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We establish that every equational graph can be characterized, up to isomorphism, by a
formula of monadic second-order logic. It follows that the isomorphism of two equational
graphs is decidable. We also establish that a graph specified in an equational graph by monadic
second-order formulas is equational.

Introduction

This paper continues the study of the monadic second-order logic of countable
graphs that has been initiated in Courcelle [11]. The aspects of this research
concerning finite graphs are presented in Courcelle [9, 10, 12-15].

In order to introduce our results, we review a few basic definitions. A graph is
definable if it is characterized, up to isomorphism, by a closed formula of monadic
second-order logic. It is equational if it is a component of the least solution of a
system of equations in graphs. A graph is of finite width if it is expressible by a
finite or infinite graph expression constructed with finitely many of the graph
operations introduced in Bauderon and Courcelle [4] (see also [15]). Not every
infinite graph is of finite width, but every equational graph is. All these properties
hold in a more or less trivial way, for finite graphs. We only consider countably
infinite graphs in this paper.

It is proved in [11] that every definable graph of finite width is equational. The
main result of this paper is that every equational graph is definable. Hence a
graph is equational iff it is definable and is of finite width. (A graph is of finite
width iff it is of finite tree-width, in the sense of Robertson and Seymour [21].)

Since the monadic second-order theory of an equational graph is decidable
(Courcelle [11]), it follows that the isomorphism of two equational graphs is
decidable.

* This work has been supported by the “Programme de Recherches Coordonnées: Mathématiques
et Informatique”, and by the ESPRIT-Basic Research Action contract No. 3299, “Computing by
graph transformations”.

Reprints can be obtained on request by electronic mail on UUCP network: courcell@geocub.
greco-prog.fr.
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We also introduce the relative definability of graphs. A graph G is definable in a
graph H if, roughly speaking, its vertices and edges can be defined from those of
H, by means of monadic second-order formulas. (A precise definition is given in
Section 3.) The connected component of a designated vertex of a graph H is
definable in H in this sense. We also establish that, if a graph is definable in an
equational graph, then it is equational.

We now sketch the technique used to establish the main result. An equational
graph G can be described by an infinite regular tree called its syntactic tree. This
tree can be defined in G in the above sense. A formula can express that the
defined tree is the desired syntactic tree. Another formula can “verify” that the
considered graph is isomorphic to the “value graph” of the defined syntactic tree.

The paper is organized as follows. Section 1 gives preliminary definitions on
graphs and graph operations. Section 2 introduces systems of graph equations and
states a few preliminary results concerning them. Section 3 defines monadic
second-order logic and definability notions concerning graphs. Sections 4 and 5
contain the proof of the main theorem. The result on the relative definability of
equational graphs is proved in Section 6. An appendix contains some technical
proofs that are omitted in Section 2.

1. Notations and definitions concerning graphs

We denote by N the set of nonnegative integers, and by N, the set of positive
ones. We denote by [n] the interval {1,2,3,...,n} for n =0 (with [0] = @).

For sets A and B, we denote by A — B the set {a € A | a ¢ B}. By a partition of
a set A, we mean an indexed set (A;);; of possibly empty, pairwise disjoint
subsets of A, such that A= {4, |ieI}.

The domain of a partial mapping f:A— B is denoted by Doem(f). The
restriction of f to a subset A’ of A is denoted by f | A’. The partial mapping with
an empty domain is denoted by @, as the empty set. If two partial mappings
f:A— B and f':A'— B coincide on Dom(f) N Dom(f’') we denote by f Uf’
their common extension into a partial mapping: AUA'— B, with domain
Dom(f) UDom(f').

The cardinality of a set A is denoted by Card(A). The powerset of A is denoted
by P(A).

A binary relation R on a set A is considered as a subset of A X A. Hence, xRy
and (x, ¥) € R are equivalent notations. The transitive closure of R is denoted by
R*, and its reflexive and transitive closure is denoted by R*. The set of
equivalence relations on A is denoted by Eq(A).

The set of nonempty sequences of elements of a set A is denoted by A*. The
generic sequence is denoted by (a,, . . ., a,) with commas and parentheses. The
empty sequence is denoted by ( ), and A* is A* U {( )}. When A is an alphabet,
i.e., when its elements are letters, a sequence (a,, ..., a,) in A* can be written
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unambiguously a,a, - - - a,. The empty sequence is denoted by &, a special symbol
reserved for this purpose. The elements of A* are called words. The length of a
sequence u is denoted by |u|.

We shall use := for “equal by definition™, i.e., for introducing a new notation.
The notation :& will be used similarly for defining logical conditions.

Graphs

As in [4, 10-14], we deal with labeled, directed hypergraphs equipped with a
sequence of distinguished vertices called the sequence of sources. The labels are
chosen in a ranked alphabet, i.e., in a set A, each element of which has an
associated integer (in N) that we call its type. The type mapping is T:A— N. The
type of the label of a hyperedge must be equal to the length of its sequence of
vertices. (This type may be 0, i.e., we allow hyperedges with no vertex.) In order
to shorten the statements we shall simply call graphs these hypergraphs, and
edges their hyperedges.

1.1. Definitions (Concrete and abstract graphs). Let A (and 7) be as above, let
n eN. A concrete n-graph is a quintuple G = (Vg, Eg, labg, vertg, src) where:
-V, is the set of vertices of the graph,

—Eg is its set of edges,

—lab; :E;— A is a total mapping that assigns to each edge of G a label in the
alphabet A,

—vertg :Eg— V§ is a total mapping that associates with an edge e of G, the
sequence of its vertices (this sequence must be of length 7(e):= t(labs(e)) and
its ith element is also denoted by vert(e, i)), and finally

—sreg is a sequence of length n in V¢ (or equivalently a mapping:[n]— V),
called the sequence of sources.

We shall denote by sreq (i) the ith element of the sequence src. (If n =0, then
G has no source.) “Source” is just an easy sounding word for “distinguished
vertex”’. There is no notion of flow involved. The integer n is the type of G.

Whenever we need to specify the alphabet A, we say that G is a concrete
n-graph over A. A concrete graph is a concerte n-graph for some n =0.

Let G and H be concrete graphs of the same type n. A homomorphism:G— H
is a pair of mappings k = (hv, hg) where hy:V;—>V,, hg:Eg— Ey, and such
that:

laby o hg = labg,
hy(verts(e, i)) = verty(hg(e), i) forallie[z(e)], all e e Eg,
hy(sres(i)) = srey(i) for all i e [n].

If no ambiguity can arise, we denote Ay and hg by h.

An isomorphism is a homomorphism such that Ay and hg are bijective. The
isomorphism class of a concrete graph is called an abstract graph, or simply a
graph in the sequel.



196 B. Courcelle

A graph G is finite if V; and Eg are finite. Otherwise, a graph has at most
countably many vertices and edges.

We denote by FCG(A),, by FCG(A), by FG(A),, and by FG(A), the sets of
finite concrete n-graphs, of finite concrete graphs, of finite n-graphs, and of finite
graphs respectively, over A. The notations CG(A4),, CG(A), G(A), and G(A) are
used similarly for the corresponding sets of finite and infinite graphs.

A vertex v belongs to an edge e, if v =verts(e, i) for some i. A vertex is
isolated if it belongs to no edge. An internal vertex of G is a vertex that is not a
source. The sources are called external vertices. We denote by IV the set of
internal vertices of G. A graph with no edge and no internal vertex is
degenerated.

For every n in N, we denote by n the unique degenerated rn-graph with n
pairwise distinct sources. For every a in A of type n, we denote by a the n-graph
with a single edge e labeled by a, no internal vertex, and a sequence of n pairwise
distinct sources equal to the sequence of vertices of e.

1.2. Definition (Subgraphs). Let G be a concrete graph. A subgraph of G is a
concrete graph H such that Vo Vs, EycEg, laby =labg [ Ey, verty =
vert; | E4 and srcy is the sequence obtained from sres by the deletion of the
vertices of Vg — V5. (Hence T(H) < 7(G).) This is denoted by H ¢ G.

If V< Vs and E c Eg, we denote by G | (V UE) the subgraph H of G such
that Ey =E and V, =V U {v e V5 | v is a vertex belonging to an edge e of E}.

Two concrete graphs G and H are disjoint if VoNVy=0 and EGNE, =@.
The union of two disjoint concrete 0-graphs G and H is the 0-graph K such that
V=VoUVy,, Ex=EgUEy, G cK, and H ¢ K. This notion extends to finite
or countable sets of pairwise distinct 0-graphs in an obvious way.

1.3. Definition (Quotient graphs). Let G be a concrete graph, let = be an
equivalence relation on V. We denote by [v] the equivalence class of v w.r.t. =.

We denote by G/~ the concrete graph H such that Vy=V;/~, E,=Eg,
laby =labg, verty(e, i) =[verts(e, i)] for all eeEy (=Eg), all ie[t(e)], and
src, (i) = [sreg(i)] for all i € [t(G)].

We call G/= the quotient graph of G by =. There is a canonical surjective
homomorphism: G — G/=.

If G is an abstract graph, then G/~ is the isomorphism class of G/~ where G
is any concrete graph representing G.

We recall from Bauderon and Courcelle [4] the definition of graph substitu-
tions. This notion is fundamental in the theory of systems of equations.

1.4. Definition (Graph substitutions). We first give a basic definition, and then
we proceed by successive extensions.
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€1,...,8€, be n distinct edges of H, such that t(e;) = 7(G;) for all

We denote by G = H[G, /e, ..., G,/e,] the result of the simultaneous substttu-

tion in H, of G, for e,, . . ., and of G, for e,. This graph will also be denoted by

H[G,, ..., G,], when the sequence e, . . ., e, is known from the context.
Formally, G is the t(H)-graph defined as follows.

Basic definition. Let H, G, ..., G, be pairwise disjoint concrete g
i=

G =K/~ where:
Vg=VygUVgU---UVg,
Ex=E4UEgU---UEg —{ey, ..., €.},
labg = (lab, Ulabgs U - - - Ulabg ) [ Eg,
vertyx = (vert; Uvertg, U - - - Uvertg ) | Eg,

srex (i) = fy(srey (i), for alliin [t(H)], where
fv is the canonical surjection: Vx— Vi, and
= is the equivalence relation on Vg generated
by the set of pairs of vertices:

{(verty(e;, ), sre,()) | i € [n], j € [w(e)]}-

We let fg be the identity:Ex— E;, hence, f=(fy,fg) is the canonical
surjective graph homomorphism: K — K/~ =
We also let:

&: = the inclusion homomorphism: G{— K,

(the notation G° is introduced in Definition 1.5 below) and we let:

g: = the homomorphism f¢g,:G?— G fori=1,...,n

We call (g, . .., g.) the tuple of homomorphisms associated with the substitu-
tion in H, of G, for ey, ..., and of G, for e,, (or more shortly associated with
H[G\/ey, . .., G,/e,)).

We also say that a vertex x of H, is mapped into the vertex fy(x) of
H[G,, ..., G,]

Let (Gj, ..., G,) be another n-tuple of graphs, of the respective types of
Gy, ..., G,. Let w;: G;— G| be a homomorphism for each i. We shall denote by

Hlwy, ..., w,] the homomorphism h:G = H|[G,, ..., G,|=> G’ =H[Gy, ..., G;]
defined as follows. (This notation assumes that the sequence of edges to
which substitutions are made, is known from the context.) In order to define it,
we let K’ and f’ be as K and f above, defined w.r.t. H and G1, ..., G). We let:

WV:VK_) VK’ be ide U wlv U ctt U an.

and wg:Ex— Eg. be defined similarly. Hence w is a homomorphism: K — K'.
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There exists a unique homomorphism, denoted by H{w,, ..., w,}], making the
following diagram commutative:

K —— K

1| Ir

H[G,, ..., G)=G gy G'=HIG},...,G/]

..... w,]

If (g,...,8) and (g4, ..., g,) are the tuples of homomorphisms associated
with H[G,, . .., G,] and H[Gj, . .., G,}, then one has the following commuta-
tive diagram-

0 Wi 0
G,' _— G,'

g,l lsi

HI[G,,...,G,] m— HI[G},..., Gl

Hiw,,..., w,]

We now consider several extensions.

First extension. The definition of H[Gj/e,, . . o G,/e,] extends as follows to
the case where the graphs H, G,,..., G, are not pairwise disjoint. One
constructs n concrete graphs G, ..., G,, respectively isomorphic to

G,, ..., G,, and such that H, G, . . ., G, are pairwise disjoint, and one lets
H[Gi/ey, ..., G,le,]:=H[G\/ey, . .., G,le,].

Again we omit the mention of ey, . . ., e, if they are known from the context.
The definitions of the tuple of homomorphisms, and of H[w,, ..., w,] extend
immediately. (The graphs G, . . ., G, are constructed in some canonical way that
we need not specify. Hence the result of the substitution is uniquely defined.)

Second extension. Let {e;|i eI} be a possibly infinite indexed set of pairwise
distinct edges of a graph H. Let G; be a concrete graph of the type of e; for each i
in 1. Then, one can define H[G,/e;; i € I] by substituting simultaneously G; for e;,
for all i in I. The definitions given above for the case of finitely many edges
extend immediately.

Third extension. Let U be a finite or infinite ranked alphabet, let H belong to
CG(A U U) and G, be a graph of the type of u for each u in U. Then, we denote
by H[G,/u; u € U] the result of the simultaneous substitution of G, for all edges
of H labelled by u, and for all symbols #. We shall mainly do this in cases where
U is a finite set enumerated as {u,, ..., u4,}, and the graph to be substituted for
u; is G;. We shall use in this case the notation H[G,/u,, ..., G,/u,] or the
notation H[Gj, . . ., G,] if U is known from the context.

This definition also extends to the case of abstract graphs.

1.5. Definition (Graph operations). A graph operation is a mapping
f:CG(A),, X - - - X CG(A),, — CG(A), of the form:

f(Gl, ey Gk):=H[G1/el, ey Gk/ek]
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for some fixed finite graph H of type n and some fixed edges e, . . . , e, of H, of
respective types ny, . . ., n,. We say that f is defined by the tuple (H, e,, . . ., €).
It operates on abstract graphs in an obvious way.

We now recall the definitions of the basic graph operations introduced in [4].
The first operation is the disjoint sum, ®,, ,, of profile n X m—n + m, defined by
(H, e, e'), where H is the graph with two edges e and e’, with set of vertices

[n + m], and such that:
verty(e):=(1,...,n) with n = t(e),
verty(e'):=(n+1,...,n+m) withm=1(e’),
src;=(1,...,n+m).

The second operation is the source redefinition, associated with a mapping o
from [p] to [n]. It is denoted by o,, has the profile n— p, and is defined by the
pair (H, e) where H consists of a single edge e of type n, has the set of vertices
[n], and is such that verty(e):=(1, ..., n) and srcy:=(a(1), . .., a(p)). If G is
as in Definition 1.1, then 0,(G) = (Vg, Eg, labg, vertg, srcgea)). If p =0, then
« is necessarily the empty map (always denoted by @), and 0,(G) is the 0-graph
obtained from G by “forgetting” its sources. We also denote it by G°.

When p is small it is convenient to write o; ;,(G) instead of 0,(G), with
=a(j) forj=1,...,p.

The third operation is the source fusion. For every equivalence relation 6 on
[n], the mapping 05 :CG(A),— CG(A), is associated with the pair (H, e) where
H consists of a single edge e of type n, with vertices such that verty(e, i) =
verty(e, j) iff i and j are equivalent w.r.t. 8. Its sequence of sources is equal to
verty(e). Intuitively, the graph 65(G) is obtained from G by fusing the ith and jth
sources, whenever i and j are equivalent w.r.t. 6. If § is the equivalence relation
on [n] generated by a single pair (i, j), then we denote 6, by 6, ;. It is clear that if
6 is the equivalence relation generated by a set of pairs {(i1, j,), ..., (i, j&)},
then:

1F2ees

96=6 LY?)

iy 0 ikfict

1.6. Definition (Paths). With a graph G we associate the set
P(G):={(v,e,i,j,v")|v,v" e Vg, eeEq, i, je[t(e)], i #j,

v =verts(e, i), v’ = vertg(e, j)}.

A path from v to v' in G, (or linking v to v'), is a nonempty sequence & in
P(G)" of the form:

T =(v, ey, i1, j1, V1) (V1, €2, 82, j2, V2) * * - (Vi1 ks s ks V).
Its length is &, and its sequence of vertices is defined as:

vert(m):=(v, vy, Us, . .., Up_y, ).
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If vy, . . ., v,_; are internal vertices, then = is an internal path. Note that v and
v’ may be either external or internal.

1.7. Definition (Internally connected components). Let G be a concrete graph. A
subgraph H of G is a concrete internally connected component of G, a cicc for
short, if it is:

(1) either an edge, all vertices of which are external,

(2) oris G [ ({v}UE(v)) where v eIV and E(v) is defined below.

For every vertex v in IV, we denote by E(v) the set of all edges of G to which
belongs a vertex v’ in IV, that is either equal to v, or linked to v by an internal
path. It is clear that any two distinct vertices of a cicc are linked by an internal
path.

