it has less than 2 vertices. Finally, one adds a 6th, nullary operation, of type o:
the constant 0, standing for the empty graph with no vertices. ]

A Equivalences of logical formulas

In this appendix, we discuss some equivalences and transformations of logical
formulas which can be used to give upper bounds for the index of congruences
considered in this paper, and to complete the proof of the effectiveness of certain
notions (e.g. quantifier-free definition schemes).

More specifically, we make precise in what sense we can state, as we do in
the body of the paper, that the set of first-order (resp. monadic second-order)
formulas over finite sets of relations, constants and free variables, and with a
bounded quantification depth, can be considered as finite. Moreover, explicit
upper bounds on the size of these finite sets are derived, which can be used
to justify the termination of some of our algorithms, and in evaluating their
complexity. That these upper bounds have unbounded levels of exponentiation
is not unexpected.

A.1 Boolean formulas

Let p1,...,p, be Boolean variables and let B,, be the set of Boolean formulas
written with these variables. It is well known that B, is finite up to logical
equivalence. For further reference, we record the following more precise state-
ment.

Proposition A.1 There exists a subset BL°? of By, of cardinality 22" such that
every formula in B,, can be effectively reduced to an equivalent formula in B¢,

Proof. We let B*? be the set of Boolean formulas in disjunctive normal form,
where in each disjunct, variables occur at most once and in increasing order,
no two disjuncts are equal, and disjuncts are ordered lexicographically. These
constraints guarantee the announced cardinality of B"¢?; the rest of the proof
is classical. a

Of course, the formula in B¢ equivalent to a given formula, is not always
the shortest possible.

A.2 First-order formulas, semantic equivalence

Let us consider finite sets R and C, of relational symbols and of constants
(nullary relations, source labels) as in Section 3.1. Recall that, if X is a finite set,
FO(R,C, X) denotes the set of first-order formulas in the language of (R, C)-
structures, with free variables in X. For unproved results in this section, we
refer the reader to [4].
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Several notions of semantic equivalence of formulas can be defined. If ¢, €
FO(R,C,X), say that ¢ = o if for every (R,C)-structure S and for every
assignment of values in S for the elements of X, ¢ and ¥ are both true or both
false. Say also that ¢ =, v if the same holds for every finite or countable
(R, C)-structure S, and ¢ =y ¢ if S is restricted to being finite.

The equivalences = and =, coincide by the Lowenheim-Skolem theorem.
Indeed this theorem states that if a closed formula has an infinite model, then
it has one of each infinite cardinality: it suffices to apply it to the formula
3% —(¢o(Z) < ¢¥(Z)). We note that this equivalence cannot be extended to
monadic second-order formulas: there exists an MS formula with a unique
model, isomorphic to the set of integers N with its order.

Each of these three equivalences is known to be undecidable.

The equivalence = (or =, since we consider only first-order formulas) is semi-
decidable: by Goédel’s completeness theorem, ¢ = 1 if and only if the formula
VZ (o(Z) < (&) has a proof, which is a recursively enumerable property.

Trakhtenbrot proved that one cannot decide whether a first-order formula is
true in every finite structure, thus proving that =y is not decidable. However,
the negation of =y is semi-decidable: if ¢ #; v, a counter-example can be
produced by exploring systematically all finite (R, C)-structures. This is a proof
also that = and = do not coincide.

A.3 First-order formulas, a syntactic equivalence

We now describe a syntactic equivalence ~ on formulas, which refines the se-
mantic equivalences = and =y: that is, if ¢ ~ 1, then ¢ = and ¢ =y .

If b € By, and if ¢1,...,0, € FO(R,C,X), we denote by b(¢1,...,¢n)
the formula in FO(R,C,X) obtained by replacing each occurrence of p; in
b by ;. It is clear that if b and b’ are equivalent Boolean formulas, then
(@1, s 0n) = (01, -, Pn)-

A Boolean transformation step consists in replacing in a first-order formula,
a sub-formula of the form b(¢1, ..., v,) by the equivalent formula b'(p1, . . ., ¢n),
where b,0’ € B, are equivalent. Then we let ¢ = 1 if ¢ can be transformed
into ¥ by a sequence of Boolean transformation steps and of renaming of bound
variables.

It is clear that if ¢ & 1, then ¢ = . We want to show that each first-
order formula is effectively equivalent to an ~-equivalent formula of the same
quantifier height, and to give an upper bound on the number of ~-equivalence
classes of formulas of a given height.

A.3.1 Quantifier-free formulas

Let QF(R,C,X) be the set of quantifier-free formulas in FO(R,C, X). Such
formulas are Boolean combinations of atomic formulas. Let Atom(R,C, X) be
the set of these atomic formulas. Note that each atomic formula is either of the
form x = y, where  and y are in X UC, or r(x1,...,2,,)) where r is a p(r)-ary

95



relation in R and the z; are in X UC. Letting n = card(X) and ¢ = card(C),
it is easily verified that

card(Atom(R,C, X)) = (n+¢)* + Z(n + )P,
reER

We let f(R,c,n) be this function. Note that if we allow for the (effective)
syntactic simplifications of identifying the formulas of the form =z = x with the
constant true, and of identifying the formulas = y and y = =, we can lower
the value of f(R,c,n) to 1+ 3(n+c)(n+c—1)+>, cpln+ )P,

We then have the following.

