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�� �� �� � �	� 
 � � �� ��� 
 �� � � � ��� �� ��

size : A → � s : A → �

a 7→ |a| a 7→ s(a)

�� �� �� � ��� �� � � � � � �� � � ! � �" # $ � An %� � � �� � �  ��  � s� �� � " � �� �� � & � "

'� � � � # � Sn(

P(Sn = k) =
a(n, k)

a(n)

)� � � � a(n, k) �� � � � � " � � � � ! �� � � �� � � ! � * � n ! � � )�  �� � � �� & & �  � � � # �� � �  ��  �

s � + �� # � k ,
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 � � �� ��� 
 �� � � � ��� �� ��

•� � �� � � #� � �� � � !� �� )� # � ) � � n �� � � � %

•� � � " � 	 " � #� � �� � � ! � � �� � )� # � %

•� � � ) &� � 
� � �� � � !� & � ��� � &� � " � # ) � � n� � # # � %

•� � �� � �� �� � # � � � & � $� �� 
 � ! � � � " �� � � 2n %

•� � �� � �� �� � # � � � & � $� �� �  �� � � � � � # $ � � � � ! � � � " �� � � 2n , , ,
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 � �� � � 
 � � � 
 � �� �� � � � 
 ��� �� � � � ��� 
 �

� �� �  �  � � ,	 � � �� � & � " '� � � � # � � Sn� � � ' � � � � � #� ) � �� � � �� � & � " '� � � � # � S %

� � ' � � & �� � � ��  � � ! � � � �  � � F (x) % ! ! � �� # # x 
 )� � � � F � � � � �  � � � � � � %

P(Sn ≤ x) = Fn(x) → F (x) = P(S ≤ x).
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� � � ' � � � �� � � � !� � � & �� � � ��  � � ! � � ��  � � � ! Sn(

P(Sn ≤ ` + 1) →
∑̀

k=1

k

2k+1
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 � � � 
 �� � � �� �

� � E(S2
n) = n % ) � � � � � & � �� � � �� � & � " '� � � � # � Sn/

√
n ,

�� � & �� � � ��  � � ! � � ��  � � �� �  �� � �

P

(

Sn√
n
≤ x

)

→ 1√
2π

∫ x

−∞
e−t2/2dt

⇒ � � � ' � � � �� � �� �� �� � � � � � #� )
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•� � � " � � � & �� � � ��  � � ! � � � �  � �

• 
 � " � � � " � " �� � �

•�  �� � �� � # "  � #� ) �( � � � � ) � � � � � ' � � � �� � � � !� � � � � �� � �  # � $ � �� � �� �  � �

! � � ��  � �

• � � � �  � � � � � # "  � #� ) �( � � � � ) � � � � � ' � � � �� � � � !� � �� � � #� � � � �� � � � � �

� �� � � ! � �"
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 � �� 
 � �� � � 
 � � � 
 � � �

	 � � � � � " ,� � � Sn� � � � � ' � � � � � #� ) � � S % � � �� � � �� � � �

•� # # " � " �� � � � � � ' � � � � ( E(Sn
j) → E(Sj) ! � �� # # j

•� � �� � � #� � �� �� � � ! � � "
E(exS) =

∑

j≥0

E(Sj)
xj

j!

� � �� � � � �  ' � �� & � � � ! � ' ,
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 � �� � � � � � 
 �� � 
 �� �� � � ��� �� � s �

� '� � � � � � �� � �� �  � � ! � � ��  � � (

A(t, u) =
∑

a∈A
t|a|us(a) =

∑

n
tn





∑

k

a(n, k)uk





� � � � � # *� �  � � u = 1(
A(t,1) =

∑

a∈A
t|a| =

∑

n
a(n)tn

•� ' � �� � � '� # � � � ! Sn(

u
∂

∂u
A(t, u) =

∑

n
tn





∑

k

ka(n, k)uk



⇒ u
∂

∂u
A(t, u)

∣

∣

∣

∣

u=1
=
∑

n
tna(n)E(Sn)



� � �� � �� � � � 
 � �� � � � � � 
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 �� �� � � ��� �� � s �

