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Abstract

Taskgraphschedulinghasbeenfoundeffectivein perfor-
mancepredictionandoptimizationof parallel applications.
A numberof static schedulingalgorithmshavebeenpro-
posedfor taskgraphexecutionon distributedmemoryma-
chines.Such an approach cannotbeadaptedto changesin
valuesof programparametersandthenumberof processors
andalso it cannothandlelarge taskgraphs. In this paper,
we modelparallel computationusing parameterizedtask
graphswhich representcoarse-grain parallelism indepen-
dentof theproblemsize. Wepresenta schedulingalgorithm
for a parameterizedtaskgraphwhich firstderivessymbolic
linear clusters andthenassignstaskclusters to processors.
Theruntimesystemexecutesclustersoneach processorin a
multi-threadedfashion.Weevaluateour methodusingvari-
ouscompute-intensivekernelsthatcanbefoundin scientific
applications.

1. Intr oduction

Directedacyclic taskgraphs(DAGs)have beenusedin
modelingparallelapplicationsandperformingperformance
predictionandoptimization[1, 3, 7, 11, 12, 21]. Thereare
a numberof algorithmswhich have beenproposedto per-
form statictaskgraphmappingon distributedmemoryma-
chines[8, 14, 15, 19, 20, 21, 23, 25]. Becausea taskgraph
is obtainedstaticallyandthenumberof processorsmustbe
givenin advancebeforescheduling,thesemethodspresent
two majordrawbacks:� Staticschedulingis not adaptive. Eachtime theprob-

lem parametervalueschangeor the numberof avail-
ableprocessors,aschedulingsolutionhasto berecom-
puted.� Static schedulingis not scalable. For large problem
sizes,thecorrespondingtaskgraphmaycontainalarge

numberof tasksand dependenceedges,and a static
schedulermight fail dueto memoryconstraint.

The previous work in parallelizing compilers[2, 10, 17]
hasstudiedthecompactparallelismrepresentationbasedon
fine-grainlevel dependenceanalysisand their model nor-
mally dealswith DOALL parallelism.Ourgoalis to extend
theseresultsfor exploiting coarsegrainDAG parallelismin
asymbolicmanner, in orderto overcomethetwo drawbacks
mentionedabove. In thispaperweuseaparameterizedtask
graph(PTG) [5, 16] to modelcomputation.A PTGcanbe
consideredasa DAG, andis augmentedby a setof param-
eters.Thussucha graphis symbolicandits sizedoesnot
vary if programparameterschange.This paperfocuseson
symbolicschedulingof parameterizedtaskgraphson dis-
tributedmemorymachines.

Our algorithm, called SLC (Symbolic Linear Cluster-
ing), first performssymbolic clusteringand assignstasks
from thesameclusterto thesameprocessorin orderto re-
duceinter-taskcommunicationwhile still preservingavail-
ableparallelism. Thenit assignssymbolicclustersevenly
to processors.Sinceeachprocessormayown severalsym-
bolic taskclusters,our runtimeschemeexecutesclusterson
eachprocessorusinga multithreadedandmessage-driven
fashionto overlapcomputationwith communication.

Section 2 describesdefinitions of parameterizedtask
graphs. Section 3 gives an overview of our approach.
Section4 presentsour symbolic clusteringmethod. Sec-
tion 5 discusseshow clusterscan be numberedexplicitly
sothatsymbolicclusterscanbemappedto physicallypro-
cessors.Section6 presentssimulationandexperimentalre-
sults.Section7 concludesthepaper.

2. Definitions and Notations

Parameterized Task Graphs. A parameterizedtask
graph (PTG) is a compactmodel for parallel computa-
tion [5]. It containsa setof symbolictasksandeachsym-
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param n
assert n >= 3
real a(n, n+1)
real s
for k = 1 to n-1 do
task /*T1(k)*/

s= 1 / a(k,k)
for l = k + 1 to n do

a(l,k) = a(l,k) * s
endfor

endtask
for j = k + 1 to n+1 do

task /*T2(k,j)*/
for i= k + 1 to n do

a(i,j) = a(i,j) -
a(k,j) * a(i,k)

endfor
endtask

endfor
endfor

Figure 1. Gaussian Elimination

bolic taskis representedby a nameandaniterationvector.
A PTGalsocontainsa setof communicationrulesthatde-
scribedataitemstransferedamongtasks. Sinceeachtask
cancontaina setof instructionsexecutedsequentially, this
modelmainly is targetedat coarse-grainparallelism.