A graph is internally connected if it is not degenerated and has a unique cicc.

We now give another characterization of the notion of a cicc. By an item of a
graph (resp. an internal item), we mean an edge or a vertex (resp. an edge or an
internal vertex). Two internal items i and i’ of a graph G are internally linked, if
there exist two internal vertices v and v’ linked by an internal path, and such
that, either i = v, or v belongs to i, and either i’ = v’, or v’ belongs to i’. This is
denoted by i =i'. The relation = is an equivalence relation on the set of internal
items of G. It is clear that a cicc of G is a subgraph of G of the form G | C,
where C is a subset of V5 UEg, that is is the equivalence class modulo = of an
internal item of G.

Every path of G° is internal. A subgraph H of G such that H° is a cicc of G° is
called a concrete connected component of G (a ccc for short). This notion is
equivalent to the classical notion of a connected component, in the case of graphs
with edges of type at most 2. See Example 1.11 below. A graph is connected if it
has a unique ccc.

For every concrete graph G, we denote by CICC(G) and by CCC(G) its sets of
concrete internally connected components, and of concrete connected com-
ponents respectively.

An internally connected component (an icc) of G (resp. a connected component
(a cc)) is the isomorphism class of a cicc (resp. of a ccc) of G. We denote by
ICC(G) and CC(G) the sets of icc’s, and of cc’s of G respectively.

The notions of icc and of cc can be defined for abstract graphs in an obvious
way.

In order to express formally a graph as a combination of its cicc’s, we introduce
new graph operations.

1.8. Definition (Parallel composition). For every n=0 we define a graph
operation //, of profile n X n— n. It is associated with the tuple (H, ¢, e’), where
H is the graph with set of vertices [n], with two edges e and e’, and such that:

vert,(e) = verty(e') =srey=(1, ..., n).
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Intuitively, G //,, G' is the result of gluing G and G’ by their sources, in their
order. Note that G //, G' =G ® G’ if G and G’ are 0-graphs. We shall omit the
subscript 7, i.e., we shall overload the symbol //, and we shall do the same for ©.

We now extend it to indexed sets of graphs. Let (G;);c; be an indexed set of
concrete n-graphs. The graph G =//{G;|ie€l} is defined as K[G/e;i€l],
where K is as H above with set of edges {e, | i € I}, all of them with (1, ...,n) as
sequence of vertices. Intuitively, G is the result of gluing the graphs G; by their
sources, in their order.

If 1 is a countable set, and G;= G for all i € I, then the graph /{G; |iel} is
denoted by //~G.

If A is a set of n-graphs, we denote by //A the graph //{G,|ieI}, where
{G;|iel} is an enumeration of A. (We mean by this that A={G,|i eI}, and
that every graph of A is equal to G; for one and only one iel). Any two
enumerations of A define isomorphic graphs.

These definitions apply to indexed families of abstract graphs as well.

1.9. Definition (Source-preserving compositions of graphs). We say that a graph
is source-separated if any two of its sources are distinct.

A graph operation defined by a tuple (H, ey, . . ., e.) is source-preserving if H
is source-separated, if it has no internal vertex and no other edges than
ey, ..., e, and if each of these edges has pairwise distinct vertices ordered in the
way these are in the sequence of sources of H. If f is a source-preserving graph

operation, and G =f(G,, ..., G;) we also say that G is a source preserving
composition of Gy, . . ., Gg.
Let G,, . .., G, be source-separated concrete graphs, and let G be a concrete

graph, that is a source-preserving composition of them as above. Because of the
ordering of the vertices of the edges of H, each of the graphs G; is a subgraph of
G.

The sources of any of these graphs G; remain sources of G (after possible
fusion with other sources of G,,..., G;), and each internal vertex of G
corresponds to one and only one internal vertex of one of the graphs Gy, . .., G,.
Every edge of G also corresponds to one and only one edge of one of the graphs
G, ..., Gi. Furthermore two internal items of G are internally linked (in G) iff
they belong to the same graph G;, and are internally linked in this graph. Hence,
roughly speaking, CICC(G) = CICC(G;) U - - - U CICC(G;,). (One has actually a
canonical isomorphism rather than an equality.)

Note that the parallel composition of two graphs is a source preserving graph
operation.

1.10. Lemma. (1) Let G be a concrete source-separated graph. There exists a
partition {A,, ..., Ay} of CICC(G) such that G is isomorphic to a source-
preserving composition of the graphs [[Ay, [|A,, ..., A
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(2) If, furthermore, ICC(G) is finite, then there exist G,...,G,,
Gpi1, - - -5 Gusp in CICC(G) such that G is isomorphic to a source preserving
composition of the graphs G, . .., G,, "Gy, ..., /7 Grsp.

Proof. (1) Let us form a partition of CICC(G) by putting in the same component
the cicc’s that have the same set of sources. This defines a partition with finitely
many components A;, ..., A;. Note that since the elements of CICC(G) are
subgraphs of G, any two elements of some A; have the same sequence of sources.
(All the cicc’s of type 0 (they are also ccc’s) are in a same component of the
partition, say A;.)

It is then clear that G is a source-preserving composition of //A,, . .., and //A,.
We omit the details.

(2) If ICC(G) is finite, then each component A; can be partitioned into
{A;1, ..., A;,}, such that the graphs of A;; are all isomorphic to one another.

Let then {Gy,...,G,} be an enumeration of \U{A,;|ie[k], je[n], A,
is finite}, and {G,,y,..., G,4+,} be an enumeration of the set {B,;|iek,
j €[n], A, is infinite}, where each B;; is an element of A;;. The result follows
then from (1), and from the facts that //A, is isomorphic to
WA DA - - - IKHA;,), and that //A;; is isomorphic to //* B;;, where A, is
infinite. O

Let us finally observe that a nonempty graph is internally connected iff it has no
isolated source, and is not of the form G //G’, for any two nondegenerated
graphs G and G'.

1.11. Example. A graph G is shown in Fig. 1. (The vertices marked 1, 2, 3 are
its first, second and third sources respectively.) It has countably many “parallel
edges” labelled by a. It is connected but not internally connected. The set
CICC(G) consists of countably many copies of the graph a (i.e., 1 % » 2) and of
the graph H also shown in Fig. 1.

The graph G can be written f(//~a, H), where f is the graph operation
associated with the tuple (X, e, e'), where K is the graph:

1.2, 3

.L)._e_).

2. Systems of equations and equational graphs

2.1. Definitions. Let A be a finite ranked alphabet called the set of terminal
labels. A system of graph equations over A, of simply a system, is a sequence of
equations of the form S =(u,=H,,...,u,=H,), where U={u;,...,u,}isa
ranked alphabet called the set of unknowns of S, and H; e FCG(A U U),,, for all
i=1,...,n Anedge of H, i€ [n]is terminal if its label is in A, and nonterminal
otherwise, i.e., if its label is in U.
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L] o —

Graph H
Fig. 1.

A solution of S is an n-tuple (Gy, ..., G,) of graphs in G(A), such that
7(G;) = t(w;), and G; = H|G,/u,, . .., G,/u,) foralli=1,...,n.

A few examples are given below. They show that a system S has in general
several solutions. The set of solutions of S contains an initial solution. The term
initial is used w.r.t. an appropriate category of solutions. The introduction of
category theory makes possible to apply the notion of least fixed point of a functor
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[1]. This notion and its application to the construction of solutions of systems of
graph equations are briefly surveyed in the appendix. A complete treatment can
be found in Bauderon [2, 3]. An alternative construction of the initial solution is
given in Courcelle [11], in terms of infinite graph expressions. The solution
constructed in this way, independently of category-theoretical notions, is called
the canonical solution of S. We shall use here a variant of the construction of [11]
that is more appropriate to the purposes of this paper.

A graph is equational if it is defined by a system, i.e., if it is a component of the
canonical (equivalently initial) solution of this system. A finite graph is trivially
equational.

2.2, Example. A system S is shown in Fig. 2. The terminal alphabet is
A ={a, b, ¢}, its unknowns are u,, u,, and u;. All symbols are of type 2. By S,
i=1, 2,3, we denote the system reduced to the equation with left-hand side u;.
The graph G, of Fig. 3 is a solution of ;. For every solution G of $,, for every
graph G’ of type 0, the graph G © G’ is also a solution of S;. But G is the
(canonical) solution of S,. The graphs G,, G; and G3:=0,,(G,) are three

Lll _—).
2
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solutions of S,. (The graph G3 is not shown in Fig. 3.) The graphs G, and G, are
the solutions of S, and S; respectively. Note that G, is not connected, although
the right-hand side of S; is connected. Observe that G, = //a and that G;=/"H
(where H is the graph: 1+ 5« «2)

2.3. Definition (Syntactic trees). Let S = (u; = H;;i e [n]) be a system over A,
with n; = t(u;)=t(H;)) foralli=1, ..., n.

We shall describe its (canonical) solution (G, . . . , G,) by means of an n-tuple
(Ty, ..., T,) of infinite trees, where T; will be called the syntactic tree of G,.

For each i in [n], we let (e;1, ..., e;,,) be a fixed enumeration of the set of

\ \
1t e v -~ ...
AY 3\
2 0 ) ~® ..
c c
graph G,
1 1
[} [}
a a ! al ...... b a l af .....
[ o
2 2
graph G, graph G}
b
—.).
b
1.—%.
b
—9.
2 0
graph G,

Fig. 3.
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nonterminal edges of H;. We let (w;,, ..., w; ) be the corresponding sequence

of labels (hence w,; € U). We let r = max{m; | i € [n]}.

An (n, r)-tree is a 4-tuple T = (N, rt, lab, (suc;);c;) where:
¢ N is a finite or countable set, the set of nodes,

* rt is a node, the root of the tree,

* lab:N—[n] is a total mapping defining the label of a node; one lets
N; =lab~(i), for i € [n],

* suc;c N X N is a binary relation: (u, u’) € suc; means that the node u’ is a
j-successor of the node u; the integer j plays the role of a label attached to the
edge from u to u’; hence one assumes that suc; Nsuc; =@ for j' #j; one lets
suc=_J {suc; | j € [r]}, and one assumes that (N, rt, suc) is an unordered tree
in the classical sense with {u'|(u, p') € suc} as set of successors (i.e. of sons)
of node u.

We say that (N, rt,suc) is a tree to mean that for every node u there is one
and only one path from rt to u. A path is here a sequence of nodes
(41, Ua, - - -, ti) such that (u;, p; ) esucforalli=1,..., k-1

We say that T is a syntactic tree of S, if T is an (n, r)-tree, and if the following
condition holds:

(ST): for every node u € N;, for every j €[r], if w;; =u, then u has one and
only one j-successor u', and u’ is labeled by k, and if j > m, then u has
no j-successor.

It is clear that, for every i € [n], there is one and only one syntactic tree T, the
root of which is labeled by i. This tree is denoted by 7, and is called the syntatic
tree of G;.

We denote by T/ the initial part of T; consisting of its first j levels, with T7}
reduced to the root, labeled by i.

A tree is a graph, and its nodes could be called vertices. But we keep the term
“pode” for trees. In complicated proofs involving simultaneously a graph and a
tree describing it, having two distinct words makes statements more clear.

A syntactic tree T is regular in the following sense. For any two nodes u and p'
with the same label, the two subtrees 7, and T,., issued from u and u', are
isomorphic. (An isomorphism must preserve the labels of nodes and of edges.)

2.4. Definition (The value of a syntactic tree). We now show that G; can be
considered as the result of gluing infinitely many copies of finitely many graphs, in

a way defined by 7, We assume that H,, . .., H, are pairwise disjoint concrete
graphs.
For every i € [n], we let del(H,) be the graph
H; | (VH,.U Ey— {ein, -, ei,m,-})'

Hence del(H)) is a subgraph of H; (obtained from H; by the deletion of some
edges, whence the notation).
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T at The a cyntactic tree (N vt lah (cme nd lat 7 ; ah{rt)
AAL 4 ULV A oYyUHLIAWLIV LWy \J', a8, 1GAWF, \B‘l\r]}lelm]/, aliiu 1wve lo l’\ll}-
Hence T =T, Let ko= t(%;,) = 1(G,). We now construct a graph G that we

hall denote by eval(T).

For each ueN, and H e CG(A), we denote by u - H the concrete graph
isomorphic to H, such that V,y={u}xXVy,, E,y={u}XEy, (u, v) co-
rresponds to v for veVy, and (u, e) corresponds to e for e Ey, in the
isomorphism: y - H— H.

The graphs u - del(H,)°, for all u €N, i€[n], are pairwise disjoint concrete
O-graphs. Let K be their union, equipped with the sequence of sources of the
graph rt - del(H;). We call it the intermediate graph associated with T.

We let = be the equivalence relation on Vy, generated by the set of pairs of
vertices of the form:

((u, verty(e; ;, k)), (u', srey (k)))

where (u, u') e suc;, je[r], i =lab(n), i’ =lab(p'), k € [v(e;;)].

The graph associated with T is defined as K/=, and is denoted by eval(T), or
evalg(7) if, for some reason, we wish to specify the relevant system. This graph is
infinite in general.

This construction also applies to the partial syntactic trees T/, and yields finite
graphs, denoted by eval(T7).

2.5. Proposition. The n-tuple (evalg(T)), . . ., evalg(T,,)) is the canonical solution
of S.

The proof is in the Appendix.
2.6. Example. The syntactic trees of the system § of Example 2.2 are shown in
Fig. 4. Fig. 5 shows simultaneously the syntactic tree T of G, the graph del(H,),

the intermediate graph K and its quotient G, = K/= = eval(T). The dotted lines
on the drawing of K are not edges. They show pairs of vertices generating =, O

PR R
P AR
[

Fig. 4.
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Fig. 5.
2.7. Definition. A system S = (u; = H;; i € [n]) is separated, if the graphs H; are
source-separated and U-separated, for all i. (We say that a graph is U-separated if

the sequence of vertices of an edge having its label in U has no repetition. It is
source-separated if its sources are pairwise distinct; see Definition (1.9).)

2.8. Lemma. The graphs defined by a separated system are source-separated.
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Proof. Let S be separated, let G; = eval(7;) where T; is the syntactic tree of G;.
By Definition 2.4, G; = K;/= where K; is the intermediate graph associated with
T.. It is easy to check that no two sources of X, are equivalent by =. We omit the
details. O

2.9. Proposition. Let S be a separated system, let G,, . . ., G, be its solution. Let
us assume that none of the graphs G; i=1,...,n, is degenerated. Any
solution of S consisting of source-separated and internally connected graphs is
isomorphic to the canonical one.

The proof is given in the Appendix.

Remarks. (1) In this proposition, the condition that the graphs of the solution of
S have internal items eliminates systems of the forms (u=v,v=u) or
(w = 0,(w)). Note that Proposition 2.5 is valid for them.

(2) The system S, of Example 2.2 is separated. The graph G, is its unique
source-separated and internally connected solution. The system S, has no
internally connected solution. Two connected source-separated solutions of S,
namely G, and G;, are shown in Fig. 3. (The graph G, has infinitely many
as.) O

For every graph G, we denote by sep(G) the unique source-separated graph H
that is like G except that the ordering of its sources is the ordering of their first
occurrences in srcg, i.e., such that:

o sicg=(vy, ¥y, ..., v,) forsome vy, ..., v,,
® SICy = (vi,) Uizy LRI | Uim >
* iy, is the least integer j such that v; ¢ {v;, ..., v,}, k=0. (Hence i;=1.)

There is a unique mapping «, and a (nonunique) mapping f such that
G = o,(sep(G)) and sep(G) = 05(G).

The next proposition shows that every equational graph is of the form o0,(G),
where G is defined by a separated system.

2.10. Proposition. For every system S, one can construct a separated system
defining the graphs sep(G),), . . . , sep(G,) where (G,, . . ., G,) is the solution of S.

The proof is given in the Appendix.

2.11. Example. Let S be the system shown in Fig. 6, with u of type 2. Let G be
its solution. The system §’, also shown in Fig. 6, is separated. Its unknown v is of
type 1 and its solution is the pair of graphs (G, 0,(0, ,(G))), where u defines G,
and v defines 0,(8, ,(G)).

2.12. Definition (Extended systems). Let A and U={u,,...,u,} be as in
Definition 2.1. Let U™ be the new ranked alphabet {u] |i e[n]}, disjoint from
A U U, with rank mapping © such that t(}) = 7(u;). '
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system S

system S’

Fig. 6.

An extended system with set of unknowns U, is a sequence of equations § of
the form (u,=H,, ..., u,=H,) where H,e FCG(AU U U U™),,, for all i=
1,...,n.

A solution of S is an n-tuple (G, .. ., G,) € G(A)" such that:

©o(G) = (),
and:
Gi = I-Ii[Gl/ul) e ey Gn/un, (//00 Gl)/uT) seey (//oo G,,)/u:]

foralli=1,...,n.
Let S™ be the (ordinary) system consisting of the equations of S, augmented
with the equations:

u;=u,; ffu;

fori=1, ..., n Its set of unknowns is U U U”. Remark that the right-hand sides
of these equations are not graphs, but graph expressions.