� '� � � � � � �� � �� �  � � ! � � ��  � � (

A(t, u) =
∑

a∈A
t|a|us(a) =

∑

n,k

a(n, k)tnuk

� � � � � # *� �  � � u = 1(
A(t,1) =

∑

a∈A
t|a| =

∑

n
a(n)tn

•� ' � �� � � '� # � � � ! Sn(

u
∂

∂u
A(t, u) =

∑

n
tn





∑

k

ka(n, k)uk



⇒ u
∂

∂u
A(t, u)

∣

∣

∣

∣

u=1
=
∑

n
tna(n)E(Sn)

•� � �� � � � " � " �� � �(

(

u
∂

∂u

)i

A(t, u) =
∑

n
tn





∑

k

kia(n, k)uk



⇒
(

u
∂

∂u

)i

A(t, u)

∣

∣

∣

∣

∣

u=1

=
∑

n
tna(n)E(Sn

i)
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 �� �� � � ��� �� � s �

� '� � � � � � �� � �� �  � � ! � � ��  � � (

A(t, u) =
∑

a∈A
t|a|us(a) =

∑

n,k

a(n, k)tnuk

� � � � � # *� �  � � u = 1(
A(t,1) =

∑

a∈A
t|a| =

∑

n
a(n)tn

•� ' � �� � � '� # � � � ! Sn(

u
∂

∂u
A(t, u) =

∑

n
tn





∑

k

ka(n, k)uk



⇒ u
∂

∂u
A(t, u)

∣

∣

∣

∣

u=1
=
∑

n
tna(n)E(Sn)

•� � �� � � � " � " �� � �(

(

u
∂

∂u

)i

A(t, u) =
∑

n
tn





∑

k

kia(n, k)uk



⇒
(

u
∂

∂u

)i

A(t, u)

∣

∣

∣

∣

∣

u=1

=
∑

n
tna(n)E(Sn

i)

•	 � � � 	 � � � �� �  � # " � " �� � �(

∂iA

∂ui
(t,1) =

∑

n
tna(n) E(Sn(Sn − 1) · · · (Sn − i + 1))
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• �� � ! �� � � � � � � � � � & � $� � � �� � # !�� # �� �� � � t �� � & � � " � � � � ! ' � � �� � � � u �(

A(t, u) =
u

1 − 2uP (t)

) � � P (t) =
1 −

√
1 − 4t

2

⇒ A(t,1) =
1√

1 − 4t
=

∑

n≥0

(2n

n

)

tn =
∑

n
a(n)tn
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• �� � ! �� � � � � � � � � � & � $� � � �� � # !�� # �� �� � � t �� � & � � " � � � � ! ' � � �� � � � u �(

A(t, u) =
u

1 − 2uP (t)

) � � P (t) =
1 −

√
1 − 4t

2

⇒ A(t,1) =
1√

1 − 4t
=

∑

n≥0

(2n

n

)

tn =
∑

n
a(n)tn

•	 � � � & � � '� �  ' � � ) , � ,� , u

∂iA

∂ui
(t,1) =

i! (2P (t))i

(1 − 4t)(i+1)/2
=
∑

n
tna(n) E(Sn(Sn − 1) . . . (Sn − i + 1))
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• �� � ! �� � � � � � � � � � & � $� � � �� � # !�� # �� �� � � t �� � & � � " � � � � ! ' � � �� � � � u �(

A(t, u) =
u

1 − 2uP (t)

) � � P (t) =
1 −√

1 − 4t

2

⇒ A(t,1) =
1√

1 − 4t
=

∑

n≥0

(2n

n

)

tn =
∑

n
a(n)tn

•	 � � � & � � '� �  ' � � ) , � ,� , u

∂iA

∂ui
(t,1) =

i! (2P (t))i

(1 − 4t)(i+1)/2
=
∑

n
tna(n) E(Sn(Sn − 1) . . . (Sn − i + 1))

• � � � � #� � � $� � � # $ � �(

E(Sn(Sn − 1) . . . (Sn − i + 1)) ∼ i!Γ(1/2)

Γ((i + 1)/2)
ni/2

⇒ E





(

Sn√
n

)i


 ∼ i!Γ(1/2)

Γ((i + 1)/2)

	 � � � �� � �� � � " � " �� � � � !� � � �� $ # � �� #� ) � ! & �� � � $ x/2exp(−x2/4) ! � � x > 0

