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Chapter 8

Monadic second-order
transductions of terms and
words

As explained in the introduction of Section 1.7, there do not exist finite-state
automata or finite-state transducers that work directly on graphs. Thus, for
graphs, the role of automata and transducers is taken over by monadic second-
order logic: instead of accepting a set of graphs by an automaton, it is defined
by an MS-sentence; and instead of computing a graph transformation by a
transducer, it is defined as an MS-transduction by a definition scheme. With
respect to automata, the original motivation for this approach was Theorem 1.16
(and its converse, cf. Theorem 5.66): for terms and words MS logic and finite-
state automata have the same expressive power.

The aim of this chapter is to show that, in a certain sense, the automata-
theoretic characterization of monadic-second order logic for sets of terms and
words (Theorem 1.16 and its converse) can be generalized to transductions.
This means of course, that the automata should produce output, i.e., that
they are transducers. We will concentrate on transductions that are partial
functions, and in particular on deterministic devices, i.e., parameterless def-
inition schemes and deterministic transducers. For these, we will show that
MS-transductions of words correspond to two-way finite-state transducers, and
that MS-transductions of terms correspond to (compositions of) tree-walking
tree transducers. These transducers are well known from Formal Language
Theory.

A two-way finite-state transducer is a finite-state automaton with a two-way
read-only input tape and a one-way output tape. The input word is placed on
the input tape between endmarkers, and the transducer has a reading head that
scans one cell of the input tape at a time. In one move, it reads the symbol
in that cell, moves one cell to the left or the right (or stays in the same cell),
writes some symbols on the output tape, and goes into another state. Such a
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transducer is said to be a one-way finite-state transducer if it never moves to
the left.

A tree-walking tree transducer is very similar to a two-way finite-state trans-
ducer, but more complicated as both its input and output are trees (or more
precisely, syntactic trees of terms). It is a finite-state device, of which the read-
ing head scans a node of the input tree, at each moment of time; this node will
be called the “current node”. In one move, it reads the label of that node and
either does not produce output, or produces one labelled node of the output
tree. In the first case, it moves to the father or to one of the sons of the current
node (or stays at the same node), and goes into another state. In the second
case, the automaton transforms into k£ parallel copies of itself, where k is the
number of sons of the produced output node. Each of these copies then moves
to the father or one of the sons of the current node (or stays where it is), and
goes into another state. Different copies can move to different input nodes and
go into different states; in other words, the copies behave independently (and
will behave independently in the future). The task of the i-th copy is to output
the tree rooted at the i-th son of the produced output node. Thus, the output
tree is generated in a top-down fashion, with several copies of the transducer
at some of the leaves of the output generated sofar. The computation of such
a copy ends when an output node is produced that has no sons. It should be
noted that a tree-walking transducer can detect whether or not the current node
has a father (i.e., whether it is the root), which son it is of its father, and how
many sons it has itself. We also note, for readers familiar with alternation, that
the “copying” behaviour of a nondeterministic tree-walking tree transducer is
similar to that of an alternating automaton.

We will identify words with monadic trees, i.e., trees of which each node
has at most one son, and the (unique) leaf has a specific label e. A word
a1as - - - ay, is identified with (the syntactic tree of) the term a; (a2 (- - - an(€) - -+)).
A tree-walking transducer that translates monadic trees into monadic trees is,
apart from notational matters, the same as a two-way finite-state transducer.
The symbol € acts as a right endmarker; there is no left endmarker, but the
transducer can detect the left end of the word because it is the root of the
monadic tree. Walking up and down on the monadic input tree corresponds to
the two-way (left and right) motion on the input tape. Since the output tree is
monadic, the transducer never transforms into two or more independent copies,
and therefore the output is produced as on a one-way output tape.

One might expect or hope that MS-transductions of words correspond to
the more usual one-way finite-state transducers that define the so-called ratio-
nal transductions (see, e.g., [Ber79]). However, these two classes of transduc-
tions have different properties. As observed in Section 1.7, the class of rational
transductions is closed under composition and inverse, and rational transduc-
tions preserve regularity and context-freeness of languages. On the other hand,
the class of MS-transductions of words is closed under composition (by Theo-
rem 7.7) but not under inverse. Moreover, inverse MS-transductions of words
preserve regularity of languages but MS-transductions do not. MS-transductions
do not preserve context-freeness either, but (by Corollary 7.33) they do preserve
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VR-equationality (of which context-freeness is a, proper, special case). These
statements will be made more precise in what follows.

Through the Recognizability Theorem (Section 5.3.8), finite-state automata
on terms can be viewed as an implementation of the specification of sets of
graphs by MS-sentences. For describing terms, the implementation formalism
fits the specification formalism, in the sense that they have the same expressive
power. Arbitrary MS-transductions are complicated to understand and to im-
plement. This chapter shows how to implement MS-transductions of terms as
finite-state transducers. In the case of words, the two-way finite-state transducer
fits the MS-transduction, in the above sense (see Theorem 8.12). For arbitrary
terms, MS-transductions can be implemented by the composition of two tree-
walking tree transducers, the first of which never moves up (see Theorem 8.18).
This implementation formalism fits the MS-transduction when it is appropri-
ately restricted (see Theorem 8.19). For terms we also discuss other implementa-
tion formalisms: the tree-walking pushdown tree transducer (see Theorem 8.15)
and the macro tree transducer (see Theorem 8.27). After the automata-theoretic
characterization of MS-transductions of terms and words, we obtain from the
Equationality Theorem (Theorem 7.32) automata-theoretic characterizations of
the VR-equational (equivalently, HR-equational) sets of terms and words (see
Theorems 8.25 and 8.26).

8.1 Terminology

For the reader’s convenience, we review some definitions and notation, and
introduce some new terminology, to be used in this chapter.

For binary relations R; and R, their composition is Re o Ry = {(z,2) |
Jy : (z,y) € Ri,(y,z) € Ro}. For classes X; and Xs of binary relations,
X900 X, = {RQORl ‘ R € X1,Ry € XQ}

In this chapter, all alphabets (for words) are assumed to be finite. More-
over, all functional signatures are assumed to be finite and one-sorted, and all
relational signatures are assumed to be without constants.

For a functional signature F' we denote by p(f) the arity of f € F, and by
p(F) the maximal arity of an element of F. For k € N, Fj, = {f € F | p(f) = k}.
The set of all (well-formed) terms over F is denoted T'(F'). A term will also be
called a tree; that should not lead to confusion, because in this chapter we will
not consider trees other than syntactic trees of terms.

For a term ¢t € T(F'), root; denotes its root, and for every node (or position)
u of ¢, u; denotes the i-th son of w (if it has one). The root has depth 1, and
the depth of w; is one more than the depth of u. Furthermore, t/u denotes
the subtree at node v and ¢ T u denotes the context at w (with w as context
variable).

With a functional signature F' we associate the relational signature Ry =
{laby | f € F}U{son; | i € [p(F)]} U{rt} where p(labs) =1, p(son;) = 2, and
p(rt) =1. A term ¢ € T(F') is represented by the structure

\_tJ = <Nt, (labft)feF, (sonit)ie[p(p)], T’tt> S STR(RF)
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where Ny is the set of nodes of ¢, labs = Occ(t, f), son;; consists of all (u,v) €
N? such that v is the i-th son of u, and rt; = {root;}. Without rt, this definition
of Rp and |¢] is the same as in the beginning of Section 6.3.3. It is equivalent
with the one given in Section 5.1.1. Note that we have taken the rt relation to
be of arity 1, to avoid relational signatures with constants. In fact (as observed
in Section 5.1.1), the relation 7t is superfluous, because it is FO-expressible
in terms of the others: rt(z) < —3y.\/,c(,(py s0ni(y, ). Thus, whenever we
define a monadic second-order transduction to T'(F), we need not (and usually
will not) specify the formulas 6,4 (;)) that define the rt relation in the output
structure.

In this chapter we view words as a special case of terms, viz. monadic terms.
In this way we avoid the duplication of definitions and proofs. A functional
signature is monadic if it is unary (i.e., all its elements have arity 0 or 1), and
it has exactly one element of arity 0, denoted e. For an alphabet A, there is
a natural bijection py : A* — T(Uga), where Uy is the monadic functional
signature AU {e} (e ¢ A) with p(a) = 1 for every a € A and p(e) = 0: the word
ajas - - - a, corresponds to the term pa(aias---an) = ai(az(---an(e)---)). In
fact, pa is the inverse of the mapping valyy, (), see Definition 2.7. Obviously,
as stated in Remark 3.20(4), a language L C A* is regular if and only if the set
of monadic terms pa(L) C T(Ua) is regular.

A word w € A* is represented by the structure |w| := |pa(w)] in STR(Ry,).
In this chapter it is important that the empty word € is represented by a struc-
ture with a singleton as domain rather than by the empty structure. The
reason is that an MS-transduction transforms the empty structure into itself,
whereas it can transform a singleton structure into any other structure. For MS-
transductions, the definition of |w] in Section 5.1.1 is equivalent to the above
definition, provided |e| is defined to have a singleton as domain.

We will consider MS-transductions of terms and words. By Propositions 5.22
and 5.23 these are the same as the CMS-transductions of terms and words.
But we will only consider deterministic devices, i.e., parameterless definition
schemes and deterministic transducers; to stress this, we will also use ‘deter-
ministic’ instead of ‘parameterless’. Note that parameterless MS-transductions
are partial functions. We denote by DMSOW the class of parameterless MS-
transductions of words (where the ‘D’ stands for ‘deterministic’ whence ‘param-
eterless’), by DMSOT the class of parameterless MS-transductions of terms,
and by DMSOTW those from terms to words. Thus, DMSOT is the class of all
transductions 7 : T(F) — T(H) such that {([|s]]iso, [[t]]iso) | (s,t) € 7} is a
parameterless MS-transduction from STR(Rp) to STR(Ry), and similarly for
the other two classes; in the remainder of this chapter we will be less precise
and write (|s], [t]) instead of ([|$]]isos [[t]]iso). It follows from (the proof of)
Theorem 7.7 that DMSOW and DMSOT are closed under composition.

An arbitrary transduction 7 (of structures) is of linear size increase if the
size of the output is linear in the size of the input (where ‘size’ refers to the
cardinality of the domains), i.e., if there is an integer k such that |Dr| < k-|Dg]|
for every (S,T) € 7. Obviously, as observed just before Example 7.2 (and
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in Fact 1.36), every MS-transduction is of linear size increase, where k is the
copying number of the definition scheme by which it is defined. A transduction
T has finite images if 7(S) = {T | (S,T) € 7} is finite (up to isomorphism)
for every input structure S. Since, for given n, there are only finitely many
structures T such that |Dp| < n (up to isomorphism), every transduction of
linear size increase has finite images; in particular every MS-transduction has
finite images.

To define the semantics of a tree-walking tree transducer we will use regular
grammars (Definition 3.17). A regular (tree) grammar is a triple G = (F, X, R)
where F' is a functional signature, X is a finite set of nullary symbols, called
nonterminals, disjoint with F', and R is a set of rules of the form z — t with
x € X and t € T(F,X). A regular grammar generates terms over F, i.e.,
L(G,z) C T(F) for every x € X. In fact, a regular grammar is a particular
context-free grammar. The one-step derivation relation of GG is denoted =¢,
hence L(G,z) ={t € T(F) | x = t}.

8.2 More on automata and logic

We need some more terminology on tree automata, and some more facts on
monadic second-order logic and regular sets of terms.

