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Enumeration and generating fun
tions

Let A be a set of dis
rete obje
ts equipped with a size:

size : A → N

a 7→ |a|Assume that for all n,
An := {a ∈ A : |a| = n} is �nite.Let a(n) = |An|.The generating fun
tion of the obje
ts of A, 
ounted by their size, is

A(t) :=
∑

n≥0

a(n)tn

=
∑

a∈A
t|a|.

Appli
ations: probability, algebra, 
omputer s
ien
e (analysis of algorithms),statisti
al physi
s... and 
uriosity



Rational and algebrai
 formal power series

• The formal power series A(t) is algebrai
 (over Q (t)) if it satis�es a (non-trivial) polynomial equation:
P(t, A(t)) = 0.

• The formal power series A(t) is rational if it 
an be written

A(t) =
P(t)

Q(t)where P(t) and Q(t) are polynomials in t.



Rational and algebrai
 formal power series

• The formal power series A(t) is algebrai
 (over Q (t)) if it satis�es a (non-trivial) polynomial equation:
P(t, A(t)) = 0.

• The formal power series A(t) is rational if it 
an be written

A(t) =
P(t)

Q(t)where P(t) and Q(t) are polynomials in t.
• A 
lass of obje
ts having a rational [algebrai
℄ generating fun
tion will besaid to be rational [algebrai
℄.



Some 
harms of rational and algebrai
 series

• Closure properties (+,×, /, derivatives, 
omposition...)

• �Easy� to handle (partial fra
tion de
omposition, Puiseux expansions, elimi-nation, resultants, Gröbner bases...)
• Algebrai
ity 
an be guessed from the �rst 
oe�
ients (GFUN)

• The 
oe�
ients 
an be 
omputed in a linear number of operations.

• (Almost) automati
 asymptoti
s of the 
oe�
ients: in general,

a(n) ∼ κ

Γ(d + 1)
µnnd,where κ and ρ are algebrai
 over Q and d ∈ Q \ {−1,−2, . . .}.



What does it mean for a 
lass of obje
ts to have

a rational [algebrai
℄ generating fun
tion?



Combinatorial 
onstru
tions and operations on series: A di
tionary

Constru
tion Numbers Generating fun
tionUnion A = B ⊎ C a(n) = b(n) + c(n) A(t) = B(t) + C(t)

Produ
t A = B × C a(n) = b(0)c(n) + · · · A(t) = B(t) · C(t)

+b(n − 1)c(1) + b(n)c(0)

|(β, γ)| = |β| + |γ|

�Symboli
 Combinatori
s� [Flajolet-Sedgewi
k℄



A rational example: integer 
ompositions

• Let n ∈ N . A 
omposition of size n with k parts is a k-tuple c = (n1, . . . , nk)with ni ∈ {1,2, . . .} for all i and n1 + · · · + nk = n.

(1) (2) (1,1) (3) (2,1) (1,2) (1,1,1)



A rational example: integer 
ompositions

• Let n ∈ N . A 
omposition of size n with k parts is a k-tuple c = (n1, . . . , nk)with ni ∈ {1,2, . . .} for all i and n1 + · · · + nk = n.

• Let C(t) be the generating fun
tion of 
ompositions, 
ounted by their size.Then

C(t) = t + tC(t) + tC(t).

= ∪ ∪

C(t) =
t

1 − 2t
.



An algebrai
 example: binary trees

• Let B(t) be the generating fun
tion of binary trees, 
ounted by the numberof (inner) nodes. Then
B(t) = 1 + tB(t)2

}{ ∪=

B(t) =
1 −

√
1 − 4t

2t
=

∑

n≥0

1

n + 1

(2n

n

)

tn Catalan number.



Rational and algebrai
 series: a 
ombinatorial intuition

• �Linear� stru
ture of rational obje
ts

∪∪=

• �Tree-like� stru
ture of algebrai
 obje
ts
}{ ∪=



Rational and algebrai
 series: a 
ombinatorial intuition

• �Linear� stru
ture of rational obje
ts

∪∪=

• �Tree-like� stru
ture of algebrai
 obje
ts
}{ ∪=

1. Formalize this intuition: tree-like stru
tures, N -algebrai
 series2. Are all algebrai
 obje
ts tree-like?3. How does one prove algebrai
ity?Similar questions for rational obje
ts and linear stru
tures



Part 1: Tree-like stru
tures and N -algebrai
 series

[Formal languages � Regular and 
ontext-free languages℄



Tree-like 
onstru
tions

• Building blo
ks: a �nite 
olle
tion of initial obje
ts (atoms)