⇒ � � � ' � � � �� � � � #� ) � �� �� $ # � �� & �� � � ��  � �
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�

• �� � ! �� �  �� � � � � � # $ � � � � � $� � # !� � � � " �� � � (t)� � &� � �� � u �(

P (t, u) = t2u + 2tuP (t, u) + P (t, u)P (tu, u)

• � � � �� � � & & � � � �� �  � �  � � � � !� � � � + �� �  � �

⇒ ∂iP
∂ui (t,1) �� # )� $ �� # � �� ��  � � � &

∂jP

∂uj
(t,1) =

∑

n
tna(n) E(Sn(Sn − 1) . . . (Sn − j + 1)) ∼ cj

(1 − 4t)(3j−1)/2

) � �

c0 = −1/2, cj =
j(3j − 4)

8
cj−1 +

j−1
∑

i=1

(j

i

)

cicj−i

• � � � � #� � � $� � � # $ � �

E





(

Sn

n3/2

)j


 ∼ cj

c0

Γ(−1/2)

Γ((3j − 1)/2)

� � " �� � � � !� � � �  � $ & �� � � ��  � � ⇒ � � � ' � � � �� � � � #� )
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	 � � � � � " , � � � Sn� � � � � ' � � � � � #� ) � � S % � � �� � � �� � � � � � � � � �� � �  # � $

� �� � �� �  � � ! � � ��  � � � ! Sn� � � ' � � � � � � � � � ) � �� �� � � � � ! S(

Gn(u) :=
∑

k

P(Sn = k)uk → G(u) :=
∑

k

P(S = k)uk

! � � u � � � �� Ω� � ' � �� � � � � � " � #� �  � � � � � � � ! " � & � # � � < 1 ,

� 	� " � # �( Ω = [0,1/2]
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 � �� � �� � � � �� � � � � � � 
 �� 
 �� �� � � ��� �� � s �

• 
 � �� � �  # � $ �� (
Gn(u) :=

∑

k

P(Sn = k)uk =
1

a(n)

∑

k

a(n, k)uk

• � '� � � � � � �� � �� �  � � ! � � ��  � � (

A(t, u) =
∑

n
tn





∑

k

a(n, k)uk



 =
∑

n
tna(n)Gn(u)

� � � � � # *� �  � � u = 1(

A(t,1) =
∑

a∈A
t|a| =

∑

n
a(n)tn

⇒ � ��  " � � �� � � � � �� � �� � � ! tn � A(t, u) % )� � � � u �� � 	 � & � �� # � � � � " � # � 	

� � " � � �

⇒ � � � $ � # �� � � " �� � � & � � � � & ! � �� � �� � � # $ � � � ! A(t,1) �
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•� �� A(t, u)� � � � � � $ � � �� � � � � $� � �� � # !�� # �� �� � � t �� � & � � � � � � � � � u �(

A(t, u) =
u

1 − u(1 −
√

1 − 4t)/2

•�  	 u � [0,1] , 	 � �� %� � t → 1/4(

A(t, u) =
2

2 − u

(

1 − u

2 − u

√
1 − 4t

)

+ O(1 − 4t)
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•� �� A(t, u)� � � � � � $ � � �� � � � � $� � �� � # !�� # �� �� � � t �� � & � � � � � � � � � u �(

A(t, u) =
u

1 − u(1 −
√

1 − 4t)/2

•�  	 u � [0,1] , 	 � �� %� � t → 1/4(

A(t, u) =
2

2 − u

(

1 − u

2 − u

√
1 − 4t

)

+ O(1 − 4t)

• � � � � #� � � $� � � # $ � �(

[tn]A(t, u) = a(n)Gn(u) ∼ − 2u

(2 − u)2
4n

Γ(−1/2)
n−3/2

Gn(u) ∼ u

(2 − u)2
=

∑

k≥1

k

2k+1
uk = G(u)

� � � ' � � � �� � � � #� ) � �� � � & �� � � ��  � � � ' �� � $
P(S = k) =

k

2k+1
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• � 	 � � � �� �  � # �� � ! #� � � # # � & � � �� � &� � � � � � $ ' � ��  � � � (t)� � & & � � � � � � !� � � � � ��

(u)

A(t, u) = t exp(uT (t)) ) � � T (t) = t exp(T (t))

