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Abstract

An adjacent vertex-distinguishing edge coloring, or avd-coloring, of a graphG is a proper
edge coloring ofG such that no pair of adjacent vertices meets the same set of colors. Letmad(G)
and∆(G) denote the maximum average degree and the maximum degree of agraphG, respec-
tively. In this paper, we prove that every graphG with ∆(G) ≥ 5 andmad(G) < 3− 2

∆
can be

avd-colored with∆(G) + 1 colors. This completes a result of Wang and Wang [10].

1 Introduction

A proper edge coloring of a graphG = (V,E) is an assignment of colors to the edges of the
graph such that two adjacent edges do not use the same color. An adjacent vertex-distinguishing
k-edge coloring, ork-avd-coloring for short, of a graphG is a proper edge coloring ofG using
at mostk colors such that, for every pair of adjacent verticesu, v, the set of colors of the edges
incident tou differs from the set of colors of the edges incident tov. We denote byχ′

avd(G) the
avd-chromatic number of G which is the smallest integerk such thatG can bek-avd-colored. In
the following we consider graphs with no isolated edges. Adjacent vertex-distinguishing colorings
are also known asadjacent strong edge coloring [11] and1-strong edge coloring [1]. Zhanget
al. completely determined the avd-chromatic number for paths,cycles, trees, complete graphs, and
complete bipartite graphs [11]. For example, they proved that:

Theorem 1 [11] For cycle Cp, we have :

χ′
avd(Cp) =







3 if p ≡ 0 (mod 3)
4 if p 6≡ 0 (mod 3) and p 6= 5
5 if p = 5

Moreover, they proposed the following conjecture [11]:

Conjecture 1 If G is a connected graph with at least 6 vertices, then χ′
avd(G) ≤ ∆(G) + 2.

where∆(G) denotes the maximum degree ofG.

In [2], Balisteret al. proved Conjecture 1 for graphs with maximum degree three andfor bipartite
graphs.

Note that the notion of avd-coloring is an extension of the notion of vertex-distinguishing proper
edge coloring, which is a proper edge coloring such that for any verticesu, v (u 6= v), the set
of colors assigned to the edges incident tou differs from the set of colors assigned to the edges
incident tov. The smallest integerk such thatG can be vertex-distinguishing proper edge colored
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with at mostk colors is called theobservability of G and was studied for different families of graphs
[3, 4, 5, 6, 7, 8, 9].

Letmad(G) = max
{

2|E(H)|
|V (H)| , H ⊆ G

}

be the maximum average degree of the graphG, where

V (H) andE(H) are the sets of vertices and edges ofH , respectively.
In [10], Wang and Wang made the link between maximum average degree and avd-colorings and

proved:

Theorem 2 [10] Let G be a connected graph with maximum degree ∆(G) and maximum average
degree mad(G).

1. If mad(G) < 3 and ∆(G) ≥ 3, then χ′
avd(G) ≤ ∆(G) + 2.

2. If mad(G) < 5
2 and ∆(G) ≥ 4, or mad(G) < 7

3 and ∆(G) = 3, then χ′
avd(G) ≤ ∆(G) + 1.

3. If mad(G) < 5
2 and ∆(G) ≥ 5, then χ′

avd(G) = ∆(G) + 1 if and only if G contains adjacent
vertices of maximum degree.

In this paper, we generalize Theorem 2.2 proving that:

Theorem 3 Let G be a graph of maximum degree ∆(G) ≥ 5 and mad(G) < 3 − 2
∆(G) , then

χ′
avd(G) ≤ ∆(G) + 1.

One can observe that Theorem 3 holds for∆(G) = 3 and∆(G) = 4 [10].

Notations Let G be a graph. LetdG(v) denote the degree of a vertexv in G. A vertex of degree
k (resp. at leastk, at mostk) is called ak-vertex (resp.k+-vertex, k−-vertex). A 2-vertex is called
bad if it is adjacent to a2-vertex, otherwise we call itgood. Finally, we use[n] to denote the set of
integers{1, 2, . . . , n}.

