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1 In tro duction

F ormal language theory studies sets of �nite and in�nite w ords and terms (usu-

ally called trees) that are �nitely describ ed b y means of grammars, automata,

or logical form ulas. It also in v estigates transformations of w ords and terms in

a similar p ersp ectiv e. Its scop e no w extends to descriptions of sets of graphs,

h yp ergraphs, partial orders, and related com binatorial structures, and to that

of transformations of these ob jects, whic h w e will call, as for w ords and terms,

tr ansductions. Univ ersal algebra and logic are fundamen tal for dev elopping

this extension, and this article con tributes to sho wing wh y .

A lgebr as, e quational and r e c o gnizable sets

Con text-free languages can b e c haracterized as least solutions of systems of

recursiv e equations, while regular languages can b e c haracterized as union of

classes of �nite congruences on the free monoid. Both c haracterizations are

based on the algebraic structure on w ords asso ciated with concatenation. As

observ ed b y Mezei and W righ t in [1] the t w o notions of least solution of a

system of recursiv e equations and of a congruence with �nitely man y classes

are meaningful in ev ery algebra, not only in the monoid of �nite w ords and

in the algebra of �nite terms. In ev ery algebra, they yield t w o families of

sets, the family of e quational sets and the family of r e c o gnizable sets. These

notions generalize those of con text-free languages and of regular languages,

resp ectiv ely .

The adv an tage of this algebraic approac h, esp ecially for describing sets of

graphs, is that it dep ends neither on rewriting rules nor on automata. This

is essen tial b ecause graph rewriting rules are complicated to de�ne and to

study , and graph automata satisfying go o d closure and decidabilit y prop erties

do not exist, except for v ery particular classes of graphs. By con trast, the

families of recognizable and equational sets of an y algebra satisfy useful closure

prop erties : the family of recognizable sets is closed under union, in tersection,

and di�erence, and the in tersection of an equational set with a recognizable

one is equational.

A class of graphs is made in to an algebr a b y equipping it with graph op erations.

These op erations form the signatur e of the algebra. A graph op eration linking

t w o graphs can b e considered as a generalized concatenation. Ho w ev er, graphs

can b e concatenated in sev eral w a ys, and di�eren t op erations are sp eci�ed in

terms of lab ellings of the v ertices. W e will also use unary graph op erations that

manipulate lab ellings. In ev ery algebra of graphs, w e ha v e th us equational sets

and recognizable sets. Their de�nitions only use concepts of univ ersal algebra
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and need not deal with the sp eci�c com binatorial prop erties of the graphs

under consideration.

In the ab o v e description, w e ha v e written �graphs� for simplicit y , but it equally

applies to h yp ergraphs, partial orders, and actually all com binatorial ob jects

represen ted b y relational structures with a �nite set of relations. F or example,

a graph G is represen ted b y the relational structure whose domain is the set of

v ertices and that has a binary relation describing the edges. (The m ultiplicit y

of edges is lost in this represen tation. There exists another one for graphs with

m ultiple edges, see [2]).

Sev eral signatures can b e de�ned on the same class of relational structures.

Ho w ev er, in man y cases, �small� v ariations of the signature do not mo dify the

classes of equational and recognizable sets, a fact indicating the robustness

of the algebraic framew ork. W e will sa y that t w o signatures are e quivalent if

the corresp onding classes of equational and recognizable sets are the same.

One of the purp oses of this article is to in v estigate equiv alences of signatures.

Another one is to relate these algebraic notions with monadic second-order

logic. W e no w explain the role of logic in this theory .

The r ole of lo gic

Logic is used for three purp oses : �rst to sp ecify the op erations on relational

structures in the signatures, second to de�ne recognizable sets of relational

structures, and third to sp ecify transformations of relational structures. Let

us commen t eac h of these uses.

The basic signature of op erations, denoted b y QF , consists of disjoin t union,

of all unary op erations that can b e de�ned b y quan ti�er-free form ulas (called

quanti�er-fr e e op er ations ), and of constan ts denoting structures with a single

elemen t. The edge complemen t is an example of a quan ti�er-free op eration : the

edge relation of the output graph is just the complemen t of the edge relation of

the input graph, hence the former is de�nable b y a form ula without quan ti�ers

in terms of the latter. Quan ti�er-free op erations can b e com bined with disjoin t

union to form v arious kinds of graph concatenations.

This de�nition generalizes and uni�es previously de�ned algebras, the algebra

of graphs called VR , and the algebra of h yp ergraphs called HR . They ha v e

b een de�ned in suc h a w a y that their equational sets are the sets of graphs

and h yp ergraphs de�ned b y certain c ontext-fr e e gr aph gr ammars , based re-

sp ectiv ely on vertex r eplac ement and on hyp er e dge r eplac ement (see [2 ] and

other c hapters of the same b o ok on graph grammars). Man y results pro v ed in-

dep enden tly for these t w o algebras can no w b e pro v ed as particular instances

of more general results relativ e to QF .
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Monadic se c ond-or der lo gic ( MSO) is the fundamen tal language for de�n-

ing recognizable sets and transductions of relational structures. That MSO
is useful is not to o surprizing giv en that, for sets of w ords and terms, MSO-

de�nabilit y is equiv alen t to de�nabilit y b y �nite-state automata, and that

man y t yp es of tree transductions can also b e describ ed b y MSO-form ulas

(see [3,4 ,5]). A fundamen tal result sa ys that ev ery set of relational structures

that is the set of �nite mo dels of an MSO-form ula is QF -r e c o gnizable (i.e., is

recognizable with resp ect to the algebra of relational structures de�ned b y the

signature QF ). On the other hand, it is m uc h easier to c hec k that a prop ert y is

de�nable b y an MSO-form ula than to construct a �nite congruence saturating

the corresp onding set. In the cases of w ords and trees, �nite-state automata

o�er suc h a con v enien t sp eci�cation language for recognizable sets, but they

do not w ork on graphs and, a fortiori, on relational structures. Hence MSO
tak es their place in a natural w a y . T r ansduc ers whic h de�ne transformations

of w ords or terms in to w ords or terms are �nite-state automata with outputs.

Hence, they cannot b e generalized to graphs on the basis of automata, and

MSO, again, o�ers a p o w erful and easy to use sp eci�cation language.

F urthermore, there are quite close connections b et w een equational sets and

recognizable sets of relational structures, and MSO-transductions : for exam-

ple, a set is equational i� it is the image of a recognizable set of �nite terms

under an MSO-transduction, and it follo ws that the class of equational sets

is stable under MSO-transductions. F urther, w e pro v e in this article that the

in v erse image of a QF -recognizable set under an MSO-transduction is QF -

recognizable.

The main r esults

W e will only consider �nite terms, graphs, h yp ergraphs, and relational struc-

tures. F urthermore, w e will consider relational structures only up to isomor-

phism. There are sev eral reasons for doing so. First, w e ha v e no use for dis-

tinguishing isomorphic relational structures. This is also a requiremen t for

applying logic since logical form ulas cannot distinguish b et w een isomorphic

structures. In order to deriv e algorithms from this theory as done in [6], w e

need to use whenev er p ossible �nite signatures and w e do not w an t to in tro duce

in�nitely man y constan ts to describ e in�nitely man y isomorphic structures.

Hence a term will not de�ne a single relational structure but the isomorphism

class of some relational structure.

Our starting p oin t is the signature QF of op erations on relational structures

consisting of disjoin t union, quan ti�er-free op erations (there are coun tably

man y , the use of in�nite signatures for dealing with graphs, ev en �nite ones, is

una v oidable), and constan ts denoting relational structures ha ving a singleton
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domain.

W e pro v e in Section 5 that the in v erse image of a QF -recognizable set under

an MSO-transduction is QF -recognizable. This result, of whic h w eak forms are

already kno wn, con�rms the robustness of the formal framew ork asso ciating

graph op erations and MSO.

In Section 6, w e pro v e that the signature QF can b e restricted to an equiv a-

len t subsignature. This �small� (although still coun tably in�nite) signature is

based on quan ti�er-free op erations of three t yp es : w e can for get a relation R
(i.e., delete all tuples in R without mo difying the domain of the considered

structure), r ename a relation R in to S (where R and S ha v e same arit y ; if

R and S are b oth presen t in the input structure then this op eration merges

them in to a single relation), and w e can add either a new relation T or tuples

to an existing relation T (roughly , giv en t w o relations R and S w e concate-

nate the tuples of R with those of S and add the resulting tuples to T ). If the

signature � con tains only relations of arit y at most n then w e can de�ne an

equational set of � -structures b y a system of equations where the op erations

only use the relations of � and auxiliary relations of arit y at most n � 1. In

the case of graphs, that is for n = 2 , w e obtain kno wn results ab out the sig-

nature VR (cf. [7 ,8]) where the auxiliary relations are unary , i.e., they enco de

v ertex lab els.

In Section 7, w e dev elop a metho d for enlarging the signature QF to an

equiv alen t one, and w e apply this metho d to the fusion op eration considered

b y Courcelle and Mak o wsky in [9]. This op eration fuses all elemen ts satisfying

a giv en unary relation. It is not quan ti�er-free. Roughly sp eaking, w e pro v e

that adding it to QF yields an equiv alen t signature. This generalizes the

results of [9].

In Section 8, w e consider the algebra HR whose equational sets are those

de�ned b y hyp er e dge r eplac ement con text-free graph grammars. This is an al-

gebra of relational structures with distinguished elemen ts called sour c es. The

op erations consist of constan ts for singleton structures and p ar al lel c omp osi-

tion whic h com bines t w o structures with sources in to the one obtained from

their disjoin t union b y fusing the sources with same lab el. One can replace

a relational structure with sources b y a purely relational one b y in tro ducing,

for eac h constan t c, a unary relation labc whic h con tains as single elemen t the

v alue of c. Ho w ev er, if w e do so, quan ti�er-free de�nable op erations on rela-

tional structures with sources are no longer quan ti�er-free de�nable on the

corresp onding relational structures without sources. W e o v ercome this di�-

cult y b y sho wing that nev ertheless the op erations of HR can b e handled in

the general framew ork of purely relational structures.

These results con tribute to build a robust foundation for the extension of for-
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mal language theory to sets of graphs, h yp ergraphs, and relational structures.

Let us sa y a few w ords ab out the to ols w e use for establishing them. The

main one is the classical notion of a lo gic al typ e used, e.g., in [10 ,11,12 ,13 ].

Giv en a �nite set � of form ulas with n free v ariables (for instance, the set of

MSO-form ulas of quan ti�er heigh t at most k , up to logical equiv alence), w e

de�ne the � -typ e of an n -tuple of elemen ts �a of a relational structure as the

set of those form ulas of � that are satis�ed b y �a. There are th us �nitely man y

p ossible � -t yp es. If the form ulas in � are quan ti�er-free or if their quan ti�ca-

tions are restricted to a �neigh b ourho o d� of �a, then the � -t yp e of �a enco des

lo c al information asso ciated with �a. Giv en a structure A , its � -annotation is

the structure M � (A) with same domain where, for eac h � -t yp e p, w e ha v e a

new n -ary relation Tp con taining all n -tuples of A with t yp e p. The annotation

M � (A) pro vides information ab out A that is immediately a v ailable from the

relations without the need to use form ulas with quan ti�ers. In the language

of database theory , this construction builds an extensional database out of an

in tensional one. In this article, a t ypical use is the follo wing : a transduction of

structures A , de�ned b y MSO-form ulas of quan ti�er heigh t at most k can b e

replaced b y a quan ti�er-free transduction acting on the annotated structures

M � (A) where � is the set of MSO-form ulas of quan ti�er heigh t at most k .

R elate d works

This article dev elops the algebraic and logical extension of formal language

theory to sets of relational structures in tiated b y Courcelle and presen ted

in [14 ] (its algebraic bac kground) and [2] (its application to graphs and h y-

p ergraphs, and its relationships with graph grammars). This theory also uses

results from [3 ,15,16 ]. Sections 6 and 8 elab orate the de�nition giv en in [7] of

an algebra for relational structures with constan ts. Section 7 generalizes the

de�nition of fusion giv en in [9] and establishes new results. Closure prop er-

ties of the family of HR -recognizable sets of h yp ergraphs ha v e b een studied

in [17 ], and Section 5 con tin ues this w ork. The stabilit y of the family of recog-

nizable sets under mo di�cations of signatures is studied in [8 ], and the notion

of equiv alence of signatures in v estigated in Sections 6, 7, and 8 extends this

stabilit y requiremen t to also include the family of equational sets.

Summary of the article

The article is organized as follo ws. Section 2 reviews algebras, equational and

recognizable sets, and it in tro duces an extension of the notion of deriv ed op-

eration closely related to linear deterministic b ottom-up tree transductions.

It also extends the notion of a homomorphism to that of a heter omorphism,
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making it p ossible to relate algebras of di�eren t signatures. Section 3 reviews

relational structures, monadic second-order logic, monadic second-order trans-

ductions, and op erations on relational structures de�ned b y quan ti�er-free

form ulas. Section 4 in tro duces monadic typ es (sets of monadic second-order

form ulas of b ounded quan ti�er heigh t) as a �rst form of t yp e information,

and establishes sev eral tec hnical results. Section 5 establishes the preserv a-

tion of recognizabilit y under in v erse MSO-transductions. Section 6 sho ws the

equiv alence of the basic signature QF on relational structures with a prop er

subsignature that generalizes the signature VR to relational structures and,

hence, to h yp ergraphs. Section 7 tak es the opp osite direction. Its ob jectiv e

is to extend QF b y op erations that are not quan ti�er-free de�nable, but to

obtain nev ertheless an equiv alen t signature. A metho d for doing so is in tro-

duced and applied to the fusion op eration. Section 8 sho ws ho w the op erations

de�ning the HR -equational and HR -recognizable sets can b e studied in terms

of relational structures without constan ts.

Notation, c onventions, and gener al facts

In this article w e only consider equational and recognizable sets of �nite struc-

tures. The reason for this limitation is that the algebraic de�nitions of these

notions are not w ell-suited to in�nite ob jects. In particular, the recognizable

sets of in�nite trees are not those de�ned b y tree automata. Ho w ev er, our tec h-

nical constructions of transformations of structures based on logical form ulas

w ork for in�nite structures as w ell. But their algebraic consequences are only

meaningful in the �nite case.

All pro ofs in this article are e�ectiv e. Hence ev ery statemen t of the form �F or

ev ery m; n , there exists an MSO-transduction suc h that . . . � can b e read as

�There exists an algorithm that, giv en m; n , constructs an MSO-transduction

suc h that . . . �.

Let us �x notation and in tro duce some con v en tions. The set N of natural

n um b ers con tains 0. W e set [k] := f 1; : : : ; kg and [0] := ; . W e denote b y P(X )
the p o w er set of a set X . F or an n -tuple �a = a1 : : : an , w e sometimes also

write �a for the set f a1; : : : ; ang of its comp onen ts. In particular, w e sometimes

write �a � A instead of �a 2 An
. The empt y tuple is denoted b y hi. W e will

denote b y jxj b oth, the cardinalit y of a set x and the length of a w ord x . (No

am biguit y will arise.)
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2 Equational and recognizable sets in arbitrary algebras

The notions of an equational set and a recognizable set are due to Mezei and

W righ t [1]. While they w ere originally de�ned for algebras o v er one sort, w e

adapt them to the man y-sorted case with in�nitely man y sorts. W e b egin with

de�nitions concerning suc h algebras. W e refer the reader to [14] for more ab out

recognizable and equational sets.

2.1 A lgebr as

Let S b e a set whose elemen ts w e call sorts . An S-signatur e is a set F of

function sym b ols eac h of whic h has a typ e s1 � s2 � � � � � sn ! s where

s1; : : : ; sn ; s 2 S. W e ma y ha v e n = 0 ; in this case the sym b ol is called a

c onstant. W e denote b y T(F; X ) the set of �nite w ell-formed terms built with

functions from F and v ariables from X . They will simply b e called terms in the

follo wing. In the case X = ; , w e simply write T(F ) . Automata de�ning sets of

terms are usually called tr e e automata, and m ultiv alued mappings from terms

to terms are called tr e e tr ansductions. W e will k eep this standard terminology ,

although trees in the sense of graph theory do not coincide with terms.

An F -algebr a is an ob ject M = h(M s)s2 S; (f M )f 2 F i where eac h set M s , called

the domain of M of sort s, is nonempt y and, for ev ery sym b ol f 2 F of t yp e

s1 � � � � � sn ! s, w e ha v e a total function f M : M s1 � � � � � M sn ! M s . These

mappings are called the op er ations of M . W e assume that M s \ M s0 = ; ,

for s 6= s0
. W e denote the set

S
f M s j s 2 S g also b y M . W e assume that the

notions of a homomorphism, subsignatur e, sub algebr a, etc. are w ell-kno wn. See

[14 ] or [8] for details.

W e can de�ne a canonical F -algebra (the fr e e F -algebr a ) on the set of terms T(F )
suc h that, for ev ery F -algebra M , there exists a unique homomorphism valM :
T(F ) ! M . F or t 2 T(F )s , the image of t under valM is an elemen t of M s ,

called the value of t in M . A term t with v ariables x1; : : : ; xn of sort s1; : : : ; sn

de�nes a function tM : M s1 � � � � � M sn ! M whic h is obtained b y replacing

all function sym b ols f in t b y the corresp onding op erations f M of M . In the

sp ecial case that n = 0 w e obtain tM = val M (t) .

A derive d op er ation of the algebr a M is an n -ary op eration de�ned b y a term

in T(F; f x1; : : : ; xng) where eac h v ariable x i o ccurs at most once. Suc h terms

are called line ar. Let F and G b e S-signatures and M an F -algebra. If N is

a G-algebra with the same domains as M suc h that eac h op eration of N is a

deriv ed op eration of M then w e sa y that N is a derive d algebr a , and that it is

derive d of M . W e call G a derive d signatur e of F . The signature of all deriv ed

op erations of F is denoted b y F der
.
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Our notion of a deriv ed op eration is restricted to linear terms in order to

guaran tee that the class of equational sets is not c hanged b y adding deriv ed

op erations to a signature. The class of recognizable sets sta ys the same ev en

if w e add deriv ed op erations built from nonlinear terms.

If G is a deriv ed signature of F ev ery term t 2 T(G) can b e translated in to a

term � (t) 2 T(F ) suc h that � (t)N = tM , for all algebras M and N as ab o v e.

The mapping � is a tree transducer of a particular t yp e, namely a deterministic,

b ottom-up, linear tree transducer with a single state. By a r e gular set of terms

w e mean a subset K � T(F ) , for some �nite signature F , that is de�ned b y

a �nite-state tree automaton. Generalizing the notion of a regular set w e will

de�ne b elo w the notion of a recognizable set in an arbitrary algebra. It is an

easy exercise to sho w that a set of terms in T(F ) is regular if and only if it is

recognizable in the free F -algebra T(F ) .

F or de�nitions and basic results concerning tree automata and tree transduc-

ers, w e refer the reader to the b o oks [18 ] or [19 ], and to the surv eys [20 ] and [21 ].

In the follo wing w e will only use �nite-state deterministic, b ottom-up, linear

tree transducers and w e will call them simply tr e e tr ansduc ers. Among the

basic facts w e recall that the image of a regular set of terms under suc h a tree

transducer is again regular.

Lemma 1 If C is a r e gular set of terms then so is � (C) , for every tr e e tr ans-

duc er � .

Let us stress that, b y our de�nition, a tree transducer alw a ys is linear. Without

this condition Lemma 1 w ould not hold.

2.2 R e c o gnizable and e quational sets

Let F b e an S-signature. W e sa y that an F -algebra M is lo c al ly �nite if eac h

domain M s is �nite. (Note that in univ ersal algebra the term �lo cally �nite�

has a di�eren t meaning.)

A c ongruenc e on M is an equiv alence relation � on

S
f M s j s 2 S g suc h that

eac h set M s is a union of equiv alence classes and suc h that � is stable under

all op erations of M . It is said to b e �nite if, for eac h sort s, the restriction � s

of � to M s is �nite, i.e., has �nitely man y classes. A congruence satur ates a

set X � M if X is a union of equiv alence classes.

De�nition 2 L et M b e an F -algebr a and s 2 S. A subset X � M s is M -

recognizable if it is satur ate d by a �nite c ongruenc e on M . W e denote the set

of al l M -r e c o gnizable subsets of M s by Rec(M )s , and the union of the sets

Rec(M )s by Rec(M ) .
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An equiv alen t de�nition can b e giv en in terms of homomorphisms. A subset

X � M s is M -recognizable if and only if there exists a homomorphism h :
M ! A in to a lo cally �nite F -algebra A and a (�nite) subset Y � As suc h

that X = h� 1(Y) . The class Rec(M )s forms a b o olean algebra. W e ha v e

; ; M s 2 Rec(M )s , and X; Y 2 Rec(M )s implies that X [ Y; X \ Y; X n Y 2
Rec(M )s (see [14 ]).

Note that in the de�nition of a congruence constan ts pla y no role. Hence,

a set X is recognizable with resp ect to an F -algebra M if and only if it is

recognizable with resp ect to the F� -reduct of M where F� consists of all

op erations of F except for the constan t sym b ols.

De�nition 3 A subset L � M s is M -equational if it is a c omp onent of the

le ast solution of a �nite system of r e cursive e quations using as op er ations union

and the extension of the op er ations of F to subsets of M . W e denote the class

of e quational subsets of M by Equat(M ) , and by Equat(M )s the sub class of

those include d in M s .

F or instance, the equational sets of a free monoid are exactly the con text-free

languages. Similarly , the equational subsets of graph algebras are exactly those

that are c ontext-fr e e. See [2] for the relationship b et w een graph grammars and

equational sets. Instead of the ab o v e de�nition w e will mainly use the follo wing

c haracterization of M -equational sets.

Prop osition 4 ([1,14]) L et M b e an F -algebr a. A set L � M s is M -e quational

if and only if ther e exist a r e gular set K � T(F )s such that L = val M (K ) .

Note that, b y de�nition, if K � T(F )s is a regular set of terms then there is

a �nite subsignature F0 � F with K � T(F0)s .

Corollary 5 A set K � T(F )s is r e gular if and only if it is e quational.

In particular, if F is a �nite signature that gener ates M , i.e., suc h that ev-

ery elemen t of M is the v alue of a term in T(F ) , then ev ery recognizable

set is equational. This condition is satis�ed for the usual algebras of �nitely

generated monoids, but not for the algebras of graphs that w e will consider.

See [14 ] for a thorough treatmen t of the basic results ab out recognizable and

equational sets.

In certain cases, for instance when considering graphs, there is a canonical

c hoice for the domains M s , s 2 S, while there are sev eral p ossible signa-

tures F . T o simplify terminology and notation w e will sp eak in suc h cases

of F -equational and F -recognizable sets instead of in tro ducing a separate

name MF for the structure obtained from the signature F and using the term

� MF -equational� and � MF -recognizable�. Similarly w e will write Equat(F ) and

Rec(F ) instead of, resp ectiv ely , Equat(MF ) and Rec(MF ) .

10



2.3 Finite-state derive d op er ations and homomorphisms

W e will need some extensions of the classical notions of a deriv ed op eration

and a homomorphism that are closely related to tree transducers.

De�nition 6 L et M b e an F -algebr a. A mapping � : M ! X fr om M into an

arbitr ary set X is M -computable if the sets As := � (M s) � X , for s 2 S, ar e

�nite and p airwise disjoint, and ther e exists an F -algebr a A with domains As ,

for e ach s, such that � : M ! A is a homomorphism. In other wor ds, the latter

c ondition me ans that, for every f 2 F of arity n and al l a1; : : : ; an 2 M of

appr opriate sorts, the value � (f M (�a)) c an b e c ompute d fr om � (a1); : : : ; � (an ) .

