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t. Sin
e the work of Rabin [9℄, it has been known that anymonadi
 se
ond order property of the (labeled) binary tree with su

essorfun
tions (and not the pre�x ordering) is a monadi
 �3 property.In this paper, we show this upper bound is optimal in the sense thatthere is a monadi
 �2 formula, stating the existen
e of a path wherea given predi
ate holds in�nitely often, whi
h is not equivalent to anymonadi
 �2 formula. We even show that some monadi
 se
ond orderde�nable properties of the binary tree are not de�nable by any boolean
ombination of monadi
 �2 and �2 formulas.These results rely in parti
ular on appli
ations of Ehrenfeu
ht-Fraïssélike game te
hniques to the 
ase of monadi
 �2 formulas.1 Introdu
tionIn this paper we are interested in a problem of des
riptive 
omplexity, an impor-tant and rapidly growing resear
h area in theoreti
al 
omputer s
ien
e. Des
rip-tive 
omplexity was proposed by Fagin in the seventies (see [3℄) as an approa
h tofundamental problems of 
omplexity theory su
h as whetherNP equals 
o�NP .While ordinary 
omputational 
omplexity theory is 
on
erned with the amountof resour
es (su
h as time or spa
e) ne
essary to solve a given problem, theidea of des
riptive 
omplexity is to study the expressibility of problems in some�xed logi
al formalism. For instan
e, in his seminal paper of 1974, Fagin showsthat NP problems 
oin
ide (over �nite stru
tures) with the problems expressiblein existential se
ond order logi
. Sin
e then, there has been a large number ofresults in des
riptive 
omplexity. We note that most of these results 
on
ern �-nite stru
tures (whi
h are those interesting for the appli
ations in 
omputational
omplexity theory), but studying des
riptive 
omplexity also over in�nite stru
-tures makes sense and may lead to a better 
omprehension of the expressivenessof various logi
al systems.1 supported by a TMR-GETGRATS grant of the University of Bordeaux I,2 supported by a by a TMR-Marie Curie grant of the EU



Here, we are 
on
erned with the stru
ture of the monadi
 se
ond order logi
(MSOL) on the in�nite binary tree. It is a well known result of Rabin [9℄ thatany monadi
 se
ond order formula (MS-formula) is equivalent, on the binarytree, to a monadi
 �2 formula, that is a formula of the form9X1; � � � ; Xm8Y1; � � � ; Yn where  is a �rst order formula. This result 
omes from the translation of anyMS-formula into tree-automata. It is also well-known [9℄ that there are formulaswhi
h are not equivalent to any monadi
�1 formula (of the form 9X1; � � � ; Xm ).Sin
e many logi
s of programs [2, 12℄ 
an be translated into MS-formulas on thebinary tree, this di�eren
e of expressive power between monadi
 �1 and �2allows a 
lassi�
ation of these logi
s.However, this upper bound obtained by Rabin works in the presen
e of aparti
ular relation symbol, in the vo
abulary of the logi
 
onsidered, whose in-terpretation is the pre�x ordering over nodes of the binary tree. If instead ofthis ordering we 
onsider the two su

essor fun
tions over nodes of the binarytree, Rabin's approa
h shows that every MS-formula is equivalent a monadi
 �3formula, that is a formula of the form9X1; � � � ; Xm8Y1; � � � ; Yn9Z1; � � � ; Zp where  is �rst order.In this paper, we show that this upper bound is tight in the sense that, overthe binary tree with su

essor fun
tions instead of the pre�x ordering, there areMS-formulas whi
h are not equivalent to any monadi
 �2 formula. We even showthat, again on the binary tree with su

essor fun
tions, there are MS-formulaswhi
h are not equivalent to any Boolean 
ombination of monadi
 �2 formulas.Noti
e that in many logi
s of programs the pre�x ordering is (in some sense)de�nable (for instan
e with Kozen's propositional mu-
al
ulus [7℄) so it makessense to be interested in the monadi
 se
ond order logi
 of the binary tree with-out this ordering prede�ned.A related result is established by Rabin [10℄. He investigates there the ex-pressive power of some restri
ted notion of tree-automata : the spe
ial or Bü
hiautomata. He shows that there are MS-formulas whi
h 
annot be translated intothis parti
ular kind of tree automata. This result is extended by Hafer [5℄ whoshows that there are MS-formulas that 
annot be translated into any Boolean
ombination of Bü
hi automata.Our result is possibly a 
onsequen
e of Rabin's and Hafer's results providedmonadi
 �2 formulas 
hara
terize exa
tly Bu
hi tree-automata. It is well knownthat Bu
hi tree-automata 
an be translated into monadi
 �2 formulas over thebinary tree with su