Therearetypesof communicationruleswhichareeither
emissionor receptionrulesto modelhow taskssendor re-
ceive data.Receptionandemissionrulesaredual formsof
eachother. Receptionrules describea setof parentsthat
a taskdependson. Emissionrules describea setof chil-
drenthata taskneedsto senddata.An emissionrule

�
(a

receptionrule) hastheform:�������	��
��
���� ������
��
 ������
��
�� �
where


� and

� aretheiterationvectorsof tasks

���
and

���
.

Rule
�

meansthat if predicate� is true,task
���	��
��
 sends

data
����
��
 to task

��� �!
�"
 . Vector

� describeswhich partof

the data
�

is sent to task
���

. � is a polyhedronwhich
describesvalid valuesof vectors


� ,

� and


� .
Thenumberof componentsin


� dependson thedimen-
sionof datavariable

�
. For example,it is # if

�
is ascalar,

and $ if
�

is a 1D vector. We assumethat the variables

�

donotappearin thepredicatesdescribingthevariablesof

�

and

� . Hence,thedatapartof a rule canberemovedeasily

withoutgettingholesin thepolyhedron.
Derivation of a parameterized task graph. We have

usedthe PlusPyrsoftware tool [16] in order to construct
a PTG from a sequentialprogram. PlusPyris able to de-
rive a parameterizedtask graphfor a sequentialprogram
if a useralsoprovidesan annotationto describehow this
programis partitionedinto tasks. Figure 1 illustratesan

annotatedprogramfor GaussianElimination without piv-
oting. It containstwo generictasks

� $ �&% 
 and
��'��(%	)(* 
 .

Key words“task” and“endtask”specifythebeginningand
end of a task and “param” specifiessymbolic parameters
usedin this program,which couldvary basedon theactual
problemsize. Figure5 illustratesan instantiatedGaussian
Eliminationtaskgraph(alongwith a linearclusteringaswe
will explain later)whenprogramparameter+ is 6.

Thecurrentimplementationof PlusPyrsupportsdepen-
denceanalysisandcommunicationsynthesisamongtasks
if the input programhasstaticcontrol andonly dealswith
matrixvectoror scalarcomputation.Thetechniquesfor de-
pendenceanalysisand communicationsummarizationare
basedon thework doneby Feautrierandotherson integer
parametricprogramming(see[9, 22] for anintroductionand
[5, 6] for moredetails).

For the input GE programshown in Figure1, theemis-
sion rules of the correspondingparameterizedtask graph,
computedby our tool PlusPyr, areshown in Figure2. For
example,thethird emissionrule indicatesthatfor any

%
and*

suchthat $-, % ,.+ � '
and

%0/1' , * ,2+ / $ , task��'��(%	)(* 
 sendspartof column
*

to task
��'��&%3/ $ )(* 
 .

1.
� $ �&% 
4��� ��'��&%5)(* 
 ��67�98:);% 
<� $=, % ,>+ � $ );%4/ $3,* ,>+ / $ ):%=/ $3, 8 ,>+

2.
��'?�&%	)@* 
��	� � $ �&%A/ $ 
 �	67�B8;);%0/ $ 
<� $C, % ,D+ �'�)@*7EF%3/ $ );%=/ $=, 8 ,G+

3.
��'?�&%	)@* 
H��� ��'��(%I/ $ )(* 
 �J67�98;)(* 
<� $K, % ,L+ �'�);%=/G' , * ,G+ / $ );%�/ $=, 8 ,M+

Figure 2. Emission rules for the Gaussian
Elimination

Bijective Emission Rules. Our symbolicclusteringal-
gorithm identifiesa type of rules calledbijection rules to
clusterandwe presentits definition as follows. Given an
emissionrule of format

�N�O���	��
��
P��� ��� �!
�"
 �Q����
��
�� � ,
this rule is bijective if for eachinstanceof iteration vec-
tor


� , thereexists exactly one correspondinginstanceof
iteration vector


� . For example, in Figure 2, the first
emissionrule is not bijective becausethis rule describes
a dependencefrom task

� $ �&% 
 to many of its children��'��(%	):%=/ $ 
 )R��'?�&%	);%=/S' 
	T�T<T . Thesecondandthird rules
arebijective.