De�nition 7 L et M b e an F -algebr a and � : M ! A b e M -c omputable. A n

n -ary mapping g : M s1 � � � � � M sn ! M s , n � 1, is a �nite-state deriv ed op er-

ation (based on � ) if, for e ach �a 2 An
, ther e is an n -ary derive d op er ation t[�a]

of M such that we have

g(x1; : : : ; xn ) = t[� (x1); : : : ; � (xn )]M (x1; : : : ; xn ) ;

for al l elements x1; : : : ; xn 2 M of sorts, r esp e ctively, s1; : : : ; sn .

Example 8 L et X b e a set and F the signatur e c onsisting of one binary op-

er ation � and c onstant symb ols " and a, for every a 2 X . L et M b e the fr e e

monoid over X , that is, the F -algebr a with domain X �
wher e �M is c onc atena-

tion, "M the empty wor d, and aM := a, for a 2 X . Fix some element a 2 X .

W e de�ne a binary op er ation ~ on X �
by

u ~ v :=

8
<

:
uv if neither u nor v c ontains an o c curr enc e of a;

a otherwise :

W e claim that ~ is a �nite-state derive d op er ation. W e de�ne an F -algebr a N
on [2] by setting

i �N k :=

8
<

:
2 if i = k = 2 ;

1 otherwise ;

"N := 2 ; aN := 1 ; and bN := 2 ; for b6= a :

L et � : M ! N b e the homomorphism

� (u) :=

8
<

:
1 if u c ontains an o c curr enc e of a;

2 otherwise :

11



Then we c an de�ne ~ by the terms

t[1; 1](x; y) := a ; t[1; 2](x; y) := a ;
t[2; 1](x; y) := a ; t[2; 2](x; y) := x � y :

If M is an F -algebra and G a set of �nite-state deriv ed op erations w e obtain

a G-algebra N with the same sorts and domains as M . W e call G a signatur e

of �nite-state derive d op er ations, and w e call N a �nite-state derive d alge-

br a of M . If the op erations of G are all based on the same M -computable

mapping � then w e sa y that G and N are b ase d on � .

F or eac h M -computable mapping � , w e denote b y F der
� the signature of all

�nite-state deriv ed op erations based on � . If F is coun table then so is F der
�

since w e require that the sets As are �nite. Clearly , F der
� con tains F der

b ecause

the op erations t[�a] in the ab o v e de�nition ma y actually not dep end on �a. Note

that the op erations of F der
� dep end on M via � , whereas those of F der

do not :

they are de�ned in a purely syn tactic w a y without reference to an y algebra.

Remark 9 L et F b e a �nite signatur e, M an F -algebr a, and G a signatur e

of �nite-state derive d op er ations b ase d on some function � : M ! A . L et

N b e the asso ciate d (F [ G) -algebr a. F or every t 2 T(F [ G) , ther e exists a

term � (t) 2 T(F ) with tN = � (t)M . This mapping � c an b e de�ne d by a tr e e

tr ansduc er.

W e will see b elo w that adding �nite-state deriv ed op erations do es not c hange

the notions of an equational or a recognizable set. Hence, when w e w an t to

compare algebras with resp ect to suc h sets w e need a kind of homomorphism

that is in v arian t under this op eration. F urthermore, w e will need to relate

algebras with di�eren t signatures.

De�nition 10 L et M b e an F -algebr a with set of sorts S and N a G-algebr a

with set of sorts S0
.

(a) A heteromorphism h : M ! N is a c ol le ction of mappings c onsisting of

hsort : S ! S0
and hs : M s ! Nhsort (s) , for e ach s 2 S, such that, for every f 2

F of typ e s1 � � � � � sn ! s, ther e exists a line ar term t f 2 T(G; f x1; : : : ; xng)
such that

hs(f M (b1; : : : ; bn )) = t f
N (hs1 (b1); : : : ; hsn (bn )) ;

for al l b1; : : : ; bn 2 M of sorts s1; : : : ; sn .

(b) L et � : M ! A b e an M -c omputable mapping. W e wil l say that a c ol le c-

tion h as ab ove is a �nite-state heteromorphism based on � if, for every f 2 F
of typ e s1 � � � � � sn ! s, ther e exist line ar terms t f [�a] 2 T(G; f x1; : : : ; xng) ,

12



for �a 2 An
, such that

hs(f M (b1; : : : ; bn )) = t f [� (b1); : : : ; � (bn )]N (hs1 (b1); : : : ; hsn (bn )) ;

for al l b1; : : : ; bn 2 M of sorts s1; : : : ; sn .

In the follo wing w e will write in b oth cases h instead of hsort or hs , without

risk of am biguit y .

Remark 11 A n imp ortant sp e cial c ase of a (�nite-state) heter omorphism c on-

sists of a function h : M ! N fr om an F -algebr a M to a G-algebr a N such

that ther e exists a set G0
of (�nite-state) derive d op er ations of N that turns

h : M ! N into a homomorphism fr om M to the G0
-algebr a N .

Example 12 L et M b e the fr e e monoid as in the pr evious example.

(a) The function h : u 7! ~u that maps every wor d to its mirr or image is a

heter omorphism. Sinc e

fuv = ~v~u we c an cho ose the term t �(x; y) := y � x .

(b) A n example of a �nite-state heter omorphism is the function

g(u) :=

8
<

:
~u if u c ontains no o c curr enc e of a;

an
if u c ontains n > 0 o c curr enc es of a:

If we again cho ose � : M ! [2] to b e the homomorphism with

� (u) :=

8
<

:
1 if u c ontains an o c curr enc e of a;

2 otherwise ;

then we c an de�ne g by the terms

tg[1; 1](x; y) := x � y ; tg[1; 2](x; y) := x ;
tg[2; 1](x; y) := y ; tg[2; 2](x; y) := y � x :

Remark 13 L et h : M ! N b e a �nite-state heter omorphism. F or every

term t 2 T(F ) , ther e exists a term � (t) 2 T(F ) such that h(tM ) = � (t)N . If

the signatur e F of M is �nite then this mapping � c an b e de�ne d by a tr e e

tr ansduc er.

Lemma 14 L et h : M ! N b e a �nite-state heter omorphism b ase d on �
b etwe en an F -algebr a M and a G-algebr a N .

(a) L 2 Rec(N ) implies h� 1(L) 2 Rec(M ) .

(b) L 2 Equat(M ) implies h(L) 2 Equat(N ) .
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PR OOF. (a) Let L 2 Rec(N ) and � b e a �nite G-congruence saturating L .

W e de�ne a relation � on M b y setting

x � y : i� x and y ha v e the same sort,

h(x) � h(y) ; and � (x) = � (y) :

It is clear that � is an equiv alence relation. F or eac h sort s, it has at most

jNh(s)=�j � j Asj classes. If x � y then h(x) 2 L implies h(y) 2 L since h(x) �
h(y) and � saturates L . Consequen tly , � saturates h� 1(L) .

It remains to pro v e that � is a congruence. Let f 2 F b e of arit y n and let

�x; �y 2 M n
with x i � yi , for all i . By the de�nition of � , w e ha v e � (x i ) = � (yi ) ,

and since � is a homomorphism it follo ws that � (f M (�x)) = � (f M (�y)) .

It remains to pro v e that h(f M (�x)) � h(f M (�y)) . W e ha v e

h(f M (�x)) = t f [� (x1); : : : ; � (xn )]N (h(x1); : : : ; h(xn ))

= t f [� (y1); : : : ; � (yn )]N (h(x1); : : : ; h(xn ))
(since � (x i ) = � (yi ) )

� t f [� (y1); : : : ; � (yn )]N (h(y1); : : : ; h(yn ))
(since h(x i ) � h(yi ) )

= h(f M (�y)) ;

whic h completes the pro of.

(b) Eac h set L 2 Equat(M ) can b e written L = val M (K ) , for some regular set

of terms K � T(F ) (see Prop osition 4). W e ha v e remark ed that there exists

a tree transducer � asso ciated with h suc h that

valN (� (t)) = h(valM (t)) ; for all t 2 T(F ) :

Hence h(L) = val N (� (K )) . Since, b y Lemma 1, tree transducers preserv e reg-

ularit y it follo ws that h(L) is N -equational. 2

De�nition 15 L et F and G b e S-signatur es for some set of sorts S and

M = ( M s)s2 S a family of domains. L et MF and MG b e algebr as with the

same family of domains M and signatur es F and G, r esp e ctively. W e say that

MF and MG ar e equiv alen t if

Equat(MF ) = Equat( MG) and Rec(MF ) = Rec(MG) :

If MF and MG ar e understo o d fr om the c ontext we wil l simply say that F and G
ar e equiv alen t signatures.
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Remark 16 F or F � G we obviously always have

Equat(F ) � Equat(G) and Rec(G) � Rec(F ) :

Henc e, when testing for e quivalenc e we only ne e d to che ck the c onverse inclu-

sions.

Consider an F -algebra M and let G b e a signature of �nite-state deriv ed

op erations of F that are all based on the same M -computable mapping � (cf.

De�nition 7). It follo ws from the next lemma that F [ G is equiv alen t to F .

Lemma 17 L et M b e an F -algebr a. F or every M -c omputable function � :
M ! A , the signatur e F der

� is e quivalent to F .

PR OOF. If � is a �nite F -congruence on M then the equiv alence relation

de�ned b y

x � y : i� x and y are of the same sort, � (x) = � (y); and x � y

is a �nite F der
� -congruence. (The pro of is the same as in Lemma 14 (a).) Hence,

if � witnesses the F -recognizabilit y of some set L then � witnesses the F der
� -

recognizabilit y of L . It follo ws that Rec(F der
� ) = Rec(F ) .

Supp ose that L is F der
� -equational. Then w e ha v e L = val M (K ) for some reg-

ular subset K � T(F der
� ) . W e ha v e noted that there exists a tree transducer �

suc h that

valM (� (t)) = val M 0(t) ; for all t 2 T(F der
� ) ;

where M 0
is the F der

� -algebra with same domains as M . Hence, L = val M (� (K ))
and since tree transducers preserv e regularit y it follo ws that L is F -equational.

Consequen tly , w e ha v e Equat(F der
� ) = Equat( F ) . 2

3 Relational structures and monadic second-order logic

A r elational signatur e is a �nite set � = f R; S; T; : : :g of relation sym b ols eac h

of whic h is giv en with an arity ar(R) � 1. W e denote b y STR[�] the set of all

�nite � -structur es A = hA; (RA)R2 � i where RA � Aar(R)
. The set A is called

the domain of A . The arit y of � is the maximal arit y of a sym b ol in � . W e

denote it b y ar(�) . The arit y of a � -structure A is the arit y of its signature � .

In tuitiv ely , a � -structure A can b e seen as a dir e cte d hyp er gr aph where A is

the set of v ertices and, for ev ery tuple �a 2 R , w e ha v e a hyp er e dge with lab el R
and sequence of v ertices �a.
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F or a relational � -structure A and a set X � A , w e denote b y A[X ] the

substructure of A induc e d b y X . This is the structure with domain X and

relations

RA[X ] = RA \ X ar(R) ; for R 2 � :

A graph G is de�ned as an f edgg-structure G = hVG; edgG i where VG is the

set of v ertices of G and edgG � VG � VG is a binary relation represen ting

the directed edges. F or undirected graphs, the relation edgG is symmetric. In

particular, graphs are alw a ys simple, i.e., without parallel edges.

A term t 2 T(F ) where F is a �nite signature of arit y at most k can b e seen

as a directed lab elled tree. W e enco de suc h a tree b y a relational structure of

the form S (t) := hN; (suci )1� i � k ; rt ; (labf )f 2 F i where

� N is the set of no des,

� suci (x; y) holds i� y is the i -th successor of x ,

� rt( x) holds i� x is the ro ot, and

� labf (x) is true i� the no de x has lab el f .

W e denote b y �( F ) the signature of this structure.

W e recall that monadic se c ond-or der lo gic extends �rst-order logic b y set v ari-

ables, quan ti�cation o v er set v ariables, and new atomic form ulas of the form

x 2 X that express the mem b ership of an elemen t x in the set X . W e will

denote b y MSO[� ; W] the set of all MSO-form ulas o v er the signature � with

free v ariables from W . Similarly , FO[� ; W] is the set of �rst-order form ulas

and QF[� ; W] denotes the set of quanti�er-fr e e formulas . F requen tly , w e will

omit the parameters � and W if their v alues are ob vious from the con text.

The quanti�er height of a form ula ' , either �rst-order or monadic second-

order, is the maximal n um b er of nested quan ti�ers in ' . W e denote it b y qh(' ) .

The quan ti�er-free form ulas are those of quan ti�er heigh t 0.

A subset C � STR[�] is MSO-de�nable if there is some form ula ' 2 MSO[� ; ; ]
suc h that

C = f A 2 STR[�] j A j= ' g :

3.1 T r ansductions of r elational structur es

W e will use logic for sev eral purp oses. First, w e use form ulae to de�ne trans-

formations on structures and second, w e lab el structures b y logical t yp es that

enco de prop erties of tuples. Let C and D b e sets of structures. A tr ansduction
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g : C ! D is a binary relation g : R � C � D that w e consider as a m ulti-

v alued partial mapping asso ciating with certain structures in C one or more

structures in D .

An MSO-tr ansduction is a transduction sp eci�ed b y MSO-form ulas. Giv en a

structure A and a tuple of p ar ameters W1; : : : ; Wn � A it constructs a new

structure B whose domain is a subset of A � [k], for some k � 1. Suc h a

transduction g has an asso ciated b ackwar ds tr anslation, a mapping that ef-

fectiv ely transforms an MSO-form ula ' o v er B (p ossibly with free v ariables)

in to a MSO-form ula ' g
o v er A whose free v ariables corresp ond to those of '

( k times as man y actually) together with those for the parameters. The for-

m ula ' g
expresses in A the prop ert y of B de�ned b y ' . W e no w giv e some

details. See also [4,2 ].

De�nition 18 L et � and � b e two r elational signatur es and let W b e a �nite

set of set variables c al le d parameters .

(a) A de�nition sc heme (fr om � to � ) is a tuple of formulas of the form

D = ( ';  1; : : : ;  k ; (#w)w2 � � k)

wher e k > 0,

� � k :=
n

(R; �{)
�
�
� R 2 � ; �{ 2 [k]ar(R)

o
;

' 2 MSO[� ; W] ;
 i 2 MSO[� ; W [ f x1g] ; for i = 1; : : : ; k ;

and #w 2 MSO[� ; W [ f x1; : : : ; xar(R)g] ; for w = ( R; �{) 2 � � k :

(b) L et A 2 STR[�] and let 
 b e a W -assignment in A . W e say that D de�nes

the � -structur e B in (A; 
 ) if

(i) (A; 
 ) j= ' ;
(ii) B =

n
(a; i) 2 A � [k]

�
�
� (A; 
 ) j=  i (a)

o
;

(iii) for e ach R 2 � ,

RB =
n

((a1; i1); : : : ; (an ; in )) 2 B n
�
�
� (A; 
 ) j= #R;�{(a1; : : : ; an )

o
;

wher e �{ = i 1 : : : in and n = ar( R) .

(By (A; 
 ) j= #(a1; : : : ; an ) we me an (A; 
 0) j= # wher e 
 0
is the assignment

extending 
 such that 
 0(x i ) = ai , for al l i � n .) Note that we do not r e de�ne

e quality (in c ontr ast to, e.g., [10 ]). Two elements of B ar e e qual if they ar e

e qual as elements of A � [k].

The structure B is uniquely determined b y A , 
 , and D whenev er it is de�ned,

i.e., whenev er (A; 
 ) j= ' . Therefore, w e can use functional notation and w e
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write B = D̂(A; 
 ) . The relation

n �
A; D̂(A; 
 )

� �
�
� 
 is some W -assignmen t in A

o
� STR[�] � STR[�]

is called the tr ansduction de�ne d by D .

Let L b e some fragmen t of MSO. A transduction g � STR[�] � STR[�]
is an L -tr ansduction if it is de�ned (up to isomorphisms) b y some de�nition

sc heme D consisting of form ulas from L . In the case where W = ; , w e sa y that

g is p ar ameterless . (Note that parameterless transductions are functional.) W e

will refer to the in teger k b y sa ying that D is k -c opying . If k = 1 w e will call

D and D̂ nonc opying. A noncop ying de�nition sc heme has the simple form

(';  ; (#R )R2 � ) .

The quanti�er height of a de�nition sc heme is the maximal quan ti�er heigh t

of the form ulas it consists of. Since, up to logical equiv alence, there are only

�nitely man y MSO-form ulas of a giv en quan ti�er heigh t k 2 N , it follo ws that

the n um b er of MSO-transductions (de�ned b y sc hemes) of quan ti�er heigh t k
is �nite.

Note that since logical equiv alence is not decidable one cannot e�ectiv ely select

represen tativ es of eac h class of logically equiv alen t form ulas. Ho w ev er, one can

replace logical equiv alence b y a decidable �ner equiv alence relation that still

has only �nitely man y classes. A construction is giv en in [8].

Example 19 As an example we r e c al l fr om [9 ], L emma 2.1, that if we have

an MSO-de�nable e quivalenc e r elation � on A 2 STR[�] then ther e is an

MSO-tr ansduction mapping A = hA; (RA)R2 � i to its quotient structur e

A=� := hA=� ; (RA=� )R2 � i ;

wher e RA=� :=
n

([a1]; : : : ; [an ])
�
�
� (a1; : : : ; an ) 2 RA

o
and [a] denotes the e quiv-

alenc e class of a. Note that A=� c an b e de�ne d fr om A with the help of any set

X � A c ontaining exactly one r epr esentative of every � -class. Ther efor e, we

c an write down a nonc opying de�nition scheme with one p ar ameter X wher e

the formula ' states that X c ontains one r epr esentative of every � -class and

 (x) is the formula x 2 X . W e omit r outine details.

Let F and G b e �nite signatures. By enco ding terms as lab elled trees w e can

consider a mapping from T(F ) to T(G) as a transduction b et w een relational

structures. Similarly , mappings from T(F ) to STR[�] can also b e giv en b y

transductions.

Ev ery op eration de�ned b y a tree transducer can b e represen ted b y a param-

eterless MSO-transduction (see [3,5]). The fact that w e only consider linear

tree transducers is here essen tial.
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On sev eral o ccasions w e will use transductions that transform a structure in to

the substructure induced b y a de�nable subset X of its domain. If  (x) is a

form ula with a single free v ariable w e denote b y del the transduction that

eliminates all elemen ts satisfying  .

3.2 The fundamental pr op erty of MSO-tr ansductions

Ev ery de�nition sc heme D do es not only de�ne an MSO-transduction b et w een

structures but it also giv es rise to a translation of form ulas. The follo wing

prop osition sa ys that if B = D̂(A; 
 ) then all monadic second-order de�nable

prop erties of B can b e expressed b y monadic second-order form ulas o v er A .

The usefulness of MSO-transductions is based on this fact.

Let D = ( ';  1; : : : ;  k ; (#w)w2 � � k) b e a de�nition sc heme with a set of param-

eters W . Giv en a set V of set v ariables disjoin t from W w e in tro duce new v ari-

ables X (i )
, for X 2 V and i 2 [k], and w e set V (k) := f X (i ) j X 2 V; i 2 [k] g.

Let A 2 STR[�] b e a structure. F or ev ery mapping � : V (k) ! P (A) , w e de�ne

� k : V ! P (A � [k]) b y

� k(X ) := � (X (1) ) � f 1g [ � � � [ � (X (k)) � f kg:

Let Y = f y1; : : : ; yr g b e a set of �rst-order v ariables. F or a mapping � : Y ! A
and an r -tuple �{ = i 1 : : : i r 2 [k]r , w e denote b y � �{ : Y ! A � [k] the function

with

� �{(yj ) := ( � (yj ); i j ) :

If k = 1 then w e iden tify A � [1] with A and � 1:::1 with � .

Prop osition 20 ([22,17 ]) L et D b e a k -c opying de�nition scheme fr om �
to � of quanti�er height m with set of p ar ameters W . L et V b e a �nite set of

set variables and Y = f y1; : : : ; yr g a set of �rst-or der variables.

F or every formula � 2 MSO[� ; V [ Y] and al l �{ 2 [k]r , one c an e�e ctively

c onstruct a formula � D
�{ 2 MSO[� ; V (k) [ Y [ W] of quanti�er height

qh(� D
�{ ) � k � qh(� ) + m

such that, for e ach A 2 STR[�] and al l assignments 
 : W ! P (A) , � :
V (k) ! P (A) , and � : Y ! A , we have

(A; � [ 
 [ � ) j= � D
�{ i� D̂(A; 
 ) is de�ne d, � k [ � �{ is a

(V [ Y) -assignment in D̂(A; 
 ); and

�
D̂(A; 
 ); � k [ � �{

�
j= � :
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PR OOF. Let D = ( ';  1; : : : ;  k ; (#w)w2 � � k) . F or ev ery monadic second-

order form ula � (y1; : : : ; yr ; X 1; : : : ; X s) and all tuples �{ 2 [k]r , w e de�ne a

form ula � �
�{ with �rst-order v ariables y1; : : : ; yr and set v ariables X (i )

j , for

1 � i � k and 1 � j � s, b y induction on � . W.l.o.g. w e ma y assume

that � do es not con tain univ ersal quan ti�ers and conjunctions. In the atomic

case w e set

(x = y)�
ij := x = y ;

(x 2 X )�
i := x 2 X (i ) ;

(R�x)�
�{ := #R;�{(�x) ;

b o olean op erations remain unc hanged

(: � )�
�{ := : � �

�{ ;
(� _ 
 )�

�{ := � �
�{ _ 
 �

�{ ;

and for quan ti�ers w e de�ne

(9yr +1 � )�
�{ :=

_

j 2 [k]

9yr +1 ( j (yr +1 ) ^ � �
�{j ) ;

(9X� )�
�{ := 9X (1) � � � 9X (k) � �

�{ :

Note that in the case of a second-order quan ti�er 9X� w e do not need to

add the condition that ev ery x 2 X (i )
satis�es  i since set v ariables X are

only used in atomic form ulas of the form y 2 X and w e require that ev ery y
satis�es the corresp onding  i .

T o conclude the pro of w e can set � D
�{ := � �

�{ ^ ' . The construction ensures that

qh(� D
�{ ) � k � qh(� ) + m . (W e can sligh tly impro v e this b ound to

qh(� D
�{ ) � k � qh2(� ) + qh 1(� ) + m ;

b y distinguishing b et w een the quan ti�er heigh ts qh1(� ) and qh2(� ) of �rst-

order and second-order quan ti�ers.) 2

Note that, ev en if B = D̂(A; 
 ) is w ell-de�ned, the mapping � k
is not neces-

sarily a V -assignmen t in B b ecause � k(X ) ma y not b e a subset of the domain

of B .

W e call � D
�{ the b ackwar ds tr anslation of � relativ e to the transduction D . If

g is the transduction de�ned b y D then w e also write � g
instead of � D

. F or

k = 1 and r � 1, w e abbreviate � D
1:::1 b y � D

. Similarly , w e write � D
instead

of � D
hi .
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Prop osition 21 ([22,17 ]) (1) The inverse image of an MSO-de�nable class

of structur es under an MSO-tr ansduction is MSO-de�nable. The domain of

an MSO-tr ansduction is MSO-de�nable.

(2) The c omp osition of two MSO-tr ansductions is an MSO-tr ansduction.

W e pro v e a sp ecial case of the second statemen t.