8.2.1 Automata

Recall from Section 3.3.1 that, given a functional signature F, a (bottom-
up, e-free) finite automaton over F (or finite F-automaton) is a tuple o/ =
(F,Q,0, Acc) where @ is a finite set of states, Acc C @ is the set of accepting
states, and 4 is a set of transition rules of the form f[q1,...,qx] — ¢ with f € F},
and q,q1,...,qx € Q (if K = 0, the transition rule is also written f — ¢). Recall
that <7 is complete and deterministic if for every f € Fy and q1,...,qx € Q
there is exactly one transition rule f[q1,...,qx] — ¢ in ¢ (with ¢ € @). This
definition is based on viewing .2/ as a bottom-up device.

In Section 8.6 we will also view & as a (usual) top-down tree automaton.
In that case, intuitively, Acc is the set of initial states (because o7 starts at the
root of the input tree), and a transition rule f[gi,...,qx] — ¢ in ¢ is interpreted
from right to left: if &7 is in state ¢ at node u with label f, then &/ transforms
into k copies of itself, and the i-th copy moves to the i-th son of u in state g;.
With this view in mind, we say that <7 is top-down complete and deterministic
if Acc is a singleton and for every ¢ € @ and f € Fj with k # 0 there is exactly
one transition rule f[q1,...,qx] — ¢ in § (with q1,...,qx € Q).

Let & = (F,Q, 0, Acc) be a complete and deterministic finite automaton; for
f € Fyand ¢i,...,qx € Q we denote by d¢(q1,...,qx) the unique state g such
that f[q1,...,qx] — qisatransitionind. For s € T(F') and u € Pos(s) we define
states o7 (u) € Q, the state in which </ reaches u, recursively as follows: if u €
Occ(s, f) with p(f) = k, then state, s (u) = d¢(states o (u1),. .., states o (ug)).
Obviously states o (u) = rung s(u), where rung s is the unique run of < on s
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(cf. Lemma 3.56). Thus, the set of terms accepted by &7 is L(«7) = {s € T(F) |
states, o (roots) € Acc}.

Now let 7 = (F,Q, 9, Acc) be a top-down complete and deterministic finite
automaton. For s € T(F') and u € Pos(s) we define tstates o (u) € Q, the state
in which &/ reaches u top-down, recursively as follows: tstates o (roots) is the
state g such that Acc = {q}, and if u € Occ(s, f) with p(f) = k # 0, then,
for every i € [k], tstates o (u;) is the state ¢; such that flq1,...,qx] — ¢ is the
unique rule in § with g = tstates o (u).

A set of terms is regular if it can be generated by a regular grammar (from
some nonterminal), or, alternatively, if it can be accepted by a (complete deter-
ministic) finite automaton, cf. Propositions 3.48 and 3.49. The class of regular
sets of terms is denoted REGT.

8.2.2 Logic

Let F be a functional signature. To implement an MS-transduction of terms by
a tree-walking transducer, the transducer will need to know, at each node u of
a tree s € T(F) which MS formulas ¢(z1) are true at u, and in some cases even
which formulas ¢(x1,z2) are true at u and some other node. To handle this
formally, we define the following theories, similar to, but different from those in
the proof of the Equationality Theorem (Theorem 7.24).

Let ¢ € N be given; it will be specified whenever we need the defini-

tions that follow. For n € N, let L,, := W(RF,{xl,...,xn}) and L] :=

W(RFU{M}7 {z1,...,2,}), where w is the unique variable used for contexts.
For s € T(F) and u € Ny, we define
Thi(u) = {p€Li|l[s/u] Feu)},
Thi(u) = {peli|[s1ulle(u)}, and
Ths(u) = {e€li]|ls] =)}
and for s € T(F) and a,u € N, we define
Thi(a,u) = {p € Ly||s/u] = pla,u)}  provided a € N jus
Thl(a,u) = {peLy||sTull=ela,u)} provided a € Nypy, and
Ths(a,u) = {p€ L2 [s] F ¢(a,u)}.

Note that if m < n then MSY(Rp,{z1,...,2m}) C MSY(Rp,{x1,...,25}), and
similarly for Rpyqwy. Hence, e.g., Thi (u) contains all sentences ¢ such that
p € MSY(Rp,0) and [s/u] |= ¢.

We now use the Splitting Theorem for derived operations (Theorem 5.47),
and in particular Application 5.51, to obtain a number of relationships between
these theories. It is easy to see that the results of Application 5.51 are also valid
with our definition of Rp and [¢]| (with 7t of arity 1 instead of 0).

Let u be anode of s € T'(F') with label f € F), and with sons uy, ..., u;. Then
(see Application 5.51), there is a mapping d; : P(L1)¥ — P(L;) (independent
from s and u), such that

Thi(u) = 7(Th (wr). .., Th (uy).



8.2. MORE ON AUTOMATA AND LOGIC 7

We will express this by saying that Thﬁ(u) can be determined from f and
Thi(uy),..., Th(uy). Similarly (see again Application 5.51), there is a map-
ping Z; : P(L}) x P(L1)¥ — P(L1), such that

Thy(u) = Zy(Th](w), Th (wy), ..., Th! (w)),

i.e., Thy(u) can be determined from f, Th!(u), and Thi(uy),..., Thi(ug).
Moreover, by a similar argument, for every ¢ € [k], there is a mapping Z;, :
P(L}) x P(Ly)*~1 — P(L}), such that

Th!(u;) = Z;.i(Thl(u), Th (ur), ..., Tht(ui_1), Thi(wi_1),..., Tht(ux)),

in other words, Th!(u;) can be determined from f, Thl(u), and all Th!(u;)
with j € [k], j # .

Similar statements are valid when two nodes a and u are considered. For
instance, if a € Ngpy, then The(a,u) can be determined from f, Thl(a, u), and
Th(uy), ..., Tht(ug). As another example, if a € N /u,;, then Th!(a,u) can be
determined from f, Thi(a, u;), and all Thﬁ (u;) with j # 4; moreover, for every
j # i, Thl(u;) can be determined from f, Th!(u), Thi(a,u;), and all Th!(u,,)
with m % 4, j.

We note here that the mappings d6; considered above can be viewed as

the transition rules of a complete and deterministic finite automaton &/ =
(F,Q,0,Acc) with @ = P(L1) and Acc is irrelevant. Obviously, for every

s € T(F) and u € Ny, state, o (u) = Thi(u). Hence, if ¢ € Ly has quantifier-
height < ¢ and Acc consists of all subsets of Ly that contain ¢, then L(«/) =
{s € T(F) | s [ ¢} (see Corollary 5.56).

We finally recall from the proof of the Equationality Theorem (Theorem 7.24),
that for every ® C L, there exists an MS formula né(xl) such that |s] = né (u)
if and only if Th!(u) = ®, and a similar formula 77;, (1) exists for Th](u) = ®.
The formula ni (1) is

X[yye X sy<z)n N\ X a)n N = (X 1)
ped peEL,—®

where y < x1 expresses that y is a descendant of x; (see Proposition 5.9) and
¢ (X, 1) is obtained from ¢(x;) by the relativization of ¢(x1) to X and the
replacement of every atomic formula rt(x) by « = x;. Similarly, the formula

n;(xl) is

AXVylye X & —y < x1) A /\ o' (X,m1) A /\ - (X, x1)]
ped peLl]—@

where ¢/ (X, x1) is obtained from ¢ (z) by the relativization of ¢(z1) to X and
the replacement of every atomic formula lab,, (z) by © = x; and every atomic
formula labs(x), with f # w, by laby(z) A x # 1.
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8.2.3 Logic and automata

We recall the basic connection between monadic second-order logic and au-
tomata, for sets of words and terms. It was stated in Theorem 1.16 (for terms)
and proved in Theorem 5.13 and Corollary 5.56 (and stated again in Theo-
rem 5.66). Taking the terms to be monadic, the result for words is obtained.

Theorem 8.1 Let F' be a functional signature.
A set of terms L C T(F) is regular if and only if there exists a sentence ¢ in
MS(Rp,0) such that L = {t € T(F) | |[t] E ¢}.

One consequence of this result is that inverse MS-transductions preserve
regularity (as observed for words in the introduction to this chapter). In fact,
using Theorem 1, the following two statements are immediate from Corollary 7.6
and Proposition 7.17, respectively.

Proposition 8.2 Let 7: T(F) — T(H) be an MS-transduction of terms.
1. If L C T(H) is regular, then 7=1(L) C T(F) is regular.

2. If 7 is an MS-relabelling and L C T(F) is regular, then 7(L) C T(H) is
regular.

8.3 Tree-walking tree transducers

To facilitate the proof of the characterization of MS-transductions of terms
through tree-walking tree transducers, we consider a hybrid device: a tree-
walking tree transducer that has MS tests and MS jumps, i.e., that uses monadic
second-order logic for two purposes: for a given input term s, (1) it can use a
formula (1) to test a global property of the current node z; of s, ie., a
property of the pair (s, x;) rather than just a (local) property of z1 (such as its
label), and (2) it can use a formula ¥ (z1, z2) to describe conditions implying a
jump in s from the current node x; to the new current node x5, that need not
be the father or a son of x; (or z; itself). This hybrid transducer allows us to
prove the characterization in several steps (rather than in one long proof). To
stress the role of determinism, we also consider nondeterministic tree-walking
tree transducers, and prove some of the results on transducers also for the
nondeterministic case.

An MS tree-walking tree transducer (abbreviated mstwt) is a tuple M =
(F,H,Q, ¢in, R), where F' and H are functional signatures of input and output
symbols, respectively, @ is a finite set of states, ¢;, € @ is the initial state,
and R is a finite set of rules. A rule is of the form (g,¢) — ¢ with ¢ € Q,
© € MS(Rp,{z1}), and ¢ is of one of the following two forms:

L (d' ),
2. h({q1, ¥1)s -+ (e, ¥r)),
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where (1) ¢ € Q and ¢ € MS(Rp,{z1,22}) such that |s| E Vai[e(z1) =
Mo (x1,22)] for every s € T(F), or (2) h € Hy, ¢1,...,qx € Q, and
1, ..., € MS(Rp,{x1,22}) such that |s| E Vai[p(z1) = Nz (21, 22)]
for every s € T(F) and every i € [k]. As usual the quantifier 3! stands for “there
exists exacly one”. Rules of type 1 will be called epsilon-output rules.

Note that the above conditions on ¢, ¥, 1, ...,1, are decidable by Theo-
rem 8.1 and the decidability of the emptiness of a regular set of terms (which
is a context-free language). Thus, our syntax for mstwts is effective.

The mstwt M is deterministic if for every two distinct rules (g1, ¢1) —
and (g2, p2) — (o in R, if g1 = g2 then ¢; and @9 are mutually exclusive on
T(F), ie., |s| E —~3z1][p1(z1) A w2(x1)] for every s € T(F). Again, note that
this is a decidable condition.

For every input term s € T(F) we define a regular grammar Gus =
(H,X s, Rat,s) over the output signature H. The set X s of nonterminals
consists of all pairs (q,u) with ¢ € Q and v € Ny (i.e., u is a node of s). Such
a pair is called a configuration of M on s. If (g,¢) — ( is a rule in R, then
Ry s contains a rule (g, u) — ¢’ for every u € N, such that |s| = p(u), where
¢’ equals

1. {¢’,v), and v is the unique node such that |s] | ¥(u,v),

2. h({g1,v1), ..., {qk,vk)), and v; is the unique node such that |s| | ¥;(u, v;)
for every i € [k]

)

respectively (according to the two possible forms of ¢ mentioned above). The
computations of M on input s are the derivation sequences of the grammar
Gum,s- The transduction computed by M, denoted Ty, is defined as 7y =
{(s,t) e T(F) x T(H) | t € L(G 1,5, {qin, 00t 5)) }.

Note that if M is deterministic then distinct rules of G/ s have distinct left-
hand sides. This implies that L(G s s, (gin, 700ts)) is either empty or a singleton,
and hence 7 is a (partial) function.