essors fun
tions. The 
onverse is however an open ques-tion 1.1 more re
ent works, yet unublished, suggest unexpe
tedly that this 
onverse may alsobe true. . .



2 De�nitions and notationsLet T = f0; 1g� be the binary tree, i.e. the set of �nite words over the alphabetf0; 1g, equipped with (immediate) su

essor fun
tions ra : T ! T de�ned byra(w) = w:a for a = 0 or 1.The set of formulas of MSOL we 
onsider in the sequel is built from the fun
-tion symbols r0 and r1 to be interpreted by the 
orresponding su

essor fun
-tions, equality predi
ate, Boolean 
onne
tives, existential and universal quanti�-
ations of �rst order variables x, y, . . . , and existential and universal quanti�-
ations of (monadi
) se
ond order variables X , Y , . . . .We 
all monadi
 �0 and monadi
 �0 the set of MS-formulas without setquanti�ers and, for any integer n, we 
all monadi
 �n+1 (resp. monadi
 �n+1)the set of MS-formulas formed by a sequen
e of existential (resp. universal) setquanti�ers followed by a formula of monadi
 �n (resp. monadi
 �n).Any MS-formula '(x1; � � � ; xm; X1; � � � ; Xn), with free �rst order variablesamong fx1; � � � ; xmg and with free se
ond order variables among fX1; � � � ; Xng,de�nes over the binary tree the set of tuples (t1; � � � ; tm; R1; � � � ; Rn) 2 Tm �P(T )n that satisfy the formula '. This is denoted by(t1; � � � ; tm; R1; � � � ; Rn) j= '(see [11℄, for instan
e, for a pre
ise de�nition of the satisfa
tion relation).Noti
e that any tuple (R1; � � � ; Rn) 2 P(T )n 
orresponds to the fun
tion vfrom T to P(fX1; � � � ; Xng) de�ned by v(t) = fXi : t 2 Rig. In the sequel, su
ha fun
tion is 
alled a fX1; � � � ; Xng-
olored tree (or fX1; � � � ; Xng-tree for short).Given R � T a set of nodes of the binary tree, we use the notation vjRthat stands for the restri
tion of v to R. Given v1 : R1 ! P(C1) and resp.v2 : R2 ! P(C2) two partially C1-
olored resp. C2-
olored trees, we say v1and v2 are 
ompatible when they agree on R1 \ R2, i.e. for any t 2 R1 \ R2,v1(t) \ C1 = v2(t) \ C2.Given a partial C1-tree v1 and a partial C2-tree v2 
ompatible one with theother, we denote by (v1; v2) the partial C1 [ C2-
olored tree (also denoted byC1; C2-
olored tree) given by the union of v1 and v2.3 An Ehrenfeu
ht-Fraïssé like gameChe
king whether a 
olored binary tree satis�es some MS-formula 
an be seenas a game between two players : the �rst one trying to show the binary tree doessatisfy the property, the se
ond one trying to show the 
onverse.In the �rst order 
ase, these game 
onsiderations lead to the standard no-tion of Ehrenfeu
ht-Fraïssé game (EF-game), a useful tool to show that a givenproperty is not de�nable in �rst order logi
 (see for instan
e [1℄).Here, we de�ne a se
ond order version of this EF-game in order to handlemonadi
 �2 formulas.In order to investigate de�nability by monadi
 �2 formulas, we extend EF -games to the se
ond order 
ase as follows. This de�nition 
an be seen as a