Wefurtherdiscusshow to judgeif anemissionrule is bi-
jective. We assumethata taskcontainsnestedloopsandits
iterationvectoris anaffine functionof programparameters
andloop indices. Let


U be the vectorcomposedof all the
problemparametersand loop indicesin the lexicographic



order. Thuswe canexpressvectors

� and


� as:
� EV�XW!
U / 
%"W
and


� EV�PYZ
U / 
%�Y�[
where


%"W
and


%�Y
areconstantintegervectors.

� $ and
�-'

areconstantintegermatrices.Noticethatif thereareequal-
ities in � , we shouldsubstitutevariablesto remove some
variablesbeforeconstructing

�XW
and

�IY
.

To find if this rule is bijective, we find \ W
and


] W
such

that

U E \ W �Z
�-� 
% W 
 /^
] W

. Therecouldexist many \ W
and
] W

thatsatisfythisequation.Weimposeaconditionthat

] W

is composedof theindicesthatdonotappearin

� . Formally,] W`_ Eba;c<8&c

, wherethe ] W`_
(resp.

8&c
) is j d9e elementof


] W
(resp.


U ); a c E # if
8 c

appearsin

� , and

a c E $ if
8 c

doesnot
appearin


� .
Thenwe have:


� EF�PY \ W���
�-� 
%"W 
 /M�IYC
] WJ/ 
%fY
. Sim-

ilarly we canbuild \ Y
and


] Y suchthat:

� Eg�XW \ Yf��
�-�
%�Y 
 /h�XWP
] Yi/ 
%"W

.
Theaboveruleis bijectiveif andonly if

� Y 
] W
and

� W 
] Y
arebothconstant.This conditionensuresthat for eachin-
stanceof


� thereis only oneinstanceof

� andfor eachin-

stanceof

� thereis only oneinstanceof


� .
In Figure2, thefactthatthefirst rule is not bijectivecan

beverifiedasfollows. Since

� E.�(% 
 , 
� Ekj %*1l , andthe

vectorof the programparametersandall the loopsindices
is

U E�� + %Amn*�8 
Ro ,

�XWpE2� # ) $ ) # ) # ) # 
 and�PY�ENj # $q#r#s##r#s# $q# l [
We deducethat: \ W3Et� #P$p#3#3# 
 o and


] W3Et� +u# m"*=8 
 o
sothat


U E \ W?
� /v
] W
. Then,

�PYC
] WwE j #*xl , which is not

aconstant.
On theotherhand,thesecondemissionrule in Figure2

is bijective. In this case,

� E j %*Vl and


� Ey�&%H/ $ 
 .
Accordingto thepredicate

*XE�%7/ $ , we substituteall the

occurrencesof
*

by
%	/ $ . Hencewehave:


� ENj %%=/ $ l .

Thus,
� W Ezj # ${#s#r## ${#s#r# l and

� Y Eg� #C$w#=#A# 
 .
We deducethat:


] W=E|
] Y7Eb� +}# m�*=8 
 o . Therefore,both�PYC
] W
and

�XWP
] Y areconstant.

3. Overview of the SLC Method

The optimization goal of our symbolic clustering al-
gorithm is the same as that of static schedulingalgo-
rithms[21, 25]: eliminateunnecessarycommunicationand
preserve datalocality, mapsymbolicclustersto processors
evenly to achieve loadbalance,andexecuteclusterswithin

eachprocessorusingthemultithreadingtechniqueto over-
lap computationwith communication. The mappingand
schedulingprocessis symbolicin thesensethatthechange
in theproblemsizeandthenumberof processorsdoesnot
affect thesolutionderivedby our algorithm.

The main stepsinvolved in our methodfor scheduling
andexecutinga parameterizedtaskgrapharesummarized
asfollows:

1. Givena PTG,we first simplify this graphby merging
rules,whenpossible,in orderto reducethenumberof
rules.Thenweextractandsortall bijectiverulesin the
PTG. Then, we perform a linear clusteringon these
bijection rules,The clusteringprocessis discussedin
detailsin Section4. Theimportantaspectof this pro-
cessis thatmergedclustersarealwayslinearwhatever
parametervaluesare,namely, no independenttaskare
placedin the samecluster. In this way, parallelismis
preservedwhile unnecessarycommunicationis elimi-
nated.

