Multivariable Tangent and Secant
g-derivative polynomials

Guoniu Han
IRMA, Strasbourg

(Based on the paper by Foata-Han with the same title)

Journées Viennot, Bordeaux June 28, 2012



The derivative polynomials

Dtanu = 1+ tan®u
D?tanu = 2tanu X Dtanu
= 2tanu x (1 + tan® u)
— 2tanu + 2tan® u
D?tanu = 2 + 8tan?u + 6tan* u
D*tanu = 16 tan u + 40 tan® u + 24 tan® u

Knuth-Buckholtz (1967) :

D" tanwu is a polynomial in tan u

The coefficients of the polynomial can be calculated by using a
recurrence relation



The derivative polynomials

D" tanu = Z a(n,m)tan™ u
m>0

a((),m) = 51,m
a(n+1,m)=(m—1)a(n,m—1)+ (m+ 1)a(n,m + 1)

m= 0 1 2 3 4 5 6 T
n:0/ 1 \

1|1 1

2 2 2

3| 2 8 6

4 16 40 24

5| 16 136 240 120

6\ 272 1232 1680 720



The derivative polynomials

Again:
D" secu := Z b(n,m) tan™ u secu.
m>0

where (b(n,m)) satisfies the recurrence relation:

bo.m = 00.m.,

b(n+1,m)=mb(n,m—1) 4+ (m+ 1)b(n,m + 1).



The derivative polynomials

The coefficients a(n, m) and b(n, m)

m = 0 1 2 3 4 5 6

n =20 ( 1 1 \ 1.20 1
1| 1 1 1 1.21 1
21 1 2 2 2 1.22 3
31 2 5 8 6 6 2.23 11
41 5 16 28 40 24 24 5.24 57
5\16 61 136 180 240 120 120/ 16.2° 361

first column : tangent and secant numbers

diagonal : factorial number

right of the table : row sums
row sums of a(n,m): tangent and secant numbers, x2"
row sums of b(n, m): Springer numbers



The derivative polynomials: Generating function

Derivative polynomials:

The exponential generating functions for the derivative polyno-
mials (Hoffman, 1995)

u™ T+ tanu
> An(z)— =

1l — 2 tanwu
n>0

> Buw)h = ———

COSU — T Sinu
n>0




The derivative poly. : Combinatorial interpretation

Hoffman (1999) has found a combinatorial interpretation of the
derivative polynomials, in terms of snakes, a notion introduced

by Arnold (1992).

snake of length n: each word w = z125 - - x,,, whose letters
are integers, positive or negative, with the further property that
x1 > X9, To < T3, ¥3 > X4, ... In an alternating way and
lz1||x2| -+ |xpn| is @ permutation of 12 --- n.

Josuat-Verges, Novelli and Thibon (2012) have recently devel-
oped an algebraic combinatorics of snakes from the Hopf algebra
point of view.

A, (x) is the generating polynomial for the set of all snakes of
length n by the number of sign changes; they also prove an
analogous result for By, (z).

This interpretation has been used again by Josuat-Verges (2011).



g-analog ?



g-Calculus

t-ascending factorial

1, fn=20
(5 @) = { (1—t)(1—tg)--- (1 —tg" "), ifn>1

(t; @)oo = limy, (t;q)n = T (1 —tq")

n>0
q-series
un
flu) =" f(niq)—
= (¢ @)n
q-derivative operator
f(u) — f(qu)

Dqf(u) :=

u

| Not the traditional f(z)(l—féf)lw ]



g-Calculus

q-exponential series

u" 1
eq(u) = Z =
n>0

(@GDn  (u59)s0

(a result that goes back to Euler, 1748)

q-trigonometric series (Jackson, 1904):

sing(u) = i) — ?Q(_iu) = Z(_l)n -

2i = (¢ @)2nt1

_ €qliu) +eq(—iu) —1)" u™
cosy(u) = > —nzzo( 1) (g5 9)2n



g-Calculus

q-exponential series

= — = (4 ¢)w
— % q)n

(a result that goes back to Euler, 1748)

q-trigonometric series (Jackson, 1904):