It is clear that the canonical solution of S™ is a 2n-tuple of graphs of the form
(Gy,...,G,, Gy, ...,G,), where G/=//"G; for all i=1,...,n, and that
(Gy, ..., G,)is a solution of S. This n-tuple (G,, ..., G,) is called the solution
of S, and one says that the graphs G,, . . ., G, are defined by S. Hence, extended
systems define equational graphs. (Since an equation of the form u =u // G has
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many solutions, a system of the form S has solutions that are not of the form
(G, Gy ...,G,L TGy, ..., II7G,) for any Gy, . .., G,.)

An extended system S as above is separated, if the graphs H; are source-
separated and (U U U”)-separated. It follows that S is separated iff S$™ is
separated. Hence, by Lemma 2.8, the graphs defined by a separated extended
system are source-separated.

We now define syntactic trees for the graphs defined by extended systems. In
Definition 2.3, it suffices to do the following modifications:

- (ei1, - - - €,,) is an enumeration of the set of nonterminal edges of H,, i.e.,
of the set of those having a label in U U U,

—(Wi1, ..., W) is the corresponding sequence of labels, (hence w;; e UU
U®),

—in Condition (ST), one adds the following clause: if u €N, je[m,], and
w;; = uy, then u has w j-successors, and all of them have the label .
The definition of evalg(T) is as in Definition 2.4.

2.13. Proposition. Let S be an extended system with n unknowns, and let
(T, ..., T,) be the associated sequence of syntactic trees. The n-tuple
(eval(Ty), . . ., eval(T,)) is the solution of S.

Proof. Let (Ty,...,T,, T, ..., Ts,) be the sequence of syntactic trees
of the (ordinary) system S, with set of unknowns {u,, . .., u,, u5, ..., u;}.

It is not hard to prove that evalg-(T;)=evalg(7;), and that evale(T,.)=
//” (evalg(T)) for all i =1, . . ., n, by going back to the definitions of §*. [

2.14. Proposition. Proposition 2.9 holds for separated extended systems.

Proof. Sce the Appendix. [

3. Monadic second-order logic and definable graphs

We review or introduce the following notions: relational structures, monadic
second-order logic, definability and relative definability of graphs.

3.1. Definitions. Let R be a finite ranked set of symbols such that each element r
in R has a rank p(r) in N,. A symbol r in R is considered as a p(r)-ary relation
symbol.

An R-(relational) structure is a tuple S = (Dy, (rs),.r) Where Dy is a possibly
empty set, called the domain of S, and rs is a subset of D2® for each r in R. We
denote by #(R) the class of R-structures.

We denote by £(R, W) the set of formulas of monadic second-order logic
written with the symbols of R, and with free variables in W, where W is a set of
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variables X, Y, X, X,,Z, Z', .. .. These variables will denote subsets of Dy,
where S belongs to ¥(R).

The atomic formulas are:

XcY,
r( Xy, ...,X,), wheren=p(r),
fin(X),

If X,Y,X,,...,X, denote subsets X, Y, X,,..., X, of D5, S e P(R), then
there formulas are true iff, respectively:

XcY,
rs(xy,...,x,) holds, forsomeux;in X;,i=1,...,n,
X is finite.

The formulas of £(R, W) are formed with the Boolean connectives = and v,
and existential quantifications.

Let S be an R-structure, let ¢ € £(R, W), and y be a W-assignment in S, i.e.,
y(X) is a subset of Dy for every variable X in W (we write this y: W— S to be
short). We write (S, y) k @ iff @ holds in S for y. We write S k ¢ in the case where
@ has no free variable.

A set of R-structures L is definable if it is the set of R-structures where some
(closed) formula ¢ in £(R) holds.

In order to make formulas more readable, and also to define conveniently some
sublanguages of £(R, W), we extend the syntax with the connectives A, = and
VX. We shall also use the following new atomic formulas:

X =Y equivalentto XcYAYcX,
X =@ equivalentto VY [YcX=>>XcY],
sgl(X) equivalentto VY[YcX=>Y=0vY=X]
(to mean that X is singleton).

We shall use the quantifications on finite sets:
3:X @ equivalentto 3X [fin(X) A ¢],
V:X @ equivalent to VX [fin(X)= ¢].

We shall also use lowercase variables x, y, x4, . . ., x,, to denote singletons, i.e.,

elements of Dg, S € #(R).
This means that:

dx @ is equivalent to Jx [sgh(x) A @],
Vx ¢ isequivalentto Vx [sgl(x)=> ¢],
xeY isequivalentto xcV.

For every assignment y:W — S, we shall assume that y(x) is singleton for
every lowercase variable x in W. We shall write y(x) = d instead of y(x) = {d}.
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3.2. Definition (Relative definability of structures). Let R and R’ be two ranked
sets of relation symbols. Let W be a finite set of uppercase variables, called here
the set of parameters. (It is not a loss of generality to assume that the parameters
are set variables; this is just convenient for some proofs.)

An (R, R')-definition scheme is a tuple of formulas of the form A=

b, Y1, -, Vi, (8, ))rer,jepiyn) Where:
de¥R', W) (we call 6 the domain formula of A),
Y, e LR, {x,JUW), i=1,...,k,
8,,€ LR, {x1, ..., Xpn} UW), reR,jelk]P?.

Let $'e€ #(R'), let y be a W-assignment in S’. A structure § with domain ¢
Dy X [k] is defined by A in (S’, v), (this is denoted by S = defA(S’, 7)) if:

(SI) Y) F 6’ DS = {(d’ l) | de DS” i€ [k], (S,; Y, d) F w:}
(this set may be empty, and S is still well-defined),

rs={((dy, i), - .., (ds, i) | (S, ¥, dy, ..., d)EE,;}

where j=(iy,...,i) and s=p(r).

By (S', v, dy,...,d;)EB,; we mean (S’, y')F0,; where y' is the assignment
extending y, such that y'(x;)=d; foralli=1, ..., s; analogous notations will be
used in the sequel).

In such a case, we say also that S is defined in S’ by A in terms of y.

In the special case where k=1, we can replace Dg x {1} by Dg. so that
D5 < Dg., and the tuple A can be written more simply (@, ¥, (8,),cz)-

We denote by def,(S’) the set of structures of the form def,(S’, y) for some
assignment y. If W =@, then def,(S’) is either empty or singleton. We write
S =def,(S') iff it is the singleton reduced to S. It may also happen that W is not
empty, but that all the structures in def,(§’) are isomorphic. Since we are
actually interested by structures up to isomorphism, we write in this case
S =def,(S') where S is any of these isomorphic structures.

We say that S is definable in §' if S =def,(S’) for some definition scheme A.
This notion is trivial for finite structures (because any two nonempty finite
structures are definable in each other), but it is not for infinite ones.

The following proposition says that if S =def,(S’, y) then the monadic
second-order properties of § can be expressed as monadic second-order prop-
erties of (S’, 7).

Let A=(6, Y1, ..., Yi, (8, ))rer jeix)») be written with a set of parameters W.
Let V be a set of uppercase variables disjoint from W.

For every variable X in V, forevery i=1, ..., k, we let X; be a new variable.
We let V={X,|XeV,i=1,...,k}. For every y:V— P(D), we let y:V—
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@(D x kN be d

(X)) =7(Xy) X {1} U - - - U (X;) X {k}.

With these notations we have:

3.3. Proposition. For every formula B in (R, V), one can construct a formula f3
in $(R', VUW) such that, for every S’ in $(R'), for every u:W—S', for every
y:V—S', we have:

def,(S', u) is defined (let us denote it by S),
y is a V-assignment in S, and (S, v)Ef
iff (S, 7Up)EB.
Proof. We take § equal to
BAS AN (VE (x e XD vix))
where B is constructed by induction on the structure of 8 as follows:

e IffisXcX',thenBis X, c XA AXc X}

o If Bis r(X%, ..., X"), then Bis yy, ..., Yo [\Wjeter {6r(Y1s - - - » V) AN €
X}y A+ Ay, €X}m)}] (where we denote by j(i) the ith element of the
sequence  j).

o If B is fin(X), then B is fin(X ) A - - - A fin(X,).

o If Bis "B, then B is ;.

o If Bis By Vv B, then Bis B, v B..

o If Bis AX B, then Bis 3X,, ..., X; B,. (We assume that all variables of § are
in V.)

The verification that f satisfies the desired properties is easy by induction on

the structure of 8. O

The following proposition is an easy consequence of the previous one.

3.4. Corollary. Let Se€ F(R), S' € #(R’), and S" € F(R"). If S is definable in §',
and S' is definable in S", then S is definable in S".

The definition scheme defining S in S” is obtained by the construction of
Proposition 3.3 from the definition schemes defining § in §', and ' in $”.

3.5. Definition (Relational structures representing graphs). Let A be a finite set
of edge labels as in Definition 1.1; let n € N. Let R(A, n) be the following set of
relation symbols:

edg, of rank t(a)+ 1, for each ain A,

ps;, of rank 1, foreachi=1,...,n
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For every n-graph G over A, let |G| be the R(A, n)-structure such that:
D :=VGUE;  (we assume that Vo NEg =),
edgﬂ |Gl(x) yl; “eey yk) = true iff X € EG’ labG(x) =a, and

vertg(x) = (1, - - ., Ya),
ps: g (x) =true iff x =sres(i).

A first-order formula, saying that some atomic formula edg.(x, y:, ..., yx)
holds for some y,, . .., ¥, characterizes the edges among D g,.

It is clear that the structure |G| represents the graph G, i.e., that for any two
graphs G and G’, |G| is isomorphic to |G| iff G is isomorphic to G'.

A subset L of G(A), is definable iff there exists a formula @ in Z(R(A, n)) such
that G e L iff |G|k ¢, i.e., iff the set of structures representing it is definable.
A graph G is definable if the set consisting of G is definable, i.e., if this graph
is characterized up to isomorphism by the validity in |G| of a closed monadic
second-order formula. The notion of a graph being definable in another one
follows immediately from the corresponding notion concerning structures.

In Courcelle [10-12], a slightly different version of monadic second-order logic
is used: the structures representing graphs have two domains, the set of edges,
and the set of vertices, and the formulas are written with variables of two possible
sorts: the variables of sort “vertex” denote vertices or sets of vertices, and those
of sort “edge” denote edges or sets of edges. It is not hard to prove that the two
logical languages yield the same definable sets of graphs. The proof is similar to
that of Proposition 3.3.

We now recall a basic theorem from Courcelle [11].

3.6. Theorem. The monadic second-order theory of an equational graph is
decidable.

More precisely, given a system of graph equations and a closed monadic
second-order formula of appropriate type, one can decide whether the formula
holds in the graph that is the first component of the canonical solution of the
system.

Hence, in particular, one can decide whether an equational graph G is
connected, or internally connected, or source-separated. One can decide whether
G has k, or infinitely many concrete internally connected components, the set of
sources of which is a given set of sources of G. This is just to cite a few facts that
will be useful in the sequel.

There are two main techniques for proving the decidability of the monadic
(second-order) theory of a structure (or of a set of structures). The first one uses
automata. It has been introduced by Biichi [5], and culminates with the results of
Rabin [18-20]. Some difficult aspects of this approach are better understood in
the framework of infinite games, as shown by Gurevich and Harrington [17]. The
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second technique uses “generalized sums” that construct structures more or less
as we construct graphs by means of graph operations. It has been used extensively
by Shelah {22] for severai types of ordered sets. Both techniques are surveyed in
Gurevich [16].

Our proof of Theorem 3.6 (given in [11]) uses the first of these techniques, by
means of a reduction to Rabin’s theorem (i.e., the decidability of the monadic
theory of the infinite complete binary tree). Our theorem is also an extension of
Rabin’s since the infinite complete binary tree is an equational graph. (But we do
not give another proof of Rabins’s theorem.)

We now define a few sublanguages of the language £ of monadic second-order
logic.

3.7. Definition (Weak monadic second-order logic). We shall denote by
WZL(R, W) the subset of (R, W) consisting of formulas written with quantifica-
tions of the restricted forms 3x, Vx, 3.X, and VX, i.e., written with
quantifications restricted to singletons and to finite sets. In Rabin [19], these
formulas are called weak monadic second-order formulas. We shall also denote by
AWZ(R, W) the set of formulas of the form 3X,,..., X, ¢, where ¢ is in
WE(R, WU{X,, ..., X,}). Hence one has a hierarchy of languages:

WELcAWL &,

and each of them is strictly more expressive than the preceding one by the results
of Rabin [19]. We say that a graph or a set of graphs is W.¥- (or AW £-) definable
if there is a formula in W% (or in 3 WX respectively) that defines it in the sense
of Definition 3.5.

It is known from Rabin [18] that a subset of #(A) (we denote in this way the
set of infinite complete binary trees, the nodes of which have labels in A4) is
definable iff it is definable by a finite-state tree automaton (we need not recall its
definition here; see Section 6 below, where we shall use these automata). Such a
set L is 3WL-definable iff it is defined by a “‘special” automaton in the sense of
Rabin [19], i.e., an automaton with Biichi’s accepting condition. It is W.%-
definable iff L and $({A}) — L are both W L-definable [19]. The emptiness of
the set of trees defined by a ‘“‘special” automaton can be decided in polynomial
time (in the size of the automaton) whereas an exponential time is required in
general. It follows that the satisfiability in $({A}) of a formula in 3WZL can be
decided more efficiently than that of a general monadic second-order formula.
We shall try to characterize graphs and sets of graphs by formulas in W% or in
IWZ rather than in Z.

As a useful example, let us consider the class of (n, r)-trees, defined in
Definition 2.3. An (n, r)-tree T =(V, rt, lab, (suc;);,) is represented by the
K(n, r)-structure, (V, prt, (plab;);.), (suc;);c,) (also denoted by T), where
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K(n, r):={prt,plab,, suc; |i=1,...,n,j=1,...,r} and:
prt(x) holds iff x=rt, and
plab;(x) holds iff lab(x)=1.

The set of K(n, r)-structures S representing (n, r)-trees is W.£-definable. (The
key observation is that the existence of a path in § linking x to y is expressible by
a weak formula with free variables x and y. The notion of a path is as in
Definition 2.3.) Condition (ST) of Definition 2.3 is clearly first-order. It follows
that the syntactic trees of a system are W.Z-definable. The syntactic trees of an
extended system are also W .¥-definable because the property:

“there exist infinitely many x such that ¢(x)”
can be expressed with quantifications on singletons and finite sets as follows:

Ix p(x) A VX [Tx (Tx € X) A @p(x)].

3.8. Proposition. Let G be a graph of the form f(G,,..., Gy, /"(Gisr),
..., lI7(G))) where f is a source-preserving graph operation, and the graphs
G, . .., G are internally connected, and source-separated.

If the graphs Gy, . .., G, are definable, or AW £-definable, or W £-definable,
then the graph G is definable, 3W ¥-definable or W £-definable respectively.

Proof. We begin with a few preliminary notations and constructions.

Let H be a graph in G(A),,. For every internal item x of H, we denote by Cy(x)
the set of items of H that are linked to x by an internal path. It follows that
H | Cy(x) is the cicc of H containing x. We also let

Su(x) = {i € [m] | srey(i) € Cy(x)}.

For every subset S of [m], one can construct weak formulas A(x, y) and Ag(x)
such that, for every H in G(A),,, for all internal items x, y of H:

HEeAx,y) iff yeCy(x), and
HEAs(x) iff S=8z(x).
Let S={i;,...,i,}c[m], with i;<i,<---<i, Every formula ¢ in
Z(R(A, n), {Y;, ..., Yi}) can be converted into a formula @s(x, Y;,..., ¥3)

such that for every graph H in G(A),,, for every internal item x such that
Su(x)=S, forevery Yy, ..., YicDy:

Ht(pS(x,w Yl:) Yvk) if H rCH(x)P(p(Y{,, Yl,c)

where Y/:=Y,NCy(x) foreachi=1, ..., k. The formula @ is obtained from ¢
by the following transformations.

(i) One replaces the relation symbol ps; by ps; everywhere in @, for all
j=1,...,n
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(ii) One replaces atomic formulas like X gV, Y.cX, Y, cY;, by weak
formulas expressing respectively that X c Y;, Y; c X, Y; ¢ Y;. (In the first case,
the corresponding formula is: Vy (y e X > y € Y; A A(x, ¥)).)

(iii) One restricts quantifications to subsets of C,(x): each subformula of ¢ of
the form 3X 6 is replaced by 3X [Vy (y € X = A(x, y)) A 6]. A similar transfor-
mation is done for quantifications over singletons and finite sets.

It follows that @g is a weak formula if @ is a weak formula. If @ belongs to
AWZL(R(A, n)), then one can manage to construct @s in IWZL(R(A, m)) as
shown in the following typical case:

If @ is 3X 3Y 6 where 0 is a weak formula, then we let g be the formula:

AXIY [Vy (ye XS Ax, ¥)) AVy (y e Y S Ax, y)) A 65]

where 65 is the formula in W¥(R(A, m), {x, X, Y}) obtained by the initial
construction.