An mstwt M is single-use if for every s € T(F), £ € T(H, Xm5), t € T(H),
and {(q,u) € Xps, if (go, roots) =G, § =Gy, U then (g, u) occurs at most
once in £. Note that every mstwt with a monadic output signature is single-use.
The class of transductions computed by single-use deterministic MS tree-walking
tree transducers is denoted DTWTMS,

The mstwt M is called an MS tree-walking tree-to-word transducer if H is
monadic. If B = H — {¢}, then M realizes the following tree-to-word transduc-
tion: {(s,w) € T(F) x B* | (s,pup(w)) € Tar}. In this case one may view M
as having a one-way output tape, on which the output word is written. The
class of transductions computed by deterministic MS tree-walking tree-to-word
transducers is denoted DTWTW™MS.

The mstwt M is called an MS two-way finite-state transducer if F and H
are monadic. If A = F — {e¢} and B = H — {¢}, then M realizes the following
word transduction: {(v,w) € A* x B* | (pa(v), ps(w)) € Tar}.

The mstwt M is an MS tree-walking automaton if H = {e}, with p(e) = 0.
Then the tree language recognized by M is L(M) = {s € T(F) | (s,€) € Tam}.
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“

An mstwt is “jumping” rather than “walking”; moreover, it can do “global”
rather than “local” tests (cf. the introduction of this section). We say that
the mstwt M is nonjumping if the only formulas ¢ (z1, x2) that are used in the
right-hand sides of rules are x1 = x5 (stay where you are), son(ze,z1) (move
to the father), and son;(z1,x2) (move to the i-th son) for every i € [p(F)].
These formulas will also be denoted stay, up, and down;, respectively. Note
that son(w2,z1) abbreviates V., gy soni(z2,1). We say that M is local if
it is nonjumping and the only formulas ¢ that are used in the left-hand sides
of rules are boolean combinations of rt(z1), labs(x1), and Jy. son;(y, 1), for
every f € F and i € [p(F)]; note that rt(z1) is, in fact, superfluous. In our
terminology, locality will be indicated by dropping ‘MS’. Thus, a local mstwt is
also called a tree-walking tree transducer (for short twt), and the class of trans-
ductions computed by deterministic twts is denoted DTWT (and by DTWT,,
for single-use deterministic twts). The class of transductions computed by de-
terministic tree-walking tree-to-word transducers is denoted DTWTW, and the
class of (word) transductions computed by deterministic two-way finite-state
transducers is denoted 2DGSM (where ‘2gsm’ stands for ‘two-way generalized
sequential machine’, a well-known name for two-way finite-state transducers).

In the remainder of this section we consider examples of MS-transductions
of words and terms that can be computed by tree-walking tree transducers.

Example 8.3 The yield of a term ¢ € T(F') is the (nonempty) word yd(t) € F§
defined recursively as follows: yd(f) = f for f € Fy, and yd(f(¢1,...,tx)) =
yd(t1) -+ yd(tg) for f € Fj, with k > 0 and t1,...,t, € T(F). The mapping yd
is a 2-copying parameterless MS-transduction in DMSOTW: the positions of
the output word yd(t) are the leaves of the input tree ¢, plus one extra position
(e.g., the second copy of the last leaf). Each (first copy of a) leaf is connected
to (the first copy of) the next leaf, in the left-to-right order of the nodes of ¢,
and the first copy of the last leaf is connected to its second copy (which gets
label ¢).

The mapping yd can also be computed by a (local) deterministic tree-walking
tree-to-word transducer M = (F, H,Q, ¢in, R). The transducer walks depth-
first left-to-right through the input tree and outputs the labels of the leaves; it
outputs € when it returns to the root. Thus, yd is in DTWTW. To consider a
concrete example, let A be a finite set. We take F = {f} U A with p(f) = 2
and p(a) =0 for a € A, and we take H = AU {e} with p(a) =1 for a € A and
p(€) = 0. The set of states of M is Q = {|, 71, T2} and ¢i, =|. The rules in R are
the following, for @ € A and i € {1,2} (and br;(x1) abbreviates Jy. son;(y, x1)):

(1, labys(z1)) —  (|,downy)
(L laba(x1) A bri(z1))  —  a((1s,up))
(11, True) —  (|,downy)
(T2, bri(x1)) — (15, up)

<T2, ’r‘t(.’L‘l)> — €

(I, labg(x1) Art(z1))  —  a({T2,stay)).

Let us also consider a slightly more complicated example: let H' = AU{e} with



8.3. TREE-WALKING TREE TRANSDUCERS 11

pla) =2 for a € A and p(e) = 0, and define 7 : T(F) — T(H') as follows. For
every tree t € T(F'), 7(t) is a full binary tree such that the sequence of labels of
the nodes of any path from the root to a leaf in 7(¢) equals yd(t)e. Then 7 is com-
puted by the deterministic tree-walking tree transducer that is obtained from
M by changing the right-hand side of the second rule into a({1;,up), (1, up)),
and similarly the right-hand side of the last rule into a({T2, stay), (72, stay)).

Example 8.4 Consider the mapping 7 on words that associates with w €
{a,b,c,d}* the word 7(w) = a*b'c™d" where k = |w|, (the number of oc-
currences of ¢ in w), | = |w|y, m = |w|., and n = |w|g. It is not difficult to
see that 7 is a noncopying parameterless MS-transduction, i.e., that there is a
noncopying parameterless definition scheme D = (x, 6, (0r) rer, ) such that

D(lpa(w)]) = |pa(t(w))] for every w € A*, where A = {a,b,¢,d}. In fact,
both x and ¢ are True, and for every f € Ua = AU{e}, 010y, = labs(z1) (which
means that every node keeps its label). The details of the formula 0., (21, z2)
are left to the reader: it should connect each occurrence of a in w to the next
occurrence of a, unless it is the last occurrence of a, in which case it should be
connected to the first occurrence of b; and similarly for b and ¢, for ¢ and d, and
for d and e.

It should also be clear that 7 can be computed by a deterministic two-way
finite-state transducer. The transducer scans the input word four times (for
instance from left to right and from right to left, and then again). At the first
scan it outputs all occurrences of a, and at the next scans all occurrences of b,
¢, and d; finally it outputs e.

Thus, 7 is in both DMSOW and 2DGSM. Let L be the regular language
(abed)*. Obviously, 7(L) = {a™b™c"d™ | n > 0}. Hence, T does not preserve reg-
ularity or context-freeness of languages (see the discussion in the introduction of
this chapter). We know from Proposition 8.2 that 7—! preserves regularity. Now
consider the context-free language L' = {a*b*c™d™ | k,m > 0}. Then 7-1(L')
is not context-free; in fact, if it would be context-free then its intersection with
the regular language R = (ac)*b*d* would also be context-free, but it is easy
to see that 7=1(L') N R = {(ac)™™d™ | n > 0}, a classical noncontext-free
language. Thus, inverse MS-transductions of words do not preserve context-
freeness of languages.

Example 8.5 A transduction of words 7 : A* — B* is a rational transduction
if it can be expressed as follows: 7(w) = h/(h~1(w) N L) for every w € A*,
where L C C* is a regular language for some alphabet C, and h : C* — A*
and b’ : C* — B* are homomorphisms (for equivalent characterizations see
the book by Sakarovitch [Saka03]). In other words, 7 = h/ oid;, o h=!, where
idy, is the identity on L. It is well known (and the proof is a straightforward
exercise) that all rational transductions can be computed by two-way, even one-
way, finite-state transducers. In fact, the rational transductions are exactly
those computed by one-way finite-state transducers (see [Saka03, Chapter 4]).
Obviously, by Theorem 8.1, the partial function id; is a noncopying pa-
rameterless MS-transduction (take x to be the MS formula defining the regular
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language L). It is not difficult to show that all homomorphisms are parameter-
less MS-transductions (the definition scheme for b’ is k-copying, where k is the
maximal length of a word h'(c) with ¢ € C'). However, inverse homomorphisms
are not MS-transductions, because, in general, they do not have finite images
(whereas the MS-tranductions do, see Section 8.1); for instance, if h(c) = €
for some ¢ € C, then h™!(¢) contains all words ¢, n > 0. Thus, the class
of MS-transductions of words is not closed under inverse, cf. the discussion in
the introduction of this chapter. If the homomorphism A is nonerasing (i.e.,
h(c) # € for all ¢ € C), then one can rather easily show that h~! is a non-

copying MS-transduction: one uses a parameter X = {uy,...,u,} C Pos(w)
where u; is the first position of a subword h(c;) of the input word w, such that
w = h(c1)---h(c,) for c1,...,¢, € C; additionally, one uses parameters X,

¢ € C, that form the partition of X such that X, = {u; € X | ¢; = ¢}; in other
words, the parameters represent a guess of a word v = ¢; - -- ¢, € C* such that
h(v) = w; the output word v is constructed from the positions in X, and u € X
is given the label c if u € X.. Thus, in this case the rational transduction 7 is an
MS-transduction, by Theorem 7.7. It can be shown that every rational trans-
duction 7 that has finite images, can be expressed as above with h nonerasing
(see the book by Berstel [Ber79, Exercise 7.2, page 87], or the one by Autebert
and Boasson [AutBoa88, Chapter 1]). Consequently, a rational transduction is
an MS-transduction if and only if it has finite images.

Example 8.6 Let w be the mirror image of the word w. The mapping 7(w) =
ww is in 2DGSM: the transducer first walks from left to right over the input
word, and then back from right to left; it outputs each letter that it meets on its
way. If it does not produce output during the walk from left to right, it computes
the mapping 7/(w) = w. Both 7 and 7’ are deterministic MS-transductions
(2-copying and noncopying, respectively). Note that neither 7 nor 7/ is a rational
transduction; 7/ preserves regularity and context-freeness, but 7 does not. For
every k > 2, the mapping 7, (w) = w” is in 2DGSM: the transducer walks k
times from left to right over the input word, writing it to the output tape (each
time walking back from right to left without producing output). Moreover, 7y is
a k-copying parameterless MS-transduction (in DMSOW); it can obviously be
expressed as (10 copy,,, where 1 is a noncopying parameterless MS-transduction,
cf. Proposition 7.21.

Example 8.7 Consider the second-order substitutions, already defined in Sec-
tion 2.6.1 (just before Proposition 2.125). They are usually called tree homo-
morphisms. A second-order substitution is [linear if it corresponds to linear
derived operations. It is easy to see that every second-order substitution can
be computed by a (local) deterministic twt that does not use ‘up’ in the right-
hand sides of its rules; for instance, if the derived operation h of arity 3 is de-
fined by the term g(xs,g¢’(z1)), then the transducer has rules (gi,, laby(x1)) —
9((gin, downs), (¢, stay)) and (g, True) — ¢'({gin,down,)), where ¢ is a “new”
state. Moreover, if the second-order substitution is linear (as in the above in-
stance), then the twt is single-use. Thus, every linear second-order substitution
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is in DTWT,. It is also a parameterless MS-transduction in DMSOT. Just as
the word homomorphisms in Example 8.5, it has a k-copying definition scheme,
where k is the maximal size of the defining terms of the involved derived oper-
ations. The details are left to the reader.

The hypothesis that tree homomorphisms are linear is important. Let H =
{g,a} and F = {f,a} with p(g9) = 1, p(f) = 2, and p(a) = 0. Consider the
(nonlinear) second-order substitution 8 : T(H) — T(F’) such that 6(a) = a and
0(g(t) = f(0(t),0(t)); in other words, a has defining term ¢, = a, and g has
defining term t, = f(z1,21). Since, for every n > 1, [(g""'(a))| = 2" — 1, the
mapping 6 is not of linear size increase, and hence is not an MS-transduction.
This shows that tree-walking tree transducers have more expressive power than
MS-transductions of terms.

