K<+.U,4*-.=<F,Yj$;&Z\6NP7[Y`,4.;X

�Wvxwyv�� ��� �y� ��| � |%� � ��|%~ �d� ��| � �y�����d�y��~#�z� ��� � �d|%� ��|%~
#�.9f $;*L, 1�� *?8P<ONP5/.65�H?.=&Z*-<@,/.=5/$;\6,/*?NP<+&�&)(+Yy:=5/*-.=(+5).=&IY�.65/7'.6, 1�� :=\65/*?5).]Y�NP(O5IH-.=&�\W{+.67[*-<+& 1 .9|Moh\W~1 .6&�:=>@(j$k,4*?N;<+& 1 . 1 :6\=NP7'YyNP&/*L,4*?N;<�$VH?8P:6Q+5/*->h(O.;X�|�.6<+*?&).d.6,£m`*-7[*-NP<�pr|3m�G ¦ unNP<F,�:6<@(+7[:65/:TH?.=&Z\W{+.��7'*?<+& 1 .[|Moh\W~�&/.=H-NP<�H?.=(O59H-NP<+8P(O.=(+5].6,9H-.=(+5)&9*-<F,4.=5/$;\6,/*?NP<O&9*-<Ofg:=5)*?.6(+5/.6&=X � <�Y+5)N;�+,/. 1 .=&d\=$;H?\6(+H?&1 . D(t, v)

.6,
D(t, v, w)

YyNP(+5 Y+5)NPYyNP&/.65 1 .=(`� 1 :6\=NP7'YyNP&/*L,4*?N;<+&c\=NP7dQ+*?<j$k,4NP*-5/.=&6XP|£$V<+&vH-.ZY+5/.67[*-.=5\�$V&=l�YyNP(+5
D(t, v)

N;<�& � *-<F,4:=5).=&)&/.'$;(�Y+5).=7'*?.=5�\=5/.6(`� 1 (�\W{O.=7'*?<�X�bc<+&)(+*-,/.;l�YyNP(+5 D(t, v, w)
l�NP<



_aB t ���&�����
	��&��� ���c�!)���"$��)������!" + '��������/)����&�"! ���

�����������������������������������������������������������������������������
�����������������������������������������������������������������������������
���������������������������������������������������������������������������
���������������������������������������������������������������������������

�����
�����
�����
�����

� 0���'3��!3',*� ��'��	����!3'3
(0���*
* % � ./�2
�� % �1�/*

� ��'��	����!3'3
(0���*

�� 	 ./�2
�� % �1�/*

 �"!9� > X ¦ # ��$V54$;7'e6,/5/.=&Z:	,4( 1 *-:=&Z&/(O5IH-.=&Z\W{+.67[*-<+& 1 .T|Moh\W~

1 *-&/\=(`,4.I&/*yH?.ZY+5/.67[*-.=5 &/N;7[7'.6,}.=&G,U.6<
*?<F,/.=54$V\6,4*-NP<'*?<Ofg:65/*?.6(+5/.ZNP([<+NP<
$��;.=\MH?.ZY+5/.67[*-.=5 5/.	,4NP(O5v&)(+5H � $k�`.;X
� ! � ����� '��*' � , �	��
� ��� �/. $ � , � & �/. � � . $ � �

D(t, v)
$� � � � � �%$"&�� $� � �'��� &��*& � $ $� �  �*& � � � $� �%$"+

� �*&-, ����� .e� � � � � ��� � � � ��� .
t
�D� � � &�� � � . � �� $"& �d�/. � �D� $ �*&�� $"& � �/. $ ���-. � � ��� .

v
�L� � $ � ���)$ � � � ����� � � $ �*&

$�  ��� � ����� �/$ � $ �*& �]� , � � . $ �����

D(t, v) =
tv

1 − tv
+

tv

1 − tv

D(t, v)

1 − t(1 + D(t, v))
.

A A G E
� �D� �d� � �/. $ �}� � �  �*& �

D(t, v) =
(1 − t)(1 − 2tv) −

√

(1 − t)(1 − (1 + 4v)t + 4v2t2)

2t(1 − tv)
.

A ¦ DFE

� ! ) ��� ) �}� < 1 NP<+<+.[(+<+. 1 :=\=N;7[YyNP&/*L,4*-NP< 1 .
\=.6&d\W{+.67[*-<+&d>@(+*}5/.6&/Yy.=\	,4.�H-.=&9*?<F,4.654$;\	,4*?N;<+&T*-<Ofg:	�5/*-.=(+5).=&]��NP<wf $;\6,/NP5/*-&/.3(+<�\W{+.=7'*?<¢.=<¢5/.6Y�:654$;<F,M&/NP<�Y+5/.67[*-.=5�\=5).=(`��X�#%$K�+8P(+5/. > Xrt'*-H?H-(+&),/5/.£\6.6,/,/.f $;\	,4NP5)*?&4$k,4*?N;<�X
�cH?(+&�fgNP5)7[.6H?H-.=7'.=<F,�lhNP<wYj$;5G,4*-,/*?NP<O<+.£H � .=<O&/.=7dQ+H?. 1 .6&M\W{O.=7'*?<+& 1 .9|Moh\W~2.=<��

• S�.6(`�¢>@(+*�<+.]\=N;<@,/*?.6<+<+.=<F,MYj$;& 1 .]\=5).=(`��Xy#�.=(+5�&):=5)*?.]8P:=<O:=54$k,45/*-\=.].=&G, tv

1 − tv

X
• S�.6(`�'>@(+*jNP<F,}$;('7[N;*?<+&�(O<'\65/.6(`��X �%�V$;<F,}\=.Z\=5).=(`�'*-H`o�$3(+<'\W{+.=7'*?< 1 .I|Moh\W~K&/$;<+&}\=5/.6(`��X�MY+5/e6&'H-.�Y+5).=7'*?.=5T\=5).=(`� *-H�.��O*-&),/.¢(O< \W{O.=7'*?< 1 .w|Moh\W~ <+N;< �h* 1 . 1 NP<F,�H?.
Y+5/.67[*-.=5RYj$V&fgNP5)7[.�H-.Z\=5/.6(`��X`m`*�H?.�Y+5).=7'*?.=5 \65/.=(h�'.=&),�¤]HJ$3{j$;(O,/.=(+5

n
lF.6<[f $;\	,4NP5)*?&/$;<F, &/(+5}H?.6&}YO5/.=7'*?e65/.6&

1 .6&/\6.=<F,4.6&�¤T\W{j$V>h(O.�{j$;(`,4.=(O5�$;YO5/e=&vH?.ZY+5).=7'*?.=5 \65/.=(h�
*-Hj$;Y+Y+$;54$ � , n f $;\	,4.6(+5/&}>@(+*�&/NP<F,U&)NP*-,�h* 1 .=&=lj&)NP*-, 1 .=&Z\W{+.=7'*?<O& 1 .T|Io`\W~�X�#%$�&):=5)*?.]8P:=<O:=54$k,45/*-\=. 1 .]\6.=&I\W{+.=7'*?<+&�.6&), 1 NP<+\
tv

1 − tv
D(t, v)

∑

n≥0

(t(1 + D(t, v)))n =
tv

1 − tv

D(t, v)

1 − t(1 + D(t, v))
.



���������@� ��� ����	�� 	������#)����s'(�!) ��"$��� _aB
�

�������������������
�������������������
�������������������
������������������� ���������������

���������������
���������������
��������������� ���������������������������������������������������������

���������������������������������������������������������
���������������������������������������������������������
���������������������������������������������������������+

1 + D(t, v)

1 + D(t, v)D(t, v)

=

t

t

tv

1 − tv

tv

1 − tv D(t, v)

 �"!9� > X t # �y$V\6,4N;5/*?&/$V,4*-NP< 1 .6&Z\W{+.=7'*?<+& 1 .9|Moh\W~2Y+5):=&).=5)�V$;<F,MH?.6&I*-<F,4.=5/$;\6,/*?NP<O&�*?<Ofg:65/*?.6(+5/.6&
#%$ &/:=5)*?. 8P:6<+:=5/$V,45)*?\6. 1 .=&�\W{+.67[*-<+& 1 . |Moh\W~ 1 NP<F,�NP< \6NP7[Y`,4.iH-.=&�*?<F,/.=54$V\6,4*-NP<+&"*-<Ofg:=5)*?.6(+5/.6&&4$k,4*?&Gf $;*-,RH � :=>@(j$V,/*?NP<

A A G E >@(+*�\=N;< 1 (+*L,'¤�(O<+.w:=>@(j$V,/*?NP< $;H-8P:=Q+5)*?>@(+. 1 . 1 .=8P5): 2
&/$V,4*-&)f $;*L,4.�Y+$;5

D(t, v)
X�#%$5):=&)NPH?(O,/*?NP< 1 .�\=.	,/,4.�:=>@(j$V,/*?NP<q\=NP< 1 (+*-,
¤ 1 .=(`�q&/N;H?(O,/*?NP<+&�&)NP(+&[fgN;5/7'. 1 .¢&/:65/*-.=&1 .
#n$V(+5/.6<@,T.=< t

¤�\6N`. :[\6*?.6<@,/&dYyNPH-oh<+N;7[*?$;(`��.6<
v
Xn�M<+.'&/.6(+H?.[Yj$;5)7[*cH-.=& 1 .=(`�.6&),R(O<+.
&):=5/*-.fgNP5)7[.6H?H?.M.=<

t
¤K\=Nh.&:'\6*?.=<F,/&MYyNP&/*L,4*Lfg&=XjS � .=&G, 1 NP<+\].=H-H?.£H?$R&/:=5)*?.]8P:6<+:=5/$V,45)*?\=.VX 2

� ! � ����� '��*' � , �	� � � �f� �/. $ � , � & �/. � � . $ � �
D(t, v, w)

$� � � � � �%$"&�� $�%� �'��� &��*& � $ $� �  �*& � � �
$� �%$"+0� �*&-, ����� .s� � � � � ��� � � � ��� .

t
�;� � � $"& �0�/. � �D� $ �*&�� $"& � �/. $ ���-. � ����� .

v
�D� � � � � �*& � � �D� ����� .

w
�

�L� � $ � ���)$ � � � ����� � � $ �*& $�  ��� � ����� �/$ � $ �*&

D(t, v, w) =
wtv

1 − tv

(

w + D(t, v, w)
)

+ wt
(

D(t, v) − tv

1 − tv

)(

w + D(t, v, w)
)

A ¦ _aE
���

D(t, v)
� � � � �e� �/. $ � $� �W���D� � � � � �%$"&������ � . � � ����� ��� � �*& & �W� $ � & � ��� � � � ��� �d� $� � � �*& � � �D� � �


 ��� � � � ���  �*& �

D(t, v, w) =
1

2

1 + w2
(

2 wt2v − 2 wtv − t −
√

− (−1 + t) (4 t2v2 − 4 tv − t + 1)
)

1 − t2w2v − tv + w2tv + wt − w
.

A ¦ BPE

� ! ) ��� ) � �nNP(+5'f $;\6,/NP5/*-&/.=5'(+<�\W{O.=7'*?< 1 ."|Moh\W~ NP< 1 *-&/\6(O,4.�\=.6,),4.xfgN;*?&�&/(+5[H � .	�`*?&G,4.6<+\=. 1�� (O<+.*?<F,/.=54$V\6,4*-NP<
*-<Ofg:=5)*?.6(+5/.I.=<F,45).�H-.�Y+5).=7'*?.=5}&/N;7[7'.6, 1 (2\W{+.67[*-<
.	,UH?.IY+5).=7'*?.=5}5/.	,4NP(O5�&/(O5UH � $k�`.;Xh#%$�j8P(O5/. > X _ X > *-H?H?(O&),45).£H?.�Y+5/NPYyNP&6X

D(t, v, w)

=

w + D(t, v, w)

D(t, v) − tv

1 − tv

wt
+

w + D(t, v, w)

wtv

1 − tv

 �"!9� > X � # ��$;\	,4NP5)*?&4$k,4*?N;<�Y�N;(+5�H?.6&I*-<F,4.=5/$;\6,/*?NP<O&�*?<Ofg:65/*?.6(+5/.6&�.6,IH?.6&�\=NP<F,4$;\6,/&
� <�Y+$;5),/*-,4*-NP<+<+. 1 NP<+\]H-.=&Z\W{+.=7'*?<O& 1 .T|Io`\W~2.6<



_aB s ���&�����
	��&��� ���c�!)���"$��)������!" + '��������/)����&�"! ���

• S�.6(`� 1 N;<@,�H-.2Y+5/.67[*-.=5R&)NP7'7[.	,K.=&G,[.6< *?<F,4.654$;\	,4*?N;< *?<Ofg:65/*?.6(+5/.�$��;.=\¢H?.�YO5/.=7'*?.65R5/.	,4NP(O5=X #�.Y+5).=7'*?.65�f $;\6,/.=(+5%<+. \6NP<F,4*?.6<F,�Y+$;& 1 . \=5/.6(`��l�HJ$�&/:65/*-.c8P:=<+:654$V,/5/*-\=. 1 . \=.6&%f $V\6,4.6(+5/&%.6&), tv

1 − tv

X
m`*�H?.MY+5/.67[*-.=5�5).6,/NP(+5�.=&G,Z$;(+&)&/*�H-. 1 .65/<+*-.=5U&)NP7'7[.	,�lON;<�\=NP7'YO,/.£\=. 1 .65/<+*-.=5U\6NP<F,W$;\	,�l`&/*?<ONP<*-H�ow$�(+<�<ONP(O�P.=$;(x\W{O.=7'*?< 1 .d|Io`\W~ 1 N;<@,INP<¢\=N;7[YO,/.3H?.6&I\6NP<F,W$;\	,4&6X�#%$�&/:65/*?.]8P:6<+:=5/$V,45)*?\6.1 .]\6.9&).=\6NP< 1 f $V\6,4.6(+5Z.=&G, 1 NP<+\ w + D(t, v, w)

X
• S�.6(`� 1 NP<F,IH?.]Y+5).=7'*?.65�&/NP7'7[.	,�< � .=&G,�Yj$V&M.6<�*-<@,/.=5/$;\6,/*?NP<w*?<`fg:=5/*-.=(+5).]$��P.=\9H?.]Y+5).=7'*?.65�5/.6,/NP(+56X#�.KY+5).=7'*?.=53Y+$;&3.6,9H?.dY+5/.67[*-.=53\=N;<@,4$;\6,]&)NP<F,]�;$VH?(+:6&

wt
X�bc<+&)(+*-,/.�H?.KY+5).=7'*?.=5Mf $;\6,/.=(+53.6&),(+<�\W{O.=7'*?< 1 .R|Moh\W~ ��� $ � �*& � $ � & � � � �s�*$"&�� � & �/. ���]¡ X � <�<+.R\=N;7[YO,/.dYj$V&£H?.6&�\=N;<@,4$;\6,/&YyNP(+5£\6.Kf $;\6,/.=(+53Y+(O*?&/>@( � *?H-&£<+.K\6NP5/5).=&/YyNP< 1 .=<F,9Yj$;&]¤ 1 .=&3\6NP<F,W$;\	,4& 1 (�\W{+.67[*-<"f $;\6,/NP5/*-&/:;X� <
N;QO,4*-.=<F,}HJ$]&/:=5)*?.Z8P:6<+:=5/$V,45)*?\=. 1 .I\=.6&�\W{+.67[*-<+&vY+$;5 1 *-¥�:=5/.6<+\=.9�@H � .=<+&).=7RQOH?. 1 .=&v\W{+.=7'*?<O&$��P.6\K$;("7'NP*-<+&M(O<�\=5/.6(`�x.=&),£H � .=<+&).=7RQ+H-. 1 .6&£\W{+.67[*-<+&�Y+5)*-�;: 1 .RH � .6<+&/.67RQ+H-. 1 .6&£\W{+.=7'*?<O&&/$;<+&�\65/.=(h��X�#%$&/:65/*-.x8P:6<+:=5/$V,45)*?\=. 1 (�Y+5).=7'*?.65'f $;\	,4.6(+5�.=&G, 1 N;<+\ D(t, v) − tv

1 − tv

Xv#�.
&).=\=N;< 1 f $;\	,4.6(+5[.6&),'H?.w7�.=7'.2>@(+. 1 $;<+&'H?.2Y+5).=7'*?.=5K\=$;&=l &/$�&):=5/*-.�8;:=<+:654$V,/5/*?\6.w.=&), 1 NP<O\
w + D(t, v, w)

X
S�.6,),4. 1 :=\6NP7'Y�NP&)*-,/*?NP< \=N;< 1 (+*L,x¤ (+<+.�.	�`Y+5).=&)&/*?N;< 54$V,/*?NP<O<+.=H-H?. 1 . D(t, v, w)

.=< fgN;<+\6,/*?NP< 1 .
D(t, v)

Xhbc<2(O,4*-H?*-&4$;<F,}H � .	�`Y+5).=&/&)*?NP< 1 . D(t, v) 1 .�HJ$9Y+5/N;Y�NP&)*-,/*?NP<
> X _ NP<
N;QO,4*-.=<F,UH � .��OYO5/.=&)&/*-NP< 1 .

D(t, v, w)
X

2

#%$
&/(+*L,4. 1 .d\6.d\W{j$;YO*-,45).d.6&),£\6NP<+&/$;\=5):=.�$;(`��*-<@,/.=5/$;\6,/*?NP<+&I&/(OY�:65/*?.6(+5/.6&=X�#%.6&M,/*-,45).=& 1 .=&£&)NP(+&��\W{j$;YO*-,45).=&v:6�PNh>@(+.=<F,�H-.=&v7[:	,4{+N 1 .=&}.=7'Y+H-Nao;:=.6&UY�N;(+5v:6<@(+7[:65/.65�H?.6&v\W{O.=7'*?<+&v&/.=H-NP<
\6.�Yj$V54$;7'e6,/5/.;X

�/I H ��N4i�P@T!\^g i�XDj�NQkOk��UR m@T�X�P�� T�PWkORf\eTOm����Q\(i�X�jtN � _L\ ��PWV R P@T&r
_DP�	

#�.=&�f $;\	,4NP5)*?&/$V,4*-NP<+&Z(+&/(O.=H?H-.=& 1 .=&�\W{+.=7'*?<+& 1 .R|Io`\W~¢Y+5):=&/.65)�;.=<F,9H?.=&I*?<F,/.=54$V\6,4*-NP<+&I*?<Ofg:65/*-.=(+5).=&=X��N;(+5�H-.=&n*?<F,4.654$;\	,4*-NP<+&�&/(OY�:65/*?.6(+5/.6&�\ � .6&),�YOH?(+& 1 :6H?*?\=$V,�Xa��$;5n.	�`.=7'Y+H?. YyNP(+5nHJ$Uf $;\	,4NP5)*?&4$k,4*?N;<3(+&/(+.6H?H-.$;(iYO5/.=7'*?.65T5).6,/NP(+5d&)(+5RH � $k�`.Vl�*-H}.��`*?&),/. 1 .6&R*?<F,4.654$;\	,4*-NP<+&9&/(+Yy:=5)*?.=(O5/.=&dN21iH?.6&d&)NP7[7'.6,/&R$;YOYj$;5G�,4*-.=<+<O.=<F,I$;(`� 1 .=(`�2&/NP(+&���\W{+.67[*-<+& 1 .]|Moh\W~
A
� � � ��*?8P(+5).

> X BPE X���*-<+&/*�H?.£<+N;7RQ+5/. 1�� *-<F,4.=5/$;\6,/*?NP<O&�¤\W{+.	�;$VH�.6<@,/5/.RH-.=& 1 .=(h�"&)NP(+&G� \W{+.=7'*?<O&�.=&G,£H-.T7'*?<+*-7R(+7 1 .dH?$'H-NP<+8P(+.6(+5 1 .dH?$ 1 .65/<+*-e=5). 1 .6&/\=.6<F,4.1 (¢Y+5/.67[*-.=5U&)NP(+&���7'N;,Z.6, 1 .]HJ$KH-NP<+8P(+.6(+5 1 .]H?$�YO5/.=7'*?e65/.37'NP<F,4:6. 1 (�&).=\6NP< 1 &)NP(+&���7'N;,�X
� � . $ � . $h*?HO&).=7RQOH?. 1 NP<O\ 1 *-:'\=*-H?. 1�� :6\=5/*-5/. 1 .6& :=>@(j$V,/*?NP<+& 1 . 1 :=\6NP7[YyNP&)*-,4*-NP<K$;H-8P:=QO5/*?>@(+.�Y�NP(O5\=.M7[N 1 e6H?.;X@#�.6& 1 :=\6NP7'Y�NP&)*-,/*?NP<+& Yj$V5},/54$;<+\W{O.=&=l`H?*-:=.=&v¤T(O<+.£$;YOY+5/Nh\W{+.£¤9HJ$9¡�.67[Yy.=5)H?.6o;l@&/NP<F,U(O<+.$;HL,4.=5)<j$V,/*-�P.T$;(`� 1 :6\=NP7'Y�N;&/*-,/*?NP<O&�$;H-8P:=QO5/*?>@(+.6&=X ��(�H-*?.6( 1 . 1 :=\6NP(+Yy.=5£5):=\=(O5/&/*L�P.67[.6<@,]H-.=&MNPQhz).6,/&.=< 1 .=(`�iNP( Y+H?(O&/*?.6(+5/&T&/NP(O&G��N;Qhz).6,/&=lcNP< $V7RQ+*-,/*?NP<O<+.[YOH?(+&R7'N 1 .=&G,4.=7'.=<F, 1 $;<+&K\6.6,/,/.2$;Y+YO5/Nh\W{+.1�� .6¥�.=(+*-H?H-.=5c5/:6\=(+5)&/*L�P.=7'.=<F,v(+<
N;Qhz).6,I�FNP<[H?. 1 :6\=NP7'Y�N;&/.I.=<'(+<
7'NP5/\6.�$;(�>@(+.MH � NP<�&4$;*L, :=<@(+7':=5/.65.6,�(+<�&/.6(+H�&)NP(+&���NPQhz).	, 1 .T7/.67[.9<j$V,/(+5/.VX�S�.=Yy.=< 1 $;<F,3YyNP(+5 1 :=\=5)*?5).d\=.	,/,/. 1 :=\6NP7'Y�NP&)*-,/*?NP<¢*?H%.=&G,<+:6\=.=&)&4$;*-5/. 1 .£54$az)N;(O,4.65�(+<2Yj$V54$;7'e6,/5/.�&)(+5�H-.=&UN;Qhz).6,/&U>@(+.£H � NP<[:=<@(+7'e=5/.VXjS�NP7'7'.�\=.�Yj$;54$V7[e	,45/.< � .=&G,£Yj$;&MY�.65),/*?<+.6<@, 1 $;<O&�H?.95/:6&/(+HL,W$V,I7[$;*?&Z>@( � .=H-H?.9Y�.65/7'.6,MHJ$�7[*-&/.].=<":6>@(j$V,4*-NP<�l ��.=*-H?Qy.=5)8P.=5ZH?.>@(j$;H-*-�j. 1 . � � � �]� �B� $ ����� p ��.6*

DPD uCX



��� ���� ��	���������	����!���4�  &�
�������� &�&�����B��� ���! �� 	����!��� "����^��'(������"���+ _aB G

 �"!9� > Xrs # |M*-:'\=(+HL,4: 1 .6&M*-<F,4.=5/$;\6,/*?NP<O&�&/(+Yy:=5)*?.=(O5/.=&
�]5 �;\=.U¤�(+<+. 1 :=\=N;7[YyNP&/*L,4*-NP<R¤�H?$M¡n.=7'Y�.65/H-.6oPlB7�NP(O&/>@(+.6,G�z3�:6H?NP(�.	, � .=\W{+<+*L, 56.=5�p8793 �

D2> uONP<F,Y+(¢:=<@(+7':=5).=5ZH?.6&�Y�NPHLoh7[e65/.=& 1 *?5)*?8P:6&�&/.=H-NP<wH?.£Yy:=5)*?7'e6,/5/. 1 .3&)*-,4.VXj#%$ 1 *-:'\=(OH-,4: 1 .9\6.]Yj$;54$V7[e	,45/.Y+5)Na�h*-.=<F, 1 .=&w&)*-,4.6&2Y�:65/*-7[:	,45/*->@(+.=&�>@(+*�&/NP<F,¢Q�N;5 1 :6&2Yj$;5 1 .6&2*?<F,4.654$;\	,4*?N;<+&�&/(OY�:65/*?.6(+5/.6&=XImO$V<+&&/(O5/Y+5)*?&/.Vl�H?.=(O5�7[:	,4{+N 1 .]& � $;Y+Y+H-*?>@(+. 1 NP<O\T¤�H � :=<@(+7':=5/$V,4*-NP< 1 .=&I*?<F,/.=54$V\6,4*-NP<+&�&)(+Y�:65/*-.=(+5).=&=Xy|£$V<+&\=.	,/,/.KYj$;5),/*?.TNP<"5/.6Y+5/.6< 1 >@(j$;&/*���H-*-,/,/:=5/$;H?.67[.6<@,IH?$[7':6,4{ON 1 .d>h( � *-H?&�N;<@,£Y+5/NPYyNP&):=.RYyNP(+5�,/54$;*L,4.65�H?.\�$V&IYOH?(+&Z&/*-7[YOH?. 1 .=&I\W{+.=7'*?<+& 1 .9|Moh\W~�X
�Wv u@vzw 
a�z~$| |%� �%�@�,� ���d�y�
� <��;.=(O,T\�$;H-\=(+H-.=5£H?$2&/:=5)*?.K8P:6<+:=5/$V,45)*?\6. 1 .=&]\W{+.=7'*?<O& 1 .[|Io`\W~ 1 NP<F,TN;<\6NP7[Y`,4.KH?.K<ONP7RQ+5).1�� *?<F,4.654$;\	,4*-NP<+&�&)(+Y�:65/*-.=(+5).=&=XP��NP(+5cH?$�7'*?&/.�.=<K:=>@(j$k,4*?N;<KNP<�*?<F,45)N 1 (O*-,�(+<�Yj$;54$V7[e	,45/.�\�$V,4$;H-o@,4*->@(+.;lHJ$KH-NP<+8P(+.6(+5 1 .dH?$ 1 .=5)<+*?e65/. 1 .=&)\=.=<F,/.;l�\6NP7'YO,4:6.TYj$V5IH?$��V$;5)*J$;QOH?. s

Xy��NP(O5M(+<�\W{+.=7'*?< 1 .T|Moh\W~ cNP<w<+N;,/.
descente(c)

HJ$KH?N;<+8P(+.6(+5 1 .]&4$ 1 .65/<+*-e=5/. 1 .6&/\6.=<F,4.VX� <¢,/54$��V$;*?H-H?. 1 NP<+\9$��P.=\9HJ$R&):=5)*?.]8P:=<O:=54$k,45/*-\=.
D(t, u; s) =

∑

c∈D

tdemilongueur(c)usuperieur(c)sdescente(c).

� ! � ����� '��*' � , �	��� � � � �/. $ � , � & �/. � � . $ � �
D(t, u; s)

$� � � � � �%$"&�� $� �������  �*& � � � $� �%$"+
� �*&-, ����� .t� � � � � ��� � � � ��� .

t
� � � &�� � � . ���� $"& �d�/. � �D� $ �*&��,� � � �/. $ ��� . � �h��� .

u
�D� � ��� �*&-, ����� . $� � �

$�/. &2$39 . � $� � � � & �d� ��� .
s
�L� � $ � ���)$ � � � ����� � � $ �*& �

D(t, u; s) =
ts

1 − ts
+

ut

1 − ut

ts

1 − ts

(

D(t, u; s) − D(t, u; uts)
)

+
ut

1 − ut

( s

1 − s

(

D(t, u; 1)− D(t, u; s)
)

− uts

1 − uts

(

D(t, u; 1)− D(t, u; uts)
))

.A ¦ >FE
� ! ) ��� ) �h� <T.6¥�.=(+*-H?H?.cH-.=&n\W{+.=7'*?<O& 1 .�|Moh\W~]>h(O*`\6NP<F,4*?.6<+<+.6<@,�$;(d7'NP*-<+&%(+<d\65/.=(h�d.6<R&/(OY+Y+5/*-7
$V<@,H?.Zf $;\	,4.=(O5 1 .�|Moh\W~�$;Y+Y+$;54$;*-&/&/$;<F,U$;YO5/e=&�H?. 1 .=5)<+*?.65v\65/.=(h��X � < 1 *?&)\=(O,/.�.6<+&/(+*L,4.M&/.=H-NP<�H?$9{j$V(O,4.6(+55/.6HJ$V,/*-�;. 1 .6& 1 .=(`� 1 .=5)<+*?.65/&2Y+*-\=&

A �PNP*-5
�j8P(+5). > X=G E XUS�.6,),4. 1 :6\=NP7'Y�N;&/*-,/*?NP<�<+:=\6.=&/&)*-,/. 1 NP<+\�H?$Yj$;5G,4*L,4*?N;< 1 .=&I\W{+.67[*-<+&Z.=< 1 .=(`�2\=HJ$V&/&/.6&T�
• \6.=(`�¢>@(+*�< � NP<F,IYj$;& 1 .]\65/.=(h��Xy#�.=(O5I&):=5)*?.38P:6<+:=5/$V,45)*?\=.].6&), ts

1 − ts

X
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 �"!9� > X=G # |M:=\=N;7[YyNP&/*L,4*-NP<w¤KHJ$K¡�.67[Yy.=5)H?.	o�YyNP(+5ZH?.6&�\W{+.=7'*?<+& 1 .9|Moh\W~

• \6.=(`�q>@(+*ZNP<F,
$;(q7'NP*-<+&K(+<�\65/.6(`��XUS�.6&
\W{+.67[*-<+&�&/.x\6NP<+&G,45/(O*?&/.6<F, 1 .wf $)(6NP<�(+<O*?>@(+.w.=<*-<+&/:654$;<F,�(O<�f $;\6,/.=(+5 1 ."H?$�fgNP5)7[. xj.xj ¤�HJ$�{j$;(O,/.=(+5 i 1 $V<+&�(+<�&)NP(+&���\W{+.67[*-< c 1 NP<F,
k
l�HJ$�H?N;<+8P(+.6(+5 1 .�HJ$ 1 .65/<+*-e=5). 1 .=&/\6.=<F,4.Vln�V$;(`,9$;(7'NP*-<+& i + 1

X%|�$;<+&]\=.�\�$V&9H-.K<+NP7RQO5/.
1�� *?<F,/.=54$V\6,4*-NP<+&�&)(+Y�:65/*-.=(+5).=&I\=5/:6.].=&), min(j, k − i)

X � < 1 *?&G,4*-<+8P(+. 1 NP<+\ 1 .=(h�¢\�$;&
� H � $��V$;<F, 1 .65/<+*-.=5ZY+*-\ 1 (�\W{O.=7'*?<w.=&G,M&G,45)*?\6,/.=7'.=<F,M$;(`� 1 .=&)&/NP(+& 1 ( 1 .=5)<+*?.65=X

j > 0

i > 0
k

 �"!9� > X _�D # ��<+&/.65),4*-NP<¢&),45)*?\	,4.=7'.=<F,Z\65/NP*-&/&4$V<@,/. 1 .]Y+*?\
mhNP*-,

i < k
HJ$ 1 *-¥�:=5/.6<+\=. 1 .R{j$;(`,4.=(O5£.=<F,45).KH � $��;$V<@,G� 1 .65/<+*-.=5MY+*?\T.6,3H-. 1 .65/<+*-.=5£\65/.=(h�.	,

j > 0
HJ$ 1 *-¥�:=5/.6<+\=. 1 .�{j$V(O,4.6(+5w.=<F,45).�H-.=& 1 .6(`� 1 .65/<+*-.=5/&wY+*-\=&6X�|£$;<+&w\6.�\=$;&*-H�o�$2.��+$V\6,4.67[.6<F,

i
*-<@,/.=5/$;\6,/*?NP<+&3&)(+Yy:=5/*-.=(+5).=&]&/(OY+Y+H?:67[.6<F,W$;*-5/.=&6l�HJ$ 1 .=7'*L��H-NP<+8P(O.=(+5$V(+8P7'.=<F,4. 1 . j + i
.	,�H?$'H-NP<+8P(+.6(+5 1 .dH?$ 1 .65/<+*-e=5). 1 .6&/\6.=<F,4.K.6&),£7[$;*-<@,/.=<j$V<@, k + j

X� <�<+N;,/.
fc(t, u)sk HJ$
�V$;H-(j$V,/*?NP< 1 (&)NP(+&���\W{+.67[*-< c

X�#%$2&/:65/*-.K8P:=<+:654$V,/5/*-\=. 1 .K\6.6,/,/.\6HJ$;&)&/.].=&G, 1 NP<+\

fc(t, u)sk

kc
∑

i=1

(ut)i

∞
∑

j=1

(ts)j = fc(t, u)
ut

1 − ut

ts

1 − ts
(skc − (uts)kc).

bc<�&/NP7'7
$V<@,I&)(+5�,4NP(+&IH?.6&Z&/NP(+&���\W{+.67[*-<+&INP<¢�;NP*-,M$;YOYj$;54$ � ,45). 1 .=&I:6�V$;H-(j$V,/*?NP<+& 1 .TH?$



��� ���� ��	���������	����!���4�  &�
�������� &�&�����B��� ���! �� 	����!��� "����^��'(������"���+ _ >`_

&):=5)*?.]8P:=<O:=54$k,45/*-\=.]Y+5)*?<+\6*?Yj$;H-.d�
∑

c∈D

fc(t, u)
ut

1 − ut

ts

1 − ts
(skc − (uts)kc)

=
ut

1 − ut
.

ts

1 − ts
(
∑

c∈D

fc(u, t)skc −
∑

c∈D

fc(u, t)(uts)kc)

=
ut

1 − ut

ts

1 − ts
(D(t, u; s) − D(t, u; uts)).

� H � $��V$;<F, 1 .65/<+*-.=5ZY+*-\ 1 (�\W{O.=7'*?<w.=&G,�$V( 1 .6&/&)NP(+& 1 ( 1 .=5/<O*?.=56X

kc

j

i

 �"!9� > X _;_ # ��<+&).=5G,4*?N;< 1 :6\=5)NP*?&)&4$;<F,4. 1 .]Y+*-\
|�$;<+&K\=.
\�$;&6l�&/N;*-,

i < k
H?$�{j$V(O,4.6(+5 1 ( 1 .=5/<O*?.=5dY+*?\Vl�.	, j ≤ i

H?$�H?N;<+8P(+.6(+5 1 .
HJ$1 .=5/<O*?e=5).R7'NP<F,4:=. 1 ("\W{+.67[*-<xfgNP5)7[:VX���H%ox$ j
*?<F,4.654$;\	,4*?N;<+&M&)(+Yy:=5/*-.=(+5).=&£\65/:6:=.=&3.	,£H?$H-NP<+8P(O.=(+5 1 .
H?$ 1 .65/<+*-e=5/. 1 .=&)\=.6<@,/.w.=&), i

X�#n$¢&/:65/*?.
8P:=<+:654$V,/5/*-\=. 1 .
\=.	,/,/.�\=H?$;&/&).
.=&G,1 NP<+\
fc(t, u)

k
∑

i=1

si
i
∑

j=1

(ut)j

fc(t, u)

k
∑

i=1

si ut

1 − ut
(1 − (ut)i)

= fc(t, u)
ut

1 − ut

(

s

1 − s
(1 − sk) − uts

1 − uts
(1 − (uts)k)

)

.