Lemma 22 L et f : STR[�] ! STR[�] and g : STR[�] ! STR[�] b e MSO-

tr ansductions of quanti�er height m and n , r esp e ctively, and supp ose that g is

nonc opying.

Then f � g is an MSO-tr ansduction of quanti�er height at most m + n . F ur-

thermor e, if b oth f and g ar e p ar ameterless and nonc opying then so is f � g.

PR OOF. Let D = ( ';  1; : : : ;  k ; (#w)w2 � � k) b e the de�nition sc heme of f .

W e obtain a de�nition sc heme of f � g consisting of

�
' g;  g

1; : : : ;  g
k ; (#g

w)w2 � � k

�
:

By Prop osition 20, the quan ti�er heigh t of these form ulas is b ounded b y m+ n .

The second claim also follo ws easily . 2

3.3 Op er ations on r elational structur es

Let us in tro duce the basic op erations on relational structures that constitute

the standard signature QF to whic h w e will compare other signatures.

Disjoin t union. The disjoint union A � B of t w o structures A 2 STR[�]
and B 2 STR[�] is the structure C 2 STR[� [ �] whose domain C := A �[ B
is the disjoin t union of A and B and, for eac h relation R 2 � [ � , w e ha v e

RC := RA [ RB where w e set RA := ; for R 2 � n� , and RB := ; for R 2 � n� .

(W e are only in terested in prop erties of structures up to isomorphism. Hence

w e can freely replace structures b y isomorphic copies.)

Quan ti�er-free op erations. A quanti�er-fr e e de�nition scheme is a pa-

rameterless noncop ying de�nition sc heme D = ( ';  ; (#R )R2 � ) where ' = true
and the form ulas  and #R , for R 2 � , are quan ti�er-free. The transduc-

tion D̂ : STR[�] ! STR[�] de�ned b y suc h a sc heme is total and functional.

When considered to b e part of a signature, w e will call functions of this form
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quanti�er-fr e e op er ations. (W e k eep the term transduction for transforma-

tions of structures that are, t ypically , enco dings relating di�eren t classes of

relational structures.)

Note that since w e require ' = true not ev ery parameterless noncop ying def-

inition sc heme of quan ti�er heigh t 0 de�nes a quan ti�er-free op eration. By

insp ecting the pro of of Lemma 22, one easily sees that the comp osition of t w o

quan ti�er-free op erations is again a quan ti�er-free op eration.

Example 23 The e dge c omplement for simple, lo op-fr e e, undir e cte d gr aphs

c an b e de�ne d as the quanti�er-fr e e op er ation wher e

#edg(x1; x2) := x1 6= x2 ^ : edg(x1; x2) :

A nother e dge c omplement c ould b e de�ne d for gr aphs with lo ops by deleting

x1 6= x2 in the ab ove formula.

Remark 24 T o shorten notation we wil l usual ly omit de�ning formulas #R

of the form #R = R�x (= Rx1 : : : xar(R)) that do not mo dify the r elations R .

If w e ha v e a quan ti�er-free de�nition sc heme of the form D = (true ;  ; (#R )R2 � )
where � = � and #R is Rx1 : : : xar(R) , for all R 2 � , then w e sa y that D̂ is

a ( quanti�er-fr e e ) domain r estriction . In this case w e ha v e D̂ = del :  and

D̂(A) is the substructure of A induced b y the set of elemen ts satisfying  .

If, on the other hand, D = (true ; true; (#R )R2 � ) , then w e call D̂ nondeleting .

Then the structure D̂(A) has the same domain as A but its relations are

rede�ned b y the form ulas #R . Other examples will b e giv en in Section 3.5

b elo w.

Lemma 25 Every quanti�er-fr e e op er ation is the c omp osition of a quanti�er-

fr e e domain r estriction and a nondeleting quanti�er-fr e e op er ation.

PR OOF. F or ev ery quan ti�er-free de�nition sc heme D = (true ;  ; (#R )R2 � )
from � to � w e ha v e D̂ = D̂0 � del:  where

del:  := (true ;  ; (R�x)R2 � ) and D0 := (true ; true; (#R)R2 � ) :

2

3.4 The many-sorte d algebr a of r elational structur es

W e de�ne an algebra STR of relational structures as follo ws. Supp ose that

� 1 is a �xed relational signature with coun tably man y sym b ols of eac h arit y .

22



W e assume that ev ery �nite relational signature � is a subset of � 1 . W e

regard ev ery �nite signature � � � 1 as a sort of STR. The corresp onding

domain (of sort � ) is the set STR[�] of all �nite � -structures.

The op erations consist of the disjoin t union � and all quan ti�er-free op era-

tions. F urthermore, w e add constan t sym b ols for all singleton structur es, that

is, structures whose domain con tains exactly one elemen t. Note that ev ery set

STR[�] con tains only �nitely man y of them (up to isomorphism).

This signature, whic h w e denote b y QF , will b e our reference signature for

the algebra STR. W e will construct alternativ e equiv alen t signatures.

If � � � w e could regard structures A 2 STR[�] as elemen ts of STR[�] where

all relations R 2 � n � are empt y . Ho w ev er w e will distinguish A from its

expansions, so the sets STR[�] are pairwise disjoin t. The natural inclusion

i : STR[�] ! STR[�] is a quan ti�er-free op eration. In particular, i 2 QF .

The op eration sym b ol � is o v erloaded. It actually represen ts coun tably man y

binary op erations, one for eac h pair of sorts.

A ccording to our general de�nitions w e obtain the classes Equat(STR) and

Rec(STR) of all QF -equational and QF -recognizable sets. Since QF is our

standard signature w e will call suc h sets simply e quational and r e c o gnizable.

Prop osition 26 ([7,2]) L et C � STR[�] .

(a) If C is MSO-de�nable then C 2 Rec(STR)� .

(b) If C 2 Rec(STR)� and D � STR[�] is MSO-de�nable then C \ D 2
Rec(STR)� .

(c) If � � � and i : STR[�] ! STR[�] is the inclusion map then we have

C 2 Rec(STR)� i� i (C) 2 Rec(STR)� .

Prop osition 27 ([7,2,16 ]) L et C � STR[�] . The fol lowing statements ar e

e quivalent :

(i) C 2 Equat(STR) � .

(ii) C = val STR (K ) , for some K 2 Rec(T(QF )� ) .

(iii) C = � (L) , for some MSO-tr ansduction � : STR[�( F )] ! STR[�] and

some r e gular set of terms L � T(F ) ( over an arbitr ary �nite signatur e F ).

Corollary 28 L et C 2 Equat(STR) � .

(a) If � : STR[�] ! STR[�] is an MSO-tr ansduction then � (C) 2 Equat(STR) � .

(b) If D � STR[�] is MSO-de�nable then C \ D 2 Equat(STR) � .

(c) If � � � and i : STR[�] ! STR[�] is the inclusion map then we have

C 2 Equat(STR) � i� i (C) 2 Equat(STR) � .
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PR OOF. (a) If C 2 Equat(STR) � then there exists a regular set of terms L
and an MSO-transduction � suc h that C = � (L) . Hence, � (C) = ( � � � )(L)
and Prop osition 21 implies that � (C) 2 Equat(STR) � .

(b) If D is MSO-de�nable then the iden tit y function idD : D ! D is an

MSO-transduction. Since C \ D = id D (C) the claim follo ws from (a).

(c) follo ws immediately from (a) since i and its in v erse are MSO-transductions. 2

3.5 VR -op er ations on gr aphs

Let us consider the sp ecial case of graphs. W e recall the de�nitions of t w o

algebras of graphs, called VR and VRp
, whic h are connected to certain con text-

free graph grammars and to the graph complexit y measure called clique width

(see [2,23 ,6]). W e sho w that these algebras can b e considered as subalgebras

of STR. In addition to the edge relation edg w e �x a coun table set � 1 of unary

relation sym b ols that w e will use as v ertex lab els. The algebra of graphs VR
has domains of the form STR[f edgg[ �] , for �nite � � � 1 . The corresp onding

structures are lab elled graphs G = hVG; edgG; (PG)P 2 � i where a v ertex v has

lab el P i� it b elongs to the set PG . Hence a v ertex ma y ha v e no, one, or sev eral

lab els.

W e de�ne a signature VR that, apart from the disjoin t union � and constan t

sym b ols for the basic graphs with a single v ertex, con tains the follo wing par-

ticular quan ti�er-free op erations. The mapping renP ! Q c hanges ev ery lab el P
to Q, the op eration fgtP (forget P ) deletes ev ery lab el P , and addP;Q , for

P 6= Q, is de�ned b y the quan ti�er-free de�nition where

#edg(x1; x2) := edg(x1; x2) _ (Px1 ^ Qx2) :

Hence addP;Q adds a new directed edge from ev ery v ertex lab elled b y P to eac h

v ertex lab elled b y Q � unless there exists already one (w e deal with simple

directed graphs, p ossibly with lo ops).

A more restricted algebra of lab elled graphs is VRp
. A � -gr aph is a structure

G = hVG; edgG; (PG)P 2 � i in STR[f edgg[ �] suc h that the unary relations form

a partition of the domains. (The sup erscript p refers to this fact.) Hence ev ery

v ertex has one and only one lab el. The ab o v e de�ned op erations, except fgtP ,

preserv e this prop ert y . (Of course, w e ha v e to omit those constan t sym b ols

whic h de�ne lab elled graphs that are not � -graphs.)

F or eac h set � , w e denote b y VRp
� the signature

f P; P loop; � ; addP;Q ; renP ! Q j P; Q 2 � ; P 6= Q g;
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where P is a single v ertex lab elled b y P , and P loop
is the same with an inciden t

lo op. W e obtain in this w a y the VRp
� -algebra of � -graphs whic h w as �rst

in tro duced in [15 ].

Remark 29 The algebr a VR is obtaine d fr om STR by deleting c ertain sorts,

the c orr esp onding domains, al l op er ations involving them, and c ertain unary

op er ations b etwe en sorts kept in VR . F or VRp
, we additional ly r emove those

structur es fr om the r emaining domains wher e the r elations of � do not p arti-

tion the set of vertic es.

Ev ery term t 2 T(VRp
� ) de�nes a � -graph, and ev ery � -graph is the v alue of

some t 2 T(VRp
	 ) , for a su�cien tly large set 	 � � . The clique width of G

is de�ned as the smallest cardinalit y of 	 suc h that G is the v alue of some

term in T(VRp
	 ) (see [24 ,6]). W e recall that trees ha v e clique width at most 3.

This signature originates from con text-free graph grammars de�ned b y v ertex

replacemen t (see [2,15 ]).

T o generate undirected graphs w e can mak e the de�nition of addP;Q symmetric

b y setting

#edg(x1; x2) := edg(x1; x2) _ (Px1 ^ Qx2) _ (Px2 ^ Qx1) :

The notion of clique width of an undirected graph follo ws immediately . Ev ery

clique has clique width 2. W e recall the follo wing result from [2,16 ].

Prop osition 30 A set of �nite gr aphs has b ounde d clique width if and only if

it is c ontaine d in the image of a set of �nite tr e es under an MSO-tr ansduction.

W e ha v e de�ned a man y-sorted algebra VR of graphs. The notion of a VR -

r e c o gnizable set of gr aphs follo ws from the general de�nitions. This notion is

robust as pro v ed in [8] Theorem 4.5 : a set of graphs is VR -recognizable i� it is

recognizable w.r.t. VR+
(the signature consisting of the op erations from VR �

and all quan ti�er-free op erations) i� it QF -recognizable. W e will establish

further robustness results b elo w.

Example 31 R e c al l that, for a �nite signatur e F , we denote by � = �( F )
the signatur e use d to enc o de terms t 2 T(F ) as lab el le d tr e es S (t) 2 STR[�] .

W e show that the function STR[�] � STR[�] ! STR[�] that c orr esp onds to

the mapping T(F ) � T(F ) ! T(F ) : (t1; t2) 7! f (t1; t2) , for �xe d f 2 F , c an

b e expr esse d in terms of � , some quanti�er-fr e e op er ations, and one c onstant.

L et rt b e a c onstant symb ol denoting a single element lab el le d by rt and no

other r elation. In addition to the r elation of � we wil l use unary r elations

rt 1 and rt 2 , and a c onstant symb ol rt . If t1; t2 2 T(F ) ar e r epr esente d by
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S (t1); S (t2) 2 STR[�] with disjoint domains then we have

S (f (t1; t2)) =
�
fgtrt 1

� fgtrt 2
� addrt ;rt 1 ;suc1 � addrt ;rt 2 ;suc2

�

h
rt � renrt ! rt 1 (S (t1)) � renrt ! rt 2 (S (t2))

i
;

wher e the op er ation addrt ;rt i ;suci adds al l p airs (x; y) with rt( x) and rt i (y) to the

r elation suci . This op er ation c an b e de�ne d by the quanti�er-fr e e tr ansduction

wher e

#suci (x; y) := suci (x; y) _ (rt( x) ^ rt i (y)) :

4 Annotated structures

A cen tral notion in man y of our pro ofs is that of a typ e annotation whic h w e use

to enco de information ab out a tuple of elemen ts of the considered structure.

W e de�ne �nite sets � n of form ulas b y certain syn tactic restrictions suc h that

all form ulas in � n ha v e free v ariables among x1; : : : ; xn . With ev ery n -tuple �a
w e asso ciate the set of those form ulas in � n that are satis�ed b y �a. Suc h

sets are called lo gic al n -typ es (see, e.g., [13 ,12 ,11 ]). The syn tactic restrictions

de�ning � n (w e will consider sev eral v arian ts) ensure that eac h t yp e is �nite

and that there are �nitely man y t yp es of the considered form.

W e enric h a relational structure A b y adding, for ev ery n -t yp e, a new n -ary

relation con taining all tuples of that t yp e. This op eration is called annotating

the structur e A . W e will examine the relationship b et w een annotations and

MSO-transductions and their e�ect on recognizabilit y .

4.1 Monadic typ es

The monadic t yp e of a tuple �a is just the set of all MSO-form ulas of a giv en

maximal quan ti�er heigh t satis�ed b y �a. In particular, since it con tains all

quan ti�er-free form ulas that hold for �a, suc h a t yp e completely describ es, up

to isomorphism, the substructure induced b y �a.

De�nition 32 L et A b e a � -structur e and �a 2 An
a tuple, n � 0. The

monadic n -t yp e of quan ti�er heigh t k of �a is the set

tpk(�a=A) :=
n

' (�x) 2 MSO[� ; f x1; : : : ; xng]
�
�
� qh(' ) � k; A j= ' (�a)

o
:

W e denote by Sn;k
M (�) the set of al l such monadic n -typ es r e alize d in some
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� -structur e

2
, and we write S� m;k

M (�) :=
S

1� n� m Sn;k
M (�) for the union over

al l n with 1 � n � m . (W e ne e d the subscript M to distinguish monadic typ es

fr om other kinds of typ es which we wil l intr o duc e in Se ction 7.)

T yp es of quanti�er height 0 ar e also c al le d atomic or quan ti�er free. They

c ontain lo c al information ab out the given n -tuple. F or the empty tuple �a = hi,

we use the abbr eviation tpk(A) := tp k(hi=A) .

W e will treat the monadic t yp e of the empt y tuple di�eren tly from the monadic

n -t yp es with n > 0. F or n > 0, w e can in tro duce n -ary relations to lab el tuples

of the corresp onding t yp e whereas w e do not allo w relations of arit y 0. This

is the reason wh y w e exclude the case n = 0 in the union de�ning S� m;k
M (�) .

A t yp e tpk(A) con tains a �nite amoun t of global information concerning A
whic h, according to Lemma 45 b elo w, is QF -computable.

As stated in the next lemma t yp es are MSO-de�nable b ecause w e only consider

�nite relational signatures. F urthermore, for �nite structures w e can e�ectiv ely

compute the t yp e tpk(�a=A) from �a and A .

De�nition 33 L et p 2 Sn;k
M (�) b e a monadic n -typ e. The Hin tikk a-form ula

of p is de�ne d by

 p(�x) :=
^

p :

(By c onvention we do not distinguish b etwe en lo gic al ly e quivalent formulas so

that the ab ove c onjunction is �nite, cf. Se ction 3.1.)

It follo ws immediately from the de�nition that a t yp e is de�ned b y its Hin tikk a-

form ula.

Lemma 34 F or every monadic n -typ e p 2 Sn;k
M (�) , we have qh( p) = k and

A j=  p(�a) i� tp k(�a=A) = p ;

for every structur e A and e ach tuple �a 2 An
.

Finally , let us remark that quan ti�er-free op erations induce a map on the set

of t yp es.

Lemma 35 F or every quanti�er-fr e e op er ation f : STR[�] ! STR[�] , ther e

exist mappings f n
k : Sn;k

M (�) ! Sn;k
M (�) such that

tpk(�a=f (A)) = f n
k (tp k(�a=A)) ;

2
The reader ma y w orry ab out the fact that Sn;k

M (�) is not recursiv e (only recursiv ely

en umerable). Instead of Sn;k
M (�) w e could use the larger set of all sets of form ulas

o v er the signature � . This will not a�ect our pro ofs.
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for every structur e A 2 STR[�] and e ach n -tuple �a in f (A) .

PR OOF. F or ev ery form ula ' (�x) of quan ti�er heigh t at most k , w e ha v e

' (�x) 2 tpk(�a=f (A)) i� A j= ' f (�a) i� ' f (�x) 2 tpk(�a=A) :

Note that qh(' f ) = qh( ' ) , b y Prop osition 20. Therefore, f n
k can b e de�ned

b y

f n
k (p) := f ' j ' f 2 pg:

2

4.2 Monadic annotations

Sometimes it is useful to ha v e all monadic information a v ailable via a single

relation. In order to mak e the full monadic t yp e accessible w e add new re-

lations Tp , for ev ery t yp e p. After adding all these relations Tp the original

relations are sup er�uous, and w e can delete them.

De�nition 36 L et A b e a � -structur e, m > 0, and k � 0. The monadic

annotations of A ar e the structur es

M m
k (A) :=

D
A; (Tp)p2 S� m;k

M (�)

E

with the same domain as A wher e, for e ach monadic n -typ e p 2 S� m;k
M (�) , we

add the n -ary r elation

Tp := f �a 2 An j tpk(�a=A) = pg

of al l tuples of typ e p. W e denote the r elational signatur e of M m
k (A) by

� m;k
M := f Tp j p 2 S� m;k

M (�) g :

F or m = ar(�) , we simply write M k(A) and � k
M .

De�nition 37 L et A b e a structur e. The rank of an n -tuple �a 2 An
is the

size of the set f a1; : : : ; ang. A n n -tuple is a lo op if its r ank is less than n .

By Ajm we denote the structur e obtaine d fr om A by r emoving fr om al l r elations

every tuple of r ank gr e ater than m . L et STRm [�] b e the set of al l structur es

A 2 STR[�] such that Ajm = A .
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Remark 38 If m � ar(�) then we c an r e c onstruct A fr om M m
k (A) . F or m <

ar(�) , we c an only r e c over the atomic information ab out tuples of r ank at

most m .

Example 39 W e c onsider the fol lowing vertex lab el le d gr aph G 2 STR[edg; P; Q]
with domain f a; b; c; dg and lab els P and Q.

a c

b d

Q

P P; Q

The annotate d structur e M 2
0(G) is the c omplete gr aph wher e e ach vertex x

has a unique lab el tp0(x=G) and every e dge (x; y) is lab el le d by tp0(xy=G) .

F or instanc e,

tp0(a) = f: Px; Qx; : edg(x; x); : : : g ;
tp0(b) = f Px; : Qx; : edg(x; x); : : : g ;
tp0(c) = f: Px; : Qx; edg(x; x); : : : g ;
tp0(d) = f Px; Qx; : edg(x; x); : : : g ;

tp0(ab) = f edg(x; y); edg(y; x); x 6= y; : : : g [ tp0(a) [ tp0(b)[y=x] ;
tp0(ac) = f edg(x; y); : edg(y; x); x 6= y; : : : g [ tp0(a) [ tp0(c)[y=x] :

Note that every typ e c ontains a lot of r e dundant formulas. F or the purp ose of

clarity we have omitte d in the ab ove list al l formulas that ar e lo gic al c onse-

quenc es of those shown. T o impr ove r e adability we also have use d the variables

x and y inste ad of x1 and x2 . Final ly, [y=x] denotes the substitution of y for x .

The Hintikka-formula  tp 0 (a)(x) of a is thus e quivalent to

: Px ^ Qx ^ : edg(x; x) :

If we delete fr om M 2
0(G) the vertex lab els we obtain a symmetric lab ele d 2-

structur e as de�ne d by Ehr enfeucht et al. [25 ]. Our r esults show that e quational

and r e c o gnizable sets of gr aphs c an b e de�ne d in an algebr aic fr amework b ase d

on vertex and e dge lab ele d c omplete gr aphs that ar e quite close to 2-structur es.

Monadic annotations are compatible with MSO-transductions. First of all, the

op eration M m
k is itself an MSO-transduction.

Lemma 40 L et � b e a r elational signatur e.

(a) The mapping M m
k : STR[�] ! STR[� m;k

M ] is a nonc opying p ar ameterless

MSO-tr ansduction of quanti�er height k .
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(b) Ther e exists a quanti�er-fr e e nonc opying p ar ameterless tr ansduction g :
STR[� m;k

M ] ! STRm [�] such that

g(M m
k (A)) = Ajm ; for al l A 2 STR[�] :

(c) The r estriction of M m
k to STRm [�] is inje ctive. Its inverse (M m

k )� 1 :
STR[� m;k

M ] ! STRm [�] is an MSO-tr ansduction.

PR OOF. (a) W e ha v e already seen in Lemma 34 that one can de�ne the

relation Tp b y the form ula  p of quan ti�er heigh t k .

(b) F or n � m , w e can write an n -ary relation R 2 � as

RA = f �a 2 An j �a 2 Tp for some p with R�x 2 pg:

Hence, w e obtain a de�nition sc heme for g b y setting

#R(x1; : : : ; xn ) :=
_

f Tpx1 : : : xn j p 2 Sn;k
M (�) ; Rx1 : : : xn 2 pg:

F or n > m , w e need some notation to write do wn #R . With an n -tuple �a of

rank r w e can asso ciate a surjectiv e function � : [n] ! [r ] suc h that ai = al

i� � (i ) = � (l) . Giv en suc h a function � w e set � i (� ) := min � � 1(i ) , for i 2 [r ],

and

� � (x1; : : : ; xn ) :=
^

i 2 [r ]

^

k;l 2 � � 1 (i )

xk = x l :

Then w e can de�ne R b y

#R(x1; : : : ; xn ) :=
_

f Tpx � 1 (� ) : : : x� r (� ) ^ � � (x1; : : : ; xn ) j

1 � r � m ; � : [n] ! [r ] surjectiv e with

� 1(� ) < � � � < � r (� ) ; and

p 2 Sr;k
M (�) with Rx � (1) : : : x� (n) 2 pg:

F or example, if � : [6] ! [3] maps [6] to the sequence 1; 2; 2; 1; 2; 3 then the

ab o v e disjunction includes the form ula

Tpx1x2x6 ^ x1 = x4 ^ x2 = x3 ^ x2 = x5 ^ x3 = x5

if and only if w e ha v e Rx1x2x2x1x2x3 2 p.

Note that the ab o v e disjunctions are �nite since there are only �nitely man y

t yp es in S� m;k
M (�) .