Proposition A.2 There exists a subset QF™*(R,C, X) of QF(R,C,X), of
cardinality 22f(R’C’n), such that every formula in QF(R,C,X) can be effectively
transformed to an ==-equivalent formula in QF™(R, C, X).

Proof. By definition of quantifier-free formulas, QF (R, C, X) is the set of all
formulas of the form b(p1, ..., p,), where b is a Boolean formula and the ¢; are
atomic formulas. Now let QF™¢(R, C, X) be the set of all formulas of the form
b(¢1,- .-, 0n), where b € Bred and the p; are pairwise distinct atomic formulas.
The proof of the precise statement is now immediate, using Proposition A.1. 0O

Example A.3 Let us consider graphs with sources, so that R consists of a
single, binary edge relation. Then f(R,c,0) = 2¢? and card(QF™¢(R, C,)) =

22262 = ¢(c). Thus the type equivalence ¢ (see Section 3.3 and Lemma 3.7) has
at most 29(¢) classes in GS(C). O

Remark A.4 Again, we are not claiming that the set QF"™4(R,C, X) is as
small as possible. On quantifier-free formulas, the equivalence = is decidable,
because ¢ = 1 is false if and only if the closed formula 3Z(p(Z) & ¥(X))
is satisfiable, and the satisfiability problem for existential formulas in prenex
normal form is decidable (see [4]). Thus one can modify Proposition A.2 by
letting QF4(R, C, X) be the set of lexicographically minimal formulas in each
=-class: the same statement of Proposition A.2 would then hold with = instead
of ~. In particular, the transformation would still be effective, although very
inefficient. It is not clear whether the cardinality of the new set of reduced
quantifier-free formulas would be significantly smaller. O

A.3.2 Quantifier depth of first-order formulas

Recall that the quantifier depth of a first-order formula is the maximal num-
ber of nested quantifiers. If we let FOL(R,C,X) be the set of formulas in
FO(R,C, X) of quantifier depth at most k, a formal definition is as follows:
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FOy(R,C,X) = QF(R,C,X) and, for each k > 0, FOr41(R,C, X) is the set
of Boolean combinations of formulas in
FOL(R,C,X) = FOw(R,C,X)
U{Fy¢l|yec FOLR,C, X U{y})}
U{Vy ¢ | € FOL(R,C, X U{y})}.

Using the same recursion, let us define sets of “reduced” formulas of every
quantifier depth. First we fix an enumeration of the countable set of variables.
Next, we let FO*(R,C, X) = QF™*(R,C,X). For each k > 0, we then let
FO5% (R, C, X) be the set of formulas of the form b(1, ..., ¢n) where b € Bje?
and the ¢; are in
——red

FO, (R,C,X) FO*(R,C,X)

{3y ¢ | ¢ € FO*(R,C, X U{y}), y minimal not in X}
{Vy ¢ | ¢ € FO;*(R,C, X U{y}), y minimal not in X}.

C C

Proposition A.5 For each k > 0, the set FOL*Y(R,C, X) is finite. Moreover,

every formula in FO(R,C, X) can be effectively transformed to an ~-equivalent

formula in FOL4(R,C, X).

Proof. Let n = card(X) and ¢ = card(C), let g(k, R, c,n) be the cardinality
——red

of FO*Y(R,C, X), and let h(k, R, c,n) be the cardinality of FO, (R,C,X). It

is elementary to verify that these functions can be bounded as follows:

g(0,R,e,n) < 2/ (F.em) and for k > 0

g(k7Ra ¢, n) < gh(k,R,c,n)
h(k,R,c,n) < 3g(k—1,R,c;n+1).
The rest of the proof is immediate, from the recursive definitions. O

Remark A.6 Since there is a procedure to transform each first-order formula
into an ~-equivalent formula in “reduced form”, we can consider a new equiva-
lence relation on first-order formulas: to yield the same reduced formula. This
equivalence is decidable and it refines ~ (and hence =). O

Remark A.7 In the Proposition A.5, we can still consider replacing each for-
mula by the lexicographically least equivalent formula, but this method is not
effective, since the equivalence of first-order formulas is not decidable. ad

A.4 Monadic second-order formulas

A very similar analysis can be conducted for monadic second-order formulas of
bounded quantifier depth. One difference is that the Lowenheim-Skolem theo-
rem does not hold for these formulas, so the semantic equivalence of formulas
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based on coincidence on all finite or countable models does not imply coinci-
dence on all models. Moreover, since there is no complete proof systems for
such formulas, the equivalences = and =, are not semi-decidable.

For the rest, one can follow the same techniques as above, to prove the
following result. We denote by M Sk (R, C, W) the set of monadic second-order
formulas of quantification depth k in the language of (R, C)-structures, with
their first- and second-order free variables in W.

Proposition A.8 For every finite R,C, W, k, one can construct a finite subset
MSpe4(R,C, W) of MSk(R,C, W) such that, for every formula in M Sk(R,C, W),
one can construct effectively an =-equivalent formula in MSL°? (R, C,W).
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