Let φ be ak-avd-coloring of a graphG. We denote byCφ(v) = {φ(uv)|uv ∈ E(G)} the set of
colors assigned to edges incident to the vertexv. We recall that a proper edge coloring of a graph is
adjacent vertex-distinguishing ifCφ(u) 6= Cφ(v) for any pair of adjacent verticesu andv.

In Section 2, we give the proof of Theorem 3 by using the methodof reducible configurations
and the discharging technique, that is inspired from the proof of [10].

2 Proof of Theorem 3

LetG be a counterexample to Theorem 3 minimizing|E(G)| + |V (G)|. Set∆ = ∆(G).
First, we prove thatG is connected. By contradiction, considerG1 andG2 two connected com-

ponents ofG (mad(G1) < 3 − 2
∆ and mad(G2) < 3 − 2

∆ ). Without loss of generality suppose
there exists one vertex, sayx, in V (G1) such thatdG(x) = ∆. By minimality of G, G1 admits a
(∆ + 1)-avd-coloring. If there exists a vertexy in G2 such thatdG(y) = ∆, then by minimality
of G, G2 admits also a(∆ + 1)-avd-coloring. Otherwise, suppose that every vertex ofG2 has a
degree strictly less than∆. If ∆(G2) ≥ 3 then by Theorem 2.1 (recall that mad(G2) < 3− 2

∆ < 3),
χ′
avd(G2) ≤ ∆(G2)+2 ≤ ∆(G)+1. If ∆(G2) = 2, then by Theorem 1,χ′

avd(G2) ≤ 5 ≤ ∆(G)+1.
In each case we obtain a contradiction, thusG is connected.

Let H be the graph obtained fromG by removing all1-vertices ofG, i.e. H = G \ {v ∈
V (G), dG(v) = 1}. Clearly,H is connected. Moreovermad(H) < 3− 2

∆ .

2.1 Structural properties of H

In this section, we give some structural properties ofH .

Claim 1 H has the following properties:

2



1. δ(H) ≥ 2, where δ(H) is the minimum degree of H .

2. Let v ∈ V (H) such that dH(v) = 2, then dG(v) = 2.

3. Let uvwx be a path in H such that dH(v) = dH(w) = 2, then dG(u) = dH(u) and dG(x) =
dH(x).

Proof
The proofs of Claims 1.1 and 1.2 are based on Claims 1 and 2 of [10].

1. By contradiction supposeδ(H) ≤ 1. We have two cases:

If δ(H) = 0, thenG is the starK1,∆(G) andχ′
avd(G) = ∆(G), a contradiction.

Suppose nowδ(H) = 1. Let u be a1-vertex inH adjacent to a vertexv. One can observe that
dG(u) = k ≥ 2. In G, call u1, . . . , uk−1 the (k − 1) 1-vertices adjacent tou distinct fromv.
ConsiderG′ = G \ {u1}.

If ∆(G′) < ∆(G), thenG′ admits a(∆(G′) + 2)-avd-coloringφ by Theorem 2.1 (recall that
mad(G′) ≤ mad(G) < 3 − 2

∆ < 3). This coloringφ is a partial(∆(G) + 1)-avd-coloring of
G. Coloringuu1 properly (i.e. with a color distinct from those assigned to the adjacent edges)
extendsφ toG (since|Cφ(u)| = ∆(G), |Cφ(v)| < ∆(G), and|Cφ(u1)| = 1), a contradiction.

If ∆(G′) = ∆(G), then, by minimality ofG, G′ admits a(∆(G) + 1)-avd-coloringφ. Without
loss of generality suppose thatφ(uv) = 1 andφ(uui) = i for 2 ≤ i ≤ k − 1. We coloruu1 with
the colork: either we are done (Cφ(u) 6= Cφ(v)) or v verifiesCφ(v) = {1, 2, . . . , k − 1, k}. In
that case, we coloruu1 with the colork + 1. This extends the coloring toG, a contradiction.