(c) In ligh t of (b) w e only need to pro v e that the range of M m
k is MSO-

de�nable. Then w e can restrict the transduction g of (b) appropriately . Let
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A 2 STR[� m;k
M ]. If A = M m

k (B ) , for some B 2 STRm [�] , then w e ha v e

B = B jm = g(M m
k (B )) = g(A) ;

whic h implies that A = M m
k (g(A)) . Con v ersely , if A = M m

k (g(A)) then A is

in the range of M m
k . W e can express that A = M m

k (g(A)) b y the form ula

^

p2 S� m;k
M (�)

8�x(Tp �x $ ( p)g(�x))

where  p is the Hin tikk a-form ula for p and ( p)g
its bac kw ards translation

via g. This form ula can b e used in the de�nition sc heme of the transduction

(M m
k )� 1 : STR[� m;k

M ] ! STRm [�] to de�ne the domain. 2

Since, b y Corollary 28, QF -equational sets are closed under MSO-transduc-

tions it follo ws immediately that M m
k preserv es equationalit y .

Corollary 41 A set C � STRm [�] is QF -e quational if and only if M m
k (C)

is QF -e quational.

Eac h noncop ying parameterless MSO-transduction of quan ti�er heigh t k fac-

tors through M m
k .

Lemma 42 L et g : STR[�] ! STR[�] b e a nonc opying p ar ameterless MSO-

tr ansduction of quanti�er height k and m := ar(�) . Ther e exists a nonc opying

p ar ameterless quanti�er-fr e e tr ansduction f : STR[� m;k
M ] ! STR[�] such that

g(A) = f
�
M m

k (A)
�

; for al l A 2 STR[�] such that g(A) is de�ne d :

PR OOF. Giv en a quan ti�er-free de�nition sc heme (';  ; (#R)R2 � ) of g, w e

construct a de�nition sc heme (true;  0; (#0
R )R2 � ) for f b y setting

 0 :=
_

f Tpx1 j p j=  g and #0
R :=

_
f Tp �x j p j= #R g:

( j= is the logcial en tailmen t relation.) 2

4.3 Op er ations on annotate d structur es

It turns out that the mapping tpk : STR[�] ! S0;k
M (�) is QF -computable

(cf. 6). One part of the pro of is giv en b y the follo wing (sp ecial case of a)

theorem of Shelah [26] (see also the thorough study b y Mak o wsky [27]).
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Prop osition 43 L et k; m; n � 0. F or every formula ' 2 MSO[� [ � ; f x1; : : : ; xm+ ng]
of quanti�er height k , one c an e�e ctively c onstruct �nite se quenc es of formulas

 1; : : : ;  l 2 MSO[� ; f x1; : : : ; xm g]
and #1; : : : ; #l 2 MSO[� ; f xm+1 ; : : : ; xm+ ng]

of quanti�er height at most k such that, for al l structur es A 2 STR[�] and

B 2 STR[�] , and al l tuples �a 2 Am
and

�b2 B n
, we have

A � B j= ' (�a;�b) i� A j=  i (�a) and B j= #i (�b) for some 1 � i � l :

Corollary 44 F or al l numb ers k; n 2 N and every set I � [n], ther e exists a

binary function � k;I such that

tpk(�c=A � B ) = tp k(�cjI =A) � k;I tpk(�cj[n]nI =B ) ;

for al l structur es A and B and al l tuples �c 2 (A [ B)n
such that �cjI � A and

�cj[n]nI � B . (By �cjI we denote the subtuple of al l c omp onents ci with i 2 I .)

Lemma 45 The function tpk : STR[�] ! S0;k
M (�) is QF -c omputable.

PR OOF. It is su�cien t to �nd op erations on S0;k
M (�) suc h that tpk : STR[�] !

S0;k
M (�) b ecomes a QF -homomorphism. F or the disjoin t union, w e can use the

op eration � k;; in tro duced in Corollary 44. And, if g : STR[�] ! STR[�] is a

quan ti�er-free op eration then w e ha v e sho wn in Lemma 35 that

tpk(g(A)) = g0
k(tp k(A)) ; for all structures A :

2

Lemma 46 F or every m 2 N , the mapping M m
k : STR[�] ! STR[� m;k

M ] is a

�nite-state heter omorphism b ase d on tpk .

PR OOF. W e ha v e to sho w that, for ev ery op eration f 2 QF of arit y 0 � n �
2, there exist linear terms t[p1; : : : ; pn ] 2 T(QF ; f x1; : : : ; xng) , for p1; : : : ; pn 2
S0;k

M (�) , suc h that

M m
k (f (A1; : : : ;An )) =

t[tpk(A1); : : : ; tpk(An)]
�
M m

k (A1); : : : ;M m
k (An )

�
;

for all structures A1; : : : ;An 2 STR[�] .

First, w e consider a quan ti�er-free op eration f : STR[�] ! STR[�] . Recall

the mappings f i
k : Si;k

M (�) ! Si;k
M (�) de�ned in Lemma 35. W e ha v e

M m
k (f (A)) = g(M m

k (A))
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where the de�nition sc heme of the quan ti�er-free op eration g consists of the

form ulas

 (x) :=
_

f Tqx j q 2 S1;k
M (�) ;  0 2 qg;

#Tp (�x) :=
_

f Tq�x j q 2 (f i
k)� 1(p) g; for ev ery p 2 Si;k

M (�) ; 1 � i � m ;

where  0
is the form ula of the de�nition sc heme for f that sp eci�es the domain

of the output structure. Note that in this case the term t[tpk(A)] = g(x1) do es

not dep end on tpk(A) .

Second, w e consider the case where f = � . W e de�ne quan ti�er-free op erations

h0 , h1 , and g dep ending on tpk(A) and tpk(B ) suc h that

M m
k (A � B ) = g

�
h0(M m

k (A)) � h1(M m
k (B ))

�
:

The op erations h0 and h1 just add a new unary relation P =2 � to their argu-

men t suc h that P = ; for h0 whereas, for h1 , P con tains ev ery elemen t. These

functions are only needed so w e can tell the elemen ts of the t w o structures

apart. The main w ork is done b y g whic h up dates the t yp e annotation. Recall

from Corollary 44, that there exists a binary op eration � k;I on S� m;k
M (�) , for

n � m and I � [n], suc h that

tpk(�c=A � B ) = tp k(�cjI =A) � k;I tpk(�cj[n]nI =B ) ;

for all structures A and B and all tuples �c 2 (A [ B)n
with �cjI � A and

�cj[n]nI � B . Hence, w e can de�ne the de�nition sc heme of g b y the form ulas

 (x) := true ;
and #Tp (�x) :=

_ � ^

i 2 I

: Pxi ^
^

i=2 I

Pxi ^ Tq �xjI ^ Tr �xj[n]nI

�
�
�
�

I � [n]; I =2 f; ; [n]g; q � k;I r = p
�

_
_ � ^

i 2 [n]

: Pxi ^ Tq �x
�
�
�
� q � k;[n] tpk(B ) = p

�

_
_ � ^

i 2 [n]

Pxi ^ Tr �x
�
�
�
� tpk(A) � k;; r = p

�

;

for p 2 Sn;k
M (�) . (In the case where A and B ha v e di�eren t signatures the

argumen t is adapted in the ob vious w a y .)

Finally , w e consider the case where f is a constan t. Then the v alue of f is a

singleton structure A . Consequen tly , its annotation M m
k (A) is also a singleton

structure that can b e denoted b y a constan t. 2
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Recall that w e write M k(A) for M ar(�)
k (A) . As usual w e set

M k(C) := f M k(A) j A 2 C g;

for classes C � STR[�] .

Theorem 47 A set C � STR[�] is QF -r e c o gnizable if and only if M k(C) is

QF -r e c o gnizable.

PR OOF. (( ) By Lemma 46, M k is a �nite-state deriv ed homomorphism

based on tpk . W e ha v e seen in Lemma 40 that M k is injectiv e. Therefore,

w e ha v e C = ( M k)� 1(M k(C)) and, b y Lemma 14, it follo ws that C is QF -

recognizable.

() ) Supp ose that C � STR[�] is QF -recognizable. Let � b e a QF -congruence

witnessing this fact.

By Lemma 40 (c), the range D := M k(STR[�]) � STR[� k
M ] of M k is MSO-

de�nable and, therefore, QF -recognizable b y Prop osition 26. W e denote the

corresp onding QF -congruence b y ' .

T o sho w that M k(C) is QF -recognizable w e de�ne

A � B : i� A ' B and A � B :

Clearly , � is a �nite QF -congruence.

It remains to sho w that � saturates M k(C) . Let A 2 M k(C) , that is, A =
M k(C) , for some C 2 C . If B � A then A ' B implies that B = M k(D) ,

for some D 2 STR[�] . W e ha v e seen in Lemma 40 (b) that there exists a

left-in v erse g of M k that is a quan ti�er-free op eration. Hence, A � B implies

C = g(A) � g(B ) = D :

Consequen tly , w e ha v e D 2 C and B = M k(D) 2 M k(C) , as desired. 2

4.4 A nnotating the le aves of a binary tr e e

W e state some de�nitions and lemmas that w e will use in Section 6. Let F b e

a set of binary function sym b ols and C a set of constan ts. As remark ed at the

b eginning of Section 3 w e can represen ted ev ery term t 2 T(F [ C) b y a tree

S (t) :=
D
N (t); suc1; suc2; rt ; (laba)a2 F [ C

E
2 STR[�( F [ C)] ;
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where N (t) is the set of no des of t . Let � := �( F [ C) b e the corresp onding

signature. W e denote the set of le aves b y L(t) � N (t) and b y � the usual

linear left-righ t order on L(t) .

De�nition 48 L et t b e a term, m > 0, and k � 0. A tuple �a 2 L(t)n
is

increasing if a1 < � � � < a n . The restricted monadic annotations of S (t) ar e

the � m;k
M -structur es

R m
k (t) :=

D
L(t); (Tp)p2 S� m;k

M (�)

E

with domain L(t) wher e, for e ach monadic n -typ e p 2 S� m;k
M (�) , we add the

n -ary r elation

Tp :=
n

�a 2 L(t)n
�
�
� �a incr e asing, tpk(�a=S (t)) = p

o
:

Remark 49 Ther e ar e formulae ' (x) and  (x; y) of quanti�er height qh(' ) =
1 and qh( ) = 5 such that ' de�nes the set of le aves and  de�nes the

or dering < :

' (x) := :9 y[suc1(x; y) _ suc2(x; y)] ;
 (x; y) := 9z[9u1(suc1(z; u1) ^ u1 � x) ^ 9 u2(suc2(z; u2) ^ u2 � y)] ;

wher e the tr e e or dering � is de�ne d by

x � y : i� 8Z [y 2 Z ^ 8 u8v[v 2 Z ^ (suc1(u; v) _ suc2(u; v))
! u 2 Z ]

! x 2 Z ] :

( x � y c an b e r e ad as � x is an anc estor of y �.) Henc e, ther e exists a formula

#n (x1; : : : ; xn ) of quanti�er height 5 expr essing that �x is an incr e asing tuple of

le aves. It fol lows that, for k � 5, we c an tel l fr om tpk(�a=S (t)) whether �a is

such a tuple. Conse quently, we c an obtain R m
k (t) fr om M m

k (S (t)) by

� deleting al l no des that ar e not le aves,

� r emoving al l r elations Tp such that p 6j= #n .

F or t 2 T(F [ C) and u 2 N (t) , w e denote b y t=u 2 T(F [ C) the subterm

of t ro oted at the no de u . Let � b e a new constan t sym b ol. W e denote b y

t nu 2 T(F [ C [ f�g ) the term obtained from t b y replacing the subterm t=u
b y the constan t � . Hence, the unique o ccurrence of � in t=u is u .

Lemma 50 L et k 2 N .

(a) F or every f 2 F and al l numb ers 0 � m � n , ther e exists a mapping

� f
m;n : Sm;k

M (�) � Sn� m;k
M (�) ! Sn;k

M (�)
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such that we have

tpk

�
�a�b=S (f (t1; t2))

�
= tp k

�
�a=S (t1)

�
� f

m;n tpk

�
�b=S (t2)

�
;

for al l t1; t2 2 T(F [ C) and al l incr e asing tuples �a 2 L(t1)m
and

�b2 L(t2)n� m
.

(b) F or every f 2 F and al l numb ers 0 � m � n , ther e exists a mapping

�̂
f
m;n : S0;k

M (�) � Sm;k
M (�) � Sn� m;k

M (�) ! Sn;k
M (�)

such that we have

tpk

�
�a�b=S (t)

�
= �̂

f
m;n

�
tpk(S (t n u)); tpk(�a=S (t1)) ; tpk(�b=S (t2))

�
;

for every t 2 T(F [ C) such that t=u = f (t1; t2) and al l incr e asing tuples

�a 2 L(t1)m
and

�b2 L(t2)n� m
.

PR OOF. (a) W e recall from the example after Prop osition 30 that the map-

ping hS (t1); S (t2)i 7! S (f (t1; t2)) is a QF -deriv ed op eration. Consequen tly ,

the result follo ws from Lemma 35 and Corollary 44.

(b) The claim follo ws as in (a) since w e ha v e

S (t) =
�
ren�! f � fgtrt 1

� fgtrt 2
� add� ;rt 1 ;suc1 � add� ;rt 2 ;suc2

�

�
S (t n u) � renrt ! rt 1 (S (t1)) � renrt ! rt 2 (S (t2))

�

2

5 In v erse MSO-transductions preserv e recognizabilit y

In this section w e establish the follo wing theorem whic h is one of the main

results of the article.

Theorem 51 If L 2 Rec(STR)� and � : STR[�] ! STR[�] is an MSO-tr ans-

duction then � � 1(L) 2 Rec(STR)� .

The sp ecial case where L is CMSO-de�nable ( CMSO is the extension of

monadic second-order logic b y coun ting predicates whic h coun t the cardinal-

it y of a set mo dulo a �xed in teger) follo ws from existing results. It is kno wn

that ev ery CMSO-de�nable set is recognizable [7] and the in v erse image of

a CMSO-de�nable set under an MSO-transduction is CMSO-de�nable. The

case where L is a recognizable set of (simple) graphs of b ounded tree width
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is a consequence of a result b y Lap oire [28 ] stating that suc h sets are CMSO-

de�nable if w e allo w quan ti�cation o v er sets of edges (and not only on sets of

v ertices). It follo ws that L is also CMSO-de�nable b y a result of [17] where it

is sho wn that, in the case of �nite graphs of b ounded tree width, quan ti�ers

o v er sets of edges can b e eliminated.

On the other hand, in [8] it is sho wn that there are uncoun tably man y VR -

recognizable sets of graphs. Hence, uncoun tably man y of them are not de�n-

able in monadic-second order logic or in its extensions lik e CMSO, b ecause

these languages are coun table. This sho ws that Theorem 51 cannot b e pro v ed

b y reduction to the sp ecial case of CMSO-de�nable sets.

The pro of is based on the fact that a k -cop ying MSO-transduction � with

parameters W1; : : : ; Wn can b e written as � = %� copyk � 
 where

� %is a noncop ying parameterless transduction,

� 
 is a noncop ying transduction guessing W1; : : : ; Wn , and

� copyk is a k -cop ying parameterless transduction constructing the k -fold dis-

join t union of its argumen t, with some additional annotations to tell apart

the di�eren t copies.

W e will pro v e the theorem separately for these three sp ecial cases.

5.1 T r ansductions that r eplic ate structur es

The simplest MSO-transduction w e consider is a parameterless k -cop ying

transduction denoted b y copyk . It transforms a structure A in to the disjoin t

union of k copies of A , denoted b y A1; : : : ;Ak , expanded b y

� new binary relations Yi that enco de the canonical isomorphisms A1 ! A i ,

� new unary relations Pi that �mark� the elemen t of the i -th cop y A i .

De�nition 52 L et � k := f Pi j 1 � i � k g [ f Yi j 1 < i � k g. W e assume

that � k is disjoint fr om every other r elational signatur e � ; � ; � ; : : : that we

wil l c onsider. F or e ach r elational signatur e � , we de�ne an op er ation

copyk : STR[�] ! STR[� [ � k ]

that maps a structur e A = hA; (RA)R2 � i to the structur e C = copyk(A) with

domain C = A � [k] and r elations

RC :=
n

((a1; i ); : : : ; (aar(R) ; i ))
�
�
� (a1; : : : ; aar(R)) 2 RA ; i 2 [k]

o
;

(Pi )C := A � f ig ;

(Yi )C :=
n

((a;1); (a; i))
�
�
� a 2 A

o
:
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It is clear that copyk is a parameterless k -cop ying MSO-transduction.

Lemma 53 F or every p ar ameterless k -c opying MSO-tr ansduction � : STR[�] !
STR[�] , ther e exists a p ar ameterless nonc opying MSO-tr ansduction %: STR[� [
� k ] ! STR[�] such that � = %� copyk and %(B ) is unde�ne d if the ar gument B
is not of the form copyk(A) , for some A .

PR OOF. Note that a structure C 2 STR[� [ � k ] of the form copyk(A)
satis�es the follo wing conditions :

(1) The sets (P1)C; : : : ; (Pk)C form a partition of the domain.

(2) F or ev ery R 2 � and all tuples �a 2 RC, there is some i with �a � (Pi )C.

(3) Eac h relation (Yi )C de�nes an isomorphism b et w een fgtP1
(C[P1]) and

fgtPi
(C[Pi ]) .

Con v ersely , ev ery structure C 2 STR[� [ � k ] satisfying these conditions is

isomorphic to copyk(A) where A is the � -reduct of C[P1]. The conjunction of

(1)�(3) can b e expressed b y a �rst-order form ula � .

W e denote the relativization of a form ula � to the set Pi b y � (Pi )
. Supp ose

that � is de�ned b y

D = ( ';  1; : : : ;  k ; (#w)w2 � � k) :

A de�nition sc heme E = ( ' 0;  0; (#0
R )R2 � ) for %can b e de�ned as follo ws. The

form ula ' 0
has to express in C that there is some A with C = copyk(A) and

A j= ' . W e can set

' 0 := � ^ ' (P1 ) :

The form ula  0
should de�ne the set of all elemen ts (a; i) 2 C suc h that

A j=  i (a) . This can b e done b y de�ning

 0(x) :=
k̂

i =1

(Pi x !  (Pi )
i (x)) :

Finally , w e m ust construct form ulas #0
R , for R 2 � . W e use the relations Yi to

obtain a cop y of a giv en tuple that lies in the �rst cop y P1 . W e ha v e

((a1; i1); : : : ; (an ; in )) 2 RD̂ (A) i� A j= #R;i 1 :::i n (a1; : : : ; an ) :

F or �xed i 1; : : : ; in , w e can express this b y the form ula

� i 1 :::i n (�x) := 9y1 � � � 9yn

� n̂

k=1

Yi k ykxk ^ #(P1 )
R;i 1 :::i n

(�y)
�

:
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(If i k = 1 then instead of Y1ykxk w e use the form ula yk = xk ^ P1xk .) Therefore,

w e can set

#0
R(�x) :=

^

i 1 ;:::;i n

� n̂

k=1

Pi k xk ! � i 1 :::i n (�x)
�

:

2

Lemma 54 (a) F or al l structur es A; B 2 STR[�] and every k , we have

copyk(A � B ) = copy k(A) � copyk(B ) :

(b) F or every k and e ach quanti�er-fr e e op er ation f : STR[�] ! STR[�] ther e

is a quanti�er-fr e e op er ation f 0 : STR[� [ � k ] ! STR[� [ � k ] such that we

have

copyk(f (A)) = f 0(copyk(A)) ; for every A 2 STR[�] :

PR OOF. (a) is clear. (b) Let D = (true ;  ; (#R )R2 � ) b e the de�nition sc heme

of f . W e can de�ne a de�nition sc heme

D0 =
�
true;  0; (#0

R )R2 � ; (#0
Pi

)1� i � k ; (#0
Yi

)1<i � k

�

of f 0
b y

 0(x) :=  (P1 )(x) _ � � � _  (Pk )(x) ;

#0
R(�x) := ( #R)(P1 )(�x) _ � � � _ (#R )(Pk )(�x) ;

#0
Pi

(x) := Pi x ;
#0

Yi
(x; y) := Yi xy ;

where ' (Pi )(�x) denotes the relativization of ' (�x) to Pi written in suc h a w a y

that the form ula ' (Pi )(�x) implies Pi x l , for all l . 2

Prop osition 55 The or em 51 holds for � = copyk .

PR OOF. By Lemma 54, the mapping copyk is a deriv ed heteromorphism for

the subsignature of QF obtained b y remo ving all constan ts. Therefore, the

result follo ws from Lemma 14 and the remark that recognizabilit y do es not

dep end on the constan ts in the signature. 2
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5.2 Par ameterless nonc opying tr ansductions

Prop osition 56 The or em 51 holds for p ar ameterless nonc opying MSO-tr ans-

ductions.

PR OOF. Let � : STR[�] ! STR[�] b e a noncop ying parameterless MSO-

transduction of quan ti�er heigh t k with de�nition sc heme (';  ; (#R )R2 � ) . Sup-

p ose that L 2 Rec(STR)� and let � b e a congruence witnessing the recogniz-

abilit y of L . Let m := ar(�) . By Lemma 42, there is a quan ti�er-free op eration

f : STR[� m;k
M ] ! STR[�] suc h that, if � (A) is de�ned then � (A) = f (M m

k (A)) .

Consequen tly , w e ha v e

� � 1(L) = f A 2 STR[�] j A j= ' g \ (M m
k )� 1(f � 1(L)) :

Clearly , � also witnesses the recognizabilit y of f � 1(L) . By Lemmas 46 and 14,

it follo ws that (M m
k )� 1(f � 1(L)) is also recognizable. F urthermore, b y Prop osi-

tion 26 (a) the set f A 2 STR[�] j A j= ' g is recognizable. Since recognizable

sets are closed under in tersection (cf. the remark after De�nition 2) the result

follo ws. 2

5.3 Hand ling p ar ameters

Let � m := f P1; : : : ; Pmg b e a set of unary relation sym b ols disjoin t from the

other signatures � ; � ; � etc. that w e will consider. Let fgt � m
: STR[� [ � m ] !

STR[�] b e the quan ti�er-free transduction that deletes all relations in � m . Its

in v erse is a noncop ying MSO-transduction with m parameters that sp ecify the

v alues of the relations P1; : : : ; Pm .

Lemma 57 Every MSO-tr ansduction � : STR[�] ! STR[�] with m p ar am-

eters c an b e factorize d as %� fgt � 1
� m

wher e %: STR[� [ � m ] ! STR[�] is a

p ar ameterless MSO-tr ansduction.

PR OOF. When w e apply fgt � 1
� m

to a structure A w e obtain all p ossible expan-

sions of A b y m unary relations P1; : : : ; Pm � A . The transduction %can sim u-

late � b y replacing the parameters b y these relations. If B = ( A; �P) 2 fgt � 1
� m

(A)
is a structure suc h that

�P do es not satisfy the �rst form ula of the de�nition

sc heme of � then %(B ) is unde�ned. 2

Prop osition 58 If L 2 Rec(STR)� [ � m then fgt � m
(L) 2 Rec(STR)� .
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PR OOF. The follo wing ob vious facts will b e used.

(1) F or all structures A0 , A1 , and C and ev ery m , w e ha v e

A0 � A1 = fgt � m
(C)

if and only if there exist structures B 0 and B 1 suc h that

C = B 0 � B 1 ; A0 = fgt � m
(B 0) ; and A1 = fgt � m

(B 1) :

(2) F or ev ery quan ti�er-free op eration f : STR[�] ! STR[�] and eac h m ,

there exists a quan ti�er-free op eration g : STR[� [ � m ] ! STR[� [ � m ] suc h

that, for all structures A and B , w e ha v e

f (A) = fgt � m
(B )

if and only if there exists a structure C with

B = g(C) and A = fgt � m
(C) :

W e apply a tec hnique whic h w as used in [29 ] to pro v e that certain op erations

on h yp ergraphs preserv e recognizabilit y . W e �x m and w e will write � instead

of � m . Let � b e a congruence witnessing the recognizabilit y of a set L 2
Rec(STR)� [ � . In order to sho w that fgt � (L) is recognizable w e de�ne an

equiv alence relation on eac h set STR[�] b y

A � B : i�
n

[C]
�
�
� C 2 STR[� [ �] ; fgt � (C) = A

o

=
n

[C]
�
�
� C 2 STR[� [ �] ; fgt � (C) = B

o
;

where [C] denotes the equiv alence class of C w.r.t. � .