Let us now consider a source-separated graph G in G(A),, written as
f(Gy, ..., G, (I”Gisy), ..., (/7 Gy)) where f is a source-preserving graph
operation, and where G;,..., G, are internally connected source-separated
graphs respectively defined by formulas ¢,, ..., ¢;. We assume that f is defined
by a tuple (K, ey, ..., ¢) as in Definition 1.5. Our purpose is to build a formula
defining G. We let S;:={j € [m] | sre(j) is isolated}, and for each i=1, ...,
we let S;:={j € [m] | srex(j) € vert(e,)}.

Let H be an arbitrary graph in G(A),,. It is isomorphic to G iff the following
conditions hold:

(1) Foralli=1, ..., m, the ith source of H is isolated iff i € S,.

(2) There exists a set X of pairwise independent internal items satisfying the
following conditions (we say that two items are independent if they are not
internally linked):

(2.1) every internal item of H is internally linked to some item x in X,

(2.2) there exist x;, ..., X, in X such that Sy(x;) = S; and H | Cy(x;) = G; for
i=1,...,k

(2.3) for every y in X — {xy, ..., xx} (where x,, ..., x; are chosen satisfying
(2.2)), Sy(y)=S;and H 1 C(y) =G forsome i=k +1,...,1,

(2.4) forevery i=k +1, ..., [, there are infinitely many elements y of X such
that S;(y)=S; and H | Cy(y) =G,

These conditions are immediately expressible by a formula in Z(R(A, m)),
with the help of the auxiliary formulas A4(x) and @;5(x). Hence G is definable if
Gy, ..., G;are so.

Let us now assume that @,, ..., ¢, are weak formulas. We shall express these
conditions by a weak formula. We reformulate condition (2) as follows:

(2') There exist pairwise independent internal items x,, ..., x, as in (2.2),
such that:

for every finite set X of pairwise independent items containing {x,, ..., x.},
for every internal item y, there exist pairwise independent internal items
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Zk+1, - - - » 2 Such that they are independent with the ones in X, Sy(z;)=3S; and
H|Cy(z)=G;foralli=k+1,...,/, and y is internally linked to an item in
XU{zio1,---> 2z}

From this new formulation, it is clear that condition (2) is expressible by a
weak formula. Hence G is W .¥-definable.

Let us finally consider the case where each formula @; is in AWL(R(A, m;)),
and m; is the type of G;. We shall construct @ in AW ZL(R(A, m)) that defines G.

We can rewite the formulas ¢4, . . ., ¢, in such a way that they are of the form
3Y,..., Y. ¢;, i=1,...,1, where y,€e WL(R(A, m), {Y1,...,Y}), and for
every graph H in G(A),,, for every s-tuple (Y}, . .., Y;) of sets of items of H, if
HEy(Yy, ..., Y), then Y;,..., Y, do not contain any source of H (and, of
course, H is equal to G;).

Condition (2) can be rewritten as follows:

(2") There exist sets X, x1, ..., X, Xiev1, ..., X, Y, ..., Y, satisfying the
following conditions:

— X is a set of pairwise independent internal items satisfying (2.1),

— X1, ..., X are singletons, X, .y, ..., X; are infinite and X is the disjoint
union of x4, . .., x¢, Xpi1, ..., and X,

—foreveryyin X, if y=x;, and ie[k], orif ye X;, and ie{k+1,...,1},
then:

Su(y)=S; and H [ Cy(y)E Yis(y, 1N Cu(y), ..., ,NCyx(y)).

Condition (2") can be expressed by a weak formula with free variables
X, x1, oy Xk Xewrs oo X, Yy, ..., Y. Tt is quite clear that Condition (27)
implies Condition (2).

Let us conversely assume that (2) holds. Let X, x,, . . ., x; satisfy (2.1)—(2.4).
By (2.4), one can partition X — {x;, ..., x,} in infinite sets X, ., ..., X; such
that S;;(y)=S;and H | C4(y) =G, foreachi=k +1,...,/, and each y € X.

For each y in X, there exists an s-tuple Y7, ..., Y} of sets of internal items
cCy(y) such that H | C4(y)Ey:(Y3, ..., Y?), and either y = x;, with 1 i<k,
oryeX, andk+1<i=<l/

We then let Y, =J {Y? |y e X}.

Since the sets Y; are sets of internal items of H, Y} = Y; N Cy(y) for each j. It
follows that:

Hence Condition (2") holds. This concludes the proof. O

3.9. Remark. From the result of Proposition 3.4, stating that the relative
definability of graphs is a transitive relation, one might think that if a graph is
definable in a definable graph, then it is definable. This is not true as shown by
the following example.

It is not hard to prove that the infinite graph H of type 1 shown in Fig. 7 is
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definable. The graph G :=H][2/c] (obtained from H by deleting all the edges
labelled by ¢, and keeping their vertices) is definable in H. This graph is a
(1, 2)-tree. (Its vertices all have the same label, i.e., have no label, and its edges
are labelled by a or b, instead of 1 or 2.) This tree is not regular, because it has
infinitely many distinct subtrees. Hence it is not definable, because every
definable tree is regular. (This follows from the theorem of Rabin [20] saying that
a nonempty definable set of trees contains a regular tree.)

4. A special case of the main theorem

In this section, we establish that the equational graphs defined by extended
systems of a special form are W L-definable.

4.1. Definition (Special systems). A special system is an extended system S =

(uy=H,, ..., u,=H,) such that the following conditions are satisfied (we let
U={uy,...,u,}, and we recall that H,, . . ., H, belong to FCG(A U U U U")):

(S1) S is separated (i.e., every graph H; is source-separated and (U U U%)-
separated).

(82) Every graph H, is internally connected, and, if it has no internal vertex,
then its unique edge is terminal (i.e., its label is in A).
(S3) The graphs defined by S are connected and nondegenerated.

4.2. Remarks. Conditions (S1) and (S2) are easily verifiable. Condition (83) can
be decided by the result of Courcelle [11] recalled in Theorem 3.6.

It follows from Conditions (S1) and (S2) that, for every n-tuple (K, . .., K,)
of connected source-separated graphs of respective types t(u,), ..., t(u,), the
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graph H[K,/u,, ..., K,/u,, (I"K)/uy, ..., (["K,)/u,] is internally con-
nected. Hence, by (S2) and (S3), the graphs defined by a special system are
internally connected. It follows then from Proposition 2.15 that the canonical
solution of a special system is the unique one consisting of connected source-
separated graphs.

Conditions (S2) and (S3) imply that, if 7(;) =0, then neither u; nor u{ occurs
in any of the graphs H,, ..., H,.

The system of Example 2.2 is not special.

The graph H of Fig. 1, Example 1.11, is defined by the special system reduced
to the equation u = K where X is the following graph:

b c
1e >e 02

]

4.3. Proposition. The graphs forming the solution of a special system are
IWL-definable.

Here is the idea of the proof. If (G,, . . . , G,) is the solution of a special system
S, then one can “represent” in each graph G; its syntactic tree T;: the nodes of T;
are ‘“‘represented” by certain well-chosen vertices of G;, and the suc relation of T,
is represented by the existence of certain paths between these vertices. The
formula, intended to ““say” that a given graph G is isomorphic to G;, will have to
do two things:

(1) to “guess” that G “contains” a representation of the tree 7; in the above
sense, and

(ii) to “verify” that G is isomorphic to evals(T;).

Let us put this more formally. Given S and i, we shall construct a definition
scheme A with parameters X, ..., X,,, such that the following holds:

(1) T, =defA(G;, X, . .., X,,) for some sets X, ..., X,, of items of G;,

(2) for every graph G, for all sets X,,..., X, of items of G, if
def (G, X, . .., X,,) is defined, then:

(2.1) defA(G, X4, ..., X,,) is an (n, r)-tree T,

22 T=T,
(2.3) evalg(T;) = G (i.e., is isomorphic to G).
It will follow that G; is defined by the formula 3X, ..., X,, 8, where 6 is the

domain formula of A. Before starting the proof, we introduce a few definitions
and notations, and we establish a few lemmas.

4.4. Definitions and Notations. In what follows, we let S be a special system
(m=H,,...,u,=H,). We assume that H,,..., H, are pairwise disjoint
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concrete graphs. As in Definition 2.12 we let ¢, ,, . . ., ¢, ,,, be an enumeration of
the set of nonterminal edges of H,, i.e., that have a label in UU U, and we let
del(H;) be obtained from H, by deleting its nonterminal edges (but Vaeu) = Vy).
We let r =Max{m; |i=1,...,n}.

We fix some i, in [n], and we let G = G;,. We shall prove that G is definable.
Our proof will use T = T;, the syntactic tree of G,,.

The notations N, N;, lab, suc;, rt will refer to T, as in Definitions 2.3 and 2.12.
Let us recall that N is the set of nodes of T, that N; is the set of its nodes labeled
by i, that lab: N— [n] is the labelling function, that sue, = {(u, u') e N X N | p' is
a j-successor of u}, and that rt is the root of T. Hence the label of rt is i,.

Two nodes are analogous if they have the same label.

If n is a sequence of integers (jy, j2, . .., Js), then sue(n) denotes the set of
pairs (u, u') such that there exists a sequence o, iy, ..., 4 With o=y,
p =y, and (@;—, p;)esuc;, for all i=1,...,s. If n=(), then suc(n):=
{(e, w) | e N}.

We write u’' <u if (u, u') esue(n) for some nonempty sequence 7. We say
then that u' is a descendent of u. We write p'<spuif p’' <por p' =p.

If u’<u, there is a unique sequence 7 such that (u, u’) € sue(n). But there
may exist several, and even infinitely many, nodes u’ such that (u, u') € suc(n)
for some u and 7. This is due to the possible presence, in the right-hand sides of
the equations of S, of the symbols u;’, which cause the existence in T of infinitely
many j-successors for some nodes.

We now introduce some notations concerning the way G is constructed from T.
We denote by K the graph | {u - del(H)® | u € N, i =lab(u)} equipped with the
sequence of sources of rt- H;, as in Definition 2.4. Then G = K/=, where = is
the equivalence relation defined in Definition 2.4. We let f be the canonical
surjective homomorphism: K — K/= =

For every u, we let K/u be the graph such that (K/u)’=
U {u' - del(H,)° | p’ <p, i =lab(u’)}. This graph is a subgraph of K°. We also
equip K/u with the sequence of sources of p - Hya ), as sequence of sources. We
let G/u =f(K/n). Hence (G/u)° is a subgraph of G°.

It is clear that, if 4 and u’ have the same label i in T, then the subtrees T, and
T, of T, respectively issued from p and p’, are isomorphic. It follows that G fu
and G/u’ are isomorphic: they are both isomorphic to G;, the ith component of
the solution of S.

For every edge e of G, there is a unique pair (g, e’) with u € N; for some i, and
e’ € Eqay, such that f((u, e')) = e. We denote it by (u(e), rep(e)). We say that
rep(e) represents e. Since f : K— K/= = G is not injective on Vi, a vertex w may
be equal to f((u, v)) for several pairs (4, v), equivalent to one another w.r.t. =.

Claim. There is a unique <-maximal node u of T such that f((u, v)) =w for some
v.

This node is denoted by u(w), and the associated vertex v by rep(w).
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Proof. If f((u, v))=f((u’, v))=w, and neither u <y’ nor u’' =<y, then there
exist v,, v; such that w =f((u,, v1)) =f((u1, v1)) where u, is the father node of
i, and uj is the father node of u' in 7. By repeating the argument if necessary,
one obtains the existence of a unique <-maximal node u such that w = f((u, v))
for some v. Hence u is the desired u(w). (Since the root is at a finite distance,
this argument yields the result after finitely many iterations. This proof works for
an arbitrary extended system, even if it is not special.)

Since § is separated, and since the graphs Gy, ..., G, it defines are
source-separated, the homomorphism f is injective on each graph u - del(H,)°,
where u € N, i € [n]. The unicity of v such that w = f((u(w), v)) follows. O

In addition, let us observe that if w is internal in G, then rep(w) is internal in
H,, where i =lab(rep(w)). Hence if w is internal in G, then (u(w), rep(w)) is the
unique pair (u, v) such that w=f((u, v)) and v is an internal vertex of H,,
i=1lab(u). If w is a source of G, then u(w) is the root of 7, and rep(w) is a
source of H,.

4.5. Lemma. Let e cEg, i €[t(e)] and w=verts(e, i). Then u(e) < u(w). Let
furthermore w be internal, let i be such that (u(w), u(e)) e suc(n), let u, u'
be two nodes of T such that (u, u')esuc(n), and u is analogous to p(w).
If e'=f((u',rep(e))) and w'=verts(e',i), then u(w')=pu. Hence w'=
f((u, rep(w))).

Proof. The first assertion is clear.

There is a unique (possibly empty) sequence #=(j;,...,J,) such that
(u(w), u(e)) € suc(n).
There is also a sequence fig, fiy, - - - , ii,, Of nodes of 7, of respective labels

lo, 1, ..., 1, such that f,=pu(w), f,=p(e), and (j;_,, ii;) € suc; for all
k=1,..., m

There is a sequence of integers iy, . . ., i,,—; such that the following conditions
hold:

(Al) In H,, the ith vertex of rep(e) is equal to the i,_,th source.

(A2) InH,, the ith vertex of e,  is equal to the i,_,th source, for
I1sk<m,

(A3) In H,, the isth vertex of e, ; is the internal vertex rep(w).

(Let us recall from Definitions 2.3, 2.12, and 4.4 that (e;,, ..., e;,,) denotes
an enumeration of the set of edges of H, that have a label in UU U™.)

Let us now assume that (u, p') e sue(7), and that y is analogous to u(w). Let
Hos U1, - - -, Uy De the sequence such that ' =, <p, < - <p,<u, <=
u. Hence lab(y,) =/, for all i and u' is analogous to u(e).

Let e’ =f((u’', rep(e))), and w' = vert;(e’, i).

By (Al), w' is the i,,_,th source of G/u' = G/u,,.
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By (A2), w' is the i, _;th source of G/yu, fork=m—1, m—2,..., 1 (this can
be proved by reverse induction from m —1 to 1).

By (A3), w' is f((1o, rep(w))), and rep(w) is internal in H,,.

This proves that u(w') =po=pu. 0O

4.6. Definitions (Paths and their traces). By Definition 1.6, a path y in G can be
written:

Y = (WO) ely ilx jl; wl)(wly €3, iZ) j2’ WZ) tt (wm-—l) €m), im’ jm) wm)' (1)

We define its trace as the sequence;

tl'('Y) = (l'eP(WO), l'ep(el)’ ilx jlx l'eP(Wl))
(rep(w1), rep(ey), iz, jo, rep(wy)) - - -
t '(rep(wm—l)r l'ep(em)’ ims Jms l'el)(wm))'

This sequence is a word in B*, where B is the finite set: V X E X [r,] X [r4] X
V,and V=VyzU-- - UVy, E=EgauyV - - UEaqu,), 74 =Max{1(a) |a € A}.

We also denote by edg(y, i) the ith edge of y, i.e., the edge e; of y written as
above.

We say that y is strongly internal in G, if it is internal in G/u where p = p(wy).
In this case, we let g, ..., N, 1, ..., N be the sequences in N* such that
(u, u(w))) € suc(n;), and (u, u(e;)) € sue(f;). Note that ny=( ), and that %, is a
prefix of #; and of #;,, for all i =0, ..., m (this is a consequence of Lemma 4.5).

Two strongly internal paths are analogous if they have the same trace, whence
the same length m, and the same associated sequences (7;)o<i<m aN4d (#;)1<i<m-
Hence, if two analogous paths link respectively w to w’, and w; to wj, then
rep(w,) = rep(w), rep(wi)=rep(w’), (u(w), u(w'))esuc(n) and (u(wy), u(ws))
e suc(n) for some n € N*. Conversely:

4.7. Lemma. Let y be a strongly internal path linking w to w'. For every node u’
analogous to u(w), for every p" such that (u', u") € suc(n), where 1 is such that
(u(w), u(w')) e suc(n), there is a path y' analogous to v, linking f((1', rep(w)))
10 (4", rep(w'))).

Proof. The construction of y’ from y is straightforward. O

Note that since the relations suc; are not functional in general (as we have
already noted), there may exist several paths y’ satisfying this lemma. We assume
that a canonical way to select one of them has been defined. The corresponding
path is denoted by p’ - y (with u’' - y = y if ' = u(w), and w is the origin of y).

In the following lemma, we let ¥ be a strongly internal path of the above form
(1), and we let E, ;= {edg(u’ - v, i) | u’ is analogous to u} for 1 <i<m. When a
single path y is considered, the notation E; is used instead of E,; Here is a



The monadic second-order logic of graphs IV 225

reconstruction lemma, saying that a path of the form u’ - y is defined in a unique
way by its origin and the sets E, ;.

4.8. Lemma. Let & be an internal path of G with trace te(y), and such that
edg(m,i)eE, ;foralli=1,..., m. Then m=yu'-y for some node u' of T that is
analogous to p.