� <"5).=\6NP<+<j$ � ,£¤[<+NP(O�;.�$;( 1 $V<+&�H?$'&)NP7[7[$V,/*?NP<¢&/(+5I,4NP(O&�H?.6&M&)NP(+&���\W{+.67[*-<+& 1 .d|Moh\W~1 .=&I:6�V$;H?(+$V,4*-NP<+& 1 .]H?$�&):=5)*?.38P:6<+:=5/$V,45)*?\=. D(t, u; s)
�

ut

1 − ut
(

s

1 − s
(D(t, u; 1) − D(t, u; s))− uts

1 − uts
(D(t, u; 1) − D(t, u; uts))).

bc<�5).=8P5)NP(+Yj$;<F,Z,4N;(O,4.6&I\6.=&IYj$;5G,4*-,/*?NP<O&UNP<wNPQO,/*?.=<F,ZH � :6>h(+$V,4*-NP< ¦
>
1 .]HJ$RY+5)NPY�N;&/*-,/*?NP<

> X >
2



_ >FB ���&�����
	��&��� ���c�!)���"$��)������!" + '��������/)����&�"! ���

�Wv u@v u � �%~$� �d�W���d�y� ��| � � �%�@���!���d�y�

#%$£&/:=5)*?.�8P:6<+:=5/$V,45)*?\6.
D(t, u) 1 .6&c\W{+.=7'*?<+& 1 .Z|Moh\W~ 1 NP<F, H?$ 1 .=7'*L� H?NP<O8P(+.=(O5�.6&), \=N;7[YO,/:=.UY+$;5

t
.6,�H-.=&U*-<@,/.=5/$;\6,/*?NP<+&�&/(+Yy:=5)*?.=(O5/.=&ZYj$V5

u
&).3\�$;H-\=(+H-.3¤RYj$;5G,4*-5 1 .3H � :6>h(+$V,4*-NP< ¦

>
1 .3H?$dY+5)NPY�N;&/*-,/*?NP<> X > X

� ! � ����� '��*' � , �	� � � &s��� � �
q ≡ ut � � �*$ � σ ≡ σ(t, u)

� �J� �/. $ � � � . � � ��� ��� &
t
�L� � $ � ���)$ �L�)& �

1 +

(

q − t

1 − q
− 1

)

σ + tσ2 = 0.

A ¦ A E

� & �

σ(t, u) =
1 + t − 2q −

√

(−1 + t) (t − 1 + 4 q − 4 q2)

2t (q − 1)

A ¦P¦ E
�D�

D(t, u) = −
t
∑

n≥0

(

(q − t)σ

1 − q

)n
q(

n+2

2 )−1

(q)n(qtσ2)n

q
∑

n≥0

(

(

(q − t)σ

1 − q

)n
q(

n+2

2 )−1

(q)n(qtσ2)n

)

(1 − tqnσ)

(1 − qnσ)(1 − qn+1σ)

.

A ¦ t E

# � :6>h(+$V,4*-NP< 1 . 1 :=\6NP7[YyNP&)*-,4*-NP<�¤
HJ$'¡�.67[Yy.=5)H?.6o
A ¦ >FE .=&),�(+<+.R\6NP7RQ+*-<j$;*-&/NP<¢H?*-<+:�$;*-5/. 1 .6&£&/:��5/*-.=&[*?<+\6NP<+<@(+.=&

D(t, u; s)
l
D(t, u; 1)

.6,
D(t, u; uts)

X bcH-H?.=&[&/NP<F,�$;(O,W$V<@, 1�� :	�V$;H?(j$k,4*?N;<+& 1 .xHJ$&/:65/*-.
D(t, u; s)

YyNP(+5 1 *L¥�:65/.=<F,/.=&��V$;H-.=(+5)& 1 .RH?$��V$;5)*J$;QOH?.9\�$V,4$;H-o@,4*->@(+. s
X � <"\W{+.65/\W{+.�¤
\=$;H?\6(+H?.65

D(t, u; 1)
X � <�:=H-*?7'*?<+.vHJ$�&):=5/*-.

D(t, u; uts)
Yj$;5�(O<+.Z*-,4:654$V,/*?NP< 1 .�H � :=>@(j$V,/*?NP<K>@(+*+f $V*-,c$VY+Yj$;5/$ � ,/5/.1 $;<O&�H � .	�`Y+5).=&)&/*?N;<"�j<j$;H-. 1 .6&�,4.65/7'.=&M.=< (a)n

X�#%$
&/:65/*-.
D(t, u; s) 1 *?&)Yj$;54$ � ,I.=<+&)(+*-,/.RYj$;5M$;Y+YOH?*L�\�$k,4*?N;< 1 .2HJ$"7':6,/{+N 1 . 1 ( <+N�oF$;( � .6H?H?.[.=&G,[5).=&)Y�NP<O&4$;Q+H-.;lc¤",/*-,45).�YyNP&),/{h(O7[.Vl 1 .=&�Nh\=\6(+5/5).=<+\6.=&1 .wHJ$"&):=5)*?. σ

Xc�nNP(+5�\=N;7RQ+*?<O.=5R{j$V5/7'NP<+*?.6(+&/.67[.6<F,�\=.=& 1 .6(`� &)NP(+5/\6.=&6l}N;< (`,4*?H-*?&).
H?.6&K5/.6HJ$V,/*?NP<+&.=<F,/5/.£H-.�Y+5)N 1 (O*-, 1 .=&U5/$;\=*-<+.=&v.6,�(O<�\=Nh.&:'\=*-.=<F, 1 (2YyNPHLo`< �P7[.I.=< σ 1 .�H � :6>h(+$V,4*-NP<
A ¦ A E X`bc<O�j<2H?$5/:6&/NPH-(O,4*-NP< 1 .3H � :6>@(j$V,4*-NP<�>@(+*�<O.3\=NP<F,4*-.=<F,�Y+H-(+&U>@(+. D(t, u; 1)

\=NP7'7'.�&/:65/*-.3*?<+\6NP<+<@(+.£<+:6\=.6&/&/*L,4.(+<+. 1 *L�h*?&/*-NP<K>@(+*�.	�`Y+H-*?>@(+.�>@(+.IH � .	�`Y+5/.6&/&)*?NP<��j<j$;H-. 1 . D(t, u) ≡ D(t, u; 1)
&/N;*-,c(+<'>@(+N;,/*?.=<F,=X@#n$&),/5/(+\	,4(+5). 1 .3\=.	,/,/.3Y+5/.6(O�P.3.6&),Z* 1 .=<F,4*->h(O.3¤R\=.6H?H?.MY+5/N;Y�NP&):=.3Yj$V5@7�NP(O&/>@(+.6,G�z3�:6H?NP(w.	, � .6\W{+<+*L, 5=.65p8793 �

D2> u^X
� ! ) ��� ) �
#�.=&�:	�;$VH?(j$V,/*?NP<O& 1 .�HJ$M&):=5)*?.�8;:=<+:654$V,/5/*?\6.U$;YOYj$;54$V*?&/&/$;<F, 1 $V<+&�H � :=>@(j$k,4*?N;< 1 . 1 :=\6NP7[YyNP&)*-,4*-NP<9<+.1 *L¥�:65/.=<F,}>@(+.�&)(+5}HJ$£�V$;5/*?$;Q+H?. s X � <'(O,4*-H?*?&). 1 NP<+\ZH?$]<ON;,W$V,/*?NP<�Y+H-(+&}\=NP7'Yj$;\	,4. D(s) ≡ D(t, u; s)

X| � $;(O,/5/.KYj$;5G,�l�H?$
Y+5):=&/.6<+\=. 1 . D(tus)
&/(+8;8Pe=5). 1 .KY�N;&/.=5 q ≡ ut

X�|£$V<+&](+<�Y+5/.67[*-.=5M,/.=7'Y+&3NP<\W{+.65/\W{+.'(+<+.K&)NPH?(O,/*?NP<�&)NP(+&3H?$
fgNP5/7'. 1�� (+<+.�&):=5/*-.RfgNP5/7'.=H-H?.9.=< t
¤�\6N`. :'\=*?.6<F,4&]54$V,/*?NP<O<+.=H-&�.=<

u.6,
s
X � <�Yy.=(`,�5):=\=5)*?5).9H � :6>@(j$V,4*-NP< 1 . 1 :=\6NP7'Y�NP&)*-,/*?NP<2.6<x5/.68P5/N;(+Yj$;<F,IH?.6&Z,/.=5)7[.6&I\6NP5/5).=&)Y�NP< 1 $;<F,$;(`�27/.67[.6&�:6�V$;H?(+$V,4*-NP<+& 1 .]H?$�&):=5)*?.38P:6<+:=5/$V,45)*?\=.VX � <¢N;QO,4*-.=<F,I(+<+.]:=>@(j$V,/*?NP< 1 .]H?$KfgN;5/7'.

D(s) = a(s) + b(s)D(1) + c(s)D(qs) + d(s)D(s),
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$��P.6\
a(s) =

ts

1 − ts
,

A ¦�� E

b(s) =
q

1 − q
(

s

1 − s
− qs

1 − qs
),

A ¦ s E

c(s) =
q

1 − q
(

qs

1 − qs
− ts

1 − ts
),

A ¦ G E

d(s) =
q

1 − q
(

ts

1 − ts
− s

1 − s
).

A t DFEA t _aE
# � :	�V$;H?(j$k,4*?N;< 1 .]\=.6,),4.]:=>@(j$k,4*?N;<¢YyNP(+5 s −→ qks 1 NP<+<+.9HJ$R5).=HJ$k,4*?N;<

D(qks) = a(qks) + b(qks)D(1) + c(qks)D(qk+1s) + d(qks)D(qks).

A t B;E
� <�\=N;<+&),4$V,4.M>h(O.

1− d(qks)
.=&),�*?<F�P.65/&)*?Q+H-.�\�$V5�&/N;<
,4.65/7'. 1 . 1 .=8P5): 0

.6<
t
.=&G,

1
X � <�.=< 1 : 1 (O*-,(+<+.].��OYO5/.=&)&/*-NP< 1 . D(qks)

.=<wfgNP<+\	,4*?N;< 1 . D(qk+1s)
�

D(qks) =
1

1 − d(qks)
(a(qks) + b(qks)D(1) + c(qks)D(qk+1s)).

A t >PE
S�.6,),4.]5/.6HJ$V,/*?NP<2Yy.=5)7[.	, 1�� *-,4:65/.65IH � :6>@(j$V,4*-NP< 1 . 1 :6\=NP7'Y�N;&/*-,/*?NP< N

fgN;*?&£�
(1 − d(s))D(s) = a(s) + b(s)D(1) + c(s)

1

1 − d(qs)

(

a(qs) + b(qs)D(1) + c(qs)D(q2s)
)

=
N
∑

n=0

(

n−1
∏

k=0

c(qks)

1 − d(qk+1s)

)

(a(qns) + b(qns)D(1)) +

(

N
∏

k=0

c(qks)

)

D(qN+1s).

S�NP7'7[. c(s)

1 − d(qs)
= ust + O(st2)

ljNP<¢$
N
∏

k=0

c(qks)

1 − d(qk+1s)
=

N
∏

k=0

(qk+1s + O(tk+2)) = q(
N
2 )sN + O(t(

N
2 )).

S�.6,),4.M5/.=7[$;5)>h(O.�Y+5)NP(O�P.�HJ$]\=NP<F�P.65/8P.6<+\=. 1 .=&�*L,4:654$V,/*?NP<+&6l@$;(�&).=<+& 1 .=&�&):=5)*?.=&}fgNP5/7'.=H-H?.6&}.6< t
lF�P.65/&HJ$R5).=H?$V,4*-NP<

(1 − d(s))D(s) =
∞
∑

n=0

(

n−1
∏

k=0

c(qks)

1 − d(qk+1s)

)

(a(qns) + b(qns)D(1)) .

A tBA E

#%$
q
� *-,4:654$V,/*?NP<
Y�.65/7'.6, 1 NP<O\ 1�� :6H?*?7'*?<O.=5 D(qs)

l+(O<+. 1 .=&Z:6�V$;H-(j$V,4*-NP<+& 1 .9H?$K&/:=5)*?.38P:6<+:=5/$V,45)*?\6.;X��NP(O5}:6H?*-7[*-<+.=5
D(s)

NP<K�V$9(`,4*?H-*?&).=5�H?$37[:	,4{+N 1 . 1 ('<+N�oF$;(xp=7@3x�
DPD u^XhS�.=HJ$3\6NP<+&/*-&),/.M¤]\W{+NP*-&/*-5(+<+.3�V$;H-.=(+5�YyNP(+5

s 1 .9&)NP5),/.]>h(O. 1 − d(s) = 0
X ��\=*�NP<�$

1 − d(s) = 1 − q

1 − q
(

ts

1 − ts
− s

1 − s
) =

(1 − q) + (2q − t − 1)s + (1 − q)s2t

(1 − s)(1 − q)(1 − ts)
.
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S�.6,),4.9$;<+<@(+H?$V,4*-NP< 1 . 1 − d(s)
&).]5/: 1 (+*-,I¤�H � $;<+<@(+H?$V,4*-NP< 1 (¢Y�N;H-oh< �P7'.

K(s) ≡ K(t, u; s) = (1 − q) + (2q − t − 1)s + (1 − q)ts2

A t ¦ E
>@(+.9H � NP<2<+NP7'7[.�H?.%&�� � � � XS�.K<+N�oF$;(�.6&),](+<�YyNPH-oh< �P7'. 1 . 1 .=8P5): 2

.6<
s
.6,9$ 1 7[.	, 1 N;<+\ 1 .=(h��54$V\=*?<O.=&3&/N;(+&3HJ$[fgN;5/7'.1�� (+<+.£&):=5)*?. 1 .£#n$V(+5/.6<@,U.=<2HJ$]�V$;5/*?$;Q+H?. t X+�I<+.£&).=(+H-. 1 .£\6.=&U5/$;\=*-<+.=&U.6&),�(O<+.£&/:65/*-.�fgNP5/7'.=H-H?.Z.=< t

lNP<wHJ$K<+NV,4.
σ ≡ σ(t, u)

�

σ :=
1 + t − 2ut −

√

(1 − t)(1 − (1 + 4u)t + 4u2t2)

2t(1 − ut)
.

A tPt E

#�. 1 :=Q+(`, 1 ( 1 :	�P.6H?NPY+Yy.=7'.=<F, 1 .]\=.	,/,/.T&):=5/*-.].=&),
σ = 1 + ut + 2u2t2 + (u2 + 4u3)t3 + (u2 + 5u3 + 8u4)t4 + O(t5).

A t � E

� <q\W{+.65/\W{+.�7
$V*?<F,4.6<j$;<F,
D(t, u)

&/NP(+&'HJ$"fgNP5)7[. 1�� (+<O.¢&):=5)*?.2fgNP5/7'.=H-H?.�.6< t
¤�\6N`. :'\=*?.6<F,4&54$k,4*?N;<+<+.=H-&£.=<

u
X � <�&/NP(+{+$;*-,/.K&/(+Q+&G,4*L,4(+.65

σ
¤

s 1 $;<+&]H � :=>@(j$V,/*?NP<
A t]A E 7[$;*-&£.=<�,4NP(`,4.�5/*-8P(+.=(O5

H?.£,/.=5)7[. s

1 − s

>@(+*%$;YOYj$;54$ � , 1 $;<O& 1 − d(s)
.6, 1 $;<O& b(s) YyNP(+5)54$;*L,9.6,/5/.9&/NP(O5/\=. 1 . 1 *L�P.=5)8P.=<O\=.;XS�.=Yy.=< 1 $;<F,�\6.]< � .6&),MYj$;&ZH?.3\=$;&Z\�$;5 1�� $;YO5/e=&
A t � E l

1 − σ = ut + O(t2)

A tPs E

1 NP<O\ q

1 − q

σ

1 − σ
= σ + O(t).

A t]G E
#�.�,4.65/7'.

σ
.=&), 1 NP<+\2&/(OQ+&),/*-,4(+$;Q+H?.w¤ s 1 $;<+&

A t]A E .6,�H � :=>@(j$k,4*?N;<i5/:6&/(+HL,W$;<F, 1 .2H?$ q
� *-,4:654$V,/*?NP<

1 NP<O<+.9$;*?<+&)*
0 =

∑

n≥0

(

n−1
∏

k=0

c(qkσ)

1 − d(qk+1σ)
)(a(qnσ) + b(qnσ)D(1)).

A
�
DFE

�35	�;\6.]¤'(+<O. 1 *-�h*?&)*?NP<�l`NP<w.=< 1 : 1 (+*-,IH � .	�`Y+5).=&)&/*?N;< 1 . D(1)
�

D(1) = −

∑

n≥0

(
n−1
∏

k=0

c(qkσ)

1 − d(qk+1σ)
)a(qnσ)

∑

n≥0

(
n−1
∏

k=0

c(qkσ)

1 − d(qk+1σ)
)b(qnσ)

.

A
�
_aE

��N;(+5Z\=NP7'Yj$;\	,4.=5�H � :6\=5)*-,4(O5/. 1 (w,4.65/7'.3*?&/&)( 1 . n
*L,4:=5/$V,4*-NP<+&UN;<¢YyNP&).

In :=
n−1
∏

k=0

c(qkσ)

1 − d(qk+1σ)
.

A
�
BPE
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# � .��`Y+5/.6&/&/*-NP<xYO5/:=\6: 1 .6<F,4.d&).]5/:=\65/*L,

D(1) = −

∑

n≥0

Ina(qnσ)

∑

n≥0

Inb(qnσ)
.

A
�
>FE

� <�&)*?7'Y+H?*L�j.£$VH?NP5)&UH?.6&I.��`Y+5/.6&/&/*-NP<+& 1 . c(qks)
.6,

1 − d(qk+1s)
�

c(qks) =
q

1 − q

(q − t)qks

(1 − qk+1s)(1 − tqks)

A
� A E

1 − d(qk+1s) =
K(qk+1s)

(1 − q)(1 − qk+1s)(1 − tqk+1s)
.

A
�P¦ E

N21
K(s)

.=&G,xH-.�<+N�oF$;( 1 :6�+<+*]Yj$;5¢t ¦ XIm`*3N;< <+NV,4. σ2

HJ$ &).=\=N;< 1 .�5/$;\=*-<+. 1 . K(s)
NP< $ H?$f $;\	,4NP5)*?&4$k,4*?N;<

K(s) = (1 − q)t(s − σ)(s − σ2).

A
� t E

#�.�\6N`. :[\6*?.6<@, 1 . 1 .68P5/: 0 .=< s 1 N;<+<+.UH?$M5/.6HJ$V,/*?NP< (1−q)tσσ2 = (1−q)
X � <K$ 1 NP<+\ σ2 = 1/(tσ)

X� <�5/$;&/&).=7RQOH?.3\=.6&M&)*?7'Y+H?*L�j\�$k,4*?N;<+&vYyNP(+5ZNPQ`,4.=<O*?5
c(qks)

1 − d(qk+1s)
=

q

1 − q

(q − t)qks

(1 − qk+1s)(1 − tqks)

(1 − qk+1s)(1 − tqk+1s)

t(qk+1s − σ)(qk+1s − 1/(tσ))
.

A
���
E

bc<
s = σ

*?Hyow$'>@(+.6H?>@(+.6&M&)*?7'Y+H?*L�j\�$V,/*?NP<O&v&)(+Y+Y+H-:=7'.=<F,W$;*-5/.6&I.	,Z�j<j$;H-.=7'.=<F,ZNP<wNPQO,/*?.=<F,]�
c(qkσ)

1 − d(qk+1σ)
=

q − t

1 − q

qk+1σ

(1 − qk+1)(1 − tqk+1σ2)

1 − tqk+1σ

1 − tqkσ
.

A
� s E

� <�(O,/*?H?*-&/.�H?$T<+N;,4$V,4*-NP<
(a)n
l`H?$9&)*?7'Y+H?*L�j\�$k,4*?N;< 1 .=&�,/.=5)7[.6& 1− tqkσ

.6,�H � :=8F$;H-*-,/: ∑n−1
k=0(k +1) =

(

n+1
2

) Y�NP(O5�.	�`Y+5/*-7[.65�H?.3Y+5)N 1 (+*-,

In ≡
n−1
∏

k=0

c(qkσ)

1 − d(qk+1σ)
= (

(q − t)σ

1 − q
)n q(

n+1

2 )

(q)n(qtσ2)n

1 − qntσ

1 − tσ
.

A
� G E

S�NP7'7[.3N;<�$
a(qnσ) =

tqnσ

1 − tqnσ

A s DFE
.6,

b(qnσ) =
qn+1σ

(1 − qnσ)(1 − qn+1σ)

A s _aE
H � .	�`Y+5).=&)&/*?N;< 1 . D(1) ≡ D(t, u; 1) 1 NP<+<O:=.9Yj$;5

A
�
_aE
1 .6�h*-.=<F,

D(t, u; 1) = −

∞
∑

n≥0

σ

1 − tσ
(
(q − t)σ

1 − q
)n q(

n+2

2 )−1

(q)n(qtσ2)n
t

∞
∑

n≥0

σ

1 − tσ
(
(q − t)σ

1 − q
)n q(

n+2

2 )−1

(q)n(qtσ2)n

q(1 − tqnσ)

(1 − qnσ)(1 − qn+1σ)

.

A s BPE
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��H�5/.6&),/.T¤�&/*-7[YOH?*-�+.=5�Y+$;5 σ

1 − tσ

YyNP(+5ZNPQ`,4.=<O*?5�H � .	�`Y+5).=&)&/*?N;< 1 .TH?$RY+5/NPYyNP&)*-,4*-NP<
> X8A+X

2

� <
NPQ+&).=5G�P.�>@(+.MHJ$]Q�N;<+<+.I54$;\6*?<+.
σ 1 . K(s)

.6&),v(+<+.I&/:=5)*?.I.=<F,4*-e=5).M.6<
t 1 N;<@,vH?.6&v\6N`. :'\=*?.6<F,4&&/.67RQ+H-.=<F,s.	,45). 1 .6&[YyNPHLo`< �P7[.6&�.=< u

¤�\6N`. :'\=*?.6<F,4&
YyNP&)*-,4*Lfg&=Xc�cH-(+&�Y+5/:6\=*?&):=7'.=<F,[Y�NP(O5
u = v

lNP<�5/.	,45)NP(O�P.'.=<$az)NP(`,W$;<F,]HJ$2\6NP<F,45/*-Q+(O,/*?NP< 1 (�\W{+.67[*-<��h* 1 .KHJ$�&):=5/*-.�>h(O*c:=<@(+7'e=5/.'H?.6&3\W{+.=7'*?<O&1 .d|Moh\W~x&/.6H?NP<xH?.9<+NP7RQ+5). 1�� *?<F,/.=54$V\6,4*-NP<+&�$"& � �/. $ ��� . � �	l � �ZY+5/N;Y�NP&)*-,/*?NP<
> X _ Xy| � $V(O,45).RYj$;5G,�ly&/*nNP<\=N;<+&/* 1 e=5). σ

\=NP7'7'.
(+<+.[�;$V5/*J$VQ+H?.'&/(+YOY+H?:67[.6<@,4$;*?5).;l�H?.
<@(+7':=5/$V,4.6(+5R.	,KH?. 1 :=<+N;7[*-<j$V,4.6(+5d&)NP<F,1 .6(`��&/:=5)*?.6&e� � � �/. , � � � �D� . $ ����� � � � �/$ ����� �	lj<+NV,4*?N;<�>@(+.9H � NP<¢Y+5/:6&/.=<F,/.=54$�YOH?(+&�,W$V5 1 Xybc< u = 1
l�H-.,4.65/7'.

(q − t) = t(u − 1)
& � $V<+<@(+H?.VljHJ$dfgNP5)7R(+H?.3&).]&/*?7'Y+H-*-�j.M.=<

D(t, u) = − t

t
(1 − tσ(t, 1))

(1 − σ(t, 1))(1 − tσ(t, 1))

= σ(t, 1) − 1.

A s >FE

.6,�NP<�5/.6,/5/NP(`�P.�Q+*-.=<KHJ$M&/:=5)*?.�8P:6<+:=5/$V,45)*?\6. 1 .=&c\W{O.=7'*?<+& 1 .Z|Moh\W~R<+NP<`�C�h* 1 .6&=XF#�.=&cYO5/.=7'*?.65/&�,/.=5)7[.6&1 ( 1 :6�;.=H-NPY+Yy.=7'.=<F,I&/.=H-NP< t 1 . D(t, u)
&/N;<@,

t + (1 + u) t2 + (u2 + 3 u + 1) t3 + (7 u2 + u3 + 5 u + 1) t4

+ (19 u2 + 14 u3 + u4 + 7 u + 1) t5 + (1 + 9 u + 36 u2 + 26 u4 + 59 u3 + u5) t6

+ (1 + 11 u + 58 u2 + 162 u4 + u6 + 150 u3 + 46 u5) t7

+ (1 + 13 u + 85 u2 + 543 u4 + 79 u6 + 300 u3 + 408 u5 + u7) t8 + O (t9) .

�/I � ��N4i�P@T!\^g i�XDj�NQkqk��UR m@T�XDP�� T�PWk Rf\(T m����Q\(i�X�jtN
q
r�\e_��tm �UT�X � �UP

#�.=&�*?<F,4.654$;\	,4*-NP<+&d&)(+Yy:=5/*-.=(+5).=&�&/.67RQ+H-.=<F,�5/:6&/*?&G,4.65�¤"HJ$"7'*?&/.[.=< :=>@(j$k,4*?N;< $;H?8P:6Q+5/*->@(+. 1 .2H?$&/.6\6,/*?NP< > X _ X > \=$;5K.=H-H?.6&K&/NP<F,�fgNP5/7':=.6&KYj$;5 1 .6&�&/NP7'7[.	,4&K>@(+*Z$;YOYj$;54$V*?&/&).=<F, 1 $;<O& 1 .=&Kf $;\6,/.=(+5)&1 *L¥�:65/.=<F,/& 1 .6& 1 :=\6NP7'Y�NP&)*-,/*?NP<+& (+&)(+.=H-H?.6&=XOS�.=Yy.=< 1 $V<@,UH?NP5)&/>@(+. 1 .=(`�
&/N;7[7'.6,/& 1�� (+<�\W{O.=7'*?<
&)NP<F,.=<[*?<F,4.654$;\	,4*-NP<�&/(+Yy:=5)*?.=(O5/.IH?.�&/N;(+&G� \W{+.=7'*?<[>h( � *-H?& 1 :	�j<+*?&)&/.6<@,�.=&G,vfgNP5G,4.67[.6<@,}\6NP<F,454$V*?<F,I�F*?Hj.=&G, 1 .HJ$3fgNP5)7[.
xkxk $��P.=\ k

.=<F,/5/.
1
.6,�HJ$]{j$;(O,/.=(+5 1 .=& 1 .=(`�[&/N;7[7'.6,/&v.6<�*?<F,4.654$;\	,4*-NP<+&=X`S�.	,/,4.M5/:68P(+HJ$a�5/*L,4: 1 (�\W{+.67[*-<".=<F,45). 1 .6(`�"&)NP7'7[.	,4&I.=<�*?<F,/.=54$V\6,4*-NP<x&)(+Yy:=5/*-.=(+5).d�V$
Yy.=5/7'.6,),45). 1 .T\=NP<F,4N;(+5/<+.65Yj$;5G,4*-.=H?H-.=7'.=<F,�HJ$ 1 * :'\=(+HL,4:U.67[Y�.=\W{j$V<@, H � :6\=5)*-,4(O5/. 1�� (+<O.�:=>@(j$V,/*?NP<�$;H-8P:=QO5/*?>@(+.VX;bc<�.6¥�.6,}$VY+5/e6&c(+<\W{j$;<O8P.=7'.=<F, 1 .]7[N 1 e=H-.3(O,4*-H?*-&4$;<F,�H?$R5/:=8;(+HJ$;5)*-,/:;l+.	,MH � $�z)NP(O, 1�� (+<+.]�V$;5/*?$;Q+H?.�\�$V,4$;H-o@,4*->@(+.3&/(+YOY+H?:��7'.=<F,W$;*-5/.RN;<��V$2YyNP(O�PN;*?5£:6\=5/*-5/.K(+<O.K:=>@(j$V,/*?NP< 1 . 1 :6\=NP7'YyNP&/*L,4*?N;< q

��$;H?8;:=Q+5)*?>@(+.;X�#%$�5/:=&)NPH?(`,4*?N;<
1 .�\6.6,),4.
:6>@(j$V,4*-NP< q

��$;H-8P:=QO5/*?>@(+.'.=&G,R.6<+\=NP5).�(+<+.�$��;.=<F,4(O5/.;X � <�Y+5/NPYyNP&). 1 .=(h� $;YOY+5/Nh\W{+.=&
��H?$Y+5).=7'*?e=5).3.=&G,MH � N;Qhz).6, 1 .]H?$�&).=\	,4*?N;<
> X > ljH?$R&/.6\=NP< 1 . 1 .]H?$R&/.=\	,4*-NP<

> X=A+X
|�.=&%:6>h(+$V,4*-NP<+&

q
��$;H-8P:=Q+5)*?>@(+.6& 1 .c\=.	,/,/. fgN;5/7'.�NP<F,%:6,/:c:6,4( 1 *?:6.=&%Yj$;5%7v54$;~M.6,n�c5/.6H?H?Qy.=5)8]p=7�� G ¦ uCX��H?&M&/(+8;8Pe=5).=<F,3(+<"\W{+$;<+8P.67[.6<@, 1 .TfgNP<O\6,4*-NP<x*-<+\=N;<+<@(+.d>@(+*�Y�.65/7'.6, 1 .RH?*-<+:�$V5/*?&).=5ZH � :=>@(j$k,4*?N;<

A .6<.=&)Y�:654$;<F,M>@(+.]H � :=>@(j$V,/*?NP< q
��H?*-<+:�$V*?5/.INPQO,/.=<@(+.9&/NP*L,���&)*?7'Y+H?.��£¤K5):=&/N;( 1 5/.

E Xybc<�& � *-<+&/YO*?54$V<@, 1 .],/54$k��V$;(`� 1 . �P$;<O&/./?}$V< � .=<+&)Q+(+5)8ip �V� �
DPD $kuCl�NP<�Y+5)NPY�N;&/.'(+<\W{+$;<+8P.67[.6<@, 1 .�fgNP<+\	,4*?N;<�*-<+\=N;<+<@(+.(+< Yy.=( Y+H?(+&d8P:=<+:654$;H^l�7[$;*?&T>h(O*�<+.2\=NP< 1 (+*-,�Y+$;&�¤�(+<+.w:=>@(j$V,/*?NP< $V(+&/&)*v��&/*-7[YOH?.	�'>@( � .=&)Y�:65/:6.;XS�.=Yy.=< 1 $;<F,�l�.=<"(O,/*?H-*?&4$V<@,I(+<x$;H?8;NP5/*L,4{+7'. 1 .��MQ+54$V7[N��yly��.6,/~;N����/.6~".6,£��$;(+H-.
p �£� �yGPs;unNP<"Yy.=(`,HJ$R5):=&)NP( 1 5).;l�.6,I5/.	,45)NP(O�P.65MH � .��`Y+5/.6&/&/*-NP< 1 .]HJ$KY+5)NPY�N;&/*-,/*?NP<

> X=AOX



��� � ��� ��	���������	����!���4�  &�
�������� &�&�����B��� ���! �� 	����!�
q �

��"-! ��� ��� �! �� _ >
�

�Wv �Wvzw � ���y���y| � |%� � �,| � � � �%�d| 	��y��� �d� � �d~$| |%� �%�@�,� ���d�y�
q
�

� ��� �������d�@��|
? NP*?\6*�H-.T7'N 1 e=H-.9>@(+.dH � NP<��V$�$ 1 NPYO,4.65=X��M< � � � �%$"& $��������� # � �D� $ � � �/. ���B¡ .=&G,3(+<"\W{+.67[*-<

1 .x|Moh\W~q:	�`*L,W$;<F,
H?.wf $;\6,/.=(+5 x.x.x.x
X�#�.x\W{+.67[*-<�H?.¢Y+H-(+&
¤ 1 5/N;*-,4. 1 .�HJ$��j8P(+5).

> X _aB .=&),�(+<.	�`.67[Y+H-. 1 .R\W{O.=7'*?<�¤
Yy.6,/*-,4&�\=5/.6(`��l�,4N;(+&£H?.6&3$;(O,/5/.6&3&/NP<F, 1 .6&3\=NP<F,/5/.	� .	�`.=7'Y+H-.=&=X�#n$'�;$VH?(j$V,/*?NP<1�� (+<�\W{+.67[*-<�¤�Y�.	,4*L,4&�\=5).=(`��&/.654$H-.wY+5/N 1 (+*L, 1 .xHJ$"�V$;H-(j$V,4*-NP< $;&/&)N`\6*?:6.x¤�&4$ 1 .=7'*L��H-NP<+8P(O.=(+5.6, 1�� (+<O.��V$;H-(j$V,/*?NP< �  ��� � 1 .K&/.=&9\=5).=(`��X%#�.=&]Yj$V&37[NP<F,4$;<F,4&3&/N;<@,]�V$;H-(+:=&3Yj$V5 t
X��M<�\=5).=(`� 1 .{j$;(`,4.=(O5

k
.6&),Z�V$;H?(+:

v(k) ≡ u
1 − (ut)k+1y

1 − ut

A s]A E
N21

u
.6&),Z,4N;(kz)NP(+5)&�HJ$d�V$;5/*?$;Q+H-.�>@(+*�\=N;7[YO,/.3H?.6&�*?<F,4.654$;\	,4*?N;<+&U&/(OY�:65/*?.6(+5/.6& 1 $;<+&�H?.37'N 1 e=H-.£*?<+*L,4*?$;H.6,

y
.=&),M(+<+.]<+N;(O�P.6H?H?.£�V$;5)*J$;QOH?.£\=$V,W$VH-o@,4*->h(O.;X
� <'<ON;,4. E H � .=<+&).=7RQ+H-. 1 .=& \W{+.67[*-<+& 1 .I|Moh\W~�¤3Y�.	,4*L,4&�\65/.=(h��Xh#%$3&/:65/*?.�8;:=<+:654$V,/5/*?\6. E(t, u; y)&/.6H?NP<wH?$K�V$;H-(j$V,/*?NP<�YO5/:=\6: 1 .6<F,4.T�V$;(`, 1 NP<+\]Yj$;5 1 :	�j<+*L,4*?N;<

E(t, u; y) ≡
∑

d∈E

(

tdemilongueur(d)
∏

c creux de d

v(h(c))
)

A s ¦ E

N21
h(c)
.=&G,MH?$K{j$;(O,/.=(+5 1 (w\=5).=(`� c

X
S�.T\W{+$;<+8P.67[.6<@, 1 .]7'N 1 e=H?.�.=&),MYy.=5),/*?<+.6<F,Z\=NP7'7[.3H-.37[N;<@,/5/.3H?$RY+5/NPYyNP&)*-,4*-NP<2&/(O*-�V$;<F,4.VX

� ! � ����� '��*' � , �	��� � �^� �/. $ �
D(t, u)

$� � � � � �%$"&�� $� ���'���� �*& � � � $� �%$"+0� �*&-, �����-.,� � � � � ��� � � �
��� .

t
�D� � � &�� � � . � �� $"& �0�/. � �D� $ �*&���� � � �/. $ ���-. � ����� .

u
�D� � ��� �/. $ �

E(t, u; y)
$� � � � � �%$"&�� $�

������� # � �D� $ � � �/. ���]¡� �*& � � � $� �%$"+0� �*&-, �����-.s� � � � �]� ��� � ��� .
t
�D� � � � �/. ���B¡ $� ��� ���0���-.

k
��� .

u(1 − (ut)k+1y)/(1 − ut)
� �*& � � $ � � �@��� . � � . � � � � $ �*&

D(t, u) = E(t, u; 1).