Clusteringis conductedby assigningtwo endtasksof
adependenceedgeto thesamecluster(socommunica-
tion betweenthesetwo tasksis consideredzero).This
processis called edge zeroing. Sinceeachemission
rule representsa setof dependenceedges,we will call
this processas“rule zeroing”.

2. Givenalinearclusterof aPTG,thesecondstepof SLC
is to providetheidentificationof eachcluster, which is
a mappingfunction from a task ID to a clusternum-
ber. For example,mappingfunction ~ �B� $ )��&��)�� 
R
 is
theclusterID of task

� $ �&��)�� 
 . This procedureis triv-
ial if clusteringis not donesymbolically. In our set-
ting, this mappingfunctionallows us to mapa cluster
symbolicallyto a physicalprocessor.

3. The third stepis to derive the mappingand packag-
ing of dataitemsusedduringexecution.This is done
usingcommunicationrules.Whena rule is not zeroed
thismeansthatdatawill besentfrom aprocessorto an-
other. Ruleswith clustermappingdescribewhichkind
of data(scalar, vector, matrix,.. . ) shouldbesent.We
usetheseinformationsfor generatingmessagepackag-
ing code.

4. The last part is the executionof symbolicclustersas-
signedto eachprocessor. At runtime,symbolicclus-
tersaremappedto thegivennumberof processors(� )
evenlyusingacyclic (clusterID mod � ) or blockmap-
ping formula(clusterID /� ).

Taskexecutionis asynchronousandis drivenby mes-
sage communication. Each processormaintains a
readyqueueandif all dataitemsneededfor a taskare
available locally, this task becomesready. For each



processor, we maintain � active threadsand eachof
themcanpick up a readytaskfor execution. Thead-
vantageof having multiple threadsis that the system
cantake advantagesof SMP nodesif applicable.Af-
ter a taskcompletesits execution,dataitemsaresent
following theemissionrulesrelatedto this task.

Thereis an importantissueon how to initiate execu-
tion. At the beginning of execution,eachprocessor
needsto find startingtasks(i.e. taskswithout parents)
andput themon its readytaskqueue.This is doneby
computingall valid instancesof eachtaskassignedto
this processor, called � �"m98@���B��� 
 . Thenthis processor
computesall the instancesof

���
that needto receive

datafollowing the receptionrules(call it � ��� � �B��� 
 ).
Thedifference� �"mB8����9��� 
	� � �Z� � �9��� 
 is apolyhedron
thatdescribesall startingtaskinstancesof

���
assigned

to this processor.

In the next two sections,we will discussin detailshow
taskscanbeclusteredandmappedsymbolically.

4. Symbolic Linear Clustering

In this step,we allocatetasksto an unboundednumber
of virtual processorsandin the literaturethis is often call
clustering.All thetasksassignedto thesameclusterwill be
executedon thesamephysicalprocessor.

A clusteris said linear if all its taskform a pathin the
instantiatedtaskgraphof aPTGfor givenprogramparame-
ters.Themotivationfor linearclusteringis basedonastudy
by YangandGerasoulis[13]. They have proventhata lin-
earclusteringprovidesgoodperformanceonanunbounded
numberof processorsfor coarsegrain graphs. If � is the
granularitya taskgraph � , � �	���

is theparalleltime of any
linearclustering,and � �O�@� d is theparalleltime of anopti-
mal clusteringappliedto � , then � ����� , � $ / $��Z� 
`� �O��� d .
Thusaslongas� is nottoosmall,linearclusteringproduces
aschedulecompetitiveto theoptimumwhenthereareasuf-
ficientnumberof processors.

Our clusteringalgorithm containstwo parts: 1) merge
rulestogetherif possibleto reducethe searchingspacefor
clustering.2) find bijective clustersandclusterthoserules
linearly.

Rule merging. Before clusteringthe given PTG, we
mergea few emissionrulesif possible.Two emissionrules
aremergableif eachrule describesthe samesetof depen-
denceedgesandtheirdataitemscommunicatedcanbecom-
bined.For example,let usconsiderthetwo following rules:� $ ��� $ �(% 
4��� ��'?�&%3/ $ 
 ��67�(% 
<� $=, % ,M+
and�3'0��� $ �&% 
J�	� ��'��(%?/ $ 
 ��60�B8 
<� $=, % ,M+ ):%?/ $3, 8 ,M+ [

Input: R a setof communicationrules
Output: Theset � of zeroedrules� := �
merge rules(R)
bijection rule set:=computebijection rules(R)
sort rules(bijectionrule set)
foreachr in bijection rule setdo

if not in conflict(r, � ) then� +=r
endif

enddo

Figure 3. The rule clustering algorithm.

