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ABSTRACT

Wepresenta techniquefor efficiently generatingphoto-realisticpicturesof halos.First,wedescribe
an algorithmfor producingimagesof halosfrom physicalparameterssuppliedby the user. The
problemwith theresultingimagesis thatthey aresampledin anon-uniformway. Then,wepropose
a specificalgorithmfor reconstructingtheuniform versionof theseimagesfrom their non-uniform
sampling. With this technique,we obtain computer-generatedhaloslooking as if they hadbeen
naturalscenescapturedby acamera.
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INTRODUCTION

In this paper, we aim at generatingphoto-realisticimagesof halos. Naturalhalosusuallyappearon sunny
winter dayswhenthereis enoughmoisturein theair. Thesunlight pathis thendeviatedby ice crystalsfalling
to theground.Simulatinghaloscanprovideuswith averyconvenientway to enhanceexistingphotographswith
nice but scarcelight phenomena.More thanonly describingthe crystals,simulatingthe halos,andintegrating
theresultingsimulationsinto realphotographs,themainproblemis to find a way to computethevalueof light
passingthroughthecrystalsfor thewholeview frustum.Indeed,thevalueof thecomputer-generatedhaloimages
is undefinedfor many pixels.Theproblemaddressedhereis how to recoverasaccuratelyaspossiblethemissing
data.

In theNatural Phenomenonsection,we briefly introducethephysicsof halosandtheway they areusually
modeledby physicists. The SimulatingHalos sectionpresentsthe main modelsfor simulatinghalosusing a
computer. They all produceimagesin anon-uniformway: thevalueof thehalois notknow for thewholeimage.
So, in the CompleteHalo Image Reconstructionkey section,we presentan efficient algorithmto reconstruct
irregularly-sampledsignals(sounds,images.. . ). Thisalgorithmproposesto approximatetheoriginal signalstep
by step,eachiterationdecreasingthereconstructionerror.

Fig. 1: Photographof a natural 22-degreehalo.

NATURAL PHENOMENON

Thewell-known rainbowsarecreatedby thedeviationof thesunraysbydropletswhenthesunshineswhereas
therainfallselsewhere.Duringwinterdays,dropletsaretransformedinto smallicecrystalswhichcanberegarded
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asregularhexagonsforming a three-dimensionalcloudof particles,slowly falling to theearth.Thesunraysare
alsodeviated– by seriesof reflectionsandrefractions– whenthey travel throughthecrystals,thusgiving birth to
solarhalos.Generally, onecanseea– eitherpartialor complete– lightedcircle locatedat22degreesaway from
thesun(seeFig. 1). Many otherkinds of haloexist, althoughthey aremoreunlikely to occurin practice.The
kindsof haloswhichcanbeobserveddependnotonly on thekind of crystalswithin thecloudandtheturbulence
of theatmosphere,but alsoon thelocationof boththelight source– usuallythesun– andtheobserver.

Crystalsareusuallymodeledby regularhexagons.Whenthelight sourcehits thecrystals,severalinteractions
occurs,dependingon whetheror not thesunray is directly reflectedat thesurfaceor refractedinto thevolume.
Crystalswith length-to-radiusratiosaboveor below 2 arecalledpencilsor plates,respectively. In anon-turbulent
atmosphere,theice crystalsfall in suchasway thatthesurfacefriction is maximal(seeFig. 2).

(a)Light-crystalinteractions (b) Pencilandplatefalling

Fig. 2: Classicmodelsof ice crystals.