#%$K�V$;5)*J$;QOH?.
y
.=&G,I(+<+.£�V$;5/*?$;Q+H-.�\=$V,W$;HLo@,4*?>@(+.�Y+(+*?&)>@( � .6H?H-.��V$�Yy.=5)7[.	,/,/5/. 1�� NPQO,/.=<+*-5U(+<+.]:6>h(+$k�,4*-NP<

q
��$;H-8P:=Q+5)*?>@(+.£7[$;*-&�>h( � NP<¢H � *?8;<+NP5/.�Y�NP(O5�H?.35/:6&/(+HL,W$V,=X�M< �/. ���]¡  � � �L� � 1 $;<O&2(+< \W{+.=7'*?< 1 ."|Moh\W~ .=&),w(O<+."Nh\=\=(O5/5/.6<+\=. 1 ( f $;\	,4.6(+5 xxxx

X�#%$
. �  �
�D� $ �*& �� � & �/. ���B¡  � � �L� � \6NP<+&)*?&),/.�¤�5/:6\=5/*-5/.RH-.Tf $;\	,4.6(+5

xxxx
.6<

xx
X%S�.6,),4.KNPYy:=5/$V,4*-NP<x&)(+5H?.6&]\W{+.=7'*?<+& 1 .'|Moh\W~�Y+5):=&/.65)�;.�HJ$2&),/5/(+\	,4(+5). 1 .'\W{O.=7'*?< 1 .'|Moh\W~�,/NP(O,9.=< 1 *?7'*?<@(j$V<@, 1 . 1

H?$
1 .67[*���H?N;<+8P(+.6(+5 1 (¢\W{+.67[*-<�.	,M&)(+Y+Y+5)*?7[$;<F,Z(+<+.]*?<F,/.=54$V\6,4*-NP<2&/(OY�:65/*?.6(+5/.VXy#n$s� � $ �d� $� �(��� �$�0��� . �$� �%�0$ � �

shp(d) 1�� (+<9\W{+.67[*-< 1 .v|Io`\W~ d
.=&G,�H?$�&/(+*L,4. 1 . HJ$U{+$;(O,4.6(+5 1 . &/.6&�Y+*-\=&%H?N;5/&/>@(+.cH-.c\W{+.=7'*?<.=&G,]H?( 1 .K8F$;(+\W{+.�¤ 1 5/NP*L,4.;X�#%$�&/(+*L,4. 1 .6&3{j$;(O,/.=(+5)& 1 .RY+*-\R.=&G,](+<�*?<F�V$;5/*?$;<F, 1 .RH � N;Y�:654$V,/*?NP< 1 .5/: 1 (+\	,4*?N;< 1 .=&�\65/.6(`� 1 NP(+Q+H-.=&=X � <�(O,4*-H?*-&/.Z\=.	,�*?<F�V$;5/*?$;<F,�YyNP(+5v5/.68P5/NP(OY�.65U.=<�\6HJ$;&)&/.6&�H?.=&v\W{+.=7'*?<O&1 .�|Moh\W~�X�#%.6&3\W{+.=7'*?<O&]¤wYy.6,/*-,/&£\=5).=(`��fgNP5)7[.6<F,3(+<�&)oh&),/e=7'. 1 .K5/.=YO5/:=&).=<F,W$V<@,/& 1 .'\6.=&]\=H?$;&/&).=&6X#%$9�V$;H-(j$V,4*-NP< 1 .=&vY�.	,4*-,/&v\65/.6(`� 1 $;<+&�H?$9\6HJ$;&)&/. E Yy.=5)7[.	, 1 .�5/.	,45)NP(O�P.65�H?$9�V$;H?(+$V,4*-NP< 1 .�H?$T\=H?$;&/&).5/.6Y+5/:6&/.6<@,/:=.TYj$;5Z(+<w\W{+.=7'*?<�¤KY�.	,4*L,4&�\=5).=(`��X

� ! ) ��� ) �
A � 5)NPYyNP&/*L,4*?N;< > X ¦ E |�.6(`��\W{O.=7'*?<+& 1 .�|Moh\W~"&/NP<F,��0$ � �/+ ����� $� �]� � & � �K&/*�H?.=(O5/&£&)(+*-,/.=& 1 .6&{j$;(`,4.=(O5/& 1 .=&dYO*?\=&T&/NP<F,d* 1 .6<@,/*?>@(+.6&=X�S�.6,),4.�5).=HJ$k,4*?N;<�.6&),dQ+*?.6<�(+<+.[5/.6HJ$V,/*?NP< 1�� :=>@(+*L�;$VH?.=<O\=.;X � <
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Yj$;5G,4*L,4*?N;<+<+.�H � .6<+&/.67RQ+H-. 1 .=&Z\W{+.67[*-<+& 1 .9|Moh\W~2.=<w\=H?$;&/&).=& 1�� :=>@(+*L�;$VH?.=<O\=.;X�#%$R�j8P(O5/.
> X _aB 1 NP<O<+.HJ$R\6HJ$;&)&/. 1 .6&M\W{+.67[*-<+& 1 NP<F,ZHJ$K&)(+*-,/. 1 .=&I{j$;(O,/.=(+5)& 1 .=&IY+*?\6&�.=&G, 3, 3, 2, 1

X
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�� ��0���'�',0 % *
��� * !/�1� %�� *�0���'�* % ��� $ � � �

�

� �4! � �/�5
��/4 � � ',
'�*
!/�1� % �

�

 �"!9� > X _aB # �I<+.]\=H?$;&/&). 1 .9\W{O.=7'*?<+& 1 .9|Moh\W~wY+*?\6&G� :=>@(+*-�V$;H-.=<F,4&
|£$;<O&9\W{+$;>@(+.�\=HJ$V&/&/. 1 .KYO*?\	� :=>@(+*L�;$VH?.=<O\=.K*?Hno"(+<�(+<+*->@(+.K\W{+.=7'*?<�¤�Yy.6,/*-,3\65/.=(h��X ��H�& � N;QO,4*-.=<F,9¤Yj$;5G,4*-5 1 .�< � *-7[YyNP5G,4.K>@(+.=H \W{+.67[*-< 1 .[H?$�\=H?$;&/&).[.6<5): 1 (+*-&4$;<F,TH?.6&3\=5/.6(`� 1 NP(+QOH?.=&3,4$;<F,T>@( � *?H�.=<.	�`*-&),4.VXP# � (+<+*?\6*-,/: 1 .v\=.v\W{+.=7'*?<RYO5/N��h*?.=<F, 1 (df $;*L,�>@(+.vH?.�&).=(+H`\W{+.=7'*?<d¤�Yy.6,4*L,4&n\=5).=(`� 1 NP<F,�H?$M&)(+*-,/.1 .6&3{j$;(O,/.=(+5)& 1 .=&3Y+*-\=&£.6&), (hi)1≤i≤n

.=&G,]H?.T\W{+.=7'*?< 1 N;<@,£HJ$
&)(+*-,/. 1 .=&�{j$;(O,/.=(+5)& 1 .=&3\65/.=(h��.=&G,
(min(hi, hi+1)−1)1≤i≤n−1

X`# � .=<+&).=7RQOH?. 1 .=&}\W{+.=7'*?<O&�¤]Y�.	,4*L,4& \=5).=(`�[.=&G, 1 NP<+\IQ+*?.6<[(+<[&)oh&),/e=7'.1 .M5/.=YO5/:=&).=<F,W$V<@,/& 1 .=&�\=HJ$V&/&/.6& 1 .M\W{+.=7'*?<O&�Y+*-\=&G� :=>@(+*L�;$VH?.=<F,/&=X`S�.=H?$T&/.M,454$ 1 (+*-,}.6<
,4.65/7'.=& 1 .�&/:65/*-.8P:6<+:=5/$V,45)*?\=.3Y+$;5ZH � :=8F$;H-*-,/:
D(t, u) =

∑

e∈E

(

∑

d|shp(d)=shp(e)

tdemilongueur(d)usuperieures(d)
)

.

� <\6NP<+&)* 1 e65/.�HJ$2\=H?$;&/&).�5/.=YO5/:=&).=<F,4:6.
Yj$V59H-.K\W{+.=7'*?< 1 .'|Moh\W~�¤wY�.	,4*-,/&3\=5).=(`� e
X � <�5/.=7[$;5)>h(O.>@(+.IH?.=&}5/: 1 (+\	,4*?N;<+& 1 . 1 .6(`�'\=5).=(`� 1 *L¥�:65/.6<@,/&v&)NP<F,�*-< 1 :6Y�.6< 1 $;<F,4.6&=X`#�.=&�\W{O.=7'*?<+& 1 .I\=.	,/,4.M\=H?$;&/&).Yy.=(O�;.=<F, 1 N;<+\�& � NPQO,4.6<+*?53.6<*-< 1 *->h(+$;<F,]\=NP7RQO*?.=< 1 .�5): 1 (+\	,4*-NP<+& 1 .�\=5).=(`� 1 N;(+Q+H?.6&]NP<F,T:	,4:�<+:��\=.6&/&/$;*?5).=&£YyNP(+5�$;Q�N;(O,4*-5M¤[\W{j$;>@(+.RYy.6,/*-,M\=5/.6(`��X��M<xY�.	,4*-,M\=5).=(`�"¤
H?$'{j$V(O,4.6(+5

k
Yy.=(`,£& � NPQO,/.=<+*-5Yj$;5

0
¤

k
5): 1 (O\6,4*-NP<+& 1 .£\=5).=(`� 1 NP(+Q+H-.=&6Xjm`NP*L, A .6, B 1 .=(`��&/NP7'7'.6,4&v.=<2*-<@,/.=5/$;\6,/*?NP<
$;( 1 .=&)&/(+&1�� (+<�Yy.6,4*L,£\65/.=(h��¤
H?$[{j$;(`,4.=(O5 k

X�#n$'�j8P(+5). > X > X _ *?H?H-(+&),/5/.9HJ$
5).=7[$;5/>@(+.T&/(+*L�V$;<F,4.RYyNP(+5
k = 3

X#%$K&/NP7'7[. 1 .=&Z�;$VH?(j$V,/*?NP<O&UY�N;&/&/*-Q+H?.6&ZY�NP(O5�H?.=&Z\W{+.67[*-<+&Z*?<+*L,4*?$;(`�[.=<F,45).TH-.=& 1 .6(`�¢&/NP7'7'.6,4& A .	,
B
.=&), 1 N;<+\

k
∑

i=0

(ut)i+1 = ut(1 − (ut)k+1)/(1 − ut).

¡nNP(O,4.6&RH?.6&R*?<F,/.=54$V\6,4*-NP<+&T&/(+Yy:=5)*?.=(O5/.=&d&/NP<F,R,/54$;*L,4:=.6&dYj$V5R\=.�YO5/Nh\=: 1 :�Y+(+*-&/>@(+. 1 $V<+&R(+< \W{+.67[*-<¤Yy.6,/*-,/&[\65/.=(h�q,/NP(O,/.=&
H-.=&'*?<F,4.654$;\	,4*-NP<+&'&/(+Yy:=5)*?.=(O5/.=&[&/NP<F,]z)(+&),/."$;(`� 1 .=&)&/(+& 1�� (+<�Yy.6,4*L,
\65/.6(`��X��N;(+5R<+.[Yj$;&R\6NP7[Y`,4.=5 1 .=(h��fgNP*-&TH-.
Yj$V&d7'NP<F,W$;<F,dfgN;5/7[$;<F,dH-.[Yy.6,/*-,R\65/.6(`�iN;< 1 *-�h*-&/.
Y+$;5 t
H?$�V$;H?(+$V,4*-NP< 1 .6&�\=5).=(`��X�#%$d�V$;H?(j$k,4*?N;< 1�� (+<2Yy.6,4*L,�\=5).=(`��.=&G,ZHJ$d&)NP7[7'. 1 . 1 .=(`��,4.=5)7[.6& 1 .3<j$k,4(+5).1 *L¥�:65/.=<F,/.;X}#�.¢,/.=5/7'. u/(1 − ut)

.6&),[(+<+.¢\=NP<O&),W$V<@,/."$;H-NP5/&K>@(+. −u(ut)k+1/(1 − ut) 1 :=Yy.=< 1
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(ut)4
ut − (ut)5

1 − ut
(ut)3(ut)2

A B

k = 3

BABABABA

ut

 ��"!��������� #������������! �"$#�%'&(��#*)�+,�! -�/.102+1�435%6&(�7#50!+,)70!8,9!+,#:�;�<#=�

> 8,"$?@8A�;02 �B:�7+1?C+1#=�/%7+D�E�GF7�<���;+,�70H%7�*.,0!+,�43 �JI "$�70/)�"$��K$"< �0/)70!+,#7%702+L+,#*.,"$?@)4�;+M�E�G%78,)J+,#7%��<#�.1+
> 8,"$?@8A�;02 �B:�7+N%��O9!+1.,"$#7%P�!+10!?C+Q%���#79R��+,9S8,BT�7���; -"$#79R%7+N%781.,"$?@)�"$92 -�; -"$#C"$#O �#=�;02"4%��7 -���E�DK<��0! E��U7��+
.V�W�X�<��YT�! �B:�7+ y +A�/"$#*�<UJ"<���; ��/Z[�E�\K��<�-�����; -"$# v(k) %7"$#7#78,+M)��<0L]_^<`=a � 2

�Wv �Wv u 
a�z~$| |%� �%�Rb,� ���d�y�
q
� � ��� ���Nc��d�Rb�|
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F (t, u)
$� � � � � �%$"&�� $� ���'��� Zt)J+A�; ��;9G.,0!+1�T3  �*& �

� � $� �%$"+0� �*&-, �����-.�� � � � � ��� � � � ��� .
t
�D� � � &�� � � . � �� $"& �0�/. � �D� $ �*&��^� � � �/. $ ���-. � ����� .

u
�L� � $ � ���)$ �

� � ����� � � $ �*&

F (t, u) = t + tF (t, u) + ut2F (t, u) + tuF (t, u) + (tu)2F (t, u)2. ]_^$�=a
� �D� �d� � �/. $ � �L� � $ � ���)$ �  �*& �

F (t, u) =
1 − t − t2u − ut −

√

(t − 1) (u2t3 − u2t2 + 2 t2u + t + 2 ut − 1)

2u2t2
]_^ � a
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F (t, u)

F (t, u)

F (t, u) F (t, u)

+ +

t t t

t t

utu
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y
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E(t, u; y) ≡ E(y)
$� � � � � �%$"&�� $� ������� # � �D� $ � ��/. ���]¡  �*& � � � $� �%$"+0� �*&-, ����� . � � � � �]� � � � ��� . � � � � . $ � �L� �

t
�D� � � � �/. ���B¡�$� ��� ���0���-.

k
��� .

q(1 − qk+1y)/t/(1 − q)
�L� � $ � ���)$ � � � ����� � � $ �*&

q
+z�]� , � � . $ ����� �

E(y) = t + t
(

1 + q
1 − qy

1 − q

)

E(qy) + q
1 − qy

1 − q
E(y) +

(

q
(1 − qy)

1 − q

)2

E(qy)E(y). ]{^$^=a

� ! ) ��� ) � ~ �[z{�<.,�!"$0! -9;���! �"$#r��� )702+1?C �+10�02+,�!"$�70H9!�70H�s&(�W34+L%�+19H.XF7+1?C �#79hZp)J+A�; -�!9h.,0!+,�43JyJ -������92�;0281+
)��<0g�E�/� > �702+ ����� `7yW)J+,0!?C+,�d%'&(8,.102 �0!+��7#7+R8,B:�����; -"$# q � ��� > 8,U70! -BT��+ �*� �G)�0!+1?C �+,0d02+,�;"<�70d92�70d�_& �W34+�"$#%7 -9!.1�4�;+/9!�7 �K��<#=��B:�7+H.1+H0!+A�;"$��0�+,92��)70281.18,%78N"<�@#7"<#@%'&j�7#7+H%7"$��U7��+�� %7+,9!.1+,#=�;+ �!  �VK��<#=����+�)702+1?C �+10
0!+A�;"$��0H -��#'&}Y5�CB:�'&j�7# )� �.M%7+DF��<���!+1�70 1 y����p92�7 -�!+L%�� .XF7+,?@ -#*)�+1���"�A�;0!+MKT �%7+M"$�*�7#5.XF7+1?C �#5%7+m YT.XniZP)�+,�! -�;9N.10!+,�43 ��m �<#�9l.1+[9!+,.1"$#�%�.1�<91yJ ��gY �P�7#�.102+1�43iZP�E��F7�<���;+,�70 0 +,#:�!0!+[�-+\)7 -.G+,�M�-+
0!+,92�!+\%7�*.XF7+1?C �# � ~ �p9!8,0! �+ > 8,#7810!���;02 �.1+D%7+D.1+,9N.V��9h+,92�h%7"$#7. t + t q(1−qy)

t(1−q)
E(y)

�#  f�-+M.XF7+1?C �#5#7+
%78,U7���;+N)��<9S)7�<0S�7#�)7 �.h%7+NF������;+,�70 1 yT ����<)�)��<0;� � ���7#Pz{�<.A�;+1��0SB:�7 �+192�R�7#P?C"<�S%�+ m YT.XnPZD)J+A�; -�!9.102+1�43Jy��;0;��#79!�����;8M%7+ 1 K<+10!9h��+DF��<��� ��I "$�70h)70!+,#7%702+\+1# .1"$?C)��;+D�E�p?C"4%7 ���.V�W�; �"<#5%�+19hK��<�-�����! �"$#79%7+,9R.102+1�43@%7+Q.,+hz{�<.A�;+,�70S -��9!� : ��%7+h0!+,?@)7���<.1+,0 y )7�<0 qy

�4~ +h0!+,�!"$�70�9!�70��s&(�W34+Q�<)�0!�19��7#7+h%7"$�7U7�-+
%7+,9!.1+,#=�;+P -?@)7�- �B:�7+LBT��+�91&j ��gYk�5�7#k9!+,.1"$#�% 9!"$��9$� ?C"<�M%7+ m YT.Xn� ��e%�81U7���!+�#78,.1+,9!9;�� �0!+,?@+,#=�\)���0
�7# )7 -. �vw #�+,xJ+,�p9! -#7"$#  ���+A34 �9��;+,0;�< ��p�7# ?@"<�! -z x.x.x.x %���#79p��+P.XF7+,?@ -# %7+ m YT.Xn �&% # )70!+,#7%
�<�7929! q+1#5.1"<?@)��!+l�E�\K��<�-�����; -"$#O%7+,9H.,0!+,�43rz�"$0!?C819�%7�<#79/.1+,9h%7 �x68,0!+,#:�!9/.V�<9/)�"$�70�"$U��!+1#7 -0��E�[9!8,0! -+
> 8,#7810!���;02 �.1+ tE(qy)

(

1 + q(1−qy)
t(1−q)

t +
(

q(1−qy)
t(1−q)

)2

tE(y)

) �
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E(y) = t+t
q(1 − qy)

t(1 − q)
E(y)+tE(qy)+tE(qy)

q(1− qy)

t(1 − q)
t+tE(qy)

(q(1 − qy)

t(1 − q)

)2

tE(y). ]_^�=a
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∑

n≥0 bnyn %7+�� [[y]] +19�� � � � �/. , � � � �D� . $ ����� � � �/$ ����� ]�%7+
U��<92+ q ∈ �SaQ9! � ��6+A34 �9��;+M�7#7+lz�0;��.,�; -"$#r0;���! �"$#�#7+1�-��+ rB(X) ∈ � (X) y'�;+,���-+QB:�7+L)�"$�70R�!"$��� n ≥ 0 y

bn+1

bn
= rB(qn).
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bn
+1#iz�"$#�.,�; -"$#i%7+ b0

��I �<0l+A34+,?@)7�-+G�E�P92+1�7�-+[9!8,0! �+\%7+[0;�< -9!"$# rB(X) = X/(1 − qX) �;+1�-��+LBT��+
B(0) = 1 +,92�

B(y) =
∑

n≥0

(

B(0)
n−1
∏

k=0

rB(qk)

)

yn =
∑

n≥0

yn
n−1
∏

k=0

qk

1 − qk+1
=
∑

n≥0

q(
n
2)

(q)n

yn.
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E(y) = α
H(qy)

H(y)
+ β(y). ]�� �=a
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E(t, u; y)
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q
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E(t, u; y) =
(1 − q)2 tσ H(qy)

q2 (1 − qy)2 H(y)
− t (1 − q) (1 − q2y)

q2 (1 − qy)2
]��	�$a
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H(t, u; y) =
∑

n≥0

(

(q − t)σ

1 − q

)n
q(

n+1

2 )

(q)n(qtσ2)n

q − tσqn + (tσqn)2

q − tσ + t2σ2
yn. ]�� � a

�D�

σ =
1 + t − 2q −

√

(−1 + t) (t − 1 + 4 q − 4 q2)

2t (q − 1)
. ]��<`:a
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E(y) = α
H(qy)

H(y)
− f2(y)

f1(y)
]����$a
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α2H(q2y) + α

(

f3(y)

f1(y)
− f2(qy)

f1(qy)

)

H(qy) +

(

f4(y)

f1(y)
− f3(y)f2(y)

f1(y)2

)

H(y). ]��$�$a
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P (α) ≡ (q − 1)4t + (q − 1)(t + 1 − 2q)q2α + q4α2. ]�� � a
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P (
ts(q − 1)2

q2
) = t(q − 1)3K(s). ]��$^$a

I ��0 %78A��#7 -�! �"$# %7+ σ y K(σ) = 0 = K(σ2) %�"$#7. �-+19*%7+1�43 0;��.1 �#�+19 %���)J"<�-YT# � ?C+ P 9!"$#=�
tσ(q − 1)2

q2
+A� (q − 1)2

q2σ

��% #*+,#*%�81%7�7 ��/B:�7+ α %�"$ -� �A�;0!+M�7#�+D%�+D.,+19/%7+,�43rK��<��+,�70!9 �
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E(y) =
α

y

H(qy)

H(y)
− β(y)

y
]�� �=a
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H(qy)/H(y) )�+1����%�81)�+1#7%702+M%7+ y
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E(y) =
α H(qy)

q2 (1 − qy)2 H(y)
− t (1 − q) (1 − q2y)

q2 (1 − qy)2
] � � �=a

~ +D.XF7�<# > +,?@+,#:�h%7+lK��<0! ��<U7�-+[] � � �=aS.1"<#7%7�7 ��HZp�_&(8,B:�����; -"$# q � �� -#78V�< -0!+
l0(y)H(y) + l1(y)H(qy) + l2(y)H(q2y) = 0 ] � � � a

"��
l0(y) = −t (−1 + q)4 (−1 + q2y)

2

l1(y) = α(1 − q) (−2 q + t + 1 − (−4 q2 + tq2 + q + 2 t) qy
+ (−2 q3 + 2 tq2 − q2 + t) q2y2 − q5 (−q + t) y3)

l2(y) = −α2 (−1 + qy)2

w # y = 0 "$#i02+,�;02"$��K<+[��+L)J"$��YT# � ?C+O]�� � ah9! g"$#i0!+,?@)��E�<.,+ q2α )7�<0 α
� % #i+1#�%78,%7�7 -�Q��+19N%7+1�43

K��<��+,�70!9�)�"$929! �U���+19/%7+ α +,#5z�"$#�.,�; -"$#O%7+ σ 


α ∈
{

tσ(1 − q)2,
(q − 1)2

σ

}

.
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α = tσ(1 − q)2.
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E(y) =
(1 − q)2 tσ H(qy)

q2 (1 − qy)2 H(y)
− t (1 − q) (1 − q2y)

q2 (1 − qy)2
] � �	�$a

~ &(8,B:�����; -"$# q � �� -#78V�< -0!+G] � � � aS%7+,KT �+,#=�

l0(y) = t (1 − q)2 (1 − q2y
)2

,
l1(y) = t(1 − q)σ

(

(2 q − t − 1 +
(

−4 q2 + tq2 + q + 2 t
)

qy
− (−2 q3 + 2 tq2 − q2 + t) q2y2 + q5 (−q + t) y3)) ,

l2(y) = t2σ2 (1 − q)2 (1 − qy)2

< )��<02�! �0e%�+H.,+,�2�;+/81B:�����! �"$#p"$#p.1�<��.,�7��+R92+1�-"$#@�-+19v -#7%7 �.1���; -"$#79g%7+/�s&(�<� > "<0! -�!F7?C+��-+19v)�"$�-YT# � ?C+19



�6 �J�����	��� ��� 	q������� ��� � �#�q��������� � � � ����� � 	q����� q �
� �-! �	� �q� ���� � `��

ContrainteA(X) ≡ t (1 − q)σ q5 (q − t) X ] � � � a
+,�

ContrainteB(X) ≡ t(q − 1)((1 − q) + σ (1 + t − 2 q) qX + tσ2 (1 − q) q2X2) ] � �<`:a
% #�02+1?@�<0!B:�7+/B:�7+ ContrainteB(X) +,92�S�� �8/���@#7"�Y$�<� K(s) %7+h�s&j81B:�����! �"$#*]{���$ae)��<0u�E�M0!+,�E���! �"$#

K(X) =
1

t(q − 1)
ContrainteB(X/q/σ). ] � ���$a

o "$?C?@+L��+,9N%7+,�43i0!�<.1 -#7+19h%7+ K(X) 9!"<#:� σ +,� 1/(tσ) y���+19N%7+1�43 0;��.1 �#�+19Q%7+ ContrainteB(X)9!"<#:� 1/q +,� 1/(qtσ2)
��m "$#7.

ContrainteB(X) = t2(q−1)2σ2q2(X−1/q)(X−1/(qtσ2)) = t(q−1)2(1−qX)(1−qtσ2X).] � �$�=a~ +19e)�"$��Y4# � ?@+,9 a(X) +A� b(X) %7 �K4 -9!+,#:�d0!+,9!)�+1.,�! -K<+1?C+1#=� ContrainteA(X) +,� ContrainteB(X).1+MB:�7 ����< �929!+l�7#5#7"$?GU�0!+l��#7 '%�+L)�"$9!92 �U7 -�� ��;819 � % #5)J"<9!+M%7"$#7.

a(X) ≡ ContrainteA(X) ] � � � a
+,�

b(X) ≡ ContrainteB(X). ] � �$^=a
% #r���; -�� �92+Q)�"$�70 ContrainteB(X) �_&(8,.10! ��;�702+Q%7+@] � �<`:a�+A�h#�"$#r.1+1�-��+Q%�+D�_&(8,B:�����; -"$#k] � �$�=a ��I "$��0?C"$#=�;0!+,0S�_&(8,BT�� -K��<��+,#7.1+h%7+l.1+,9�%7+1�T3O81.,0! ��;�702+19R"$#�%7"$ -�S���; -�� -9!+10��E�L0!+1�����; -"$#C9;���! �92z{�� -�;+h)��<0 σ +,�����
9!�� -�;+lK��[?@"<#:�!0!+,0�BT��+L.,+1�E�[)�+1���H�VK<"$ �0/�7#7+M -#����7+,#7.1+M9!��0H�-+l.V�<�-.1�7� �

~ +O)J"$��YT# � ?C+ PA,B(X, Z, C(X)) B:�7 R%78,.1"$�7�-+P%7+P.,+O.XF7"$ 3 %7+ a(X) +A� b(X) +192�G�7# )J+,�
�;02"$)�K<"$����?@ -#7+1�43�)�"$�70DB:�'&("<# ��+C0!+,)70!"T%7�7 -9!+� -.1 �do &j+19��[�7# )�"$��Y4# � ?@+p%7+@%7+ > 0!8 4 +1# X %7"$#=�
��+Q�!+102?@+M%7+M%7+ > 0!8M?C �#7 -?��<��+19��H%7+L%�+ > 028 0

�(� K<+1.D��+,9H#�"<�X���! �"$#�9�%7+M�s&(�<� > "<0! -�!F7?C+h%7+ � U70;�<?C"�K�yI +A�;n�" K � +1n5+,� I �<����+l"$#*�[%7"$#7. K = 4 +,� L = 0
��~ +M.1"T+ : .1 -+1#=�H%7+M%7+ > 028M?@ -#7 �?@�<��+192�

q4ZC(qX) + C(X)

+,�H�-+l.1"T+ : .1 -+1#=�H%7+M)7���79�F7�<���H%7+ > 0!8M+19��
t2σ4q6

(

q2ZC(qX) + C(X)
)

.

% #*+,#*%�81%7�7 ��/%7"$#7.M�-+19�)�"$�-YT# � ?C+19

AnnulationDegreMin(Z) ≡ t2 (1 − q)4 (Zq4 + 1
) ] � � �=a

+,�
AnnulationDegreMax(Z, W ) ≡ t4σ4q6 (1 − q)4 (ZWq2 + 1

) ] �$� �=a



� `=� ������� �
	�����J�������������� � ����������������g���f�"! ���

~ & ��#7#:�7�E���! �"$#O%��*)�"$�-YT# � ?@+ AnnulationDegreMin(Z) )�+102?@+A�/%7+M%781%7�� �0!+MB:�7+

z = − 1

q4
. ] �$�$� a

~ &(�79!� > +R%��G0!8,9!�7���X�<#=�e+,92�d �.1 T �#:���! ��-+�)��7 �92BT��+ z +19��v�7#7+�z�0;�<.A�; -"$#\0!���; -"$#7#7+,����+v+,# q +,� t +,�v%7"<#7. ��f#'&}Yi�P)���9l%7+[.V�<�-.1�7�g%��<#79l��#7+[+A3T�;+,#79! -"$#k�<� > 81U702 �B:�7+\%�+�� (t, q)
�vI "$�70l -������92�;02+10H�E��?C8,�!F7"T%7+

"$#r.V����.1����+Q�;"<���/%7+M?��,?@+

ContrainteDegreC(W ) = t6 (1 − q)8 σ4q8
(

q2 − W
)

. ] �$� �$a
  7"<#C92"$�7F��� -�;+S0!+192)J+,.,�!+10u9!.,0!�7)7����+1��9!+1?C+1#=���s&(�<� > "$0! ��;F7?C+u ��4z{�����e�;+,92�!+10u9! 7.,+/)J"$��YT# � ?C+S91&(�<#7#:�7�-+
)�"$�70v��+,9 qi �VK$+,. i �<�-�E�<#=�v%�+ 0 Z T = 18 ]{�-+1?C?@+ �L� � � �$a � � ��91&(�VK$�,0!+NB:�7+ q2 +19��S���Q9!+,�7��+/0;��.1 �#�+�%7+
ContrainteDegreC(W ) )��<02?@ �.1+,9SK��<��+,�70!9 �  &j �� +A34 -92�;+N��+N)�"$��Y4# � ?@+ C(X) +192�R%7"$#7.Q%�+N%7+ > 0!8
2 +1# X

�#% #r)J"<9!+M%7"$#7.
ContrainteC(X) ≡ c0 + c1X + X2. ] �$��� a

~ �P9!�7U�92�; ��;���! �"$# C(X) = ContrainteC(X) %���#79l��+G)�"$��Y4# � ?@+ PA,B(X, Z, C(X)) .,"$#7%7�� -�MZ�7#D)J"<�-YT# � ?C+v%7"$#=�g�s&(�<#7#:�7�E�W�; �"<#Q%7+19f.1"T+ : ., �+1#=�!9d%7"$#�#7+u�7#\9�Y49��;�,?@+��� -#78V�< -0!+e+,#\�-+19� �#�.1"$#7#:�7+,9 c0+,� c1

�7o +,�!�!+l�� -#78V�<02 -�!8h)702"�K4 -+1#=��%7+N�E�\�- �#781�<0! ��;8H%7+ PA,B(X, Z, C(X)) +1#r��+,9Sz�"$#7.A�; �"<#79 C(qiX)
�

~ +19�.1"T+ : .1 -+1#=�;9R%�+N.1+h92YT92�!�1?C+Q9!"<#:�R%7+19�z�0;�<.A�; �"<#79�0!���; -"$#7#7+,���-+19u+1# t, q, Z +,� σ
� % #@0!+,?@)7���<.1+ Z)��<0�9;�DK<����+1��0 −1/q4 � 
 & � � . � � . $ �D� � . � ��� .���� � �L� � $��� � � � � � 9D� �e� � � ����� � � �*&4� ���$� � � . � � � � ). ��L�)&�� �$� $�� $ � �/. � � . � � � � $ �*& �]� , � � . $ ����� � $ �)& �

σ # t
�D�

q
�#% #r�!0!"$�4K$+

c(X) =
q

t2σ2
− 1

tσ
X + X2. ] �$� `:a

w #*02+ > 02"$�7)��<#=�H��+,9/%7 -K<+10!9/02819!���-�X�W�;9� �#=�!+10!?C81%� E�< -0!+19S"$#*"<U��; -+1#=�

r(X) =
(t − q)qσX

(q − 1)(1 − qX)(1 − qtσ2X)

q − qtσX + q2t2σ2X2

q − tσX + t2σ2X2
. ] �$� �$a

% #*+,#*%�81%7�7 ��/B:�7+

H(y) =
∑

n≥0

(

(t − q)σ

q − 1

)n
q(

n+1

2 )

(q)n(qtσ2)n

q − tσqn + (tσqn)2

q − tσ + t2σ2
yn. ] �$� �=a

% #k�4�; ��- �92+L����0!+,�E���! �"$# ]���`:a/9;���! �92z{�� -�;+L)��<0 σ )�"$�70Q0281.,0! �02+G��+L�;+102?@+ q − tσ + t2σ2 +,# (q −
t)(1 − tσ

1 − q
) �-"$0!92BT��+ n ≥ 1

��o +1�E�[)�+102?@+A�/%'&(8,.102 �0!+ H(y) 9!"$��9H���\z�"$0!?C+

H(y) = 1 +
∑

n≥1

(q − t)n−1

(

σ

q − 1

)n
q(

n+1

2 )

(q)n(qtσ2)n

q − tσqn + (tσqn)2

1 − tσ

1 − q

yn. ] �$� � a



�6��6�����	��� ��� 	q������� ��� � �#�q��������� �� ���� � � !� � ` �

 "$��9G.1+A�!�;+@z�"$0!?C+<yf ���9!� : �[%�+P9!+O0!�<)7)�+1��+,0\B:�7+ σ +,92�[��#7+P9!8,0! -+�z�"$0!?C+1�-��+p+1# t %7+�)��<0;��?@�A�;0!+
u )�"$�70p"$U792+102K<+10PB:�7+*.XF��<.,�7#�%7+19C�;+,0!?C+19C%7+ %7+ > 0!8 n +,# y +,92�P��#7+*928102 �+*z�"<0!?C+1���-+O+1# t %7+
)��<0!�<?C�,�;02+ u

��~ +Mz{�<.,�!+1�70 q(
n+1

2 ) )J+,0!?C+,�h%7+L%� �0!+MB:�7+ H(y) �E�p9!"<?@?C+M%7+L.,+19H�;+102?@+,9h+,92�Q�<�79!92 �7#7+[928102 �+Gz�"$02?@+,����+L+1# t %7"$#=�M��+G�!+10!?C+G.,"$#792�;�<#=�D+192� 1
��w #�)J"$��9!9;��#:�D�7#�)�+1��)7�-�79l��+,9l.V�<�-.1�7�-9

"$#r"$U��! �+,#:�H�-+19�%78AK$+1�-"$)7)�+1?C+1#=�;9H�� -?@ ��;8,9RZ[�s&j"$0!%�0!+ 2 +1# t

H(y) = 1 + O(t2),
H(qy) = 1 + O(t2),
σ = 1 + q + O(t2).

w #*���! ��- �9;��#:�R.1+19H%78AK$+1�-"$)7)�+1?C+1#=�;9/%���#79h�-+l.XF��<# > +1?C+1#=�H%7+lK<��0! E��U7��+p] � �	�$a�"$#*"<U��; -+1#=�

E(y) =
(1 − q)2 t(1 + q + O(t2)) (1 + O(t2))

q2 (1 − qy)2 (1 + O(t2))
− t (1 − q) (1 − q2y)

q2 (1 − qy)2

=
(1 − q)t ((1 − q2 + O(t2))(1 + O(t2)) − (1 − q2y))

q2(1 − qy)2(1 + O(t2))
= O(t)

% #�+,# %781%7�� -�[B:�7+ E(y) "$U��!+1#:�7+O+1# z�"$#�.,�; -"$# %7+ H(y) )��<0\��+P.XF���# > +1?C+1#=�C%7+Pz�"$#�.,�; -"$# �#�.1"$#7#:�7+ %7+��s&j81B:�����! �"$# ] � � �$a�+,92� �<�79!92 @��#7+ 92810! -+�z�"<0!?C+1���-+ +1# t
� % 0k%'& ��)70!�,9 �s&j81B:���W�; �"<#

q � �<� > 81U702 �B:�7+�]{^$^=a\ -�R+A34 �9��;+r�7#7+5�7#7 -B:�7+r9!"$�-���; -"$# %7+ E(y) BT�� �9!"$ ��p�7#7+r9!8,0! �+Oz�"$02?@+,���-+P+1# t
�

~ &(+ 34)70!+,9!9! -"$#5%7+ E(y) "$U��!+1#:�7+DZG)��<0��; �0�%7+ H(y) +19��/%7"$#7.lU7 -+1#O���\9!8,0! �+l%�+19�.XF7+,?@ -#79�%7+ m YT.XnZ[)J+A�; ��;9�.102+1�43 � 2

~ +D%�81U7���H%7�5%78AK$+1�-"$)7)�+1?C+1#=�h%7+ E(y) +,92�

t + (1 + u) t2 + (2 u2 − yu2 + 3 u + 1) t3 + (4 u3 − 3 yu3 − 2 yu2 + 9 u2 + 5 u + 1) t4

+ (8 u4 − 8 yu4 + u4y2 + 25 u3 − 11 yu3 + 21 u2 − 2 yu2 + 7 u + 1) t5 + O (t6) .