Since � is an equiv alence relation with �nitely man y classes of eac h sort so

is � . F urthermore, � saturates fgt � (L) . If A = fgt � (C) with C 2 L and B � A
then, b y de�nition, there is some structure D � C suc h that B = fgt � (D) .

Hence D 2 L and B 2 fgt � (L) .

It remains to v erify that � is a congruence. Supp ose that A0 � B 0 and

A1 � B 1 . W e w an t to pro v e that A0 � A1 � B 0 � B 1 .

By symmetry , it is su�cien t, for eac h C 2 fgt � 1
� (A0 � A1) , to construct a

structure D 2 fgt � 1
� (B 0 � B 1) suc h that D � C. By (1), there are structures

C0 2 fgt � 1
� (A0) and C1 2 fgt � 1

� (A1) suc h that C = C0 � C1 . By de�nition

of � , w e can �nd structures D0 � C0 and D1 � C1 suc h that B 0 = fgt � (D0)
and B 1 = fgt � (D1) . Then fgt � (D0 � D1) = B 0 � B 1 and, since � is a QF -

congruence, w e ha v e C0 � C1 � D0 � D1 , as desired.
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Let f : STR[�] ! STR[�] b e a quan ti�er-free op eration and supp ose that

A � B . W e w an t to pro v e that f (A) � f (B ) . Let C 2 fgt � 1
� (f (A)) . W e ha v e

to �nd a structure D 2 fgt � 1
� (f (B )) suc h that D � C. By (2), there exists a

transduction g and some structure C0
suc h that C = g(C0) and A = fgt � (C0) .

By de�nition of � , w e can �nd some structure D0 � C0
with B = fgt � (D0) .

Hence D := g(D0) � g(C0) = C and fgt � (D) = f (B ) . By symmetry , it follo ws

that f (A) � f (B ) . 2

Pro of of Theorem 51 By Lemmas 53 and 57, it follo ws that ev ery k -cop ying

MSO-transduction � : STR[�] ! STR[�] with m parameters can b e written

as

� = %� copyk � fgt � 1
� m

where %: STR[� [ � m [ � k ] ! STR[�] is a parameterless noncop ying MSO-

transduction and copyk : STR[� [ � m ] ! STR[� [ � m [ � k ].

Let L 2 Rec(STR)� . Then

� � 1(L) = fgt � m
(copy� 1

k (%� 1(L))) :

By Prop osition 56, %� 1(L) is recognizable. Th us, copy� 1
k (%� 1(L)) is recogniz-

able b y Prop osition 55. Finally , � � 1(L) 2 Rec(STR)� , b y Prop osition 58. 2

6 A small signature for the algebra of relational structures

Our basic signature for de�ning recognizable and equational sets of structures

(or h yp ergraphs) is QF . T o sho w that this is a natural and robust c hoice w e

presen t sev eral other signatures that all turn out to b e equiv alen t to QF . W e

ha v e already seen in Lemma 14 that the larger signatures QF der
� are equiv alen t

to QF and in Section 7 w e will in tro duce more in teresting examples of larger

signatures. Before doing so let us try the opp osite. In this section w e consider

a prop er subsignature that is equiv alen t to QF .

Let us �rst state some general facts that will serv e as guidelines for pro ving

our results. W e claim that, in order to pro v e that a subsignature G � QF der
�

is equiv alen t to QF , it su�ces to pro v e the follo wing t w o prop erties :

( p 1) If a subset L � STR[�] is the image � (K ) of a regular set K of terms

(o v er an y signature) under an MSO-transduction � , then there exists a

recognizable subset K 0 � T(G) suc h that L = val STR (K 0) .

( p 2) If a subset L � STR[�] is G-recognizable then it is QF -recognizable.
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Prop osition 59 L et G � QF der
� .

(a) If G satis�es ( p 1) then Equat(G) = Equat( QF ) .

(b) If G satis�es ( p 2) then Rec(G) = Rec(QF ) .

In p articular, any signatur e G � QF der
� satisfying ( p 1) and ( p 2) is e quivalent

to QF . F urthermor e, al l signatur es H with G � H der
� � QF der

� ar e e quivalent

to QF .

PR OOF. Since G � QF der
� and QF is equiv alen t to QF der

� w e ha v e

Rec(QF ) = Rec(QF der
� ) � Rec(G)

and Equat(G) � Equat(QF der
� ) = Equat( QF ) :

Therefore, if G satis�es ( p 2) then w e ha v e Rec(QF ) = Rec(G) .

T o pro v e (a), supp ose that L 2 Equat(QF ) . By Prop osition 27 (iii), L is the

image of a regular set of terms under an MSO-transduction. Hence, ( p 1) and

Prop osition 4 imply that L 2 Equat(G) .

Finally , supp ose that G � H der
� � QF der

� . Then w e ha v e

Equat(QF ) = Equat( G) � Equat(H der
� ) � Equat(QF der

� ) = Equat( QF )
and Rec(QF ) = Rec(QF der

� ) � Rec(H der
� ) � Rec(G) = Rec(QF ) :

Since, b y Lemma 14, H is equiv alen t to H der
� , the result follo ws. 2

6.1 Structur es of smal l r ank with r elations of lar ge arity

W e de�ne a subsignature QF 0 of QF b y retaining from the unary op erations

particular op erations that forget some relation (delete the corresp onding h y-

p eredges), rename some relation (relab el the corresp onding h yp eredges), and

build new relations from pairs of giv en relations of smaller arit y (create new

h yp eredges b y concatenation of existing ones).

De�nition 60 The unary op er ations of QF 0 ar e the fol lowing ones :

(1) The forget op er ation fgt � : STR[�] ! STR[� n �] deletes al l R -hyp er-

e dges, for R 2 � � � .

(2) F or an arity-pr eserving map h : � ! � b etwe en signatur es, we have

the relab elling relabh : STR[�] ! STR[�] that r eplac es every hyp er e dge

lab el R by h(R) .
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(3) L et R; S; T 2 � , k := ar( R) , l := ar( S) , m := ar( T) , and supp ose that

h : [m] ! [k + l] is surje ctive. The h yp eredge addition addR;S;T;h has a

de�ning formula #T (�x) of the form

T �x _
�

Rx i 1 : : : xi k ^ Sxi k +1 : : : xi k + l ^
^

f x j = x j 0 j h(j ) = h(j 0) g
�

wher e i j is the smal lest element of h� 1(j ) .

R emark 61 This op er ation adds a T -hyp er e dge of r ank m for e ach p air

of an R -hyp er e dge and an S-hyp er e dge (which may have lo ops and c om-

mon vertic es). The r esulting T -hyp er e dge may b e a lo op.

W e denote by QF 0 the signatur e c onsisting of the ab ove op er ations, the disjoint

union, and al l c onstants for singleton structur es. By QF 0[�] we denote the

subsignatur e of al l those op er ations that r efer only to r elations in � .

In the prop osition b elo w w e will mak e use of the follo wing normal form of

MSO-transductions.

Lemma 62 Given a �nite signatur e F , a r e gular set of terms K � T(F ) ,

and an MSO-tr ansduction � : STR[�( F )] ! STR[�] , we c an c onstruct a

�nite signatur e F 0
, a r e gular set K 0 � T(F 0) , and an MSO-tr ansduction � 0 :

STR[�( F 0)] ! STR[�] such that � (K ) = � 0(K 0) and F 0
, K 0

, and � 0
have the

fol lowing additional pr op erties :

(1) F 0
c ontains only c onstants and binary function symb ols.

(2) � 0
is nonc opying and p ar ameterless.

(3) F or every t0 2 K 0
, the r elational structur e � 0(t0) is de�ne d and its domain

c onsists only of le aves of t0
.

PR OOF. In three steps, w e transform F; �; K in to F 0; � 0; K 0
with the ab o v e

prop erties. The same construction is used in the pro of of Theorem 4.6 of [7].

Hence w e only sk etc h the di�eren t steps.

Step 1 : Eliminating p ar ameters. Supp ose that the transduction � uses m pa-

rameters X 1; : : : ; X m . W e replace F b y the signature F 0 := F � f 0; 1gm
where

the sym b ol (f; �b) 2 F 0
has the same arit y as f . Ev ery term t0 2 T(F 0) en-

co des a pair (t; hP1; : : : ; Pm i ) where t 2 T(F ) is the pro jection of t0
to the

�rst comp onen t and the set Pi consists of those no des of t0
that are lab elled

b y a pair (f; �b) with bi = 1 . Th us, ev ery term in T(F 0) con tains an F -term

and the v alues of the parameters X 1; : : : ; X m . The set K 0
0 of all those terms

whic h enco de a pair (t; �P) for whic h � (t; �P) is de�ned is regular. This is a

standard construction, based on the result b y Doner, Thatc her, and W righ t

stating that a set of terms is regular if and only if the corresp onding set of

structures enco ding them is MSO-de�nable (see Chapter 3 of [19 ]). It follo ws
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that the subset K 0 � K 0
0 of all terms enco ding pairs (t; �P) with t 2 K is also

regular.

Step 2 : Making � nonc opying and satisfy c ondition (3) . By the �rst step, w e

can assume that � is parameterless. Supp ose that it is k -cop ying for k � 1.

W e increase the arit y of eac h sym b ol in F b y k (including constan ts) and w e

add a new constan t, sa y , � . Let F 0
b e the resulting signature. W e de�ne a

transformation T(F ) ! T(F 0) : t 7! t �
of terms b y

c� := c(� ; : : : ; � ) ;
f � (t1; : : : ; tn ) := f (t �

1; : : : ; t�
n ; � ; : : : ; � ) ;

where w e add k times � in eac h case. Since

�
is a tree transduction it follo ws b y

Lemma 1 that the image K � � T(F 0) of K is regular. The no des corresp onding

to the new constan ts � are all lea v es, and they o�er enough space to de�ne

the domain of the output structure, without the need to use sev eral copies

of the term. Hence, w e can construct a MSO-transduction � 0
that is (still

parameterless and) noncop ying suc h that � (t) = � 0(t � ) , for eac h t 2 K .

Note that ev en if � is noncop ying w e ha v e to p erform this transformation in

order to satisfy the second part of condition (3).

Step 3 : R emoving non-binary function symb ols. By the �rst t w o steps, w e

can assume that conditions (2) and (3) hold. W e can satisfy condition (1) as

follo ws. Let F 0
b e the signature obtained from F b y adding a new constan t ?

and c hanging the arit y of all functions sym b ols to 2. The op eration T(F ) !
T(F 0) : t ! t?

with

c? := c ;

f (t)? := f (t? ; ? ) ;

f (t1; t2)? := f (t?
1 ; t?

2 ) ;

f (t1; : : : ; tk)? := f (t?
1 ; f (t?

2 ; (: : : f (t?
k� 1; t?

k ) : : : ))) ; for k � 3;

preserv es regularit y . In the same w a y as ab o v e it follo ws that the image of K
under

?
is regular. 2

The follo wing result strengthens the implication (iii) ) (ii) of Prop osition 27.

Recall the notion of rank in tro duced in De�nition 37.

Prop osition 63 L et K b e a r e gular set of terms and � an MSO-tr ansduction

with � (K ) � STR[�] . Ther e exists a �nite set of r elations � with ar(�) �
ar(�) � 1 and a r e gular set M � T(QF 0[� [ �]) such that � (K ) = val STR (M ) .
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PR OOF. Supp ose that K � T(F [ C) , � := �( F [ C) , and � : STR[�] !
STR[�] . W e assume that K , � , and F [ C satisfy conditions (1)�(3) of Lemma 62

where C is a set of constan ts and F a set of binary function sym b ols. F ur-

thermore, w e ma y assume that ev ery structure in � (K ) con tains at least 2 el-

emen ts. Let k b e the quan ti�er heigh t of � and set n := ar(�) . Our aim is

to construct a �nite relational signature � with ar(�) = n � 1 and a regular

subset M � T(QF 0[� [ �]) suc h that � (K ) = val STR (M ) .

1. Overview of the pr o of. The signature � will consist of three disjoin t copies

of � n� 1;k
M . W e de�ne a function � : K ! T(QF 0[� [ �] der) suc h that

valSTR (� (t)) = � (t) ; for all t 2 K :

The mapping � replaces ev ery binary function sym b ol f at a no de u of t b y

a binary deriv ed op eration of the form � u(x1 � x2) where � u is a comp osition

of unary QF 0[�] -op erations. Similarly , it replaces a constan t c at a leaf u b y

a constan t 
 u 2 QF 0[�] . Let us denote the set of these terms � u and 
 u b y � .

The de�nition of � u and 
 u will dep end only on f , c, and tpk+3 (u=S (t)) . This

implies that � is �nite and, b y Lemma 34, there exist MSO-form ulas ' � (x) ,

for � 2 � , suc h that, for ev ery no de u of t ,

� u or 
 u is equal to � i� S (t) j= ' � (u) :

Since the required information is expressible in MSO it follo ws that the trans-

formation � can b e p erformed b y a tree transducer. Using the fact that K is

regular w e conclude that � (K ) is a regular subset of T(QF 0[�] der) . F urther-

more, w e ha v e

� (K ) = val STR (� (K )) = val STR (M )

where M is obtained from � (K ) b y replacing eac h deriv ed op eration b y its

de�nition. By Lemma 14, it follo ws that M is a regular subset of T(QF 0[�]) .

This completes the pro of.

2. De�nition of � . It remains to de�ne � . Let � := � 0 [ � 1 [ � 2 where

� 0 := � n� 1;k
M and � i := f T i

p j Tp 2 � 0 g; for i 2 f 1; 2g:

Let hi : � 0 ! � i b e the canonical bijections Tp 7! T i
p . Note that these map-

pings preserv e arities. Recall that t=u denotes the subterm of t ro oted at u
and that R m

k denotes the restricted monadic annotation (cf. De�nition 48).

The construction of � will ensure that, for ev ery t 2 K ,

(1) for ev ery no de u of t , w e ha v e

fgt �

�
valSTR (� (t=u))

�
= � (t)[L(t) \ D] ;

where D denotes the domain of � (t) ,
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(2) and, for ev ery no de u of t that is not the ro ot,

fgt �

�
valSTR (� (t)=u)

�
= relabh i (R n� 1

k (t=u)) ;

where

i :=

8
<

:
1 if u is the left successor of its paren t,

2 if u is the righ t successor of its paren t.

Condition (2) sp eci�es the v alues of the auxiliary relations in � at inner no des u
of t . W e use the distinct copies � 1 and � 2 of the signature to distinguish

b et w een left and righ t successors.

Note that � (t) is obtained from t b y replacing constan ts b y constan ts and

function sym b ols b y function sym b ols of the same arit y . Hence, � (t) and t
ha v e the same underlying trees and the same set of no des.

3. De�nition of 
 u . It is straigh tforw ard to de�ne the constan ts 
 u suc h that

condition (2) is satis�ed. If u do es not b elong to the domain of the struc-

ture � (t) then w e set 
 u := ; , where ; is a new constan t denoting the empt y

structure (whic h w e also denote b y ; without risk of am biguit y). This constan t

is not in the signature QF 0[� [ �] and w e will eliminate it at the v ery last

stage of our pro of.

Otherwise, let 
 u b e the constan t that denotes the structure

� (t)[u] [ relabh i (R n� 1
k (t=u))

where i := 1 if u is a left successor and i := 2 if u is a righ t successor. This

structure consists of the single elemen t u , the inciden t � -h yp eredges of rank 1
of � (t) (they are de�ned b y � (t)[u]) together with the � -h yp eredge of arit y 1
that de�nes the ( i -cop y of the) monadic 1-t yp e of u in S (t=u) (this is de�ned

b y relabh i (R n� 1
k (t=u)) ). It is the unique structure A 2 STR[� [ �] suc h that

fgt � (A) = � (t)[u] and fgt � (A) = relab h i (R n� 1
k (t=u)) :

Note that the structure S (t=u) consists of a single no de lab elled b y some

constan t c. Hence, tpk(u=S (t=u)) can b e computed from c. The � -h yp eredges

of rank 1 are determined b y tpk(u=S (t)) .

4. De�nition of � u . T o de�ne the mappings � u , w e recall that, b y Lemma 50,

there are functions � f
m;n and �̂

f
m;n suc h that

� for all t1; t2 2 T(F [ C) and all increasing tuples �a 2 L(t1)m
and

�b2 L(t2)n
,

w e ha v e

(� ) tpk

�
�a�b=S (f (t1; t2))

�
= tp k

�
�a=S (t1)

�
� f

m;n tpk

�
�b=S (t2)

�
;
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� for ev ery t 2 T(F [ C) suc h that t=u = f (t1; t2) and all increasing tuples

�a 2 L(t1)m
and

�b 2 L(t2)n
, w e ha v e

(�� ) tpk

�
�a�b=S (t)

�
= �̂

f
m;n

�
tpk(S (t n u)); tpk(�a=S (t1)) ; tpk(�b=S (t2))

�
:

In order to satisfy condition (2) w e de�ne the op eration � u suc h that, for all

terms t1 and t2 ,

relabh i

�
R n� 1

k (f (t1; t2))
�

= � u

�
relabh1 (R n� 1

k (t1)) � relabh2 (R n� 1
k (t2))

�
;

where i is either 1 or 2 dep ending on whether u is a left successor or a righ t

successor. (The case where u is the ro ot will b e treated separately b elo w.)

Let �a 2 L(t1)m1
and

�b 2 L(t2)m2
b e increasing with m1; m2 > 0 and m1+ m2 �

n � 1. The op eration � u has to compute the t yp e of �a�b in S (f (t1; t2)) from

the t yp es tpk(�a=S (t1)) and tpk(�b=S (t2)) . This can b e done with the help of

the op eration � f
m1 ;m 2

. Let ADD � b e the comp osition (in an y order) of the

op erations addT 1
p ;T 2

q ;Tr where p 2 Sm1 ;k
M (�) , q 2 Sm2 ;k

M (�) and r := p � f
m1 ;m 2

q.

F urthermore, � u also has to up date the t yp e of tuples �a 2 L(t j )m
, j 2 f 1; 2g.

Note that

tpk(�a=S (f (t1; t2))) = tp k(�a=S (t1)) � f
m;0 tpk(S (t2)) ; for �a 2 L(t1)m ;

tpk(�a=S (f (t1; t2))) = tp k(S (t1)) � f
0;m tpk(�a=S (t2)) ; for �a 2 L(t2)m :

Let g : � 1 [ � 2 ! � b e the mapping with

g(T1
p ) := Tq with q := p � f

m;0 tpk(S (t2)) ;

g(T2
p ) := Tq with q := tp k(S (t1)) � f

0;m p :

W e can de�ne

� u := relabh i � relabg � ADD � � ADD � ;

where the term ADD � is de�ned b elo w to satisfy condition (1), and i is either

1 or 2 dep ending on whether u is a left successor or a righ t successor.

Note that ADD � dep ends on f but not on tpk(u=S (t)) . The mapping g de-

p ends on tpk(S (t1)) and tpk(S (t2)) and, hence, on tpk+3 (u=S (t)) . (Since the

tree ordering relation is expressed b y an MSO-form ula of quan ti�er heigh t 3
(see Section 4.4) it follo ws that tpk(S (t=u)) can b e computed from tpk+3 (u=S (t))
b y relativization to the form ula de�ning the no des b elo w u in t .)

5. Satisfying c ondition (1) . The incomplete de�nitions of 
 u and � u giv en

ab o v e result in a structure � (t) 2 STR[� [ �] with � -h yp eredges of arit y and

rank at most n � 1 where the only � -h yp eredges are those of � (t) 2 STR[�]
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that ha v e rank 1. In order to complete the de�nition of � u w e ha v e to de�ne

the term ADD � whic h adds the missing � -h yp eredges.

Supp ose that �a 2 L(t)r
has rank s � n . There exists a unique surjectiv e map

� : [r ] ! [s] and a unique increasing s-tuple

�b suc h that ai = b� ( i ) , for all

1 � i � r . W e will denote this tuple b y �a� := �b.

Let #U (x1; : : : ; xr ) b e the form ula of the de�nition sc heme of � that de�nes

the relation U 2 � and set #�
U (x1; : : : ; xs) := #U (x � (1) ; : : : ; x� (r )) . W e ha v e

�a 2 U� (t ) i� S (t) j= #U (�a)
i� S (t) j= #�

U (�a� )
i� tp k(�a� =S (t)) j= #�

U :

Supp ose that t=u = f (t1; t2) . The op eration ADD � will create all � -h yp er-

edges �a with �a \ L(t1) 6= ; and �a \ L(t2) 6= ; . Note that, for suc h a tuple �a,

w e ha v e �a� = �c�d where �c is an increasing tuple in L(t1) and

�d is an increasing

tuple in L(t2) .

F or eac h U 2 � and � , w e ha v e to c ho ose pairs p; q of t yp es suc h that the

op eration addT 1
p ;T 2

q ;U;� adds the righ t tuples to U . Hence, the situation is sim-

ilar to that of ADD � with the exception that w e are in terested in the t yp e

tpk(�a� =S (t)) and not in tpk(�a� =S (t=u)) . W e can compute this t yp e with the

help of the op eration �̂
f
m1 ;m 2

. Th us, w e de�ne ADD � as the comp osition (in

an y order) of all op erations addT 1
p ;T 2

q ;U;� where p 2 Sm1 ;k
M (�) , q 2 Sm2 ;k

M (�) ,

m1; m2 > 0, m1 + m2 � n � 1, � : [ar(U)] ! [m1 + m2] is surjectiv e, and

�̂
f
m1 ;m 2

�
tpk(S (t n u)); p; q

�
j= #�

U :

Note that the de�nition of ADD � dep ends on tpk(S (t n u)) . Since the tree

ordering can b e de�ned b y an MSO-form ula of quan ti�er heigh t 3 (see Sec-

tion 4.4) it follo ws that tpk(S (t n u)) can b e computed from tpk+3 (u=S (t))
(b y relativizing all form ulas to the set of those no des that are not b elo w u ).

6. Final steps. W e ha v e not y et de�ned � u when u is the ro ot. In this case w e

set � u := fgt � � ADD � where ADD � is de�ned as ab o v e. After these op erations

are p erformed all � -tuples are in the righ t place. The relations in � are not

needed an ymore and w e remo v e them with fgt � .

W e ha v e constructed a regular set

K 0 := � (K ) � T
�
QF 0[� [ �] der [ f;g

�

with � (K ) = val STR (K 0) . It remains to remo v e the constan t ; . Note that

f (; ) = ; , for ev ery quan ti�er-free op eration f , and A � ; = ; � A = A , for
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ev ery structure A . Using these equations w e can eliminate all o ccurrences of ;
in the terms of K 0

. (Since ev ery structure in � (K ) is nonempt y there is no

term in K 0
whic h denotes the empt y structure.) This is an easy task for a tree

transducer. Hence K 0
can b e replaced b y a regular set K 00� T(QF 0[� [ �] der) .

