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Parity Games
BPA
Local Parity BPA Games

e Definitions and Example.
e Winning Strategies and Winning Sets.
e Deciding the Winner and Complexity.

Global Parity BPA Games
e Definitions and Example.
e Deciding the Winner and Complexity.

BPA Games vs. Pushdown Games



Framework:
e [wo players: I et I1.
e Graph G=(V,E), V=V;UV;s.
e Coloring function: p:V — C.

Play:

e Play: path in G.
e [/ wins & the smallest infinitely repeated color is even.



General Case:

o V =W;UWyj.
e Positional winning strategies.

Special case of finite graphs:

e Deciding the winner: N"P N co — NP.
e [Jurdzinski| Algorithm in:

ol (n )2
(m<Ld/2J> )



Definition

e Greibach normal form [Bergstra & Klop].
o B=(I,L,<).

e Push: a—ba, acl and be (I\{L}).

o Pop: a—¢e, ac (I"\{L}).

BPA Graph: G = (V,—)

o V=(\{L}PH*L.
e — induced by <.



Partition of V:

e Two players : I and 1.
o [ = I’IUI‘H.
° V[:Vﬂ(l‘fl'*) and VH=Vﬂ(I‘”I‘*).

Parity Condition:
e p. I - C.

e p:V — C: p(v) = p(top(v)): local coloring condition.
e |/ wins & Smallest infinitely repeated color is even.
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Local Strategies:

e au € Wy and ¢ winning strategies.
o If p(au) = push(b) then YVw, aw € W; and p(aw) = push(b).

Deciding the winner: NP Nco — NP.

e (Guess a strategy.
e Solve a "1 player’ problem.



Partition of [

o [y={a€el | fromal, I wins without popping a}.
o [[={acTl | fromal, Il wins without popping a}.
o M= \{LD\(Twuly).

Regular Winning Set:

N L e (A R If L ¢ Wy,
Mre(C\{L})*LUurlriL Otherwise.



Associated Finite Graph: G = (V,E)

V=rx{LII}U{t ff}. Vi =T x{I,II}

a—¢ein B = (a,I) — 1t and (a,II) — ff.

a — ba in B and min{p(a), p(b)} even = (a,X) — (b,1).
a — ba in B and min{p(a), p(b)} odd = (a,X) — (b, I1I).
p((a, X)) = p(a).

p(t) =0 and p(ff) =1

Deducing the partition:

e a €y < (a,Il) € Wy.
e acl, & (a,II)¢ Wy and (a,I) € Wy.
e acl; < (a,1) € Wyy.
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o W;={(a,I),(a,II),(b,1),t}.
o Wi ={(bID),(dI),(dII), ff}.
o [y ={a}l.
o [, = {b}.
° I_l={d}.



For any rule L — a.l:

(1) a€lMy.
(2) a€l7 and min{p(a), p(L)} is even.

1 e W iff:

e If Lel;,, LeW; < 3 1L —al s.t (1) or (2) holds.
o If Lely, LeW; oV L—al, (1) or (2) holds.



Local Strategies = NP Nco— NP.

Turing Reduction to a Finite Graph.

e Effective algorithm in time

5 (2n + 2\ /2]
O<d"’ (Ld/2J> i




Global BPA:

e B=(I',L,(Lo,---,Lg-1),—).
d—1

e (M\{L}H)*L= J L;: Regular partition.
i=0

o Push: a<sba, acl and be (IF\ {L1}).
o Pop: a<>e, ac (IF\{L}).

Playing on a Global BPA Graph:
o V= \{LH)*L=V;UVp, Vi Regular.

e — induced by —.
e p(u) =1 < u € L.
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Reduction to Local Parity BPA Games:

e (G global game ~ G’ local game with alphabet of exponen-
tial size and linear number of colors.

e Alphabet of G: T X Qr X Qo X Q1 X +++ X Qg_1.
e Transition in G’: update control states.

Cconsequences:

e = Wy is regular.
e — Deciding the winner is in DEXP TIME.



Deciding the winner is in DEXPTIME:

e Reduction to a local parity BPA game.

Deciding the winner is DEXPTIME-Complete:

e Simulation of alternating linear space bounded Turing ma-
chine with a global parity game.



Pushdown Parity Games

e [Walukiewicz| Deciding the winner is DEXPTIME-Complete.
e Graph: Arbitrary loops.
e Winning sets: Any regular languages.

Global BPA Parity Games
e Deciding the winner is DEXPTIME-Complete.

e Graph: Loops of length 2.
e Winning sets:. Specific languages.



e [Local BPA Parity games : to relate with parity games on
finite graphs.

e Global BPA Parity games : to relate with parity games on
pushdown graphs.

e Relation with the p-calculus model checking for BPA?