2n—+1

_ E,(tu) — Ey(—tu n (9 U
ing(1) = 20 B 5 gy 22T
n>0 9 n

Cosg(u) = By (u) + By (~iu) Z(—l)nqn@n—l)( u"

2 q;Q)Qn

n>0



g-Calculus

only one q-tangent

2. (_1)nu2n+1/(q; q)2n+1

tan,(u) 1= sing (w) _ Sing(u) _ n>0
q cosg(u) - Cosg(u) 2;0(—1)%%/ (¢; 9)2n

two g-secants

secq(u) 1= 1 _ 1
T cosg(u) ;0(_1)7@“271/(% Dom
Squ(u) — 1 — 1

- Cosq(u) > (=1)7g"=Dun /(g q)on



g-Calculus

Lemma.
D, tang(u) =1+ tan,(u) tan,(qu)
D, secq(u) = secqy(qu) tang(u)
D, Secy(u) = Sec,(u) tang(qu)
What are
Dy tang(u) =

Dy secq(u)

Dy Secy(u)

I



g-Derivative Polynomials

g-Leibniz:

- Z fi(u) - fici(u) - Dy fi(u) - fiv1(qu) -+ fn(qu)

1<i<n

Remark: The LHS is symmetric in the f;'s, so does the RHS.
However we cannot see the symmetry on the present writing
form of the RHS, that depends on the order of the f;'s.



g-Derivative Polynomials

Proof.

Notation f':= D, f.

= (f(u)g(u)h(u) ~ f(qu)g(qu)h(qw)
~(f()g(u)h(u) — f(u)g(u)h(qu)
T Fu)g(w)h(qu) — f(u)g(qu)hqu)
(w)g(qu)h(qu) — f(qu)g(qu)h(qu))

=f(u)g(u)h'(u) + f(u)g'(u)h(qu) + f'(u)g(qu)h(qu)

N——"



g-Derivative Polynomials

We have two ways to calculate tan” (u) = (tan’(u))" =

=(1 + tan(u) tan(qu))’

= tan(u)(tan(qu))’ + tan(u)’ tan(g?u)

= tan(u)q(1 + tan(qu) tan(g®u)) + (1 + tan(u) tan(qu)) tan(g*w)
—gtan(u) + tan(g*u) + (1 4 ¢) tan(w) tan(qu) tan(g*w)

and also

=(1 + tan(qu) tan(u))’

= tan(qu)(tan(u))" + tan(qu)’ tan(qu)

= tan(qu)(1 + tan(u) tan(qu)) + q(1 + tan(qu) tan(¢?u)) tan(qu)
—=(1 + q) tan(qu) + tan(u) tan(qu)* + gtan(qu)? tan(g*u)

Notation tan := tan,



g-Derivative Polynomials

tan”’ (u)
=(q+¢%)
+(q + ¢ + ¢*) tan(u) tan(qu)
+(1 4 ¢ + ¢°) tan(g”u) tan(g°u)
+q(1 + q) tan(u) tan(qgu)
(14 ¢)(1 + g + ¢*) tan(u) tan(qu) tan(g*u) tan(q*u)

and



g-Derivative Polynomials

+ (g + ¢*) tan(qu)? tan(q°u)
+ gtan(qu)’ tan(q*u)

+ tan(u) tan(qu)?

+ ¢° tan(g®u)? tan(q’u)

+ ¢* tan(qu) tan(q*u)?



Theorem. (Prototype)

Let
An,k,a,b(Q) —
Then
DZ; tanq Z An k,a, b tanq(qk+1u))b (tanCI(qku))a

k,a,b



Theorem. (Prototype)
For each composition ¢ = (cg,c1,Co2,...,Cp) of n let

An,c(Q) — ...

Then,
Dy tang(u) = Z A, c(q) tang(¢®u)

where

tang(q°u) := tany(¢®u) tan, (¢ ) - - - tan, (g T T T Om 1),



t-composition

C = (007017 SR 7Cm—1acm)
Co ZO
C1,C2, y Cm—1 > 1
Cm > 0

(0)co+er+---+cm=n;
(1) either m = 0, so that ¢ = (n) and n is an odd integer,
or m > 1 and both c¢g, ¢,, are even;

(2) if m > 2, then all the parts ¢q, co, ... , ¢;_1 are odd.