Finally , w e transform K 00
in to a set M � T(QF 0[� [ �]) as explained in part 1

ab o v e. This completes the pro of. 2

De�nition 64 W e denote by QF 0[� ; �] the subsignatur e of QF 0[� [ �] that

c onsists of

� the op er ations fgt � , for � � � ,

� only those r elab el lings relabh wher e h is the identity on � ,

� the op er ations addR;S;T;h with R; S 2 � and T 2 � [ � , and

� al l c onstants.

L et QF �
0 b e the union of al l signatur es of the form QF 0[� ; �] .

Remark 65 Note that the pr o of of the pr e c e ding pr op osition uses only the

op er ations of QF 0[� ; �] . The set M we c onstruct is a subset of T(QF 0[� ; �]) .

W e have thus shown that we c an c onstruct every structur e in STR[�] with the

help of a set � of auxiliary symb ols of arity ar(�) < ar(�) .

6.2 The c ase of gr aphs

As an example w e apply the ab o v e result to graphs. Let � = f edgg. Since edg is

a binary relation ev ery equational set of graphs can b e de�ned b y a system

of equations o v er a signature of the form QF 0[edg; �] where � con tains only

unary sym b ols. W e compare suc h signatures with the signature VR review ed

in Section 3.5.

The op erations in QF 0[edg; �] are the disjoin t union, constan ts, and the quan-

ti�er-free op erations :

� fgt � , for � � � ,

� relabh , for h : � ! � , and

� addP;Q;edg;h , with P; Q 2 � .

The mapping fgt � , is the comp osition of the mappings fgtP , for P 2 � . A

mapping relabh is a comp osition of mappings renP ! Q . Dep ending on h , the

mapping addP;Q;edg;h is either addP;Q or addQ;P . Hence, the signature QF f edgg
0

is, up to some details of writing, the one considered in Section 3.5.

W e obtain Corollary 4.9 of [7 ] whic h states that equational sets of graphs need

not b e de�ned with op erations that use relation sym b ols of arit y more than 2
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or op erations that lab el edges. Only v ertices m ust b e lab elled. More ab out

this in Section 6.4.

6.3 The r e c o gnizable sets ar e also the same

Our ob jectiv e is no w to establish the result that b oth signatures QF �
0 and QF

lead to the same notion of recognizabilit y for subsets of STR[�] . Recall Sec-

tion 4 where w e de�ned monadic t yp es tpk(�a=A) and monadic annotations

M m
k (A) . In particular, k denotes the quan ti�er heigh t and m is the maxi-

mal size of annotated tuples. W e will mak e use of the follo wing lemma whic h

follo ws immediately from Lemma 35.

Lemma 66 F or every nondeleting quanti�er-fr e e tr ansduction f : STR[�] !
STR[�] and e ach m > 0, ther e exists a mapping f m : � � m;0

M ! � � m;0
M such

that, for al l structur es A 2 STR[�] and al l D � A , we have

M m
0 (f (A)[D]) = relab f m (M m

0 (A[D])) :

PR OOF. Note that w e ha v e

f (A[D]) = f (A)[D] ;
M m

0 (A[D]) = M m
0 (A)[D] ;

and relabf m (A[D]) = relab f m (A)[D] :

Since f is nondeleting the mapping M m
0 (A) 7! M m

0 (f (A)) only manipulates

the relations. F or p 2 Sn;0
M (�) with n � m , w e can de�ne the relab elling b y

f m (Tp) := Tf n
0 (p) ;

where f n
0 is the function from Lemma 35. 2

Prop osition 67 Every QF �
0 -r e c o gnizable set L � STR[�] is QF -r e c o gnizable.

Before giving the pro of let us state the follo wing consequence of Prop ositions

63 and 67.

Theorem 68 The signatur es QF �
0 and QF yield the same e quational sets

and the same r e c o gnizable sets of structur es in STR[�] .

Pro of of Prop osition 67 Supp ose that L � STR[�] is QF �
0 -recognizable

and let m := ar(�) . There exists a �nite QF �
0 -congruence saturating L . W e

denote the corresp onding �nite equiv alence relations on STR[� [ �] b y ' �

where � is a �nite relational signature with ar(�) < m .
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F or a relational signature � , let � (�) := � � m� 1;0
M . With eac h quan ti�er-free

op eration f : STR[�] ! STR[�] w e asso ciate the function f̂ : STR[�] !
STR[� [ � (�)] with

f̂ (A) := f (A) [ M m� 1
0 (A)[D]

where D � A is the domain of f (A) . Note that the union ab o v e is not a

disjoin t one. The domain of f̂ (A) is that of f (A) and the relations are those

of f (A) and those of M n� 1
0 (A)[D]. W e assume that � (�) is disjoin t from �

so there is no confusion. f̂ is ob viously a quan ti�er-free op eration.

F or A; B 2 STR[�] w e de�ne

A � B : i� tp m (A) = tp m (B ) ;
and A � � B : i� A � B and, for ev ery quan ti�er-free op eration

f : STR[�] ! STR[�] ; w e ha v e f̂ (A) ' � (�) f̂ (B ) :

W e claim that � � is a �nite QF -congruence, for all � , and that � � satu-

rates L . Clearly , � � is an equiv alence relation. It is also �nite since � and ' � (�)

are �nite and there are only �nitely man y quan ti�er-free op erations STR[�] !
STR[�] (b ecause � and � are �nite).

T o see that � � saturates L assume that A 2 L and A � � B . Set f := fgt � (�) .

W e ha v e f̂ (A) ' � (�) f̂ (B ) , whic h implies that

A = f (f̂ (A)) ' ; f (f̂ (B )) = B :

Since ' ; saturates L it follo ws that B 2 L .

Next w e c hec k that � is a congruence. In Corollary 44 w e ha v e sho wn this for

the disjoin t union. It is easy to see for quan ti�er-free domain restrictions, and

for nondeleting quanti�er-free op erations it can b e deriv ed from Lemma 35.

It remains to v erify that � � is a congruence. Let g : STR[�] ! STR[� 0] b e a

quan ti�er-free transduction and supp ose that A � � B . Since � is a congru-

ence w e ha v e g(A) � g(B ) . Let f : STR[� 0] ! STR[�] b e a quan ti�er-free

op eration. By de�nition, w e ha v e

(f̂ � g)(A) = ( f � g)(A) [ M n� 1
0 (g(A))[D] ;

and (f � g)^ (A) = ( f � g)(A) [ M n� 1
0 (A)[D] ;

where D is the domain of the structure (f � g)(A) . Therefore, it follo ws from

Lemma 66 that there is some function h : � [ � (�) ! � [ � (� 0) suc h that

(f̂ � g)(A) = relab h(( f � g)^ (A))
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and h is the iden tit y on � . Since relabh 2 QF �
0 and

(f � g)^ (A) ' � (�) (f � g)^ (B )

w e ha v e

f̂ (g(A)) = relab h(( f � g)^ (A))

' � (� 0) relabh(( f � g)^ (B )) = f̂ (g(B )) ;

whic h implies that g(A) � � g(B ) .

It remains to consider the case of disjoin t union. Supp ose that A0 � � B 0 and

A1 � � B 1 . W e ha v e to pro v e that A0 � A1 � � B 0 � B 1 . W e already kno w that

A0 � A1 � B 0 � B 1 . Let f : STR[�] ! STR[�] b e a quan ti�er-free op eration

suc h that f (A0 � A1) 2 STR[�] .

Claim 69 L et � 0(�) b e a disjoint c opy of � (�) and let h b e the r elab el ling

mapping R 2 � (�) to R0 2 � 0(�) . Ther e exists a QF 0[� ; � (�) [ � 0(�)] -derive d

op er ation g such that

f̂ (A � B ) = g(f̂ (A) � h(f̂ (B ))) ; for al l structur es A and B :

Assuming the claim to b e true w e con tin ue the pro of as follo ws. Since A0 � �

B 0 and A1 � � B 1 w e ha v e

f̂ (A0) ' � (�) f̂ (B 0) and h(f̂ (A1)) ' � 0(�) h(f̂ (B 1)) :

As g is a QF 0[� ; � (�) [ � 0(�)] -deriv ed op eration it follo ws that

f̂ (A0) � h(f̂ (A1)) ' � (�) [ � 0(�) f̂ (B 0) � h(f̂ (B 1)) ;

and f̂ (A0 � A1) = g(f̂ (A0) � h(f̂ (A1)))

' � (�) g(f̂ (B 0) � h(f̂ (B 1)))

= f̂ (B 0 � B 1) :

This completes the main pro of.

Pr o of of the claim. T o de�ne g let us consider the action of f̂ on A � B . Since

f̂ is quan ti�er-free it adds tuples �a � A to a relation R if and only if w e ha v e

�a 2 Rf̂ (A) . The same holds for tuples

�b � B . Therefore, w e ha v e

f̂ (A � B )[A] = f̂ (A) and f̂ (A � B )[B ] = f̂ (B ) ;

and the desired op eration g only needs to add those tuples �c to relations R
that con tain elemen ts of b oth A and B . Since f̂ is quan ti�er-free w e can tell
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whether suc h a tuple �c should b e added to R b y lo oking at the quan ti�er-free

t yp es

tp0(�cjA =A � B ) = tp 0(�cjA =A) and tp0(�cjB =A � B ) = tp 0(�cjB =B ) :

(By �cjA w e denote the subtuple of �c con tained in A .) This information is

a v ailable in M n� 1
0 (A) and M n� 1

0 (B ) . Hence, g can b e written as g = relabk �
CREATE where k is the canonical pro jection � (�) [ � 0(�) ! � (�) and

CREATE is a comp osition of op erations of the form addR;S;T;h with R 2 � (�) ,

S 2 � 0(�) , and T 2 � [ � (�) [ � 0(�) . This completes the pro of of the

claim. 2

6.4 Optimality

These results pro v e that when dealing with equational or recognizable sets of

h yp ergraphs of rank at most n , auxiliary relation sym b ols (lik e the lab els from

sets � for dealing with graphs) can b e limited to b e of arit y at most n � 1.

The next example sho ws that, for equational sets, this b ound is optimal. W e

de�ne a structure of rank 3 that cannot b e de�ned without auxiliary sym b ols

of arit y 2.

Example 70 L et R b e a ternary r elation symb ol and � a set of unary pr e di-

c ates as in Se ction 3.5. Consider the signatur e

F � := f � ; renP ! Q ; fgt � ; addN;P;Q ; P j N; P; Q 2 � ; � � � g

wher e � , renP ! Q , fgt � , and P ar e the usual VR -op er ations of Se ction 3.5 and

addN;P;Q is the quanti�er-fr e e op er ation de�ne d by the formula

#R(x; y; z) := Rxyz _ (Nx ^ Py ^ Qz) :

Every structur e A 2 STR[R] is of the form A = val STR (t) , for some t 2 T(F � ) ,

pr ovide d � is lar ge enough (say, j� j = jAj ). L et An 2 STR[R] b e the structur e

with domain A = [ n] and r elation

R := f (a; b; c) 2 [n]3 j a < b < c g;

and denote the set of al l structur es An by C . Ther e exists an MSO-tr ansduction �
such that C = � (K ) , wher e K is the set of al l terms of the form gn (c) , n 2 N ,

for some unary function symb ol g and a c onstant c. Sinc e K is r e gular it fol-

lows by Pr op osition 27 that C is e quational. W e claim that C * val(T(F � )) ,

for any �nite set � .

Fix a �nite set � and set n := 2 j � j
. W e wil l pr ove that A2n+1 =2 val(T(F � )) .

Supp ose that ther e exists a term t 2 T(F � ) with value val(t) = A2n+1 . Then
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t = f (t1 � t2) wher e f is a c omp osition of unary op er ations that has to add al l

ne c essary hyp er e dges b etwe en B 1 := val( t1) and B 2 := val( t2) .

F or a; b2 val(t1) , we de�ne

a � b : i� for al l P 2 � ; a 2 PB 1 , b2 PB 1 :

If f adds the tuple (a; b; c) to R , for a � b in B1 and c 2 B2 , then it must

also add the tuple (b; a; c) . This is not p ossible. Ther efor e, e ach � -class of B1

c ontains only one element and we have

jB1j = jB1=�j � 2j � j = n :

By symmetry, it fol lows that jB2j � n in c ontr adiction to jB1 [ B2j = 2n + 1 .

7 Ric h signatures with op erations based on lo cal information

7.1 The gener al fr amework

After in v estigating small signatures w e will no w lo ok at the opp osite problem

of de�ning signatures that are as ric h as p ossible while still b eing equiv alen t

to QF . Let F b e a signature equiv alen t to QF . W e are in terested in �nding

a set G of new op erations on STR[�] that satisfy the follo wing conditions :

( c 1) Ev ery (F [ G ) -equational subset of STR[�] is F -equational.

( c 2) Ev ery F -recognizable subset of STR[�] is (F [ G ) -recognizable.

Lemma 71 If G satis�es ( c 1) and ( c 2) then F [ G is e quivalent to QF .

PR OOF. Since F � F [ G , w e ha v e

Rec(F [ G ) � Rec(F ) and Equat(F ) � Equat(F [ G ) :

By ( c 2), it follo ws that Rec(F [ G ) = Rec(F ) = Rec(QF ) , while ( c 1) impies

that Equat(F [ G ) = Equat( F ) = Equat( QF ) . 2

Our approac h is as follo ws. Supp ose that, for eac h signature � , w e ha v e de�ned

an injectiv e mapping

^ : STR[�] ! STR[�̂] : A 7! Â

from � -structures to �̂ -structures, for some signature �̂ . Natural conditions

implying b oth ( c 1) and ( c 2) are the follo wing ones.
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( h ) The family of functions

^ : STR[�] ! STR[�̂] forms a �nite-state hetero-

morphism from the (F [ G ) -algebra STR to the QF -algebra STR.

( m ) The mapping

^
has a left-in v erse Â 7! A that is an MSO-transduction.

F urthermore, for ev ery � , there is an MSO-form ula de�ning the image D � :=
(STR[�]) ^ � STR[�̂] of STR[�] under

^
.

Remark 72 By De�nition 10, to verify ( h ) we have to �nd

� a (F [ G ) -c omputable mapping � : STR ! A , and

� for every n -ary op er ation f 2 F [ G , QF -terms t f [�a], for �a 2 An
, that

�emulate� f .

Note that the se c ond step c an b e p erforme d indep endently for every op er ation f .

Below we wil l sometimes split it into two or mor e p arts e ach de aling only with

a subset of F [ G .

Lemma 73 L et C � STR[�] b e a set of structur es and Ĉ its image under

^
.

If ( h ) and ( m ) hold then the fol lowing c onditions ar e e quivalent :

(i) C is QF -e quational.

(ii) Ĉ is QF -e quational.

(iii) C is (F [ G ) -e quational.

In p articular, ( h ) and ( m ) imply ( c 1) .

PR OOF. (iii) ) (ii) follo ws from Lemma 14 and ( h ), and (ii) ) (i) follo ws

from Corollary 28 (a) and ( m ).

F or (i) ) (iii), supp ose that C is QF -equational. Since F is equiv alen t to QF
it is also F -equational. Finally , F � F [ G implies that C is (F [ G ) -

equational. 2

Lemma 74 L et C � STR[�] b e a set of structur es and Ĉ its image under

^
.

If ( h ) and ( m ) hold then the fol lowing c onditions ar e e quivalent :

(i) C is QF -r e c o gnizable.

(ii) Ĉ is QF -r e c o gnizable.

(iii) C is (F [ G ) -r e c o gnizable.

In p articular, ( h ) and ( m ) imply ( c 2) .

PR OOF. (i) ) (ii) Since Ĉ = D � \ (^ )� 1(C) this direction follo ws from

( m ), Prop osition 26 (b), and Theorem 51.

(ii) ) (iii) follo ws from Lemma 14 and ( h ).
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(iii) ) (i) Supp ose that C is (F [ G ) -recognizable. Since F � F [ G it is also

F -recognizable. By assumption, F is equiv alen t to QF whic h implies that C is

QF -recognizable. 2

Example 75 (a) W e c an apply the ab ove machinery to the mapping Â :=
M m

k (A) . Condition ( m ) fol lows fr om L emma 40, and in L emma 46 we pr ove d ( h )

for the c ase that G = ; and F = QF . It fol lows that a class C is QF -e quational

or QF -r e c o gnizable if and only if its annotate d version M m
k (C) is. Henc e, our

fr amework pr ovides an alternative pr o of of Cor ol lary 41 and The or em 47.

(b) It is not e asy to �nd nontrivial signatur es G that satisfy c ondition ( h )

for the annotation M m
k . W e give an example of a simple op er ation that, for

k > 0, violates c ondition ( h ). Consider the squar e op er ation G 7! G2
wher e

G2
is the gr aph with the same vertic es as G and e dge r elation

edgG2 := f (x; y) j (x; y) 2 edgG or (x; z); (z; y) 2 edgG for some z g:

The mapping M 1(G) 7! G2
is a quanti�er-fr e e op er ation. T o satisfy ( h ) we

have to lift it to a map M 1(G) 7! M 1(G2) . But this c annot b e done. W e have

G2 j= 9z(edg(x; z) ^ edg(z; y))

i� G j= 9z
h�

edg(x; z) _ 9u(edg(x; u) ^ edg(u; z))
�

^
�
edg(z; y) _ 9u(edg(z; u) ^ edg(u; y))

�i
:

By lo oking only at tp1(xy=G) we c annot de cide whether this formula holds

in G.

(c) W e give a last c ounter example c onsisting of an op er ation de�ne d by a very

we ak form of quanti�c ation that violates c ondition (c1) . L et P; Q; R b e unary

r elations and supp ose that our signatur e c ontains the op er ations g and h wher e

h(x) := (relab R7! Q � relabQ7! P � addQ;R; edg)(x � R)

is a derive d QF f edgg
2 -op er ation, and g lab els every vertex a by Q that has

a neighb or lab el le d Q while the other r elations r emain unchange d. The term

tmn := gnhm (Q) describ es a p ath of length m wher e the last n + 1 vertic es ar e

lab el le d by Q and the r emaining ones ar e lab el le d by P .

P �! � � � �! P �! Q �! � � � �! Q

W e claim that the function val mapping a term tmn to its value is not an

MSO-tr ansduction. Note that the set

T := f val(tmn ) j m � n g;
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which c onsists of al l �nite p aths wher e al l vertic es ar e lab el le d by Q, is MSO-

de�nable and, henc e, r e c o gnizable. If val wer e an MSO-tr ansduction then the

set

val� 1(T) \ f tmn j m; n 2 N g = f tmn j m � n g

would b e r e c o gnizable as wel l. But, using pumping ar guments, one c an e asily

se e that this is not the c ase.

7.2 F usion and lo c al typ es

Our main application of the approac h describ ed in the previous section con-

cerns the fusion op eration that merges all elemen ts of a structure satisfying a

giv en quan ti�er-free form ula in to a single elemen t. W e will sho w that one can

augmen t the signature QF 0 of Section 6.1 b y this op eration without c hang-

ing the notions of recognizabilit y and equationalit y . Let us �rst in tro duce the

appropriate op eration A 7! Â on structures. Similarly to the op eration M m
k

of Section 4.2, w e use a lab elling b y a certain kind of t yp es but with a more

restricted form of quan ti�cation.

De�nition 76 (a) L et n 2 N . A formula ' (x1; : : : ; xn ) is monadically exis-

ten tial , m.e. for short, if

' (x1; : : : ; xn ) = 9y1 � � � 9ym (Ry1 : : : ym ^  1 ^ � � � ^  m )
or ' = 9y1 1 ;

wher e e ach  i is either the Hintikka-formula (cf. De�nition 33) of a quanti�er-

fr e e 1-typ e with fr e e variable yi , or it is of the form yi = xk , for some k . (Note

that we do not r e quir e every variable x i to app e ar in ' .)

(b) L et A b e a structur e and �a 2 An
, for n 2 N . The lo cal n -t yp e of �a is the

set

ltp(�a=A) := f ' (�x) j ' is m.e., A j= ' (�a) g:

The set of al l lo c al n -typ es r e alize d in some � -structur e is denote d by Sn
L (�) and

we set S�
L (�) :=

S
1� n� ar(�) Sn

L (�) . As usual, we abbr eviate ltp( hi=A) by ltp( A) .

Note that ltp( A) is include d in al l lo c al n -typ es with n � 0.

Example 77 Supp ose that � = f R; Pg wher e R is 4-ary and P is unary. The
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fol lowing formula is m.e.

' (x1; x2) = 9y19y29y39y4

�
Ry1y2y3y4 ^ (Py1 ^ : Ry1y1y1y1)

^ y2 = x1 ^ y3 = x1

^ (: Py4 ^ : Ry4y4y4y4)
�

:

Remark 78 Note that the lo c al typ e ltp(�a=A) of a tuple uniquely determines

its quanti�er-fr e e typ e tp0(�a=A) sinc e we have

Rx i 1 : : : xi m 2 tp0(�a=A)

i� 9y1 : : : 9ym (R�y ^ y1 = x i 1 ^ � � � ^ ym = x i m ) 2 ltp(�a=A) :

As for monadic t yp es w e can annotate a structure with lo cal t yp es. This

annotation is an FO -transduction whic h satis�es condition ( m ).

De�nition 79 L et A b e a � -structur e. The lo cal annotation of A is the struc-

tur e

L(A) :=
D
A; (Tp)p2 S�

L (�)

E

with the same domain as A wher e, for e ach lo c al n -typ e p 2 S�
L (�) , 1 � n �

ar(�) , we add an n -ary r elation

Tp := f �a 2 An j ltp(�a=A) = pg:

W e denote the signatur e of L(A) by � L .

The follo wing lemma is the analogue of Lemma 40.

Lemma 80 L et � b e a r elational signatur e.

(a) The mapping L : STR[�] ! STR[� L ] is an inje ctive FO -tr ansduction of

quanti�er height ar(�) .

(b) The function L has a left-inverse that is a quanti�er-fr e e FO -tr ansduction.

(c) L satis�es c ondition ( m ) .

PR OOF. (a) W e can de�ne the relation Tp b y the form ula

^
p ^

^
f : ' j ' is m.e., ' =2 pg:

This form ula has quan ti�er heigh t qh( p) = ar(�) .
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(b) Con v ersely , w e can write an n -ary relation R 2 � as

RA = f �a 2 An j �a 2 Tp for some p with

9�y(R�y ^ y1 = x1 ^ � � � ^ yn = xn ) 2 pg:

Since S�
L (�) is �nite this de�nition is equiv alen t to a �nite disjunction of

atomic form ulas.

(c) Ha ving pro v ed (b) it remains to sho w that L(STR[�]) is MSO-de�nable.

By comp osing the transductions of (a) and (b) w e can construct a �rst-order

form ula ' suc h that A j= ' if and only if A = L(B ) , for some structure B . 2

W e ha v e seen in Theorem 68 that the signature F := QF 0 is equiv alen t to QF .

Using the metho ds of Section 7.1 w e extend it in t w o steps to a larger signature

that is still equiv alen t to QF . First, w e add all domain restrictions del (cf. the

end of Section 3.1). Let QF � b e the resulting signature. W e start b y pro ving

an analogue to Lemma 35 for lo cal t yp es.

Lemma 81 F or every unary op er ation f 2 QF � of typ e � ! � , ther e exist

functions f n : Sn
L (�) ! Sn

L (�) , n 2 N , such that

ltp(�a=f (A)) = f n (ltp(�a=A)) ;

for al l structur es A and every n -tuple �a in f (A) .

PR OOF. Let g = f 1
0 : S1;0

M (�) ! S1;0
M (�) b e the function from Lemma 35.

If  is the Hin tikk a-form ula of an atomic 1-t yp e q w e denote b y g( ) the

Hin tikk a-form ula of g(q) , and, if  equals yi = xk , then w e set g( ) :=  .