8.4 The basic characterization

We start by showing the basic characterization of MS-transductions (of terms)
by transducers: they correspond to MS tree-walking tree transducers that are
single-use. Intuitively, the single-use restriction means that the tree-walking
transducer can at most output k copies of each input node, where k is the
number of its states: due to determinism, if the transducer visits an input node
twice in the same state, then it repeats itself and hence does not halt (and
produces no output). This k corresponds to the copying number of a definition
scheme.

Theorem 8.8 DMSOT = DTWTMS.

Proof: We first prove the inclusion DMSOT € DTWTMS, Let 7 : T(F) —
T(H) be a deterministic MS-transduction of terms, i.e., {(|s], [t]) | (s,t) € 7}
is a parameterless MS-transduction from STR(Rp) to STR(Ry). Let D =
(X, 015+ 0k, (Ow)wer yxk) be a parameterless definition scheme of type Ry —
Ry defining 7, i.e., D(|s]) = |[7(s)] for every s € T(F). We define an mstwt
M = (F,H,Q, g, R) that computes 7, as follows. First, the set of states is
Q = {¢n,q1,---,q:}- Intuitively, for i € [k], the state ¢; represents the i-th
copy of the input structure. More precisely, if M is in configuration (g;,u) on
the input tree |s], then it will output the node (u,?) of the output tree |7(s)].
It remains to define the set of rules R of M. We first define the rules for ¢i,.
Intuitively, M starts its computation by jumping to the root of the output tree.
For every ¢ € [k], M has the rule:

(Gins X A 32[0;(2) A O, i)y (2)]) = (@i, 05(22) A O(re, i)y (22)).

Now suppose that M is in configuration (g;,u). Then it outputs node (u,4) of
the output tree and jumps to its sons. To do this, it has to determine the label
of that node, and its sons. For every h € H,, and every ji,...,jm € [k], M has
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the rule <qi7 90> - h(<CIj171/)1>, ) <Qjm»1/1m>) where ¢ is

XA Gi(21) AOgav, in (@) A N\ 36, ) A Oson, (i) (€1, )]

ne(m]

and ¥y, 18 6, (22) A O(son,, (i,5.)) (T1, T2)-

It should be clear that M computes 7, and that M is deterministic. Moreover
M is single-use, because the configurations in its computation (except the first)
are in bijection with the nodes of the output tree.

For the inclusion DTWTM® € DMSOT, let M = (F, H, Q, gin, R) be a single-
use deterministic mstwt. We first consider the special case where M has no
epsilon-output rules. Without loss of generality, we assume that @ = [k] for
some k > 1.

Since M is deterministic and single-use, each node of the output tree (for
a given input tree s) is produced by a unique configuration (g,u) of M, with
q € [k] and u € Ns. Intuitively, this means that a k-copying definition scheme
for 7ps can be constructed that uses (u,q) for that node. To simplify the con-
struction we will actually show that 7,; is the composition 73 o 75 o 71 of three
parameterless MS-transductions, of which the first is k-copying and the other
two are noncopying. Since the class of parameterless MS-transductions is closed
under composition by (the proof of) Theorem 7.7, this gives the desired result.

The first MS-transduction 7y translates the input tree s into the “computa-
tion space” of M on s, which is a representation by a structure S in STR(Ry)
of the regular grammar Gy s = (H,Xn,s, Rar,s) and the start configuration
(Gin, Toots). The structure S has the domain {(u,q) | {(g,u) € X5}, and it has
the unary relation rts = {(roots, ¢in)}. Let (g, u) — h({g1,v1), ..., {Gm,Vm)) be
arule in Ry s. Then (u,q) is in labps, and ((u, q), (v;,¢;)) is in son;g, for every
i € [m]. Note that S represents a labelled directed graph with a designated
node (the “root”).

This MS-transduction 71 is defined by the k-copying parameterless definition
scheme Dy = (x,61,. .., 0k, (Ow)wer;®E) Of type Rp — R where x expresses
the fact that the input structure represents a term in T'(F'), see Corollary 5.10,
and for every q,q" € [k], 6, = True, Oy (q)) is 7t(x1) if ¢ = gin and False
otherwise, 0(jap,,(q)) is the disjunction of all formulas ¢ such that (g,y) —
h({q1,¥1),- ., {Gm,¥m)) is a rule of M, and 0(4on,,(q,¢)) is the disjunction of all
formulas ¢ A v; such that (g, ¢) — h({q1,¥1), .-, {@m,¥m)) is a rule of M with
i €[m]and ¢; = ¢'.

The second MS-transduction 75 transforms the computation space into the
subgraph induced by all vertices that are reachable from the “root” of the
graph. Thus, 75 is defined by the noncopying parameterless definition scheme
D = (x,0,(0r)rery) of type Ry — Ry with x = True, § = Jy(rt(y) A
TClson; y,x1]), Oiap, = labp(x1), Oson;, = son;(x1,x2), and 0,+ = rt(x1). Note
that son = Au, v. son(u,v), where son(u,v) is the formula V., g) soni(u, v);
for TC see Section 5.2.2.

The third MS-transduction 73 checks that the resulting graph is a tree (i.e.,
that s is in the domain of 7p). Since M is single-use, it suffices to check that
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(1) there is no circuit (otherwise M’s computation on s does not halt), and
(2) every vertex has a label in H (otherwise M’s computation on s aborts).
Thus, 73 is defined by the noncopying parameterless definition scheme D =
(X,9, (OrR)Rer, ) of type Ry — Ry where x expresses the above properties (1)
and (2), i.e., it is Va,y(TC[son;z,y] = —son(y,z)) A Va.\/,cpy laby(x), and
0 = True, Oiap, = labp(x1), Oson; = soni(x1,x2), and O,y = rt(xy).

Finally, let us consider a single-use deterministic mstwt M = (F, H, Q, ¢in, R)
with epsilon-output rules. Then, let the mstwt M’ = (F, H U {0}, Q, ¢in, R')
be obtained from M by changing every epsilon-output rule (g, ) — (¢, %) of
M into the output producing rule (g, ¢) — ©((¢’,%)) of M’, where © is a new
output symbol of arity 1. Obviously M’ is still a single-use deterministic mstwt,
and thus we know that 7/ is in DMSOT. It is also obvious that 7ps = 7 0oTas7,
where 7o : T(H U {®}) — T(H) erases the ®-labelled nodes of the input tree.
Since DMSOT is closed under composition, it now suffices to show that 7 is in
DMSOT. That is easy: it is defined by the noncopying parameterless definition
scheme D = (x, 9, (0r)rer,) of type Ry — Rpy such that x = True, § =
=labe(21), Oiap, = labp(x1), and Os0n, = Jy(soni(z1,y) A TC[Au,v. o; y, x2]),
where a(u,v) is labg(u) A sony(u,v). =

If the output signature is monadic, then the subscript ‘su’ can be dropped
from Theorem 8.8, because every mstwt with a monadic output signature is
single-use. Thus: DMSOTW = DTWTWM5,

We observe that the construction of a parameterless definition scheme for an
mstwt M, as described in the above proof, can also be carried out in the case
where M is not single-use. Then, instead of a tree, the output structure is a
directed graph G without circuit (i.e., a tree with shared subtrees). Unfolding
G produces the output tree of M. This also shows that it is decidable whether
or not M is single-use: M is single-use if and only if the indegree of every vertex
of G is at most 1, for every output G. Since this is an MS-expressible property,
the set of all input terms such that G does not satisfy this property is regular
by Corollary 7.6 and Theorem 8.1, and can be checked for emptiness.

8.5 From jumping to walking

Our aim will now be to “get rid of” the MS tests and MS jumps of our hybrid
tree-walking transducer. It turns out that MS jumps can be simulated by tree-
walking tree transducers, provided they are still allowed the use of MS tests.
However, MS tests cannot be handled by tree-walking tree transducers; thus,
for the simulation of tests other means have to be found. We therefore start
with the “removal” of jumps.

Theorem 8.9 For every mstwt an equivalent nonjumping mstwt can be con-
structed. Determinism and the single-use restriction are preserved.

Proof: Let M be an mstwt with input signature F. The problem is how to
simulate a jump of M, i.e., a formula ¢ € MS(Rp, {z1,22}) in the right-hand
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side of a rule of M, by an ordinary walk. It is easy to see that we may assume
that [s] = Vo1 I xe. (21, 22) for every s € T(F). In fact, if this is not the
case, then we replace ¢ by (¢ A1) V (- A x1 = x2), where ¢ € MS(Rp, {z1})
is the formula in the left-hand side of the rule.

We will prove that for every such formula ¢ a nonjumping deterministic
mstwt My = (F,0,Q, ¢in, R) can be constructed, with epsilon-output rules only,
and a state gr € @, such that for every s € T(F) and a,b € Ny, |s] = ¥(a,b)
if and only if (gin, a) =& (gt,b), where G = Gy, . It is easy to see that, using
these mstwts My, as subroutines, M can be turned into an equivalent nonjump-
ing mstwt. Since every M, is deterministic, determinism and the single-use
restriction are preserved. Note that, since My, has epsilon-output rules only, it
is essentially a tree-walking automaton rather than a tree-walking transducer.

So, let ¥ € MS(Rp, {x1,22}) with |s] = Va1 I xs.¢(x1,22) for every s €
T(F). Let ¢ = Maz{gh(¢),m} + 2 where m is the quantifier-height of the
formula 1 < x5 expressing that x; is a descendant of x5 (see Proposition 5.9).
For this ¢ (and F'), we will use the definitions in Section 8.2.2.

The mstwt My = (F,0,Q, ¢in, R) should walk from node a to node b if and
only if | s] = ¢(a,b). It will do this in a special way: it walks along the shortest
(undirected) path in s from a to b, and, roughly speaking, at each node u on
this path it keeps track in its state of the finite set of formulas Thﬁ (a,u) or
Thl(a, u) depending on whether or not a is a descendant of w.

More precisely, M, first walks from a up to the least common ancestor
lca(a,b) of a and b, and at each node u on that path (except a) it is in state 1; ¢
such that a is a descendant of the i-th son u; of u and ® = Th!(a,u;). Then,
M, walks from lca(a,b) down to b, and at each node u on that path (except
Ica(a, b)) it is in state |¢ such that ® = Th!(a,u).

Thus, the set @) of states of M, consists of ¢in, ¢, Ti®, and |, for all
i € [p(F)] and ® C Ly U L}. The right-hand sides of the rules in R are of one of
the three forms (1, &, up), (lo,down;), or (gr, stay). Recall that up, down,, and
stay denote the formulas son(z2,x1), son;(x1,x2), and x1 = xg, respectively.

For every node u that M, visits, it uses a test of the form n;, (1) /\mlI>1 (x1)A

- '/\77<le (1) to compute the sets of formulas Th! (u) and Th!(uy),..., Thi(uz),
where wuy, ..., u; are the sons of u (see the end of Section 8.2.2). It should now
be clear from Section 8.2.2 that from these sets, and the state T; 4 or |o at
u, and the label of u (which can of course be computed by a test labs(z1)),
M, can determine the set Thg(a,u). If ¢ is in that set (or more precisely, if
¢ € Thy(a,u)), then u = b and M,y halts in state gr. Now assume that it is not.
Then My, should determine, deterministically, where to go next. Suppose first
that M, is in state T, ¢. If for some j # i the formula (21, x2), defined as
Az, y[sonj(x2,2) ANy < 2z AY(x1,y)], is in The(a,u), then u = lca(a,b) and My,
moves down to the j-th son of u; otherwise, My, moves up to the father of u. In
the former case the new state is | ¢/ where ®’ can be determined (according to
Section 8.2.2) from ®, Th!(u), and all Th!(u,,) with m # i, 5. In the latter case
the new state is 1,/ ¢ where i’ can be checked by the test Jy. son; (y,x1), and
@’ can be determined from ® and all Th(u;) with j # i. Suppose now that M,,
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is in state |¢. This case is similar to, but easier than the previous one: if the
formula (21, 22) is in Thg(a,u) (and one of them must be), then My moves
down to the j-th son of w in the state |g/, where ®' can now be determined
from ® and all Th}(u;) with i # j.

