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Abstract

TheDAG-basedtaskgraph modelhasbeenfoundeffec-
tive in schedulingfor performancepredictionandoptimiza-
tion of parallel applications.However the schedulingcom-
plexity andsolutionnormallydependon theproblemsize. In
this paper, we proposea symbolicschedulingschemefor a
parameterizedtaskgraph which modelscoarse-grain DAG
parallelism independentof theproblemsize. Thealgorithm
first derivessymbolicclustersto group of tasksin order to
minimizecommunicationwhile preservingparallelism and
thenit evenlyassignstaskclustersto processors.Therun-
time systemexecutesclusterson each processorin a multi-
threadedfashion. This paperalso presentspreliminary ex-
perimentalresults to demonstrate the effectivenessof our
techniques.

1. Intr oduction

This paper addressesschedulingissuesfor parallelism
that canbe modeledasdirectedacyclic dependencegraphs
(DAG) [22]. This model hasbeenfound useful in perfor-
mancepredictionandcodeoptimizationfor parallelapplica-
tions [1, 3, 8, 11, 13]. Recentlytaskgraphsareadoptedby
several DARPA researchteamsfor performanceprediction
andmodelingof parallelapplicationson currentandfuture
machinearchitectures1.

Thepreviouswork on taskscheduling[12, 16,22,25] for
performancepredictionandoptimizationhasmainly focused
on searchingon a graphcorrespondingto a particularprob-
lem instance. The schedulingcomplexity and the derived
solutiondependon the graphsize. Thusthe schemeis not

1http://www.cs.umd.edu/projects/hpsl/arpa/Aug19/DARPAworkshop.htm

scalablefor solvingproblemsof largesizessincea largetask
graphmaynotfit memory. Also thisapproachis notadaptive
to theruntimevariationof theproblemsize;thechangeof the
problemsizesrequiresschedulerto re-dotheentirecompu-
tationmappingandoptimization. To addresstheaforemen-
tionedweakness,this paperproposesa symbolicscheduling
algorithmusingtheparameterizedtaskgraphmodel.

Thepreviouswork in parallelizingcompilers[2, 7, 9] has
studiedthecompactparallelismrepresentationbasedonfine-
grain level dependenceanalysis. The uniqueaspectof our
parameterizedtask model is that eachtask node is coarse
grained,performinga chunkof computation.Thepastwork
hasusedfine-graindependenceinformationtopartitioncom-
putation,e.g. tiling [15, 21]; however thereis no research
work publishedto producea coarse-grainlevel taskdepen-
dencegraph. We have addressedthis issue in our early
work [17], which proposescompile-timetechniquesfor data
aggregation anddependencesummary. This paperfocuses
onsymbolicschedulingof parameterizedtaskgraphson dis-
tributed memory machines. The main optimization con-
ductedin the previous DAG schedulingresearchis elimi-
nating unnecessarycommunicationto exploit datalocality,
overlappingcommunicationwith computationto hide com-
municationlatency, andexploiting taskconcurrency to bal-
anceloadsamongprocessors.Thoseoptimizationgoalscan
beachievedby traversinga statictaskgraph.Themainchal-
lengein designinga symbolicalgorithmfor a parameterized
graphis thatoptimizationmustbe performedon a compact
representationof tasknodesandtheresultmustbeeffective
for variousproblemsizesettings.Our strategy is to first per-
form symbolic clusteringwhich assignstasksto the same
processorin orderto reduceinter-taskcommunicationwhile
still preservingavailableparallelism. Thenwe assignsym-
bolic clustersuniformly to processors.Sinceeachprocessor
mayown severalsymbolictaskclusters,our runtimescheme
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param n
assert n >= 3
real a(n, n+1),s
for k = 1 to n-1 do

task /*T1(k)*/
s= 1 / a(k,k)
for l = k + 1 to n do
a(l,k) = a(l,k) * s

endfor
endtask

for j = k + 1 to n+1 do
task /*T2(k,j)*/

for i= k + 1 to n do
a(i,j) = a(i,j) -

a(k,j) * a(i,k)
endfor

endtask
endfor

endfor
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Figure 1. Gaussian Elimination and expanded task graph(n=7)

executesclusterson eachprocessorusinga multi-threaded
executingfashionto overlapcomputationwith communica-
tion.