generalization of the se
ond order game (also 
alled the Ajtai-Fagin game) in-trodu
ed to handle monadi
 NP de�nability (see [4℄ for a dis
ussion on thesemonadi
 NP games).De�nition 1 (monadi
 �2 games). Given three integers 
, d and e, givenV1 and V2 two nonempty disjoint sets of B-
olored trees, denoting by C and Dtwo disjoint sets of set variables not in B, with 
 = jCj and d = jDj, we de�nethe game EF2(V1; V2; 
; d; e) as a play in four (se
ond order) rounds between twoplayers (
alled Spoiler and Dupli
ator) as follows :1. for ea
h v 2 V1, Spoiler 
hooses a C-
oloring C1(v);2. Dupli
ator 
hooses one v2 2 V2 and a C-
oloring C2(v2);3. Spoiler 
hooses a D-
oloring D2(v2);4. Dupli
ator 
hooses one v1 2 V1 and a D-
oloring D1(v1).We say Dupli
ator wins the game when the two B;C;D-
olored trees(v1; C1(v1); D1(v1)) and (v2; C2(v2); D2(v2))satisfy the same �rst order formulas of quanti�er depth e. Otherwise, Spoilerwins.Theorem 1. For any sets V1 and V2 of B-
olored trees, and for any integers 
,d, e, if Dupli
ator has a winning strategy for the game EF2(V1; V2; 
; d; e) thenthere exists no �2 formula ' with free set variables among B and of the form :9X1 � � �X
8Y1 � � �Yd with  a �rst order senten
e of quanti�er depth e su
h that any v1 2 V1 satis�es' while no v2 2 V2 satis�es '.Proof. A 
lassi
al 
onsequen
e of the standard de�nition of the satisfa
tion re-lation. 2In the sequel, in order to handle the winning 
ondition given in the de�nitionof EF2-game above, we use the notion of r-type and r;m-equivalen
e and apply(the following non game theoreti
 version of) Hanf's theorem [6℄.De�nition 2. Given integer r and node t, let S(t; r) be the set of nodes t0 su
hthat there is an undire
ted path between t and t0 of length at most r. The r-type ofsome node t 2 T in a C-
olored tree v is the graph isomorphism 
lass of vjS(t; r).Given integer m, we say two C-
olored trees v1 and v2 are r;m-equivalent if, forany r-type � , the number of nodes of r-type � in v1 equals the number of nodesof r-type � in v2, or both these numbers are greater than m.Theorem 2 (Hanf [6℄). For any e, there exist r and m su
h that if two C-
olored trees v1 and v2 are r;m-equivalent then they satisfy the same �rst-orderformula of quanti�er depth at most e.



4 Monadi
 �2 vs. monadi
 �2In this se
tion, we de�ne the de�ne a property, 
alled the Bü
hi property, andshow that it is not de�nable by a monadi
 �2 formula (hen
e its 
omplement isnot de�nable by a monadi
 �2 formula). The same property is used by Rabinin [10℄ as a witness of properties de�nable by means of Bü
hi automata andwhose 
omplement is not de�nable by means of Bü
hi automata.De�nition 3 (the Bü
hi property). Let X be a set variable. Given a fXg-
olored tree v, we say v has the Bü
hi property B(X) if there is a dire
ted pathin T with in�nitely many nodes in the interpretation of X in v.Equivalently, denoting by A

(t; u) the property stating that there is a di-re
ted path from t to u, a fXg-
olored tree satis�es the Bü
hi property if andonly if the greatest solution of the set equation Y = FX(Y ) withFX(Y ) = ft 2 T : 9u 2 Y;X 2 v(u) ^ t 6= u ^ A