It remains to explain how M, starts its walk, in state gi,. It first tests
whether a = b, using the rule (g, ¥ (x1,71)) — (g, stay). If that is not the
case, then M, uses the test formulas ¢;(z1,21), i.e., 3z, y[son;(z1,2) ANy <
z AY(z1,y)]. If such a formula is true, then M, moves down to the j-th son
of a in state |g, where ® can be determined from Th!(a,a) = {p(z1,z2) |
@(x1,21) € Thl(a)} and all Th!(a;) with i # j (where a; is the i-th son of a).
Otherwise, M, moves up to the father of a in state T; ¢ where a is the i-th son
of its father and ® = Th!(a,a) = {p(z1,x2) | ¢(x1,21) € Th(a)}. Note that
Th!(a) and Th!(a) can be computed by a test.

This ends the description of the nonjumping mstwt M,,. Due to the condition
on 1, which says that for every a there is a unique b such that |s| E ¥(a,b),
the mstwt M, is deterministic. m

8.6 From global to local tests

We first show that MS tests can be simulated by tree-walking tree transducers
in the special case where the input signature is monadic. For this we need the
fact that a two-way automaton can keep track of the state of a deterministic
one-way automaton. This is expressed in the next lemma, in an informal, but
hopefully clear way.

Lemma 8.10 Let M be an mstwt with a monadic input signature F', and let
</ be a complete and deterministic finite F-automaton. Then an mstwt M’
can be constructed that simulates M and keeps track of the state of .&7; in
its non-local rules, M’ uses the same MS formulas as M. The same holds if
&/ is top-down complete and deterministic. Determinism and the single-use
restriction are preserved.

Proof: Let o = (F,Q,, Acc) be a complete and deterministic finite automa-
ton. The mstwt M’ should simulate M and, for every input tree s € T(F)
and current node u € Ny, keep track (in its finite state) of p = states o (u).
In fact, M’ will behave in exactly the same way as M, except that after each
simulation step it uses local epsilon-output rules to compute the new value of
p, deterministically.

To initialize p, M’ first walks down to the unique leaf of s (its e-labelled
node), and then walks back to the root, simulating 7; note that it can recognize
the root by the local test rt(x1). In this way M’ computes p = state, o (roots).
Then it starts the simulation of M. Suppose that, simulating M, M’ moves up
to the father of the current node. To update p it simply tests the label of the
father, say f, and executes p := d;(p).
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Suppose now that M’ moves down to the son of the current node u. This
is the difficult case. Let f be the label of u. If the label of the son w; is e,
then M’ simply executes p := d.. If it is not, then the new p must be in the set
C={qeQ]d;(¢q) =p} (where C stands for “candidates”). If C' is a singleton
the problem is solved. Now suppose it is not a singleton. Then M’ walks down
from w; and computes for each descendant u’ of w1, and each ¢ € C, the set
C(q,u’) of all states ¢ € @ such that, when started at u’ in state ¢/, o/ reaches
uy in state gq. Note that, for fixed v/, the sets C(g,u’) are mutually disjoint.
It is easy to see that M’ can compute these sets, just by testing the labels of
the nodes and using 6. In fact, C(q,u;) = {q} and if u” is the son of «’, then
Clg,u")={¢" € Q|ds(¢") € C(g,u')}, where f is the label of '.

Now there are two cases: either M’ arrives at a descendant u’ such that
exactly one of the sets C(g, '), say C(g, '), is nonempty, whereas all the others
are empty, or M’ arrives at the leaf u’ of s, in which case there is a unique g such
that 6. € C(g, ). In both cases, M’ knows that § = states o (u1) and executes
p := ¢q. But now M’ should return to w;. To this purpose, M’ moves up to
the father u” of u’ and picks two states g1, g2 € @Q that are in two distinct sets
C(q,u") (obviously, when walking down, M’ can also store the candidate sets
of the father nodes). Now M’ starts up two copies &% and 2% of the automaton
&, one in state ¢; at v’ and the other in state gz. Then M’ walks up, simulating
both &7 and @%. At the very moment where 7| and @% are in the same state
(which is the old value of p), M’ is back on node u, and moves down to w;. This
ends the description of M’.

Finally, let & be top-down complete and deterministic, with Acc = {qo}.
This time, M’ should keep track of p = tstate, o (u). The proof is basically
the same as the one above, interchanging up and down, and interchanging the
roles of the root and the leaf of s. Initially, M’ just executes p := qop. When M
moves down from u, M’ executes p := q where f[¢] — p is the unique rule in &
with right-hand side p and f is the label of u. Now the difficult case is when
M moves up to u. The computation of the new p is similar to the one above,
with M’ first walking up and computing the candidate sets for the ancestors of
u, possibly reaching the root, then walking down to u; and finally moving up
tou. m

Theorem 8.11 For every mstwt with a monadic input signature an equivalent
local mstwt can be constructed. Determinism and the single-use restriction are
preserved.

Proof: Let M be an mstwt with monadic input signature F'. By Theorem 8.9 we
may assume that M is nonjumping. The remaining problem is how to simulate
a global test of M, i.e., a formula ¢ € MS(Rp, {z1}) in the left-hand side of a
rule of M, by an ordinary walk that uses local tests only.

So, let ¢ € MS(Rp,{z1}), and let ¢ be the quantifier-height of ¢. It suf-
fices to prove that M can be changed into an mstwt M’ that simulates M
and, moreover, for input tree s € T(F) and current node u € N, addition-
ally keeps track (in its finite state) of py = Th!(uy) (if u has a son u;) and of
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P = Thl (u). Recall from Section 8.2.2 that there is a mapping Z; such that
Ths(u) = Zs(Thl(w), Thi(u1),. .., Thi(ug)), where u has sons ui,...,u, (with
k=1 or k =0) and label f. Hence, in M’, the global test ¢ can be replaced
by the local test consisting of the disjunction of all formulas lab (1) such that
p(f) =1and ¢ € Zy(P,p1), and the formula lab.(z1) if ¢ € Z(P).

The construction of M’ is possible by Lemma 8.10. Recall from Section 8.2.2
that there is a complete and deterministic finite F-automaton .« such that for
every s € T(F) and u € Ny, state, o (u) = Th!(u). Tt is easy to construct from
&/ a complete and deterministic finite F-automaton 7 such that states o, (u) =
(labs(u), Th(u1)) if u has a son u;. Thus, by Lemma 8.10, there is an mstwt
M that simulates M and keeps track of Thi(ul). It should also be clear from
Section 8.2.2, and from the fact that F' is monadic, that there is a top-down
complete and deterministic finite F-automaton % such that tstates o, (u) =
Th!(u) for every s € T(F) and u € N,. In fact, o% has the set of states P(L})
and the unique initial state Th.,(root,,), which equals Th! (roots) for every s;
the transition rules of «#% are obtained from the mappings Z5; : P(L}) — P(L})
discussed in Section 8.2.2. Again by Lemma 8.10, applied to M; and ., there
is an mstwt M’ that simulates M and keeps track of both Th!(uy) and Thl(u).
|

The next theorem is now immediate from Theorems 8.8 and 8.11. It shows
that the monadic second-order transductions of words are exactly those com-
puted by two-way finite-state transducers (see Examples 8.4 and 8.6). This
generalizes the monadic case of Theorem 8.1 to transductions.

Theorem 8.12 DMSOW = 2DGSM.

In general, it is not possible to “remove” the MS tests from an mstwt, not
even when it is an MS tree-walking automaton.

Theorem 8.13 DTWTW C DTWTWMS,

Proof: Obviously, every regular tree language L can be recognized by a deter-
ministic MS tree-walking automaton. In fact, the automaton need not walk at
all: if the MS-sentence ¢ expresses L (by Theorem 8.1), then the rule {gin, ©) — €
suffices. However, by a result of Bojaniczyk and Colcombet [BojCol06], not ev-
ery regular tree language can be recognized by a tree-walking automaton. The
proof is ingenious, and would take too much space here. m

Thus, to “remove” MS tests in general, a more powerful type of transducer
is needed. One such transducer is obtained by extending the nonjumping mstwt
with the feature of a (restricted) pushdown. As opposed to the usual pushdown
automaton, this extended mstwt can only push a symbol on the pushdown when
it moves down to a son, and it has to pop the top symbol off the pushdown
when it moves to the father. In other words, the movements of the pushdown
are synchronized with the movements of the reading head of the mstwt. Initially
(at the root) the pushdown contains one symbol, and hence, at each moment,
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the number of symbols on the pushdown equals the depth of the current node u,
i.e., its number of ancestors. Intuitively, each cell of the pushdown corresponds
to an ancestor of u, and its content provides information about that ancestor;
in particular, the top of the pushdown corresponds to w itself. From this point
of view, it is natural to view the pushdown “upside down”: with its bottom at
the root and its top at the current node.

Formally, an MS tree-walking pushdown tree transducer (abbreviated p-mstwt)
is a tuple M = (F, H, Q, ¢in, ', Vin, R), where F', H, Q, and g, are the same as
for an mstwt, I" is an alphabet of pushdown symbols, 7y, is the initial pushdown
symbol, and R is a finite set of rules. A rule is of the form (g, p,v) — ¢ with
q€Q, ¢ € MS(Rp,{z1}), v € T, and either ( € I or ( = h((1,..., ) with
h € Hy and (y, ..., € I, where T is the set of all triples (¢’, ¢, 3) with ¢’ € Q,
¥ € MS(Rp,{x1,22}), and 3 € T*, and one of the following three cases holds:

(a) ¢ =up, B =¢, and
|s| EVzi[p(z1) = Jy. son(y, x1)] for every s € T(F), or

(b) ¢ =stay and B €T, or

(c) there exists i € [p(F)] such that ¢ = down;, 3 € I'?, and
Ls] = Vz1lp(z1) = Fy. soni(x1,y)] for every s € T(F).

The p-mstwt M is deterministic if for every two distinct rules (g, ¢1,7) — 1
and (g, p2,7) — (2 in R, 1 and @2 are mutually exclusive on T'(F).

Just as we did for an mstwt, we define for every input term s € T(F) a
regular grammar Gy s = (H, Xars, Rar,s). The set Xar s of configurations of
M on s now consists of all triples (g, u, 7) with ¢ € Q, u € N, and 7 € I'* such
that the length of 7 equals the depth of u. If (g, ,7) — ( is a rule in R, then
Ry,s contains all rules (g, u,my) — ¢’ for every u € Ny such that |s] = ¢(u)
and every 7 € I'* with |7y| equal to the depth of w, where ' equals

1. {(¢',v,7B), and v is the unique node such that |s]| = ¥ (u,v),
if C = <qlawaﬁ>a

2. h(<q17 U1, 7/81>7 SERE) <qk; Uk, ﬂ—ﬂk»a and
v; is the unique node such that |s] = ¥;(u,v;) for every i € [k],

if C = h(<q17,¢)1761>5 CR) <Qk7¢k7ﬁk>)~

The transduction computed by M is 7y = {(s,t) € T(F) x T(H) | t €
L(GM,m <qin; TOOtsa 7in>)}-

Note that, by Theorem 8.9, for every mstwt there is an equivalent p-mstwt
(with T' = {~in })-

As for an mstwt, a p-mstwt is tree-to-word if its output signature is monadic.
Locality of a p-mstwt is defined in the same way as for an mstwt. By P-DTWT
we denote the class of transductions computed by local deterministic p-mstwts,
and by P-DTWTW the corresponding class in the tree-to-word case.