2. Letv be a2-vertex inH adjacent to two verticesx andy. By contradiction supposedG(v) = k >

2. In G, call v1, . . . , vk−2 the (k − 2) 1-vertices adjacent tov distinct fromx andy. Consider
G′ = G \ {v1}.

If ∆(G′) < ∆(G), thenG′ admits a(∆(G′) + 2)-avd-coloringφ by Theorem 2.1. This coloring
φ is a partial(∆(G) + 1)-avd-coloring ofG that we can extend toG by coloringvv1 properly
(|Cφ(v)| = ∆(G), |Cφ(x)| < ∆(G), |Cφ(y)| < ∆(G) and|Cφ(v1)| = 1), a contradiction.

If ∆(G′) = ∆(G), then, by minimality ofG, G′ admits a(∆(G) + 1)-avd-coloringφ. Without
loss of generality suppose thatφ(vx) = 1, φ(vy) = 2, andφ(vvi) = i+1 for 2 ≤ i ≤ k−2 when
k > 3. Suppose firstk = 3. We colorvv1 with the color3: either we are done (Cφ(v) 6= Cφ(x)
andCφ(v) 6= Cφ(y)) or a neighbor ofv, sayx, verifiesCφ(x) = {1, 2, 3}. We recolorvv1 with
the color4: again, either we are done ory verifiesCφ(y) = {1, 2, 4}. Finally we recolorvv1 with
6 (recall that∆(G) ≥ 5); this extends the coloring toG, a contradiction. Assume nowk ≥ 4. We
colorvv1 with the colork. Either the obtained coloring is an avd-coloring ofG, or a neighbor of
v, sayx, verifiesCφ(x) = {1, 2, 3, . . . , k − 1, k}. Again we recolorvv1 with k + 1. Either we
are done orCφ(y) = {1, 2, 3, . . . , k − 1, k + 1}. In that case, we recolorvv2 with k (v2 exists
becausek ≥ 4). This extends the coloring toG, a contradiction.

3. Letuvwx be a path inH such thatdH(v) = dH(w) = 2. By Claim 1.2,dG(v) = dG(w) = 2.
By contradiction supposedG(u) 6= dH(u) (it follows from Claims 1.1, 1.2 and construction of
H thatdG(u) ≥ 3). Hence there exists at least one1-vertex adjacent tou in G, sayu1. Consider
G′ = G\{vw}. By minimality ofG,G′ admits a(∆(G)+1)-avd-coloringφ. If φ(uv) 6= φ(wx),
then we colorvw (1) properly ifdG(x) ≥ 3, or (2) with a color distinct from those assigned to
the edges incident tov andx if dG(x) = 2. The obtained coloring is an avd-coloring ofG ((1)
|Cφ(u)| ≥ 3, |Cφ(x)| ≥ 3, |Cφ(v)| = |Cφ(w)| = 2 andCφ(v) 6= Cφ(w), (2) |Cφ(u)| ≥ 3,
|Cφ(v)| = |Cφ(w)| = |Cφ(x)| = 2, Cφ(v) 6= Cφ(w), andCφ(w) 6= Cφ(x)). Otherwise, we
permute the colors assigned touu1 anduv. The obtained coloring is still an avd-coloring ofG′.
We then extend the coloring toG as previously.
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Claim 2 The graph H does not contain

1. a path uvw such that dH(u) = dH(v) = dH(w) = 2 [10],

2. a 3-vertex adjacent to a 2-vertex,

3. a 4-vertex adjacent to three 2-vertices,

4. a k-vertex adjacent to a bad 2-vertex for 3 ≤ k ≤ ⌈∆
2 ⌉,

5. a k-vertex adjacent to (k − 2) bad 2-vertices for ⌈∆
2 ⌉+ 1 ≤ k ≤ ∆− 1,

6. a k-vertex adjacent to k 2-vertices for k ≥ 5.