Proof. Since tr(7) = tr(y), the path x is of the form:
T = (WS; e’llr il) jlr wll’) et (w:’n—lr e;’n) im; jm) W;/,, .
Let u’ = u(wg). We have wg = f((1', rep(wy))), and u’ is analogous to y, since,

from the equality tr() = tr(y), we have rep(wg) = rep(wq).
Let then y':=pu’' - y be written as:

Y' = (W('), ei) il) jl) Wi) et (wr,n~ly er'n) im) jm) wr,n) WIth W(') = WS-
We shall prove, by induction on k, that, for all k=0,...,m—1:
wiy=w;, and e} =e;. forallk’, 1<sk'<k.

Basis (k =0). The equality wi= w, follows from the definition of y’.

Inductive step. We assume that wi, =wy and e}. =e,. for all k' <k.

The sequences (7;)o<i<m and (7;)1<i<n are as in Definition 4.6, and they are the
same for y, and for y'.

By the definition of y', we have:

ei+1=f((1(ek+1), TeP(er.r))) With (', p(ersy)) € suc(fiess) M

We also have:

wllc = venG(eI’c+1; ik+1)y (2)
and
(', p(wi)) € sue(ny). 3)
By Lemma 4.5 we have u(e; 1) < u(w;) < u’ and:
(#(Wi), u(eis1)) € sue(n), (4)

where 7 is such that #; ., =1, - 7.
Let us now consider s. Since ej,, € E,;.,, we have e}, =edg(v-7y, k+1),
and:

ei+1 =f((, rep(ecr1))) and (v, ¥) € sue(fz4y), ©)

for some v analogous to u (and to u'), and some ¥, analogous to u(e;. ).
We also have:

wi = venG(eZ+1, 1) (6)
By (5), and since 7 is a suffix of 7., there exists v’ such that ¥ < v’ < v, and:

(v', ¥) € sue(n). Q)
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It follows that:
(v, v') e suc(ny). (8)

Hence v’ is similar to u(w;).
Let us consider conditions (2) and (4), (6) and (7), and (5). Since w, is internal
(because vy’ is similar to y), we can apply Lemma 4.5, and we obtain:

v' = u(wy).
Since we assume that w; = w}, we have;
v = u(w}).
Hence, by (3) and (8), we have:
v=u'.
Hence:
ei=edg(v-v, k+1) (by the definition of )
=edg(u' -y, k+1) (since v=p')
= €1

It follows immediately that wi ., =w;.;. O

Let us recall that H,, ..., H, are pairwise disjoint concrete graphs. Let
{vi1, v3, . .., Uy} be an enumeration of the set IV, UIVy U - - - UIV, . Let also
{e1, ..., ex’} be an enumeration of the set of edges Egerr,y) U - * - U Egayi,). Let
X; be the set of internal vertices w of G, such that rep(w) = v,. Let Y, be the set
of edges e of G, such that rep(e) =¢;. Letalso E, 4, . .., E, ,, be associated with
a path y as in Lemma 4.8.

With these notations, we can state the following corollary of Lemma 4.8, where
Xy,oo0 Xy Y1yoo o, Y, Eyy, - ., Ey p,, are simultaneously the above defined
sets of vertices and of edges, and set variables denoting them. This ambiguity
simplifies the statement and is harmless.

4.9, Corollary. Let ie[n)], let ¢ be an internal vertex of H;, let v be another
vertex of H,. Let y be an internal path in G/u linking f((u, c)) to f((u, v))
for some u in N. One can construct a first-order formula
oW, W', E,\,...,E m,X1,..., XN, Y1,..., Yy) such that, if w and w' are
vertices of G then:

Geew,w, E,\,....,Epm,X1,..., XN, Y55 . ., Y)
if
w=f((u',c)) and w'=f((u',v)), forsomep'inN,
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Proof. Let y be as in Definition 4.6. One can construct a first-order formula ¢
that says the following:

there exist wy, wy, . .., W, _;in Vg, there exist f;, . . . , [,
in E; such that:

(W, fl) ille’ wl)(wl)fZJ i2! j2) w2) cte (wm—h fm; im)jm) W’)
is an internal path of G with trace tr(y), such that
f,eE,; foralli=1,...,m.

If w=f((u',c)), and w' =f((u’,v)) then u’-vy is such a path, hence
ow,w,E,,, ..., Xy,..., Y, ...)holds.

Conversely, if ¢(w, w', E,;,...,Xy,..., Y, ...) holds, there is an internal
path & linking w to w', such that tr(r) =tr(y) and edg(x,i)e E,, for all
i=1,...,m,.

By Lemma 4.8, mw=pu’'-y for some u'e N. Hence, by Lemma 4.7, & links
fl(u', ¢)) to f((u’, v)). Hence w and w' are as wanted. [

We can now prove Proposition 4.3.

Proof of Proposition 4.3. We first assume that each of the graphs H; has at least
one internal vertex. This restriction will be lifted in the third part of the proof.

We also assume that each i € [n] labels at least one node of 7. The integers i
labelling no node correspond to unknowns of § that are useless for the definition
of G = G,,. They can be easily detected and eliminated.

First part: Representation of T in G

The (n,r)tree T will be defined as a relational structure
(V, prt, (plab;);c(.;, (suc;);c,;) (see Definition 3.8). Our aim is to construct a
definition scheme A  defining 7 in G in terms of the sets
Xy, ..., Y,...,E,, ... introduced above and a few others.

For every i € [n], let us select an internal vertex c; of H;. Let g: N— V; be the
mapping such that g(v) =f((v, ¢;)) where i =lab(v). Let V;=g(N,). Note that
u(g(v))=v, and that rep(g(v))=c; if i=lab(v). The mapping g defines a
bijection: N;— V, for all i. We have g(rt) e V,, (the label of T is i;). We let
V:=VU---UV,.

We shall establish that the binary relation on V:

SUC;:={(g(v), g(v) | (v, v') e suc;}

is definable in G in terms of the sets of vertices V;,...,V,, X,,..., Xx, of the
sets of edges Y), ..., Y (the sets X;, Y; are as in Corollary 4.9), and of sets of
edges E, 4, ..., E, ,, associated as in Lemma 4.8 with finitely many paths y of a
certain finite set I

We first define I'. For every i € [n], for every vertex v of H;, such that v #c,,
we let y;, be an internal path in G/u that links f((u, ¢;) to f((u, v)), where g is a
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node of N;. (We have assumed that N; #§ for all i at the beginning of the proof.)
Let I" be the set of all these paths.

For each path y in I', let m, be its length, and let E, ;= {edg(u’' -y, j) | p' €
N}, for 1=<j<m,, as in Lemma 4.8.

We shall denote {X,..., X3} by &, {Y;,..., Yy} by &, {V;,...,V,} by
¥, and a fixed enumeration of {E,,,...|yeI'} by € We shall denote by
@i (w,w', V, Z, ¥, €) the first-order formula associated with y;, by Corollary
4.9. If v = ¢;, we let ¢, , be the formula w = w'.

Claim 1. SUC; is definable in terms of V, Z, ¥ and €

Let us recall that r =Max{m; |i €[n]}. Let L be the set of triples (i, j, i’) in
[rn] x[r] X {n], such that the j-successors of a node u of N; are in N,. Let
(i,j,i') e L. Let also

v =verty(e,;, k), and vi=srey (k), foralll<sk=m=1(e, ).
For every u e N;, u’ € N;. such that (u, u’) € suc;, we have

flw, v))=f((w',vy), forallk=1,...,m.

Hence p - v,,, links g(u) =f((g, c;)) to f((u, vi)), and p’ - v, ,; links g(p') =
F, c)) to F((w', vi) = F((k, v)).

It follows that (g(u), g(u')) satisfies the first-order formula ,;;(w, w’,
YV, &, Y, &) defined as:

Iwy, ..., w,,,[ i (W Wi, V, &, .. )A @ (W, W, V, X, .. .)].

I<sk=m

Let us conversely assume that (w, w’) satisfies this formula for some
wy, ..., w,. Corollary 4.9 says that:

w=f((u, c;)) =gn),
w'=f((u, vi)) =f((u', vi)), foralll<k<m, and

w'=f((n', c.))=gn’)

for some ueN, and some pu'eN;. Since § is special, this implies that

(u, ') € suc;.
Hence, SUC; is defined by the (finite) disjunction of the formulas v, ;;., for all

i, i"such that (i,j,i")eL. O

Let Xy,...,V),...,Y,...,E,,,...be as above. Let in addition X,=
{g(rt)}. (We recall that rt is the root of T.) We now define a definition scheme A,
using these sets as parameters, intended to define T in G. We let:

A= <(S, ‘il’, oprl’ (Ophb,-)iE[n]) (osuc,-)je[r])
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where
Y(x) says that x belongs to VU ---UYV,,

Opn(x) says that x belongs to X,
Opian,(x) says that x belongs to V;,
Oguc(x, y) is the formula of Claim 1, that defines SUC;.

Finally, we let 6 express that the K(n, r)-structure defined by these formulas is
the syntactic tree 7. (The existence of such a formula follows from Proposition
3.3.) This achieves goals (1), (2.1), and (2.2) presented after the statement of
Proposition 4.3.

Second part: Verification that a graph G' in which the tree T is represented is
isomorphic to eval(T)

All notations are as in the first part.

We shall construct a formula 8'(V, Z, ¥, €, X, such that:

V1) GV, % % & X, )Ed,
(V2) for every graph G', if (V"', &', %', €', X,,) represents T in G’,
and if (G', V', &', ¥', €, X,,) k', then G’ is isomorphic to G.

The construction of 8’ satisfying (VI) and (V2) completes the proof, because G
is then defined by the formula:

Y, X, ¥, € X.[6 A S

where § is as in the first part.

Let us recall that = denotes an equivalence relation on the intermediate graph
K, defined as the union of the graphs u - del(H,)° for all i € [n], u € N;, and that
the vertices of K are pairs of the form (u, v) for u e N,, ve Vg, i e [n].

Claim 2. For every i,i’' €[n], veVy, v'eVy, the binary relation =, ,. on N
such that p=, . p' iff (u, v)=u', v') is W¥-definable in the relational structure
representing T.

Proof. If a binary relation is W .¥-definable, then so is its transitive closure,
hence, so is the equivalence relation it generates. By Definitions 2.3 and 2.13, ~
is the equivalence relation generated by a binary relation on Vj, that is
first-order definable in terms of prt, (plab;); (., (suc;)jc(- The result follows, but
we omit the technical details. O

Claim 3. For every i, i’, v, v’ as in Claim 2, one can construct a weak formula
Noww, w', V, Z, ¥, &, X,) such that, for every w, w' € V

(G) w, W’, LV, %, 03/’ g) Xn)t nv,v'
iff

weV, w eV, and g '(w)=,,g '(w).
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Proof, If in Prongsition 3.3, the formulas formine A, and th rmula R are wealk
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formulas, then the formula 8 can be constructed to be weak. This claim is then an
immediate consequence of Claim 2 since the relational structure representing T is
defined in G’ by a definition scheme made of weak formulas. O

It follows that f((u, v))=f((u', v')) iff the pair (g(u), g(u')) satisfies the
formula 7, ., where u€N;, ' € Ny, ve Vg, v e Vg,

Let us now consider a graph G’, and arbitrary sets of vertices and edges 7",
&', ¥, €, X, satisfying 6, i.e., representing T in G'.

Leti € [n], v e Vy. We say that a vertex w of G’ is (i, v)-defined from s, where
s is also a vertex of G’ if:

G, ':(pi,v(s) W, OVI; %" qy’; %', Xl"t)

Let us consider the following conditions on G', ¥, &’ etc.

(D1) For every i € [n], for every v € Vg, for every s € ¥, there exists one and
only one vertex of G’', that is (i, v)-defined from s.

(D2) Every vertex w of G' is (i, v)-defined from s, for some i in [n], some v in
V4, some s in V..

(D3) For every i, i' €[n], every veVy, every v' €V, every seV,, every
s' €V, if a vertex w of G' is (i, v)-defined from s, then it is also (i’, v')-defined
from s’ iff 0, (s, s’) holds in G'.

(D4) For every i €[n], e € Egeyny and vy, .. ., v € Vy, such that verty(e) =
(vq, ..., ve), then, for every s €V, there is in G' a unique edge e, such that
lab; (e;) =laby(e), verts.(e,)=(wi, ..., w,) where w; is (i, v;)-defined from s
for every j=1, ..., k, and e, belongs to the component Y; of ¥’ corresponding
to e (see the notations of Corollary 4.9; we have 1 <I<N’).

(D5) Every edge of G' is e, for one and only one pair (e, s) as in (D4).

(D6) For all k € [1(G)], sreg (k) is (ip, v)-defined from the unique vertex in
X, where v is the kth source of H, .

It is clear that each of these conditions is expressible by a weak formula. Hence
their conjunction can be expressed by a weak formula 6'(V, Z, ¥, €, X,,) so that
(G, V', &', %, €, X,) satisfies (D1)-(D6) iff:

G'ES'(V', %, %', €, XL

Let us verify that (G, ¥, Z, ¥, &, {g(xt)}) satisfies (D1)-(D6), whence &'
The validity of (D1), (D2), and (D4)—(D6) follows from Corollary 4.9. That of
(D3) follows from Claim 3.

Hence, the formula &' satisfies condition (V1). We shall now verify condition
(V2). Let (G, V', &', ¥', €, X,) satisfy 6 and &6’. We shall construct an
isomorphism between G’ and G.

Since & holds, T':=def (G’, V', Z’, . . .) is isomorphic to T by some function
g :T—T'. Hence g’ defines a bijection N,— V|. Let K be the intermediate
graph, and f': K— G’ be such that:
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(1) f'((u, v)) is the unique vertex of G’ that is (i, v)-defined from g'(u), where
i =lab(u); it is well-defined by (D1).

(2) f'((u, €)) is the edge e, defined by (D4) with s = g’(u).

Conditions (D4) and (D6) entail that f' is a homomorphism. Conditions (D2)
and (D5) entail that it is surjective. Condition (DS5) entails that f' is injective on
E. Finally, it follows from condition (D3), and Claims 2 and 3, that the kernel of
f'is =. Hence f’ factorizes as hof where h is an isomorphism:K/=~=G—> G’
and f is the canonical surjection: K — G.

Third part: Lifting a restriction

At the beginning, we have assumed that each graph H, has at least one internal
vertex, and this allowed us to choose an internal vertex c; in H; for each i =1,

S,

If H; has no internal vertex, then it is reduced to an edge labeled in A, all
vertices of which are sources.

We take this edge as item c;. The construction done in the first two parts must
be adapted accordingly. We omit the lengthy technical details that do not need
any new idea. O

5. Proof of the main theorem
Here is the main result of this paper.
5.1. Theorem. Every equational graph is W ¥£-definable.

Proof. Let G be an equational graph. It follows from Lemma 2.10 that the
source-separated graph sep(G) is equational. From a formula in 3W.¥ defining
sep(G), it is easy to construct a formula of the same type defining G. Hence, we
shall do the proof for a source-separated graph G.

Our purpose is to construct a formula defining G from a system of equations
defining it, not only to prove the existence of a formula.

We know by Lemma 1.10 that G can be expressed as a source-preserving
composition:

G=f(Gy, ..., G II"Gpsr, ..., I7G)

of its internally connected components. We shall construct f and a special system
defining (G,, . . . , G,,). The result will follow then from Theorem 4.4, saying that
these graphs are 3% .#-definable, and from Proposition 3.8, saying that source-
preserving compositions of IWL-definable internally connected graphs are
IWZL-definable. Since these results are effective, a formula defining G can be
effectively obtained.

The proof consists of three parts.
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First part: Definition of a recursive set DEF’, and of a bijection of DEF' onto
CICC(G)

We let G be a concrete equational graph, defined as a component of the
solution of a separated system S=(u,=H,,...,u,=H,). We let U=
{uy, ..., u,}, and (Gy, . . ., G,) be its solution.

We let T be the syntatic tree of G, we let K be the intermediate graph used to
define eval(T), and we let f be the surjective canonical graph homomorphism:
K— G :=K/=. We shall use the notations of the proof of Proposition 4.3.

We denote by S; the set of sources of G.

We denote by CICCy(G) the set of cicc’s of G that have no internal vertex
(they are reduced to single edges, all vertices of which are sources), and by
CICC,(G) the set of the others.

Let C belong to CICCy(G). There is a unique pair (u, €) such that u is a node
of 7, i is its label, e is an edge of H;, and C=G | {f((u, €))}. We let DEF, be
the set of such pairs, and C(u, €) be the cicc associated as above with (u, e). It
can be characterized as follows:

(u, ) e DEF, iff ueN, i=Ilab(n), e e Ey, and for every vertex s of
e, f((u, 5)) € S¢ (this is possible only if s is a source
of H;).

Let us make this characterization effective. For every i=1, ..., n, for every
source vertex v of H;, for every source vertex w of GG, one can construct a regular
language L(i, v, w), such that, for every node p of T with label i:

f((u, v))=w iff (xt, u)esuc(n) for some 7 in L(i, v, w).