Theorem 8.14 For every p-mstwt an equivalent local p-mstwt can be con-
structed. Determinism is preserved.
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Proof: Let M be a p-mstwt with input signature F. As in Theorem 8.11,
the problem is how to simulate a global test of M, i.e., a formula in the left-
hand side of a rule of M, by an ordinary walk that uses local tests only. Let
» € MS(Rp,{z1}) be such a test, and let g be the quantifier-height of ¢. As in
the proof of Theorem 8.11, it suffices to prove that M can be changed into a p-
mstwt M’ that simulates M and, moreover, for input tree s € T(F') and current
node u € Nj, additionally keeps track of p; = Th(u1),...,pr = Thi(uz) (if u
has k sons w1, ...,ux) and of P = Th](u).

We first show how M’ can compute p1,...,pr (which are recomputed each
time M’ visits u). Recall again from Section 8.2.2 that there is a complete and
deterministic finite automaton o7 = (F, @, ¢, Acc) such that for every s € T'(F)
and u € N,, state, o (u) = Thi(u). Thus, p; = state, . (u;) for every i € [k].
Note that the definition of states o (u;) is recursive; thus, to compute p;, M’
implements this recursion on its pushdown in the obvious way: it executes
a depth-first search of the subtree with root u; and computes states o (u’) for
every descendant u’ of u;, in a bottom-up fashion. To this end, it uses additional
pushdown symbols of the form (b,q; - - ¢,) with b € {0,1} and ¢1,...,¢, € Q.
The boolean b just indicates whether or not the corresponding node v’ is u;
(this is because M’ needs to know when it has returned to u;). The states
qi,--.,qn are the states of ./ in which it reaches the first n sons of «’. Thus,
after having computed p1,...,p;—1 (and having stored them in its finite state),
M’ calls a subroutine that moves down to the i-th son of u in state | and pushes
the symbol (1, ), where € is the empty sequence of states of 7. The subroutine
then executes the following rules, for every f € F with p(f) =k, b € {0,1}, and
Qs---,qn € Q with n <k (using the states | and Ty 4 for every b € {0,1} and
q€Q):

(1) if n < k, then
<la labf(xl)a (b7 qi- - Qn)> - <la dOWnn+1, (b7 qi--- Q’n)(ov €)>7

(2)if n =k and 0f(q1,...,qn) = ¢, then

(1, labf(ﬂ;‘1), (byq1-qn)) — (Tb.g:€),
(3) if n < k, then

(To,g> labg(w1), (b, q1 -+ qn)) — (1,stay, (b,q1 - qnq))-

Thus, the subroutine returns to w in some state T1 4, and then M’ stores p; = ¢
in its finite state.

It remains to show how M’ keeps track of P = Th!(u). The value of P
is stored on the pushdown. Thus, if M has pushdown alphabet I' and initial
pushdown symbol 4;,, then M’ uses the pushdown symbols (v, S) with v € T’
and S C L, and has initial pushdown symbol (vin, Thy, (root,,)). Clearly, it
suffices to show how P can be computed when M’ moves down from node
u to the i-th son wu;, simulating a move of M. That is easy: at u, M’ has
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computed p; = Thi(uy),...,pr = Thi(uz) (as indicated above), and it has
stored P = Thl(u) in the top of the pushdown. From this it can determine
Thl(ui) = Z;i(P,p1,...,Di=1,Pi+1,---,DPk) as observed in Section 8.2.2, and
push Th!(u;) as second component of the new top symbol when moving down
tou;. |

Theorems 8.8, 8.9, and 8.14 together show that the monadic second-order
transductions of terms can be computed by tree-walking pushdown tree trans-
ducers.

Theorem 8.15 DMSOT C P-DTWT and DMSOTW C P-DTWTW.

Using the construction in the proof of Theorem 8.14 it can now be shown
that parameterless MS-transductions of terms and words can be implemented
efficiently (but usually with large constants), cf. Proposition ?7?.

Theorem 8.16 Every MS-transduction 7 in DMSOT can be computed in linear
time, that is, for a given input term s the value of 7(s) (or its nonexistence) can
be computed in time O(]s]).

Proof: Let 7 be an MS-transduction in DMSOT. By Theorems 8.8 and 8.9, 7 is
computed by a single-use deterministic nonjumping mstwt M = (F, H, Q, gin, R).
We first observe that M computes in linear time (assuming that each com-
putation step takes one time unit). More precisely, for every s € T(F) and
te T(H)7 if <Q(),7"00t5> = §O =Gum,s 51 =Gum,s 52 =Gus " T GCus gn =1t
then n < |Q] - |s|. To see this, we show that each configuration (g, u) of M is
rewritten at most once during this computation. Suppose it is rewritten both in
& and in &;, with ¢ < j. Let & be of the form & = wo(g1, u1)ws - - - {qx, Uk )Wk,
where each (g;,u;) is a configuration and wq, w1, ..., w, do not contain configu-
rations. Then &; is of the form & = wo(iws - - Grwy with (g, w;) =G, G
for every | € [k]. Let {(q,u) = (qm,um). Then (gm,um) # (m, because
(q,u) is rewritten in &. Clearly, (g,u) does not occur in (,, because oth-
erwise the deterministic transducer M would repeat itself and the computa-
tion would be infinite. Thus, (g, u) occurs in one of ¢1,...,Cn-1,Cmn+1,---,Ck-
Consider the computation & ﬁg%s & :>ZM,S ¢ :V(‘;MYS & ;Q(‘JM,S t with
& = woliwr * + Cn—1Wim—1{Gm s Um )W Cm+1Wm+1 -+ - Gpwg. It contradicts the
fact that M is single-use, because (g, u) occurs at least twice in &.

Thus, assuming that each computation step takes constant time, 7 can be
computed in linear time: on input s, at most |Q|-|s| computation steps of M are
executed. However, in each computation step, global tests must be simulated.
For each such test (with quantifier-height ¢), as in the proof of Theorem 8.14, it
now suffices to show that M can be simulated in such a way that, for input tree
s € T(F) and current node u € Ng, the information p; = states o (u1),...,px =
states o (uy) (if w has k sons uy, ..., ug) and P = Th](u) is available, where <7 is
the complete and deterministic F-automaton such that states o (u;) = Thi(uz)
(see Section 8.2.2).
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Rather than computing the states p1, ..., pr each time M visits u (as in the
proof of Theorem 8.14), we preprocess the input tree s by first computing the
(unique) run rung s : Pos(s) — Qg of & on s, where Q. is the set of states of
</ . Recall that rung ¢(u) = states o (u) for every node uw of s. Now p1,...,pg
are available to M in constant time whenever it visits u. Obviously, the run of
&/ on s can be computed in time O(|s|). And since M has only finitely many
global tests, the total preprocessing time is linear.

The set of formulas P can be computed using the pushdown of a p-mstwt.
As described at the end of the proof of Theorem 8.14, this pushdown can be
updated in constant time in each computation step of M (using p1,...,pk).
Thus, P is available whenever M visits u. =

Next we use Theorem 8.15 to prove that every mstwt can be simulated by a
composition of two twts, the first of which only walks down in the input tree. A
deterministic tree-walking tree transducer is called a deterministic top-down tree
transducer if it does not use the formula up in the right-hand sides of its rules;
the class of transductions computed by deterministic top-down tree transducers
is denoted DTWT].

Theorem 8.17 For every local p-mstwt M two twts M; and My can be con-
structed such that 7a; = 7az, o 7as,. Moreover, M; is a deterministic top-down
tree transducer, and if M is deterministic then so is M.

Proof: Let M = (F, H,Q, ¢in, I, ¥in, R) be alocal p-mstwt withT' = {~1,..., 7}
Without loss of generality we assume that during the computations of M, the
bottom symbol of the pushdown is always equal to 7, (M can store the actual
value of the bottom symbol in its finite state). We also assume w.l.o.g. that in
point (¢) of the definition of a p-mstwt, 5 = 7 for some 4/ € T, i.e., the symbol
~" is pushed on top of the pushdown, without changing the old top (if the old
top has to be changed, first use a stay-rule). Finally, we assume that 5 = v in
point (b) of the definition of a p-mstwt, i.e., the pushdown is unchanged (if it
has to be changed, first move up and then move down again).

The twt M; preprocesses the input tree s in such a way that 7, (s) can be
used by the twt My to simulate M, using the structure of 75, (s) to implement
M’s pushdown. More precisely, for each node u € N, and each pushdown
7w € I'™, where m is the depth of u, 7, (s) has a node [u, 7] with label [f,~],
such that f is the label of v in s and ~ is the top symbol of w. Thus, 7
corresponds to the second parts of the labels of the ancestors of [u, 7].

We define M; = (F,F x I',T, v, R1). Note that M; uses the pushdown
symbols of M as states. For every v € I and f € F of arity k, the arity of [f,~]
is nk, and Ry contains the rule (v, labs(x1)) — (y.p, with {, 5 =

[.f7 ’Y](<’71,dOWH1>, R <’Yn,dOWH1>, R <’71,dOWnk>, A <’)/n7dOWnk>)-

This rule changes each son w; of the current node w into n sons that receive the
additional labels 71, ..., v, respectively. Note that after application of the rule,
the j-th copy of wu; is the m-th son of the output node, where m = n(i — 1) + j.
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Finally we define My = (F' x I', H, Q, gin, R2) as follows. Consider a rule of
M: {q,¢,7) — ¢. Tt is simulated by the rule

(g.¢' N \/ labjgqy(21)) — ¢
fEF

in Ry, where ¢’ is obtained from ¢ by changing every occurrence of an atomic
formula laby(21) into the formula /., cplabjs . (21), and (" is obtained from
¢ by changing every triple (¢/, up, &) into (¢’,up), every triple {¢’,stay, ) into
(¢,stay), and every triple (¢, down;,y7;) into (¢',down,,;_1);;). =

Thus, P-DTWT C DTWToDTWT,. It is straightforward to show that this
is, in fact, an equality (see also Theorem 8.27).
From Theorems 8.15 and 8.17 we obtain the next result.

Theorem 8.18 DMSOT C DTWT o DTWT)|.

This theorem can be strengthened to a characterization of DMSOT in terms
of tree-walking tree transducers, which can be viewed as a generalization of The-
orem 8.1 to transductions. We omit the complicated proof (see [EngMan03a],
as explained in Section 8.9.2). Recall from Section 8.1 that, trivially, every MS-
transduction is of linear size increase. It should be clear that DTWT o DTWT
contains transductions that are not of linear size increase (even DTWT| does,
cf. Example 8.7). The theorem shows that DMSOT and DTWT o DTWT
have the same expressive power with respect to transductions of linear size in-
crease. In other words, the monadic second-order transductions of terms are
exactly the transductions of linear size increase that are computed by the com-
position of two tree-walking tree transducers, the first of which is a top-down
tree transducer.

Theorem 8.19 A transduction 7 of terms is in DMSOT if and only if (1) 7 is
in DTWT o DTWT, and (2) 7 is of linear size increase.

It is also shown in [EngMan03a], by the same complicated proof, that it is
decidable for 7 € DTWToDTWT| (given as a composition of two twts) whether
or not 7 is of linear size increase, i.e., whether or not it is in DMSOT; and if so,
a definition scheme for 7 can be constructed.

8.7 Nondeterminism

We will indicate the classes of transductions computed by nondeterministic de-
vices (in particular: definition schemes with parameters) by dropping the D
from the notation for the deterministic devices.

We first note that the nondeterminism of MS definition schemes is different
in nature from the nondeterminism of tree-walking transducers. Intuitively this
is because in a definition scheme one global guess for all input nodes is made
at the beginning (by assigning values to the parameters) whereas a transducer
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makes a local guess whenever it visits an input node, possibly making different
guesses at different visits to the same node. Since, for given input term s, each
parameter has 2/*l possible values, every transduction 7 in MSOT has finite
images, i.e., 7(s) is finite for every input s (which also follows from the fact that
7 is of linear size increase, cf. Section 8.1).