• Take (disjoint) unions: (A, B) → A + B

• Take 
artesian produ
ts: (A, B) → A · B
• The 
onstru
tion may involve k di�erent 
lasses of obje
ts A1, . . . ,Ak

Example: A1 = 1 + 2t + 4tA1 + (12t + t2)A2 + t2A1A2
2

A2 = 14tA1 + 8tA2 + 3tA3
1



Tree-like 
onstru
tions

• Building blo
ks: a �nite 
olle
tion of initial obje
ts (atoms)

• Take (disjoint) unions: (A, B) → A + B

• Take 
artesian produ
ts: (A, B) → A · B
• The 
onstru
tion may involve k di�erent 
lasses of obje
ts A1, . . . ,Ak

Example: A1 = 1 + 2t + 4tA1 + (12t + t2)A2 + t2A1A2
2

A2 = 14tA1 + 8tA2 + 3tA3
1De�nition: A series A is N -algebrai
 if there exists a k-tuple of formal powerseries A = (A1, . . . , Ak) su
h that A = A1 and for 1 ≤ j ≤ k

A =







A1...

Ak





 = Φ(A) =







P1(t, A1, . . . , Ak)...
Pk(t, A1, . . . , Ak)





where

• ea
h Pj is a polynomial with 
oe�
ients in N
• the map B 7→ Φm(B) is a 
ontra
tion for some m.



Tree-like 
onstru
tions

• Building blo
ks: a �nite 
olle
tion of initial obje
ts (atoms)

• Take (disjoint) unions: (A, B) → A + B

• Take 
artesian produ
ts: (A, B) → A · B
• The 
onstru
tion may involve k di�erent 
lasses of obje
ts A1, . . . ,AkExample: A1 = 1 + 2t + 4tA1 + (12t + t2)A2 + t2A1A2

2
A2 = 14tA1 + 8tA2 + 3tA3

1De�nition: A series A is N -algebrai
 if there exists a k-tuple of formal powerseries A = (A1, . . . , Ak) su
h that A = A1 and for 1 ≤ j ≤ k

A =







A1...

Ak





 = Φ(A) =







P1(t, A1, . . . , Ak)...
Pk(t, A1, . . . , Ak)





where

• ea
h Pj is a polynomial with 
oe�
ients in N
• the map B 7→ Φm(B) is a 
ontra
tion for some m.Property: The series Ai are uniquely de�ned by this system, have 
oe�
ientsin N and are algebrai
.



Linear 
onstru
tions

• Building blo
ks: a �nite 
olle
tion of initial obje
ts (atoms)

• Take (disjoint) unions: (A, B) → A + B
• Take 
artesian produ
ts with atoms only: A → tdA
• The 
onstru
tion may involve k di�erent types of obje
tsExample: A1 = 1 + 2t + 4tA1 + (12t + t2)A2

A2 = 14tA1 + 8tA2De�nition: A series A is N -rational if there exists a k-tuple of formal powerseries A = (A1, . . . , Ak) su
h that A = A1 and for 1 ≤ j ≤ k

A =







A1...
Ak






= Φ(A) =







P1(t, A1, . . . , Ak)...
Pk(t, A1, . . . , Ak)





where

• ea
h Pj(t, x1, . . . , xk) is a polynomial with 
oe�
ients in N of total degree atmost 1 (in the xi),

• the map B 7→ Φm(B) is 
ontra
tant for some m.Property: The series Ai are uniquely de�ned by this system, have 
oe�
ientsin N and are rational.



Combinatorial models for N -rational and N -algebrai
 series

1 2
3

4
5

• Let A(t) be an N -rational series. There exists a dire
ted graph G, and twoverti
es v1 and v2 in G su
h that A(t)−A(0) 
ounts walks going from v1 to v2in the graph (by their length).
• Let A(t) be an N -algebrai
 series. There exists a family of 
oloured treesthat has generating fun
tion A(t) − A(0).



Part 2: Are all algebrai
 obje
ts tree-like?



Are all algebrai
 obje
ts tree-like?

Let A be a 
lass of obje
ts with an algebrai
 generating fun
tion A(t).1. N -algebrai
ityIs the series A(t) N -algebrai
?2. Tree-like stru
tureIs a tree-like stru
ture visible dire
tly on the obje
ts?How easy is it to dete
t that A has an algebrai
 generating fun
tion?

Similar questions for rational GFs and linear stru
tures.



Are all algebrai
 obje
ts tree-like?

Let A be a 
lass of obje
ts with a rational [algebrai
℄ generating fun
tion A(t).1. N -rationality/N -algebrai
ityIs the series A(t) N -rational [ N -algebrai
℄?