Proof

1. This case was proven in [10].

2. Letu be a3-vertex inH . InH , callu1, u2 andu3 the three neighbors ofu. Moreover, suppose
thatdH(u1) = 2. By Claim 1.2,dH(u1) = 2 = dG(u1). Call v the second neighbor ofu1

distinct fromu. We consider two cases:

(1) Suppose firstdH(v) = 2. By Claims 1.2 and 1.3,dH(v) = 2 = dG(v) anddH(u) =
3 = dG(u). Callw the second neighbor ofv distinct fromu1. ConsiderG′ = G\{u1v}.
By minimality ofG, G′ admits an(∆(G)+1)-avd-coloringφ. If φ(uu1) 6= φ(vw), then
we coloru1v properly, and we obtain an extension ofφ to G which is a contradiction.
Note that ifu = w, we have immediatlyφ(uu1) 6= φ(vw). Without loss of generality
suppose nowu 6= w, φ(uu1) = φ(vw) = 1, φ(uu2) = 2 andφ(uu3) = 3. We
recoloruu1 with 4. If the obtained coloring is still an avd-coloring, then we extend
the coloring toG as previously. Otherwise this means that a neighbor ofu, sayu2,
verifiesCφ(u2) = {2, 3, 4}. We recoloruu1 with 5: either we are done, oru3 verifies
Cφ(u3) = {2, 3, 5}. Finally, we can coloruu1 with 6 (recall that∆(G) ≥ 5) and we can
extend the coloring toG, a contradiction.

(2) Suppose nowdH(v) > 2. If dG(u) = dH(u) = 3, then we considerG′ = G \ {uu1}.
By minimality ofG, G′ admits a(∆(G) + 1)-avd-coloringφ. Without loss of generality
suppose thatφ(u1v) = α ≤ 3, φ(uu2) = 2 andφ(uu3) = 3. We coloruu1 with 4,
either we are done or a neighbor ofu, sayu2, verifiesCφ(u2) = {2, 3, 4}. We coloruu1

with 5: either we are done, oru3 verifiesCφ(u3) = {2, 3, 5}. Finally, we can coloruu1

with 6 and we can extend the coloring toG, a contradiction.
AssumedG(u) = k > 3 (k ≤ ∆(G)). In G, call u4, . . . , uk the (k − 3) 1-vertices
adjacent tou. ConsiderG′ = G\{uuk}. If ∆(G′) < ∆(G), thenG′ admits a(∆(G′)+
2)-avd-coloringφ by Theorem 2.1 (recall thatmad(G′) ≤ mad(G) < 3− 2

∆ < 3). This
coloringφ is a partial(∆(G)+1)-avd-coloring ofG that we can extend toG by coloring
uuk properly (|Cφ(u)| = ∆(G), |Cφ(u2)| < ∆(G), |Cφ(u3)| < ∆(G), |Cφ(u1)| = 2
and|Cφ(uk)| = 1), a contradiction.
If ∆(G′) = ∆(G), then, by minimality ofG, G′ admits a(∆(G) + 1)-avd-coloring
φ. Without loss of generality suppose thatφ(uui) = i for all i ∈ [k − 1] (with 4 ≤
k ≤ ∆(G)). Suppose firstk > 4. We coloruuk with k. If the obtained coloring is
an avd-coloring ofG′, then this extends the coloring toG. Otherwise this means that
a neighbor ofu, sayu2, verifiesCφ(u2) = {1, 2, 3, . . . , k − 1, k}. We coloruuk with
k + 1. Either we are done, orCφ(u3) = {1, 2, 3, . . . , k − 1, k + 1}. In that case, we
recoloruuk−1 with k. This extends the coloring toG, a contradiction. Assume now
k = 4. We coloruu4 with 4, either we are done or a neighbor ofu (distinct fromu1),
sayu2, verifiesCφ(u2) = {1, 2, 3, 4}. We coloruu4 with 5, either we are done oru3

verifiesCφ(u3) = {1, 2, 3, 5}. Then we coloruu4 with 6 (recall that∆(G) ≥ 5), this
extends the coloring toG, a contradiction.
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3. Letu be a4-vertex inH . In H , call u1, u2, u3 andu4 the four neighbors ofu. Moreover,
suppose thatdH(u1) = dH(u2) = dH(u3) = 2. By Claim 1.2,dG(u1) = dG(u2) =
dG(u3) = 2. For i ∈ {1, 2, 3}, call vi the second neighbor ofui (distinct fromu). We
consider two cases:

(1) Suppose one of theui’s is a bad2-vertex, sayu1. Call w the second neighbor ofv1
distinct fromu1. Then, by Claim 1.3,dH(w) = dG(w) anddH(u) = dG(u) = 4.
Moreover, by Claim 2.1,dH(w) > 2. ConsiderG′ = G \ {u1v1}. By minimality of
G, G′ admits an(∆(G) + 1)-avd-coloringφ. Without loss of generality suppose that
φ(uui) = i for all i ∈ [4]. If φ(uu1) 6= φ(v1w), then we coloru1v1 properly. This
extendsφ to G, a contradiction. Suppose nowφ(uu1) = φ(v1w) = 1. We recoloruu1

with 5, either we are done oru4 verifiesCφ(u4) = {2, 3, 4, 5}. Then we recoloruu1

with 6 and we coloru1v1 properly, this extends the coloring toG, a contradiction.

(2) Assume thatu1, . . . , u3 are three good2-vertices. IfdG(u) = dH(u) = 4, then we
considerG′ = G \ {uu1}. By minimality ofG, G′ admits a(∆(G) + 1)-avd-coloring
φ. Without loss of generality suppose thatφ(u1v1) = α ≤ 4 andφ(uui+1) = i + 1 for
all i ∈ [3]. We coloruu1 with 5, either we are done oru4 verifiesCφ(u4) = {2, 3, 4, 5}.
Then we recoloruu1 with 6, this extends the coloring toG, a contradiction. Assume
dG(u) = k > 4 (k ≤ ∆(G)). In G, callu5, . . . , uk the(k − 4) 1-vertices adjacent tou.
ConsiderG′ = G\{uuk}. If ∆(G′) < ∆(G), thenG′ admits a(∆(G′)+2)-avd-coloring
φ by Theorem 2.1 (recall thatmad(G′) ≤ mad(G) < 3 − 2

∆ < 3). This coloring
φ is a partial(∆(G) + 1)-avd-coloring ofG that we can extend toG by coloringuuk

properly (|Cφ(u)| = ∆(G), |Cφ(u4)| < ∆(G), |Cφ(u1)| = |Cφ(u2)| = |Cφ(u3)| = 2
and |Cφ(uk)| = 1), a contradiction. If∆(G′) = ∆(G), then, by minimality ofG,
G′ = G \ {uuk} admits a(∆(G) + 1)-avd-coloringφ. Without loss of generality
suppose thatφ(uui) = i for all i ∈ [k − 1] (with 5 ≤ k ≤ ∆(G)). We coloruuk with k.
If the obtained coloring is an avd-coloring ofG, then we are done. Otherwise this means
thatu4 verifiesCφ(u4) = {1, 2, 3, . . . , k − 1, k}, then we coloruuk with k + 1. This
extends the coloring toG, a contradiction.

4. Let u be ak-vertex inH adjacent to a bad2-vertexv with 3 ≤ k ≤ ⌈∆
2 ⌉. Let w be the

second neighbor ofv distinct fromu and callx the second neighbor ofw distinct fromv. Call
u1, . . . , uk−1 the (k − 1) neighbors ofu distinct fromv. By Claims 1.2 and 1.3,dH(w) =
dG(w) = 2 = dG(v) = dH(v) anddG(u) = dH(u) = k. By Claim 2.1,dH(x) > 2.
ConsiderG′ = G \ {vw}. By minimality of G, G′ admits an(∆(G) + 1)-avd-coloringφ.
Without loss of generality suppose thatφ(uui) = i for all i ∈ [k − 1] andφ(uv) = k. If
φ(uv) 6= φ(wx), then we colorvw properly. This extendsφ to G, a contradiction. Suppose
nowφ(uv) = φ(wx) = k. We try to recoloruv with each colorc ∈ {k + 1, . . . , 2k − 1}. If
we succeed, then we are done; otherwise this means that for all c ∈ {k+1, . . . , 2k− 1} there
existsi ∈ [k− 1] such thatCφ(u) \ {k}∪ {c} = Cφ(ui) . In that case we can recoloruv with
2k which is possible because3 ≤ k ≤ ⌈∆

2 ⌉. The obtained coloring is still an avd-coloring of
G′. We then extend the coloring toG as previously.