SIMULATING HALOS

Simulationalgorithmsallow physiciststo verify theconsistency of their theories.They alsoproducerealistic
picturesof great interestfor peopleinvolved in computergraphics. Perhapssurprisingly, very few efficient
simulationtechniqueshave beenproposedso far. Greenler(1980)provided the physicalfoundationsof almost
all halosimulationalgorithms.He proposedto considerthecaseof a ray of sunbeingdeviatedby onesingleice
crystalduring its travel throughthe icedcloud. Theproblemwasnow to computethequantityof light passing
througheachpixel of the imagerepresentingthe simulatedhalo. From the complexity point of view, usinga
standardray tracingalgorithmis not realistic.Indeed,for eachray leaving theeyeandpassingthroughthepixel,
thealgorithmhasto testall theorientationsin orderto find theoneswhich deviatethe ray into thedirectionof
the light source. Greenlerproposesto usean inverseray-tracingalgorithminstead. Knowing the directionof
the ray of light leaving the crystal is equivalentto knowing whereto look in the sky for light comingto your
eye from thecrystalwith thatparticularorientation.Thusthepresentedalgorithmfollows 4 steps:In step1, the
algorithmchoosesonecrystal– knowing the distribution of the varioustypesin the cloud of crystals– with a
randomorientationin the rangeof possibleorientations.Step2 consistsin castinga ray from the light source
(thesunfor instance)to thecrystalandcomputethedeviation. In Step3, placethecrystalin theatmospherein
orderto seethe light leaving thecrystal. This positioningis simply doneby plotting a light point on a fish-eye
view imageof theatmosphere.Finally, repeatthepreviousstepsfor anuser-predefinednumberof crystalsand
orientations.

In 1996,Glassner(1996a;b)enhancedtheGreenlermethodandproposedthefirst halosimulationalgorithm
for computergraphics.Moreover Glassnerproposesto generatecoloredhalosby splitting thevisible spectrum
into few wavelengthsandby castingraysfrom thelight sourcefor eachwavelength.

Wepresentanefficient implementationof this algorithm,wherewe takeadvantageof theclassicFresneland
Snell-Descarteslaws to computetherealintensityof light comingfrom thelight source.

Unfortunately, asfor the Glassneralgorithm,the valueof this intensity is not known for the whole image.
No matterthe– possiblyhuge– numberof raysto castfrom thelight sourceto simulatethehalophenomenaas
accuratelyaspossible,theintensityof thelight comingfrom thehalocannotbeknown for thewholeimage.
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COMPLETEHALO IMAGERECONSTRUCTION

The algorithm for halo simulationdescribedabove producesimagessampledin a non-uniformway (see
Fig. 3(a)), eachdot representingthe intensity patternof the halo. The problem is then, from this irregular
sampling,to recover themissinginformationin orderto reconstructthewholeimages(seeFig. 3(b)) from their
samplestakenin anirregularway.

(a) IrregularSampling (b) Uniform Reconstruction

Fig. 3: Original (a) andreconstruction(b) of a portionof a halo image.

Glassner(1996a)proposesto fill the missinginformationwith blackpixelsandto usethena superposition
of the sameimagesmoothedby a seriesof Gaussianblurs at differentscales.This techniqueis tricky, rather
empiricalthough. Its resultsaresatisfactorybecauseblurring andsub-samplingarein fact thebasicoperations
for uniform reconstruction,providedthattheblurring is doneusinga (low-pass)reconstructionfilter closeto the
onegivenby thetheoryof signalsamplingandreconstruction.Theproblemexperiencedby Glassneris thatsmall
blursdonotgetthedotsto join upandform asmoothfield, whereaslargeblursmakethewholepicturego fuzzy.
Thatis quitenormal,sinceGlassnerbasicallytriesto applyanuniformreconstructiontechniquefor non-uniform
sampling.

IRREGULARSAMPLING AND RECONSTRUCTION

Weproposeto referto theirregularsamplingtheoryin orderto designanoriginalandmoreefficientalgorithm
for haloimagereconstruction.Let usfirst briefly explainthetheoryfor one-dimensionalsignals(suchassounds),
thenwewill easilygeneralizeit to two-dimensionalsignals(suchasimages).

Irr egular SamplingTheory

Let s bea real-valuedone-dimensionalsignal,band-limitedin frequency. This meansthats hasspectrumin
someinterval ��� Ωs ��� Ωs� , which is the caseiff all the coefficientsof its Fourier transformS correspondingto
partsof thefrequency domainoutsidethis interval arezero.More formally:�

Ωs 	 0 � support
 S������ Ωs ��� Ωs� whereS
 Ω ������� ∞� ∞
s
 t � e

� jΩt dt (1)

It is possibleto reconstructthe original signal s from samplestaken in a non-uniform(irregular) way if the
maximaldistancebetweentwo consecutivesamplingtimesdoesnot exceedtheNyquistperiodTs � π � Ωs.