If A and B are sets of vertices, we let L(i, v, B) denote the union of the sets
L(i, v, w) for w in B, and we let L(i, A, B) denote the intersection of the sets
L(i, v, B) for v in A. Hence:

(u, e) e DEF, iff every vertex of e is a source of H;, and (rt, u) €
suc(n) for some 1 in L(i, V, S¢;), where i is the label
of u, and V is the set of vertices of e.

Hence CICCy(G)={C(x)|x e DEF,}, and it is clear that C(x)=C(x') iff
x=x'

We shall obtain a similar, but more complicated indexing of CICC,;(G). Let
C € CICC,(G). There exists a unique <-maximal node u of T such that f((u, v))
is an internal vertex of C (hence of G), for some vertex v. We denote this node
by u(C), and we denote by REP(C) the set of vertices v such that f((u, v)) €
IVc. Note that REP(C) c IV, where i = lab(u(C)). For every v € REP(C), the
subgraph C is the unique cicc of G containing f((u(C), v)). We let DEF,:=
{(u(C), v) | v e REP(C), C € CICC,(G)}. We say that C is defined by (u, v) if
u = p(C) and v e REP(C), and we write in this case C = C(u, v).

In order to characterize DEF,;, we give another definition. If H is a graph in
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FCG(A U V), if v, v’ are two vertices of H, a strong internal path in H, linking v
to v', is an internal path of the form:

(U) el: ilrjl; Ul)(UI) 62) i2’ j2’ UZ) Tt (Uk—f—l) ek’ ik) jk) U')

where, for every m € [k], either e,, is a terminal edge, or e, is labeled by u, for
some p € [n], and sreg (i) is linked to sreg, () by a path in G,. In this situation,
we say that v and v’ are strongly linked in H. We denote by SL(i, v) the set of
source vertices of H;, i € [n] that are strongly linked to some vertex v of H,.

5.2, Lemma. Let peN;, velVy for some i€[n]. Then (u, v) e DEF, iff for
every v' in SL(i, v), the vertex f((u, v')) is a source of G.

Proof. Let v' € SL(i, v). If w' =f((u, v’)) belongs to IV, then the cicc C of G
containing w = f((u, v)) is not defined by (u, v), because it contains also w’,
Hence pu(C) = u(w') > u(w), and (u, v) does not belong to DEF,;.

The proof of the other direction is similar. [J

Note that, if (u, v) e DEF,, the set of sources of C(u,v) is the set
{f((u, v'")) | v’ € SL(i, v)} where i = lab(u). Hence, the set DEF; can be effectively
characterized as follows:

(u, v) e DEF, iff if i =lab(u), then v is an internal vertex of H;, and
(rt, u) € sue(n) for some n in L(i, SL(i, v), Sg)-

Hence, we have CICC,(G)= {C(u, v)| (4, v) e DEF,}, but this is not the
desired indexing, since some cicc’s may occur several times. The following lemma
will allow us to restrict the set DEF, appropriately.

5.3. Lemma. If (u, v) and (u', v') € DEF,, i =lab(u), then C(u, v)=C(u’, v')
iff u=u', and v and v’ are strongly linked in H,.

Proof. “If”. By the definitions, a strong internal path in H;, where i =lab(u),

linking v to v’ yields an internal path in G/u (since this graph is isomorphic to

H[G,, ..., G,]), that links f((u, v)) to f((u, v')). Hence C(u, v) =C(u, v').
The other direction is similar. [

Being strongly linked is an equivalence relation on the set of internal vertices.
Let us select a vertex in each class. The selected vertices will be called the
canonical internal vertices.

We define DEF] as the set of pairs (g, v) in DEF, such that v is canonical, and
we let DEF' := DEF, U DEF]. Hence, every cicc of G is C(u, x) for one and only
one pair (u, x) in DEF'.

The following lemma is an easy consequence of the above definitions and
lemmas.
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5.4. Lemma. For every item (u, x) of K, one can effectively decide whether:

(1) f((u, x)) is a source of G, (and one can determine its rank if this is the
case), or:

(2) f((p, x)) is an internal item of G, and in this case, one can determine the
pair w in DEF’ such that C(w) is the cicc of G containing it.

Second part: Constructing a source-preserving decomposition of G over its cicc’s

Let us say that two cicc’s of G are equivalent, written C=C’, if they are
isomorphic and have the same set of sources (if this is the case, they have the
same sequence of sources).

We define the type of a pair (u, €) in DEF, as (i, R), where i =lab(u) and R
is the set of pairs (v, w) such that v is a vertex of e (v is also a source of H;),
w = f((u, v)) and belongs to Sg.

We define the type of a pair (u, v) in DEF,, as the pair (i, R) where i = lab(u),
and R is the set of pairs (v’, w) such that v’ eSL(i, v), f((u, v'))=w, and
weE SG.

For every item x, and every (possible) type (i, R), one can construct a regular
language L'(x, i, R), such that, for every node u of T, (u, x) is of type (i, R) iff
i =lab(u) and (rt, u) € sue(n) for some 7 in L'(x, i, R). To be precise, one takes
for L'(x, i, R) the intersection of the languages L(i, vj, w;), j=1, ..., k, where
SL(i, v)={vy,...,vi} and R={(vj, w;), j=1,..., k} in the case where x is an
internal vertex of H;,. If x is an edge e, then vy, .. ., vy are its vertices. If R is not
of the appropriate form, then L'(x, i, R) is empty.

If w=(u, x) and w’' =(u’, x') belong to DEF, we let w=w' iff x =x', and w
and w' are of the same type:.

5.5. Lemma. If w and w' belong to DEF’, and w=w’, then C(w) =C(w’).

Proof. The case of w and w' in DEF, is clear.

Let w=(u, v) and w’ = (u/, v) belong to DEF], and be of the same type. We
first make a few observations concerning C(u, v).

(1) Every item x of C(y, v) is f((u,, y)) for some u, < u, and some item y.

(2) If x, as in (1), is f((#1, ¥)), and if p, is not less than u, then p = p,, and x
is a source, both of G and of C(u, v).

(3) If f((p1, x)) € C(p, v), (4, 1) €sue(n), and u; is such that (u, py)e
suc(n), then f((u3, x)) € C(u, v). (Easy proof by induction on the length of 7.)

Remark that the subtrees of T issued from g and u’, that we denote
respectively by T, and T, are isomorphic (since u and u' have the same label,
and T is a syntactic tree). Let h:7,— T,. be an isomorphism (it preserves the
labels of nodes and edges in an obvious way). Let A be the binary relation
c (Ve X V5)U (Eg X Eg) defined by:

h={(f((u, x)), f((B(11), X)) | 1 < 1,

x is an item of the appropriate graph}.
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It is not hard to prove that it is bijective. It is an isomorphism 4:G/u— G/u’'.
If y is an internal path in G linking a vertex w to f((u, v)), then y is in C(, v).
Hence w = f((u,, v')). Its image under A is a path y’, linking w':=f((h(u,), v’))
to f((u’, v)). The path y’ is internal, because (u, v) and (', v) are of the same
type. Hence it belongs to C(u’, v).

Hence & is a bijection: C(u, v)— C(u’, v). Since u and u’ are of the same
type, C(u, v) and C(u’', v) have the same set of sources, namely, the set of
vertices w, such that (o, w) € R for some o, where (i, R) is the common type of

(u, v) and (p',v). O

We can construct a finite subset DEF” of DEF’ that has one and only one
element in each class of =. It is finite because there are finitely many types,
whence finitely many equivalence classes. Its construction can be done effectively
by means of the languages L'(x, i, R). Furthermore, one can also determine, for
every w in DEF”, the cardinality ¢(w) of its equivalence class in DEF’ w.r.t. =.

Let us define A(w) = {C(w’) | w' e DEF’, w’ = w}. The family (A(w)), for w in
DEF", is a partition of CICC(G), every set of which consists of isomorphic
graphs, having the same sequence of sources. The cardinality of A(w) is c(w).
From these data, and by Lemma 1.10, one can achieve the goal of this second
part:

5.6. Lemma. One can construct a source-preserving decomposition of G over
{C(w) | w e DEF"}.

The graph G of Fig. 1, Example 1.11, is defined by the system reduced to the
equation w = K, where K is the following graph:

1 a 2 b c 3
] >0 >e —>e

VAN

This system is not special. The source-preserving decomposition of the graph G
over its internally connected components is f(//”a, H), where f and H are defined
in Example 1.11. The graph H is defined by a special system defined in Remarks
4.2.

For (u, x) in DEF, we denote by C(u, x) the abstract graph, (i.e., the icc of
G), isomorphic to C(y, x).

At this point of our proof, we do not know how to decide whether C(u, v) is
isomorphic to C(u’, v’) for (u, v), (u’, v') € DEF;. This is actually decidable, but
only by Corollary 5.9 of the theorem we are now proving. Hence we do not have
an enumeration of ICC(G). A same icc may appear several times in the indexed

set (é(,u, x))(u,x)EDEw'
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Third part: Construction of a special system defining ICC(G)

5.7. Proposition. One can construct a special system defining the graphs C(u, x)
for all (u, x) e DEF".

Proof. All what we did up to now, was relative to a fixed component G = G; of
the solution of a given system S. In this proof, we shall consider all components
simultaneously, hence we shall make this dependence explicit. The above
introduced objects will be denoted by DEF(i), DEF'(i), C(i, u, x), etc.

For each i, each (u, x) in DEF'(i), let us define a new symbol [i, u, x] of type
T(C(i, u, x)). Let U" be this new set of symbols.

From Lemma 5.6, one can construct, for each i in [n], a finite graph K; over
U"U U™, such that: -

Gi = Ki[CG, u, ¥)/[i, p, x]), (7 CG, 1, X))/ 1, x]7]

(The substitution is done simultaneously for all [i, 4, x] in U” and all [i, 4, x]” in
U™, This is omitted in order to obtain a simpler formula. The same will be done
below in similar cases.)

It is easy to observe that C(i, u, x) is isomorphic to C(j, €, x), if (u, x) belongs
to DEF(i) and j is the label of the node u of T,. Hence, it is isomorphic to
C(j, &,x") for a unique x’' such that (g x') belongs to DEF'(j). We let
rep([i, u, x]) be the new symbol [j, x'], and rep([i, , x]*) be similarly [j, x']".
We let U’ be the set of new symbols [j, x], for (g x) in DEF(j), with
([j, x]):= (C(j, €, x)). We let:

Ki:=Krep([i', u, xD)/[', u, x], rep([i’, u, xI)/[i", p, xJ7).
Hence, K] is a finite graph over U’ U U’", and we have:
G, = Ki[C(j, & x)/1j, x), 7 C, & x)N/1, xI7]. 1)
Our purpose is to construct a special system
§'=(li, x]=H;; lj, x]e U")

defining (C(j, &, X)) xjeuv- )

If (g, x) € DEF(j), then we let simply H; ,:=C(j, &, x). (This graph is reduced
to a single edge, all vertices of which are sources.)

Let us now consider (¢, x) in DEF'(j), where x is an internal vertex of H;. Let
then L;:= H][K}/u,, . . ., K,/u,]. This graph belongs to FCG(A U U' U U'"),,)

Let x' be the internal vertex of L; to which the internal vertex x of H; is
mapped, in the substitution defining L, (see Definition 1.4). We let H;, be the
cicc of L; containing x’. This completes the definition of §'.

Claim 1. C(j, ¢, x) is isomorphic to the graph:

H, [C@', & x)/i', x'), (™ CGE', &, xN/i', x'T7).
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Proof. We have
G =H[G,, ..., G,]
= H[K;[CG', & x)/[i", x'],...],...] (by (1))
= L,[C(i', & x")/[i', x'], (I C(’, & x"D/i', x']7] Q)

by the definition of L; and the associativity of graph substitutions.
Let us observe that, for all graphs G, L, Cy, ..., C,:

if G=L[Ci/u,,..., C,lu,),

if Cy, ..., C,, are source-separated and connected,

if v is an internal vertex of L, mapped onto v’ in the
substitution defining G, then

v’ is internal in G, and the cicc of G containing v’ is isomorphic
to L'[C)/uy, . .., C,/u,), where L’ is the cicc of L containing v.

In order to complete the proof, one applies this remark with G=G;, L=L,,
v=x', and the sequence C,, ..., C,, equal to an enumeration of the set of
graphs C(i', ¢, x'), for [i’,x'] in U’. It follows that H;,[- -] is the cicc of G;
containing the vertex corresponding to x’ in the substitution of equation (2). This
vertex is f((g, x)), and the cicc containing it is C(j, &, x). O

Hence (C(j, &, x))(j.xjcv» is a solution of the extended system S’. The following
claim completes the proof.

Claim 2. S’ is a special system, and (C(j, €, x))(; xjeu- is its solution.

Proof. Since the graphs G; are source-separated, and by (1), the graphs K| are
also source-separated. Since S is separated, the graphs L; are also source-
separated. The cicc’s of the graphs G, . .., G, are source-separated too. Hence
$' is separated. This establishes condition (S1) of Definition 4.1.

Since the extended system S’ is separated, since (C(j, ¢, X))j,xjer 18 a solution
of §' consisting of source-separated and internally connected graphs, it is actually
the solution of S, by Proposition 2.14.

Hence condition (S3) of Definition 4.1 holds. Condition (S2) also holds since
the right-hand sides of S’ are internally connected (by construction). If they have
no internal vertex, then they are of the form C(j, ¢, e), for (g, €) in DEF(}),
hence, they are reduced to single terminal edges. Hence, S’ is a special system, as
was to be proved. O

This completes the proof of Theorem 5.1. O

The following corollary collects a few results, established in the course of the
above proof, or easily derivable from it.
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5.8. Corollary. (1) An equational graph has finitely many internally connected
components, and finitely many connected components.

(2) The internally connected components of a source-separated equational graph
are equational. They are defined by a special system.

Here is another corollary of Theorem 5.1.

5.9. Corollary. The equality (i.e., the isomorphism) of two equational graphs is
decidable.

Proof. Let G be an equational graph. Let @ be the formula defining it. This
formula can be constructed since the proof of Theorem 5.1 is effective. Let G’ be
another equational graph. We know from Courcelle [11, Corollary (9.3)], that it
can be decided whether G'E ¢, i.e., whether G’ is isomorphic to G. O

The algorithm derived from this proof is actually intractable: the formula
derived from Proposition 4.3, that characterizes an equational graph defined by a
special system S, is of length O(size(S)*). (The size of a system is the sum of the
sizes of the graphs forming its equations; the size of a graph H of type n is
n + Card(Vy) + L {t(e) | e € E}.) But the transformation of an arbitrary system
into a source-separated one is exponential (see the proof of Proposition 2.10
given in the Appendix). Hence the formula constructed in the proof of Theorem
5.1 to define an equational graph G is of exponential length in the size of the
system S. It can be transformed (by the results of [11]) into a formula 6 in IWZ
that defines the set of infinite graph expressions (that are infinite trees), the value
of which is G. This formula can be converted into a “special” automaton &
(Rabin [19]). The size of this automaton can be expressed with a level of
exponentiation proportional to the maximum number of nested quantifications in
6. The second graph G’ (that we test for isomorphism with G) can be
represented by an infinite graph expression that is a regular tree. One can decide
whether this tree is accepted by the automaton &, in polynomial time in the sizes
of o and of the system of equations defining G'. However, the automaton & is
of super-exponential size in that of the system defining G. (This intractability is
mainly due to the construction of &.) An efficient algorithm can perhaps be
found by other techniques, like the ones presented in Courcelle [6].

5.10. Conjecture: Every equational graph is W£-definable.

This conjecture holds for regular trees in the sense of Courcelle [7] (because, in
a regular tree, the set of paths from the root to the nodes labelled by any given
symbol form a regular language, and regular languages can be defined in WX by
the fundamental result of Biichi [5]). It holds also for the syntactic trees of
equational graphs, as we have seen in Section 3.



The monadic second-order logic of graphs IV 239

It suffices to establish it for the equational graphs defined by special systems.
The proof of Theorem 5.1 works then with W.¥ instead of 3W.¥, since, by
Proposition 3.8, the W Z-definability of graphs is preserved by source-preserving
compositions.

6. The relative definability of equational graphs

The connected component H of the first source of a graph G is definable in this
graph. If furthermore G is equational, then H is also equational. This fact is a
by-product of the proof of Theorem 5.1, (see Corollary 5.8). It suggests the
following generalization:

6.1. Theorem. Every graph definable in an equational graph is equational.

The proof of this proposition will use a few lemmas.

We let T denote the unique infinite complete binary tree, all nodes of which are
labeled by 0 (equivalently, have no label). As in Section 3, we denote by $(A4)
the set of infinite complete binary trees, the nodes of which are labeled in A.

6.2. Lemma. Let = be an equivalence relation on T defined by a monadic
second-order formula @(x, y). There exists an integer k such that = is generated by
its restriction the pairs of vertices at distance at most k.

Proof. A tree ¢ in $({0,1}) is completely defined by the total mapping
It : {4, r}*— {0, 1} that defines the label of any node. (The nodes are words on
the two letters / and r; the left successor of u is ul, its right successor is ur.)