�/I�� ��N4i�P@T!\^g i�XDj�NQkqk��UR m@T�XDP�� T�PWk PWN �QNQP[Rf\ �^P

~ +[.XF��<# > +,?@+,#=�M%7+[?@"T%7�,��+\)�"$�70l�_&(8,.102 -�;��0!+\%�+[�s&j81B:�����! �"$# q � �<� > 81U�0! �B:�7+L#'&(�PBT��+[?@"T%7+19��;+��?C+1#=�N?C"T%7 -��8l�-+L?C"T%7�1�-+l �#7 ��; E���syT9!+1����+\���GK<��0! E��U7��+ y +,92�N�<)7)��<02�7+ ��~ +19h)J+,02�!�70!U��W�; �"<#79h -#7%7�7 ��;+,9
)��<0H.1+A�!�!+DK��<02 E�<U7�-+l9!�70H�E�p?C �9!+M+,# 81B:���W�; �"<#tZp�E� � +,?@)�+102��+,YP9!"$#=�Q?C �#�+1�702+19/.1+LBT�� f)�+102?@+A�H%7+
�;02"$��K<+10e�7#�+R�<���!0!+�+A34)70!+,9!92 �"$#p%7+AK$+1�-"$)7)�81+R92+1�-"$# y

��~ �/z�"$0!?C+�%7+R�E�H9!"$�-���; -"$#D)70!8,.181%�+1#=�;+�92� >$> �,0!+
�7#��<���;02+h.XF7�<# > +,?@+,#:�S%7+hz�"<#7.,�! �"$#C �#7.,"$#7#:�7+H)J"<�70����D�- �#781�<0! -9;���! �"$#\%7+N�_&(8,BT�7���; -"$# q � �<� > 8,U70! -B:�7+ �o +1�-�7 � .1 �#7+h9!+,?GU7��+h)��<9��VK$"$ -0�8A�;8N)�0!"$)�"$9!8h)��<0 �S0;��nC+A� I 02+1���-UJ+,0 > U7 �+,#�B:�'&j ���.1"$#=KT �+,#7#7+h)J"$��0����
�� -#78V��0! �9!���; -"$#r)J"<�70Q��+,9N? �1?C+19h0;�< -9!"$#79 �'m +\)7���79N�s&j81B:�����! �"$# q � �� �#�8V�< -0!+M"$U��!+1#:�7+[+19��VyJ.1+,�2�;+\z�"< �9$�.1 _y6%7+[����z�"$0!?C+�� 9! -?@)7�-+��D+,9!)�810!8,+p)��<0 �S0!�<n +A� I 0!+1�-��U�+10 > �  �P028192"$�����! �"$#i.,"$#7%7�� -�l%7 -0!+,.,�;+,?@+,#=�
Zi�E�i9!"<�����! �"$# "$U4�;+1#:�7+r)���0C�_&(8,B:�����; -"$# %7+r%78,.1"$?C)J"<9! -�! �"$# Zi��� � +,?@)�+102��+,Y 9;�<#79p02+1.1"<�70!9@�<�43
�;+,.XF7#7 -BT��+19H%7+ � U70!�<?@"�K�y I +A�;n�" K � +1n5+,� I �<����+ �
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�Wv �;vzw � �%~$� � bW���d�y��b;���d�d�d~��y� �kb,��| �%�Rb��!���d� � � �y�,�����d� �,��|%�d�d|�� �z� �}| �
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% # � 0!81��9!9! QZ 0!8,9!"$�7%�0!+i�s&j81B:���W�; �"<# q � �<� > 81U702 �B:�7+ ��� �� �9���#7+��<���!0!+i�<)�)70!"T.XF7+t.,"$#79! -92�!+iZ0!+,?���0!B:�7+10�B:�7+Q��+,9S.XF7+,?@ -#79�Z\)�+,�! -�!9�.,0!+1�T3O)�+1��K<+1#=�H�<�7929! 692+N�;0!�< -�!+10�Z\�s&(�< -%7+/%'&(��#7+Q81B:���W�; �"<#OZ
�E� � +1?C)J+,0!�-+,Y �WI �<0g0!�<)7)�"$02�f���\?C"4%7�,��+v -#7 -�! E�<���E�RK��<0! ��<U7��+ y +19��d���H)702 �#7., �)�����+e%7 �x68,0!+,#7.1+ �<w #D+,xJ+,��E�[#7"��; �"<#*%7+D)�+,�; ��/.102+1�43*+19��N.,"$?C)����; -U7��+M�VK<+1.\�_&(8,.102 -�;��0!+l%7+D�s&j81B:�����! �"$#5%7+D%781.,"$?C)J"$92 -�! �"$#O)���0
�E�D9!�7)�0!+1929! -"$#r%7�O%7+102#7 �+,0S)7 -. � % #r� |2"$���!+N%7"$#�.lZG#7"$��K<+V�<�O���DK��<02 E�<U7�-+h.1���X���-Y:�; -BT��+ s .1"$?C)��;�<#=��E�G�-"$# > ��+1�70�%7+M���p%�+10!#� ��102+M%7+192.1+1#=�!+ �

� ! � ����� '��*' � , �	��� � � � �/. $ �
E(t, u; y, s) ≡ E(s)

$� � � � � �%$"&�� $� � �'��� # � �D� $ � � �/. ���B¡  �*& �
� � $� �%$"+0� �*&-, �����-.}� � � � �]� ��� � ��� . � � � � . $ � �L� �

t
� � � � �/. ���B¡ # ��� ���0��� . k

��� . q(1 − qk+1y)

t(1 − q)

�D� � �
� �*&-, ����� . $� � � $�/. &2$39 . � $� � � � & �0� ��� .

s
�L� � $ � ���)$ � � � ����� � � $ �*& �

E(s) =
ts

1 − ts
+

ts

1 − ts

q

1 − q

(

E(s) − yE(qs)
)

+
q

1 − q

( s

1 − s

(

E(1) − E(s)
)

− y
qs

1 − qs

(

E(1) − E(qs)
))

.
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� I "$��0H�-+19�.XF7+,?@ -#79/9;�<#�9H.,0!+,�435"$#5�
ts

1 − ts
.
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I "<�70S�-+19�.XF7+1?C �#79�%7"$#=�S��+H%7+102#7 �+,0�)7 -.h+,92�S92�;02 �.A�;+1?C+1#=�S�<�!� %7+1929!�79R%�+h�_& �VK��<#=�S%�+10!#� �+10,y:��+H%7+102#7 �+,0
.102+1�43*��)7)��<0��; �+,#=�HZp��#5z{�<.A�;+,�70 xxxx +,�H"$#5�

ts

1 − ts

q

1 − q
(E(s) − yE(qs)) .

I "<�70��-+19C.XF7+1?C �#79@%7"$#=�P�-+*%�+10!#� �+10C)7 -.*+,92�r�<��� %7+,9!9!"<�79P�<� 9!+1#�9P�E�<0 > +r%7+ �_& �VK��<#=� � %7+102#7 �+,01yu��+
%7+,0!#7 -+10/.102+1�43r+A�H��+l%7+,0!#7 -+10/)7 �.M��)7)��<0��; �+,#7#7+,#:�HZp�7#rz{�<.,�!+1�70 xxx +,�H"$#5�

q

1 − q

(

s

1 − s
(E(1) − E(s)) − y

qs

1 − qs
(E(1) − E(qs))

)

.

� �6#'&j+19��/)��<9R92�70!)�0!+1#7�<#=�/BT��+Q�E�\?C �92+h+,#O81B:�����! �"$#O92+Q)��<929!+lU7 -+1#P.1�<0R�-+N.XF��<# > +1?C+1#=��%7+N?@" �
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�W~ +19e92"$?@?@���! �"$#79f�<#=�! �., �)�81+19g)J"<02�;+,#=�e9!��0e�E�/F��<���!+1�70d%7�G%7+,0!#7 -+10d.,0!+,�43G%��[.XF7+1?C �# � 2

� ! � ����� '��*' � , �	��
�� � �*$ �
E(t, u; y)

� �/� �/. $ � , � & �/. � � . $ � �%$� � � � � �%$"&�� $��������� # � �D� $ � � �/. ���]¡ �*& � � � $� �%$"+0� �*&-, �����-. � � � � � ��� � � � ��� .
t
� �D� � � �J� �D� $ � � �/. ���]¡ # � � ��� �$�d���-. h

� �*& � � �]� ��� �
q(1 − qh+1y)

1 − q
� � & �

E(t, u; y) = −

∑

n≥0

(q − t)nσn+1q(
n+1

2 )qnt

(1 − q)n(q)n(qtσ2)n

yn

∑

n≥0

(q − t)n−1σnq(
n+1

2 )(qntσ − q − q2nt2σ2)

(1 − q)n(q)n(qtσ2)n
yn

. ] �$� ^=a

� ! ) ��� ) � ~ �N9!8,0! -+R �#7.,"$#7#:�7+R9!���; -92z{�< ��e�_&(8,BT�7���; -"$#\%7+S�E�N)702"$)�"$9! ��; �"<# ��� � � < #7"$��K<+V�<�p"$#[02+,�!0!"$��K<+
�7#7+M8,BT�7���; -"$#r%7+M�E�Gz�"$0!?C+

E(s) = a(s) + b(s)E(1) + c(s)E(qs) + d(s)E(s)

�VK$+,.






































a(s) =
ts

1 − ts
b(s) =

q

1 − q
(

s

1 − s
− y

qs

1 − qs
)

c(s) =
q

1 − q
(y

qs

1− qs
− y

ts

1 − ts
)

d(s) =
q

1 − q
(

ts

1 − ts
− s

1 − s
).
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c(s) )�"$�70S�s&j -�;8,0;���! �"$#p+A� d(s) )J"$��0S�E�L?@8A�;F7"T%7+N%��O#7"�Y=�<� � % #O"$U79!+,02K<+lBT��+ y 92+Nz{�<.A�;"$02 �9!+h%��<#79



� � � ������� �
	�����J�������������� � ����������������g���f�"! ���

c(s) 
$.XF7�<B:�7+/ -�;8,0;���! �"$#L0;� |2"<���;+�%7"<#7.�9! -?@)7�-+1?C+1#=�e��#pz{��.,�;+,�70 y
�$m & �<�4�;0!+�)7�<02� y #'&(�<)7)��<0!� � �e)��<9%��<#�9 d(s) y�%7"$#7.R�-+R#7"�Y=��� 1−d(s) %7+S.1+,�2�;+�8,BT�7���; -"$#[+19��u��+R? �1?C+SB:�7+�.,+1���� 7%7+R�_&(8,BT�7���; -"$#5]_�<`=a �~ �[9!8102 �+lz�"$02?@+,����+ σ �!+1�-��+QB:�7+ 1 − d(σ) = 0 +19��h%�"$#7.M �#7.XF7�<# > 8,+ � ~ �pz�"<0!?C+

E(1) = −

∑

n≥0

(
n−1
∏

k=0

c(qkσ)

1 − d(qk+1σ)
)a(qnσ)

∑

n≥0

(
n−1
∏

k=0

c(qkσ)

1 − d(qk+1σ)
)b(qnσ)

0!+,92�!+G.1"$020!+,.,�;+ �6I �<0N0!�<)7)�"$02�N�<�t.1�<9N)�0!81.,81%7+,#=�M ��q9!� : �N%'& ��|2"$���;+,0N���CK��<0! ��<U7�-+ y B:�7 g�<� KT�t%�+19
0!+,?���0!B:�7+19/)70281.,81%7+,#:�!+19Q92+M.1"$?C)J"<02�;+l)�"$�- �?C+1#=� �

% # 9!+ .1"<#:�!+1#=�;+ %�+�.1+A�!�;+ %� �9!.,�79!92 �"$# %�+19 K��<02 E���! �"$#79�9!��0 ��+,9 .V�<�-.1�7�-9 )70281.,81%7+,#:�!9 BT�� 
.1"<#7%7�7 -9!+1#=�hZp�E�\z�"$02?G�7��+

E(1) = −

∑

n≥0

(

(q − t)σ

1 − q

)n
tσq(

n+2

2 )−1

(q)n(qtσ2)n(1 − tσ)
yn

∑

n≥0

(

(q − t)σ

1 − q

)n
tσq(

n+2

2 )−1

(q)n(qtσ2)n

1 − tqnσ

1 − tσ
yn q

1 − q

(

qnσ

1 − qnσ
− y

qn+1σ

1 − qn+1σ

)

.

~ +H#:�7?C810!���;+,�70u+19���%�8 |!ZM%78,K<+1��"<)7)J8/92+1��"<#C���QK<��0! E��U7��+ y
�$~ +/%78,#7"$?C �#��W�;+1��0v+192��)702+192BT��+h92"$�79

.1+A�!�!+Mz�"<0!?C+�
�)J"$��0 n ≥ 1 �-+l.1"T+ : .1 -+1#=�H%7+ yn +,92�
(q − t)n−1σnq(

n+1

2 )+1(qn−1tσ − 1 − q2n−1t2σ2)

(1 − q)n(q)n(qtσ2)n(1 − tσ)
. ] �$� �=a

~ +*.1�<��.,�7��%7+5.1+5�;+102?@+5��#781.,+1929! -�!8 %7+5#7"$?\U70!+,�79!+,9�9! -?@)��� -�7.V���! �"$#79 ��� # �;+,0!?C+r.1"$#79��X�<#=��%7�
%78,#7"$?C �#����!+1�70�+,92�

q

1 − q

σ

1 − σ
] � � �=a

+,�H#7+M.,"$0!02+19!)�"$#7%5)��<9HZ[)702+1?C ��102+QKT�7+\Z[�_&(8AK<���������! �"$#�+1# n = 0 %7�5�!+102?@+C] �$� �=aSB:�7 �%7"<#7#7+
tσ − q − t2σ2

(q − t)(1 − tσ)
. ] � � � a

� "$���;+Az�"$ �9,y6+,#k�4�; ��- �9!�<#=�N�_&(8,BT�7���; -"$#i�<� > 81U702 �B:�7+r]���`:a/9;���! �92z{�� -�;+L)��<0 σ "$#i?C"$#=�;02+GB:�7+[.1+,9M%7+1�43
�;+,0!?C+19*9!"$#=�t8 > �<�43 � � #7+ %7+102#7 ��,0!+ 92 �?C)7�� ���.V�W�; �"<#�)��<0 1 − tσ .,"$#7%7�7 ��tZ��E� z�"$0!?G����+�%7+ ���
)702"$)J"<9! -�! �"$# � 2

% #[0!+1?@�<02BT��+RB:�7+R�s&j+A34)702+1929! �"<#[%7+ E(y) %7+R�_&(8,B:�����; -"$#r] �$� ^=a�+19��u�7#[B:�7"<�; -+1#=�e%�+�%7+1�43\9!8,0! -+19F=YT)J+,0 > 8,"$?@8A�;02 �B:�7+19HU��<92 �B:�7+,9H%�+D0!�< �92"$#

rNum(X) =
(q − t)σq2X

(1 − q)(1 − qX)(1 − qtσ2X)
] � � �$a



�6��6�����	��� ��� 	q������� ��� � �#�q��������� �� ���� � � !� � � �

)�"$�70���+l#:�7?C810!���;+,�70/+,�

rDen(X) =
(q − t)σqX

(1 − q)(1 − qX)(1 − qtσ2X)

q − qtσX − q2t2σ2X2

q − tσX − t2σ2X2
] � � � a

)�"$�70���+l%�81#7"$?C �#7���;+,�70 � o +,�E�[9!� >$> �102+M%'&( -#=�;0!"T%7�7 -0!+l���G9!8102 �+MF=YT)J+,0 > 8,"$?@8A�;02 �B:�7+

J(y) ≡
∑

n≥0

(

(q − t)σ

1 − q

)n
q(

n+1

2 )

(q)n(qtσ2)n
yn ] � ��`:a

%7"$#=�L�E�O0;�� �9!"<#�+,92�L��+p)7����9L)�+,�! -� � %7 �KT �9!+,�70 � .1"<?@?G��#�%7+,9L%�+1�43�9!8,0! -+19 rNum(X) +A� rDen(X)
�

~ �t9!8,0! �+ J(y) +192�G)J+,02�; -#7+1#=�!+O)J"$��0\.1+O)�0!"$U7�-�1?C+�.1�<0G%'&j�7#7+O)���02�[+,����+C9;�W�; �9�z{�< -�\�7#7+P8,B:�����; -"$#
q � �� -#78V�� �0!+�9! -?@)7�-+�+,��B:�7+H%'& �����;02+h)���02� E(y) �<%7?C+,�u�7#7+H+A34)702+1929! �"<#�9! -?@)���+�+1#pz�"$#7.A�; -"$#p%7+ J(y)+,� J(qy)

��o +,9h02+1?@�<0!B:�7+,9/z�"<0!?C+1#=�/�E�[)702"$)J"<9! -�! �"$#�9!�7 �K<��#:�!+ �
� ! � ����� '��*' � , �	��
�
�� �*$ �

J(t, u; y) ≡ J(y)
� ��� �/. $ � � � . � � ��� �}� &

y
 ��� &2$ � ��� .

J(0) = 1
�D�

J(y) +
(1 − qy

1 − q
(q − t) − 1

)

σJ(qy) + tσ2J(q2y) = 0. ] � ��$a
� �t� �/. $ � , � & �/. � � . $ � �

E(t, u; y) ≡ E(y)
$� � � � � �%$"&�� # � �D� $ � � �/. ���]¡  �*& � � � $� �%$"+0� �*&-, ����� .�� � �

� �]� ��� � ��� .
t
�D� � � �@� �D� $ � � �/. ���B¡ # � �J��� �$�d���-. k

��� . q(1 − qk+1y)

t(1 − q)

� � �$�

E(y) =
tσJ(qy)

J(y) − 1 − qy

1 − q
tσJ(qy)

. ] � �<�=a

� ! ) ��� ) �

• % #P.XF7+102.XF7+M%'&(�<UJ"<0!%P�_&(8,BT�7���; -"$# q � �- �#781�< �02+H%�"$#=� J(y) +19���9!"<�����! �"$# � � �7 �%�8N)��<0���+,9S�;+,0!?C+19
(q)n(qtσ2)n

"$#r91&j �#=�;8,0!+,9!9!+LZp�E�G9!"<?@?C+
S(y) =

(

J(y) − J(qy)
)

− tσ2
(

J(qy) − J(q2y)
)

.

w #*�4�; ��- �9!�<#=���s&j+A34)702+19!92 �"$#5+A34)7�- �., -�;+N%7+ J(y) "$#5�

S(y) =
∑

n≥0

(q − t)nσnq(
n+1

2 )

(1 − q)n(q)n(tσ2)n

(

(1 − qn) − tσ2(qn − q2n)
)

yn.

I "<�70 n = 0 y$�-+S�;+,0!?C+�+1# y0 9,& �<#�#T����+ � "$#p)�+1���u%�"$#7.�0!+,92�!0!+1 -#7%702+H���Q9!"$?C?C+��<�43 n ≥ 1
�=m +/)7�-�79

�E�P.,"$?GU7 -#��< -9!"$# S(y) �O8,�;8[.XF�"$ �92 �+G%7+[92"$02�!+[B:�7+
(

(1 − qn) − tσ2(qn − q2n)
) 9!+Gz{�<.A�;"$02 �9!+\+1#

(1−qn)(1−qntσ2) .1+HB:�7 �)J+,0!?C+,�u�7#�+H92 �?C)7�� ���.V�W�; �"<#G�VK$+,.h�-+19u%7+102#7 �+,0!9v�;+,0!?C+19u%7+ (q)n(qtσ2)n

�
% # �[%7"<#7.

S(y) =
∑

n≥1

(q − t)nσnq(
n+1

2 )

(1 − q)n(q)n−1(tσ2)n−1
yn
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"��r"$#50!+,.1"$#7#7� � �/�_&(+ 3�)�0!+1929! -"$#

S(y) =
(q − t)σqy

1 − q

∑

n≥1

(q − t)n−1σn−1q(
n

2)

(1 − q)n−1(q)n−1(tσ2)n−1
qn−1yn−1.

~ � 0!8, �#7%�+A3����; -"$# %7+��E�*92"$?C?@+C)��<0G�-+@.XF7�<# > +,?@+,#:�p%�+�K��<0! ��<U7��+ n = n − 1 #�"$�79G)�+102?@+A�G%7+
0!+,.1"$#�#�� � �!0!+l�_&(+ 3�)�0!+1929! -"$#*%�+ J(qy) y7.,+DB:�7 �?C�1#�+LZ[���p02+1�����; -"$#

S(y) =
(q − t)σqy

(1 − q)
J(qy).

o +1���C%�"$#7#7+�yJ��)70!�,9hB:�7+,��B:�7+19h9! -?@)7�- -��.1���; -"$#79,y4�_&(8,BT�7���; -"$# q � �� �#�8V�< -0!+ ] � � �<a�9!���; -92z{�< ��;+l)���0 J(y)
�

o "$?C?@+�.1+,�2�;+581B:�����! �"$# q � �- �#781�< �02+@+,92�C%7+r%7+ > 0!8 1 +1# y yg�E�i9!8,0! -+ J(y) +,92�C%78,�7#7 -�p)���0[.1+,�2�;+0!+,�E���! �"$#O+A�/9;�[K��<��+,�70�+1# y = 0 
 J(y = 0) = 1
���

• % # .XF7+,0!.XF7+O�7#�+P+A34)702+19!92 �"$# %�+ E(y) +1# z�"<#7.,�! �"$#�%7+ J(y) +,# )��<0��X�<#=�G%�+P�s&j+A34)702+19!92 �"$#] �<� ^=a �7~ +M#:�7?C810!���;+,�70�91&j81.,0! -�

G(y) =
∑

n≥0

(q − t)nσn+1q(
n+1

2 )qnt

(1 − q)n(q)n(qtσ2)n
= tσJ(qy).

~ +M%781#7"<?@ -#����;+,�70R9,&(8,.10! ��

H(y) =
∑

n≥0

(q − t)n−1σnq(
n+1

2 )(qntσ − q − q2nt2σ2)

(1 − q)n(q)n(qtσ2)n
yn =

(

tσJ(qy) − qJ(y) − t2σ2J(q2y)
)

q − t
.

% #*�4�; ��- �92+N�E�[02+1�E�W�; �"<# q � �� -#78V�< -0!+G] � � �<aS9;���! �92z{�� -�;+N)��<0 J(y) )J"$��0�+A34)70! -?@+,0

t2σ2J(q2y) = −tJ(y) +

(

tσ − t(q − t)(1 − qy)σ

1 − q

)

J(qy).

� )�0!�19��E�l92 �?C)7�� ���.V���! �"$#L%'&j�7#@�!+10!?C+�+1# tσJ(qy) +A���E�l9! -?@)7�- -��.1���; -"$#\)7�<0 q− t �-+�%781#7"<?@ -#����;+,�709!+M0281.102 -�
H(y) = −J(y) +

tσ(1 − qy)

1 − q
J(qy).

% # �[%7"<#7.
E(y) =

tσJ(qy)

J(y) − 1 − qy

1 − q
tσJ(qy)

.
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�$&�'����)(*��	! "+���
�$&�'����
q , 	�'%��"+��'%�-�.��� y = 0 / �0���-�+1�2�0�
(3��4�� / &-�����5��&�������$6����87
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~ "$0!9r%7+��E� 02819!"<�����! �"$# %7+��s&j81B:���W�; �"<# q � �<� > 8,U70! -B:�7+<yM]�)70!"<)J"$92 -�! �"$# ��� ^=a�"$# � )70!"<��K$8kB:�7+
�s&j+A34)702+1929! �"<#k"<U��;+,#T��+C)7�<0l�s&(�<#��<��YT9!+G8A�X�< ��Q�E�PU�"$#7#�+[.V�<0l.�&(8A�X�< ��l�7#7+[92810! -+Gz�"$0!?C+1�-��+D+1# t

��% #��
���! ��� -9!8M��+Dz{�< -�hB:�7+G�_&(8,BT�7���; -"$# q � �<� > 81U�0! �B:�7+D%78A��#7 -�N�7#7+G��#7 �B:�7+G928102 �+\z�"$02?@+,���-+ ��o +G? �1?C+D� YT)�+%'&(�<0 > �7?@+,#=�D�r8A�;8[���! ��- �9!8L%��<#79M�-+19l)702+1��K<+19DU��<9!8,+19M9!��0D%�+19M81B:�����! �"$#�9l%7+[%781.,"$?C)J"$92 -�! �"$#iZO���
� +1?C)J+,0!��+AY �	� ., sy'�_&(8,B:�����; -"$# ] � �W`:ah)�+10!?C+,�M%�+C.,"$#79��X���!+10MB:�7+ J(y) +,92�D�7#7+p9!8,0! -+pz�"<0!?C+1���-+\+,# t%7+D�;+102?@+D.1"<#792�;�<#=� 1 +,�Q�_&(+ 34)70!+,9!9! -"$# ] � �<�=a�)�+10!?C+,�h%'&j+1#t%�81%7�7 -0!+D%7+ E(y) +192�Q�<�7929! f�7#7+\928102 �+z�"$02?@+,����+�+,# t

�T~ & �<0 > �7?C+1#=��+192�S%7"$#7.N�<�7929! J�<)7)7�- �.V��U7��+�?@�< �9u"$#@)J+,����z{�< �02+H��#P)J+,�P?C �+1�T3 �� �7 -�!+
Zi�E� )�0!"$)�"$9! ��; -"$# �����$� "$# +19��C+1# ?@+,9!�702+r%7+O)70!"<��K$+,0C)7�<0[�7# .V�<�-.1�7�S%7 �02+1.,�pB:�7+r�_&(+ 3�)�0!+1929! -"$#
] � �<�=ag9!���; -92z{�< ��v�s&j81B:�����! �"$# q � ��� > 8,U70! -BT��+ �=o +,�E�l)�+1����%7"$#�#7+10u�s&j �?C)702+19!92 �"$#\%7+/?@ -+1�43G.1"$?C)70!+,#7%702+��+l�- �+,#O+1#=�;02+L.,+,�!�!+M9!"$�-���; -"$#O+,�H�s&j81B:���W�; �"<# q � �<� > 8,U70! -B:�7+Q �#� -�; ��<��+ �
� ) � % !�� � ) �	��
 
 � 
 � &�� ���$� �s�*& � . �/. ����� � � �x¡ � . � � �/$ �*& ������� ���	��
 $ � � � $ 
�� � ����� ��
 $�*& q

+ ��� , � � . $ ��������	� � � & � 
 $ � $ �	� & 
 � & � � ��� � � ��*$ � � & ��.�� ����
 $�*&�� � & ��
 �-.�� ��� , � � . $ ����� � ��� .�� ����
 $�*& ������� � �
� ! ) ��� ) � % #P -#W|2+1.A�;+H�s&j+A34)702+19!92 �"$#i] � �<�$av%�+ E(y) +,#�z�"$#7.A�; -"$#@%�+ J(y) %7�<#79S�-+h92+1.,"$#7%P?C+1?GU�0!+%7+M�s&j81B:���W�; �"<# q � �<� > 8,U70! -B:�7+p]_^<^=a

t + q
1 − qy

1 − q

tσ

J(y) − 1 − qy

1 − q
tσJ(qy)

+ t(1 +
1 − qy

1 − q
)

tσJ(q2y)

J(qy) − 1 − q2y

1 − q
tσJ(q2y)

+q2 (1 − qy)2

(1 − q)2

tσJ(qy)tσJ(q2y)
(

J(y) − 1 − qy

1 − q
tσJ(qy)

)(

J(qy) − 1 − q2y

1 − q
tσJ(q2y)

)

.

% #*0281%7�� -�/.1+A�!�!+D+ 34)70!+,9!9! -"$#t���5%�81#7"$?C �#7���;+,�70
(

J(y) − 1 − qy

1 − q
tσJ(qy)

)(

J(qy) − 1 − q2y

1 − q
tσJ(q2y)

)

+,�h�<)�0!�19/%7+,9/9! �?C)7�- -��.1���; -"$#79S%�+D#7���;�702+M0;���! �"$#7#�+1���-+N"$#r"$U4�; �+,#=�h.,"$?C?@+Q#:�7?C810!���;+,�70

tJ(y)J(qy) + (q − t)tσ
1 − qy

1 − q
J(qy)2 − t2σ2q

1 − qy

1 − q
J(qy)J(q2y).

� ��9!+lz{�<.A�;"$02 �92+l+1#
J(qy)

(

tJ(y) + (q − t)
1 − qy

1 − q
J(qy) − tσq

1 − qy

1 − q
J(q2y)

) ] � ���$a
+,�L9! u�-+C?C"$#7%�+C+,92�LU7 �+,#�z{�< ��Vy E(y) 9;�W�; �9�z{�< -�M�_&(8,B:�����; -"$# q � �<� > 81U702 �B:�7+�y���+[9!+,.1"$#�% z{�<.,�!+1�70D%7"$ ��
�,�!0!+M8 > �<�qZ

tσ
(

J(qy) − 1 − q2y

1 − q
tσJ(q2y)

)

.

o +1���D92� >$> �,0!+h%'&(�4�; ��- �92+10v�s&j81B:���W�; �"<# q � �- �#781�< �02+M] � ��$ae9;���! �92z{�� -�;+�)7�<0 J(y) )J"<�70u+A34)70! -?@+,0 J(y) +1#z�"$#7.A�; -"$#r%7+ J(qy) +,� J(q2y) 


tJ(y) = tσ

(

1 − (q − t)(1 − qy)

1 − q

)

J(qy) − t2σ2q
1 − qy

1 − q
J(q2y).
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� )�0!�19N�7#7+\92 �?C)7�� ���.V�W�; �"<#O)��<0 tσ(q − t)
1 − qy

1 − q
J(qy) �-+L92+1.,"$#7% z{�<.A�;+,�70N%7� #T��?@8,0;���!+1�70G] � ���<a

%7+AK4 -+1#=� 

tσ
(

J(qy) − tσ(1 + q
1 − qy

1 − q
)J(q2y)

)

.