•� � � u > 0 % A(t, u)� � �� � �  + � � & � "  � � � � � � � � #� � � $� � t = 1/e % � � � � ' � � � $

� ! )�  ��

A(t, u) = eu−1 − ueu−1
√

2
√

1 − te (1 + o(1))

• � � � � #� � � $� � � # $ � �(

[tn]A(t, u) =
a(n)

n!
Gn(u) ∼ −ueu−1

√
2

en

Γ(−1/2)
n−3/2

Gn(u) ∼ ueu−1 =
∑

k≥1

uk

e(k − 1)!
= G(u)

�  �� � � ��  � � ! � � � �  � � � !� 
 � � � � � �� � & � " '� � � � # �
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	 � � � � � " � ,� � �� � � � � + � �� � � Sn� � � � � ' � � � � � #� ) � � S % � � �� � � �� � � � � � �

� � � � � �� �� � � ! � � " � � � �� � �� �� � � ��  � ! � � ��  � � � � � � ' � � � � � � � � � ) � �

E(eixSn) → E(eixS)

! � �� # # x � � ,

	 � � � � � " � ,� � �� � � � � + � �� � � Sn� � � � � ' � � � � � #� ) � � S % � � �� � � �� � � � � � �

� � � #� � �� �� � � ! � � " � � � ' � � � � � � � � � ) � �
E(exSn) → E(exS))

! � �� # # x � � � �� # � � �� � � �� � � & � ! 0 ,
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 �� �� � � ��� �� � s �

� '� � � � � � �� � �� �  � � ! � � ��  � � (

A(t, u) =
∑

n
tn





∑

k

a(n, k)uk



 =
∑

n
tna(n) E

(

uSn
)

⇒ a(n) E

(

exSn
)

= [tn]A(t, ex)

⇒ � ��  " � � �� � � � � �� � �� � � ! tn � A(t, u) % ! � � u� # � � �� � �
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•� � � " � #� � �� � � # �� � � � � �(

A(t, u) =
∑

n

tn

n!

∑

|σ|=n

uc(σ) =
1

(1 − t)u

• � � " �� � �(

∂iA

∂ui
(t,1) =

∑

n
tn E(Sn(Sn − 1) . . . (Sn − i + 1)) =

(

log
1

1 − t

)i 1

1 − t

• � � � � #� � � $� � � # $ � �(

E(Sn(Sn − 1) . . . (Sn − i + 1)) ∼ (logn)i

⇒ E(Sn
i) ∼ (logn)i

Sn

logn

d→ 1

� � � � �� � �� �  � � �� �� � " �� � � , �� � � � � �� � � � � �� �� �  � � �� � � � � & logn �
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• � � � " � # * � Sn , � � E(Sn) ∼ logn� � & E((Sn − logn)2) ∼ logn % & �� � �

S̃n :=
Sn − logn√

logn



�� � 
 � � � �� � 
 � � �� �� � 
 � �� � � � � ��� 
� � �� 
 � � � �

• � � � " � # * � Sn , � � E(Sn) ∼ logn� � & E((Sn − logn)2) ∼ logn % & �� � �

S̃n :=
Sn − logn√

logn

• �� � & $� � �� � � #� � �� �� � � ! � �" � ! S̃n(

E(exS̃n) = e−x
√

logn
E

(

(ex/
√

logn)Sn

)

= e−x
√

logn
E(uSn)

) � � u = ex/
√

logn ,
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• � � � " � # * � Sn , � � E(Sn) ∼ logn� � & E((Sn − logn)2) ∼ logn % & �� � �

S̃n :=
Sn − logn√

logn

• �� � & $� � �� � � #� � �� �� � � ! � �" � ! S̃n(

E(exS̃n) = e−x
√

logn
E

(

(ex/
√

logn)Sn

)

= e−x
√

logn
E(uSn)

) � � u = ex/
√

logn ,

• � �� � �� �  � � ! � � � �  � � (

A(t, u) =
∑

n
tn E(uSn) =

1

(1 − t)u
⇒ E(uSn) =

Γ(n + u)

n!Γ(u)

E(exS̃n) ∼ exp(x2/2)

� � � #� � �� �� � � ! � � " � !� � � �� � � � � � & �� � � ��  � � N (0,1)