We let the distance of two words w and w' in {/, r}* be their distance in T,
considered as a graph. In other words, d(w, w')=|v|+ |v’| where w=uv,
w' =uv' and u is the longest common prefix of w and w'.

For every tree ¢ in $({0, 1}) we let:

6(t) =Min({Ix| | x € {, r}", |ltll (x) = 1}).

If x, y are two nodes of ¢ with label 1, we let u(s, x, y) be the least integer &
such that there is a sequence of nodes xo=x, x;,...,x, =y, all of them with
label 1, and such that d(x;, x;,,)<k for all i=0,...,m—1. (We have
u(t, x, y)=0if x =y.) We also let:

pu(r) = Max{u(t, x, ) | x, y € Vo, ||t]l (x) = [[¢]| (y) =1}
(We may have 6(¢) = and u(t) =.)
We let L be the set of trees ¢ in $({0, 1}) such that ||¢|| ™' (1) is an equivalence

class of the relation =. In order to prove the lemma, we need only prove that
Max{u(¢) | t € L} is finite.

Claim 1. If t is regular, then u(t) is finite.
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Proof. Let ¢ be a regular tree in $({0, 1}) and let {¢,, ..., t,} be the set of its
subtrees. Let k =Max{5(t)|i=0,...,m, 6(t) <=} (and k=0 if 8(t) = for
all i).

We shall establish that p(f) <2k + 1.

Let x, y be two nodes of ¢ with label 1. Let yo=x, y;, ¥2,..., ¥, =y be the
sequence of nodes of the unique loop-free path in ¢ from x to y. The nodes
Yi,...,Yn—1 are ancestors of either x or y or both. Hence, the subtrees
t/yi, ..., tly,_, have at least one vertex labeled by 1. Let x; be one such vertex
of t/y, of minimal depth (i.e., of minimal length as a word in {/, r}*); this depth is
at most k). Let us now consider the sequence of vertices of ¢:

Yo=X, Y1X1, YaX2, . « -5 Yn—1Xn—1 Yn = Y-
We have:

dx, ywx) <=1+ |xy|<k+1,

d(yix;, YierXiv1) =1+ x| + x4 <2k + 1,

A(Yu1Xn-1, Y)S1+ x| <k + 1

Hence u(t, x, y) <2k + 1. This completes the proof of the claim. [

We now continue the proof of the lemma. Since the equivalence relation = is
definable, the set L is definable. Hence, by the main theorem of Rabin [18], it is
also definable by a finite-state automaton & = ({0, 1}, Q, M, Q,, Q) with set of
states Q, with set of initial states Q, (cQ), transition table M, and set of
sets of accepting states Q. For every ¢q in O, we denote by L(g) the set of trees
accepted by & with initial (root) state g. It follows that L =|J{L(q) | g € Qq}-
We let Q' < Q be the set of states g such that L(q) is reduced to a single regular
tree, denoted by t(q).

We let 6 =Max{5(t(q)) | g € Q', (t(¢)) <=} and u =Max{u(t(9))| g € Q'}.
Claim 2. For every tin L, u(t) <Max{u, 2 6 +2}.

Proof. Let t € L, let x and y be two vertices of ¢ labeled by 1.

First case: x is an ancestor of y. Without loss of generality, we can assume that
y =xrx', with x' € {/, r}*. Let us consider an accepted run f of & on t. (A run is
defined as a mapping f:{l, r}*— Q such that f(¢) e Q and f satisfies the local
conditions specified by the transition relation M. It is accepted if on every infinite
branch of ¢, the set of states occurring infinitely many times is in Q.)

Let ¢ =f(xr). Then t/xr € L(q). Any other tree in L(g) can be substituted for
t/xr in t (as subtree issued from xr), thus giving a tree ¢’ in L. By the definition of
L, if two trees t and ¢’ in L are such that ||¢]| (x) = ||¢']| (x) =1 for some x in
{l, r}*, then t=1¢'. It follows that L(q) is reduced to a single tree. Since every
nonempty set of the form L(g) contains a regular tree by a result of Rabin [20],
t/xr is regular and g € Q.
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Let x” be a node in ¢/xr with label 1 that is as close as possible to the root. We
get:

u(t, x, y) <Max{d(x, xrx"), u(t, xrx", y)} <Max{1 + 6, u}.

since |x”| < & and u(t, xrx", y) < u(t/xr, x", y) < pu.
Second case: x =ulx', y = ury’ for some u, x', y' in {l, r}*. If u has label 1,
then we get

u(t, x, y) <Max{u(t, x, u), u(t, u, y)} <Max{1+ 6, u}

by the first case.

Let us now assume that u has label 0. Let f be a run of & on ¢. Let g = f(ul)
and q¢' =f(ur). As in the first case we obtain that g and g’ belong to Q’. Letting
x" and y" be two shortest words such that ulx” and ury” have both the label 1, it
follows that:

p(t, x, y) < Max{u(t(q), x', x"), u(t(q’), y', y"), d(ulx", ury”)}
< Max{y, 26 +2}.

since x" and y” are of length at most 8. This completes the proof of Claim 2 and
of Lemma 6.2. 0O

In the following lemma, we shall use the notion of tree-width of a graph,
borrowed from Robertson and Seymour [21].

6.3. Definition (Tree-width). Let G be a graph. A tree-decomposition of G is a
pair (U, f) consisting of an undirected tree U, and a mapping f:V,— P(Vs)
such that:

(1) Ve=U{f()]ieVy},

(2) every edge of G has all its vertices in f(i) for some i,

(3) if i, j, k € Vy, and if j is on the unique loop-free path in U from i to k, then
fONFE <f (),

(4) all sources of G are in f(i) for some i in V.

The width of such a decomposition is defined as

Max{(Card(f(i)) |i € Vo) ~ 1,

and the tree-width of G is the minimum width of a tree-decomposition of G. It is
denoted by twd(G). (For a 0-graph, Condition (4) is satisfied in a trivial way.)

6.4. Lemma. Let G be a graph in CG(A),, such that Vg < {l, r}*, and such that
any two sources and any two vertices belonging to a same edge are at distance at
most k. The tree-width of G is at most 28*' — 2.

Proof. We let (T, f) be the tree decomposition of G such that T is the unique
tree in $({0}), (as in Lemma 6.2), and f(w) =Vs N {wu |ue{l, r}*, |u|<k},
for every node w of T.
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We first verify that (7, f) is actually a tree-decomposition. Each vertex of G
belongs to some set f(w). This ensures that Condition (1) of Definition 6.3 holds.
Consider any two vertices x and y of G such that d(x, y) <k. We have x = wx’,
and y =wy’, with |x’|, |y'|<k. It follows that x, y belong both to f(w). This
remark establishes Conditions (2) and (4). Condition (3) is easy to verify.

The cardinality of f(w) is at most 142+ - - -2¥ =2%*1— 1, Hence, twd(G) <
22 0O

Proof of Theorem 6.1. We first prove that if a graph G is definable in the infinite
binary complete tree T, then it is equational.

Let G =def,(T) for some definition scheme A with parameters X, ..., X,
and domain formula ¢. This means that:

TEIX,, ..., X, @

and that, for every n-tuple (X;,..., X,) of subsets of V; satisfying ¢, the
defined graph def,(7, Xy, ..., X,,) is isomorphic to G.

We shall transform A by several steps. We first eliminate parameters. By the
result of Rabin [20] establishing that every nonempty definable set of infinite
complete binary trees contains a regular tree, it follows that, if there exists a
n-tuple (X,,...,X,) satisfying ¢, there exists one, (X9%,...,X9),
corresponding to a regular tree in the construction of [18]. This n-tuple is
definable. It follows that A can be transformed into a parameterless definition
scheme A’ such that:

def, (T)=defo(T, X%, ..., X0 =G.

For simplicity, we shall denote A’ by A. This definition scheme is of the form
((p! WI, ey wk) 0) .. -), SO that:

Vo UEg c {l, r}* x [k].

Our next aim is to reduce k to 1. The integers in [k] can be encoded as words in
{1, r}™ where k <2™. Via this encoding, we get:

VoUEgc{l, r}* - {,,r}"c{l, r}*.

It follows that A can be modified into a definition scheme without parameters,
also denoted by A, and such that G =def,(T), and VoG UE; c V= {[, r}*.

We make a last technical assumption concerning A. We let r, be the maximum
type of a label in A and M be such that r, <2*. We assume that, if e is a word in
{l, r}* representing an edge of G, then no word of the form ew with w € {/, r}*,
1<|w|=<Misin V5o UE;. Some extra transformation of A may be necessary to
ensure this last condition.

Our objective is to construct an equational graph G’ over A U {$, ¢}, where §
and ¢ are two new edge labels of type 2 such that:

G =G'[2/$, 5,.(1)/4]. Q)
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The effect of this substitution is to delete the edges labeled by $ (while keeping
their vertices), and to contract the edges labeled by ¢. (In a contraction, an edge
disappears and its two vertices are fused into a single one.)

The construction of G' will achieve the proof because, from a system of
equations S’ defining G’, one obtains a system defining G by doing the
substitutions of 2 for $ and g, ,(1) for ¢ on the righthand side of all the equations
of S'.

The following technical fact is easy to establish.

Claim. For every nonempty subset V of Vr, defined as V = {x | Tk u(x)}, where
WU is a given monadic second-order formula, one can construct two monadic
second-order formulas, defining two sets E and E' forming a partition of the set of
edges of T, such that in the simultaneous substitution in T of 2 for all edges e in E,
and of 0, (1) for all edges e’ in E', every node of T gets identified with one and
only one node in V, and no two nodes of V get identified.

We now start the proof itself. We first assume that no symbol in A is of type 0.
We let wy, ..., w,, be a fixed sequence of pairwise distinct words in {/, r}*, with
|w;| = M. We let = be the equivalence relation on V; generated by the set of pairs
of the form (ew,, v) such that e e E;, v € Vi, and vertg(e, i) = v for i € [z(e)].
(Recall that e, wy, v are words in {/, r}*.) Since G is def,(T), it follows that the
equivalence relation = is definable in 7. Let &k be the integer associated with it by
Lemma 6.2.

We let G’ be the graph such that Vi =V, = {[, r}*, sreg. = sres (recall that
Vs < V), and having the following edges:

- an edge with label lab;(e) and sequence of vertices (ew,, . . ., ew,,) where
m = 1(e), for every edge e of G,

— an edge from v to v’ with label ¢, for every two vertices v and v’ of T such
that v #v’, v=v’ and d(v, v') sk,

— the edges of T labeled by $ or ¢ according to whether they belong to E or E’,
where (E, E’) is the partition associated with V by the above claim.

This graph G’ satisfies equation (1). (This follows in particular from Lemma
6.2, ensuring that all vertices of an equivalence class of = get identified into a
single vertex of G.)

Since T is definable, since Vg is a definable subset of V, and since the edges
of G' are established in a definable way, it follows that G’ is definable.

By Lemma 6.3, the graph G’ is of finite tree-width. Hence G’ is of width at
most k', for some k', by Proposition 2.6 of [12]. It is proved in Courcelle [11,
Proposition 9.5] that if a graph is definable and of finite width, then it is
equational. Hence G' is equational and this concludes the proof that G is
equational, if it is definable in the tree 7, in the case where A has no symbol of
type 0. If it has, then one can determine the labels of G of type 0 (that is the
cardinality of the set of edges with label a for each a in A of type 0). One obtains
that G[0/a; a € A, t(a) = 0] is equational. It follows easily that G is equational.
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Let us now assume that G is definable in an equational graph H. The
construction of Theorem 8.1 of Courcelle [11] shows actually that H is definable
in the infinite complete k-ary tree for some suitable k. Since this tree is itself
definable in T, and since relative definability is a transitive relation (by
Proposition 3.4, it follows that G is definable in T. Hence, G is equational by the
first part of the proof. O

As a conclusion, we collect the equivalent characterizations of equation graphs
we have obtained in the following theorem.

6.5. Theorem. The following properties of a graph are equivalent:
(1) G is equational,
(2) G is definable and has a finite width (or tree-width),
(3) G is AW L-definable and has a finite width (or tree-width),
(4) G is definable in an equational graph,
(5) G is definable in the infinite complete binary tree T.

Proof. That G has a finite width iff it has a finite tree-width follows from
Courcelle [12, Proposition 2.6].

(3)=>(2) is trivial.

(2)=>(1) is proved in Courcelle [11, Proposition 9.5].

(1)=> (3). The AW ZL-definability is proved in Theorem 5.1; the finiteness of the
width is proved in Courcelle [11, Section (5.8)].

The equivalences (1) < (5) <> (4) are proved in the proof of Theorem 6.1. [

Appendix

This appendix contains the proofs of a few technical propositions, that have been
stated without proofs in Section 2.

We first review a few definitions from Adamek and Koubek [1] and Bauderon
[2, 3).

A.l. Definition (The least fixed-point of a functor). Let K be a category, let
F:K— K be a functor. A fixed point of F is a pair (X, h) where X is an object of
K, and h is an isomorphism: FX — X.

A least fixed point of F is a fixed point (X, hy) of F such that, for every fixed
point (X, k) of F, there is a unique morphism f:X,— X making the following
diagram commutative:

FX, = X,

ryl lf

FX 2> Xx
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If F has a least fixed point, then it is unique, up to isomorphism. We shall also
call it the initial solution of the equation X = FX.
The following lemma is a special case of Proposition 5 of Ademek and Koubek

(1].

A.2. Lemma. Let K be a category having an initial object 1. Let F:K— K be a
functor. Let w be the unique morphism :1— F1. If the diagram.

125 F1-25 PP 2 S prg e,

has a colimit X, and if the canonical morphism h:X — FX is an isomorphism,
then (X, h™") is the least fixed point of F.

The canonical morphism 4 is defined as follows. Since X is the colimit, one has
morphisms w, : F*1— X, such that w, = F"w - w,.;. Hence, one has a family of
morphisms Fw,: F"*'1— FX, such that Fw,=F""'w.Fw,,,, and a unique
morphism A : X — FX by the universal property of the colimit.

We now recall from Bauderon [2, 3], how these definitions can be applied to
systems of graph equations.

A.3. Definition (The initial solution of a system of graph equations). Let
S=(u,=H,,...,u,=H,) be a system of graph equations of the general form
of Definition 2.1. Here we assume that H;, . . ., H, are pairwise disjoint concrete
graphs. We let p; = 7(i;) = ©(H;) for all i.

We associate with S, a category K, and a functor Fs: Ky— K.

The objects of K are n-tuples of concrete graphs (X, ..., K,) in CG(A),, X
-+ X CG(A),,.

A morphism h:(K,,...,K,)—>(Kj, ..., K,) is an n-tuple h=(h,,..., h,)
of graph homomorphisms where h;:K;— K; for all i, and each mapping
h; :Eg— Eg, is injective. We shall say that the homomorphisms k., .. ., h, are
edge-injective. This category has an initial object, denoted by 1, equal to the
n-tuple of graphs (py, P2, - - -, Pn)-

We now define a functor F;: Kg— K as follows:

* Fi(Ky, ..., K,)=(Ky, ..., K,), where K| = H[K, /uy, . .., K,/u,] for all i,
cifh=(hy,..., h):(K,,...,K,)=> (K], ..., K,) then F5(h) is the morphism

(hi, ..., h,) where hj = Hjh,, ..., h,] for all i. (See Definition 1.4.)

It is proved in Bauderon [2, 3] that K and F; satisfy the conditions of LLemma
A.2. Hence Fs has a least fixed point, that is the initial solution of S.

Letting T;, ..., T, be the syntactic trees associated with S by Definition 2.4,
we have the following lemma, that is nothing but Proposition 2.5.

A4. Lemma. The least fixed point of Fs is isomorphic to (eval(T)),
., eval(T,)).
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Proof. Let T’ be the initial part of 7;, obtained by restricting T to its first j levels.
Let K/ be the intermediate graph associated with 7%, as defined in Definition 2.4.
Monode. T — i+l ol i i+l

Lieany £;C £; ~ and R;C R;

From this inclusion, one obtains a homomorphism
ki:eval(T)— eval(Ti*Y).
Let us now consider the diagram

12 1 & . prp B, L

For each m =0, let (GY, ..., G)=F1 and (G, ..., G,) be the colimit of
this diagram. Let us denote Fi'w by (w{,...,wJr). Here, w! is a
homomorphism: G/— G/*'. It is easy to verify that there are isomorphisms
gl: eval(TY)— G/ such that the diagrams

eval(T) — eval(T/*)

g{l lx!”

G —— G
all commute.
Hence, to establish the lemma, it suffices to establish that eval(T;) is the colimit
of the diagram:

1 2 . ;
evaI(Ttl)'h;') eval(T,Z)—h’—> cee— eval(T{) h L

But eval(T’) is a quotient of the intermediate graph K/, and Ak is the canonical
homomorphism derived from the inclusion Kic Ki*'. The situation is fully
described by the following lemma:

A.5. Lemma. Let K be a concrete graph, let (K'), i=0, be an increasing
sequence of concrete subgraphs of K. Let = be an equivalence relation on Vg, and
let =; be an equivalence relation on Vg for all i. Let us assume that
~=J{=;|i=0} and that ~,c =, for all i. Let G' = K'|~,, let f and h’ be the

canonical morphisms making commutative all diagrams of the form:
Ki c Ki+l

1 I

Gi — Gi+l
hl
Then, K/= is the colimit of the diagram:

G° n° G! h! G? G h

The proof of this lemma is a routine verification that we omit.
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A.6. Proof of Proposition 2.10. Given a system S=(u,=H,,...,u,=H,),
with solution (G,, . .., G,), we shall construct a separated system defining the
graphs sep(G,), . . . , sep(G,).