� #�+D%�+10!#� ��102+M9! �?C)7�- -��.1���; -"$#�%7+M#��W�;�702+D0!���; -"$#7#7+,���-+N)�+10!?C+,�/%�+D.,"$#7.,���702+ �
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~ �\)70!"<)J"$92 -�! �"$# �����$� 92� >$> �,0!+Q��#P.XF��<# > +1?C+1#=�R%7+Hz�"$#7.A�; �"<#� �#�.1"$#7#:�7+hB:�7 J?C�1#�+QZL��#7+Q81B:��� �

�; -"$# q � �- �#781�< �02+�9! �?C)7�-+ ��! �6+19���%7"$#�.Q#����!�70!+,�6%7+l92+Q%7+1?@�<#7%�+10R92 6�7#P�!+1�6.XF7�<# > +,?@+,#:�/%�+Nz�"$#7.A�; �"<# �#�.1"$#7#:�7+�)J+,0!?C+,�G%�+�0!+A�;02"$��K$+,0[.1+A�!�;+�81B:�����! �"$# q � �- �#781�< �02+[)��<0L�� �#�8V�<02 �9;�W�; �"<#k%�+P�s&j81B:�����! �"$# q ��<� > 81U702 �B:�7+ � o "$#�z�02"$#=�;8DZ[�7#7+M81B:�����! �"$# q � �<� > 81U702 �B:�7+Q%�+D���\z�"$0!?C+

f1(y)E(qy)E(y) + f2(y)E(qy) + f3(y)E(y) + f4(y) = 0 ] � ��^=a
"$#r"$U792+10�K$+\B:�7+M�-+l.XF��<# > +,?@+,#=�N%7+lz�"$#�.,�; -"$#O �#�.1"$#7#:�7+

E(y) =
J(qy)

αJ(y) − f2(q
−1y)

f4(q−1y)
J(qy)

] � �#"=a

.1"<#7%7�7 ��HZp�_&(8,B:�����; -"$# q � �� -#78V�< -0!+

f4(y)α2J(y)+

(

f3(y) − f2(q
−1y)f4(y)

f4(q−1y)

)

αJ(qy)+

(

f1(y) − f2(y)f3(y)

f4(y)

)

J(q2y) = 0. ] ��� �=a
o +�.XF��<# > +1?C+1#=�u%7+Rz�"$#�.,�; -"$#G -#7.1"$#�#T��+�+192�vz�02�7.,�!�7+1�T3p)J"<�70e��+,9e? �1?C+S0;�� �9!"<#79eB:�7+�.1+,���7 �)70!"$)�"$928
)��<0 �S0!�<nr+,� I 02+1���-UJ+,0 > ]{8,BT�7���; -"$# ]$"&%$a!a ��~ &j+A34)702+1929! �"<#�] � �<^$a�%�+,KT �+,#:�Q�7#7+Lz�0!�<.,�! �"$#50;�W�; �"<#7#7+1�-��+
+1# J(y) +,� J(qy) +,� J(q2y)

�=~ & �<#�#T���E���! �"$#p%7+/.1+A�!�!+Hz�0!�<.,�! �"$#[+,92�� �?C)7�� -BT��81+S)7�<0u�s&(�<#7#:�7�E�W�; �"<#G%7+
9!"<#[#T��?@8,0;���!+1�70 Num B:�7 �+,92�v�7#�+R.1"$?\U7 �#��� �9!"<#L�- �#781�< �02+�%�+ J(y)J(qy) y J(qy)2 y J(q2y)J(qy) +A�
J(y)J(q2y)

� ~ +D.XF�"$ �3r%�+D���GK<����+1��0 −f2(q
−1y)/f4(q

−1y) %7�<#79/��+M.XF��<# > +1?C+1#=�G] � �#"$aR�<#7#:�7��+M�-+�;+,0!?C+ J(y)J(q2y) %���#79 Num
��~ �pz{�<.A�;"$02 �9!���; -"$#P%7+ J(qy) %�"$#7#7+M�s&j81B:���W�; �"<# q � �� �#�8V�< -0!+ �o +Q.XF��<# > +1?C+1#=��%7+HK��<0! ��<U7��+/)�+102?@+A�R%'&j"$U��!+1#7 -0S�7#7+h9!+,.1"$#7%�+l)70!+,��K$+Q%�+Q�E�D)70!"$)�"$92 -�; -"$# ���-�<�

+1#5���! ��� -9;�<#=��?@�< -#:�!+1#���#:�R�s&j81B:�����! �"$# q � �<� > 81U702 �B:�7+Q+A�/.1+D#7"$��K<+V�<�5.XF��<# > +1?C+1#=�h%7+lK<��0! E��U7��+ �
')(+*�,�-.*./qm �<#79N�-+M.V�<9h%7+\�_&(8,BT�7���; -"$# q � �<� > 8,U70! -B:�7+@]_^$^=a y���+D.XF��<# > +1?C+1#=�Q%7+Mz�"$#7.A�; -"$#* -#7.1"<#7#:�7+] � �#"=aS%7+AK4 -+1#=�

E(y) =
J(qy)

αJ(y) − 1 − qy

1 − q
J(qy)

] ����� a
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"�� α y�9!��)7)J"<9!8G -#7%781)�+1#�%��<#=�N%�+ y y�+19��N�7# )��<0;��?@�A�;0!+M+,#7.1"$02+GZp%78,�!+102?@ -#7+10 � % #*"$U��; -+1#=�h�<)702�19B:�7+1�-B:�7+19H9! -?@)7�- -��.1���; -"$#79��s&j81B:�����! �"$# q � �- �#781�< �02+

tα2J(y) −
(

1 +
(t − q)(1 − qy)

1 − q

)

αJ(qy) + J(q2y) = 0. ] ��� �$a
w # y = 0 .1+A�!�;+M8,BT�7���; -"$# q � �� -#78V�< -0!+h%7"$#7#7+M���p.,"$#7%7 ��; -"$#O9!�70 α

tα2 − (1 +
q − t

1 − q
)α + 1 = 0 ] ���<� a
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%78 |!Z )70!8,9!+,#:�!+ %��<#79 �E� )70!+,��K$+ %7+ �E� )70!"$)�"$92 -�; -"$# ��� `�yh�-+19 %�+1�43 K��<��+,�70!9*)J"$929! -U7��+,9 )�"$�70 α9!"<#:� σ "$� 1/(tσ)
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%7+ J(y)
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2
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��������� �"!$#��%���&
�"�'���(�

~ �LK��<�����W�; �"<# q(1 − qk+1y)

t(1 − q)
%7+19S)J+A�; -�!9�.,0!+,�43OZD�E�DF��<���!+1�70 k +19��R���D92"$?@?C+H%7+N%7+,�43@�;+102?@+,9

%7+�#����!�70!+�%7 -xJ8102+1#=�;+ �<~ +�)70!+,?@ -+10,y q

t(1 − q)
+,92�g�7#\�;+,0!?C+u.1"$#79��X�<#=�e�<��"$029�B:�7+ − qk+2y

t(1 − q)
%78,)J+,#7%

> 8,"$?@8A�;02 �B:�7+1?C+1#=�/%7+D�E�[F������;+,�70 k
�#% #*92+L)702"$)�"$9!+M%7+D9!8,)��<0!+,0h.,+19H%7+1�T3r�;+102?@+,9/+1# .,"4%7�<#=�h���

K��<���7���; -"$#i%7+19D)�+,�; ��;9M.102+1�43�)���0D���O9!"$?C?@+[%�+19MK<���������! �"$#�9l%7+p%7+1�43�.1�<0!02819DU7�E�<#�.C+A�D#7"$ �0Q�!+1�-9
B:�7+ )

=
q

t(1 − q)
] ��� `:a

+,�
*

= − qk+2y

t(1 − q)
. ] ��� %$a
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E(y) J
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C(t, u; y) = E � (t, u;−(1 − q)y/q) ] � ` �$a
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 �&6 0 ��9%/ D�� + 
 /  0���0 
 5 � + � � +-, ��.�/10 � � 
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G(t, u; y) = t2P (t, u; y). ] � `&"$a

')(+*�,�-.*./#% #@%781.,0! -���E�MU7 |2+1.,�! �"$#C+1#@.1"$#�92�;02�7 �9!�<#=�R�7#@+1?C)7 ��-+1?C+1#=��ZL)���02�; -0v%'&j�7#P.XF7+,?@ -# �4o +,�!�!+
U7 |2+1.,�! �"$#O.,"$?C)J"$0��;+l%7+,�4358,�;�<)�+191y����G)70!+,?@ -�102+l.1"$#792 �9��;+DZp�!0;�<#�92z�"$02?@+,0R�7#5.XF7+1?C �#5Zp.10!+,�43r92�70
�s&(�W34+[+1#k.XF7+,?@ -# ZO)�+,�; ��;9l.,0!+1�T3k+1#k0!81.,0! �K<��#:�M0281.,�70!92 -K$+,?@+,#=� xxxx +,# xx

�qI "$�70M)70!8,9!+,02K$+,0\���
K��<���7���; -"$#l%7+19g.XF7+1?C �#�91y ��+,9f)�+,�! -�!9f.,0!+,�43\ZH���HF������;+,�70 h 92"$#=�gK��<�-�7819q)���0 yqh+1/t )�"$�70q�-+�.XF�+1?C �#ZO)J+A�; ��;9l.102+1�43 ��% #k%78,�;�< ��-��+\?@�< ��;+1#7�<#=�Q�E�P92+1.,"$#7%7+C8,�;�<)J+p%7+[���PU7 }|2+,.,�! �"$#iB:�7 e�!0;�<#79�z�"$0!?C+[.1+,9



� �� �����	��� � � � 	 � 	q������� � ��� �6� � � 	��e������ � � %

��������������������

��������������������

����������	�	�		�	�	


�
�

�
�
����������

��������������

��������������������

12345

������q��� ��` � �S }|2+,.,�; -"$#t+,#:�!0!+p%7+,9D.XF�+1?C �#79MZO)�+,�; ��;9l.,0!+1�T3�%781U����X�<#=�D)��<0N�7#�)� �.G%7"<�7U7��+[+A�M��+,9
+1?C)7 -��+1?C+1#=�!9R%7+M9!+ > ?@+,#=�;9H?��<02B:�7819

.XF7+,?@ -#79QZC)J+A�; -�!9h.,0!+,�43t+,#t%7+,?@ � )=YT0;�<?C �%7+,9�%7+\92+ > ?C+1#=�!9Q?���0!B:�7819 �6~ �p� > �702+ ��� ��`�%�"$#7#7+L�7#
+A34+,?@)7�-+M%7+M.1+,�2�;+M9!+,.1"$#�%7+L8A�X�<)�+ �
� # 4 / + � � � � + 
  5 / �	��
 /  0 %��<#�9��7#C.XF7+,?@ -#@%7+ m YT.XnCZM)J+A�; -�u.,0!+,�43C+19��S�7#C)7 -.HB:�7 �#6&(+,92��)��<9�9!�7 �K4 %'&j�7#7+�%7"<�7U7��+�?C"$#=�;8,+<y�.1+�#'&j+19���)7�<9e��+S)7 �.R%6&(�7#[z{�<.A�;+,�70 xxxx

��� # 9 �  + � � � 4�� � .  0 
 � 0 
 ��� %���#79�7#G.XF�+1?C �#\%�+ m YT.XnL+,92�v��#G+1#792+1?GU���+S%�+19e)���9d?C"$#=�X�<#=�;9g9! ��;�78,9d+1#=�!0!+S%�+1�43\)7 �.,9d%7+�z{�<.,�!"$0! -9;���! �"$#
9!��.1.1+,9!92 -z�9 � % #*%7 -92�!0! �U��7+M�E�[K<���������! �"$#O%6&(�7#*.XF7+1?C �#*9!�70H��+,9/U7��"T.19 �J~ �[K��<�����W�; �"<#O%'&(��#tU7��"T.l+19��
��+D)702"4%7�� -�H%7+\.,+1�-��+19H%7+,9N)��<9h?@"<#:�;�<#=�;9H+,�h%7+19N.10!+,�43*+1#=�;02+\�-+19N%�+1�43*)7 -.19H%7+Lz{�<.A�;"$02 �9!���; -"$#rBT�� 



� �$� ������� �
	��� � �������������� � ����������������g���f�������

%78A��#7 �929!+,#:�h��+NU7��"T. ��~ &jF=YT)J"<�!F7�192+L%6&(�7#5)7 -.l%7"$�7U7�-+Q �#� -�; ��<� > �<0;��#:�! -�SBT��+M�!"$���/.,0!+1�T3r+19��h+,#=�;"$�7028
%7+L%7+1�43 )7 -.19N%�+Lz{�<.A�;"$02 �9;�W�; �"<#5+A�QB:�7+G92+1�7�-9N%7+,�43 )��<9N?C"$#=�X��#:�!9[]�.1+1�T3*z�"<0!?@�<#=�N�-+L)7 -.L%�"$�7U7�-+
 �#� -�; ��<� aq#7+H9!"$#=��)��<9�+1#=�;02+N%7+,�43@)7 �.,9�%7+/z{�<.A�;"$02 �9;�W�; �"<# �$~ +H)70!"T%7�7 ���%�+19uK<���������! �"$#�9v%7+19�U7��"T.19u+19��
%7"$#�.D���\K��<�����W�; �"<#O%7�*.XF�+1?C �#5Z[�7#5z{��.,�;+,�70 t2 )�0!�19 �~ &(+,#79!+,?GU7�-+l%7+19�U7�-"4.,9R+19��/+1#rU7 |2+1.,�! �"$#�)70!8,9!+10�K��<#=�h���LK��<���7���; -"$#P�VK$+,.M�s&j+1#792+1?GU7�-+Q%7+,9�9!+ > ?@+,#:�!9
?@�<0!B:�78,9 � m �<#�9h.,+,�!�!+L)�0!+1�4K$+\��� , � 6 
 ��6 5 � � 6 0 4�� � .  0 
 � 0 
 +192�h�E�[F������;+,�70/%7�*92"$?C?@+A�H�<)70!�,9.1+N)��<9 ��o "$?C?@+H��+h)7 �.h%'&j�7#�z{�<.A�;+1��0 xxx +192�R�7#P)7 -.N%7+Hz{�<.,�!"$0! -9;���! �"$#'y=�_&(+,#79!+,?GU7�-+N%7+,9RF��<���!+1�7029
%7+,9R)��<9R?C"$#=�X��#:�!9S%'&j�7#OU7�-"4.Hz�"$0!?C+H�7#O9!+ > ?@+,#=� [i, j] 
T.�&(+,92�/��+h9!+ > ?@+,#=�/Z\?@�<0!B:�7+,0R�<929!"T.1 �8N�<�U7�-"4. ��I "$��0H%�8,��#7 -0���+l?@�<0!B:��� > +M%7+M.1+M9!+ > ?@+,#=�h"<#*.,"$#79! -%7�102+M��+l?G�7���; � +1#�9!+1?\U7��+h%7+19HF��<���!+1�7029
%7+,9h)���9�?@"$#=�;�<#=�;9/%7�5U7��"T.Q+1#*%7 �92.1���;�<#=�/9!�70/���p#7���;�702+M%7�*92+ > ?C+1#=� �
•   i = j y [i, j] +19��L��#k92 �# > ��+,�!"$# �'o "$?@?C+G�-+G)70!+,?@ -+10Q)� �.[%'&j�7#iz{�<.,�!+1�70 xxxx +192�D�7#�)7 -.G%7+
z{�<.A�;"$02 �9;�W�; �"<#'yJ�-+GU7�-"4.L#7+[.1"$#=�! �+1#=�MB:�'&j�7#k)��<9l?C"$#=�X�<#=�l+A�M�7#�.10!+,�43kZP���PF��<���!+1�70 i )�"$�70Q��#7+K��<���7���; -"$#��;"��X�<�-+l%7+ qiy B:�7 q.1"$020!+,9!)�"$#7%5U7 �+,#*Z[.,+1�-��+l%'&j�7#59! �# > ��+A�;"$# ([i, i], ∅) �
•   -#7"$# "$# "$U�9!+10�K$+5B:�7+O.1"$?C?C+���+�)70!+,?@ -+10G)7 -.P%'&j�7# z{�<.,�!+1�70 xxxx "$� ��+�)7 �.P%6&(�7# z{�<.A�;+,�70
xxx +,92�@�7# )� �.O%7+Oz{�<.A�;"$02 �9;�W�; �"<#  ��SY ���<��)7�-�79p%7+1�43�)7�<9p%7+r.XF��<B:�7+5F��<���!+1�70 ��~ +r)702+1?C �+10
z{�<.A�;+1��0O)J+,0!?C+,�r�<��9!9! N%7+i.1"$#�92�X�W�;+10OB:�'&j ��HY�� �7# 92+1�7�Q)7�<9O%7+iF��<�4�;+1��0 j

�Ro &(+,92�5+1#��<.,.1"$02%
�VK$+,. �E�iK��<���7���; -"$# t %7+5�s&j+A3T�;0281?C -�!85%6&(�7# 9!+ > ?@+,#=��?@�<0!B:�78 ��! �/Y��k%7+1�T3 )7�<9@%�+*F������;+,�70!9 i.V��0M�<)70!�,9M��+G)702+1?C �+,0Q)��<9l%'&j�7#kU7��"T.G+,92�D��+G)�0!+1?C �+,0Q%'&j�7#�z{�<.,�!+1�70 xxxxx

�qm +p)7�-�79l.1+[z{�<.A�;+1��0
z�"$02?@+[%7+,�43k.102+1�43�ZO���rF7�<���;+,�70 i − 1 )�"$�70M�7#7+[K��<�-�����; -"$#t�;"��X�<�-+G%7+ t2q2iy2 B:�7 v.1"$020!+,9!)�"$#7%
Zt�E�rK��<�����W�; �"<# %7+P��� U��<92+P%'&j�7# 9!+ > ?@+,#=� �eI "$�70G�-+19GF7�<���;+,�70!9[%�+P�s&j �#=�;+,02K��<�-��+ [i + 1, j − 1]  -�Y��*92"$ -�L�7# )7�<9\?C"$#=�X�<#=�L%��<#79L�7# z{�<.A�;+,�70 xxx 92"$ -�L%7+1�T3 )7�<9\%���#79\�7#�z{�<.,�!+1�70 xxxxx

� % #
%78A��#7 -�u�-+R?@�<0!B:��� > +R%7�p9!+ > ?@+,#=� [i, j] .1"$?C?C+R�s&j+1#792+1?GU���+�%7+,9vF��<���!+1�7029u%7+��s&j �#=�;+,02K��<�-��+ ]i, j[ B:�7 �<)7)7�<0;�< -9!92+1#=�Q+ 37��.,�;+,?@+,#=�l%7+1�T3 z�"$ -9h%7�<#79N�-+L?\�7�-�! � +,#79!+,?GU7�-+D%�+19NF7�<���;+,�70!9N%7+19Q)7�<9N?C"$#=�X�<#=�!9
%'&j�7# U7�-"4. ��� # 8,��8,?@+,#:� k ?��<02B:�78@+,92�\%7"$#7.��<9!92"4., �8@Z*�7#kz{�<.,�!+1�70 xxxxx B:�7 �.1"<#:�! �+,#:�\%7+1�T3
)��<9�?C"$#=�X�<#=�;9SZD���DF7�<���;+,�70 k +,���7#@.10!+,�43PZL�E�lF������;+,�70 k− 1 )J"$��0��7#�+hK��<���7���; -"$# qkty BT�� J+,92�.1+,���-+[%'&(��# 81�-81?C+1#=�M?@�<0!B:�78 ��� # 8,��8,?@+,#:� k #7"<#�?@�<0!B:�78p+,92�\�<9!92"4., �8CZ5��#kz{�<.A�;+,�70 xxx )J"<�70
�7#7+lK��<�-�����; -"$# t

�
~ ����#i%7+G.,+,�!�!+G.1"<0!0!+,9!)�"$#7%���#7.1+[+,92�M9! -?@ -�E�< -0!+lZP.,+1�-��+\%�+19N�!0;�VK��<�43 %7+��S"$��9!B:�7+,�$� � 8,��"$��+A�

�Q -+1#7#�"<��9!��0���+19S+1?C)7 ��-+1?C+1#=�;9�%7+l9!+ > ?@+,#=�;9 � I "$�70�"$U4�;+1#� �0S�_&(+,?@)� ���+,?@+,#=�S%7+l92+ > ?C+1#=�H�<929!"T.1 -8lZ
�7#r.XF7+,?@ -#O"$#Pz{�< -���;"<?GUJ+,0R��+,9R9!+ > ?C+1#=�;9�?@�<0!B:�78,9�%��<#79��_&("<0!%702+N%'&(�<)7)���0! -�! �"$#�%7+19�U7�-"4.,9R%7+l)���9
?C"$#=�X�<#=�;9 ��o "$?C?C+N��+N.XF7+1?C �#O%78,U7���!+l)��<0R�7#O)� �.Q%7"<�7U7��+N��+N)�0!+1?C �+,0S)���9�?@"$#=�;�<#=�R%7�r)702+1?C �+10
U7�-"4.[+,92�D%7+CF��<���!+1�70 1 y�%�"$#7.p.1+A�\+,?@)7 -��+,?@+,#:�l�<%7?C+,�M�7#7+p)7 -�1.,+@?C �#7 -?�����+D%7+p9!+ > ?@+,#:� [1, j]

�
o "$?C?@+/�;"<���;+,9S��+,9S�����;02+19R)7 -�1.,+19S92"$#=�R%7+,9R9!+ > ?C+1#=�;9R%�"$#=�S�-+N)702+1?C �+10u8,��81?C+1#=�S+192�R�<�P)7�-�79�8 > �<�
Z*�_&(+ 3T�;0!8,?@ ��;8C%7� 92+ > ?C+1#=�G)�0!81.,81%7+,#=�Vye"$#�"$U792+102K<+PB:�7+P���5)702+1?C ��,0!+C)7 ��,.1+�+,92�[���592+1�7�-+PZ �,�;02+
?C �#7 -?��<�-+ ��~ &(+,?@)� ���+,?@+,#=�M"$U��;+,#:� )��<0M.,+,�!�!+@.,"$#79��;0!��.,�; -"$# +,92�D%7"$#�.@U7 -+1#k�7#7+C%7+1?C � )=Y40!�<?C �%7+
%7+M9!+ > ?C+1#=�;9H?���0!B:�7819 �

I "$��0N?C"$#=�;0!+,0hB:�7+\�s&j"$# �CU7 �+,# �7#�+\U7 |2+1.,�! �"$#6y�"<# 0!8,9!�7?C+\�-+19H)J"< �#=�;9H.1�-+,z�9N%�+L�_& �<)�)7�� -.V���! �"$#
 �#=K<+10!92+ � � �;�<#=�O%7"$#7#�8i�7#7+t%7+,?@ � )=YT0;�<?C �%�+5"<#�"$0!%7"<#7#7+t92+19O9!+ > ?C+1#=�;9P?@�<02BT��819P+,#�02+,�! �0;��#:�
0!8,.1�7029! �K$+1?C+1#=�u�-+S9!+ > ?C+1#=�v?C �#7 -?��<�<.1"$#=�;+,#��<#=�v�-+19e)7�-�79 > 0;�<#7%�9e+1#=�; -+1029 ��% #G.,"$#79��;0!�� -�e�-+S.XF7+,?@ -#
+1#�)��<0��X�<#=�D%'&j�7#�)� �.p%7"$�7U���+ xxxx +,�D"$#�� |2"$���!+@%�+19DU7��"T.19M%7+p)��<9D?C"$#=�X�<#=�;9M+,# .1"<#79! -%7810!�<#=�
��+,9S92+ > ?C+1#=�;9�?@�<02BT��819S%7�<#79R�_&("$02%70!+ � % #P)��E�<.,+N��+Hz{�<.,�!+1�70 x "$� xxx �<9!92"4., �8QZG�_&(8,��8,?@+,#:� e %'&j�7#



� �� �����	��� � � � 	 � 	q������� � ��� �6� � � 	��e������ � ���

9!+ > ?C+1#=�PZ��E�tF7�<���;+,�70 e +1# �� -9;�<#=�p��+O92+ > ?C+1#=�@%��<#79C�s&j"$02%70!+O.,0!"$ -9!9;��#:�@%7+r.1+,9@8,��8,?@+,#:�!9 �&% #
.1"<?@)7�-�,�!+l��+19R�!0!"$��9H)7�<0�%7+19/)���9H%�+19!.,+1#7%7�<#=�;9 � � #581�-81?C+1#=�/U��<92+M%'&(��#*92+ > ?C+1#=�H"$�r�7#581��8,?@+,#=�
��"<�70!%k.1"T%7+C�7#�z{�<.A�;+,�70 xxx

��� #�9! -# > ��+A�;"$#6y��7#7+C+A3T�;0281?C -�;8C%7+C9!+ > ?@+,#=�\"$���7# 8,��8,?@+,#:�L��8 > +10
%7"$#�#7+M�7#5z{��.,�;+,�70 x

�
2

m �<#79p�7# ?C"4%��1��+@%'&j+1?C)7 ��-+1?C+1#=�Vyg�7# +1?C)7 ��-+1?C+1#=�\�!0! -KT ��<��+,92�p�7# +,?@)7 -��+,?@+,#:�\"��  ���#'&jY �
�<�7.,�7#7+G.,"$#7.,�70!02+1#7.,+G+1#=�;02+G��+,9h)� ��1.,+19 �6~ &j+1?C)7 ��-+1?C+1#=�H%7+\���C� > ��0!+ �4� � � +19��Q�7#t+ 34+1?C)7��+L%'&(+,? �
)7 -��+1?C+1#=���;02 -KT E�<� �:~ � �FE 5 /�� G E 0 E 5 ��
 5 / + � ��� 
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P (t, u; y) =
T (t, u; qy)

T (t, u; y)
] � % � a

��
T (t, u; y)
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 � 
 5 /�%F/ � 687 � � � � G . ��0 
 � . � 5 %6 E��%J
')(+*�,�-.*./�� K<��#:�R%7+Q91&j �#=�!810!+,9!92+10/�<�O?C"4%��1��+H%7+,9R+1?C)7 ��-+1?C+1#=�;9�%7+Q92+ > ?C+1#=�;9S?��<02B:�7819R"<#O0;�<)7)�+1�
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TP−Q(t) %7+19�+1?C)7 ��-+1?C+1#=�;9v�!0! -KT ��<�43Gz�"<0!?C819u%7+H)7 ��,.1+19�%7+ P −Q �Tm &(�<)702�19���+/��+,?@?C+�%'&j �#=K$+,0!92 �"$#%7+l�Q -+1#7#�"<�Vy7���[9!8102 �+ > 8,#7810!���;02 �.,+ Q(t) 9,&(+ 34)70! -?@+l)���0

Q(t) =
TP−Q(t)

TP(t)
. ] � % �$a

m �<#79u�-+�.V�<9u%7+,9�%�+1?C � )=YT0;��?@ -%7+19e%�+H92+ > ?C+1#=�!9�"<#C)�+1�4��)7�<02z�"$ -9v�<?C81�- �"$02+10d.,+,�2�;+/+A34)702+19!92 �"$# �I "<�70M��+19l%�+1?C � )=YT0;��?@ -%7+19Q%�+[9!+ > ?@+,#:�!9L?@�<02BT��819l�s&j+1#�9!+1?\U7��+ Q +,92�D�s&j+1#�9!+1?\U7��+[%7+,9M9!+ > ?@+,#:�!9
?@�<0!B:�78,9�%7+H�E�Qz�"$02?@+ ([1, k], m)

�:~ &j+1#792+1?GU���+N%�+19�+1?C)7 ��-+1?C+1#=�;9e�!0! -KT ��<�43p -?@)7�- �B:�78,9v%��<#79���+/#:�!�
?C810;�W�;+1��0d%7+M] � % �$a�+19��v%7"$#�.R.1+,���7 T%7+19d+1?C)7 ��-+1?C+1#=�;9f%7"$#=�u�<��.1�7#[92+ > ?C+1#=�v#7+�.1"$#=�! �+1#=�v�_&(8,��8,?@+,#:�
1
�Jo +A�l+1#792+1?GU���+\+,92�N+1#tU7 |2+1.A�; �"<# �VK$+,.G�s&j+1#�9!+1?\U7��+L%7+19h+1?C)7 ��-+1?C+1#=�;9��;02 -KT E���435)��<0H�7#7+G92 �?C)7��+
�;0!�<#792�E���! �"$#@%7+ 1 %�+N�;"$��9R��+,9R9!+ > ?@+,#=�;9R+A��?���0!B:��� > +,9 � ! �60!+,92�!+lZG8,�!�7%7 �+,0S�-+N.1"<?@)�"$02�!+1?C+1#=�R%�+19K��<���7���; -"$#79Q�-"$0!9M%7+C.1+A�!�;+p�;0!�<#79�z�"$0!?@���; -"$# � % 0M -.1 e"$#k0!+,?���0!B:�7+CBT��+@���OK��<�-�����! �"$#i%7�k9!+ > ?C+1#=�



� �$^ ������� �
	��� � �������������� � ����������������g���f�������

?@�<0!B:�78l�;0!�<#792�E���!8D%�+L�7#6y ([i + 1, j + 1], m + 1) y�+,92�h�� -81+MZ@.,+1�-��+l%7�*9!+ > ?@+,#:� ([i, j], m) )��<0/���9!��U792�! -�;�4�; �"<# y → qy
��� ���!0!+1?C+1#=�D%7 ��l��+G%�81.V���E� > +\%7+[�7#k%'&(��#k92+ > ?C+1#=�M?C"4%� -��+G���@K��<���7���; -"$#

%7�k9!+ > ?@+,#=�M)��<0M�E�P92�7U792�! -�!���; -"$#i%7+ y )���0 qy
�   v"<#k#�"<�;+ T (y) ���P9!8,0! �+ > 8,#7810!���;02 �.,+p�<�-�!+10!#�81+%7+,9D+,?@)� ���+,?@+,#=�;9Q%7+p92+ > ?C+1#=�;9l�!0! -KT ��<�43�����"$029Q�E�P92810! -+ > 81#78,0;���!0! -.1+p�<���;+102#781+[%�+19M+1?C)7 ��-+1?C+1#=�;9

�;02 -KT E���43 %�+592+ > ?C+1#=�!9@#7+r.,"$#=�;+1#7�<#=��)���9 1 +,92� T (qy)
�e~ &(�<)7)7�- �.1���; -"$# %7����+,?@?C+P%'&j �#=K$+,0!92 �"$#

%��<#�9H.,+M.V�<9/)��<0��; -.1�7�- �+10S%7"$#7#7+M%7"<#7.M�E�\z�"$02?G�7��+[] � % � a �
2

~ �*)702 �#7., �)��<�-+G%7 �@.,�7�-�!8p+192�\��+p.V����.1���v%7+@���5928102 �+C�<�-�!+102#781+C%7+19D+1?C)7 -��+1?C+1#=�!9M�!0! �K4 ��<�43 ��w #
> 8,#7810!�<�v"$#�#7+[9;�� -�M)��<9l���P.V�<�-.1�7�-+10 �'~ "$0!92B:�'&("<#k�!0;�VK��< ��-��+G�VK<+1.p%7+19M+,?@)7 -��+,?@+,#:�!9Q%7+p9!+ > ?C+1#=�;9,y
 ���+,92�h+1# > 81#78,0;�<�q)�"$9!92 �U7�-+M%7+L?C"$#=�;02+10/B:�'&j+1���-+M9;���! �92z{�� -�/�7#7+D81B:���W�; �"<# q � �- �#781�< �02+ �7~ +D#7"T+1�7%*%7�)702"$U7���,?@+S+192�1y=Zl#7"$��K<+V�<�C%��<#�9v.1+/.XF��<)7 ��;02+<y<%�+H028192"$�7%702+H.,+,�2�;+�81B:���W�; �"<# q � �- �#781�< �02+ �Wm �<#�9v��+R.1�<98,�!�7%7 -8�.<&j+19��p)��<0��; �.,�7�� -�102+1?C+1#=�\92 �?C)7��+C.V��0G�<)702�19G��#7+P9! -?@)��� -�7.V���! �"$#'y6�s&j81B:�����! �"$# Z*�7#7+�z�"$02?@+
�<%���)��;8,+LZ[9!�C02819!"<�����! �"$# �
')(�������������� �"! > /A@�� C � �FE 5 /���G E 0 E 5 ��
 5 / + � ��� 
 � 5 0 E � T (t, u; y) ≡ T (y)

� � � ��. 4 / � ��. ��0 
 � 
 5 /�%F/ � 687� � � � G . ��0 
 � . � 5 %6 E�� �	��
 / � � � / 
 ��� E %6 ��
 /  0 q
� � /10 E � / 5 �

T (y) =
(

1 − qy + t/q2 + ty
)

T (qy) − t/q2T (q2y). ] � % � a
� � � � % � 6 
 �� 0 +

T (y) =
∑

n≥0

(t − q)nq(
n

2)

(q)n(t/q)n
yn. ] � %�`:a

� � (�������� �$( * > / @�� /A@DC � �FE 5 /���G E 0 E 5 ��
 5 / + � P (t, u; y)
� � � � ��.�/�� 4 � 5 � .�/ � � � � � � � G . ��0 
 � . � 5 %6 E��� � 


P (t, u; y) =

∑

n≥0

(t − q)nq(
n+1

2 )

(q)n(t/q)n

yn

∑

n≥0

(t − q)nq(
n

2)

(q)n(t/q)n
yn

. ] � % %$a

')(+*�,�-.*./�% #�.1"$?C?C+1#7.,+C)7�<0L%�"$#7#7+,0L�7#�+@8,BT�7���; -"$#�%�+@%78,.1"$?C)�"$9! ��; �"<#k%�+19D+1?C)7 ��-+1?C+1#=�;9l�;02 �
KT E�<�T3i+1#k"$U792+10�K<��#:�D�-+GK$"$ -9! �#7� > +[%7+ 1

�'~ �O)7�-�7)��<0��M%7+19M.1�<9M9!"$#=�D.1���<9!92 �B:�7+19M+A�L92+[�;0;�� -�;+,#=�l+1#
0!+,.1"$#�#��< �929;�<#=�\%��<#79D�E�Oz{�<.,�!"$0! -9;���! �"$#��7# +1?C)7 ��-+1?C+1#=�l�;02 -KT E�<�g�;0;��#79!�����;8 �do +A�!�!+�%78,.1"$?C)J"<9! -�! �"$#
+19��� -���-�792�!0!81+r)���0C����� > �70!+ ��� � % ��o +,)J+,#7%��<#=�P�-+*%�+10!#� �+10p.1�<9�%7+5.1+A�!�!+*%78,.1"$?C)�"$9! ��; �"<#�+,92���7#
)�+1��)7����9l%781�- �.V�W�Q+,�M92"$#i�;0!�< -�!+1?C+1#=�l+19��M ��-���79��;0!8L)��<0l���@� > �702+ ��� �<� ��w #792�7 -�!+["$#�.1"$#79��X���!+[B:�7+
�s&j81B:���W�; �"<# q � �� -#78V�� �0!+C� %�+19G.,"4+
�@., �+,#:�!9[%7+�%�+ > 028O�<� )7�-�79 1 +1# y .1+PB:�7 �)J+,0!?C+,�\%7+��;02"$��K<+10
%7 -0!+1.A�;+,?@+,#:�H�7#�+D92"$���4�; �"<#OF:YT)�+10 > 81"$?C8,�!0! -BT��+D%�+D.,+,�2�;+M81B:�����! �"$# �

