Modular decompositions of graphs and hypergraphs, and their definitions by monadic second-order formulas

B. COURCELLE

LaBRI^{⋆⋆}, Université Bordeaux I, 351 cours de la Libération, 33405 Talence, France email: courcell@labri.u-bordeaux.fr, http://dept-info.labri.u-bordeaux.fr/ ~courcell/ActSci.html fax: (33 or 0) 5 56 84 66 69

We know from graph theory that graphs have certain canonical hierarchical decompositions. One of them is the decomposition of a graph into a forest over its 3-connected components, another one is the modular decomposition. These hierarchical decompositions are based on operations that construct graphs: respectively, certain ”gluing operations” and substitutions of graphs for vertices.

Hierarchical decompositions are interesting because they yield in some cases, proofs of properties based on induction on the hierarchical structure of the considered graphs. Efficient algorithms, based on such induction (and the Cartesian principle of splitting a problem into smaller, easier to solve ones) can be obtained through them.

The notion of modular decomposition has been rediscovered frequently by many authors, and named in different ways. It is based on the notion of a module in a graph, i.e., of a set of vertices that are all linked in the same way to each vertex not in the set (linked in the same way means, either linked or not, and with same edge directions in case of directed graphs.) It has been considered in particular by R. Fraïssé under the name of an interval. The terminology based on the term module seems to be now the standard one.

We are interested in situations where such hierarchical graph decompositions can be defined in monadic second-order logic [1]. This gives in particular results saying that a set of graphs is monadic second-order definable if and only if it is recognizable, i.e., is a union of congruence classes having finitely many classes [2]. (The notion of congruence is relative to the operations upon which the decomposition is defined.)

The definability result holds for the decomposition of a graph in 3-connected blocks, and also for the modular decomposition under the additional assumption that the graph is given with some linear order of its set of vertices [2]. (Any two linear orders yield the same decomposition since modular decomposition is unique; we do not know how to do the construction with monadic second-order formulas without using an auxiliary linear order.)

⋆⋆ CNRS, UMR 5800 1 This work has been supported by the European TMR Network GetGrats

We will present the notion of modular decomposition for finite undirected hypergraphs of unbounded rank [3] (we call rank the maximal size of a hyperedge). Such hypergraphs can be handled as bipartite graphs, but their modular decompositions are not the ones for graphs via this representation. The trees representing modular decompositions can be defined in monadic second-order logic without needing any auxiliary ordering.

A hypergraph is convex if there exists a linear order on the vertices such that all hyperedges are intervals (with respect to the order, not ”modules”). If it is prime (i.e., is a basic component of the modular decomposition), then only two linear orders witness its convexity (one and its opposite). They can be defined by monadic second-order formulas [3].

We deduce from this construction that if a set of finite convex hypergraphs has a decidable monadic second-order theory then, considered as a set of bipartite graphs, it has so-called bounded clique-width, or equivalently, can be obtained from finite trees by a certain graph transformation expressible in monadic second-order logic.

This provides us with a new case of validity of a conjecture made by Seese (see [1]) that sets of graphs having a decidable monadic second-order theory are definable from trees by monadic second-order formulas.

Bibliographical note

The first reference to modular decomposition is usually to the 1967 paper by Gallai [6]. However, the modular decomposition is already defined in the 1953 note by Fraïssé [4] (no name is given to the notion of a module), and for an n-ary relation, not only a binary one. In a more recent paper by Fraïssé [5], the corresponding notion of a module is called an interval.

References

1. B. Courcelle, The expression of graph properties and graph transformations in monadic second-order logic, Chapter 5 of the Handbook of graph grammars and computing by graph transformations, Vol. 1 : Foundations, G. Rozenberg ed., World Scientific, 1997, pp. 313-400.

2. B. Courcelle, The monadic second-order logic of graphs X: Linear orderings, Theoret. Comput. Sci. 160 (1996) 87-143.

3. B. Courcelle, A monadic second-order definition of the structure of convex hypergraphs, 1999, submitted; see: http://dept-info.labri.u-bordeaux.fr/ ~courcell/ActSci.html 4. R. Fraïssé, On a decomposition of relations which generalizes the sum of ordering relations, Bull. Amer. Math. Soc., 59 (1953) 389.

5. R. Fraïssé, L’intervalle en théorie des relations, ses généralisations; filtre intervallaire et clôture d’une relation, in Orders, description and roles, M. Pouzet, D.Richard eds., North-Holland, 1984, pp. 313-342.

6. T. Gallai, Transitiv orientierbare Graphen, Acta Math. Acad. Hungar., 18 (1967) 25-66.

2