We need a few definitions.

For every n-graph G, we let

A(G):={(i, j) € [n]* | sre (i) = smeg(j)}-

We also let, for every e € Eg,
A(G, e) = {(i, j) e [t(e)] | vertg(e, i) = verts(e, j)}-

If G is equational, then A(G) can be computed by the decidability result recalled
in Theorem 3.6.

A special case. We first assume that § and its solution satisfy the following
conditions:

(C1) A(H,, e) = A(H;) for every nonterminal edge e of H; with label u;, for
every i in [n],

(C2) A(G)) = A(H,) for all i € [n].

One can establish that (C2) is a consequence of (C1) (this is a generalization of
Lemma 2.8), but this fact is not needed in this proof. Condition (C1) is decidable
because it concerns finitely many finite graphs, and condition (C2) is decidable,
since A(G) is computable for an equational graph G.

For each u;, let us define a new unknown w;, of type t(sep(G;)). Let U’ be this
set of unknowns. Let a; and B; be such that G; = o,(sep(G;)) and sep(G)) =
05(G;). These two mappings can be constructed from A(G;). Let §'= (w, =
Hi, ..., w,=H,) where, for every i:

Hl, = Oﬁ,-(lii[o'a](wl)/ub seey Ua,,(wn)/un])'

(Let us recall that w; denotes the graph reduced to one edge labeled by w;. See
Definition 1.1.)

Claim 1. The system S’ is separated, and its solution is the n-tuple
(sep(G)), . . ., sep(G),)).

Proof. It follows from the construction that each graph H; is source-separated
and U'-separated. Let (G, ..., G,) be the solution of §’. The syntactic trees
associated with S and S’ are the same. Let us denote them by 7;, i=1,..., n.
Since, for each i, del(H;)’=del(H;)", the intermediate graphs K,,..., K,
associated with T;,..., 7, are the same for the two systems. So are the
associated equivalence relations on the sets Vg, ..., Vi .

n
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Hence, G[°= G? for all i € [n]. From the definition of S’, and Definition 2.4,
we have G; = 05(G;) =sep(G;). O

The general case. Let S=(u,=H,, ..., u,=H,) be a system with solution
(Gy, . - -, G,) as in the first case.

For every i € [n], let 8, = A(G;) € Eq([p;]) where p; = ©(u;).

For every 6 € Eq([p;]) such that §, c 6, let [u;, 6] be a new unknown, of type
7(u;). Let U’ be the set of these unknowns.

We shall construct a system S'= ([u;, 8]=H|s; [u;, 6] € U') with solution
(Gﬁ(Gi))[u,«,é]eU’-
In order to construct H;,; we let ~ be the equivalence relation on Vg,

generated by the following sets of pairs of vertices:

(srey,(j), sreg,(j')) forall (j,j') €6,
(verty (e, j), verty (e, j')) forall (j, j') € A(Gy),
all k € [n], all edges e of H,, the label of which is u,.

For every nonterminal edge e of H;, let 8(e) be the equivalence relation on
[z(e)] such that:

(j, i) € 6(e) & verty(e, j)~ vertyle, j').
Hence, 6(e) 2 A(H;, e) U A(G,) if lab(e) = u,. We now define
H} 5= 6505\ ([lab(e), d(e)])/e; e € E])

where E is the set of nonterminal edges of H,.

Claim 2. The system S’ satisfies conditions (C1) and (C2) of the first case, and its
solution is (Go(G,-))[ubG]EU:.

Proof. Each graph del(H; ;) is a quotient of del(H;). Hence, the intermediate
graph K| 5 associated with [u;, 6] and §’, is a quotient of the intermediate graph
K; associated with u; and S.

Hence we have a commutative diagram, with canonical surjective
homomorphisms:

K —*— Kiy=Ki/~

/| I

G =K/~ 3 Gis=Kis/="'

We wish to establish that G; 5 = 85(G)).

The homomorphism g is surjective since f’ and k are surjective.

For every (j, j') in 8, g(sreg,(j)) = g(sreg,(j')) since, by the definition of ~, we
have k(srcg(j)) = k(sreg,(j'))-
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Hence, there exist surjective homomorphisms g’ and # making the following
diagram commutative:

G: —> G},

N

65(G:)

Let v, v’ be vertices of K; such that f'(k(v)) =f'(k(v’)). We shall prove that
g'(f(v))=g'(f(v")), and it will follow that A is an isomorphism. Since f’ and &
are canonical homomorphisms associated with quotients, it suffices to consider
pairs of vertices belonging to the sets that generate the corresponding
equivalences.

Hence, we only consider the following cases:

First case: (v, v') belongs to the set generating ~ on K; The various
possibilities are as follows.

(1) v =(xt, srey,(j)), v’ = (rt, srey,(j7)) where rt denotes, as in Proposition 4.3,
the root of T;, and (j, j') € 4.

(2) v=(u', verty(e, j)), v' =(u', verty(e, j')) where u' is a node of T;, e is
an edge of H;, i’ is the label of u’, and (j, j') € 6(e).

(3) v =(u, srey())), v' = (u, srey,(j')) and, for some yu', i’, e as in case (2),
the node y of T; is the successor of u’ corresponding to e, the label of e in H;. is
u; (hence the label of u in T; is i”), and (j, j') € (e).

In case (1), one has g'(f(v)) =g'(f(v")) by the definition of g’. In cases (2)
and (3), one has f(v) = f(v’) by the definition of 8(e).

Second case: (k(v), k(v')) belongs to the set generating the equivalence relation
=' on Kj ;. (See Definition 2.4.)

These exists v” in K; such that (v, v") is as in the first case, and (v”, v’) belongs
to the set generating the equivalence relation =~ on K.

Hence f(v")=f(v'). By the first case, g(f(v))=g(f(v")). It follows that
g(f(v)) =g(f(v")).

Hence, the solution of S' is (85(G;)),s1err- Since & 2 A(G;), we have
A(65(G))) =9, for all [u;, 6]e U’, and that S’ satisfies (C1) and (C2), follows
from its construction. O

The construction of Proposition 2.10 consists in the following steps. Given a
system S, with solution (G, . . ., G,), one uses Claim 2 to construct a system S’,
defining the graphs 6;(G;) for all [u;, 8] in U’. This system satisfies conditions
(C1) and (C2). The construction of Claim 1 allows to transform it into a system S”
defining the graphs sep(6;(G),)) for all [i;, 8] in U’.

Since for each i, sep(G;) = sep(6;(G;)) where 6 = A(G;), the system S” defines
the graphs sep(G)), . . . , sep(G,), together with some other graphs. O
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Proof of Proposition 2.9. We shall prove that, if § is a separated system with
initial solution (G, . .., G,), if (K;, ..., K,,) is a solution of S, if each graph G;
has at least one internal item, and if each graph K; is internally connected and
source-separated, then G; is isomorphic to K; for all i.

The proof will be done formally in a simplified case. In the general case, it is no
more difficult, except for the notations.

Let S be the system reduced to the single equation (¥ = H) where t(«) = n and
H is in FCG(A U {u}),. We let {e;,..., e} be an enumeration of the set of
nonterminal edges of H.

Let K € CG(A), be a solution of S, that is source-separated and internally
connected. We have an isomorphism ky:H[K/e,, ..., K/e,]— K. Let
(ky, ..., k) be the r-tuple of homomorphisms, k;:K°— H[K/e,, ..., K/e,],
associated with H[K/e,, . . ., K/e,] by Definition 1.4.

Fig. 8 illustrates the situation.

Since S is separated, the homomorphisms k4, . . ., k, are injective.

Let G be the canonical solution of S. It is characterized as the colimit of the
diagram:

n=G0W0 Gl W1'G2”’2 Gi Wi

where G;=H|G,; /ey, ..., Gi_1/e,], wi=H[w;_1,...,w,_;], and w, exists
(uniquely) by initiality. Hence we have the following commutative diagram (we
shall call it I'):

w.

"o
n=G() ___)Gl—-)...

T e———— kD
———— H
K el el‘
k,
—_——
K K
kl’
L W R SR

Fig. 8.
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All morphisms of this diagram are injective. This follows from the following
facts:

(1) w, is injective since S is separated,

(2) hq is injective since K is source-separated,

(3) if g4, . . . , g are injective morphisms, then H[g,, ..., g.] is injective: this
follows from the hypothesis that § is separated.

Hence (1) and (3) give that the homomorphisms w; are injective for all i = 1. So
are the morphisms 4, By (1) and (3), we obtain that the morphisms &; are
injective. It follows that 4 is injective too.

Letting (g;1,...,8:,) be the r-tuple of homomorphisms associated with
H[G,...,G]), (g,;:Gi—~HI[G, ..., G]=G,,), we have the following com-
mutative diagram (we shall call it I7;):

G; ﬂ"H[G,-, ... G =Gy

A.7. Lemma. Let v e h(V). Let vy, vy, Uy, . . . be an infinite sequence such that
for every j, there exists i such that ky(k,(v;.,)) = v;. There exists m such that v,, is a
source of K.

Proof. As in Theorem 5.1, we let S be the set of sources of K. Let
Vg, U1, U, . . . be as in the statement.

Since G is the colimit of the diagram I, there is an integer m such that
h,,(v) = v, for some vertex v of G,,. Let m be the smallest such integer.

If m =0, then v, € S and we are done.

Otherwise, let us consider v, such that ky(k:(v,))=v,. We claim that
h,,_1(v') =, for some v’ in G,,_,.

Let us consider the diagram I,,,_, ..

The vertex v belongs to H[G,_,,...,G,_,]. Let v" be its image in
H[K, ..., K] under the homomorphism Hlh,,_,...,h,_,]. Since k;'(v") is
defined (and equal to v,), g1 ,..(v) is defined and equal to a vertex v’ in G, _;.

By the commutativity of I,,_, ;,, we have

v =ki(h,_(v")) and ko(v") = v,.

We have assumed that kq(k;(v,)) = v,.

Since the morphisms kg, ki, .. ., k, are injective, we have v,=h,,_,(v') e
h(Vs). By repeating the argument, one has v,, = ho(v’) for some v’ € Gy=n.
Hence v,, € Sk, as was to be proved. [

A few more technical definitions are needed. A path 7 in K is a K\ G-path if
the following conditions hold:

(1) if vert(w)=(v, vy, Vs, ..., U,, '), then v,, ..., v, are in Vg —h(Vy),
and

(2) the edges of & are all in Ex — h(E).
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For every e e Ex — h(Eg), we let D(e) be the set of edges e’ of Ex — h(Eg)
such that there is a K\G-path linking v to v’, where v and v’ belong to
Vx—h(Vg), v belongs to e, v’ belongs to e’. We let C(e) be the O-graph

K° | D(e). We let ¢(e) be the number of vertices of C(e) that are sources of K.
For everv enhoranh C of I( we denote by l?r(f'\ the set V_NA(V_)

LUL VVviy Suvgiapis =~ Vi 1 VWAV Uy REA L v SV Y CHaney v G-

Note that h is a bijection SG—> Sk.

A.8. Lemma. Let e Ex — h(Ey). There exist ie{r] and e’ e Ex — h(E) such
that e = ko(k;(e')). Then, C(e) is isomorphic to C(e') by k,ok;, and c(e) < c(e’).

Proof. We first make an observation. If w is an item of K, that does not belong
to h(G), then there exists a unique i such that w is an item of ky(k;(K)), and a
unique w’ in K such that w = ko(k;(w')). This item w’ is not in h(G), otherwise,
w would be also in h(G).

Since graph homomorphisms preserve the incidences (i.e., technically, the
mapping vert), if e, and e, are two edges in Ex — h(Es) having a common vertex

PO S R

U lIl VK n\v(;), IIlCIl lﬂC IﬂrCC 1ntegers l ], m buLIl that

e, = ko(ki(e1)), e = ko(kj(eé.)r v =ko(k.(v'))

are equal.

It follows that every item of C(e) belongs to k¢(k.(C(e’))), where (i, e’) is the
unique pair such that e = ky(k;(e’)).

It is not hard to see that, for every item w of C(e’), its image under kyok; is
also an item of C(e).

Hence C(e) and C(e’) are isomorphic by k¢ok;. Let v be a source of K,
belonging to C(e). We have v = vertk(¢, j) for some integer i, and some edge € of
C(e). Let &' = kY (kg'(€)). Then v = ko(k;(vertk(e', j))). Hence k;(vertg (¢, j)) is
a source of H[K/e,, ..., K/e,] and vertg(e’, j) must be a source of K, otherwise
its image under k; would be internal vertex. Hence

v’ = ki (kg (v)) e Fr(C(e')) N Sk.
It follows that Fx(C(e))N Sk is in bijection by kyok; with a subset of
Fr(C(e')) N Sx. Hence c(e) <c(e’). [

A9, Lemma. If the set Ex —~ h(Eg) is not empty, it contains an element e such
that Fr(C(e)) < Sk.

Proof. Let us assume that E; — h(E) is not empty. Let e in this set be such that
¢(e) is maximal. We claim that Fr(C(e)) < Sk.
If this is not the case, let v € S, — Fr(C(e)).
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TLeti. i, be the se

AL Ky ¥y e e e VN L

edges of Ex — h(Eg) such that:

uence in [r], and e@, e®, @, . .. be the se

y QI8

eD=e¢,
eV =ky(k, (e“™)) forallm=1.

There exist such sequences by Lemma A.8. Let v, vy, . . ., be such that
Y=, Upm—1 = ko(k; (V).

Each vertex v,, belongs to C(e™), and also to h(G). Hence v,, € Sk for some
m. Let mg be the least such integer.
The sequence (¢(e™)),.»o is nondecreasing by Lemma A.8:

c(e(o)) <c¢(eM=-- =< c(e(’")) <...

but we have e(e“* ™) < e(e®™) since v,, is an element of Fr(C(e™)) N S that is
not in correspondence by kgok; (where i=i,) with any element of
Fr(C(e™~Y)) N Sy. This contradicts the maximality assumption on ¢(e) = ¢(e®).
Hence Fr(C(e)) = Sx. O

A.10. Proof of Proposition 2.9. Let K be a source-separated solution of S, that
is internally connected. Let G be the initial solution of §, we assume that it has
internal items. Let A: G — K be the morphism that exists by initiality.

We have observed above that A is injective. If hg:E;— Eg is not surjective,
then there is, by Lemma A.9, an edge e in Ex — hg(E), such that Fr(C(e)) < Sk.

The vertices of C(e) belonging to £(G) are sources of K. Hence K | C(e) is a
cicc of K, having no edge in common with £(G). Hence, if G has internal items,
K has at least two cicc’s. Hence it is not internally connected.

Hence A is surjective. Since K is connected, it has no isolated vertex, and
hv:Vs— Vi is surjective. Hence A is an isomorphism, as was to be proved.

The proof is essentially the same if S has several equations.

Let us only observe that, in the corresponding extension of Lemma A.7 the
vertices vy, ¥, U3, ... do not belong necessarily to the same graph as v,.
Similarly, in the lemma corresponding to Lemma A.8, the two isomorphic graphs
C(e), and C(e'), are not necessarily subgraphs of the same component of the
considered solution of . O

A.11, Remarks. (The hypotheses of Proposition 2.9 are not superflous.)

(1) The hypothesis that G contains internal items cannot be omitted. If  is an
unknown of type 1, then, the initial solution of the equation u = u is the graph 1.
This equation is separated. But 2 and b are two nonisomorphic source-separated
internally connected solutions, if a and b are of type 1.

(2) The special system consisting of the equation w = K where K is shown in
Fig. 9 (the unknown w is of type 3) has an internally connected solution that is
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Graph K
Fig. 9.

not source-separated, and not isomorphic to the initial one: namely 6, ,(G)
where G is the initial solution. [

A.12. Proof of Proposition 2.15. An extended system can be considered as a
system with right-hand sides of equations, having possibly infinitely many

nonterminal edges. The definitions and results of A.1 to A.5 can be adapted to
this case. The nroof of Pronosition 2.9 can be adanted tog (the reader can note

SAARNF WAL W e a4V pravUisa Wi A A\Itlvul‘-lvll e S WERAA W M\Jul.llyv\.‘ NI \tllv AWwiaaviwl w1l 1LV LLW
that a countable set can be used instead of the set [r]). We omit the formal
details. O
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Note added in proof

G. Sénizergues (Bordeaux-1 University) has established Conjecture 5.10 for
the context-free graphs of Muller and Schupp (“The theory of ends, pushdown
automata, and second-order logic”’, Theoret. Comput. Sci. 37 (1985) 51-75) that
form a proper subclass of the class of equational graphs.
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