% #@��|2"$���;+���#pz{��.,�;+,�70 −1 ZQ���NK��<�����W�; �"<#G%7+R�;"<���;+,9v��+19v)� ��1.,+19u)�"$�70e.1�<��.,�7��+,0e�7#7+/9!8,0! -+ > 81#78��0;�W�;0! -.1+ ��� 
 � 5 0 E � ��% #r%781.,"$?@)�"$92+D��#5+,?@)� ���+,?@+,#=�R�;02 -KT E�<��+1#5"$U792+10�K<��#:�H���G#����;��0!+M%7+19/8,��81?C+1#=�!9
1 




� �� �����	��� � � � 	 � 	q������� � ��� �6� � � 	��e������ � �#"
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�����

k k + 1

�

T (y) =

+

+

T (qy)

+

−q2y2tT (q2y)

−qyT (qy)

1 2 3 4 5

� � � � �

1 2 3 4 5

� � � �

1 2 3 4 5

� � � �

� � �

1 2 3 4 5

1 2

(t + tq2y)/q2
(

T (qy) − (1 − q2y)T (q2y)
)

������ ��� � % � m 81.1"<?@)�"$9! ��; -"$#O%7+19H+1?C)7 -��+1?C+1#=�!9S�;02 -KT E�<�T3P%7+M92+ > ?C+1#=�;9H?@�<0!B:�78,9

•   6�<��.1�7#O92+ > ?C+1#=��#7+h.1"$#=�! �+1#=��%�+ 1 �<�-"$0!9��s&j+1?C)7 ��-+1?C+1#=�u91&j"$U��! �+,#:�R%7+Nz{���,"$#P�7#7 -B:�7+N+,#O%781.1� ����<#=�/%7+ 1 �-+19H9!+ > ?@+,#:�!9h%6&(�7#*+1?C)7 ��-+1?C+1#=�/B:�7+1�-.1"$#�BT��+ ��~ �C92810! -+ > 81#78,0;���!0! �.,+D�<�-�!+10!#�81+M%7+.,+19H+1?C)7 ��-+1?C+1#=�;9R+,92�H%7"$#�. T (qy)
�

•   f�_&(+,?@)� ���+,?@+,#=�/.1"$#=�; -+1#=�h��+D9! �# > ��+A�;"$# [1, 1] �<�-"$0!9/ -��9!+\%�81.1"<?@)�"$9!+L.1"$?C?C+D�-+M)70!"T%7�7 ��h%6&(�7#92 �# > �-+,�!"$# [1, 1] +,�p%'&j�7# +1?C)7 -��+1?C+1#=�\%7"$#=�C�<�7.,�7# 92+ > ?C+1#=�p#7+O.,"$#=�; -+1#=�p%7+ 1
�e~ �t928102 �+

> 8,#7810!���;02 �.,+M�<�-�!+10!#�81+M%7+M.1+,9H+,?@)� ���+,?@+,#=�;9�+19��H%7"$#7. −qyT (qy)
�

•   e�s&j+1?C)7 ��-+1?C+1#=�h.1"$#=�; -+1#=�M��+\9!+ > ?@+,#:� [1, 2] �<�-"$0!9Q -�d92+[%781.,"$?@)�"$92+C.,"$?C?@+L��+[)702"4%7�� -�Q%6&(�7#92+ > ?C+1#=� [1, 2] +,��%'&j�7#@+1?C)7 ��-+1?C+1#=�u%7"$#=�S�<�7.1��#@92+ > ?C+1#=��#7+h.,"$#=�; -+1#=�S#� �%�+ 1 #7 �%7+ 2
�To +

%7+,0!#7 -+10�+,?@)7 -��+,?@+,#:�691&j"$U��! �+1#=�f%7+ez{���,"$#M�7#7 -BT��+�+,#M%781.1�<�E�<#=�q.,+,�!�!+vz�"$ �9'., =%7+ 2 ��+,9�9!+ > ?@+,#=�;9%'&j�7#�+1?C)7 ��-+1?C+1#=�pB:�7+1�-.1"$#�BT��+ ��~ �k92810! -+ > 81#78,0;���!0! -.1+5�<�-�!+102#781+r%7+r.1+,9@+,?@)� ���+,?@+,#=�;9[+19��
%7"<#7. −q2y2tT (q2y)

�
•   T�_&(+,?@)� ���+,?@+,#=���;0! �KT E�<�=.,"$?@?C+1#�.1+�)��<0d��#\9!+ > ?C+1#=�e%7+��E�/z�"$0!?C+ [1, k] �VK$+1. k ≥ 3 ��+�.V�<�-.1�7�:%7+���p928102 �+ > 81#78,0;���!0! -.1+D�<�-�!+102#781+ T≥3(y) +192�h)7�-�79/%781�- �.V�W� � ~ �p� > �70!+ ��� �<�[ ��-���79��;0!+l�-+M)70!"$)�"$9 �% #[K��Q.1"$#79��;02�7 �02+��7#7+�U7 |2+1.,�! �"$#\+1#=�;02+H.,+19u+1?C)7 -��+1?C+1#=�!9d+,�u�-+19v+,?@)7 -��+,?@+,#:�!9dB:�7 7%�81U7���!+1#=�

)���0\�7# 92+ > ?C+1#=�[%�+P�E�rz�"$0!?C+ [1, k] �VK<+1. k ≥ 2
�g~ � 9!8,0! �+ > 81#�810;�W�;0! -.1+��<�-�!+10!#�81+ T≥2(y)%7+[.,+19M%7+,0!#7 -+10!9M+,?@)7 -��+,?@+,#:�!9Q91&j"$U��! �+,#:�M)7�<0l%7 -xJ8102+1#7.,+[+1#k0!+,?��<02B:���<#=�MB:�7+p.1+[9!"<#:�D%7+,9

+,?@)7 -��+,?@+,#:�!9/BT��+1��.,"$#7B:�7+,9Q)70! �K$8,9Q%7+D.1+1�T3t%7"<#:�Q�<�7.,�7#t9!+ > ?C+1#=�Q#7+L.1"$#=�! �+1#=�N%7+ 1 +,�h%7+.,+1�435%78,U7���;�<#=�h)7�<0/��+l9! -# > �-+,�;"<# [1, 1]
��w #5�!+10!?C+19/%7+M92810! -+ > 81#�810;�W�;0! -.1+M.1+,�E�[%7"$#�#7+

T≥2(y) = T (y) − T (qy) − (−qy)T (qy). ] � %<�=a
% #�%78,.1"$?C)J"<9!+t�7#�+,?@)� ���+,?@+,#=�P%78,U7���X��#:�P)��<0P�7#�92+ > ?C+1#=�r%7+ ��"$# > �7+1�70P�<��?@"< �#79 3+A�@%6&(+ 34�!0!8,?@ ��;8 > �<��.XF7+ 1 +1#��7# 8,��8,?@+,#:� 2 B:�7 �+,92�@��"$�702% "$� ��8 > +10[+A�@��# +,?@)7 -��+,?@+,#:�
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− −

k k + 1

�

=

k

�

k + 1

�

k − 1

�

2 k k + 1

k k + 1

�

1 2 3 4 5

� � � � �

1 2 3 4 5

� � � �

1 2 3 4 5

� � � �

1 2

1

1

1 2

=

/(t + tq2y)

q2y2 → q4y2 = ∗q2

y → y/q

T (y) − T (qy) − (−qy)T (qy) = T≥2(y)

(t + tq2y)/q2
(

T (qy) − T (q2y) + q2yT (q2y)
)

= T≥3(y)

���������� �<� � m 8,.1"$?C)�"$9! ��; �"<# %'&j�7#�+1?C)7 ��-+1?C+1#=�H�;0! �KT E�<�q%78,U7���X��#:�M)7�<0Q�7#�9!+ > ?C+1#=�l%'&(�<�i?C"$ �#79
3 81�-81?C+1#=�;9

%78,U7���;�<#=�R)��<0��7#@9!+ > ?@+,#:�S%7+H��"$# > �7+1�70��<�C?@"< �#79 2 +,��%'&(+ 3T�;0!8,?@ ��;8 > �<�7.XF�+ 1 %�+h���Mz{���,"$#92�7 -K��<#=�;+ 
�"$#r02+,�; -0!+M�s&j81�-81?C+1#=� 2 ��"<�70!%r"$�5��8 > +10�%7�59!+ > ?C+1#=�H �#7 ��; E���sy:"$#r�;0;��#79!�����;+l%7+ +1�7#� �B:�7+1?C+1#=�h�E�[U��<92+L%�+L.,+L92+ > ?C+1#=�h)J"$��0H02+,�!0!"$��K<+10h�7#*92+ > ?C+1#=�h%7+D��"$# > �7+1�70H�<�5?C"$ �#79
2 +,��"$#P�!0;�<#�9!�E�W�;+H.1+,�/+,?@)� ���+,?@+,#=�S%7+ −1 )J"$��0R"$U��!+1#7 -0S�7#O+,?@)7 -��+,?@+,#:��%7"$#=�S��+N92+ > ?C+1#=� -#7 -�! E�<�e.,"$#=�; -+1#=� 1

�gI "<�70G.V����.1����+10D�E�59!8,0! �+ T≥3(y) "$# .,"$#79! -%7�102+P�E�50!8,.1 �)�0!"TBT��+�%7+P.,+,�2�;+U7 |2+1.A�; �"<# �'I �<02�;�<#=�M%7+[�s&j+1?C)7 ��-+1?C+1#=�Q%�+ T≥2(y) "$#t�;0!�<#79!�����;+[.,+,�M+,?@)7 -��+,?@+,#:�N%7+ +1 .1+B:�7 '92+l�;0;��%7�7 -�S)��<0����\9!�7U�92�; ��;���! �"$# y → qy
��~ �G�;0!�<#79!�����; -"$#�%�+ −1 %7+M�_&(8,��81?C+1#=�SU��<9!+M%7�)702+1?C �+,0N9!+ > ?C+1#=�M%7 -KT -9!+G)���0 q2 ����K<���������! �"$#*%7+[.1+A�!�!+[U��<9!+ ��~ &( -#79!+,02�! �"$#i%7+[�_&(8,��8,?@+,#:� 20!� |2"$���!+Q�7#Oz{�<.,�!+1�70 t "$� tq2y ZG�E�LK��<�-�����; -"$#�92+1�-"$#rBT��+l�s&j81�-81?C+1#=�R+,92�/��8 > +10S"$�O��"$��0!% �$� �

��#7�<��"$#5�[�E�[0!+,�E���! �"$#

T≥3(y) = (t + tq2y)/q2T≥2(qy). ] � %��<a



� �� �����	��� � � � 	 � 	q������� � ��� �6� � � 	��e������ � � �

~ �C%78,.1"$?C)�"$9! ��; �"<#P)70!8,.18,%7+1#=�;+L.1"$#�%7�7 -�HZp�s&j81B:���W�; �"<# q � �� �#�8V�< -0!+

T (y) = T (qy) − qyT (qy) + −tq2y2)T (q2y) + (t + tq2y)/q2
(

T (qy) − T (q2y) + q2yT (q2y)
)
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yq2(q − t)T (qy) = t
(

T (qy)− T (q2y)
)

− q2 (T (y) − T (qy)) . ] � %#"=a
  e"<#k%�8,K$+,��"$)�)J+p9!"<�79M�E��z�"$02?@+ T (y) =

∑

n≥0 tnyn y'B:�7+@�_&("<#i �#W|2+,.,�;+[%7�<#79M�s&j81B:�����! �"$#i+A�MB:�7+
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0 = t(t0 − t0) − q2(t0 − t0).

I "<�70 n ≥ 1 "<#*"$U4�; �+,#=�/�7#7+M0!+,�E���! �"$#O+,#:�!0!+ tn +,� tn−1

(q − t)qn+1tn−1 = t(qntn − q2ntn) − q2(tn − qntn). ] � � �=a
o +1���[%7"$#7#7+M���p02+1�����; -"$#

tn
tn−1

=
(t − q)qn−1

(1 − qn)(1 − qn−2t)
. ] � � � a
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rT (X) =
(t − q)X

(1 − qX)(1 − t/qX)
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 5 / + � C(t, u; y)
� � � +-, ��.�/10 � 0  0 %F/ � � ��2 +�5 ��6 7 � 6 5 ��� � 7 �� 
���� �FE 5 /��&G E 0 E 5 ��
 5 / + � G(t, u; y)

� � � +-, ��.�/10 ��2 +�5 ��687 � 6 5 ��� � 7 � � E 9%6 
 � 0 
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 /  0

G(t, u; y) = t2
(

1 + qy +
q2y2

t
C(t, u; y)

)

. ] � � � a
A  / 
 T (t, u; y) ≡ T (y) ��� �FE 5 /���G E 0 E 5 ��
 5 / + � ��� 
 � 5 0 E � � � � ��. 4 / � ��. ��0 
 � 
 5 /�%F/ � 687 � � � � G . ��0 
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C(t, u; y) =
t

q2y2

(T (qy)

T (y)
− 1 − qy

)

. ] � �<`:a
� � � ���  0 4�� 6 � � 7 4�� / + / 
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C(t, u; y) = −
t

∞
∑

n=0

(t − q)n+1q(
n+1

2 )yn

(q)n(t/q)n+2

q
∞
∑

n=0

(t − q)nq(
n

2)yn

(q)n(t/q)n
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E � (t, u; y) = −
t

∞
∑

n=0

(t − q)n+1q(
n+2

2 )−1yn

(q − 1)n(q)n(t/q)n+2

q

∞
∑

n=0

tq(t − q)nq(
n+1

2 )yn

(q − 1)n(q)n(t/q)n
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= + +

G(y) = t2 t2qy+ + tq2y2C(y)
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C(y) =
δ

tq2y2

H(qy)

H(y)
+

γ(y)

tq2y2
. ] � � �$a
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C(t, u; y) =
t

q2y2

(

∑

n≥0

(t − q)nq(
n+1

2 )

(q)n(t/q)n
yn

∑

n≥0

(t − q)nq(
n
2)

(q)n(t/q)n

yn

− 1 − qy
)
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�� ����� � � � ����

� +0/ 021�G 6 543�5 / / 0 u
:;!

G = (V, q, E)
./?yAVTHAC*-*-./!-D

V −→ 	 £v%xR-#&F9# 	 I-#8!-:S2G#8?y2GR-#{?7#&2Y:CP
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v(a) = u(a) − |{(at)|t 6= a, (at) ∈ E}|
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u
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AC!-In2GR-#&F9#�#)(+.1? 2G?yAC!�:;F9I$#8F

a1 <u a2 <u ... <u a|V |
:;!n2GR-#pZ;#&F729.108#&?

?9K$0`R¸2GR-AS2
u −→a1 ... −→ai ... −→a|V | u

[�\^R$.1?pTV#»AC!-?Q29RBAS2{.dP
q
./?Q2G:;*$*-,1#&Ig29R-#8!¸AC,/,wZ;#&F729.108#&?
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V
0&:;K-,1I�3	#�29:;*-*-,/#8I�D;#&272G.1!$DV3-AC00?z2G:42GR-#�.1!-.d2G.1AC,e0&:;!$NBD;K$FGAS29.1:;!�[

Rec(G)
I-#&!-:C29#8?x2GR-#�?9#)2_:CP

F9#&08K-F7F9#&!f2Y08:C!$NBD;K-F9AS2G./:;!-?^:CP
G
[B\^R-# 9;: %�:"9 :SP�AmF9#&08K-F7F9#&!f2Y08:C!$NBD;K-F9AS2G./:;!

u
./?^D;./ZC#8!�3fi

level(u) = (
∑

i∈V

ui) − |E|.

s�#&2 R(G, y)
3	#U2GR$#b*]:C,/iW!-:;TV.lAC,�%xR$.10`Rg#8!fK-TV#8F9AS2G#&?Q2GR-#bI$.1?729F9./3-K$2G./:;!�:SPhF9#80&K-F9F7#8!L2{08:C!$NBD;K-F9AOr

2G./:;!-?xAC0&08:;F7I-.1!$D429:m2GR-#&.1F^,1#)Z;#&,1?8ª

R(G, y) =
∑

u∈Rec(G)

ylevel(u).
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	 ©l°H./!f29F9:WI-K-0&#8I 2GR$#2=%>:SroZSACF7.lAC3-,/#Q*	:;,/iW!-:;TV.lAS, T (G, x, y)

I-#&N-!-#8Ij3fi =

T (G, x, y) =
∑

T∈Sp(G)

xi(T )yj(T )

%xR-#&F9#
Sp(G)
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<e
ª]./!
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')(�������������� �"! � /A@�� / 5 3 G 543 4 , G = (V, E) ' 3 %�: 5 5 : 7 q ∈ V 3 0�� 3 0 / 5 � : 5 <e
/ 0 E '

R(G, y) = T (G, 1, y).
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i
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i
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:SP
G
./?mA·?9# � K$#8!-0&#�./!�%xR-.10`R¡#8AC0`R¡Z;#&F72G#u(AC!-I¸#8I-DC#MAC*$*]#8ACF9?�#)($AC0)2G,/ig:C!-,/ig:;!$08#C[�§¸#H!$:C2G#

σ<i = {σj|j < i} 29:�Pv:CF9THAC,1,di�I-#&?90&F9.13	#H29R-##8,/#8TV#8!L2G?w2GRBAS2�AC*-*	#»ACF7?�3	#&Pv:;F7#�2GR-#�#8,1#&TH#&!L2
σi

.1!
σ
[ � � : +�5 : 3 6�/10 G 5 543 %�: 5 6 3 9 σ .1?¶AC!m#8I$D;#)r|Z;#8F 2G#u(2GF9A»Z;#8F7?GAC,X?7K-0`Rj29RBAS2 =

� �	� !oP
σi

.1?yAbZ;#8F 2G#u(�:CP
V \{q} 29R-#8! σi−1

./?xAC!n#8I-D;#�.1!$08.1I$#8!L2^2G:
σi

[
� � �	� !oP

σi

./?xAC!�#8I-D;#Sª-2GR-#&!�.d2^.1?xTHAO(+.1THAC,|ªWAC0&08:;F7I-.1!-Dm29:
<e

ª�ACTV:;!-DVAC,1,	2GR-#�#8I$D;#8?x!-:C2y./!
σ<iAC!$Ij./!-08./I-#8!L2^2G:VAbZ;#&F729#)(�:CP

σ<i [
§ #{I-#&!-:C29#�3Li D(G)
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465 ����$7�
G 8)9 ���(��%:����';� ��<%:�&' 5 � ��#�=����� '>�?�

a

�_!z#&I-D;#
σi = (σjσk)

.1? 6 5 5 / 0 G�/10 51, : 5A543 %�: 5 6 3 9 σ .dPX./2�AC*-*	#»ACF7?^ASP 2G#&F�.d2G?�#8!-*	:;.1!L29?{£ ./# j < iAC!-I
k < i

°)[B\^R-# 6 5A5 :�0 G 51, Σ(σ)
:CPw29R-#p2GF9A¹ZC#8F7?GAC,X.1?^.d2G?^!fK-Tb3	#8Fx:CPw?729F9:;!$DV#&I-D;#&?8[

:A@<;=; � @CB 606�6 . :
σ 3 0�� τ 3 5 : 5"D / � / E : 5 :�0 5 � : +�5 : 3 6�/10 G 5 543 %�: 5 6 3 9 6 J C : 5 k 9": 5 , :�.�/10 /1. 3 9/10�� : 7 6�6 +-,�5 ,73�5 σk 6= τk J � , :�0 / 0+: / � σk

3 0�� τk

/;6 3 0 : �FG : 3 0�� 5 , : / 51, : 5 3 %�: 5 5 : 7 J
FHG�� �JILK�¦>iz0`R$:;.10&#�:SP

k
ª-%�#�RBA»Z;#

σ<k = τ<k AS!-I σ<k−1 = τ<k−1 [
• �_?7?9K-TV#

σk

AC!-I
τk

ASF9#�3	:C2GR¸Z;#8F 2G./08#8?&[�\^R-#&!<29R-#&i�ACF9#HI-.1? 2G./!-0&2U#8!-I-*	:;./!f29?b:CP^29R-#�#8I$D;#
σk−1 = τk−1

[B\^R-#�#u(+.1?729#8!-0&#U:CP�Ab2GR-./F9I�#8!-I-*	:;./!f2y./!
σ<k−1 = τ<k−1 PvF7:;T 0&:;!-I-.d2G.1:C!

(ii)
DC./Z;#&?

Am08:;!L29FGACI-./0&29.1:;!�[
• σk

AC!$I
τk

0»AS!·!-:C2_3]#�3]:C29R·#8I$D;#8?Y?9.1!$08#U29R-#8F7#U.1?y:;!-,di�:;!-#UTHAO(+.1TUK-T�ACTV:;!-DV2GR-#�#8I-D;#&?
%x./29Rn:;!-#{#8!-I$*]:;./!L2x.1!

σ<k = τ<k [
\^R-#�:;!-,/iM*]:C?9?9./3-,1#p08AC?9#{./?�2GRBAS2x:C!-#{:CP

σk

AC!$I
τk

.1?xAC!�#8I$D;#�AC!-Iz2GR-#{:C29R-#8FyAbZ;#&F729#)(][
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	 #&TMASF ?H29RBAS2^29R-#pNBF9? 2Y#&,1#&TH#&!f2x:SP�AmI-#&08F9#8AC?9./!-D42GFGA»ZC#8F9?9AC,�.1? q
[$§ R-#&!j29R-#

k
NBF9? 2Y#&,1#&TH#&!f29?

ACF7#�N$(+#&I�ª
σk+1

.1?x#8.d2GR-#&Fy29R-#�TMAO(+./TMAC,e#8I-D;#�:CP {e = (vw) ∈ E\σ<k|v ∈ σ<k or w ∈ σ<k} :;F2GR$#>*	:;?9?7.13-,/#�ZC#8F 2G#)(�./!-08./I-#8!L2�2G:
σk
!-:S2¶./!

σ<k+1 [OºY#8!$08#^AxI-#80&F9#8AC?9./!-D_2GF9A»Z;#8F7?GAC,W.1?X0`RBASFGAC0)2G#8F7. � #8I3Li�2GR$#�*	:;?7./2G./:;!z:CP�2GR-#pZC#8F729.10&#8?yI-./c]#8F7#8!L2xPvF9:;T
q
[

$	��
 ��(�����(�3� ����� ����������� �� (%�����n� ���������	����� �������(�
s�#&2

Φ
3]#n2GR-#�PvK-!-0)2G.1:C!�%xR-./0`R THAC*-?m2GR-#jI-#80&F9#8AC?9./!-D¸29FGA»Z;#&F9?GAS,

σ
%x.d2GR<2GR-#j?9#)2M:CPQ#8I-D;#&?

Φ(s) = {σk−1|σk ∈ V \{q}} [

*B:;F^./!-?72GAC!-08#{.dP
σ =

0³¯	3
I®�
\^R-#&!

Φ(σ) ={ ® ª 
 ª ³ }.
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Φ
/;6 3 9%/ D2: +"5 / / 0?9": 5"D :0:�0 D(G) 3 0�� Sp(G) J

FHG�� �JILK *BF9:;T
(i)
ª
Φ(σ)

./?xAm?9#&2Y:CP |V | − 1
#8I-DC#8?^%xR-.10`R�08:¹ZC#8F

V
R$#8!-0&#�.d2^.1?xAm?9*-AC!-!-./!-Dm2GF9#&#C[

£vPvF7:;T
(ii)

ª
q
./?^08:¹Z;#&F9#8I�3fiM2GR-#{#8I$D;#{.1!

Φ(σ)
:SP¶TV.1!-./TMAS,	./!-I-#u(n.1!

σ
°

• Φ
.1?xAC!n./!O57#80)2G.1:C!�=

s�#&2
σ
AC!-I

τ
3]#�2=%�:¡I-.dce#&F9#&!f2MI-#80&F9#8AC?9./!-D 2GF9A»Z;#8F7?GAC,/?zAC!-I

k
2GR$#·TH./!-.1THAC,>.1!-I-#u( ?7K-0`R 2GR-AS2

σk 6= τk

[
*BF7:;T ,1#&THTHA ³ %>#�08:;K-,/I�AS?9?9K$TH#{%{[�,�[�:$[�D42GRBAO2 σk

.1?yAmZ;#&F72G#u(�AC!-I
τk

AC!�#&I-D;#S[	\^R$#8!
σk−1 = τk−1

.1?xAC!�#8I-DC#�:SP
Φ(σ)

3-K$2y!-:C2x:SP
Φ(τ)

[�ºY#8!$08#
Φ(σ) 6= Φ(τ)

[
• Φ

.1?xAm?9K$Fv57#80)2G./:;! =
s�#&2

T
3]#_AU?9*BAS!-!-.1!$D�2GF7#8#pAS!-I

σ
29R-#QI-#&08F7#»AC?7.1!-DU29FGA»Z;#&F9?9AC,eI-#)NB!-#&Iz3fi =

σi+1

.1?>A�ZC#8F729#)(M./PXAS!-I
:;!-,di�.dP

σi

.1?{AC!a#&I-D;#4:CP
T
[ �oP

σ
./?_%>#8,1,¶I-#&NB!$#8I¸29R-#8!

Φ(σ) = T
["�_?9?7K-TV#V.d2p.1?_!-:C2p2GR$#m0»AC?7#Cª

AC!-I¡,/#&2
k
3	#M29R-#z,lAC? 2m.1!$I-#)( :CPx2GR-#z*-ACF729.lAC,h2GF9A¹ZC#8F7?GAC,�[ks�#&2

v /∈ σ<k+1 A�Z;#&F72G#u(�AS2mTV.1!$.1THAC,I-./?72`AS!-08#{:CP
q
.1!

T
AC!-I

e = (vw)
2GR-#pNBF7?72y#8I-DC#�AS,1:;!-Db29R-.1?^*-AS2GRnPvF9:;T

v
29:

q
[B¦>i�0`R-:;.10&#{:CP

v
ª

w ∈ σ<k+1 ?7:VPvF7:;T (ii)
ª
e ∈ σ<k0+1 � e = σi

2GR-#&!
v = σi+1 ∈ σ<k+1 [B��:;!L2GFGASI-.10)2G.1:C!�[

2

:A@<;=; � > � / 5 3 0 � � : +�5 : 3 6�/10 G 5A543 %�: 5 6 3 9 σ ' 3 0 : �FG : /;6 6 5 5 / 0 G�/10 σ
/ � 3 0�� / 0 9 � / � / 5 /;6 : 7 5 : 5 �0 3 9�9 � 3 +"5 /�%�:�/10 Φ(σ) J A /

Σ(σ) = j(Φ(σ)).

FHG�� �JILKe\^R-./?y#u($ACTH*$,1#p.1,/,1K-? 2GF9AS2G#y2GR-#pPv:;,/,1:¹%x.1!-DU*-F9:W:CP =
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®
e1 = 4

e5 = 6

e2 = 3

e4 = 2

e3 = 1 or 7

� ® 3 � 0 	 I 
 # ¯ P ³ (ef) = 1

´ ¯ P
(ef) = 7

• �oP e
./?^#)(W2G#&F9!BAS,1,/i�AC0&29./ZC#�./!

Φ(σ)
29R-#8!j./2^./?^?729F9:;!-DV.1!

σ
[

s�#&2
e = σi

3	#nAC!<#8DCI-#z#)(W2G#&F9!BAS,1,/i AC0)2G./ZC#z.1!
Φ(σ)

[��_?9?7K-TV#n29RBAS24A·ZC#8F729#)(<:SPy29R-#z0&iW0&,1#
08F7#»AS29#8I�3Li

e
AC!-IE2GR-#V2GF7#8#

Φ(σ)
AC*-*	#»ACF7?bASP 29#8F

e
./!

σ
[�s�#&2

σj

2GR$#VNBF7?72�Z;#8F 2G#u(�:CP�2GR-#V0&iW08,/#
%xR-./0`RzAC*-*	#»ACF7?^ASP 29#8F

e
[+\^R-#&!

σj−1

./?�AC!M#8I-D;#Y:CP�29R-#Q0&iW0&,1#QAS!-IM2GR$#8F9#_.1?�!-:UZ;#&F729#)(z:SP�2GR-#Y0&iW08,/#
3	#&2=%>#8#8!

e
AC!$I�2GR-./?Y#&I-D;#Sªe?9./!-08#�Z;#&F72G./08#&?Q:CP�29R-#b0&iW0&,1#�Pv:C,1,1:¹% AC!·#8I$D;#U:CPk29R-#U0)iW08,1#Sª	29R-#8!

σj−1%�AC?�ASTH:;!$D�29R-#Y#&I-D;#&?�%x.d2GR�AO2>,/#»AC? 2�:;!-#y#8!-I-*	:;./!f2�./!
σ<i AC? e

%�AC?�ASI-I-#8IV2G:
σ
[f\^R-#8!

e > σj−1AC!-In2GR$#8F9#{./?xA40&:;!L2GF9ACI-.10)2G./:;!n?9.1!$08#Q%>#UAC?7?9K-TV#
e
%�AC?^2GR-#{TV.1!-./TMAS,	#&I-D;#�:CP�2GR-#{0&iW0&,1#C[

• �oP e
./?^?729F9:;!-D4./!

σ
2GR$#8!

Φ(σ)
./?^#)(W2G#&F9!BAC,/,/i�AC0&29./Z;#{./!

Φ(σ)
[

s�#&2
e
3]#YA�? 2GF7:;!-DU#&I-D;#y:CP

σ
[
e
.1?�#)(W2G#&F9!BAS,	?7.1!-0&#Y29R-#8F7#Y./?�!$:U#8!$I-*]:C.1!L2�AOP 2G#8Fh.d2>./!

σ
[W\^R$#8!

e08F7#»AS29#{Ab0&iW08,/#
γ
%xR$#8!n./2^./?^ACI-I$#8Iz2G:b29R-#Q2GF7#8#

Φ(σ)
[-\^R$#p#8I-D;#&?x:CPX2GR-#p0)i+0&,1#p./!�2GR-#Q29F9#8#

Φ(σ)ACF7#m3fi�I-#&N-!-./29.1:;!a./THTV#8I-.1AS2G,di�Pv:;,/,1:¹%�#&Ia3Li·:;!-#m:SP�29R-#8./FQ#8!$I-*]:C.1!L2»[X��:C!fZC#8F7?9,/iCª�#)(+08#&*$2{Pv:;FQ2GR$#
NBF7?72�ZC#8F729#)(n:SP�2GR-#Q0)iW08,1#_.1!

σ
ª$AC,1,BZC#8F729.10&#8?^:CP�29R-#p0&iW08,/#pACF7#_?9K$0808#&?9?7:;F9?y:CP�AC!z#&I-D;#Q:CP�29R-#Q0)i+0&,1#S[

�Y?7.1!-DH2GR-:;?7#bF9#&TMASF ?f?Q?72GACF729.1!-DVPvF9:;T�29R-#b#8!$I-*]:C.1!L2p:CPk29R-#b#8I$D;#
e
%>#m?72`AO2G#U29RBAS2_29R-#b#&I-D;#

e
./?

2GR$#H,1AC?72�#8,/#8TV#8!L2�:CP�29R-#V0&iW08,/#H./!
σ
[X\^R-#VTV.1!-./TMAC,/./2=in:CP

e
.1!g2GR$#H0)i+0&,1#V08:CTH#&?�PvF7:;T±2GR$#VP AC0)2

%>#U#)(+#&08K$29#�2GR$#�Pv:;,/,1:¹%x.1!-D4AS,1D;:;F7./29R-T %xR$#8!�%>#UF7#8?729F9./0&2y08:;!$?72GF7K-0&29.1:;!j:CP
σ
2G:42GR-#�#8I-DC#8?y:CP�2GR$#

0&iW0&,1#�AC!-In%xR-.1,/#_2GR$#�#u(W2G#8F7!BAC,X#8I$D;#{:CPw29R-#{0&iW08,/#{RBAC?x!-:C2y3	#{ACI-I-#&I�29:
σ
=

� i := 1
ª
j := n

ª
k := 1

[
� § R$.1,1#

i 6= j
I-:

�oP
ei > ej2GR$#8!
σk := ei

� i := i + 1 �#8,1?7#
σk := ej

� j := j − 1 �

k := k + 1§ R-#8!a29R-.1?_AC,1D;:CF9./29R-T #&!-I-?8ª]2GR-#b#&I-D;#
ei = ej

.1?YTH./!-.1THAC,�ASTH:;!$DM2GR-#U:C2GR-#&F9?&[ �=!a:;K-FY0»AC?7#
%>#�?7R-:¹% 2GRBAS2x29R-#{#8I-D;#

e
./?^2GR-#�#8I-DC#�%xR-./0`R�AS*-*]#8ACF9?YASP 29#8FyAC,1,]2GR-#�:C2GR$#8F9?^29RWK$?Y2GR$#�AS,1D;:;F7./29R-T

#8!$I-?_AS!-I
e
.1?^TV.1!$.1THAC,�.1!z2GR-#{0)i+0&,1#S[
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*B:;FxAbZ;#8F 2G#u(
v
ª
I(v)

I-#8!$:C2G#&?y29R-#{?9#&2y:CPw#8I$D;#8?y.1!-0&.1I-#&!L2^2G:
v
[

s�#&2
Ψ
2GR-#nPvK-!-0)2G./:;!�%xR$.10`R�THAC*-?42GR$#jI-#&08F7#»AC?7.1!-DE2GFGA»ZC#8F9?9AC,

σ
%x.d2GRJ29R-#�08:;!$N-D;K-FGAO2G.1:C!

uI-#)NB!-#8Ij3Li�=
u(σi) = |I(σi)\σ<i|.

�=!z:C29R-#8F�%�:;F7I-?8ª+2GR-#&F9#pACF7#pAC?>TMAC!LiHD;FGAS.1!-?�:;!nA�ZC#8F729#)(zAC?�.1!$08.1I$#8!L2�#&I-D;#8?>2GRBAS2�AC*-*	#»ACF�ASP 2G#&F�./2
.1!z29R-#{I-#80&F9#»AS?9.1!$DV29FGA»Z;#&F9?GAS,|[

*B:;F^./!-?72GAC!-08#{.dP
σ =

0³¯	3
I®�
\^R-#&!