Let p 2 Sn
L (�) . F or an m.e. form ula of the form ' = 9y (y) w e ha v e

9y (y) 2 f n (p) i� 9y 0(y) 2 p for some  0 2 g� 1( ) :

Consider an m.e. form ula of the form

' (x1; : : : ; xn ) = 9y1 � � � 9ym (Ry1 : : : ym ^  1 ^ � � � ^  m ) :

In order to de�ne f n (p) w e consider the follo wing cases.

(1) f = fgt � . If R 2 � then ' =2 f n (p) . Otherwise, ' 2 f n (p) i� there are

form ulas  0
i 2 g� 1( i ) , i � m , suc h that

9y1 � � � 9ym (Ry1 : : : ym ^  0
1 ^ � � � ^  0

m ) 2 p :
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(2) f = relabh . W e set ' 2 f n (p) i� there are a relation S 2 h� 1(R) and

form ulas  0
i 2 g� 1( i ) , i � m , suc h that

9y1 � � � 9ym (Sy1 : : : ym ^  0
1 ^ � � � ^  0

m ) 2 p :

(3) f = addS;T;U;h . If R 6= U then w e de�ne ' 2 f n (p) i� there are form ulas

 0
i 2 g� 1( i ) , i � m , suc h that

9y1 � � � 9ym (Ry1 : : : ym ^  0
1 ^ � � � ^  0

m ) 2 p :

F or R = U , w e ha v e ' 2 f n (p) i� one of the follo wing t w o cases holds.

Case 1. There are form ulas  0
i 2 g� 1( i ) , i � m , suc h that

9y1 � � � 9ym (Uy1 : : : ym ^  0
1 ^ � � � ^  0

m ) 2 p :

Case 2. Otherwise, for all i; j with h(i ) = h(j ) , w e ha v e either

�  i =  j , or

�  i equals yi = xk and  j is the Hin tikk a-form ula of the t yp e tp0(ak=f (A)) =
g

�
tp0(ak=A)

�
(note that this t yp e is determined b y p), or

� vice v ersa.

F urthermore, there are form ulas  00
1 ; : : : ;  00

k+ l , where k := ar( S) , l := ar( T) ,

suc h that

9y1 � � � 9yk(Sy1 : : : yk ^  00
1 ^ � � � ^  00

k ) 2 p
and 9y1 � � � 9yl (Ty1 : : : yl ^  00

k+1 (y1) ^ � � � ^  00
k+ l (yl )) 2 p ;

and, for all i , w e either ha v e

�  i is a Hin tikk a-form ula and  00
h(i ) 2 g� 1( i ) , or

�  i equals yi = x j , for some j , and  00
h(i ) is yh(i ) = x j .

(4) f = del# . W e ha v e ' 2 f n (p) i� ' 2 p and  i 6j= #(yi ) , for all i � m . 2

Example 82 L et us il lustr ate the c ase f = addS;T;U;h . Supp ose that the ar-

ities of S, T , and U ar e 2, 3, and 7, r esp e ctively. L et h : [7] ! [5] b e the

function mapping 1; : : : ; 7 to the se quenc e 1; 2; 3; 4; 4; 5; 5. W e c onsider a for-

mula ' (x1; x2; x3) of the form

9�y(U�y ^ y1 = x1 ^  2(y2) ^ y3 = x2 ^ y4 = x3

^  5(y5) ^  6(y6) ^  7(y7)) :
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F or �a 2 A3
, we have f (A) j= ' (�a) i� either

A j= 9�y(U�y ^ y1 = x1 ^  0
2(y2) ^ y3 = x2 ^ y4 = x3

^  0
5(y5) ^  0

6(y6) ^  0
7(y7)) ;

for some  0
i 2 g� 1( i ) , i 2 f 2; 5; 6; 7g, or  5 is the Hintikka-formula of

g(tp 0(a3=A)) , we have  0
6 =  7 , and ther e ar e  0

i 2 g� 1( i ) , i 2 f 2; 6g, such

that

A j= 9y19y2(Sy1y2 ^ y1 = x1 ^  0
2(y2))

^ 9 y19y29y3(Ty1y2y3 ^ y1 = x2 ^ y2 = x3 ^  0
6(y3)) :

The next lemma is analogous to Corollary 44.

Lemma 83 L et A and B b e structur es and �a 2 Ak
,

�b2 B l
with k; l � 0.

ltp(�a�b=A � B ) = ltp(� a=A) [ p ;

wher e p is the typ e obtaine d fr om ltp( �b=B ) by r eplacing every variable x i by

xk+ i .

Corollary 84 Every op er ation f 2 QF � satis�es c ondition ( h ) .

PR OOF. W e claim that the function L is a �nite-state heteromorphism based

on ltp . The pro of is analogous to that of Lemma 46. F or unary op erations the

claim follo ws immediately from Lemma 81. It remains to consider the disjoin t

union. Lemma 83 implies that there exist QF -terms t[p; q], for p; q 2 S0
L (�) ,

suc h that

L(A � B ) = t[ltp( A); ltp( B )]
�
L(A); L (B )

�
:

(Note that the lo cal t yp e of a tuple �a determines the t yp e of an y p erm utation

of �a. Therefore, w e only need Lemma 83 for tuples �a�b with �a � A and

�b � B ,

not for arbitrary in terlea vings of elemen ts of A and B .)

F rom Lemmas 81 and 83 w e can deduce that the lo cal 0-t yp e of a structure

is QF � -computable (cf. De�nition 6). Consequen tly , the L is a �nite-state

deriv ed op eration based on ltp . 2

In the second step w e extend QF � b y all fusion op erations whic h are de�ned

as follo ws. Recall the de�nition of quotien t structures at the end of Section 3.1.
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De�nition 85 L et A b e a structur e and ' (x) a quanti�er-fr e e formula. W e

set fuse' (A) := A=� wher e � is the e quivalenc e r elation

a � b : i� a = b or A j= ' (a) ^ ' (b) :

By Fuse we denote the signatur e c onsisting of al l op er ations of the form fuse' .

W e ha v e seen that ev ery op eration of QF � satis�es ( h ). In order to do the

same for Fuse it therefore remains to pro v e ( h ) for fusion op erations.

Lemma 86 L et ' (x) b e a quanti�er-fr e e formula and g : A ! fuse' (A) the

c anonic al mapping. Ther e exist functions f n : Sn
L (�) ! Sn

L (�) , for n 2 N ,

such that

ltp
�
g(�a)=fuse' (A)

�
= f n (ltp(�a=A)) ; for al l �a 2 An :

PR OOF. Let p1; : : : ; ps 2 S1;0
M (�) b e an en umeration of all quan ti�er-free 1-

t yp es p with p j= ' that are realized in A . Let q 2 S1;0
M (�) b e the quan ti�er-free

1-t yp e with

Rx1 : : : x1 2 q i� Rx1 : : : x1 2 pi ; for some i � s :

If b2 A is some elemen t of t yp e tp0(b=A) = pi then g(b) has the t yp e

tp0(g(b)=fuse' (A)) = q :

T o simplify notation w e de�ne a function f : S1;0
M (�) ! S1;0

M (�) b y

f (r ) :=

8
<

:
q if r 2 f p1; : : : ; psg;

r otherwise :

F or Hin tikk a-form ulas  r w e set f ( r ) :=  f (r ) , and for form ulas  of the form

yi = xk w e set f ( ) :=  .

F or m.e. form ulas of the form # = 9y (y) w e ha v e

9y (y) 2 ltp( g(�a)=fuse' (A))
i� 9y 0(y) 2 ltp(�a=A) for some  0 2 f � 1( ) :

Let #(x1; : : : ; xn ) = 9y1 � � � 9ym (Ry1 : : : ym ^  1 ^ � � � ^  m ) b e a m.e. form ula.

W e ha v e

# 2 ltp( g(�a)=fuse' (A))

if and only if

9y1 � � � 9ym (Ry1 : : : ym ^  0
1 ^ � � � ^  0

m ) 2 ltp(�a=A) ;
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for some form ulas  0
i 2 f � 1( i ) , 1 � i � m . Since the t yp es p1; : : : ; pr can b e

determined from ltp(�a=A) this giv es the desired de�nition of f n . 2

Corollary 87 The signatur e QF � [ F use satis�es c ondition ( h ) .

PR OOF. F or the op erations of QF � , w e ha v e already sho wn in Corollary 84

that L is a �nite-state heteromorphism based on ltp . It remains to consider

the op erations fuse' 2 F use. The preceding lemma implies that there exists a

QF -term t suc h that

L(fuse' (A)) = t
�
L(A)

�
:

T ogether Lemmas 81, 83, and 86 sho w that the lo cal 0-t yp e of a structure is

(QF � [ F use) -computable. Hence, the claim follo ws. 2

By the results of the previous section, w e immediately obtain the follo wing

theorem whic h is one of our main results.

Theorem 88 The signatur es QF and QF � [ F use ar e e quivalent.

Let us compare this result with those of Courcelle and Mak o wsky [9 ] who sho w

that the signature F consisting of the disjoin t union � , of certain restricted

quan ti�er-free op erations, and of the op erations fuseP x satis�es the follo wing

prop erties. F or ev ery �nite subsignature F0 � F ,

(1) the v alue mapping valSTR : T(F0)� ! STR[�] is an MSO-transduction,

(2) ev ery F0 -equational set is QF -equational, and

(3) eac h MSO-de�nable set of (h yp er-)graphs con tained in valSTR (T(F0)� ) is

F0 -recognizable.

The restrictions imp osed in [9] on quan ti�er-free op erations and relational

structures are the follo wing ones :

� the sets PA form a partition of A ,

� the only quan ti�er-free op erations allo w ed to mo dify the v ertex lab ellings

are op erations of the form renP ! Q as describ ed in Section 6, and

� no quan ti�er-free op eration restricts the domain of its argumen t.

In the presen t section w e w ere able to remo v e the �rst and third restriction b y

using 1-t yp es instead of v ertex lab els. F urthermore, w e ha v e sho wn that b oth

signatures lead to the same notion of recognizabilit y . Unfortunately , to do so

w e had to mo dify the second restriction b y only allo wing the quan ti�er-free

op erations of QF � . By the results of [9] and Theorem 88 w e ha v e

Equat(QF ) = Equat( QF � [ F use) = Equat( QF [ F use) ;
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and Rec(QF ) = Rec(QF � [ F use) � Rec(QF [ F use) :

W e curren tly do not kno w whether the last inclusion can b e strengthened to

an equalit y .

7.3 F usion and c omplete lo c al typ es for gr aphs

F or graphs � or more generally for structures of arit y at most 2 � w e can

impro v e the ab o v e result b y sho wing that the signatures QF and QF [ F use
are equiv alen t. One w ould exp ect that this holds for arbitrary arities, but so far

w e ha v e neither b een able to pro v e suc h a statemen t, nor could w e construct

a coun terexample. F or the remainder of this section, w e �x a signature � of

arit y ar(�) � 2.

The reason wh y the ab o v e pro of w orks only for QF � is the fact that, if w e

use the lab elling L then arbitrary quan ti�er-free op erations do not satisfy

condition (h) . F or arit y 2, w e are able to mo dify the notion of a lo cal t yp e

suc h that all QF -op erations satisfy (h) . The basic idea is to replace in an

m.e. form ula 9�y(R�y ^  1 ^ � � � ^  m ) the atom R�y b y the Hin tikk a-form ula

of a quan ti�er-free 2-t yp e. Though, to simplify notation w e will not use suc h

form ulas but the quan ti�er-free 2-t yp es themselv es.

De�nition 89 L et A b e a structur e and a; b2 A . The complete lo cal 2-t yp e

of a p air ab in A is its quanti�er-fr e e typ e

ctp(ab=A) := tp 0(ab=A) :

The complete lo cal 1-t yp e of a single element a in A is the set of al l c omplete

lo c al 2-typ es of p airs extending a

ctp(a=A) := f ctp(ac=A) j c 2 A g:

Final ly, we wil l also ne e d the complete lo cal 0-t yp e of the empty tuple hi which

is the set of al l r e alize d 1-typ es.

ctp(hi=A) := f ctp(a=A) j a 2 A g:

As usual, we abbr eviate ctp(hi=A) by ctp(A) . F or 0 � n � 2, we denote

by Sn
C(�) the set of al l p ossible c omplete lo c al n -typ es and we set S�

C(�) :=
S1

C(�) [ S2
C(�) .

Remark 90 Sinc e satis�ability is de cidable for the 2-variable fr agment of

�rst-or der lo gic it fol lows that the sets S0
C(�) , S1

C(�) , and S2
C(�) ar e de cidable.

As in the case of the other t yp es one can de�ne Hin tikk a form ulas for complete

lo cal t yp es.
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Lemma 91 F or every c omplete lo c al n -typ e p 2 Sn
C(�) , 0 � n � 2, ther e

exists a �rst-or der formula  p(�x) of quanti�er height 2 � n such that

A j=  p(�a) i� ctp(� a=A) = p ;

for al l structur es A and every tuple �a 2 An
.

PR OOF. W e de�ne  p b y rev erse induction on n . The construction is anal-

ogous to that of De�nition 33. F or n = 2 , w e de�ne

 p(x1; x2) :=
^

p :

F or n = 1 , w e ha v e to express the bac k-and-forth prop ert y (cf. [12 ,30 ]). The

form ula

 p(x1) :=
^

q2 p
9x2 q(x1; x2) ^ 8 x2

_

q2 p
 q(x1; x2)

states that ev ery t yp e q 2 p is realized and ev ery realized t yp e is con tained

in p. Similarly , for n = 0 , w e ha v e

 p :=
^

q2 p
9x1 q(x1) ^ 8 x1

_

q2 p
 q(x1) :

2

Corollary 92 The 0-typ e ctp(A) is QF -c omputable.

PR OOF. The claim follo ws immediately from Lemmas 45 and 91 since tp2(A) j=
 ctp( A) . 2

W e use Hin tikk a form ulas to de�ne the logical consequences of a lo cal t yp e.

De�nition 93 F or p 2 Sn
C(�) and ' 2 FO[�] , we write p j= ' i� j=  p ! ' .

Remark 94 It fol lows that p j= ' if and only if we have A j= ' (�a) , for every

structur e A and al l tuples �a � A of typ e ctp(�a=A) = p.

F ollo wing the usual lines of our approac h w e annotate structures b y t yp es and

w e sho w that these annotations satisfy conditions (m) and (h) .

De�nition 95 L et A b e a � -structur e with ar(�) � 2. The complete lo cal

annotation of A is the structur e

C(A) :=
D
A; (Tp)p2 S�

C (�)

E

66



with the same domain as A wher e, for e ach lo c al n -typ e p 2 S�
C(�) , n 2 f 1; 2g,

we add the r elation

Tp := f �a 2 An j ctp(�a=A) = pg:

W e denote the signatur e of C(A) by � C .

Lemma 96 L et � b e a r elational signatur e.

(a) The mapping C : STR[�] ! STR[� C] is an inje ctive FO -tr ansduction of

quanti�er height 1.

(b) C has a left-inverse that is a quanti�er-fr e e tr ansduction.

(c) C satis�es c ondition ( m ) .

PR OOF. (a) The form ula  p(�x) from Lemma 91 can b e used to de�ne the

relation Tp . F or p 2 Sn
C(�) , this form ula has quan ti�er heigh t qh( p) = 2 � n .

(b) Con v ersely , w e can write an n -ary relation R 2 � as

RA = f �a 2 An j �a 2 Tp for some p with p j= Rx1 : : : xn g:

Since S�
C(�) is �nite this de�nition is equiv alen t to a �nite disjunction of

atomic form ulas.

(c) Finally , b y comp osing the transductions of (a) and (b) w e can construct

an FO -form ula that de�nes the set C(STR[�]) . 2

It remains to c hec k condition (h) . W e start b y considering the op erations

of QF .

Lemma 97 L et � : STR[�] ! STR[�] b e a quanti�er-fr e e op er ation with

ar(�) � 2. Ther e exist functions f n : Sn
C(�) ! Sn

C(�) , 0 � n � 2, such that

ctp(�a=� (A)) = f n (ctp(�a=A)) ;

for al l structur es A and every tuple �a in � (A) .

PR OOF. W e decomp ose � = � � del' in to a domain restriction and a non-

deleting quan ti�er-free op eration (cf. Lemma 25), and w e deal with the t w o

cases separately . F or � = del ' and a; b2 del' (A) , w e ha v e

ctp(ab=del' (A)) = ctp( ab=A) ;

ctp(a=del' (A)) =
n

p 2 ctp(a=A)
�
�
� p j= : ' (x2)

o
;

ctp(hi=del' (A)) =
n

f 1(p)
�
�
� p 2 ctp(hi=A); p j= : ' (x1)

o
;
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where f 1 in the last line is the function giv en b y the second equation.

It remains to consider the case that � = � . By Lemma 35, there exists a

function g suc h that

tp0(ab=�(A)) = g(tp 0(ab=A)) :

Hence, w e can set f 2 := g. The functions f 1 and f 0 are de�ned b y

ctp(a=� (A)) = f g(p) j p 2 ctp(a=A) g;
ctp(hi=� (A)) = f f 1(p) j p 2 ctp(hi=A) g:

2

W e are in terested in the fusion op eration. It turns out that the annotation C
can b e used to treat an ev en stronger op eration whic h w e call the gluing of

t w o structures.

De�nition 98 A gluing function is a mapping

g : S1
C(�) � S1

C(�) ! S2
C(�) ;

such that, for al l typ es p; q 2 S1
C(�) and every quanti�er-fr e e formula ' (x)

with one fr e e variable, we have

' (x1) 2 g(p; q) i� p j= ' (x1) ;
and ' (x2) 2 g(p; q) i� q j= ' (x1) :

F or such a gluing function g and structur es A; B 2 STR[�] , we denote by

A 
 g B the fol lowing structur e. Its domain is the disjoint union A �[ B . F or

unary r elations P , we have

PA
 g B := PA [ PB ;

while binary r elations R ar e de�ne d by

RA
 g B := RA [ RB

[
n

(a; b) 2 A � B
�
�
� g

�
ctp(a=A); ctp(b=B )

�
j= Rx1x2

o

[
n

(b; a) 2 B � A
�
�
� g

�
ctp(a=A); ctp(b=B )

�
j= Rx2x1

o
:

Final ly, we extend 
 g to an op er ation STR[�] � STR[�] ! STR[� [ �] on

structur es of di�er ent signatur es by de�ning A 
 g B := A0 
 g B 0
wher e A0

is

the (� [ �) -structur e obtaine d fr om A by adding empty r elations RA0 := ; , for

every R 2 � n � , and B 0
is de�ne d analo gously.
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By Glue we denote the signatur e c onsisting of al l op er ations of the form 
 g .

Remark 99 (a) Note that A 
 g B = A � B if we have : Rx1x2; : Rx2x1 2
g(p; q) , for al l p; q2 S1

C(�) and every binary r elation symb ol R .

(b) The c onditions on a gluing function g ensur e that

ctp(ab=A 
 g B ) = g
�
ctp(a=A); ctp(b=B )

�
;

for al l structur es A and B and al l elements a 2 A and b 2 B . F or instanc e,

we have

Rx1x2 2 ctp(ab=A 
 g B ) i� ( a; b) 2 RA
 g B

i� g(ctp(a=A); ctp(b=B )) j= Rx1x2 ;
and Px1 2 ctp(ab=A 
 g B ) i� a 2 PA

i� ctp( a=A) j= Px1

i� g(ctp(a=A); ctp(b=B )) j= Px1 :

Example 100 Cunningham [31 ] studies gr aph de c omp ositions, c al le d split

decomp osition, that ar e b ase d on the fol lowing op er ation (se e also [23 ]). Given

two undir e cte d, simple, lo op-fr e e gr aphs G and H in STR[f edgg [ �] with la-

b el le d vertic es as in Se ction 3.5 and some r elations P 2 � , one forms the

gr aph

G � P H := delP x (G 
 g H)

wher e delP x deletes al l vertic es lab el le d P and g is the gluing function such

that

g(p1; p2) j= edg(x1; x2) i� pi j= 9y(edg(x1; y) ^ Py) for b oth i ;

that is, 
 g cr e ates an e dge (a; b) b etwe en a vertex a of G and a vertex b of H
if and only if b oth a and b have a neighb our lab el le d P . A ctual ly, in [31 ] this

op er ation is use d only on gr aphs wher e P c ontains a unique vertex.

The next lemma is analogous to Corollary 44 and Lemma 83.

Lemma 101 L et g b e a gluing function. Ther e exist functions f n , 0 � n � 2,

such that

ctp(�a=A 
 g B ) = f n

�
ctp(�ajA = A); ctp(�ajB = B )

�
;

for al l structur es A and B and every tuple �a 2 (A [ B)n
, wher e �ajX denotes

the subtuple of �a c onsisting of al l elements ai 2 X .

69



PR OOF. W e start with the case n = 2 . If a; b2 A then

ctp(ab=A 
 g B ) = ctp( ab=A) :

The case that a; b2 B is similar. If a 2 A and b 2 B then

ctp(ab=A 
 g B ) = g
�
ctp(a=A); ctp(b=B )

�

and ctp(ba=A 
 g B ) = �g
�
ctp(a=A); ctp(b=B )

�
;

where � (p) in terc hanges the v ariables x1 and x2 in ev ery form ula of p. (W e

ha v e pro v ed the �rst equation in the remark ab o v e. The second one follo ws

from the fact that ctp(ba=A 
 g B ) = � (ctp(ab=A 
 g B )) .)

F or a 2 A , w e ha v e

ctp(a=A 
 g B ) = ctp( a=A) [
n

g(ctp(a=A); p)
�
�
� p 2 ctp(B )

o
;

and, for b2 B ,

ctp(b=A 
 g B ) = ctp( b=B ) [
n

�g (p;ctp(b=B ))
�
�
� p 2 ctp(A)

o
:

Finally , for n = 0 , w e ha v e

ctp(A 
 g B ) =
n

f 1(p;ctp(B ))
�
�
� p 2 ctp(A)

o

[
n

f 1(ctp(A); p)
�
�
� p 2 ctp(B )

o
:

2

T ogether with Corollary 92 it follo ws that ctp is (QF [ G lue) -computable.

Corollary 102 If we only c onsider structur es of arity at most 2 then the

signatur e QF [ G lue satis�es c ondition (h) .

PR OOF. W e claim that the function C is a �nite-state heteromorphism based

on ctp . F or quanti�er-free op erations and the gluing op eration 
 g this follo ws

from the preceding lemmas. F or the disjoin t union � , it is su�cien t to note that

� = 
 g , for a suitable gluing function g (cf. the Remark after De�nition 98).

It remains to sho w that ctp is (QF [ G lue) -computable. W e ha v e already seen

that it is QF -computable in Corollary 92. Hence, Lemma 101 implies that ctp
is (QF [ G lue) -computable. 2

By the results of Section 7.1, it follo ws that, for structures of arit y at most 2,

the signature QF [ G lue is equiv alen t to QF , i.e., the corresp onding subalge-

bras of STR are equiv alen t.
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Corollary 103 F or structur es of arity at most 2, the signatur es QF [ G lue
and QF ar e e quivalent.

The signature w e are actually in terested in is QF [G lue[F use. The follo wing

theorem, whic h is one of our main results, states that it is equiv alen t to QF .

Theorem 104 F or structur es of arity at most 2, the signatur es QF [ G lue [
Fuse and QF ar e e quivalent.