� � � � # � � � � (

S̃n :=
Sn − logn√

logn

d→ N (0,1)
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�
� !� � � � � � �  � � � � & � � � � � � � !� � � � � � � #� � � $ & � � �� �� � � � � )� �� u '� � � �� � � � � &

� % � � � � 	 � ��� �� & �� � �� � # "  � #� )��

� �� � � � �  � � # � � " � � � �  � � ��� � " � ! � �� # � � # � � � � � � �

� ! A(t, u) = C(uB(t)) ) � � B(ρB) < ρC %� � �� � �� � � � � #� � � $ � ! A(t, u) � � � � � �� �

ρB� � & ) �� � ' �� & �� � �� � # "  � #� ) ) � � � � �� � �  # � $ � , ! ,(

G(u) =
∑

P(S = k)uk =
uB′(τu)

B′(τ)

)� � � � τ = B(ρB) ,

� 	� " � # � �(

• � � � � � � � � � � $ � � �� � � �

A(t, u) =
1

1 − u(1 −√
1 − 4t)/2

• � � �� C �� � � � � + � �� � � � � �� � � (C(z) = 1/(1−z)) % � � � ' � � � �� � �� �� � � �� �  ' �

�  � � "  � # #� )

• �� �� C �� � � � �� � � �� � � (C = exp) % � � � ' � � � �� � �� �� 
 � � � � � #� )
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�
� !� � � � � � �  � � � � � � � � � � � !� � � � � � � #� � � $ �� � � � � � � " � �� � # $ � � � � � & u = 1 %� � � � 	 � �� � �� �� � � � � � # "  � #� )�

	 � � + �� � � � � ) � �� � � � � � "

� � � � " �� � � � % � � ! � �" # $ � u� � � ��  � � � � �� � � �� � � & � ! � %� � � � � �� � �  # � $ � , ! ,

�� �  �� � �

Gn(u) =
1

a(n)
[tn]A(t, u) = κ(u)(µ(u))βn (1 + O(εn))

)� � � � βn → ∞� � & εn → 0 % κ(u)� � & µ(u)� � � � � � # $�  � � � � �� '� � � �  # � $� � � & �  � � �

� �� µn = E(Sn)� � & σ2
n = E((Sn − E(Sn))2) , 	 � �� � � � � � � " � # * � & '� � � � # �

Sn − µn

σn

� � � ' � � � � �� �� �� � � � � � #� ) N (0,1)

� 	� " � # �( � � " � � � � ! � $ � # � � � � � � � " �� � �  � �

Gn(u) ∼ nu−1

Γ(u)
∼ 1

Γ(u)
(exp(u − 1))logn
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	 � � " � ��  � � � � � ��  � � � � � � �� � �� � � � � � � �� � � � � � � � � � � �  � � � � � � � � � � � !� � �

� � � � #� � � $ � ! A(t, u)�� � � � � � � � � � � " � �� � # $� � � � � & u = 1 ,

� 	� " � # � ,	 � �� � �� � ! �� �  �� � � � � � # $ � � � �

A(t, u) = t2u + 2tuA(t, u) + A(t, u)A(tu, u)

	 $ � � � ! � � � � #� � � $

0 < u < 1 � " � # � � � # �

u = 1 � + �� � � � � ��

u > 1 �� & � � �
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	 � � " � ��  � � � � � ��  � � � � � � �� � �� � � � � � � �� � � � � � � � � � � �  � � � � � � � � � � � !� � �

� � � � #� � � $ � ! A(t, u)�� � � � � � � � � � � " � �� � # $� � � � � & u = 1 ,

� 	� " � # � ,	 � �� � �� � ! �� �  �� � � � � � # $ � � � �

A(t, u) = t2u + 2tuA(t, u) + A(t, u)A(tu, u)

	 $ � � � ! � � � � #� � � $ � ' � �� � �� � ��

 � � � # $ � � � � ) � �� � � & � $ ua(p)

0 < u < 1 � " � # � � � # � κn

u = 1 � + �� � � � � �� κn3/2

u > 1 �� & � � � n2/4

�� � & � " �� �  �� � � � � � # $ � � � � � ! � � � " �� � � 2n ) � � � � �� � �  # � $

prob(p) =
1

Zn(u)
ua(p)
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