ReconstructionAlgorithm

Feichtingeretal. (1991)explain thatmostirregularreconstructionalgorithmsareiterative in nature.Starting
from someinitial guess,typically basedon thegivensamplingvalues,furtherapproximationsof s areobtained
stepby step,usingtheavailable(assumed)knowledgeaboutΩs.
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This is the caseof the Allebachalgorithm,which is madeof 3 steps. Step1 consistsof the interpolation
of the samplingvalues.Many interpolationtechniquescanbe used,suchasthe Voronoi interpolation:nearest
neighborhoodinterpolation,using the arithmeticmeanfor equally-spacedneighbors. The interpolatedsignal
containsmany high frequenciesoutsideof ��� Ωs ��� Ωs� . TheinformationconcerningΩs canbeusednext. In step
2 the interpolatedsignalis low-passfilteredwith a cutoff frequency slightly greaterthanΩs. Let s1 denotethe
first signalresultingfrom steps1 and2, thenlook at thedifferencesignals � s1. Accordingto theconstruction,s1
hasits spectrumwithin thesamerange��� Ωs ��� Ωs� , andfor obviousreasonsweknow its coordinatesat thegiven
samplingpositions.Therefore,theestimateindicatedabovecanbeapplied.Step3 is therecursivereconstruction
of theerror– if significant– sothatwe canagainrecover a certainportionof theremainingsignalby repeating
thefirst two steps,now startingwith thesampledcoordinatesof s � s1. Continuingto usethedifferencebetween
thegivensamplingvaluesof s andthoseof then-th approximationwe generateadditive correctionswhich lead
stepwiseto improvedapproximations.
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Fig. 4: The first iteration of the Voronoi-Allebach algorithm. The Voronoi interpolation producesa step
functionwhich is low-passfiltered, thenthe reconstructionerror is measured(for knownsamplingpoints)and
reconstructed,recursively. Thereconstructionerror convergesto 0 if theNyquistcriterion wasrespectedduring
thesamplingstage.

Fig. 4 illustratesthe Voronoi-Allebachalgorithm,that is the Allebachalgorithmwith Voronoi interpolation
asstep1. Giventhesamplingvaluesatknown positionsweform astepfunctionwhich is constantfrom midpoint
to midpointof thegivensamplingsequence.Becauseof theassumedsmoothnessof thesignal,thisstepfunction
will not be too far away from the original signal, in the mean-squaredsense.The filtering processin step2
destroys thepoint-wiseinterpolationpropertyof theVoronoimethod,but theoreticalconsiderationsshow that if
themaximalgapis smallerthantheNyquistperiodthentheiterative schemewill convergeto theoriginal signal
sat a geometricrate(thefasterthesmallertheactualmaximalgapis comparedto theNyquistrate).

RECONSTRUCTION OF HALO IMAGES

Strohmer(1993;1997)hasstudiedthereconstructionof imagesfrom irregularsampling.Mostreconstruction
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algorithmsfail in the caseof halo images. The main problemwith picturescoming from halo simulations
is that they show areaswith accumulationsof samplestogetherwith close-to-emptyareas. Sincethe classic
reconstructionmethodsneedaNyquistperiod– proportionalto thedistancebetweentwo samplepoints– constant
all overthepicture,they areboundto fail in thecaseof halopictures.In fact,choosingatoosmallNyquistperiod
doesnotgetthedotsto join upandform a smoothfield, whereasa too largevaluemakesthepicturego fuzzy.

AlgorithmOverview

To addressthis problem,we generalizetheAllebachreconstructionalgorithmfor picturesissuedfrom halo
simulations.We consideraniterative reconstructionalgorithm:Startingfrom thegivensamplingvalues,further
approximationsof thecompletepictureareobtainedstepby step.