Proposition 8.20 The classes MSOW and 2GSM are incomparable. Hence
the classes MSOT and TWTMS are incomparable.

Proof: Obviously, two-way finite-state transducers can compute transductions
that do not have finite images, for instance, the one that translates the word a
(consisting of one symbol a) into the words a™ for all n € N. In fact, even one-
way finite-state transducers can do that, see also Example 8.5. Hence, 2GSM is
not included in MSOW.

To show that MSOW is not included in 2GSM, consider the transduction
7 of words from A* = {a}* to B* = {b,c,#}* such that for every a™, n € N,
7(a") = {wH#w | w € {b,c}*, |w| = n}. It is straightforward to show that
7 € MSOT: the definition scheme is 2-copying and has one parameter, which
indicates for each input position whether it will be relabelled with b or ¢. The
details are left to the reader. This transduction cannot be computed by a two-
way finite-state transducer. Intuitively that is because the transducer would
have to visit each input position twice, but, in general, makes a different choice
(b or ¢) during the two visits. Formally, assume that 7 is computed by such
a transducer M with k states. Choose n such that 2" > k(n + 1). Consider
the behavior of M on input pa(a™), i.e., the monadic tree a(a(---a(e)---)).
Clearly, M has k(n + 1) configurations on this input tree. Now consider the
configuration M is in when it has just produced the output node with label #.
As there are 2™ possible output words w#w for a”, there exist two words w;
and wsy for which this configuration is the same. This means that, on input
pa(a™), M can switch its computation of wi#w; halfway to the computation
of woFws, thus producing output wi#Hws, a contradiction. m

Since the nondeterminism of a definition scheme just consists of guessing the
values of the parameters, it can easily be expressed as a (nondeterministic, total)
relabelling of terms, cf. Proposition 7.15 and Remark 7.18(1). Here we define
a term relabelling m : T(F) — T(H) to be a binary relation 7 C T(F) x T'(H)
specified by a mapping 7 : F' — P(H) such that for every f € F, r(f) # 0 and
p(h) = p(f) for every h € r(f). By definition, 7w(f(t1,...,tx)) = {h(t1,...,t}) |
her(f),t; €m(t;)}. We denote the class of all term relabellings by REL.

Proposition 8.21 MSOT = DMSOT o REL.

Proof: Let 7 : T(F) — T(H) be an MS-transduction of terms, and let D be a
definition scheme of type Rr — Ry defining 7, with parameters Xi,..., X,,.
Recall from Definition 6.18 that F(™) is the signature F' x {0,1}", where
(f,w) (for f € F and w € {0,1}") has arity p(f). Also, for every input term
s € T(F) and every assignment v : {X1,...,X,,} — P(N,), s*~ is the term
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in T(F™) that is obtained from s by changing the label f of each node u of s
into (f, (w1, ...,wy,)) with w; = 1 if and only if u € v(X;).

Now define 7 : T(F) — T(F™) to be the term relabelling specified by
r(f) = {(f,w) | w € {0,1}"} for f € F. Define D’ to be the parameterless
definition scheme of type Rpmn) — Ry that is obtained from D by chang-
ing each of its formulas ¢ into the formula ¢’, where ¢’ is obtained from ¢
by changing every occurrence of an atomic formula z € X; into the formula
V (t wrrnwon)) €F 0 =1 10D(f (w1 w,)) (%), and every occurrence of lab s (x) into
V(wl,...,wn)e{O,l}" lab (¢ (w,....w,)) (). Clearly, for every input term s € T'(F') and
every assignment v : {X1,..., X,,} — P(N;), |s] E ¢ if and only if [s*xv] |= ¢’
(for a sentence ¢, and similarly for formulas with free variables). Consequently,
D'(|s *v]) = D(|s],7) and thus 7 = 7/ o 7, where 7/ is the MS-transduction
defined by D’. This shows that MSOT C DMSOT o REL. The other inclusion
follows from the obvious fact that REL € MSOT and that the class MSOT is
closed under composition.

In view of this proposition, the nondeterministic case is not as interesting
as the deterministic case. The results for DMSOT can be turned into results
for MSOT by “adding” REL. In particular, MSOT = DTWTé\ﬁS o REL by
Theorem 8.8, MSOT C P-DTWT o REL by Theorem 8.15, and MSOT is the
class of transductions in DTWT o DTWT| o REL of linear size increase by
Theorem 8.19 (because term relabellings preserve size, and r(f) # 0 for every
fevr).

For MSOW a similar, but slightly more complicated version of Proposi-
tion 8.21 holds (see [EngHoo01, Theorem 19]). For every word transduction
7 in DMSOW o REL, 7(¢) is a singleton because the € in the monadic input
signature is not relabelled, and so DMSOW o REL is a proper subset of MSOW.
Thus, instead of REL a slightly larger class is needed.

8.8 VR-equational sets of terms and words

Having characterized the MS-transductions of terms, we can apply the Equation-
ality Theorem (Theorem 7.32) to obtain an automata-theoretic characterization
of the VR-equational sets of terms. A set of terms L C T'(F') is defined to be VR-
equational if Syn(L) = {Syn(t) | t € L} is VR-equational. A similar definition
holds for sets of words, viewed as monadic trees. Note that the syntactic tree
Syn(t) of a term ¢t € T(F) is an (F, [p(F)])-labelled graph (see Definition 2.13),
and that the Equationality Theorem also holds for (K, L)-labelled graphs, as
observed at the end of Section 7.2.

Assuming any reasonable definition of the representation |G| of a (K, L)-
labelled graph G, it should be obvious that the representations of ¢ and Syn(t)
are equivalent with respect to MS-transductions. This is stated without proof
in the next lemma.
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Lemma 8.22 Let F' be a functional signature. Then there exist two MS-
transductions 71 and 79 such that 71 (| Syn(t)]) = [t]| and =(|t]) = | Syn(t)]
for every ¢t € T(F).

By Corollary 7.33 the class of VR-equational sets of graphs is preserved
under MS-transductions. From this and the above lemma, it follows that the
class of VR-equational sets of terms is preserved under MS-transductions of
terms. In fact, consider an MS-transduction 7 : T(F) — T(H) and a VR-
equational set of terms L C T(F). Let 7/ = 75 0 7 o 7y. By Theorem 7.7, 7/
is an MS-transduction. Since 7'(Syn(L)) = Syn(7(L)) by Lemma 8.22, 7(L) is
VR-~equational by Corollary 7.33. In particular, the class of VR~equational sets
of words is preserved under MS-transductions of words (see the discussion in
the introduction of this chapter).

To characterize the VR~equational sets of terms and words, we first prove an
additional characterization of the MS-transductions of terms. Let MSOT-REL
denote the class of MS-relabellings of terms, i.e., the set of all transductions
T : T(F) — T(H) such that {([s],|t]) | (s,t) € 7} is an MS-relabelling
from STR(RF) to STR(Ry), see Definition 7.16. As usual, DMSOT-REL de-
notes the restriction to parameterless definition schemes, i.e., DMSOT-REL =
DMSOT n MSOT-REL.

Theorem 8.23 DTWTM® = DTWTj, o DMSOT-REL.

Proof: To prove that DTWT?{{S C DTWTy, o DMSOT-REL, consider a de-
terministic single-use mstwt M = (F, H,Q, ¢in, R). By Theorem 8.9 we may
assume that M is nonjumping. Let ¢1,...,¢, € MS(Rp,{z1}) be all formu-
las that are used in the left-hand sides of the rules of M. Recall the notation
from Definition 6.18 (as in the proof of Proposition 8.21). We will define an
MS-relabelling 7 from T'(F) to T(F() such that 7(s) = s * y,, where v, is
the assignment {X1,...,X,} — P(N;s) with v5(X;) = {u € N, | [s] = @i(u)}
for every i € [n]. Then M can be changed into a local mstwt M’ that receives
7(s) as input and simulates M on input s: in the left-hand sides of its rules, it
uses the boolean information in the label (f, (w1, ...,wy)) of the current node
instead of the tests w1,...,pn.

To ensure that M’ is deterministic, we take 7 from T'(F) to T(F"), where
F' is the subset of F(") consisting of all (f,(wi,...,w,)) such that for all
i,j € [n], if ¢; and ¢; are mutually exclusive on T(F'), then w; = 0 or
w; = 0. The transduction 7 is defined by the noncopying parameterless def-
inition scheme D = (x,d, (0r)rer,,) of type Rr — Ry where x = True,
6= TT'U@, el‘lb(f,(wl ..... wn)) l(lbf(.%’l) A (/\ie[n],wizl (pl) A (/\ie[n],wi:() ﬁ@75)7 and
Oson; = son;(x1,x2). Note the similarity with Definition 7.19 (labelling by the-
ories). The twt M’ is obtained from M by changing, in the left-hand sides of
its rules, each ¢; into \/(f,(w1,...,wn))eF',wi:I lab (¢ (w,,....w,))(w1). Obviously, it
is deterministic and single-use.

The inclusion in the other direction follows from Theorem 8.8 and the fact
that DMSOT is closed under composition. m
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Theorem 8.24 DMSOT = DTWT,, o DMSOT-REL and
MSOT = DTWT,, o MSOT-REL.

Proof: The first equation is immediate from Theorems 8.8 and 8.23. The
second equation then follows from Proposition 8.21 and the fact that the equa-
tion DMSOT-REL o REL = MSOT-REL is an easy special case of that same
proposition. =

Now we can characterize the VR~equational sets of terms and words.

Theorem 8.25 A set of terms is VR-equational if and only if
it is in DTWT,, (REGT).

Proof: Let L C T(F) be VR-equational. By the Equationality Theorem (Theo-
rem 7.32), there is a functional signature H and an MS-transduction 7, such that
Syn(L) = 7(T'(H)). Since the class of MS-transductions is closed under com-
position (Theorem 7.7), Lemma 8.22 implies that there is an MS-transduction
7/ from T(H) to T(F) such that L = 7/(T(H)). By Theorem 8.24 there is an
MS-relabelling p and a transduction g € DTWTg, such that L = u(p(T(H))).
Since T'(H) is regular, p(T'(H)) is regular by Proposition 8.2(2). This shows
that L € DTWT,, (REGT).

Now let L = pu(R) with p € DTWT,, and R € REGT, with L C T(F)
and R C T(H). By Theorem 8.8, u is in MSOT. Changing the formula x of
the definition scheme into x A ¢, where ¢ MS-defines R (see Theorem 8.1), an
MS-transduction 7 is obtained such that L = 7(T(H)). As above, Theorem 7.7
and Lemma 8.22 imply that there is an MS-transduction 7’ such that Syn(L) =
7/(T(H)). By the Equationality Theorem, L is VR-equational. m

Since deterministic twts with a monadic output signature are single-use, this
immediately gives the next result.

Theorem 8.26 A set of words is VR~equational if and only if
it is in DTWTW(REGT).

We note that in Theorems 8.25 and 8.26 one can replace REGT by the set of
all T(H) where H is a functional signature, i.e., a set of terms is VR-equational if
and only if it is the range of a transduction in DTWTy,, and similarly for words.
That is because every regular tree language can be obtained from the set of parse
trees of a context-free grammar by a deterministic term relabelling (specified
by a mapping r such that r(f) is a singleton for every f), and every such parse
tree language can be recognized by a deterministic tree-walking automaton, by
a depth-first search.

We also note that the class of context-free languages is properly contained
in the class of VR-equational languages (see the discussion in the introduction
of this chapter). To show the containment, let G be a context-free grammar. It
is well known, and easy to see, that the set P(G) of parse trees of G is a regular
tree language. Since L(G) = yd(P(G)), where L(G) is the language generated
by G, and since the yield mapping yd is in DTWTW (see Example 8.3), L(G)
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is in DTWTW(REGT) and hence VR-equational by Theorem 8.26. Again by
Theorem 8.26, the language 7(L) = {a™b"c"d™ | n > 0} of Example 8.4 is a
noncontext-free VR-equational language.