Ψ(σ) =

 ³ ¯ µ

:A@<;=; � �
Ψ
/;6 3 9%/ D2: +"5 / / 0?9": 5"D :0:�0 D(G) 3 0�� Rec(G) J

FHG�� �JILK • Ψ
.1?xAbPvK-!$0&2G./:;!zPvF9:;T D(G)

2G:
Rec(G)

[
*BF9:;T

(i)
ªS2GR$#8F9#^./?kAS2¶,1#»AS?72k:;!$#�#8I-DC#�£

σk−1 ∈ σ<k °X%xR-.10`Rm./?�!-:C2k./!U2GR$#^?9#&2h:SP�#8I-D;#&?k.1!-0&.1I-#&!L22G:
σk

2GRBAS2y3-F7.1!-DV:;!-#{D;F9AC.1!�:;!
σk

[�\^RfK-?Y29R-#8F7#UASF9#�AS2YTH:;? 2 |I(σk)| − 1
D;FGAS.1!-?x:;!jAC!LizZ;#&F72G#u(

σk 6= q
AS!-I

Ψ(σ)
.1?xAm? 2`AC3-,/#p08:;!+NBD;K-F9AS2G./:;!�[

Ψ(σ)
.1?wF9#80&K-F9F7#8!L2h3	#80»ASK-?9#�29R-#�:;F7I-#8F¶.1!-I-K$08#8IU:;!b2GR-#�Z;#&F72G./08#&?k3fi

σ
./?�AC!b:CF9I-#&F�:CP-29:;*-*-,/.1!-D =

� « .1!-0&# q = σ1
ª�AC,1,e#8I-D;#{./!-08./I-#8!L2^2G:

q
3$F9.1!$D;?^:;!-#{D;F9AC.1!z:;!

q
[ « : Ψ(σ)(q) = deg(q)

[
� �Y?9?7K-TH#�AC,/,]Z;#&F729.108#&?_:CP

σ<k RBA»Z;#�3]#&#8!n2G:;*$*-,1#&I�ª-%�#�08:CK-!L2Y29R-#{D;FGAC./!-?^:;!n2GR-#pZC#8F729#)( σk

[
�=!-.d2G.1AC,1,dip2GR-#&F9#�%>#8F9# |I(σk)\σk| DCFGAC./!-?�:;! σk

[ �_,1,+#8I-DC#8?h:CP
I(σk)∩σ<k RBA»Z;#yAC!4#8!-I$*]:;./!L2%xR-./0`Ra.1?YAHZ;#&F729#)(a:SP

σ<k %xR-:C?9#U29:;*-*-,/.1!-DH3-F9./!-D;?_:C!·D;FGAS.1!�*	#8FY#8I-DC#U2G: σk

[]\^RfK-?Q29R-#8F7#
ACF7#VAS2{,1#8AC?72

I(σk) ∩ σ<k ACI-I-#&I :;! σk

I-K-F9./!-Dz2GR-#42G:C*-*-,1./!-Dz:CP�Z;#&F72G./08#&?U:CP
σ<k [Xºy#8!-0&#29R-#8F7#�./?xAS2x,1#8AC?72 |I(σk)\σ<k| + |I(σk) ∩ σ<k| = |I(σk)|

D;FGAS.1!-?^:;!
σk

%xR-./0`Rj./?^K-!-?72GAC3-,/#
%xR-#&!�.d2^.1?�29:;*-*-,/#8I�[

• Ψ
.1?xAC!�.1!�57#80&29.1:;!�=

s�#&2
σ
AS!-I

τ
3	#Y2G:UI-./c]#8F7#8!L2^I-#&08F9#8AC?9./!-DU29FGA»Z;#&F9?GAS,1?8[-sX#)2

k
3	#Y29R-#Q?7TMAC,/,1#&?72>.1!-I-#u(H?9K-0`Rz2GR-AS2

σk 6= τk
ªW3]#&0»ACK$?9#p:CP�,/#8TVTMA ³ %>#pAC?7?9K-TV#Y%{[�,|[�:-[�DU2GRBAO2 σk = v

./?�A�ZC#8F 2G#)(zAC!-I
τk = e

AC!M#8I-D;#S[
s�#&2

f
3]#p29R-#{#8I-D;#p29RBAS2x*-F7#808#&I-#

v
.1!

τ
[

σ = σ<k, v, . . . f . . . e . . .
τ = σ<k, e, . . . f, v, . . .

\^R-#8F7#4ACF9#UAS2Q,/#»AC? 2Q:;!$#UTV:;F9#�#8I-D;#�2GRBAO2pAC*-*	#»ASF9?Q3	#&Pv:;F7#
v
./!

τ
29RBAC!a.1!

σ
?9./!-08#U.1!-0&.1I-#&!f29?

#8I$D;#8?�.1!
σ<k ASF9#yAC,1?7:p3]#)Pv:;F9# v

.1!
τ
AC!-I42GR-#^#&I-D;#

f
.1?k3	#&Pv:;F7#

v
.1!

τ
!-:S2>./!

σ
[L\^RfK-?

Ψ(σ)(v) <
Ψ(τ)(v)

[Bºy#8!-0&#
Ψ(σ) 6= Ψ(τ)

[
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• Ψ
.1?VAa?9K-F 57#80&29.1:;! = � .dZ;#&!�AaF9#&08K-F7F9#&!f2M08:;!+NBD;K-F9AS2G./:;!

u
%�#�I-#)NB!-#n2GR-#z2GF9A»Z;#8F7?GAC,

σ
AC?

Pv:;,/,1:¹% =
� σ1 = q

� �oP
σi−1

.1?xAC!n#8I$D;#Q%x./29R�:C!-#{#8!-I-*	:;./!f2
v
!-:C2x./!

σ<i AC!-I |I(v)\σ<i| = u(v)
29R-#8!

σi = v
ª

#&,1?9#
σi

.1?h2GR-#yTMA�($./TMAS,-#8I-DC#_AC0&08:;F7I-.1!$D�2G:
<e

ACTH:C!-D{#8I-D;#&?�!-:S2�./!
σ<i 3-K$2�%x./29R�AS2�,/#»AC? 2:;!$#�#&!-I-*	:;.1!L2x./!�[

\^RfK-?x%�#�3-K-./,1InAm08:;TV*-,/#&2G#pI$#808F7#»AC?7.1!-D42GF9A»Z;#8F7?GAC,X?7K-0`Rj29RBAS2
Ψ(s) = u

[
2

:A@<;=; � � � / 5 3 0 � � : +�5 : 3 6�/10 G 5A5 3 %�: 5 6 3 9 σ '

Σ(σ) = level(Ψ(σ)).

FHG�� �JILK � ? 2GF9:C!-Dn#8I-D;#
(σiσj)

£v%{[�,|[�:-[�D
i < j

°_AC*-*	#»ASF9?{ASP 29#8FQ.d2G?p3	:C2GRa#&!-I-*	:;.1!L2G?p?7:n./2Q3$F9.1!$D;?
2=%>:�D;F9AC.1!$?8ªC:C!-#^:;!4#»AC0`RV#8!$I-*]:C.1!L2»ªC%xR$#8F9#8AC?�AQ%�#8A�?b#8I$D;#x3-F9./!-D;?hAQD;F9AC.1!m:;!$,/ib./!m:;!-#^#&!-I-*	:;.1!L2»[
ºY#&!-08#{2GR$#�0&:;!$NBDCK-FGAS29.1:;!

Ψ(σ)
.1?^THACI-#p:CP |E| + Σ(σ)

D;F9AC.1!$?xAC!-I�.1?^,1#)Z;#&,�.1?
Σ(σ)

[
2
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�=!�2GR-./?�?7#80&29.1:;!H%�#pK-?7#QI-#&08F9#8AC?9./!-Db2GF9A»Z;#8F7?GAC,/?�.1!H:;F9I$#8F>29:bI-#&F9./ZC#pAU3-.657#80)2G./ZC#_*-F7:+:SPX:CP�A�%>#8,1,
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#8I$D;#8?&[

s�#&2
G = (V, E)
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∑
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�8!fK-TV�8F9AC!L2y,1#8?x./!f29#8F9AC0&29.1:;!-?�?9K-*	�8F7.1#8K$F9#8?yI-#&?Y0`R-#&TH./!-?^I-#��YiW00?�[
• sXA·I-#8F7!-.1�&F9#�I$#z08#8?m*$F9#8K+Z;#8?4#&?724.1!$08:;TV*-,1�)2G#Sªw,1A�08:;TV*-,/�&2G#&FU*	:;K-F7FGAC.d2b*	#8F9TV#&272GF7#�I-#MZC:;.1Fb,1APv:;F7TbK-,1#MF9#80`R$#8F90`R$�8#�0&:;TVTH#zK-!$#�./!-?72GAC!-0&#�I$K�,/#8TVTH#MI���./!LZ;#8F7?9./:;!J*	:;K-FmI$#8?4#8TV*-.1,/#8TV#8!L2G?UI-#
?9#&D;TV#8!L2G?&[
• �U��ASK$2GF7#Y*BASF72»ªL,1A�0&:;TV*BACFGAS.1?9:C!mI-#8?>I-./c]�8F7#8!L2G#&?>*-F7#8K$ZC#8?^A{*	#8F9TV.1?kI$#YTV#&272GF9#y��57:;K-FhK-!H?9#80&:;!-I0`RBAC!$D;#8TV#8!L2yI-#pZSACF9.1AC3-,1#_*]#&F9TV#&292GAC!L2xI-#�,1.1!$�»ACF7.1?9#&F�I-#&?Y� � KBAS2G./:;!-? q

r�AC,/D;�83$F9. � K-#&?^I-#{,lAUPv:;F7TH#

a(q, y) + b(q, y)D(y) + c(q, y)D(qy) + d(q, y)D(y)D(qy) = 0.

s�#{*-F9#&TH./#8F^0`RBAC!$D;#8TV#8!L2YI-#pZCASF9.lAS3-,1#pA4I-�=59�V*	#8F7TH./?^I-#{F9�8?7:;K-I-F7#�K$!�08#&F72GAC.1!-?x!-:CTb3-F9#pIe��� � K-AOr2G./:;!-?
q
r=AC,1D;�&3-F9. � K-#8?�0&:;TVTH#>08#8,/,1#>I-#�,|��AC./F9#�?7:;K-?k,/#8?�0`R-#&TH./!-?�I-#x�yi+00?�[W�Q!m*	#8K$2k?&��./!L2G�8F7#8?7?9#8F��Q,1A08:CTH*BASFGAC./?9:;!zI-#{0&#8?y?9:;,/K$2G./:;!-?^A»Z;#&0�0&#8,/,1#8?^:C3$2G#&!WK$#8?_*-ACF^,1#p!-:CK$Z;#8ACK�0`RBAS!-D;#8TV#8!L2yI-#pZSACF9.1AC3-,/#C[

• �k!$NB!eª�ACK-0&K-!-# � K-#&?729.1:;! ACK+2G:;K-FVI-K@0&:;TH*	:;F 2G#8TV#8!L2MAC?7iWTV*$2G:S2G. � K-#jI-#·,1AEPv:;F7TbK-,1#n!���A �)2G�2GF9AC./29�8#S[��Q!�*	#8K+2Y?&��i�AO292`A � K$#8FyA»Z;#80�:;Kn?GAS!-?Y0&#8?x!-:;K+Z;#»ASK+(�F9�&?9K-,d2`AS29?8[
�QAC!-?�,1#V0`RBAC*-.d2GF7#

4
ªw*	:;K-F{2G:;K+2UD;F9AC*-R-#

G
:;!�AnP AC./2�,/#H,/.1#8!E#8!L29F9#M,���AS0&2G.dZW./2G�4#u(+29#8F7!-#MI���K-!

ACF73-F9#{08:CK$ZWFGAC!L2y#&2y,1#p!$:;Tb3-F7#pI-#{D;FGAC./!-?^I-#{,lAb0&:;!$NBDCK-FGAS29.1:;!nF7�808K$F9F9#&!L2G#�AC?9?7:+0&.1�8#S[
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• �_#8*$K-.1?^,/#8?�2GF9A»ZCASK+(zI-#��_R-ACF^#&2Yq�A¹57K-THI-ACF^:;!n?GAC.d2xAC?7?9:W08.1�pK$!�DCF9:;K-*	# SP (G)
ACK+(�08:;!$N-D;K+r

FGAO2G.1:C!-?�F9�&08K-F7F9#&!f29#8?�I-KVD;FGAC*$R-#
G
[f��:;F9.$#&2 �x:;?9?7.1!4:;!L2hTH:C!f29F9� � K-#x?9. G #8? 2>K$!HD;F9AC*-R-#^*$,lAC!BAS.1F9#

,1#yD;F7:;K-*	#
SP (G∗)

AS?9?9:W08./�QACKHI-KBAC,
G∗ I-# G

#&?72^./?9:;TV:;F7*-R-#y�
SP (G)· sXA�I-KBAS,1./29�xI-#8?>D;FGAC*$R-#8?*-,1AC!BAC./F9#8?x#&?72QK$!-#�3$.�57#80)2G./:;!j#&!L2GF9#�,1#&?_ACF73-F9#&?Y0&:;K$ZWFGAS!f29?QI-#

G
#&2

G∗ � K-.X�&0`RBAC!-D;#U,1#8?YAC0)2G./ZW.d2G�8?#)(W29#8F9!$#8?U#)2U./!L2G#8F7!-#8?&[ �Y!-#V.1!L2G#&F9*-F7�&2GAS2G./:;!¸I$#H,���AC0)2G.dZ+.d2G�b./!L2G#8F7!-#VIBAC!-?�,1#40»ASI-F9#VI-K TV:WI-�8,/#mI-K
2`AS?yI$#�?9AC3-,/#pF9#8? 2G#��b2GF9:CK$Z;#&F8[
• ����ACK+2GF9#�*BACF728ª � K$#8, � K-#&?z#)(+*	�8F9./#8!-0&#8?�?7K-D;D;�&F9#&!f2 � K$#�,lAEI-.1? 2GF7.13-K$29.1:;!�I-#j,|��AC0&29./ZW./29�z#)(W2G#&F9!-#?9K$FY,/#8?xACF73-F9#&?Y0&:;K$ZWFGAC!L29?Y#&?72Y,1:;DSro08:;!$0»A»Z;# =B?9.

ak

#8? 2_,/#{!-:;Tb3-F7#{I���ASF93-F7#8?x08:;K+Z+F9AC!L2G?YI���AS0&2G.dZW./2G�
#)(W29#8F9!$#

k
AS,1:;F7?

ak−1ak+1 ≤ a2
k

[ws�#&?U08:C!$NBD;K-F9AS2G./:;!-?�F9�&08K-F7F9#8!L29#8?8ªwI-K P AC.d2{I-#M,1A�? 2GF7K-0&29K-F9#HI-#
D;F7:;K-*	#M?9:CK-? rd59AC08#&!f29#Cª�:CK�,1#&?U*BACF708:;K$F9?UIe��ACF7�&29#8?m#&2U?9:;TVTV#&2G?&ªw?7:;!L2b*	#8K$2 r=�)2GF9#MI-#8?b:C3W57#&29?b*-,1K$?
ACIBAS*$2G�&?4�·,lA·08:C!-?729F9K-0)2G.1:C!¡I���K$!-#n.1!O57#&0&2G./:;!�#&!f29F9#n,1#&?b08:CK-*-,1#&?mI-#z08:C!$NBD;K-F9AS2G./:;!-?bI$#z!-./ZC#»ACK+(
k− 1

#&2
k + 1

#&2�,1#8?>08:;K$*-,1#&?�I-#Y08:;!$N-D;K-FGAO2G.1:C!-?�I-#Y!-./ZC#»ACK
k
[$sk��#)(+.1? 2G#&!-08#pI���K-!-#y2G#&,1,1#y.1!�57#80&29.1:;!

.1TV*-,/. � K-#8F9AC./2>,lAb,/:;DSro08:;!-08A»Z+.d2G�QI$#�,1AbI-.1? 2GF9./3-K$29.1:;!�[
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� �������±� �

� �  ������
	����� � � ��� ����	������ 
q �

����� � ������  

�QAC!-?�08#)2929#�AC!$!-#)(+#�:;!�*$F9�8?7#8!L2G#>I-#8?wAC*-*$F9:W0`R-#8?�I-#h*-,1K$?�#&!U*-,/K-?X*]#&F7Pv#&0&2G./:;!-!-�&#8?X*	:;K-F�2GF7:;K$Z;#&F
I-#&?p?9:;,/K$2G./:;!-?_RLiW*	#8F9DC�8:;TV�&29F9. � K-#&?p3BAC?7. � K-#8?pIe��� � K-AS2G./:;!-? q

r=,1./!-�»AS.1F9#&?8[]�Q!a*-F9�&?9#&!f29#m2G:;K$2Q*BACF729.dr
08K$,1.1�&F9#&TH#&!f2_K-!gACF 2G.10&,1#�I-#��Y3-FGACTV:¹Z	ª � #)2 ?S:�Z��7#&?a#&2 � ACK-,/#�¥�� � �  ¨C© � K$.�08:;!L29.1#8!L2p,1AHTV�&29R-:+I$#D;�&!-�8F9AC,1# � K-#�,|��:;!zK$29.1,1./?9#QI-AC!-?x,1#&?y08AC,10&K-,1?�I-#{,lAm?9#&0&2G./:;! 
 [ 
 [

« :;.d2 �¸K-!m08:CF9*-?&ªC#&2 ! =
�
(q)
ª$,1#>08:;F7*-?�I-#&?¶PvFGAS0&2G./:;!-?�FGAS29.1:;!$!-#8,/,1#8?�#8!

q
A»Z;#&0

q
29FGAC!$?908#&!-IBAC!L2

?9K$F"��[ �Y!-#p?7�8F7.1#
B(y) =

∑

n≥0 bnyn I$##! [[y]]
#8?72 �%$ � :��'&%( / )( 5 ���+* � :�� 3 6��+* � : £vI-#p3BAC?7# q ∈ !�°

?9.�./,�#)(+./?72G#{K-!$#{PvF9AC0&29.1:;!zF9AS2G./:;!-!-#&,1,/#
rB(X) ∈ !

(X)
ª�2G#8,/,1# � K-#�*	:;K-F�2G:CK$2 n ≥ 0

ª

bn+1

bn

= rB(qn).

sXAbPvFGAC0)2G.1:C!
rB(X)

#&?72Y,lA � 3 �;6 / 	 I-#{0&#&2929#�?7�8F7.1#pRLiW*]#&F9D;�&:;TH�)2GF7. � K-#C[
�Y!$#V29#8,1,/#m?9�&F9.1#4#&?72�0»ACF9AC0&29�8F9./?9�&#H*BASF�?9AjF9AC.1?7:;!

rB(X)
#)2�?7:;! *$F9#8TV.1#&FQ2G#&F9TV#

B(0) = b0
ª�0»ASF

,lAEFGAC./?9:;!�*]#&F9TV#&2�Ie��#u($*$F9.1TV#8F
bn

#8! Pv:C!-0&29.1:;!JI-#
b0

[ � ACF�#u($#&TH*$,1#�,1A ?9#&K-,1#j?9�&F9.1#�I-#·FGAS.1?9:C!
rB(X) = X/(1 − qX)

2G#&,1,/# � K$# B(0) = 1
#&?72

B(y) =
∑

n≥0

(

B(0)
n−1
∏

k=0

rB(qk)

)

yn =
∑

n≥0

yn
n−1
∏

k=0

qk

1 − qk+1
=
∑

n≥0

q(
n
2)

(q)n

yn.

�Y!-# (,* � 3�5 � / 	 q - 9 ��	.( 3 ��� : �0/ / � ��� : K
I���./!-08:C!-!fK-#

H(y) ∈ !
[[y]]

#&?72zK$!-#�� � K-AS2G./:;! I-#j,lAPv:;F7TH#
K
∑

k=0

ak(y)H(qky) = 0

:	�n,1#&?
ak(y)

?7:;!L2YI$#8?xPvFGAC0)2G.1:C!-?^FGAS29.1:;!$!-#8,/,1#8?>I-#1!
(y)
[

\wF7:;K$ZC#8Fb,/#8?U?7:;,1K+2G.1:C!-?{RfiW*	#8F7D;�8:;TV�&29F9. � K$#8?bI���K-!-#H� � KBAS29.1:;! q
ro,1.1!$�»AC./F9#m#8? 2bI���K-!-#MI-.32V08K$,/2G�

ZSACF9.1AC3-,/#�?7#8,/:;!�,1A4Pv:;F7TH#�I-#&?_� � KBAO2G.1:C!-?8[]s�#�08AC?_,/#�*-,/K-?YP A»ZC:;FGAC3$,1#�#8?72_08#&,1K-.X#8!LZW.1?9ACD;��*BACFQ¦>FGA�?#&2 � F7#8,1,/3]#&F9Da¥�¦ � L® ©�ª�./,�A��&29�mD;�8!$�8FGAS,1.1?7�b*BACF{�YK$2G:;K$F4¥��_K+2  � ©�*-K-.1?_*BACF{�_K-0`R$:;!�¥��_K-0  ¨S©�[X�Q!*-F7�8?9#&!L2G#U./08.�,1AbD;�8!$�8FGAS,1.1?9AS2G./:;!�I-#��_K+2G:;K-F&[
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³¹;µ � �������#��� �@}���~ � � � ��	 � � ��� �	��� � ��	 � � ~ q �
� 	�� � ��	��� ~

FHG�
	�
���������
�����K���� 	 6���� � / 6 : * �
: 9,/ (,* � 3�5 � / 	 q - 9 ��	.( 3 ��� : 6 / ( � ��� 5 6 / � 6�9 3��2/ �� :

K
∑

k=0

akH(qky) + y

(

K
∑

k=0

bkH(qky)

)

= 0
£ ³ �; °

3! : � 9;:06 ak

: 5 bk

��	��%(�� :�	�� 3 	 5 � : y "$# : � 9 � 6&% / 	�6�� � � / 6 : * � :
K
∑

k=0

ak = 0.

' :06�6 / 9 � 5 � / 	76 � : �
: 5 5 : (,* � 3�5 � / 	 6 / 	 5 9;:06�6 (����8:06 �%$ � :��'&%( / )( 5 ���+* � :06
� 3 6��+* � :06 � :�� 3 �;6 / 	

rH(X) = −

K
∑

k=0

bkX
k

K
∑

k=0

ak(qX)k

.
£ ³�´Cµ °

FHG @)(+*J@JK �k!��&ZSAC,/KBAC!L2x,|��� � KBAO2G.1:C! q
ro,1.1!$�»AC./F9#_#&!

y = 0
ª-:;!�:;3$2G./#8!L2x,|���8D;AC,1.d2G�

(

K
∑

k=0

ak

)

H(0) = 0
£ ³�´W³ °

� K-.�#8? 2_?9AS2G./?7P AC.d2G#Q*-ACF^RLi+*	:C29R-�8?7#C[
�k!n.1!O57#&0&2`AS!f2x,/#QI-�)Z;#8,/:;*-*	#8TV#8!L2

H(y) =
∑

n≥0 hnyn IBAC!$?^,|��� � KBAS29.1:;!z#)2x#8!�#)(W2GF9A¹i;AC!L2y,1#p08:W#&PlrNB0&.1#8!L2yI-#
yn+1 ªB:C!�:C3$2G./#8!L2x*]:CK-F n ≥ 0

hn+1

K
∑

k=0

akq
k(n+1) + hn

K
∑

k=0

bkq
kn = 0

£ ³�´;¯ °

� K-.�I-:;!$!-#{3-.1#&!j,1AbF9#8,1AS2G./:;! rH(qn) =
hn+1

hn

[
2

�k! *-,/K-?{I-#4,lAz08:;!L29FGAC./!f29#4*]:;K$F
y = 0

ª�08#)292G#VTV�&2GR$:+I-#4!���#8? 2bAS*-*-,1./0»AC3$,1# � K-#V?9.k,/#8?{08:W# 2mr08./#8!L2G?�I-#V,|��� � KBAS29.1:;! q
r=,/.1!-�8AC.1F7#U?9:C!f2�I-#VI-#8DCF9�HACK¸*$,1K-?

1
#8!

y
[��k!¸#&c]#&2»ªX?7.�,/#mI-#8DCF9�V#8?72�*-,/K-?

D;F9AC!-Ia:;!g:;3$29.1#&!f2QK-!-#mF9#&,lAS29.1:;!j#8!L2GF7#4*-,1K-?_I-#mI-#8KW(
hn+k

#)2{08#&,lA�!-#m*	#8F7TH#)2p*BAC?pI-#m0&:;!-0&,1K-F7#
?7iW? 2G�8THAS29. � K-#8TV#8!L28[���#8*	#8!-IBAS!f2�IBAS!-?{08#8?{08AC?{:;!g*]#&K$2p2G#&!f29#8F{I-# � / 	�,2: � 5 ��� :�� ,lA�FGAS.1?9:C!aI���K$!-#�&ZC#8!L2GK$#8,1,/#4?9:;,/K$2G./:;!aRLi+*	#8F7D;�8:CTH�)2GF9. � K-#C[��Q!g.1,/,1K-? 2GF9#U08#&272G#m2G#&0`R-!-. � K$#H*BASFpK-!¸#u(+#8TV*-,1#b29.1F9�UI-#¥�� � �  ¨S©�[-/.=@)01�32 @543' 3 6 (����8: A(y)

� : !
[[y]]

6 3�5 �;6 � 3 �;6 3 	 5 9,/ (,* � 3�5 � / 	 q - 9 ��	.( 3 ��� :

q2y2A(q3y) + (1 + q)yA(q2y) + (1 − y)A(qy)− A(y) = 0
£ ³¹´ 
 °



³¹+³

5 :"9�9;: * �
: A(0) = 1
:06 5 9 3 6 (����8: �%$ � :��'&%( / )( 5 ���+* �
:�� 3 6��+* �
:

A(y) =
∑

n≥0

qn2

(q)n
yn.

£ ³�´
	 °

FHG @)(+*J@JK��Q!jI-�)Z;#&,1:;*-*	#
A(y)

?7:;K-?x,lAbPv:;F7TH#

A(y) = 1 +
∑

n≥1

anyn.
£ ³�´;® °

�Q!¸./!O57#80)2G#m0&#&2929#VPv:CF9TV#bIBAC!-?�,|��� � KBAO2G.1:C! q
ro,1.1!$�»AC./F9#z£ ³�´ 
 °u[��k!¸#u(W2GFGA»i;AC!L2UI-#40&#&2929#H#u(+*-F9#&?9?9./:;!,1#&?�2G#&F9TV#8?xI-#{I-#8DCF9�

n
#8!

y
ª$:;!n:;3$2G./#8!L2yK-!-#{F9#&,lAS29.1:;!MI-#{F9�80&K-F9F7#8!-0&#U?7K-Fx,1#8?

(ai)i≥1
=

(1 − qn)an = −qn−1an−1(1 − qn−1(1 + q)) + q3n−4an−2.
£ ³�´�� °

� :CK-F n = 0
ªB:;!n:;3+2G.1#&!L2

1 − 1 = 0
£ ³¹´;´ °

� K-.�#&?72{K-!-#b2GACK$29:;,1:;DC.1#C[]s�#8?p0&:+# 2H0&.1#&!f29?pI-#m,|��� � KBAO2G.1:C! q
ro,1./!-�»AC./F9#��&2GAC!L2{*]:;,diW!-:;TV.lACK+(�#&!

y
,/#

?7iW? 2G�8TV#x,1./!-�»AC./F9#>08:;F7F9#8?7*]:C!-IBAC!L2>�p,lAQF9�&08K-F7F9#&!-08#U£ ³�´ � °¶#8? 2k2GF9.1AC!-D;K$,1��0&# � K-.$*]#&F9TV#&2hI-#x0»AS,108K$,1#8FP AC0&.1,1#&TH#&!L2^,1#&?^*-F9#&TH./#8F9?
ai

=

a1 =
q

1 − q

a2 =
q4

(1 − q)2(1 + q)

a3 =
q9

(1 − q)3(1 + q + q2)(1 + q)

a4 =
q16

(1 − q)4(1 + q2)(1 + q + q2)(1 + q)2
.

s�#8?_P AS0&2G#&K-F9?_I-#
ai

AC*-*-ACFGAC./?9?9AC!L2{ACK-?7?9.¶I-AC!-?
ai+1

:;!a?&��./!L2G�8F7#8?7?9#4ACK � K-:S2G.1#&!L2pI-#bI-#&K+(·29#8F7TH#&??9K$0808#&?9?7./Pv? =
a1

a0

=
q

1 − q
=

q

(1 − q)
a2

a1
=

q3

(1 − q)(1 + q)
=

q3

(1 − q2)
a3

a2

=
q5

(1 − q)(1 + q + q2)
=

q5

(1 − q3)
a4

a3
=

q7

(1 − q)(1 + q)(1 + q2)
=

q7

(1 − q4)
.

sXAmF9�8DCK-,lACF7./29�_I-#p0&#8? � K-:C2G./#8!L2G?^./!-08.d2G#p�m0&:;!O57#80)2GK-F7#8F � K-#p,lAb?7�8F7.1#pRLiW*]#&F9D;�&:;TH�)2GF7. � K-#pI-#{FGAS.1?9:C!

rA(X) =
qX2

1 − qX

£ ³�´ ¨L°



³¹L¯ � �������#��� �@}���~ � � � ��	 � � ��� �	��� � ��	 � � ~ q �
� 	�� � ��	��� ~

#8? 2y?9:;,/K$2G./:;!zI-#{,|��� � KBAS29.1:;! q
r=,/.1!-�8AC.1F7#C[+�Q!j*	:;?9#{I-:C!-0

A(y) =
∑

n≥0

(

n−1
∏

k=0

rA(qk)
)

yn =
∑

n≥0

qn2

(q)n

yn.
£ ³�´C °

�Q! Z;�&F9./N-#�#8!-?7K-./29# � K-#�0&#&2929#�#)(+*-F7#8?7?9.1:C!¡?GAS29.1?7P AS./2�3-.1#&!�,lA�F9#&,lAS29.1:;!�£ ³�´ 
 °{:CK�3-.1#&! � K-#�,1A
?9K$./2G# (

qn2

/(q)n

) ?GAS29.1?7P AS./2^,1AbF9�80&K-F9F7#8!-0&#�£ ³�´�� °u[ 2

��#&272G#_29#80`R-!-. � K-#Q#8? 2�I-:C!-0_3BAS?9�8#_?9K-F>K-!-#QAS!BAC,/iW?7#_I-#&? � K-:C2G./#8!L2G? an+1/an
ª+I$:;!L2�:;!V2G.1F7#YK$!-#

08:C!O57#80)2GK-F7#�?7K-Fm,lAjFGAC./?9:;!¡I-#z,1A·?9�&F9.1#zRLiW*	#8F9DC�8:;TV�&29F9. � K-#z3-AC?9. � K$#z?9:;,/K$2G./:;!�[¶��#8*	#8!-IBAS!f2V0&#&2929#08:C!O57#80)2GK-F7#M!���#8? 2U*BAS?�29:;KO57:;K-F7?�ACK-?9?7.�AS.1?9�&#C[��Q! *	#8K+2�F7#8THACF � K-#&F�*-ACF{#)(+#8TV*-,1# � K-#42G:;K$29#8?�,1#&?PvFGAS0&2G./:;!-?^I-#{,1AUPv:;F9TV#

r(X) = F (X)
4
∏

k=0

(qk − X) +
qX2

1 − qX

£ ³ ¨ µ °

?GAO2G.1? Pv:;!L2�,1#8?�ZSAC,/#8K-F7? � K-.f:;!L2�*	#8F9TV.1?�I$#>0&:;!O57#80)2GK-F7#8F�,lA�ZSAC,1#&K-FXI-# rA(X)
[��_#hP A��8:;!�*-,/K-?XD;�8!-�&FGAC,/#

08#)2929#·?9./TH*-,/#�AS!BAC,/iW?7#·!-#·*	#8F7TH#)2�*BAC?MI-#·*-F7:;K$Z;#&Fz,|��AC3-?7#8!-0&#·I-#·?7:;,1K$29.1:;!JRLi+*	#8F7D;�8:CTH�)2GF9. � K-#3BAC?7. � K-#S[ �_3$FGACTV:¹Z]ª � ACK$,1#�#)2 � #)2 ?S:�ZW?7#&?n¥�� � �  ¨S©-:C!f2�*-F9:;*	:;?7��K-!-#xAS!BAC,/iW?7#�*-,/K-?�I-�)2`AC./,1,1�&#h*]:;K$F,lA{F9#&0`R-#8F70`R-#{I-#8?>�&ZC#8!L2GK-#&,1,/#8?�F9AC.1?7:;!-?�I$#8?�?7:;,1K+2G.1:C!-?>RLiW*	#8F9DC�8:;TV�&29F9. � K-#&?�3BAS?9. � K-#&?8[$s�A�*-F9#&TH./�8F9#08,/#&P>I-#m,1#&K-F{AC,/D;:;F9.d2GR-TV#�#8?72�I����80&F9./F9#m,|��RLiW*]:C29R-�&29. � K-#4FGAS.1?9:C!a?9:;K-?{K-!$#4Pv:CF9TV#b!-:;F7TMAC,/#bI-:;!L2{,1A*-F7:;*]:C?9./29.1:;!{?7K-./ZSAC!L2G#>TH:C!f29F9#�,|��#)(+.1? 2G#&!-08#>*]:;K$F�29:;K$2G#hPvFGAS0&2G./:;!�FGAS29.1:;!-!$#8,1,/#k!-:;!�!WK$,1,1#S[ « :;./2 P (X)#&2
Q(X)

I-#8K+(�*	:;,di+! �;TH#&?8ª-,/#8K-F � 9 � 6#&�� 3 	�� ���  �;6 :��"� � /   ��	 ?7#{!-:C2G#
P (X) ∧ Q(X)

[
FHG�
	�
���������
�����K�� � � / �� : 	 / �� 3 9;: � / �"� 9;:06 � � 3 � 5 � / 	76�� 3�5 � / 	�	+:"9�9;:06�� � / � 5 : � � 3 � 5 � / 	 � 3�5 � / 	 -	+:"9�9;:

r(X)
	 / 	�	���9�9;:��

� / :	� �
�8:�	 5 6 � 3 	76 9;: � / � � 6 ! =

�
(q)
6 / (

�
��� 5 � : � 3�
 / 	 ��	��+* � : 6 / � 6 9 3

�2/ �� :�

r(X) = z
a(X)

b(X)

c(qX)

c(X)

/�� a(X)
%
b(X)

%
c(X)

6 / 	 5 � :06 � / 9 $ 	��  :06 :�	 X
� :

� / :	� �
�8:�	 5 � /  ��	 3 	 5 1 5 :"9 6 * � :��















a(X) ∧ b(qkX) = 1 ∀k ∈ �
b(X) ∧ c(qX) = 1
a(X) ∧ c(X) = 1
c(0) 6= 0

: 5 z ��	+:
� / 	76 583 	 5 :&% �

/ :06 5 - � - ����� : �"	�("9 (� :�	 5 � : ! (q) "
��ZSAC!L2nI-#a?7#a,lAC!$08#8FMIBAC!-?z,/#8?z*-F7#8K$ZC#8?8ªx:;! P AS./2 � K-#&, � K-#&?�F9AC*-*	#8,/?�I���AC,1D;�&3-F9#�,1.1!$�»AC./F9# � K$.:;!L2z�)2G�a!-�&08#8?7?GAC./F9#&?�ACK@F7�8IBAS0&2G#&K-F8[ « :;./2 P (X)

#)2
Q(X)

I$#8K+( *]:;,diW!��;TV#8?�I-# !
[X]

I-#aI$#)r
D;F7� #8!

