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� �� A � �� � �� �� �� ��� �� � � � � � � � � � ��� � � � � � � �! � ��" �#

size : A → $

a 7→ |a|

% � �� & � �! � � � �� � ' ' n (
An := {a ∈ A : |a| = n}� �) *� � � .

� �� a(n) = |An| +

,- � � � � *� & �� � � � � * # � �� �� & � * � �! � � � � � � * � � a(n)

a(n) = · · · �� A(t) :=
∑

n≥0

a(n)tn = · · ·

% � . & � � � � � � � *� & �� � � � � * # � �� � &� � � �! � *� & � �� � a(n) (� � n → ∞

a(n) ∼ · · · �� a(n) ≤ · · · �� a(n) = O(· · · ) �� a(n)1/n → · · ·
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% � n → ∞ (
a(n) ∼ b(n) ⇐⇒ a(n)

b(n)
→ 1

a(n) = O (b(n)) ⇐⇒ |a(n)| ≤ Cb(n) � �� � � & � � � * �� � * � C

a(n) = o (b(n)) ⇐⇒ a(n)

b(n)
→ 0
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 '� � � �� 
# � �� d ≥ 5 ( �! �� � �- � �� � µ� * � κ �� � ! �! � �

a(n) ∼ κ µn.
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� ! � �� � & ��� � � � 	 
 '� � � �� 
# � �� d ≥ 5 ( �! �� � �- � �� � µ� * � κ �� � ! �! � �

a(n) ∼ κ µn.

� � * � � � � � � �# � * �! � � ��� � � � '� � � � � � � d = 2 �
a(n) ∼ κ µn n11/32.

� ! � �� � & ��� � & & �� � ' � . 	 � � ' �! �� 
# � * �! � � � � � � � '� � � � � � (
µn ≤ a(n) ≤ µn β

√
n



� � �� � �� � ��� 	 � 
 � � �� �
 � � 
� � � � �� � 
� �

� � � �� � � � � � � �� � �� � �� �
 � � �� � � � 	 � ��



�� � � �� � � ��� ���� � 	 
 �� � 
 �� � 	 � � � �� �� 	 � ���

•� ! � . � � � ' � � � � � &� * �� * � �! � * �- � � � � � �� '� �

•� ! � .! � ' � � � � � �� * � ! � � � ��� � � � � � �� � � * ��� � � * � � �



�� 
 	 �� � � � �� �� � 	 
� 	� � � 
� � �� � � 	 �� 	 �

�� �� � � �� � 	 
� � � �� � � 	�� �� � � � ±1

•� � � � ' *� & � �� �� n 	 �� � � � '� �# 2n

• � � & � �� �� * � * 	 * � �� � � � � � '� � � �- �� � � � � 
#

( n
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•� � � � ' *� & � �� �� n 	 �� � � � '� �# 2n

• � � & � �� �� * � * 	 * � �� � � � � � '� � � �- �� � � � � 
#

( n

bn/2c
)

∼
√

2√
π

2n

√
n

�� ! � �� � �� �� '� � . �! � � � � � * � � &  � '� � � &� � * � * � * 	 * � �� � � � � � � � � . � '� � � √
2/

√
πn

� � n �� � � �

� � � ! & �� �� � � � � � � * � � & � � � � � � � '� � ��
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D(t) =
Q

1 − Q

 ! � ' � M(t) =
Q

(1 − Q)



1 −
∑

k≥1

Qk+1

1 − Qk(1 + Q)





,

 � �!

Q =
1 − t −

√

(1 + t)(1 − 3t)

2t
.

% � . & � � � � � � � �
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,- # � �� � � � � � � *� &� ' � � �! � � �� 
 � � + & � '� � 	 ��� � � � � � � *� &� ' � � � � � 	 � � � ! *� � " �� 
#

D(t) =
Q

1 − Q

 ! � ' � M(t) =
Q

(1 − Q)



1 −
∑

k≥1

Qk+1

1 − Qk(1 + Q)





,

 � �!

Q =
1 − t −

√

(1 + t)(1 − 3t)

2t
.

% � . & � � � � � � �#

d(n) ∼ κ
3n

√
n

,  ! � ' � m(n) ∼ κ µn  � �! µ = 3.58789436...

� � '� � 	 ��� � � � � � � *� &� ' �� � � �- � � * � * � �� ' ' . & �� � *� & �� � � � +



�� � � � �� 
 � � � �� �� � � � �� 
� � 	 � �� � � � � � � 
 � �� � �� � � � � � � �� � � � � 	� � � �

,- # � �� � � � � � � *� &� ' � � �! � � �� 
 � � + & � '� � 	 ��� � � � � � � *� &� ' � � � � � 	 � � � ! *� � " �� 
#

D(t) =
Q

1 − Q
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1 −
∑
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1 − Qk(1 + Q)





,

 � �!

Q =
1 − t −

√

(1 + t)(1 − 3t)

2t
.

% � . & � � � � � � �#

d(n) ∼ κ
3n

√
n

,  ! � ' � m(n) ∼ κ µn  � �! µ = 3.58789436...