5. Letu be ak-vertex inH . Consider(k − 2) paths inH , uv1j v
2
j v

3
j with j ∈ [k − 2], such that

dH(v1j ) = dH(v2j ) = 2 anddH(v3j ) > 2 (by Claim 2.1). By Claim 1.2,dG(v1j ) = dG(v
2
j ) = 2

and by Claim 1.3,dG(u) = dH(u) = k. Callx andy the two neighbors ofu distinct from the
v1j ’s. ConsiderG′ = G\ {v11v

2
1}. By minimality ofG, G′ admits an(∆(G)+1)-avd-coloring

φ. We consider two cases:

(1) φ(uv11) 6= φ(v21v
3
1). We colorv11v

2
1 properly. This extendsφ toG, a contradiction.

(2) Without loss of generality assumeφ(uv11) = 1 = φ(v21v
3
1), for all j ∈ [k−2], φ(uv1j ) =

j, φ(ux) = k− 1 andφ(uy) = k. If one of thev2j v
3
j (j ∈ [k− 2]), sayv22v

3
2 , is such that

φ(v22v
3
2) 6= 1, then we uncolorv12v

2
2 , we permute the colors ofuv11 anduv12 , and finally

we color properlyv11v
2
1 andv12v

2
2 . The obtained coloring is an(∆(G) + 1)-avd-coloring
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of G. Consider now that for allj ∈ [k − 2], φ(v2j v
3
j ) = 1. We recoloruv11 with k + 1. If

the obtained coloring is still an avd-coloring ofG′, then we extend the coloring toG by
coloringv11v

2
1 properly. Otherwise this means that a neighbor ofu (x ory), sayx, verifies

Cφ(x) = {2, 3, 4, . . . , k−1, k, k+1}. Then we recoloruv11 with k+2 (which is possible
becausek ≤ ∆(G)− 1). Either we are done, orCφ(y) = {2, 3, . . . , k− 1, k, k+ 2}. In
that case, we uncolorv12v

2
2 , we recoloruv12 with k+1. Then we color properlyv11v

2
1 and

v12v
2
2 . This extends the coloring toG, a contradiction.

6. Letu be ak-vertex inH adjacent tok 2-verticesu1, . . . , uk, with k ≥ 5. For all i ∈ [k], call
vi the second neighbor ofui (distinct fromu). By Claim 1.2,dG(ui) = 2 for all i ∈ [k]. We
consider two cases:

(1) Suppose one of theui’s is a bad2-vertex, sayu1. Call w the second neighbor ofv1
distinct fromu1. Then, by Claim 1.3,dH(w) = dG(w) anddH(u) = dG(u) = k.
Moreover, by Claim 2.1,dH(w) > 2. ConsiderG′ = G \ {u1v1}. By minimality of
G, G′ admits an(∆(G) + 1)-avd-coloringφ. Without loss of generality suppose that
φ(uui) = i for all i ∈ [k]. If φ(uu1) 6= φ(v1w), then we coloru1v1 properly. This
extendsφ to G, a contradiction. Suppose nowφ(uu1) = φ(v1w) = 1. We recoloruu1

with k + 1 and we coloru1v1 properly, this extends the coloring toG, a contradiction.

(2) Assume nowu1, . . . , uk arek good2-vertices. Suppose firstdG(u) = dH(u). Consider
G′ = G \ {uu1}. By minimality of G or Theorem 2.1,G′ admits an(∆(G) + 1)-avd-
coloringφ. Without loss of generality supposeφ(uui+1) = i + 1 for all i ∈ [k − 1] and
φ(u1v1) = α ≤ k − 1. We coloruu1 with a color of[∆(G) + 1] \ ({2, . . . , k} ∪ {α}).
This extends the coloring toG, a contradiction. Suppose nowdG(u) = l > dH(u) such
thatl ≤ ∆(G). InG, calluk+1, . . . , ul the(l−k) 1-vertices adjacent tou (with k < l ≤
∆(G)). ConsiderG′ = G \ {uul}. If ∆(G′) < ∆(G), thenG′ admits a(∆(G′) + 2)-
avd-coloringφ by Theorem 2.1 (recall thatmad(G′) ≤ mad(G) < 3 − 2

∆ < 3). This
coloringφ is a partial(∆(G)+1)-avd-coloring ofG that we can extend toG by coloring
uul properly, a contradiction. If∆(G′) = ∆(G), then by minimality ofG, G′ admits an
(∆(G) + 1)-avd-coloringφ. Without loss of generality suppose thatφ(uui) = i for all
i ∈ [l − 1]. We coloruul with l. This extends the coloring toG, a contradiction.