This paperis organizedas follows. Section2 presents
the conceptof parameterizedtask graphs. Section3 gives
an overview of our symbolic schedulingalgorithm. Sec-
tion 4 presentsour linear clusteringalgorithm. Section5
presentsthe symbolicmethodfor mappingclustersto pro-
cessors.Section6 discussesour runtimecontrol schemefor
executingtaskclustersin amulti-threadedmanner. Section7
presentssomepreliminary experimentalresults. Section8
concludesthepaper.

2. ParameterizedTask Graphs

A parameterizedtaskgraphis representedby the follow-
ing tuple

���������	��
��
���
, where:

� � is thesetof generictasks

� � is thesetof communicationrules,

� � is thecostfunctionof eachtask.

A generictaskis definedby its name,its iterationvectorand
its code.

Thecommunicationset
�

is composedof receptionrules
andemissionrules. Receptionandemissionrules aredual

forms of eachother. Receptionrulesdescribethe setof fa-
thersof a giventask.Emissionrulesdescribethesetof sons
of a giventask.Most of thetime we will dealwith emission
rules,but keepin mind that for eachemissionrule we also
have a receptionrule.

An emissionrule hastheform:
�������������� ������� !��"$# ���%!�	& �

Thismeansthatif predicate
�

is true,task
���'����'� sendsdata# ���%!� to task

���(�)� *� . With eachrule is associatedpolyhedron�
which describedthevalid valuesof eachiterationvector:

it is a predicateon thevariablesof
�� ,
� and

�% .
2.1.An example

WeillustrateaparameterizedtaskgraphusingaGaussian
Elimination code. The graphis derived from an annotated
sequentialcodeby thePlusPyrtool built in ourearlywork [5,
17]. Figure1 is a GaussianEliminationcodeasthe input of
thePlusPyr. Keywordstaskandendtaskdelimit thepartsof
theprogramthathave to beexecutedin sequential.

ThisGaussianeliminationprogramhastwo generictasks�,+*�.- � and
��/0�.-1
32 � . Its parameterizedtaskgraph,computed

by ourtool PlusPyr, is shown in Figure2. In general,PlusPyr
is able to derive the parameterizedtask graph(PTG) from
an annotatedsequentialprogram. The analysisperformed
by PlusPyralso gives the symboliccomputationalcost of
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Figure 2. Emission rules for the Gaussian Elim-
ination

eachgenerictask. This analysisis basedon integer para-
metricprogrammingtechniquesdevelopedby Feautrierand
others[5, 6, 9, 23]. PlusPyris a suitabletool for analyzing
compute-intensivekernelsthatcanbefoundin scientificpro-
grams.

2.2.Bijection rules

In this paperwe target programson densematriceswith
static control (loop boundsand array referencesare affine
function of loop indices),which are, in many applications,
themosttime-consumingpart.

Thecommunicationrule
���'������T�V� ������� !��"I# ���%!�	& � is

calleda bijection rule if, for eachinstanceof iterationvec-
tor

�� thereexists exactly oneinstanceof iterationvector
� ,

associatedto
�� by this rule.In [4] we have shown how to de-

termineautomaticallyif a rule is a bijectionruleor not.
In Figure2, rulenumber1 is anotabijectionrule. Indeed,

we seethatfor onevalueof
-

(i.e. oneinstanceof task
�,+

),2
cantakeall thevaluesbetween

-W@X+
and

?
(
? � - instances

of
��/

).

3. Overview of the Method

We first give a summaryof the main stepsneededto
computeandexecutetheschedulingof a parameterizedtask
graph:

1. We first look at all thebijectionrulesin orderto derive
a symboliclinearclustering.We usea techniquecalled
“symbolicedgezeroing”togrouptaskswhichhavedata
dependence.A constraintwe imposeis that theinstan-
tiatedclusterswill alwaysbe linear for any parameter
setting, i.e. no independenttasksare assignedto the
samecluster. In thisway, parallelismis preservedwhile
unnecessarycommunicationis reduced.

2. When the symbolic linear clusteringis done,the sec-
ondstepis to evenly mapclustersto processors.In this
step,we will assigna symbolic identificationto each
cluster. Dif ferentclustersshouldhave differentidenti-
ficationnumberssothatwe evenly distributeclustersto
processors.Anotherthing involvedis themappingand
packagingof thedata.This is doneusingthecommuni-
cationrules. Whena rule is not zeroedthis meansthat
datawill besentfrom aprocessorto another. Therules
describethe kind of datato be sent,e.g. scalar, vec-
tor, matrix. We usethis informationfor generatingthe
massagepackagingcode.