We finally note that, by Theorem 5.64, every VR-equational set L of terms
(or words) has a decidable MS-theory. As discussed in Section 7.5, this is
equivalent (by Theorem 8.1) to the fact that it is decidable for a finite automaton
o/ whether L N L(«/) = (). The latter problem is, in fact, decidable for every
L € TWT(REGT) in exponential time (see [Eng09]).

8.9 Bibliographic remarks

It is shown in [EngHey94] that HR and VR context-free graph grammars have
the same term and word generating power, because the graphs Syn(t) corre-
sponding to terms ¢ are of bounded degree. This also means that the VR-
equational and HR-equational sets of terms and words are the same (with an
appropriate definition of HR-equational sets of terms and words), see Theo-
rem 4.45.

8.9.1 Words

Two-way finite-state transducers are basically just a particular restriction of
two-tape Turing machines; they were first studied in [AhoUll70]. Lemma 8.10
is a general technique for two-way machines, proved in Lemma 3 of [HopUll67]
(see also page 212 of [AHU69]). Using this lemma, it was shown in [ChyJ&k77]
that the class 2DGSM is closed under composition.

The characterization DMSOW = 2DGSM (Theorem 8.12) is the main result
of [EngHoo01], where the hybrid MS two-way finite-state transducer was intro-
duced as a technical tool. The incomparability of MSOW and 2GSM (Proposi-
tion 8.20) is Corollary 16 of [EngHoo01]. The relationship between MSOT and
DMSOT of Proposition 8.21 is Theorem 18 of [EngHoo01], where it is stated
for graphs; for the case of words see Theorem 19 of [EngHoo01]. It is shown in
[EngHoo07] that a word transduction 7 is in MSOW if and only if (1) 7 is in the
class 2DGSM 0 2GSM and (2) 7 has finite images.® Moreover, it is decidable for
7 € 2DGSM o 2GSM (given as a composition of two two-way finite-state trans-
ducers) whether or not 7 has finite images, i.e., whether or not it is in MSOW;
and if so, a definition scheme for 7 can be constructed. And finally, these results
even hold for transductions 7 that are compositions of arbitrarily many two-way
finite-state transducers. It should also be noted that, in the above statements,
‘has finite images’ can be replaced by ‘is of linear size increase’.

A Hennie machine is a two-way finite-state transducer that can also write
on its input tape, just as a Turing machine. However, it may only visit each cell
of its input tape a bounded number of times. It is shown in [EngHoo01] that

1Since, obviously, every rational transduction is in 2GSM, this proves (and strengthens)
the result mentioned at the end of Example 8.5: a rational transduction is an MS-transduction
if and only if it has finite images.
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MSOW (DMSOW) is the class of word transductions computed by nondeter-
ministic (deterministic) Hennie machines.

The word generating power of HR graph grammars was first investigated in
[HabKre87] and Chapter V of [Hab92], see also Section 2.5.2 of [DHK97]. The
tree-walking tree-to-word transducer was introduced in [AhoUll71], as a model
of syntax-directed translation. The characterization in Theorem 8.26 of the
VR-equational sets of words by the class DTWTW (REGT) is the main result
of [EngHey91] (with a direct proof, not involving MS logic). A characterization
of DTWTW(REGT) in terms of a special type of deterministic top-down tree
transducers (taking the yields of the output trees) can be found in Corollary 4.11
of [ERS80]; it is basically due to [AhoUl71]. A special case of the Semi-linearity
Theorem (Theorem 7.37) is stated in Corollary 3.2.7 of [ERS80]. Still other
characterizations of DTWTW (REGT) can be found in Section 6 of [Eng97]. A
characterization of TWTW(REGT) as path languages of VR-equational sets of
graphs is proved in Theorem 28 of [EngOos96].

A characterization of DMSOTW (i.e., of DTWTW™® see Theorem 8.8) in
terms of deterministic top-down tree transducers (again, taking the yields of the
output trees) is given in Theorem 7.7 of [EngMan99).

8.9.2 Terms

As observed in the previous subsection, the tree-walking tree-to-word transducer
was introduced in [AhoUll71] as a model of syntax-directed translation. The
tree-walking tree transducer is essentially a notational variation of the attribute
grammar, a compiler construction tool [DJL88, WilMau95, ALSUO07] introduced
in [Knu68]. An attribute grammar has attributes instead of states, and the
output tree is usually interpreted in some semantic domain. When viewed as a
tree transducer, the attribute grammar is called an attributed tree transducer
(see [Fiil81, FiilVog98]). The current version of the twt is introduced as a special
case of the pebble tree transducer in [MSVO03], viz. the case that the transducer
has no pebbles (except for the reading head, which is also viewed as a pebble
in [MSVO03]); the pebble tree transducer is proposed in [MSV03] as a model of
XML transformations. The relationship between the attribute grammar and
the deterministic tree-walking tree transducer is explained in Section 3.2 of
[EngMan03b] (where the twt is called 0-ptt). The deterministic twt is slightly
more powerful than the attribute grammar, because the latter is assumed to be
noncircular (i.e., always halting, in a strong sense). The single-use restriction
was introduced (for attribute grammars) in [Gan83, Gie88], where it is shown
that single-use attributed tree transducers are closed under composition.

The basic characterization DMSOT = DTWTM® of Theorem 8.8 is one of
the main results of [BloEng00]; more precisely, it is proved there, in terms
of attribute grammars, that DMSOT = DTWTg, o DMSOT-REL, see Theo-
rem 8.24. How to get rid of jumps (Theorem 8.9) is shown in Theorems 8
and 9 of [BloEng97]. The impossibility to get rid of global tests (Theorem 8.13)
is proved in [BojCol06]. The class DMSOT-REL is characterized in terms of
finite-valued attribute grammars in Theorem 3.7 of [NevBus02] and in Theo-
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rem 10 of [BloEng00] (independently), and in terms of compositions of bottom-
up and top-down finite-state relabellings in Theorem 4.4 of [EngMan99] (cf. the
discussion following Lemma 4.5 of [EngMan99]). It implies that the determin-
istic MS-transductions of terms can be computed in linear time (Corollary 18
of [BloEng00]), see Theorem 8.16.

The tree-walking pushdown tree-to-word transducer was introduced in [ERS80]
(where it is called the ct-pd transducer), and the tree-walking pushdown tree
transducer was introduced in [EngVog86] (where it is called the RT(P(TR))
transducer or indexed tree transducer), c¢f. Theorem 8.15. The pushdown of a
p-mstwt can also be viewed as a pushdown of (coloured) pebbles: the pebbles
are placed on the ancestors of the current node. In [EHS07] the p-twt is gen-
eralized to a transducer called 1-PTT, that can place the pebbles anywhere on
the input tree; it also generalizes the pebble tree transducer of [MSV03]. The
decomposition result of Theorem 8.17 is a special case of Lemma 3 of [EHS07]
(where the special case allows the first transducer to be deterministic).

To appreciate the relationship of Theorems 8.15, 8.18, and 8.19 to the lit-
terature, it is necessary to discuss the macro tree transducer [Eng80, CouFra82,
EngVog85]. The macro tree transducer is obtained from the top-down tree trans-
ducer by letting its states (which can be viewed as recursive function procedures)
have parameters of type ‘output tree’; for a formal definition that is close to the
twt, see [EngMan03b]. Let DMT denote the class of tree transductions com-
puted by deterministic macro tree transducers, with unrestricted rewriting, or,
equivalently, outside-in rewriting (it is denoted DMToy in [EngVog85]).

Theorem 8.27 DMT = P-DTWT = DTWT o DTWT],.

Proof: It is proved in Theorem 5.16 of [EngVog86] (with S = TR) that for every
total function 7, 7 € DMT if and only if 7 € P-DTWT (this is a transducer
version of the well-known fact that macro grammars and indexed grammars
have the same power). In Theorem 6.18 of [EngVog85] it is shown that every
7 € DMT can be written as 7 = 79 o 7y, where 7y is the identity on some regular
set R of trees, and 75 € DMT is a total function and hence 75 € P-DTWT. It
should be clear that 7 o7y is in P-DTWT: the p-twt just starts by checking
that the input tree is in R (see the proof of Theorem 8.14). This proves that
DMT C P-DTWT. The inclusion P-DTWT C DTWT o DTWT is shown in
Theorem 8.17. Finally, the inclusion DTWT o DTWT; C DMT follows from
Theorem 35 of [EngMan03b] (which shows, for n = 0, that DTWT C DMT)
and Theorem 7.6(3) of [EngVog85] (which shows that DMToDTWT; C DMT).
]

The inclusions of Theorems 8.15 and 8.18 are proved in [EngMan99] in the
form DMSOT C DMT. The characterization in Theorem 8.19 of DMSOT as
the class of transductions in DTWT o DTWT, of linear size increase, is the
main result of [EngMan03a], where it is proved for DMT rather than DTWT o
DTWT,. The proof is for total functions only, but it should be clear from (the
proof of) Theorem 6.18 of [EngVog85] (cf. the above proof) that it then also
holds for partial functions: note that if a partial function 7 is in DMSOT then it



32CHAPTER 8. MONADIC SECOND-ORDER TRANSDUCTIONS OF TERMS AND WORDS

can be written as 7 = Tp o7y, where 7 is the identity on some regular set of trees,
and 75 € DMSOT is a total function (just view the formula x of the definition
scheme for 7 as a separate transduction 71, and take the definition scheme for
To to be the one of 7 with x = True). The decidability result mentioned after
Theorem 8.19 is also proved in [EngMan03a]. It is shown in [Man03] that the if-
direction of Theorem 8.19 even holds for transductions 7 that are compositions of
arbitrarily many deterministic twts (or macro tree transducers). In Theorem 7.1
of [EngMan99] DMSOT is characterized by syntactically restricted classes of
macro tree transducers.

No results for MSOT and TWT are known that are similar to those for
MSOW and 2GSM. Since it is easy to see that REL C TWT, (the top-down
tree transducer visits each node exactly once and guesses its new label), it
follows from Proposition 8.21 and Theorem 8.18 that MSOT is included in
DTWToDTWT| o TWT|. But it is unknown whether MSOT equals the set of
transductions of linear size increase in this class.

The term generating power of HR graph grammars was first investigated
in [EngHey92], where it is shown (by a direct proof, not involving logic) that
DTWT(REGT) is the class of sets of terms that can be generated by HR graph
grammars, if one allows the graph grammars to generate directed graphs with-
out circuit (i.e., trees with shared subtrees), cf. the discussion at the end of
Section 8.4. The characterization in Theorem 8.25 of the VR-equational sets
of terms by the class DTWTg,(REGT) is stated in Corollary 19 of [BloEng00].
Two other, closely related, characterizations of this class are given in Theo-
rem 8.1 of [Dre99] (in terms of top-down tree transducers and hypergraph sub-
stitution) and in Theorem 5 of [EngMan00] (in terms of macro tree transducers;
see also Corollary 7.3 of [EngMan99]). In [EngMan00] several natural types of
term generating HR graph grammars are investigated.

We finally note that the equivalence problem is decidable for transductions
in DMSOT, as proved in [EngMan06]. This result extends to MS-transductions
from graphs to terms on VR-equational sets of graphs, but there is no hope to
extend it to all graphs. For words, i.e., for deterministic two-way finite-state
transducers, the decidability of the equivalence problem was proved in [Gur82].
It is open whether it is decidable for deterministic tree-walking tree transducers
(and hence for deterministic macro tree transducers, cf. [Eng80]).
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