� $ and
�='

describethesamesetof edges.We seethat
rule

� $ sendselement
67�(% 
 andrule

�='
sendselementsof

vector
6

from
%X/ $ to + . Hence,thesetwo rulescanbe

mergedin a rule
�

thatsendselementsof vector
6

from
%

to + :�2��� $ �&% 
4��� ��'��&%3/ $ 
 ��60�B8 
<� $=, % ,>+ ):% , 8 ,M+ [
Merging of rules is important becauseit reducesthe

numberof rules. In thatway, the clusteringalgorithmdis-
cussedbelow canspendlesstime in searchingandzeroing
bijectiverules.

Rule zeroing. We give a formal definitionof rule zero-
ing asfollows. Givena rule with form

���	��
��
���� ��� �!
�n
 �����
��
�� � , it is zeroedif andonly if ~ �B����)"
��
 E ~ �B��� )�
�n
 for
all the valid instancesof


� and

� in � . The zeroingalgo-

rithm is summarizedin Figure3.
The zeroingalgorithmextractsall bijection rules,using

themethoddescribedin Section2. Thenit sortsall bijective
emissionrules. The sortingis donesuchthat rulesimply-
ing more communicationare to be zeroedfirst. The rule
orderingis doneby takinginto considerationthedimension
of datacommunicated(i.e. a scalar, a row or a column,a
matrix block). Oncebijective emissionrulesaresortedby
a decreasingdimensionof datacommunication,transitive
rules(asdefinedbelow) areplacedat theendof this sorted
list.

R

R1

R2

T2

T1

T3

Figure 4.
�

: a Tran-
sitive Rule

An emission rule
�

is called transitive if it
sendsdatafrom task

� $
to

���
andthereexist two

rules
� $ and

�='
such

that
� $ sendsdatafrom� $ to
��'

and
�='

sends
datafrom

��'
to

���
(see

Figure 4). As shown in



next section,it appearsthata clusteringdecisionbasedon�
maybein conflictwith thatfor

� $ and
�='

. But theclus-
tering decisionsfor

�='
and

� $ do not conflict with each
other.

Sinceour goal is to zeroasmany rulesaspossible,we
rank the zeroingproiority of rules

� $ and
�3'

higherthan
that for rule

�
andthuswe placetransitive rulesat theend

of thesortedrule list.
Duringthezeroingloopshown in Figure3, thealgorithm

checksif zeroingaselectedrule is not in conflictwith arule
alreadyzeroed.Two rulesarein conflict if, oncezeroed,the
producedclusteringis not linear. If the rule is not in con-
flict with any otherzeroedrulesthenthealgorithmaddsthis
newly-zeroedrule to thesetof zeroedrules.Thealgorithm
repeatsthisprocessuntil all ruleshavebeenexaminedonce
in the sortedorder. We have decribdeda methodin [4] on
how to determineif two rulesarein conflict.

Wecanprovethefollowing theoremto show thecorrect-
nessof our rule zeroingalgorithm.

Theorem1 If bijectiveemissionrulesof a PTGare zeroed
usingtheSLCzeroing algorithm,thentheresultof cluster-
ing is linear.

Sketch of proof: Whena bijective rule is zeroed,ex-
actly oneedgefor eachinstanceof therule is zeroedin the
instantiatedtaskgraph.

SinceSLC ensuresthat thereareno conflict in zeroing
multiple bijective rules.Therefore,zeroingthoserulespro-
ducesa clusteringwith no independenttask instancesas-
signedto thesamecluster.

5 Cluster Identification

The previous algorithmzerosa numberof rulesandas
a result it zerosa numberof edgesin the instantiatedtask
graphfor a given setof programparametervalues. How-
ever, there is no cluster ID given for eachcluster. We
needsuchan ID numberexplicitly so we canassignclus-
tersevenlyto physicalprocessorsusingasymbolicmapping
function. In staticschedulingresearch[21, 25], producing
sucha numberis easysinceclusterscanbeexplicitly num-
bered.

Given a setof zeroedrules,we show how to explicitly
build asymbolicfunction ~ �9����)n
��
 suchthatfor any generic
task

���
andany valid instance


� , this functiongivesaclus-
ter numberfor this taskinstance.We call this procedureas
clusteridentificationor clusternumbering.