Rational GF Algebrai
 GF

≈ YES ???I have never met a 
ounting problem I do not know how to dete
twith a rational, N -algebrai
itybut not N -rationalsolution



A 
riterion for N -rationality [Soittola℄

A rational series A(t) =
∑

k a(k)tk with 
oe�
ients in N is N -rational i�

• either ∑

k a(k)tk has a unique pole of minimal modulus (a dominant pole),

• or ea
h of the series ∑

k a(2k)tk and ∑

k a(2k +1)tk have a unique dominantpole,

• or ea
h of the series ∑

k a(3k)tk, ∑

k a(3k + 1)tk and ∑

k a(3k + 2)tk have aunique dominant pole,
• et
.



A 
riterion for N -rationality [Soittola℄

A rational series A(t) =
∑

k a(k)tk with 
oe�
ients in N is N -rational i�

• either ∑

k a(k)tk has a unique pole of minimal modulus (a dominant pole),

• or ea
h of the series ∑

k a(2k)tk and ∑

k a(2k +1)tk have a unique dominantpole,

• or ea
h of the series ∑

k a(3k)tk, ∑

k a(3k + 1)tk and ∑

k a(3k + 2)tk have aunique dominant pole,
• et
.

Appli
ation: The series

A(t) =
1 − 2t + 225t2

(1 − 25t)(625t2 + 14t + 1)has non-negative integer 
oe�
ients, but is NOT N -rational.



A 
riterion for N -algebrai
ity?

Question: Given an algebrai
 series A(t), how 
an we de
ide whether it is N -algebrai
?At least, 
an we state a ne
essary 
ondition for an algebrai
 series to be N -algebrai
?
Suggestion: look at the singularities of A(t)What are the possible singular behavioursof an N -algebrai
 series?



Singular behaviour of algebrai
 series

TheoremLet A(t) =
∑

n a(n)tn be an algebrai
 series with 
oe�
ients in N .Let ρ be its radius of 
onvergen
e. Then A(t) is singular at ρ, with a singularexpansion of the form
Asing(t) = C(1 − t/ρ)γ + o((1 − t/ρ)γ)where γ ∈ Q \ N .[Newton-Puiseux℄



Singular behaviour of N -algebrai
 series

(Future) theoremLet A(t) =
∑

n a(n)tn be an N -algebrai
 series.Let ρ be its radius of 
onvergen
e. Then A(t) is singular at ρ, with a singularexpansion of the form
Asing(t) = C(1 − t/ρ)γ + o((1 − t/ρ)γ)where

γ =
k

2d
,for k ∈ {1} ∪ {−1,−2,−3, . . .} and d ∈ {1,2,3, . . .}[mbm-S
hae�er, in preparation℄



Rooted planar maps: a 
andidate for non-N -algebrai
ity

Proper embedding of a 
onne
ted planar graph in the plane.One edge is oriented, with the in�nite fa
e on its right.

n edges

m(n)

Enumeration of planar maps by edges [Tutte 63℄
M = A − tA3, with A = 1 + 3tA2.

Remark. Asing(t) ∼ C(1−12t)3/2 ⇒ A good 
andidate for non-N -algebrai
ity



Are all algebrai
 obje
ts tree-like?

2. Tree-like stru
tureHow easy is it to dete
t that A has a rational [algebrai
℄ generating fun
tion?Is a linear [tree-like℄ stru
ture visible dire
tly on the obje
ts?

Rational GF Algebrai
 GF

≈ y e s NODete
ting rational GFs Many mysterious algebrai
 obje
tsand a linear stru
tureis (usually) easy



Part 3: A gallery of �hard� algebrai
 obje
ts



Algebrai
 obje
ts with no obvious tree-like stru
ture

1. Brute for
e approa
hDes
ribe any re
ursive 
onstru
tion of the obje
ts. Convert it into any fun
-tional equation for the generating fun
tion. Prove that the solution of thisequation is algebrai
.2. More 
ombinatori
sDes
ribe a re
ursive 
onstru
tion of the obje
ts based on 
on
atenation thatgives dire
tly a system of algebrai
 equation(s).

Both approa
hes may require to des
ribe �rst a bije
tion with another 
lass ofobje
ts.



Planar maps: the brute for
e approa
h

Let
F(t, u) ≡ F(u) =

∑

M

te(M)ud(M)

where e(M) is the number of edges of M and d(M) is the degree of the in�nitefa
e. Then

F(u) = 1 + tu2F(u)2 +
tu

u − 1
(uF(u) − F(1))

Polynomial equation with one 
atalyti
 variable, u.[Tutte 68℄



Polynomial equations with one 
atalyti
 variable [MBM-Jehanne 05℄

• Example
F(u) = 1 + tuF(u)3 +

tu (F (u) − F (1)) (2F (u) + F (1))

u − 1
+

tu (F (u) − F (1) − (u − 1)F ′(1))

(u − 1)2
.