3. Thefinal stepdealswith theexecutionof theprogram.
Our parallel programis a multi-threadedSPMD one.
Eachprocessorof the parallel machinemanagestwo
queues. The waiting queue,for the taskswaiting for
dataandthereadyqueuefor tasksreadyfor execution.
Eachnodeexecutes

?
threads(

?
is fixed at the begin-

ning of the execution). Each threadscansthe ready
queue,executesthe ready task and sendsdata to the
processors.An importantaspectof this stepis that a
processorneedsto find the entry tasksfor eachsym-
bolic clusterassignedto thatprocessor. In thisway, task
queuescanbeproperlyinitialized.

4. Symbolic Linear Clustering

Let us considerthe following rule:
� " ���'����0�H���������� $��"*# �(�%0�	& �

We definea cluster as a set of taskswhich have to be
executedon a sameprocessor. We usethe following nota-
tion: Y �Z���'
$� *� , is a function, thatgivesfor all thevectors

� 
in polyhedron

�
, theclusternumberof task

���
.

Thezeroing processis definedasfollows.Rule
�

is said
zeroed if andonly if Y �[����
\��'� � Y �Z����
$� *� for all the valid
instancesof

�� and
� in

�
. Intuitively, whena rule is zeroed

every couple(
��������0� ,���(�)� 0� ) will beput on thesameproces-

sorleadingto a zero costcommunicationbetweenthem.
A clusteris said linear if it doesnot containtwo tasks

which areindependent.The justificationto uselinearclus-
teringis thatasprovenby YangandGerasoulis[14], a linear
clusteringpreservesparallelismandprovidesgoodschedules
onanunboundednumberof processorswhentasksarecoarse
grained.

4.1.The symbolic edgezeroing algorithm

Our symbolic linear clusteringfor a parameterizedtask
graphis summarizedin Figure3. Thezeroingalgorithmpro-



Input: a parameterizedtaskgraphPTG=
�
T,R,D

�
Output: Theset ] of therule thathave to bezeroed.
] := ^
bijection rule set:=computebijection rule(R)
sort(bijectionrule set);
foreachr in bijection rule setdo

if not in conflict(r, ] ) then
] +=r

endif
enddo

Figure 3. The Zeroing Algorithm

ceedsasfollow. It considersall the bijection rules. It sorts
themsuchthat therulesimplying morecommunicationwill
be zeroedfirst. The orderingof the rules is doneby tak-
ing into considerationthe dimensionof thesentdata(i.e. a
scalar, a row or a column,a block of matrix). Thenit checks
if a given rule is not in conflict with a rule alreadyzeroed.
Two rulesarein conflict if, oncezeroed,theproducedclus-
teringis not linear. If theruleis not in conflictwith any other
zeroedrule thenthealgorithmaddsthis rule to thesetof ze-
roedrules.Thealgorithmrepeatsthis processuntil no more
rule canbezeroed.

In thenext subsection,wediscusshow wedetectazeroing
conflict which causestheclusteringto benonlinear.

4.2.The conflict problem

Let us consider
��+

and
�A/

, the two following emission
rules: ��+ " ���'����'�R�1� ������� *�	& �Q_

��/ " ��`��1�a7�R�1� ��b'���c$�	& �Ed

Suppose
��+

is alreadyzeroed.We want to checkif
��/

is not in conflict with
��+

. Thereis two kind of conflict: the
fork conflictandthejoin conflict:

� We have a fork conflict if:

1.
�����U��`

2. Thereexists an instanceof
�� called

�� _ , �� _fe � _
andan instanceof

�a , called
�a _ , �a _Xe � d

such
that

���'�R�� _ � �U��`��7�a _ � ,
3. Let

� _ the imageof
�� _ accordingto rule

��+
and�c _ the imageof

�a _ accordingto rule
�A/

.
� _ and�c _ aresuchthat

�����I� _ �7g�U��b'�1�c _ �

� We have a join conflict if:

1.
�����=��b

2. Thereexists an instanceof
� , called

� _ ,  _fe � _
andan instanceof

�c called
�c _ , �c _�e �Ih suchthat���(�i� _ � �j��b'�1�c _ �

3. Let
�� _ thesourceof

� _ accordingto rule
��+

and�a _ thesourceof
�c _ accordingto rule

��/
.
�� _ and�a _ aresuchthat

���'�R�� _ �7g�U��`��7�a _ �
In order to automaticallycomputeif two rules are in fork
conflict (the join conflict caseis symmetric)we proceedas
follows. Concerningstep2, we computethe set k , which
is theintersectionof all thetasks

���������� 
!�� e �Q_ with all the
tasks

��`��l�a�� 
R�a e �Wd . If k is notemptythenstep2 is verified.
Concerningstep3, we need

���X�m��b
andwe computeif��+

restrictedto k is equalto
�A/

restrictedto k , if not then
the

��+
and

��/
arein fork conflict. We cancomputek , the

restrictionof
��+

and
�A/

to k symbolicallyusingtheomega
testprogramof theuniversityof Maryland[20].