X deg(P )
#&2

deg(Q)
[ � :;K-F·?9A¹ZC:;.1Fj?9.�08#8?aI$#8K+( *]:C,/iW!��;TV#8?j:;!L2aK-! P AC0)2G#&K-F·08:CT4r

TbK-!eªV:C! ZSA�K$29.1,/.1?9#&F¡,1# F9�&?9K-,d2`AC!L2JI-# 0&#8?JI-#8K+( *	:;,/iW!��CTH#&?8[V�Q! 0&:;!-?9./I-�8F7# ,/#8?�I-#8K+( P AOr
TV.1,1,/#8?�I$#_*	:;,/iW!��;TV#8? (

XkP (X)
)

k=0..deg(Q)−1

#)2 (
XkQ(X)

)

k=0..deg(P )−1

[Wsk��K$!-.1:;!HI-#_0&#8?>I-#8K+(



³¹ 


P ACTV.1,/,1#8?g#&?72¡K-!$# P ACTH./,1,/#¡I-#
deg(P ) + deg(Q)

Z;#&0&2G#&K-F9?<I-#�,|��#8?9*-AC08# ZC#80&29:;F9./#8,HI-#8?¡*	:;,/iLr
!��;TV#8?gI-#�I-#&D;F9��ACK *-,1K$?

deg(P ) + deg(Q) − 1
#&!

X
[{s�# � (06���9 583 	 5 Res (P (X), Q(X))I-#&?H*	:;,/iW!��CTH#&?

P (X)
#&2

Q(X)
#8? 2M,/#�I$�&2G#&F9TV.1!BAS!f2VI-#�,lA·P ACTV.1,/,1#·£ :;F7I-:;!-!-�&#¹°mI-#8?VZ;#&0&2G#&K-F9?

(

XkP (X)
)

k=0..deg(Q)−1
, (XjQ(X))j=0..deg(P )−1

[
�A@ 010 @ ��K�� K�� ' :06 � / 9 $ 	��  :06 P (X)

: 5 Q(X) / 	 5 ��	 � 3 � 5 :��"� � /   �"	 6�� : 5 6 :���9;:� :�	 5 6��
9;:��"��� (06�� 9 5>3 	 5 :06 5 	���9 " B � 5 � :� :�	 5 ��� 5

P (X) ∧ Q(X) 6= 1 ⇐⇒ Res(P (X), Q(X)) = 0.

FHG @)(+*J@JK
• « . P (X) ∧ Q(X) = R(x)

A»ZC#80
deg(R) ≥ 1

AC,/:;F9? ,1A P ACTV.1,/,1#
(Xk(P (X)/R(X)), (Xj(Q(X)/R(X))

#&?72�Pv:;F7TH�&# I-#
deg(P ) + deg(Q)

*]:C,/iW!��;TV#8? I-#
I-#&D;F9�¡ASK *-,1K$?

deg(P ) + deg(Q) − 1 − deg(R)
[YsXA�I-.1TV#8!$?9.1:C! I-#�,���#&?9*BAS08# ZC#80)2G:;F7.1#8,�I-#8?

*	:;,/iW!��;TV#8?_3]:;F7!-�8?{*BASFpK-!a2G#8,¶I-#8D;F7�4�&2`AS!f2
deg(P ) + deg(Q) − deg(R)

ª�#&,1,1#U#8?72�? 2GF9./0&29#8TV#8!L2
.1!+Pv�8F9./#8K-F7#<ACK 0»ACF7I-.1!-AC,bI-#<,lA P ACTV.1,/,1# � K-.m#8? 2¸I$:;!-0<,1./�8#C[p�p! #&!�I-�&I-K-.d2¸,���#u(+.1?729#8!-0&#<I���K$!-#
08:CTb3-.1!-AC.1?7:;! ,/.1!-�8AC.1F7#@F9#&*-F9�&?9#8!L2GAC3-,1# *BACF�I-#8K+( *	:;,/iW!��;TV#8?

MP (X)
#&2

MQ(X)
I-#¢I-#8DCF9�

.1!+Pv�8F9./#8K-F��
deg(Q) − deg(R) − 1

ª-F9#&?9*	#80)2G./ZC#8TV#8!L2
deg(P ) − deg(R) − 1

2G#&,1? � K-#

MP (X)(P (X)/R(X)) + MQ(X)(Q(X)/R(X)) = 0.
£ ³ ¨ ³ °

�k!�F9#&TbK-,d2G.1*$,1.lAS!f2_*BACF
R(X)

0&#&2929#MF7#8,lAO2G.1:C!�ª�:;!E2GF9:CK$Z;#HK-!-#V08:;Tb3$.1!BAC./?9:;!E,1./!-�»AS.1F9#m!fK-,/,1#Sª�!-:;!
2GF7./ZW.lAS,1#CªWI-#{,lAbP ACTV.1,/,1#y.1!-.d2G.1AC,1#S[+s�#pI-�)2G#&F9TV.1!BAC!L2xI-#{0&#&2929#�P ASTH./,1,1#Sªf0C��#8?72 r��OroI-.1F7#p,1#pF7�8?9K$,/2`AS!f28ª-#8? 2
I-:;!$0�!fK-,�[
• « .^,1#MF9�8?7K-,/2GAC!L24#8? 2H!fK-,�ª�0C��#8? 2 � K���.1,�#)(+.1? 2G#nK-!-#n08:CTb3-.1!-AC.1?7:;!�,1./!-�»AS.1F9#H#8!L2GF7#j,/#8?m*	:;,/iW!��CTH#&?I-#{,lAbP ACTV.1,/,1#yI-�&N-!-.1?7?GAC!L2y,1#pF7�8?9K$,/2`AS!f28[	��#8,/,1#)ro08.�?7#{F9#8*$F9�8?7#8!L2G#�*BACFxI-#&K+(�*]:C,/iW!��;TV#8?

MP (X)
#)2

MQ(X)
I-#{I-#&D;F9��ACK�*-,1K$?

deg(Q) − 1
ª-F9#&?9*	#80)2G./ZC#8TV#8!L2

deg(P ) − 1
29#8,/? � K$#

MP (X)P (X) = MQ(X)Q(X).

��:;TVTH#p,/#{I-#8D;F7��I$#
MQ(X)

#8? 2_? 2GF7.10&29#8TV#8!L2y.1!$Pv�&F9./#8K-Fy�408#8,/K-.�I-#
P (X)

ª
P (X)

!-#�I-./ZW.1?7#{*BAC?
MQ(X)

[+�Q!V#8!�I-�&I-K-.d2 � K-# P (X)
#&2

Q(X)
:;!L2�K$!HP AC0)2G#8K$F>0&:;THTUK-!�ª �8:

P (X)∧Q(X) 6= 1
[
2

s�:;F9?kI-#x,���AC!-AC,/iW?9#SªC:;!4?7#8FGA{*BACF Pv:;.1?�ACTH#&!-�^�p0`R-#&F90`R-#&F>*	:;K-FkK-!4*	:;,/iW!��CTH#
P (X)

ªS,|��#8!-?7#8Tb3-,/#
I-#&?m#8!L2G./#8F9?

n ∈ � 2G#8,/? � K-# P (qn) = 0
[�s�#�,/#8TVTH#V?9K-.dZSAC!L2bDLACF9AC!L2G.d2 � K-#z,���:;! I-.1?7*]:;?7#MI���K-!AC,/D;:;F9.d2GR-TV#_*	#8F7TH#)292GAC!L2x#&c]#80&29./ZC#8TV#8!L2_I$#{29F9:;K+Z;#8Fx0&#&2y#8!-?7#8Tb3$,1#C[

�A@ 010 @ ��K�� K�� � 	 6�� � � / 6 : * �
: q :06 5�5 � 3 	76 � :�	�� 3 	 5 � 3 � � 3 � � / � 5 � � "�� 9+:�� �;6 5 : ��	 3 9 & / ��� 5 �  :* �"� � / �"� 5 / � 5 � / 9 $ 	��  : P (X) ∈ !
[X] =

�
(q)[X]

�%( 5 :��� ��	+: 9,/ :�	76 :���&9;:�� :06 :�	 5 �8:�� 6 n ∈ �
5 :"9 6 * �
: P (qn) = 0 "
FHG @)(+*J@JK	s�#Q3-K+2^#8? 2^I-#Q08AC,10&K-,1#&F>K-!$#Q3]:CF9!-#Q?7K-*	�8F9./#8K-F7#Q?9K$F

n
�U*-ACF729.1F�I-Kz*]:C,/iW!��;TV#

P (X)
[��

K-!-#_F9�8I$K-0&29.1:;!nACKzTV�8TV#_I$�8!-:;TV.1!-AS2G#&K-F�*-F7�8?&ª-:;!�*	#8K$2x?7K-*-*	:;?9#&F � K-#Q,1#_*]:;,diW!��;TV#Y?&���&08F9.d2^?9:CK-?



³¹�	 � �������#��� �@}���~ � � � ��	 � � ��� �	��� � ��	 � � ~ q �
� 	�� � ��	��� ~

,lAUPv:CF9TV#

P (X) =

deg(P )
∑

i=0

degq
∑

j=0

ai,jq
jX i

:	�
ai,j ∈

!y[��Q!j!$:C2G#
T = max{j|∃i, ai,j 6= 0}. � :;K-F^29:;K$2 n ∈ � ª�:;!�AmI-:C!-0

P (qn) =

deg(P )
∑

i=0

degq
∑

j=0

ai,jq
jqni.

� :CK-F n
?9K 2H?9ACTVTH#&!f2bD;FGAC!$I¤£

n > T
°uª¶,/#M*-,/K-?bD;F9AC!-I¡I-#&D;F9�z#&!

q
I-#

P (qn)
#8?72 3 � ��� / ��� I-#,lA�Pv:;F7TH#

t + ns
:	�

s = max{i|∑j ai,j 6= 0} #)2 t = max{j|as,j 6= 0} [ « . P (qn) = 0
ªXAS,1:;F7?

,1#&?b2G#&F9TV#8?4I-#nI-#8DCF9�
t + ns

#&!
q
?8��AC!-!fK-,1#&!L2M08ACF

q
#8? 242GFGAS!-?90&#8!-IBAS!f2H?9K$F !y[��=,^#u($./?729#�I$:;!-0

!-�&08#8?7?GAC./F9#&TH#&!f2YK-!j?9#80&:;!-Ij08:W# 2V08./#8!L2_I$#�I-#&D;F9�
t + ns

[ � ACFYI$�&NB!-.d2G./:;!nI-# s
ªB08#8,/K-.dro08.�*-F7:¹Z+./#8!L2

I���K-!�29#8F9TV#
qt′Xs′ A»ZC#80 s′ < s

[]�Q!aA4I-:;!-0
t + ns = t′ + ns′

#)2_0&:;THTV#
s − s′ ≥ 1

#&2
t′ ≤ T:;!�#8!jI-�8I-K$./2 � K-# n ≤ T

[�sX#&?yZSAC,/#8K-F7?xI-#
n
29#8,1,/#8? � K-# P (qn) = 0

?7:;!L2_I$:;!-0�3]:;F7!-�8#&?Y*-ACFxK-!-#
08:C!-?72GAC!L2G#

T
I-�&*]#&!-IBAC!L2yI-#&?y0&:+# 2V08.1#&!L2G?yI-Kn*]:;,diW!��;TV#C[ � :;K-F�29F9:;K$ZC#8Fx,|��#8!$?9#8TU3-,1#pI-#&?^ZCAS,1#8K$F9?8ª.1,x?7K 242�I-:;!$0�I-#�2G#8? 2G#&F�K-! !-:CTb3-F9#nNB!-.yI-#�ZCAS,1#8K$F9?M0&# � K-.yDLACF9AC!L2G./2V,1AE2G#&F9TV.1!BAS.1?9:C!�I$#�08#)2AC,/D;:;F9.d2GR-TV#_!-A��|P�[

2

FHG @)(+*J@JK�£ *�:CF9TV#Q!-:;F7TMAC,/#QI-#&?yPvF9AC0&29.1:;!-?�FGAS29.1:;!-!$#8,1,/#8?&ª$*-F7:;*]:C?9./29.1:;! ��[ ¯ °
�Q!gZC#8K$2��80&F9./F9#m,lAMPvF9AC0&29.1:;!

r(X) = f(X)/g(X)
A»Z;#&0

f(X), g(X) ∈ !
[X]

?7:;K-?{,lAMPv:CF9TV#
!-:;F7TMAS,1#Q*-F7�8?7#8!L2G�&#UIBAC!$?y,1Ab*-F9:C*]:;?7./29.1:;! ��[ ¯ [ ¬ :;.10&.�K-!jAC,1D;:CF9./29R-TV# � K-.�,lAb08AC,10&K-,1# =

a(X) := f(X) � b(X) := g(X) � c(X) := 1 � z := 1 ���� ����� ( @ ��9�:�� �;6 5 :���	
n ∈ � 5 :"90* �
: a(X) ∧ b(qnX) 6= 1

I�� � G�@
« :;.d2 n

,1#p*-,/K-?x*]#)2G.d2^#8!L2G./#8Fx*	:;?9.d2G./P�*	:;K-F^,/# � K-#8, e(X) := a(X) ∧ b(qnX) 6= 1 �

a(X) := a(X)/e(X) � b(X) := b(X)/e(q−nX) � c(X) := c(X)

−1
∏

k=−n

e(qkX) �
� �
« :;.d2 ldc

,1#p*-,/K-?^*	#&2G.d2xI-#8DCF9�{I-#
c(X) �

c(X) := c(X)/X ldc � z := qldcz �« :;.d2 la
,1#p0&:+# 2V08.1#&!L2YI$:;TH./!BAC!L2^I-#

a(X)
#&2

lb
08#8,/K-.�I-#

b(X) �
a(X) := a(X)/la � b(X) := b(X)/lb � z := zla/lb �

�U��AC*-F7�8?�,lA^*-F9:C*-F9./�&2G�hI-K�F9�&?9K-,d2`AC!L2�*-F7�8?9#&!L2G�8#>IBAC!-?�,1#k,/#8TVTH# �U[ ¯ [ ³ ª¹,1#8?X#&!f29.1#&F9? k 2G#8,/? � K$# a(X)∧
b(qkX) 6= 1

?9:;!L2mASK-?9?7.�,1#&?�F9AC08./!-#8?�I-#V,lA�Pv:CF9TV#
qk I$K�*]:C,/iW!��;TV#4#8! w

ª
Res(a(X), b(wX))

[
�Q!j*	#8K+2Y#)ce#&0&29./Z;#&TH#&!L2_08AC,10&K-,1#&F^08#8?yFGAS08.1!$#8?y#8!�K$2G./,1.1?9AC!L2^,1#p,/#8TVTH#1��[ ¯ [ ¯ [	��#)2YAC,1D;:CF9./29R-TV#_#8? 2I-:;!$0�./TH*$,1�8TV#8!L2GAC3-,1#S[

�Y!�.1!LZSACF7.lAC!L2^I-#{0&#&2YAC,1DC:;F9.d2GR-TV#_#&?72 � K-#

r(X) = z
a(X)

b(X)

c(qX)

c(X)
.



³¹;®

� :CK-Fx,1#QZ;�&F9.dNB#8F&ªB:;!j0&:;!-? 2`AS29# � K-#{,/:;F9?^I-#&?_AOce#&0&2`AO2G.1:C!-?^IBAC!-?x,1Ab3]:;K$08,1#p*$F9.1!$08.1*-AC,1#Q:C!jA43-./#8!

z

a(X)

e(X)

b(X)

e(q−nX)

c(qX)
−1
∏

k=−n

e(qk+1X)

c(X)

−1
∏

k=−n

e(qkX)

= z
a(X)

b(X)

c(qX)

c(X)

AC*-F7�8?xK-!-#{?7.1TV*-,1.dNB0»AS29.1:;!HI-#
e(X)

#)2
e(q−nX)

[
�_#Y*-,1K-?&ª

a(X)∧ c(X) = 1
#&2

b(X)∧ c(qX) = 1
?9:;!L2�I-#8K+(�ACK$29F9#&?�.1!LZSACF7.lAC!L2G?hI-#_,|��AC,1D;:CF9./29R-TV#C[

s�#8?�*$F9#8K+Z;#8?h�)2`AC!L2k? i+TV�&29F9. � K$#8?8ªS:;!m?9#�08:;!L2G#&!L2G#^I-#�,/#�*-F7:;K$ZC#8Fk*	:;K-F a(X)
#)2

c(X)
[;�Q!m?7K-*-*	:;?9#

� K-# ai(X)
#&2

ci(X)
,/#8?XZSAC,1#&K-F9?&ªOI$#

a(X)
#)2

c(X)
,/:;F9?XI-K

ieme *-AC?9?9ACD;#�I-AC!-?�,lAx3]:;K$08,1#Sª¹?GAS29.1? Pv:;!L2
ai(X) ∧ ci(X) = 1

[	�Q!nTV:;!L2GF9# � K-#{,1#&?x!-:;K$ZC#8,1,/#8?�ZSAC,/#8K-F7?yI$# ai+1(X)
#&2

ci+1(X)
,1#p?GAO2G.1? Pv:;!L2

ACK-?7?9.�[ � ACF^0`R-:C.d(nI-# ni+1

ª-:;!jAm*]:;K$F�2G:;K$2
k < ni+1

ª

ai(X) ∧ bi(q
kX) = 1

08# � K-.�?7#�F7�808F7./2
(ai+1(X)ei+1(X)) ∧

(

bi+1(q
kX)ei+1(q

k−ni+1X)
)

= 1.��#8,1A^.1TV*-,1. � K$# � K-# ai+1(X)∧ei+1(q
jX) = 1

*	:;K-F
j
£
= k−ni+1

°�AC,1,1AC!L2�I-# −1
� −ni+1

[O��:;TVTH#
ai+1(X)

I-.dZ+./?9#
ai(X)

ª+:;!�A4ACK$?9?9.
ai+1(X) ∧ ci(X) = 1

[��Q!nK$2G./,1./?9#Q0&#8?xI-#8KW(nF9#&TMACF � K-#8?x*	:;K-F08:C!-08,/K-F9# � K-# ai+1(X)
#8?72y*-F7#8TV.1#&FxA¹ZC#80

ci+1(X) = ci(X)
∏−1

j=−ni+1
ei+1(q

jX)
[

sXA 2G#&F9TV.1!BAC./?9:;!JI-#a08#)2nAC,/D;:;F9.d2GR-TV#n#8? 2nDLACFGAS!f29.1#j*BACF�,1A I-�80&F9:;./?9?9AC!-08#g? 2GF9./0&29#·I-K@I-#&D;F9�aI-#&?
*	:;,/iW!��;TV#8?

a(X)
#)2

b(X)
[ � K-.1? � K$#�,���AS,1D;:;F7./29R-TH#yAU29#8F9TV.1!$�Cª$,/#Q2G#&?72xI-#p,1Ab3]:;K$08,1#��=2`AS!f2 � K-#��{A�80`R$:;K-��I-:;!-0

a(X) ∧ b(qkX) = 1 ∀k ∈ � .

« .B,/#^*]:;,diW!��;TV# c(X)
#8? 2�I$#y,1AQPv:;F9TV#

Xkd(X)
A»Z;#&0

d(0) 6= 0
ªfAC,1:;F7?kD;F��S08#y�pK-!-#y?9.1TV*-,/./NB08AS2G./:;!

*BACF
Xk :;!EA c(qX)/c(X) = qkd(qX)/d(X)

[���#&2929#4F9#8THACF � K$#m#)(+*-,1. � K-#4,lA�I-.dZ+./?9./:;!aI-# c(X)*BACF
X ldc

[ �_*-F7�8?y08#)292G#{:;*	�8F9AS2G./:;!�ª+:;!�A
c(0) 6= 0

[
s�#8?4I-#&F9!-./�8F9#&?MAOce#&0&2`AO2G.1:C!-?m!-:;F7TMAC,/.1?7#8!L2b,/#8?408:W# 2V08./#8!L2G?4I-:CTH./!BAC!L2G?mI-#&?H*	:;,di+! �;TH#&?

a(X)
#)2

b(X)
[

2

�Q!aI-�&2GAC.1,/,1#�.108.w,|��AC!BAC,diW?9#U*	#8F7TH#)292GAC!L2pI-#U29F9:;K$ZC#8Fp,/#8?Q�)Z;#8!L29K-#8,/,1#8?{F9AC.1?7:;!-?_I$#m?9�8F7.1#&?QRLi+*	#8F�r
D;�&:;TH�)2GF7. � K-#8?U3BAC?9. � K-#8?m?7:;,1K$29.1:;!$?bI���K-!-#z� � KBAO2G.1:C! q

ro,1.1!$�»AC./F9#C[�sk��AC,1D;:CF9./29R-TV#V0&:;F9F7#8?7*]:;!$IBAC!L2V�
08#)2929#�AC!-AC,/iW?9#n?7#8FGAgK$29.1,1./?9��,/:;F9?mI$#j,1AgF7�8?7:;,1K$29.1:;!¡I$#j,1A·*-F9#&TH./�8F9#n� � K-AS2G./:;! q

ro,1.1!$�»AC./F9#M,/.1�&#nACK
0»AS,108K$,�I-#8?y.1!L29#8FGAS0&2G./:;!-?^?7K-*]�&F9./#8K-F7#8?�£ � F9:C*]:;?7./29.1:;! 
 [�¨L°u[
FHG�
	�
���������
�����K��	� / � 5 �"	+:�(,* � 3�5 � / 	 q - 9 ��	.( 3 ��� : (E)

I
∑

i=0

J
∑

j=0

ei,jy
jH(qiy).

£ ³ ¨ ¯ °



³¹ � � �������#��� �@}���~ � � � ��	 � � ��� �	��� � ��	 � � ~ q �
� 	�� � ��	��� ~

/�� ei,j ∈ !
(q) " � / � 6 � (06 :��  : * � : 9,/ / 	�� �"�;606 : 5 � / �  :�� 5</ � 6 9;:06 ���  �;6 :��"� 6 � :06 � / 9 $ 	��  :06 � :�	 -

� / 	 5 � (06&%���9�:�� �;6 5 : �"	 3 9 & / ��� 5 �  : �%( 5 :��� ��	 3 	 5 9;:06 6 / 9 � 5 � / 	76 �%$ � :��'&%( / )( 5 ���+* � :06 � 3 6��+* � :06 � :
9,/ (,* � 3�5 � / 	 q - 9 ��	.( 3 ��� : ������� � "
FHG @)(+*J@JK

�Q!�0`R-#8F70`R-#n,lA�FGAC./?9:;!
r(X)

I���K$!-#�?9�&F9./#MRLiW*]#&F9D;�&:;TH�)2GF7. � K-#�3BAS?9. � K-# H(y) =
∑

n≥0 hnyn?9:C,1K$29.1:;!{I-#�,|��� � KBAS29.1:;! q
r=,1./!-�»AS.1F9#�£ ³ ¨ ¯ °�A¹ZC#80 hn+1/hn = r(qn)

[�s�#>08ACFGAS0&2G�&F9#�RLi+*	#8F7D;�8:CTH�)2GF9. � K-#3BAC?7. � K-#jI-#�,1A¸?9�&F9./#j*	#8F7TH#)2�I-#�P AC0&29:;F9./?9#8F hn

IBAC!-?H,1#�08:W# 2V08./#8!L2zI-#
yn+J I-#j,|��� � KBAS29.1:;! q

r
,1./!-�»AS.1F9# =

0 = [yn+J ]

(

I
∑

i=0

J
∑

j=0

ei,jy
jH(qiy)

)

=

I
∑

i=0

J
∑

j=0

ei,jhn+J−jq
i(n+J−j) £ ³ ¨ 
 °

=

I
∑

i=0

J
∑

j=0

ei,j

(

hn

J−j−1
∏

k=0

r(qn+k)

)

qi(n+J−j) = 0.
£ ³ ¨ 	 °

�Q!j./!L2GF9:WI-K-.d2�,1AmPvF9AC0&29.1:;!zF9AS2G./:;!-!-#&,1,/#
F (X)

?7K-./ZSAC!L29# =

F (X) :=

I
∑

i=0

J
∑

j=0

ei,j

(

J−j−1
∏

k=0

r(qkX)

)

(qJ−jX)i.
£ ³ ¨ ® °

sXAmF9#8,1AS2G./:;!E£ ³ ¨ 	 °>./TH*-,/. � K-# � K-#{*	:;K-F�29:;K$2 n ∈ � :;!jA

hnF (qn) = 0.
£ ³ ¨ � °

�Q!H!$#y?&��./!L2G�8F7#8?7?9# � Ke��ACKW(V?9:;,/K$2G./:;!-? H(y)
!-:;!+ro*]:C,/iW!-:;TV.lAC,/#8?&[Cs�#8?h?7:;,1K$29.1:;!$?k*]:;,diW!-:;TV.lAC,/#8?�?9:;!L2

2GF9AC./29�8#&?_*BACF#�_3-F9ACTH:¹Z	ª � #&2 ?C:¹Z��9#&?a#)2 � ASK-,1#�TMAC./?_0&#b!-#b?7:;!L2p*BAC?p0&#8,1,/#8? � K$.¶?9:C!f2{F7#80`R-#&F90`R-�&#8?IBAC!$?U,lAn?9#&0&29.1:;! 
 [ 
 [X�U��AS*-F9�&?b08#)292G#HRLi+*	:C29R-�8?7#�.1,k#u($./?729#HK-!$#M.1!+NB!-./29�4I-#
hn

!-:;!+ro!fK-,1?&[ « .�K$!-#2G#&,1,/#a?9:;,/K$2G./:;!@#)(+.1? 2G#
F (X)

?&��AC!$!WK$,1#g#8!
qn *	:;K-FnK-!-#g./!$NB!-.d2G�aI-#

n
[ � ACFnRfiW*	:C2GR$�8?9# q

#&?72
2GF9AC!-?708#8!$IBAC!L2QI-:C!-0p2G:;K-?y,1#&?

qn ?7:;!L2_I-#&?YF9AC08./!-#8?xI-./?729.1!-0)2G#8?xI-# F (X)
[BsXA4PvF9AC0&29.1:;!nF9AS2G./:;!-!-#&,1,1#

F (X)
*	:;?7?9�8I-AC!L2_K-!$#�./!$NB!-.d2G�QI$#�F9AC08./!-#8?xI-./?729.1!-0)2G#8?&ªB:;!n#8!�I-�8I$K-./2 � K���#8,1,/#p#8? 2Y!fK-,/,1#S[

�QAC!-?{,���#u($*$F9#8?7?9./:;! £ ³ ¨ ® °yI-# F (X)
ª�:;!g�80&F9./2

r(X)
?7:;K-?{?GAzPv:;F9TV#b!-:CF9THAC,1#

z
a(X)

b(X)

c(qX)

c(X)

ª
:;!H?9.1TV*-,/./NB#�I$#8?>29#8F7TH#&?>I-#y,lAQPv:;F7TH# c(qkX)

c(qkX)

ªf:;!VF9�8I$K-./2�ACKVTH�&TH#xI-�&!-:;TV.1!BAS29#8K-Fh#)2�:;!H#)(W2GF9AC./2
,1#p!fK-TV�8F9AS2G#&K-F

P (X)
[B�Q!j:C3$2G./#8!L2 =

P (X) :=
J
∑

j=0

(

I
∑

i=0

ei,j(q
J−jX)i

)(

J−j−1
∏

k=0

za(qkX)

)

c(qJ−jX)

(

J−1
∏

k=J−j

b(qkX)

)

= 0.
£ ³ ¨ ´ °

� F �C08#bACK+(a*$F9:;*-F7.1�)2G�8?_I-#m,lA4Pv:;F9TV#b!-:;F7TMAS,1#�:;!·ZSA�I-�8I-K$.1F9#UI-#m,|��AC!-!fK-,1AS2G./:;!jI$#
P (X)

I$#8?
.1!+Pv:;F9THAS2G./:;!-?�?7K-F

a(X)
#&2

b(X)
[e�Q!�./?9:;,/#�I-AC!-?

P (X)
,1#8?x2G#&F9TV#8? � K$.w!���ACI-TV#&272G#&!f2Y*BAC? a(X)



³¹;´

« :;./#8!L2 ei,j

,/#8?x08:W# 2V08./#8!L2G?xI-#�,|��� � KBAO2G.1:C! I
∑

i=0

J
∑

j=0

ei,jy
jH(qiy) = 0. �

ResultatAnalyse := ∅ �

ContrainteA(X) :=

I
∑

i=0

ei,JX i � ContrainteB(X) :=

I
∑

i=0

ei,0(qX)i �
��� � F��C0&#x�Q,|���808F7./29K-F9#>?9:;K-?h,1AYPv:;F9TV#�!-:CF9THAC,1#�:;!4*-F9:CK$Z;# � K-# a(X)

I-./ZW./?9#
ContrainteA(X)#&2 � K-# b(X)

I-.dZW.1?9#
ContrainteB(X)

[ ���
��
�(;G 5</ � 5 a(X)

���  �;6 :��"� � : ContrainteA(X)
: 5 b(X)

� :
ContrainteB(X)

I � � G�@

Pa,b(X, Z, C(X)) :=
J
∑

j=0

(

I
∑

i=0

ei,j(q
(J−j)X)i

)(

J−j−1
∏

k=0

Za(qkX)

)

c(qJ−jX)

(

J−1
∏

k=J−j

b(qkX)

)

�

Pa,b(X, Z, C(X)) := PA,B(X, Z, C(X))/a(X)/b(qJ−1X) �« :;./#8!L2 fk,j(Z)
,/#8? 0&:+# 2V08.1#&!L2G? I-#

PA,B(X, Z, C(X))
?7:;K-? ,1A Pv:;F7TH#

J
∑

j=0

(

K
∑

k=L

fk,j(Z)Xk

)

C(qjX) �

AnnulationDegreMin(Z) :=
J
∑

j=0

fL,j(Z) �

z := solution(AnnulationDegreMin(Z) = 0) �

AnnulationDegreMax(Z, W ) :=

J
∑

j=0

fK,j(Z)W j �

ContrainteDegreC(W ) :=
Resultant(AnnulationDegreMin(Z), AnnulationDegreMax(Z, W ), Z) ���� ��9!	./ :�� �;6 5 : � 3 6 � : n ∈ � 5 :"90* �
: ContrainteDegreC(qn) = 0

� 2�
�G��
s�#8?x0`R-:C.d(nI-#

a(X)
#&2

b(X)
!$#�I$:;!-!-#&!f2y*BAS?yI$#�?7:;,1K+2G.1:C!�[

����� 
��
�
�( G 5 / � 5 :�	 5 �8:�� n 5 :"90* � : ContrainteDegreC(qn) = 0

I � � G�@

ContrainteC(X) :=
n−1
∑

i=0

CiX
i + Xn �

« :;./2 (ci)i=0..n−1

,1#&?k�&Z;#&!L2GK-#&,1,1#&?>?7:;,1K+2G.1:C!-?�I-K4?7iW? 2G�8TV#xI���� � KBAS29.1:;! � � KBAS?9.dr,/.1!-�8AC.1F7# ��I���.1!$08:;!-!fK-# {Z, (Ci)i=0..n−1}
:;3$29#8!fKg*BACFp,���AC!$!WK$,lAS29.1:;!jI-#8?p0&:Sr

# 2V08.1#&!L2G?yI-#
Xk I-K�*]:;,diW!��;TV# PA,B(X, Z, ContrainteC(X))

[
�

c(X) :=

n−1
∑

i=0

ciX
i + Xn �

r(X) := z
a(X)

b(X)

c(qX)

c(X)
�

ResultatAnalyse := ResultatAnalyse ∪ {r(X)} �� �
� �

� �
G�@ ��
�( G��;@�G�� :06�� 9 583�5 B 	 3 9 $ 6 :



³¹ ¨ � �������#��� �@}���~ � � � ��	 � � ��� �	��� � ��	 � � ~ q �
� 	�� � ��	��� ~

08:CTHTV#QP AC0&29#8K-F�£v0C��#8? 27r���r=I-./F9#p,1#p08AC?
j = J

° =

P (X) =

(

I
∑

i=0

ei,JX i

)

c(X)

(

J−1
∏

k=0

b(qkX)

)

+a(X)z
J−1
∑

j=0

(

I
∑

i=0

ei,j(q
J−jX)i

)(

J−j−1
∏

k=1

za(qkX)

)

c(qJ−jX)

(

J−1
∏

k=J−j

b(qkX)

)

= 0.

�U��AC*-F7�8?�,lA�Pv:;F9TV#a!-:;F7TMAS,1#Cª
a(X)

#&?72j*-F9#&TH./#8FnA»Z;#&0
c(X)

#&2n2G:CK-?j,/#8?
b(qkX)

[y�p!¤#8!¤I-�ur
I-K-.d2 � K-# a(X)

I-./ZW./?9# ∑I
i=0 ei,JX i ªeK$!a*]:;,diW!��;TV#U!-:C29� ContrainteA(X)

I-AC!-?p,|��AC,/D;:;F9.d2GR-TV#C[
�Y!�FGAC./?9:;!-!$#8TV#8!L2Q?7.1TV.1,lAS.1F9#_.1?9:C,lAC!L2Y,1#{2G#8F7TH#

b(qJ−1X)
*-F7:;K$ZC# � K-# b(X)

I-.dZ+./?9#�,1#�*]:;,diW!��;TV#
ContrainteB(X) ≡∑I

i=0 ei,0(qX)i [
sk��AC,/D;:;F7./2GR$TH#�0&:;!-?7.1I-�&F9#_#&!-?9K$./2G#x2G:CK-?>,/#8?�0`R-:;. (V*]:;?7?9./3-,1#&?�*	:;K-F

a(X)
#)2

b(X) � K$.]?7:;!L2�3-./#8!#8!V!-:;TU3-F9#^NB!-.�[L�QAC!$?>,/#^0»AC?hD;�&!-�8F9AC,|ªL:;!4!-#y?GAS./2h*BAC?h0&:;THTV#8!L2h08AC,10&K-,1#&F�2G:;K-?h,/#8?kI-.dZ+./?9#&K-F9?hI���K-!
*	:;,/iW!��;TV#C[ � :;K-FU,1Aj?7K-./29#HI-#M08#&272G#H*-F9#&K$Z;#z:;!¸N$(+#MK-!¡0`R-:C.d(E*	:;K-F a(X)

#)2
b(X)

[ � ACF�0`R-:;. (I-#&?Q*]:C,/iW!��;TV#8?&ª
a(X)

#&2
b(qJ−1X)

I-./ZW./?9#U,/#�*	:;,di+! �;TH#
P (X)

[�sXAM08:;!$!BAC.1?7?GAC!$08#bI-#�08#&?QI-#8KW(
*	:;,/iW!��;TV#8?^*	#8F7TH#)2xI����808F7.1F7#�,/#p*]:C,/iW!��;TV#

P (X)/a(X)/b(qJ−1X)
?7:;K-?x,lAbPv:;F7TH#

Pa,b(X) =
J
∑

j=0

(

K
∑

k=L
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