2

2.2 Discharging procedure

In this section we use discharging technique on the verticesof the graphH by defining the weight
functionω : V (H) → R with ω(x) = dH(x). It follows from the hypothesis on the maximum
average degree (mad(H) < 3− 2

∆ ) that the total sum of weights is strictly less than(3− 2
∆ )|V (H)|.

Then we define discharging rules to redistribute weights, and once the discharging is finished, a
new weight functionω∗ will be produced such that during the discharging process the total sum of
weights is kept fixed. This leads to the following contradiction:

(

3−
2

∆

)

|V (H)| ≤
∑

x∈V (H)

ω∗(x) =
∑

x∈V (H)

ω(x) <

(

3−
2

∆

)

|V (H)|

and hence, this counterexample cannot exist.

The discharging rules are defined as follows:

(R1) Every(⌈∆
2 ⌉+ 1)+-vertex gives1− 2

∆ to each adjacent bad2-vertex.

(R2) Every4+-vertex gives12 − 1
∆ to each adjacent good2-vertex.

Let v ∈ V (H) be ak-vertex. By Claim 1.1,k ≥ 2. Consider the following cases:
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Case k = 2. Observe thatω(v) = 2. By Claim 2.1,v is adjacent to at most one2-vertex.
Moreover by Claim 2.2,v is not adjacent to a3-vertex. Supposev is a good2-vertex. Hence,
by (R2),ω∗(v) ≥ 2 + 2× (12 − 1

∆ ) = 3 − 2
∆ . Supposev is bad. By Claim 2.4,v is adjacent

to a(⌈∆
2 ⌉+ 1)+-vertex. Hence, by (R1),ω∗(v) = 2 + 1× (1− 2

∆) = 3− 2
∆ .

Case k = 3. By (R1) and (R2),ω(v) = 3 = ω∗(v) > 3− 2
∆ .

Case k = 4. Observe thatω(v) = 4. Suppose first5 ≤ ∆(G) ≤ 6. If v is not adjacent
to a bad2-vertex, then by Claim 2.3,v is adjacent to at most two good 2-vertices. Hence,
by (R2), ω∗(v) ≥ 4 − 2 × (12 − 1

∆ ) > 3 − 2
∆ . Otherwise, by Claims 2.3 and 2.5,v is

adjacent to at most one bad2-vertex and one good2-vertex. Hence, by (R1) and (R2),ω∗(v) ≥
4−1×(1− 2

∆ )−1×(12−
1
∆ ) > 3− 2

∆ . Suppose now∆(G) ≥ 7. Then, by Claims 2.3 and 2.4,v
is adjacent to at most two good 2-vertices. Hence, by (R2),ω∗(v) ≥ 4−2×(12 −

1
∆ ) > 3− 2

∆ .

Case 5 ≤ k ≤ ⌈∆

2
⌉. Observe thatω(v) = k. By Claims 2.4 and 2.6,v is adjacent to at most

(k− 1) good2-vertices. Hence, by (R2),ω∗(v) ≥ k− (k− 1)× (12 −
1
∆ ) > 3− 2

∆ for k ≥ 5.

Case ⌈∆

2
⌉+ 1 ≤ k ≤ ∆ − 1. By Claims 2.5 and 2.6,v is adjacent to at most(k − 3) bad

2-vertices and two good2-vertices. Hence, by (R1) and (R2),ω∗(v) ≥ k − (k − 3) × (1 −
2
∆ )− 2× (12 − 1

∆ ) ≥ 3− 2
∆ for k ≥ ⌈∆

2 ⌉+ 1.

Case k = ∆. Observe thatω(v) = ∆. By Claim 2.6,v is adjacent to at most(∆ − 1)
2-vertices. It follows by (R1),ω∗(v) ≥ ∆− (∆− 1)× (1− 2

∆ ) = 3− 2
∆ .

This completes the proof.
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