First, the unknown pixels are interpolatedfrom the known samplingvalues. Again different interpolation
methodscanbeused.We usetheMarvastimethod,whereall theunknown valuesaresimply setequalto zero.
The iterative schemeof theAllebachalgorithmwould have convergedfasterwith theVoronoi interpolationbut
thecomputationof Voronoidiagramswastooslow to suitourneeds.Second,theinterpolatedpictureis low-pass
filtered. This time we performa local non-uniformreconstructionby adaptively choosingfor every pixel the
bestsizefor thereconstructionfilter (seebelow). Finally, we considerthedifferencebetweenthereconstructed
pictureandtheoriginal onefor theknown samplingvalues.If this error is significantthenwe iteratively repeat
the first two steps. Continuingto usethe differencebetweenthe given samplingvaluesand thoseof the n-th
approximationwegenerateadditivecorrectionswhich leadstepwiseto improvedapproximations.

ReconstructionFilter

Theinterpolationtechniquebeingchosen,let usnow focusonthefilteringoperationof theAllebachalgorithm.
It can be performedby a simple convolution, provided that the impulseresponseof the filter is known. The
problemis that the theoretical(ideal) reconstructionfilter is a box in the frequency domain,correspondingto a
sincfunctionin thetimedomain,andmorepreciselyto sinc
 t � Ts � where:

sinc
 t ��� sin
 πt �
πt

(andsinc
 0��� 1) (2)

Unfortunatelythis function hasan infinite support. For practicaluse,it hasto be truncated.To avoid aliasing
phenomena,one may tapperthe truncatedversionof the sinc function by multiplying it with a bell-shaped
window, suchastheHannwindow (well-known in signalprocessing):

wN 
 t ��� 1
2 � 1 � cos � 2πt

N � 1 � π ��� (3)

for � t ��� N � 2, whereN is the sizeof the window (herein pixels). We thenstorethe impulseresponseof the
reconstructionfilter in anodd-lengthsquarematrixdefinedby:

MN 
 x � y��� wN 
 t 
 x � y��� sinc
 t 
 x � y��� Ts� where � x ��� N � 2 � � y ��� N � 2 andt 
 x � y� �"! x2 � y2 (4)

AdaptiveFilter Size

Theproblemwith theimagesresultingfrom thehalosimulationalgorithmis thattheNyquistcriterionis not
respected:Themaximaldistancebetweentwo samplesis muchgreaterthantheNyquistperiod.Applying anon-
uniform reconstructionschemeon the whole imagewould leadto the sameproblemsasthe onesexperienced
by Glassner. We proposeinsteadto perform a local non-uniformreconstructionby adaptively choosingthe
appropriateneighborhood– and thusNyquist periodand reconstructionfilter size– for every pixel. For that
purpose,for eachpixel wemakethesquareareacenteredat thispixel grow until it containsasufficientnumberof
samples.TherelationbetweenthesquareneighborhoodsizeN andtheNyquistperiodTs is givenby thefollowing
equation(k beinganarbitraryconstant,althoughvaluesaround1 givesatisfactoryresults):

N � 2kTs � 1 (5)

Thenwe considerΩs � 2π � Ts andwe usethereconstructionfilter of sizeN # N. For thepurposesof efficiency,
thesesizesare pre-computedonce and storedprior to the reconstructionalgorithm itself, togetherwith the
associatedfiltersof varioussizes.
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CONCLUSION

In this article,we proposea combinationof two algorithms.Thefirst one,issuedfrom the physics,allows
us to simulatevariouskinds of halo phenomena.However, it generatesan incomplete– irregularly sampled–
image.Thesecondalgorithm,issuedfrom signaltheory, allowsusto completelyreconstructthehaloimagefrom
theresultof thepreviousalgorithm.Theresultsarenot only physicallyvalid, but alsovisually realistic.For the
mountainphotograph(Fig. 5), we cast100,000raysto simulatethehalo. The insertionin thephotographtakes
about30seconds(18s for thesimulationitself and16s for theimagereconstruction)onaPCwith aPentiumIII
processorat 550MHz.

Fig. 5: Realmountainstogetherwith a virtual halo.
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