Notation puc :=m



The set of all t-compositions of n is denoted by O,,.

Oo:  (0,0);

©: (1), (0,1,0)

O (0,2), (2,0), (0,1,1,0);

©s3. (3), (0,1,2), (2,1,0), (0,3,0), (0,1,1,1,0);
O4

0,4), (2,2), (4,0), (0,3,1,0), (0,1,3,0), (0,1,1,2),
(2,1,1,0), (0,1,1,1,1,0).

(Card ©,) = (1,2,3,5,8,...) the Fibonacci sequence



A word w = Y192 - - - Ym, Whose letters are positive integers, is
said to be falling alternating, or simply alternating , if

Y1 > Y2, Y2 < Y3, Yz > Ya, ...

It is said to be rising alternating if

Yyr < Y2, Y2 > Ys, Ys < Y4, ...

The length of each word w is denoted by Aw
The empty word is denoted by ¢



tangent and secant numbers 15,.1 and Fs, occur as coeffi-
cients in the Taylor expansions of tan u and sec u:

u2'n,—|—1 U U3 U5 U7
tan u = Ty = =14 =24+ =16+ —9272 +- -
e ?;)(Qn—I—l)! e T T T TR
1 u>" u? u? u®
= = Fop =1+ —1+—5+—61+-
T Cosu =~ (2n)!* ot T 6! i

Désiré André (1879):

The number of falling (resp. rising) alternating permutations
o= o0(l)o(2)---o(n) of 12 ...n is equal to T;,, when n is
odd, and to F,, when n is even.



Main Theorems: t-permutations

Definition. A t-permutation of order n is defined to be a
nonempty sequence w = (wg, W1, - - ., Wy, ) of words having the
properties:

(i) the juxtaposition product wgw; - - - w,, is a permutation of
12---n

(i) (Awg, Aw1, ..., A\w,,) is a t-composition
(iii) wq is rising alternating, and

w1, Wa, . .., Wy, are (falling) alternating

Notation pw :=m



Main Theorems: t-permutations

The set of all t-permutations of order n will be denoted by 7,,.

To: (€ ¢€)

T (1) (e,1,6);

To: (6,21), (12,€);  (6,2,1,¢), (e,1,2,€);

Ts: (132), (231);
(6,3,21), (€,312,¢), (€,213,¢), (12,3,¢),
(6,1,32), (23,1,¢),(13,2,¢€), (¢ 2,31);
(6,1,2,3,¢), (6,1,3,2,¢), (62,1,3,¢), (¢2,3,1,¢),
(6,3,1,2,¢€), (6,3,2,1,¢)



Main Theorems: statistics

statistics on permutations:

The descent set of a permutation ¢ = o(1)o(2)---0(n) of
12---n, denoted by DES o, is defined to be the set of all ¢
suchthat 1 <i<n—1and o(i) > 0ot + 1);

ides o = # DES 0_1;
1maJ0—ZJ ) € DESo™1);

Let inv o be the number of inversions of o, as being the num-
ber of pairs (7,7) such that 1 <i < j <mn and o(i) > o(j).



statistics on t-permutations:

t-permutation w = (wg, w1, ..., W)

IDES w := IDES(wowy - - - wy,)
ides w := ides(wows * * - Wyy)
imajw := imaj(wowy -+ * Wi,

invw := inv(wowy -« + W)

(the juxtaposition product is a permutation)

minw := a if 1 i1s a letter in w,



Example. With the ¢-permutation
w=(45,1113,1079, 6, 8 2),

The inverse descents being reproduced in boldface, we have:

1desw = 6
majw=3+10+9+6 +8+4+ 2 =38
mvw = 27

minw = 1 since w; = (11 1 3)



For each triple (k,a,b) let T, k.qp denote the set of all ¢-
permutations w from 7,, such that idesw = k, minw = a

and a + b= pw.
Theorem (Multivariable g-analog). Let

An,k,a,b(Q) — Z qimaj v

'wETn,k,a,b
Then

Dg tan, (u Z A kan tanq(qk+1u))b (tanq(qku))a,

where 0 < k<n—1,0<a-+b<n+1.