(t; u)gis non empty. Although not very 
ommon, su
h a de�nition leads to the de�nitionof the Bü
hi property by trans�nite indu
tion that we shall use later for our mainresult.De�nition 4. For any 
ountable ordinal �, let us de�ne F�X(T ) as the set Twhen � = 0, the set FX (F�1X (T )) when � = �1 + 1 and the set T�1<� F�1X (T )when � is a limit ordinal. Let then B�(X) be the property of fXg-
olored treesstating that F�X (T ) is non empty.Proposition 1. (1) For any 
ountable ordinal � there are fXg-
olored treesthat do satisfy B�(X) while they do not satisfy B(X). (2) A fXg-
olored treesatis�es the property B(X) if and only if, for any 
ountable ordinal �, it doessatisfy B�(X).Proof. Fa
t (2) follows from the fa
t that the binary tree is 
ountable. To provefa
t (1), let us de�ne, for ea
h 
ountable ordinal �, the fXg-tree v� by thefollowing indu
tion. When � = 0, v�(t) = ; for ea
h t 2 T . When � = �1 + 1,v�(�) = fXg, and for any t 2 T , v�(0:t) = ; and v�(1:t) = v�1(t). When �is a 
ountable limit ordinal, given an arbitrary enumeration �0, �1, . . . , of allordinals stri
tly smaller than �, v�(�) = fXg, and for any t 2 T , any n 2 IN ,v�(0n:1:t) = v�n(t). None of these v� satis�es the Bü
hi property while, for ea
hordinal �, v�+1 does satisfy B�(X). 2Before stating and proving the main theorem below, we give some morete
hni
alities in order to deal with EF2-games. These de�nitions are inspired bysimilar te
hniques used by the se
ond author in [8℄.De�nition 5 (r;m-type 
onstraint). An r;m-type 
onstraint is a fun
tion fwhi
h asso
iates to ea
h r-type � of its domain a number f(�) < m. We say vjRis 
ompatible with type 
onstraint f when, for any r-type � in the domain of f ,vjR has at most f(�) nodes of type � .



De�nition 6 (D-
losure of a C-
olored �nite region). Given integers rand m, given a C-
olored tree v, given a set D of variables disjoint from C,given �nite regions R � R1 � T , we say R1 is a D-
losure of R (in v) if, for anyr;m-type 
onstraint f and for every D-
oloring v0 of R, if there is a D-
oloringv1 of R1 whi
h equals v0 on R and su
h that the C;D-
oloring (v; v1) of R1 is
ompatible with f , then there is a similar D-
oloring of the 
omplete binary tree.We want to show that indeed D-
losures exists; to this goal we begin with alemma:Lemma 1. Given R � T , v a C-
olored tree and v1 a D-
oloring of R. Given fan r;m-type 
onstraint. If every �nite subset of the binary tree has a D-
oloringwhi
h equals v1 on R and, together with v, is 
ompatible with f , then the entirebinary tree has a similar 
oloring.Proof. By a 
lassi
al 
ompa
tness argument. 2Proposition 2. For any integers r and m, for any C-
olored tree v, for any�nite region R � T 
olored by v, and for any set D of fresh variables, thereexists a D-
losure of R.Proof. Let v, R and D be as above. For ea
h r;m-type 
onstraint f , and forea
h D-
oloring w of R, applying the previous Lemma, either there exists a D-
oloring of the entire binary tree whi
h, together with v, is 
ompatible with the
onstraint f and extends w, or there exists a �nite region Rf;w with no su
hD-
oloring. One 
an 
he
k that the union of all these Rf;w is a D-
losure of R.2We 
an now state and prove our main theorem.Theorem 3. Over fXg-
olored binary trees with su

essor fun
tions, the Bü
hiproperty B(X) is not de�nable by any monadi
 �2 formula.Proof. Assume B(X) is de�nable by a �2 formula. This means �B(X), the 
om-plement of B(X), is de�nable by a �2 formula; hen
eforth, applying Theorem 1,Spoiler has a winning strategy on the game EF2( �B(X); B(X); 
; d; e) for someinteger 
, d and e. We show below that Dupli
ator has a winning strategy forthis game hen
e this assumption is absurd.Let C and D be disjoint sets of variables distin
t from X with jCj = 
 andjDj = d, and let r and m be given by Hanf's theorem (Theorem 2) for 
lassi
alEF-games in e rounds over fXg; C;D-
olored binary trees. We want to show thatthe se
ond order rounds 
an be played (by the Dupli
ator) so that the resultingpair of fXg; C;D-trees 
hosen at the end (by the Dupli
ator) are r;m-equivalent.(1) First, for ea
h v 2 �B(X), Spoiler 
hooses a C-
olored tree C1(v).(2) The dupli
ator's answer is the 
hoi
e of an fXg-
olored tree v2 2 B(X)together with the 
hoi
e of the C-
olored tree C2(v2). This answer is made usingthe following lemma.