• General frameworkAssume a (k+1)-tuple (F(u), F1, . . . , Fk) of formal power series in t is 
ompletelyde�ned by the equation
P(F(u), F1, . . . , Fk, t, u) = 0 (1)Typi
ally, F(u) ≡ F(t, u) has polynomial 
oe�
ients in u, and Fi ≡ Fi(t) is the
oe�
ient of ui−1 in F(t, u).

• Results1. The solution of every proper equation of this type is algebrai
.2. A pra
ti
al strategy allows to solve spe
i�
 examples (that is, to derivefrom (1) an algebrai
 equation for F(u), or F1, . . . , Fk).



Hard parti
les on planar maps

t

◦ F(u) = 1 + G(u) + tu2F(u)2 +
tu (uF(u) − F1)

u − 1

• G(u) = tuF(u) + tuF(u)G(u) +
tu (G(u) − G1)

u − 1

t2F(1) = T2(1−7T+16T2+T−15T3+4T4) with T(1−2T)(1−3T+3T2) = t.



Rooted planar maps: a 
ombinatorial explanation

• Bije
tion between planar maps (n edges) and balan
ed blossoming trees (nnodes) [S
hae�er 97℄
A planar map (GF M) A blossoming tree A = 1 + 3tA2

• An unbalan
ed blossoming tree is, in essen
e,
A A A

a 3-tuple of blossoming subtrees [Bouttier et al.02℄:

⇒ M = A − tA3.



Find 
ombinatorial explanations for...



Walks on the slit plane

S(u, v, t) :=
∑

i,j,n a(i, j, n)uivjtn

n steps

a(i, j, n)

j
i

• Why is S(u, v; t) algebrai
? Let ū = 1/u and v̄ = 1/v. Then

S(u, v; t) =

(

1 − 2t(1 + ū) +
√

1 − 4t
)1/2 (

1 + 2t(1 − ū) +
√

1 + 4t
)1/2

1 − t(u + ū + v + v̄)
.

• Why is Si,j(t) :=
∑

n a(i, j;n)tn algebrai
 for all i and j?
a(1,0; 2n + 1) = C2n+1, a(0,1; 2n + 1) = 4nCn, a(−1,1; 2n) = C2n . . .[Bar
u

i et al. 01℄[MBM-S
hae�er 02℄ [MBM 01℄ Cn =

1

n + 1

(2n

n

)

= nth Catalan



Kreweras' walks in the quarter plane

Q(t) :=
∑

n

a(n)tn

a(n)

n steps

• Why is Q(t) algebrai
? Let W = t(2 + W3). Then

Q(t) = 2
(1/W − 1)

√

1 − W2

1 − 3t
− 1

t
.

• Why is a(i,0;n), the number of walks ending at (i,0), ni
e and simple?

a(i,0; 3n + 2i) =
4n(2i + 1)

(n + i + 1)(2n + 2i + 1)

(2i

i

)(3n + 2i

n

)

[Kreweras 65℄, [Niederhausen 83℄, [Gessel 86℄,[MBM 04℄, [Bernardi 06℄



Embedded binary trees

11

0 2

1
−1

0

The generating fun
tion of binary trees of right width ≤ j is:

W≤j = A
(1 − Zj+2)(1 − Zj+7)

(1 − Zj+4)(1 − Zj+5)
,where A 
ounts binary trees and Z ≡ Z(t) is the unique series in t su
h that

Z = t

(

1 + Z2
)2

(

1 − Z + Z2
) and Z(0) = 0.[mbm 05℄ But. . . w h y ?



Con
luding remarks

• Not all generating fun
tions are algebrai
!Analyti
 te
hniques - Asymptoti
s:[Flajolet 87℄Algebrai
 te
hniques - Redu
tion modulo p:[Allou
he 97℄

• One more step in the hierar
hy of generating fun
tionsType of series Combinatorial intuitionpolynomials �nite setsrational linear stru
turesalgebrai
 algebrai
 stru
turesD-�nite ???D-�nite series ↔ P-re
ursive sequen
es:

P0(n)a(n) + P1(n)a(n − 1) + · · · + Pk(n)a(n − k) = 0.



Reverse engineering?

For
fn =

(2n)!

n!2
, fn =

(6n)!(n)!

(3n)!(2n)!2
, fn =

(10n)!(n)!

(5n)!(4n)!(2n)!
, fn =

(20n)!(n)!

(10n)!(7n)!(4n)!
,

the series

F(t) =
∑

n≥0

fntnhas 
oe�
ients in N and is algebrai
 [Rodriguez-Villegas 05℄.Does it 
ount something?