Notice that all the tasksin the sameclusterwill have
the sameclusternumberand tasksfrom differentclusters
shouldnot have the sameclusternumber. More formally,
let usconsidera zeroedrule:� $ �����	��
��
���� ��� �!
�n
<� � W

Underconstrain� W , we musthave:~ �B����)"
��
 E ~ �9����)�
�"
 [ (1)

We briefly discussour methodusinganexampleasfol-
lows. Thebasisof our methodis thesameastheoneused
by Feautrierin [10] for automaticdistribution. We assume
thatourclusteringfunctionis affinewith respectto program
parametersandtheiterationvector. Thuswe let~ �B����)n
��
 E�
��� 
� /h� � /y
��� 
�
where


��� and ��� arevectorsof unknownswhichhaveto be
found,

� � is a constantand

� is the vectorof the program

parameters.We alsohave~ �B����)�
�f
 E^
��� 
� /h� � /�
��� 
� [
ThensolvingEquation1 leadsto


� � 
� /�� � /�
� � 
� E^
� � 
� /� � /�
� � 
� .
For example,let us look at the secondrule in Figure2:��'��(%	)(* 
h��� � $ �(%H/ $ 
 �A60�B8;):%�/ $ 
<� $F, % ,z+ �'�)@*0ED%A/ $ ):%A/ $A, 8 ,S+ [ By zeroingthis rule,we have~ �9��'�)Z�&%	)@* 
R
 E � Y<  W!%J/ � Y!  Y:*¡/H��Y�/ � Y<  W + and ~ �B� $ )��(%J/$ 
¢
 E � W;  W��&%=/ $ 
 /h�	W¡/ � W�  W + . This leadsto£ � Y<  W %=/ � Y<  Y *3/K� Y / � Y<  W + E � W;  W �&%A/ $ 
 /h� W / � W;  W +*0EV%A/ $

(2)
Equation2 is satisfiedwith � Y!  W / � Y!  Y E � W�  W , � Y / � Y<  Y E�	W¤/ � W;  W and � Y<  WpE � W�  W .

For emissionRule3 in Figure2: (
��'��&%5)(* 
4��� ��'��(%p/$ )@* 
 ��¥Z67�98;)(* 
<� $3, % ,G+ � '�):%p/¦' , * ,G+ / $ ):%p/ $=,8 ,M+�§ ), wehave:� Y<  W!%�/ � Y<  Y¢*�/���YZ/ � Y<  W + E � Y<  W �&%�/ $ 
 / � Y<  YR*�/���YZ/ � Y<  W + [

(3)
Equation3 is satisfiedwith � Y!  WpE # .

Theaboveanalysisfor thesecondandthird rulesof Fig-
ure2 leadsto thefollowing linearsystem:¨© ª � Y<  W¤/ � Y<  Y �«� W�  WpE #� Y / � Y!  Y � � W �«� W;  W E #� Y<  W E � W�  W � Y!  W E # (4)

System4 hasmany solutions.In particular,£ � Y<  Y�E � W�  WpE $� W EV� Y E � Y<  W E � W�  W E � Y!  W E # (5)

Thus,oneexplicit clusteringfunction ~ for theGaussian
EliminationPTGis: ~ �B��'�)��&%5)(* 
R
 EM*
and ~ �9� $ )Z�&% 
¢
 EF%	[
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Figure 5. A clustering for an instantiated
Gaussian Elimination graph with + E1¬

.

This clusteringis depictedin Figure5.
The above example looks simple; however there is a

complicationwe needto handle. The mappingderivation
from two rulesfor the sametaskmay leadto a restrictive
condition on the


� vector value in computingthe cluster
affine functionof this task. For instance,giventhe follow-
ing two zeroedrules:� $ ��� $ �&%5)(* 
4��� � $ �&%3/ $ )(* 
<� $3, % ,M+ ) $3, * , %�3'0��� $ �&%5)(* 
4��� � $ �&%	)@*Q/ $ 
<� $�, % ,>+ ):%�/ $3, * ,M+ [

Zeroingrule R1 leadsto � W�  W E # but zeroingrule R2
leadsto � W�  YAE # . We do not wantthe


� solutionvectorto
bezerofor all the tasksbecausethis solutionmapsall task
instancesinto onecluster, which yields no parallelism. In
theabovecase,weknow thatzeroingthesetwo rulesarenot
in conflict in termsof thelinearclusteringconstraint.To fix
thisproblem,wecanusethetwo mappingfunctionsfor task� $ with two disjoint polyhedra:~ �9� $ )Z�&%	)@* 
¢
 E £ *

if $=, % ,>+ ) $3, * , %%
otherwise.