Let comebackto ourexample.Rule2 andrule3 canbein
fork conflict. But rule2 is valid if

2,�P-1@n+
andrule3 is valid

if
-�@o/T;p2�;=?�@N+

. Hencethereis no instanceof
��/F�4-1
62 �

which have two sons:both
��/0�4-T@P+$
32 � and

�,+$�4-�@B+ � . So
rule2 and3 arenot in conflictandcanbecanbebothzeroed.

Thezeroingalgorithmsbuild asetof bijectionruleswhich
arenever in conflict.

Hence,we have thefollowing theorem:

Theorem 1 Let
�B�H�Z��
C��
 #f� a PTGwhere

�
is composed

of bijectionrule andthere is no rule in conflict thenzeroing
all therulesbuild linear clusteringof G.

Proof of theorem 1 Eachrule is a bijection rule. There-
fore, zeroinga rule leads,in the instantiatedtaskgraph,to
zeroexactly oneedgefor eachinstanceof therule.

No rulesare in conflict. Therefore,zeroingall the rules
leads,in the instantiatedtaskgraph,to a clusteringwith no
independenttasksin thesamecluster.

5. Mapping of Symbolic Clusters

Given q processors,weassignsymbolicclustersevenly to
processors.Let

`
be the identificationof a clusterinstance,

the processorof this clusteris
`

mod q . The main issueis
how we assignan identificationto sucha cluster. Thenum-
beringof clustersmust be assignedas uniform as possible
in an integerspace.In this way, clusterscanbe evenly dis-
tributedto processors.



Weneedto build a function Y �[���'
!��'� that,for any generic
task

���
andany valid instance

�� givesaclusternumber, such
thatall thetasksin thesameclusterwill have thesamenum-
ber.

Let usconsiderrule:

��+ " ���'����'�R�1� ������� *�	& � _

If this rule is zeroedthen,in
� _

, we musthave:

Y �[���'
!��0� � Y �[����
$� *� (1)

The basisof our methodis the sameas the one usedby
Feautrierin [10]. As Feautrierwe will supposethat, in its
generalform,

Y �Z���'
!���� �r�sEt �� @ �u t (2)

where
�s t and

�u t arevectorsof unknownswhich have to be
found. We also have Y �Z����
$� *� � �siv �� @ �u v Then solving
equation1 leadsto

�s t �� @ �u t �w�s v � @ �u v .
Fromeachruleswe derive equationsof this form leading

to asystem.Solvingthissystemgivesusthevaluesof all the�s ’sand
�u
’s for every tasks.In orderto dothatwehavemodi-

fiedFeautrier’salgorithmandweareableto derivepiecewise
affine clusteringfunctionswhennecessary. This leadsto a
morecomplicatedfunction thanthe onedescribedin equa-
tion 2 andthis is doneby splittingthePTG(see[4] for all the
details).For our GaussianEliminationexample,this method
finds:

Y �Z��/0
��4-l
32 �:� �=2
Y �[�,+*
��4- �J� �P-

6. Multi-thr eadedExecutionof Clusters

Sofar eachprocessorhasbeenassignedanumberof clus-
ters. Assumethat thereare x clusters.Eachclusteris a lin-
eartaskchainandis considereda threadon that processor.
At most x taskscanbe executedat the sametime on a pro-
cessor. Multi-threadingis importantfor hiding communica-
tion latency andoverlappingcomputationwith communica-
tion [24].

6.1.Finding a starting task

In orderto initiatecomputationateachprocessor, weneed
to know thesetof startingtasks(i.e. thesetof tasksthathave
no father). This is doneby symbolicallysubtractingtheset
of all thetaskswith thesetof thetasksthatonly receive data.

6.2.The executionscheme

We have shown how to build parameterizedpolyhedrons
thatdescribethesetof startingtasks.At run time, oncethe
parametervaluesaregiven,eachprocessor

�iy
scanstheset

of startingtasks.For eachstartingtaskit computesits pro-
cessor

�<zy . If
�Iy,�P��zy thenit executesthetask.