Example: n=3

Ts
(132)
(231)

(€,3,21)
(€,312,¢€)
(€,213,¢€)
(12,3, ¢€)
(6,1,32)
(23,1,¢)
(13,2,¢)
( )

M
e

DO = = = = O e e = O N e e R

1ma,]

W NP P NORFNDFFDNOFEDNWRFDND

O WN M = NO = O =N O S

q°
q

weight Multi

q

2.1-1

qg-1-1

q° - 1-tan(qg?u)

2

q> - tan(q?u) - tan(qu)
q - tan(q?u) - tan(qu)
1-tan(qu)? -1
q° - tan(q?u) - tan(qu)
q - tan(q*u) - tan(qu)
q° - tan(q?u)? - 1
q-1-tan(qu)?
1-tan(qu)® - tan(u)
q° - tan(g?u)’ - tan(qu)
q-tan(un)2-tan(qu)2

q tan(q?u
- tan(q?u
> tan(qiu

) - tan(qu)’
2 tan(qu)

)
) - tan(q?u)?



Theorem (Composition g-analog). For each t-composition

c of n let
An,c(Q) _ Z qinvw.
w € T,
(Awg, Aw1, ..., A\w,,) =c
Then,
Dy tang(u) = Z A, c(q) tang(¢®u),
cecoO,,

where

tang(q°u) := tany(¢®u) tan, (¢ ) - - - tan, (g T T Om -1y,



Example: n=3

1nv

weight Compo
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RS RS  TR SHORSRS
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Proposition. We have

Z An,k,a,b(Q): Z An,c(Q)§

k>0, a+b=m cEO, m
Proof. Second fundamental transformation (Foata, Schiitzenberger)

g-derivative polynomials

Ap(z,q) == Z ™" Z A k,ab(q)

m>0 k>0, a+b=m



There is also a theory for sec, and Sec,. The underlying poly-
nomials being By, k.4.6(q).



For each (k,a,b) let T, ..., denote the set of all £-permutations
w = (Wo, W1, .-+, Wi, Wrnt1) N T k.ap+1 such that

wm_|_1 — €.



Theorem (Multivariable g-analog). Let

(110) Bn,k,a,b(Q) — Z qimajw

wETn,k,a,b+1

be the generating polynomial for the set T, . ..., by “imaj.”
Then

Dy secq(u) = > B kan(q)
k,a,b

D;L SeCC](“) — Z qn(n_l)/QBn,n—l—k,b,a(q_l)
k,a,b

X (tanq(qk+1u))b Secy(q"u) (tanq(qku)) .

where 0 < k<n—1and0<a-+b<n.



Example: n=3

Ts
(€,312,¢€)

N M —m R R O RF) = O = X

1maj]

N RPN ODNRFR O DN

O WIN = O O = == Q

q - tan(q®u)? sec(q?u
q tan(q?u) Sec(q u) tan(qu

2. tan(g?
3 - tan(q®

weight Multi
¢ - tan(qg?u) sec(q?u) tan(qu)
q - tan(q*u) Sec(q u) tan(qu)
1 - tan(qu)? sec(q
q - tan(q*u) Sec(q u)
¢ - tan(q®u)? s
1-tan(qu)? sec(q
q> -tan(qZu)3 sec(q?

ec

)
)

t
q
t
)
t

u)l
an(qu)
“u)

(

1
an(u)

an(qug

an(qu
3

u)? sec(q?u) tan(qu)

u) sec(q?u) tan(q

“u)

2
3



g-derivative polynomials

B, (z,q) := Z ™ Z B k.ab(q)

m>0 k>0, a+b=m



Hoffman (1995)

ZAn(x)u” _ x + tan u .

1 —x tanu’

n>0
u' 1
2By = o T e
n!  cosu— xsinu
n>0
Rewritten as:
u'" sec(u) X xsec(u)
Ap(x)— =t
Z () n! anfu) + 1 — xtan(u)
n>0
u'" sec(u)
By(z)— =
Z () n! 1 —xtan(u)



Theorem (qg-Hoffman).

secq(u) X x Secy(u)

A, ( =t
7;) . q (1) mgl) 7 tang (u)
Z B, (x q secq(u) |
1 x tang (u)

n>0 q)



Thank youl



