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Graphs and posets (finite): representation
A a finite alphabet

Directed A-labeled graphs: G = (V, E, \) with
ECVxxVand \:V — A

For our purpose, self-loops are irrelevant: as-
sume that E is anti-reflexive (if necessary, the pres-
ence of a self-loop at vertex = can be encoded in the
letter labeling x)

Dag: directed acyclic graph

Poset (V,<) : a transitive dag with < as the
edge relation

Dag — Poset: transitive closure

Minimal representation: the Hasse diagram of
(V,<), given by the succ relation; the only
anti-transitive, anti-reflexive dag, whose tran-
Sitive closure is <



Logics

MS = Monadic second order logic, on the
structure (V, E): quantification is on (sets of)
vertices, FE is a binary predicate

CMS = Counting monadic second order logic:
this is MS, enriched with special quantifiers
of the form 3med a5 ,(z), interpreted to mean
that the set of values of x such that ¢p(x) holds
IS O mod ¢

CMS is strictly more expressive than MS: MS
cannot express even Size



Algebraic framework

Necessary to discuss notions such as recogniz-
ability, equationality of a graph language L

Endow the set of all finite A-labeled graphs
with a structure of F-algebra, for a well-chosen
signhature F

(Roughly) L is F-recognizable if it is a union
of classes in a finite index congruence of the
F-algebra of graphs (Mezei, Wright, 1967)



Several signatures in the literature

V R-signature: for graphs with ports, decorated
with finitely many flags from a set C; oper-
ations are @ (disjoint union, binary), add.g4
(unary), mdfp (for P Cy;,, C x C, unary)

H R-signature: for graphs with sources, deco-
rated with flags from a set C, each flag used
at most once; operations are |oc (C,C’ fi-
nite subsets of C, parallel composition, binary),
source renaming (wrt a given selfmap of C,
unary), source fusion (wrt a given equivalence
relation on C, unary)

modular signature: for graphs without flags;
the operations are derived from the modular
decomposition of graphs, precise definitions will
be given



From results of Courcelle, Engelfriet, Olariu:

CMS-def — V R-recog

C' M S>-def =— H R-recod

(quantification on vertex sets and on edge sets)

C'M S>-def <= H R-recog

for languages of tree-width < k (Courcelle,
Lapoire)



Composition of graphs

H = ([n],F) defines an n-ary operation on
graphs
H = H(Gl,...,G4>:

Particular cases:
Hg = G1 G =G UGy

Heo = G1eG> = G1UGH with all arrows
from V7 to V»

Hg = G1 ® Go = G1 UG> with all ar-
rows from V7 to V5 and back (does not preserve
posets)

K(LY,.., Ly) and L= Li(Gijy, -, Gig, )

associativity of substitution

Use only prime (indecomposable) graphs as op-
erations



Modular decomposition of graphs
G=(V,E)

Modules: X C V

interacting

uniformly with V' \ X

Prime module: a module X s.t. for every mod-
uleY, eitherYC X or XCY or XNnNY =10

If X1,...,X, are the maximal proper modules,
then G = H(X,...,Xpn) for

H=1 y 2 . —n or
H=1 2 n or
H=1_"2_" ' n or

H = ([n], F') is a prime graph



Thus each graph can be expressed from single-
tons using the composition operations associ-
ated with prime graphs,

T his expression, the modular decomposition, is

unique up to associativity of e, b, ® and com-
mutativity of &, ®

VAV

H<G17G27G37G47G5> — H<G57G47G37G27G1>
The modular signature, F~ is infinite

A-labeled graphs = the Fw-algebra generated
by letter-labeled singletons = A-generated Foo-
algebra



consider finite subsignatures F C F

F = {e} A-generated F-algebra: A-labeled graphs
with vertices {1,...,n} and edges of the form
(i,7) with i < j = the free semigroup A7

F ={®} A-generated F-algebra: finite A-labeled
discrete graphs (no edges) = the free commu-
tative semigroup on A

F = {®} A-generated F-algebra = finite A-

labeled cliques (also the free commutative semi-
group on A)
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F ={6,®} The F-graphs are the cographs =
P,-free undirected graphs — where P, is

U v

AN

w x

F = {e,} The F-graphs are the series-parallel
posets = N-free directed graphs — where N is

U v

N
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Characterization of F-recognizability
(Courcelle 1997)

F finite subset of F, L a F-graph language:

L CMS-definable — L F-recognizable

L Foo-recognizable

a certain tree-like normal form
language is C M S-definable

Courcelle shows more:

F-recognizable <= M S;;,-definable
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Some special cases

F = {e}: Biichi's theorem on the free semi-
group; recognizability <— M S-definability

F = {®}: discrete graphs = free commutative
semigroup; recognizability <— C' M S-definability

F = {®}: same thing

F = {e,d}: sp-languages;
recognizability < C M S-definability (Kuske '02)

For sp-languages of bounded width (= with a uniform
bound on the size of an antichain):

C M S-def is equivalent to M S-def (Courcelle);
recognizability is characterized by a branching automa-
ton model and by series-rational expressions (union, e,

@, e-iteration, i.e. Kleene star (Lodaya-Weil)

Weil: extension of this equivalence to larger
signatures F C Fo
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In Kuske's and other proofs: use the fact that
e-nodes in a tree (term) decomposition of an
sp-poset have a notion of first-child

Weakly rigid operations
H = ([n], F') a prime graph

If H = C,, no child of an H-node is distin-
qguished

e g

Aut(H) = ((123)(456),(12)(56)) does not act
transitively on [n]: there are two orbits; distin-
guish {1,2,3} as the first nodes, and {4,5,6}
as the last ones

If H is a dag and not discrete, the H-product
IS weakly rigid
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Weakly rigid signature: a finite subset of
Foo, CoOnNsisting of at most one of & and ®,
and of weakly rigid operations H = ([n], F),

_|_
for each such H, the designation of a distin-

guished set of children (an orbit of [n] under
Aut(H))

Ex. Any finite signature consisting of dags

(distinguished children: say, the maximal ones);

Any signature consisting of & and prime graphs
with non-uniform in- (resp. out-) degree

Theorem: For a weakly rigid signature F

F-recognizability <— C' M S-definability
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Hasse diagram representation of posets
the modular decomposition does not help

for each operation in Fo, Say
(G17,Gn) |_> f(G1,7Gn),

define f: (hasse(G1),...,hasse(Gy)) —
hasse(f(G1,...,Gn))

In order to preserve properties such as
C M S-definability = F-recognizability,

it IS necessary to consider enriched graph struc-
tures: S = (V,E,m,M) where E is an anti-
reflexive, anti-transitive, antisymmetric binary
relation, m and M are unary, representing min-
imal and maximal elements
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Example: if f is the binary e-product, Se" 5’ is
the disjoint union of S,S’, with edges from M
to m’, new minimum predicate m, new maximal

predicate M/’

The operations fh can be expressed using dis-

joint unions and quantifier-free operations
17



If L is a poset language and L" = hasse(L), if
F Ctin Foo and Fh = {f| f € F}, we have

L is CMS-definable < L" is C M S-definable

L is F-recognizable < L" is F'-recognizable
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Quelques perspectives

Liens entre F-, HR- et V R-reconnaissabilité
FO-définissabilité pour les F-graphes (sp-posets)

po-traces
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