In general,we have proposeda techniquecalledgraph
splitting which usesmultiple mappingfunctionsfor each
selectedtaskif the derivedsolutionis


� E 
# for all tasks.
Givenazeroingof aPTG,weconstructadependencegraph� only basedon all zeroedbijective rules.We computethe
clustermappingfunctionfor eachtaskbasedon zeroingre-
sults.If for all thetasks

���
themappingsolutionis


� E # ,

we identify therulesthatcausesetting,wesplit the � into a
few sub-PTGsby dividing thepolyhedradomainof

���
into

disjoint partsbasedon theserules. For theabove example,
the restrictionis causedby two rulesamongthe instances
of thesametask.Thenweapplytheclusternumberingpro-
cedurerecursively to eachsubgraph.Theobtainedsolution
for task

� � is no longeran affine function but a piecewise
affinefunction. Noticeif ataskhasmultipleout-goingedges
in � , thoserulescanalso potentially imposea restrictive
conditionon clusternumberingandwe canalsosplit based
on theserules. Figure 6 illustratessplitting of a task

��'
basedon the rules “

��' � ���
” and “

��' � ��­
”. No-

tice thatall rulesin � arebijective, thussubgraphs�I$ and� '
dealwith disjoint setsof all taskinstances.For exam-

ple, taskinstancesof
��'

aredivided into two parts,onein�I$ andanotherin � '
. Thentaskinstancesof

� $ arealso
divided in two partsaccordinglydueto bijection andrule
“
� $ � ��®

” will only needto appearin � '
.
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Figure 6. Spliting of Graph � into � W
and � Y

at node
��'

(note that � Y
may be par titioned

again at node
�w­

)

6. Simulation and Experimental Results

We have implementedthe SLC for compile-timesym-
bolic schedulingof a PTG, which automaticallyfinds the
clusteringfunction ~ for eachtask. We have also imple-
mentedpartof runtimesupportfor executinga PTGusing
theSLC schedule,which allows usto conductexperiments
in assessingperformanceof anSLCsymbolicschedule.

Thebenchmarksusedin this paperareseveralcompute-
intensive kernelsin scientificapplications:Gaussianelim-
ination, Cholesky factorization,Givensalgorithm, Jordan
diagonalization,andmatrix multiplication. The advantage
of our algorithmis that it requiressmall memoryspacein
clusteringandproducessymbolicsolutionsindependentof
problemsizesand the numberof processorsused. In this
section,we mainly assessif theschedulingperformanceof
ouralgorithmis still competitiveto astaticalgorithmwhile
retainingsymbolicprocessingadvantages.



Graph n Sequential No. clusters Sched.length No. clusters Sched.length R
time DSC DSC SLC SLC

Gauss 100 1009800 92 364532 102 402572 0.91
Gauss 200 8039600 196 994960 202 1033735 0.96
Gauss 400 64159200 402 2979410 402 2990280 0.98
Jordan 100 1509950 92 495149 101 779170 0.64
Jordan 200 12039900 199 1325682 201 1978317 0.67
Jordan 400 96159800 395 3895200 401 5645048 0.69
Givens 100 3720750 114 896350 101 913707 0.98
Givens 200 39214956 371 2654398 201 2539794 1.05
Givens 400 257418656 1269 6964054 401 7845122 0.89

Cholesky 100 510150 93 241918 101 312250 0.77
Cholesky 200 4040300 212 521662 201 687350 0.76

Table 1. Comparison between SLC and DSC on an unbounded number of processor s (relativel y slo w
machine/coar se grain tasks)

A performancecomparisonof SLC and DSC.Table1
and Table 2 compareperformanceof SLC with the DSC
staticclusteringalgorithm[25] for parametersizeof 100,
200 and 400 (matrix dimension). We have not beenable
to performtestsfor largermatrix sizesbecausetaskgraphs
becometoolarge(over1 million tasks/edges)andDSCcan-
not schedulethemin our machine.Thedifferencebetween
Table 1 and Table 2 is that in Table 2, the edgecost has
beenreduced,simulatinga fastparallelmachineand thus
increasingthe taskgranularity. The resultof matrix multi-
plication is not shown becauseSLC andDSC alwaysfind
theoptimalclustering,which yieldsno difference.Thelast
columnof thesetwo tablesis theratio