For eachgenerictaskwecanbuild apolynomialthatcom-
putesits numberof fathers. This polynomial is computed
from the receptionrules andcan be usedfor any valid in-
stanceof the iterationvectorandany valueof the parame-
ters. We proposethe following protocol for task ordering:
wemaintainareadyqueuefor thetasksreadyto beexecuted
anda waiting queuefor the tasksthathave alreadyreceived
dataandarewaiting for otherdata.

� Whena taskreceivesa dataitem:

1. If this task is not in the waiting queuethen we
computeits numberof fathersanddecrementit.
Thisnumberis calledthenumberof remainingfa-
thers. If its currentnumberof remainingfathersis
0, we put this taskin the readyqueue,otherwise
we put it in thewaitingqueue.

2. If this taskis in thewaiting queuethenwe decre-
ment its numberof remainingfathersand,if this
numberreaches0, we put it in thereadyqueue.

� Whena threadis idle, it picks up a task in the ready
queue(if notempty).

The executionof the tasksaredoneasynchronouslywhich,
contraryto the dataparallelapproach,doesnot involve any
synchronizationbarrier. Therefore,theprocessorsarenever
forcedto beidle by theexecutionsystem.

The datato be sentaredescribedby the emissionrules.
Hence,the messagegenerationis a straightforwardimple-
mentationof thedatapartof theemissionrules.

7. Experimental Results

We have built a multi-threadedparallelprogramthatexe-
cutesthe symbolicstaticallocationfoundedin theprevious
section.We have run it on thepopcmachineof LHPC.The
popc(pile of PC) is a high performanceclusterbasedon a
modulararchitecturefeaturingIntel PentiumProprocessors
(200Mhz, 256KB of cacheL2 memory)interconnectedby
a fast MYRINET network. We useBIP ascommunication
protocol.BIP [19](BasicInterfaceProtocol),allows thenet-
work to reacha10 { slatency anda100Mbytes/sbandwidth.



Sizeof thematrix 1000 2000 2500

Numberof tasks(
? d)| /�@N}*? | / � / ) 501498 2002998 3128748

Numberof edges(
? d @N? �o~ ) 1000996 4001996 6252496

Numberof floatop (
�4? h @N? d � / � | +	�$� ) 1001 8004 15631

Sizein MB for Pyrros 18 78 127

Table 1. Characteristics of the Gaussian Elimination DAG for Various Matrix Size

The multi-threadedAPI we useis called PM2 [18]. PM2
(ParallelMulti-threadedMachine),allows theuserto create
threadsremotelyon a distancenode,it canhandlea lot of
threadson a samenodewithouthigh overhead(seefigure4)
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Figure 4. Overhead of the Use of Many Threads
on One Node

andfinally it canmigratethreadseasily(which is of no use
so far). We have run our genericprogramfor varioussize
of theprogramparametersandvariousnumberof processors
(seeFigure5). Table1 givesthecharacteristicsof thestatic
DAG with respectto thesizeof thematrix.

Figure4 showstheoverheadpercentageof executiontime
whenusingmorethanonethreadpernodes.Thisoverheadis
importantwhenusingonly oneprocessor, becausethereis no
communication,but it decreaseswith thenumberof proces-
sors.It lowersbetween�F���*� and

/ ���*� with tenprocessors.
Webelievethisis mainlydueto theoverlappingof communi-
cationanda goodschedulingof thethreads.Figure5 shows
the speedupof our programfor varioussizeof matrix. We
seethehigh scalabilityof our methodandenvironment.We
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Figure 5. Speedup for Gaussian Elimination for
Various Matrix Size

have a speedupof 8 for 11 processorswhenmatrix size is
2500.

8. Conclusions

In thispaperwe have presenteda methodto symbolically
schedulea parameterizedtaskgraphon distributedmemory
machines.Thisapproachis usefulwhendealingwith coarse
grainapplicationsandwhenthe expandedtaskgraphis too
largeto fit into memory.

Our contribution is twofold. First, we have modified
Feautrier’s algorithm for distributing computationsamong
processorsin order to take into accountconditionalsthat
arisewith thePTGmodel. Our algorithmis thenmoregen-
eral andwell suitedfor our problem. Second,we have de-
scribeda distributedandasynchronousmethodto schedule
andexecuteour symbolicallocationusinga multi-threaded
environment.



Our first experimentsarevery promisingand, in our fu-
tureworks,we will realizea codegeneratorthat transforms
an annotatedsequentialprograminto a genericparallelone
andexecutesthesymbolicallocationon a distributedmem-
ory parallelcomputer.
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