� � '� � 	 ��� � � � � � � *� &� ' �� � � �- � � * � * � �� ' ' . & �� � *� & �� � � � +

� �� � � * �� � '� *� &� ' �# κ µn/n � �! µ ' 4.06...
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� . �� � � ' ' . (� � . & � � � � � � � � �� '� � ' � � � '� � � �! � �#

a(n) ∼ nαn µnβ
nγ (logn)η κ

,- � & � ' � �

n! ∼ (n/e)n √
2πn � �� & � � � � � � * �

w(n) ∼ κµn(logn)1/4 
 % � � * D = 4 �� � * � + �

p(n) ∼ 1
4n

√
3

eπ
√

2n/3 � �� � �� � ��� �� � & � � �! n� � ' ' � � �� � � � � � � * � �

g(n) ∼ κn!(27.2...)nn−7/2 '� � � ' ' � � � '� *� � �� � �! � � * n � �� � � � � �

� � � & � * �" 	 � � . �� 
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•� ! � .! � ' � � � � � �� * � ! � � � ��� � � � � � �� � � * ��� � � * � � �

•� ! � . � ' ' � � � � � � � & �� � � � '� � � � � �� � � � � � � � � * �! � �� & � �� � ' �

•� ! � . � � ' ' � �� � � � � '� � � �� � * � � & � � � � � � �
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,- # � �  � ' � � � �! �� � � � ±1

� ! � *� & � �� �� * � * 	 * � �� � � � � n 	 �� � � � '� � � �

( n

bn/2c
)

∼
√

2
2n

√
πn

⇒� ! � �� � �� �� '� � . �! � � � * n 	 �� � �� � * � � &  � '� � � &� � * � * � * 	 * � �� � � � � � � � ��� � � 	

� ' � * � � � κ/
√

n +

� *� � �� & �� � �� �� '� �� � � �� ��� � �� � � � * # �� � ! � � � � � � �� An � � � � � �  � �! �! � �� & �

�� � �� �� '� � . 1/a(n) ( � �! a(n) = |An| +

� � & �� � � � � * �� � '� � � � �# � � Bn ⊂ An� * � O� �� � � * � � & � � � � � � �� An

prob(O � � ' � * � � � � Bn) =
b(n)

a(n)
.
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size : A → $ s : A → �

a 7→ |a| a 7→ s(a)

� ! � * � � � � � � � � � � � � � � * � *� � �� & ' . � * An ( �! � �� � � � �� � � s � � � � & � � � � � * � � &

�� � �� � ' � Sn#

P(Sn = k) =
a(n, k)

a(n)

 ! �� � a(n, k)� � �! � *� & � �� �� � � � � � � � �� ��" � n� ��  ! � � ! �! �� � �� � � � *� ' �� � � � �� � �

s � � � � ' � k +
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•�! � ) *� '! �� �! � �� � � �  � '�  � �! n �� � � � (

•�! � &� - � &� '! �� �! � �� �� � ! �  � ' � (

•�! � � � �! �! �� �! � �� � ��� � � � � � � *� &� ' � �! n� � ' ' � (

•�! �� � �� � * � ' � � � � � . � 
 % � �� � �� � & � � �� 2n (

•�! �� � �� � * � ' � � � � � . � �� � �� � � � � � � ' . � � * �� � �� � & �� �� 2n + + +
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E(Sn) =
1

a(n)

∑

|a|=n

s(a) =
1

a(n)

∑

k

ka(n, k)

 ! �� � a(n, k)� � �! � *� & � �� �� � � � � � � � �� ��" � n� * � �� � � � �� � � k +

• � �� � � � * �� � ' & � & � * � �

E((Sn)
i) =

1

a(n)

∑

|a|=n

s(a)i =
1

a(n)

∑

k

kia(n, k)
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E(Sn) = 0 ( � . & & � �� . � ) E(S2
n) = n
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E(Sn) = 0 ( � . & & � �� . � ) E(S2
n) = n
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E

(

Sn

n3/2

)

∼
√

π

4
, E





(

Sn

n3/2

)2


 ∼ 5

24

� �� � � � * �� � ' ' . (

E





(

Sn

n3/2

)j


 ∼ cj

c0

Γ(−1/2)

Γ((3j − 1)/2)

 � �!

c0 = −1/2, cj =
j(3j − 4)

8
cj−1 +

j−1
∑

i=1

(j

i

)

cicj−i
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Γ : � \ {0,−1,−2,−3, · · · } → �

, � ' �� � � � �) *� � � � * # � �� <(z) > 0 (

Γ(z) =

∫ ∞

0
e−ttz−1dt ⇒ Γ(n + 1) = n!

� � * � � � � *� ' � � � � � � � *

Γ(z + 1) = zΓ(z)
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� � & � ' � & � * � � �� & � '� #

Γ(z)Γ(1 − z) =
π

sinπz
⇒ Γ(1/2) =

√
π

% � . & � � � � � � � � 
 � �� '� * � � � � �� & � '� 
# � � z → ∞ � �! |Arg(z)| < π − δ (

Γ(z + 1) = zΓ(z) =

(

z

e

)z √
2πz

(

1 +
1

12z
+ O(1/z2)
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• �� � & � & � * � � E((Sn)j) �� * � �! ��� � �! � �� � � � � � n → ∞ �

/ C � B .
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Fn(x) := P(Sn ≤ x)

� �� � . � � � �� � �� �� '� � . � � * �� � � � * � � � * � � � � * #
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