�
of theDSCsched-

ulelengthovertheSLCschedulelength.If
�

is greaterthan$ , it meansthat SLC outperformsDSC. The resultsshow
thatdespitethatDSCcomputesaclusteringsuitableto each
graph,

�
is never lower than # [ ¬�­ . For coarsergraphs

�
is never lower than # [ ¯f� . It appearsthatSLC outperforms
DSC for somegraphinstances.Theseresultsindicatethat
theSLC algorithmdeliversa symbolicschedulingsolution
with performancehighly competitive to theDSCstaticso-
lution in termsof schedulingquality.

We also have simulatedthe executionof clusterson a
boundednumberof processors(from

'
to

¬�­
). We have

usedthe PYRROS schedulingtool [24] to merge clusters
andsimulateexecutionof tasks. The resultsareshown in
Figure7. In that case

�
is between# [°��® and $ [ ­ , thusthe

schedulingquality of SLC is alsogoodon a boundednum-
berof processors.

Gaussianelimination on IBM SP2.For Gaussianelim-
ination code,we have developeda preliminaryversionof
multithreadedcodeto executesymbolically mappedclus-
tersusinga multithreadingpackagecalledPM2 [18]. We

haverun it on anIBM SP2with 15 RS6000processors(the
16-th processorwasout of orderat the time of the experi-
ments).Figure8 shows thespeedupof theGaussianelimi-
nationcodewith variousmatrixsizes.Wehaveaspeedupof
11.74for 15 processorswhenthematrix sizeis 4000. The
resultshowsthatourGaussianeliminationcodescaleswell.
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speedup for gauss, on the SP2, using PM2.

N : size of the matrix

N=2000

N=4000

Figure 7. Speedups of the Gaussian Elimina-
tion on IBM SP2.

7. Conclusions

In thispaperwehavepresentedtheSLCalgorithmwhich
symbolicallyschedulesparameterizedtaskgraphsandcan



Graph n Sequential No. clusters Sched.length No. clusters Sched.length R
time DSC DSC SLC SLC

Gauss 100 1009800 101 25093 102 30001 0.84
Gauss 200 8039600 201 100193 202 120001 0.83
Gauss 400 64159200 401 400393 402 480001 0.83
Jordan 100 1509950 101 40002 101 40202 0.99
Jordan 200 12039900 201 160002 201 160402 1.00
Jordan 400 96159800 401 640002 401 640802 1.00
Givens 100 3720750 98 166393 101 175906 0.95
Givens 200 39214956 318 671163 201 755580 0.89
Givens 400 257418656 496 2668550 401 2844880 0.94

Cholesky 100 510150 100 32156 101 30100 1.07
Cholesky 200 4040300 239 121759 201 120200 1.01

Table 2. Comparison between SLC and DSC on an unbounded number of processor s (relativel y fast
machine/fine-grain tasks)
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Figure 8. Makespan ratio DSC/SLC for a bounded number of processor s (using PYRROS cyclic cluster
merging). Cluster execution within each processor is done using the PYRROS RCP* algorithm.

performoptimizationusedin staticscheduling,independent
of programparametervaluesandthenumberof processors.

Our contribution is twofold. First, we have shown how
to find a linearclusteringfor aPTG.Second,wehavemod-
ified and augmentedthe Feautrier’s algorithm with graph

splitting for deriving anexplicit clusteringfunctionin order
to allocateclustersonto the processors.We have demon-
stratedthat symbolically scheduledtaskscanbe executed
efficiently on multiprocessorsandcandeliver goodperfor-
mancefor several compute-intensive kernel benchmarks.



Our experimentalresultsindicatethat SLC finds symbolic
scheduleswith performancehighly competitive to static
schedulingalgorithmssuchasDSC.

Currentlywe aredevelopinga codegeneratorthattrans-
forms an annotatedsequentialprograminto parallel code
usingtheSLCalgorithmandevaluateourmethodin awider
rangeof benchmarks.
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deLyon,France,1996.

[17] C. Mongenet. Affine DependenceClassificationfor Com-
municationsMinimization. IJPP, 25(6),dec1997.
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