PR OOF. By Corollary 103 and Lemma 17, it is su�cien t to sho w that

QF [ G lue [ F use� (QF [ G lue)der :

W e can express the op eration fuse' as a deriv ed (QF [ G lue) -op eration as

follo ws. W e add a new elemen t c satisfying ' (x) to the giv en structure b y a

suitable gluing op eration that creates an R -edge from some elemen t a to c i�

there exists an R -edge (a; b) ending in an elemen t b satisfying ' (x) . Then w e

delete all elemen ts satisfying ' (x) except for c. F ormally , w e ha v e

fuse' (x) = (fgt P � del#)(x 
 g � (c))

where

� c is a constan t denoting a singleton structure whose only elemen t b satis-

�es ' ,

� � creates a new unary relation P =2 � and it adds all elemen ts to it,

� g creates an R -edge b et w een an elemen t a and � (c) i� there is some elemen t b
satisfying ' suc h that (a; b) 2 R . That is,

g(p; q) := f Rx1x2 j p j= 9y(Rx1y ^  (y)) for some  2 	 g
[ f Rx2x1 j p j= 9y(Ryx1 ^  (y)) for some  2 	 g
[ f  (x1) j p j=  (x1) ;  quan ti�er free g
[ f  (x2) j q j=  (x1) ;  quan ti�er free g;

where q is the complete lo cal 1-t yp e of the single elemen t of the struc-

ture � (c) and 	 is the set of all Hin tikk a-form ulas  r , r 2 S1
C(�) , with

r j= ' ,

� # := ' ^ : Px1 , i.e., del# deletes all elemen ts satisfying ' except for the new

one whic h is lab elled b y P , and

� fgtP deletes the auxiliary relation P again. 2
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8 Sources in h yp ergraphs are not necessary

Equipping graphs and h yp ergraphs with distinguished v ertices is useful for

de�ning op erations lik e series comp osition or parallel comp osition that gener-

alize concatenation. These distinguished v ertices are called sour c es. In terms

of relational structures suc h distinguished elemen ts can b e de�ned as v alues

of n ullary sym b ols whic h are also called c onstants. They ha v e b een de�ned

in this w a y in the general logical and algebraic framew ork of [7] whic h is

further dev elop ed in [8]. Constan ts can b e eliminated if one replaces them

b y unary relations con taining single elemen ts. Ho w ev er, the quan ti�er heigh t

of the de�nition sc heme of a giv en transduction usually increases under this

transformation. T ak e for example the quan ti�er-free de�nition

Rxy : i� Sxa ^ Tyb

where a and b are constan ts. If w e enco de a and b b y unary relations Pa and Pb,

this de�nition b ecomes

Rxy : i� 9u9v(Sxu ^ Tyv ^ Pau ^ Pbv) ;

whic h is no longer quan ti�er-free. Hence, after the transformation the signa-

ture QF ma y con tain few er op erations. In this section, w e sho w that quan ti�er-

free op erations using constan ts can b e em ulated b y quan ti�er-free op erations

on relational structures without them. W e will pro v e that the signature of

quan ti�er-free op erations using constan ts, denoted b y QF c
, is �equiv alen t� to

the signature QF on relational structures without constan ts (for the precise

meaning of �equiv alen t� cf. Prop osition 105 and Theorem 112).

8.1 R elational structur es with c onstants

W e recall de�nitions from [7,8]. W e �x a coun table set C1 of c onstant sym-

b ols. F or a relational signature � and a �nite subset C � C1 , w e denote b y

STR[� ; C] the set of all �nite structures of the form

A =
D
A; (RA)R2 � ; (cA)c2 C

E

where hA; (RA)R2 � i 2 STR[�] and cA 2 A , for ev ery c 2 C .

By A[C] w e denote the substructure of A induced b y the set of all elemen ts

that are denoted b y some constan t c 2 C .

W e call quan ti�er-free transductions b et w een structures with constan ts QFc
-

tr ansductions, for short (the sup erscript

c
indicates that w e allo w constan ts).
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A de�nition sc heme for suc h a transduction STR[� ; C] ! STR[� ; D] is of the

form

D =
�
';  ; (#R )R2 � ; (� cd)c2 C;d2 D

�

where

� ' = true (cf. Section 3.3),

�  2 QF[� [ C; f x1g],

� #R 2 QF[� [ C; f x1; : : : ; xar(R)g], for R 2 � , and

� � cd 2 QF[� [ C; ; ], for eac h c 2 C and d 2 D .

As usual, the form ula  de�nes the domain of the new structure and the

form ulas #R de�ne the new relations R . The new constan ts are determined

b y the form ulas � cd . Giv en a structure A w e de�ne the constan t d in the new

structure to denote that elemen t cA suc h that � cd holds in A .

In order that a de�nition sc heme de�nes a total mapping, the form ulas � cd

m ust satisfy the follo wing conditions, for ev ery structure in A 2 STR[� ; C]
and all d 2 D :

� d denotes an elemen t of the new structure, that is, A j=
V

c2 C (� cd !  (c)) .

� d has some v alue, that is, A j=
W

c2 C � cd .

� d is unique, that is, A j=
V

c;c02 C (� cd ^ � c0d ! c = c0) .

These conditions are giv en b y quan ti�er-free form ulas without free v ariables.

Hence, they hold in a structure A 2 STR[� ; C] i� they hold in A[C]. It is

therefore decidable whether they are v alid in ev ery structure b ecause w e only

need to c hec k their v alidit y in the �nitely man y structures of the form A[C].

A de�nition sc heme D as ab o v e de�nes a total mapping D̂ : STR[� ; C] !
STR[� ; D] where the domain and the relations of B := D̂(A) are de�ned in

the same w a y as for structures without constan ts and, additionally , w e ha v e

dB = cA whenev er A j= � cd .

W e obtain th us an algebra STRc
of structures with constan ts where eac h pair

(� ; C) is a sort. The op erations are the QFc
-transductions and the disjoin t

union � whic h w e apply only to structures with disjoin t sets of constan ts.

(F or structures A 2 STR[� ; C] and B 2 STR[� ; D] with C \ D = ; , the

structure A � B 2 STR[� [ � ; C [ D] is w ell-de�ned). W e denote b y QF c
the

corresp onding signature.

W e could de�ne MSO-transductions b et w een structures with constan ts in the

same w a y as QFc
-transductions. But when w e allo w quan ti�ers then the for-

m ulas � cd are not needed. Therefore, w e c ho ose a simpler approac h b y reducing

suc h transductions to MSO-transductions without constan ts.
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Let � C := f Pc j c 2 C g b e a set of unary relations in bijection with C and

disjoin t from � . F or A 2 STR[� ; C], w e denote b y A � 2 STR[� [ � C ] the

structure with the same domain as A and the same � -relations. F or ev ery

constan t c 2 C , w e add a new unary relation Pc := f cAg to A � . Clearly , the

mapping

STR[� ; C] ! STR[� [ � C ] : A 7! A �

is an injectiv e QFc
-transduction. (W e iden tify STR[� [ � C ; ; ] and STR[� [

� C ].)

W e de�ne an MSO-tr ansduction (of structures with constan ts) as a transduc-

tion � : STR[� ; C] ! STR[� ; D] suc h that the relation f (A � ; B � ) j B 2
� (A) g is an MSO-transduction. Routine argumen ts sho w that the comp osi-

tion of t w o MSO-transductions is an MSO-transduction, also when they use

constan ts.

W e no w recall from [7 ] the follo wing result, form ulated with the terminology

of the presen t article. It is the analogue of Prop osition 27 for structures with

constan ts.

Prop osition 105 L et L � STR[� ; C]. The fol lowing statements ar e e quiva-

lent :

(i) L is the image of a r e gular set of terms under an MSO-tr ansduction.

(ii) L is QF c
-e quational.

(iii) The set L � := f A � j A 2 L g is QF -e quational.

PR OOF. The equiv alence (i) , (ii) is pro v ed in [7]. Let us sk etc h the equiv-

alence of (i) and (iii). With routine manipulations of MSO-transductions one

can sho w that (i) is equiv alen t to the statemen t

L � is the image of a regular set of �nite terms under an MSO-transduction.

Hence, the equiv alence (i) , (iii) follo ws from Prop osition 27. 2

Our ob jectiv e is to obtain a similar c haracterization of QF c
-recognizabilit y

of L � STR[� ; C] in terms of the QF -recognizabilit y of L � . Theorem 112

b elo w arc hiv es this goal. F ollo wing our general framew ork w e will in tro duce

a construction on structures that mak es it p ossible to em ulate the op erations

of QF c
in terms of QF -op erations.
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8.2 A se c ond way of eliminating c onstants

The basic idea is to replace a structure A b y the structure Â obtained b y

deleting all elemen ts that are denoted b y some constan t and b y adding new

relations that memorize links with the deleted elemen ts. F or example, an edge

from x (where x is not the v alue of an y constan t) to cA will b e represen ted b y

a new unary relation edg[� c]. An essen tial fact is that A can b e reconstructed

from Â and A[C]. (Note that, up to isomorphism, there are only �nitely man y

structures A[C] for A 2 STR[� ; C].)

De�nition 106 (a) F or every n -ary r elation R 2 � and e ach wor d w 2
(C [f�g )n

, we intr o duc e a new r elation symb ol R[w] whose arity is the numb er

of symb ols � o c curring in w . L et �( C) b e the set of these symb ols wher e we

identify R with R[� : : : � ], henc e �( C) c ontains � .

(b) F or A = hA; (RA)R2 � ; (cA)c2 C i 2 STR[� ; C], we de�ne a �( C) -structur e

Â := hÂ; (RÂ)R2 �( C) i with domain Â := A n f cA j c 2 C g and the fol lowing

r elations. F or w = w1� w2 : : : wk � wk+1 with w1; w2; : : : ; wk+1 2 C �
, we have

R[w]Â :=
n

(a1; : : : ; ak)
�
�
� ~w1a1 ~w2 : : : ~wkak ~wk+1 2 RA

o
;

wher e ~wi is the se quenc e of elements of A denote d by the c onstants in wi 2 C �
.

Note that the substructure of A induced b y Â is a substructure of Â . The

follo wing statemen ts follo w immediately from the de�nitions.

Lemma 107 (1) The structur e A c an b e r e c onstructe d fr om Â and A[C].

(2) The mapping

^ : STR[� ; C] ! STR[�( C)] is a QFc
-tr ansduction.

(3) F or e ach structur e C 2 STR[� ; C] with C = C[C], ther e exists a (jCj + 1) -

c opying MSO-tr ansduction of quanti�er height 0 that maps every nonempty

structur e B 2 STR[�( C)] to the unique structur e A 2 STR[� ; C] such that

A[C] = C and Â = B .

De�nition 108 L et L � STR[� ; C] and supp ose that C 2 STR[� ; C] is a

structur e with C = C[C]. W e denote by L ./ C the set of structur es A 2 L such

that A[C] = C and A 6= C (so A c ontains at le ast one element not denote d by

a c onstant).

Prop osition 109 A set L � STR[� ; C] is QF c
-e quational i� (L ./ C)^

is

QF -e quational for e ach C.

PR OOF. Let L b e QF c
-equational. Since, for �xed C, the condition A[C] �=

C is MSO-de�nable (ev en FO -de�nable) it follo ws b y Prop osition 105 and
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Corollary 28 (b) that eac h set L ./ C is QF c
-equational. Hence, it is the image

of a regular set of terms under an MSO-transduction and so is (L ./ C)^
, b y

Prop osition 105 and Lemma 107 (2).

Con v ersely , since L is a �nite union of sets L./ C and singletons f Cg, it su�ces

to pro v e that eac h L ./ C is QF c
-equational. This follo ws from Lemma 107 (3)

b y a similar argumen t as ab o v e. 2

W e will impro v e Lemma 107 (2) in order to ha v e statemen ts lik e the ab o v e

corollary relating QF - and QF c
-recognizabilit y . Let us �rst state an immedi-

ate corollary of Lemma 107 (3) and Prop osition 20.

Corollary 110 L et C 2 STR[� ; C] b e a structur e such that C = C[C]. F or ev-

ery formula ' (x1; : : : ; xn ) 2 QF[� [ C], one c an c onstruct a formula '̂ (x1; : : : ; xn ) 2
QF[�( C)] , such that we have

A j= ' (�a) i� Â j= '̂ (�a) ;

for every structur e A 2 STR[� ; C] with A[C] = C and al l �a 2 Ân
.

PR OOF. Let � : STR[�( C)] ! STR[� ; C] b e the transduction of Lemma 107 (3).

W e can set '̂ := ' �
. 2

Among the QF c
-op erations, it will b e con v enien t to single out particular ones.

If d 2 C , w e denote b y fgtd the op eration STR[� ; C] ! STR[� ; C n f dg] that

�forgets� the constan t d. Nothing is c hanged except that some elemen t of the

domain is no longer denoted b y d.

Prop osition 111 The function

^ : STR[� ; C] ! STR[�( C)] is a �nite-state

derive d heter omorphism b ase d on the mapping A 7! A[C].

PR OOF. W e recall that on STR[� ; C] w e use the disjoin t union and the

QFc
-transductions as unary op erations. W e �rst observ e that the mapping

A 7! A[C] is QF c
-computable. This follo ws from the follo wing ob vious facts.

(1) F or all structures A 2 STR[� ; C] and B 2 STR[� ; D] with C \ D = ; ,

w e ha v e

(A � B )[C [ D] = A[C] � B [D] :

(2) F or ev ery QF c
-op eration f : STR[� ; C] ! STR[� ; D], w e ha v e

f (A)[D] = f (A[C])[D] :
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(This is true b ecause D f (A) � CA .)

Going bac k to the main pro of, w e consider the v arious op erations. First it is

clear that

(A � B )^ = Â � B̂ :

The case of a QF c
-op eration f : STR[� ; C] ! STR[� ; D] is more in v olv ed.

Supp ose that f is de�ned b y the de�nition sc heme

D = ( ';  ; (#R)R2 � ; (� cd)c2 C;d2 D ) :

W e consider a structure A . Our ob jectiv e is to express f (A)^
as t(Â) for some

QF -term t that ma y dep end on A[C]. Let CA b e the set of all elemen ts of A
denoted b y some constan t c 2 C . W e denote b y N � CA the set of all elemen ts

that are not deleted b y f (i.e., that satisfy  ) but that are not denoted b y

an y constan t d 2 D in f (A) . (Note that w e can compute N from A[C].) The

set CA is th us partitioned in to D f (A) , N , and the set of all elemen ts deleted

b y the transduction f . The domain of f (A)^
consists of N and all elemen ts of

Â = A n CA that are not deleted b y f . W e distinguish sev eral cases.

(a) First, supp ose that N = ; . The domain of f (A)^
is the set of elemen ts

of Â that satisfy  in A . By Corollary 110, these are the elemen ts that satisfy

 ̂ in Â .

No w w e consider a relation in �( D) , sa y R[� c� dd� ] to tak e a represen tativ e

example. W e ha v e

(x; y; z) 2 R[� c� dd� ]f (A)^

i� (x; cf (A) ; y; df (A) ; df (A) ; z) 2 Rf (A)

i� A j= #R(x; c0; y; d0; d0; z) ^  (x) ^  (y) ^  (z) ^ � c0c ^ � d0d ;
for some c0; d0 2 C

i� Â j= #̂c0;d0
for some c0; d0 2 C

i� Â j= #̂ :=
_

c0;d0

#̂c0;d0 ;

where #̂c0;d0
is the form ula asso ciated with

#R(x; c0; y; d0; d0; z) ^  (x) ^  (y) ^  (z) ^ � c0c ^ � d0d

according to Corollary 110.

The form ula  ̂ whic h de�nes the domain of f (A)^
and the form ulas #̂ as

ab o v e yield a de�nition sc heme for the transformation Â 7! f (A)^
. Hence, t is

a quan ti�er-free op eration.
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(b) Next, w e consider the case that N 6= ; and f = fgt d . Then N = f dg and

there is no c 2 C n f dg suc h that cA = dA . The domain of f (A)^
is that of Â

augmen ted with dA . Hence w e ha v e f (A)^ = t0(Â � D) where t0
and D are

de�ned as follo ws.

D is a structure with the single elemen t dA . The relations of D either are empt y

or consist solely of the tuple (dA ; : : : ; dA) dep ending on whether the corre-

sp onding relation of A[C] con tains this tuple. F or example, if (dA ; bA ; cA ; dA ; dA) 2
RA , for b; c2 C , then w e put the tuple (dA ; dA ; dA) 2 R[� bc�� ]D . W e also use

a sp ecial new unary relation sym b ol to �mark� dA , that is, to distinguish it

from the elemen ts of Â .

Let us call a relation R[w] a d-r elation if d o ccurs in w . The mapping t0
is a

quan ti�er-free op eration that p erforms the follo wing transformations :

(1) It preserv es those relations of Â and D that are not d-relations.

(2) It remo v es all d-relations (they are all in Â ).

(3) F or ev ery tuple in a d-relation, lik e (x; y; z) 2 R[�� abdd� d], it creates a

corresp onding tuple (x; y; dA ; dA ; z; dA) in the relation R[�� ab���� ]. The

marking of dA is useful here.

(4) Finally , it remo v es the �marking� unary relation.

Hence, in this case w e can tak e for t the QF -term t0(x � D) .

(c) F or the general case, w e sho w that ev ery QF c
-op eration can b e expressed

as the comp osition of a b ounded n um b er of transformations of the ab o v e t w o

forms.

Fix an en umeration a1; : : : ; ak of N . (If it is empt y case (a) applies.) Let

E = f e1; : : : ; ekg � C1 b e a set of constan ts disjoin t from C and D .

Let g b e the QFc
-transduction that maps a structure C with C[C] = A[C]

to the structure g(C) 2 STR[� ; D [ E] obtained from f (C) b y assigning the

v alue ai to the new constan t ei , for i � k .

The de�nition sc heme of g can b e constructed b y adding to D the form ulas

� cei := true where, for eac h i , c is some elemen t of C suc h that cA = ai . This

c hoice can b e made dep ending only on A[C]. The resulting QFc
-transduction g

is of the t yp e considered in case (a). F urthermore, for ev ery structure B with

B [C] = A[C], w e ha v e

f (B ) = (fgt e1
� � � � � fgtek

)(g(B )) :

Hence the general case follo ws b y com bining the constructions of (a) and (b). 2

The main result of this section is the follo wing theorem.
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Theorem 112 L et L � STR[� ; C]. The fol lowing statements ar e e quivalent :

(i) L is QF c
-r e c o gnizable.

(ii) L � is QF -r e c o gnizable.

(iii) (L ./ C)^
is QF -r e c o gnizable, for every C with C[C] = C.

PR OOF. (ii) , (iii) Note that, b y Lemma 107, for ev ery C, the sets (L./ C)^

and (L ./ C)� are in bijection b y an MSO-transduction the in v erse of whic h

is also an MSO-transduction. It follo ws from Theorem 51 that one is QF -

recognizable if and only if the other is. F urthermore, the set f A j A = A[C] g
is MSO-de�nable and hence recognizable. This pro v es (iii) ) (ii) since

L � = f A j A = A[C] or, Â 2 (L ./ C)^ ; for some Cg

and a �nite union of recognizable sets is recognizable.

F or the other direction, note that, if L � is QF -recognizable then so is (L./ C)�

b ecause the conditions A[C] �= C and A � C are MSO-de�nable.

(iii) ) (i) Supp ose that (L ./ C)^
is QF -recognizable, for ev ery C. Then L ./ C

is the in v erse image of (L./ C)^
under the �nite-state deriv ed homomorphism

^

(Prop osition 111). Hence it is QF c
-recognizable, b y Lemma 14. It follo ws that

L is QF c
-recognizable since L is a �nite union of recognizable sets.

(i) ) (iii) W e no w assume that L is QF c
-recognizable. Let � b e a �nite

congruence saturating L . By replacing it if necessary b y a �ner one, one can

assume that A � A0
implies that A[C] = A0[C] and the same relations from �

are nonempt y in A and in A0
. Hence this congruence saturates eac h set L ./ C.

Consider no w the in v erse mapping (^ )� 1 : STR[�( C)] ! STR[� ; C]. F or ev ery

C 2 STR[� ; C] suc h that C = C[C], one can construct a QF c
-term t , using

b oth the relations of �( C) (this set con tains � ) and the constan ts of C suc h

that, for ev ery structure A 2 STR[� ; C] ./ C, w e ha v e A = t(Â � C) .

The e�ect of applying t to Â � C m ust b e to replace a tuple lik e (x; y; u; v; w)
in a relation R[�� ab�� c� ] b y the tuple (x; y; aC; bC; u; v; cC; w) 2 R . This can

b e done b y a QFc
-transduction � : STR[�( C)] ! STR[� ; C]. Hence, w e can

set t := � (x) .

The restriction of the congruence � to the sets STR[�] is a QF -congruence

since QF is a subsignature of QF c
. It remains to c hec k that it saturates

(L ./ C)^
. Consider a structure A 2 (L ./ C)^

, and supp ose that A0 � A .

Let B 2 L ./ C b e suc h that A = B̂ . Since A0[C] = A[C] = A , A[C] � C,

and the same relations from �( C) o ccur in A and A0
, there exists a structure

B 0 2 STR[� ; C] ./ C suc h that A0 = B̂ 0
. Applying the term t de�ned ab o v e w e
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obtain B = t(A� C) and B 0 = t(A0� C) . Hence B � B 0
. But the congruence �

saturates L ./ C. Hence B 0
b elongs to L ./ C and A0

b elongs to (L ./ C)^
. It

follo ws that eac h set (L ./ C)^
is recognizable. 2

Some v arian ts of the op erations of QF c
are considered in [8] where it is sho wn

that one can use the follo wing generalization of disjoin t union. If A and B
ha v e a common set of constan ts C then their p ar al lel c omp osition A ==B is

de�ned from their disjoin t union b y fusing those elemen ts in A and in B that

are denoted b y the same constan t. The results of this section extend to the

corresp onding v arian t of QF c
.

9 Conclusion

The main results w e ha v e established ab o v e (Theorem 51, Theorem 68, The-

orems 88 and 104, and Theorem 112) tigh ten ev en more the relationships

b et w een recognizabilit y for algebras of relational structures, monadic second-

order transductions, and op erations on relational structures de�ned in terms

of logical form ulas � quan ti�er-free or with a limited form of quan ti�cation. W e

ha v e extended older results on the fusion op eration and w e ga v e new uniform

pro ofs in a wider algebraic setting.

Some questions remain op en though. In particular, a uniform treatmen t of the

fusion op eration for relational structures w ould b e desirable.

Op en Question 1 A r e the signatur es QF and QF [ F use e quivalent ?

Let us men tion some other p ossible future researc h directions.

(1) Whic h quan ti�er-free op erations on relational structures preserv e recog-

nizabilit y ?

(2) Is it true that, if a set of graphs of clique width at most k is VR � -recog-

nizable, for some set � of size at most k (or f (k) , for some �xed function f ),

then it is recognizable ?

(3) Using the signature QF �
0 and its distinction b et w een auxiliary relations

and those of � , one can de�ne a complexit y measure on relational structures

that generalizes the notion of clique width : Giv en a structure A 2 STR[�] , let

w(A) b e the minimal n um b er n suc h that there exists a signature � and a term

t 2 T(QF 0[� ; �]) with A = val STR (t) and

P
R2 � ar(R) � n . By Prop osition 63,

it follo ws that a set L � STR[�] is the image of a set of terms under an MSO-

transduction if and only if w(L) is b ounded.
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F or the case of the so-called HR-op erations and HR-recognizabilit y , questions

related to (1) and (2) ha v e b een considered in [29,32 ]. A measure similar to (3)

but based on a di�eren t signature is in v estigated in [10 ].

A c kno wledgmen ts. W e thank J. Engelfriet and the referees for their crit-

ical reading and their n umerous suggestions of impro v emen ts.
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