Lemma 2. There exists a sequen
e f(Rn; wn;Wn; tn)gn2IN where Rn � T is a�nite subset of the binary tree, Wn is a set of fXg; C-
olored trees of the form(v; C1(v)) with v 2 �B(X) and tn 2 T , and su
h that T equals the union of allRn and for ea
h n :1. wn : Rn ! P(C [ fXg) is a fXg; C-
oloring of Rn,2. all fXg; C-
olored trees of Wn are 
ompatible with wn and 
olor tn by X,and Wn+1 �Wn,3. Rn+1 is a D-
losure of Rn in every element of Wn+1,4. tn is a proper pre�x of tn+1 and belongs to Rn+1,5. for ea
h 
ountable ordinal �, there exists w 2 Wn su
h that the binary treerooted at tn and fXg; C-
olored by w satis�es B�(X).Proof. By indu
tion on n. Let us take R0 = ;, W0 the set of fXg; C-trees(v; C1(v)) for ea
h v 2 �B(X) su
h that X 2 v(�) for � the root of the binary treeand t0 = �. Property 5 is ensured by Proposition 1.Assume the 
onstru
tion has been made up to some integer n. For ea
ht0 2 T stri
tly above tn, ea
h �nite R0 � R (that also 
ontains tn and any nodeat a distan
e at most n from the root) and ea
h fXg; C-
oloring w0 of R0, letus de�ne the set O(t0; R0; w0) of all 
ountable ordinals � su
h that there exists(v; C1(v)) 2 Wn su
h that :1. X 2 v(t0),2. (v; C1(v))jR0 and w0 are equal,3. the fXg-
olored binary tree rooted at t0 and 
olored by v satis�es B�(X),4. R0 is a D-
losure of Rn w.r.t. (v; C1(v)).By the indu
tion hypothesis, for ea
h 
ountable ordinal � there exists w 2 Wnsu
h that the binary tree rooted at tn 
olored by v has the B�+1(X) property.Also by the de�nition of B�+1, there exists some t0 stri
tly above tn as in item3; hen
e we have [(t0;R0;w0)O(t0; R0; w0) = �1Sin
e there are �0 possible values for t0, R0 and w0, one of these O(t0; R0; w0)has size �1 and we take in this 
ase tn+1 = t0, Rn+1 = R0 and wn+1 = w0. Theset Wn+1 is de�ned as the set of all w 2 Wn su
h that wjRn+1 equals wn+1,X 2 w(tn+1) and Rn+1 is a D-
losure of Rn in w. 2Proof of Theorem 3 (
ontinued). Now, let us de�ne the fXg; C-tree (v2; C2(v2))
hosen by Dupli
ator as Sn wn. Noti
e that v2 does satisfy the Bü
hi propertysin
e for ea
h n, X 2 v2(tn).(3) Spoiler 
hooses a D-
olored tree D2(v2).(4) Dupli
ator's answer is made as follows.We note that there exists a �nite subset R � T su
h that the fXg; C;D-
olored tree (v2; C2(v2); D2(v2)) is r;m-equivalent to its restri
tion to R.



So let n be an integer su
h that R � Rn�1 and let f be the minimal (w.r.t. theusual order on partial fun
tions) r;m-type 
onstraint satis�ed by the fXg; C;D-
olored tree above.Dupli
ator 
hooses some (any) fXg; C-
olored tree w 2 Wn with w =(v1; C1(v1)) (hen
eforth (v1jRn) equals (v2jRn)). An adequateD-
oloringD1(v1)
an be 
hosen as follows.By the de�nition of D-
losure, sin
e Rn is the D-
losure of Rn�1 with respe
tto the fXg; C-
oloring (v1; C1(v1)), there exists a D-
oloring D1(v1) of the bi-nary tree that equals D2(v2) restri
ted to Rn and su
h that (v1; C1(v1); D1(v1))is 
ompatible with f .Sin
e (v1; C1(v1); D1(v1)) and (v2; C2(v2); D2(v2)) restri
ted to R, Rn�1 orRn are r;m-equivalent and sin
e f has been 
hosen minimal w.r.t. the r-typesof nodes of these partially 
olored trees, the full fXg; C;D-
olored trees(v1; C1(v1); D1(v1)) and (v2; C1(v2); D1(v2)are r;m-equivalent.From this point, Hanf's theorem applies showing that Dupli
ator wins. 25 The 
ase of the boolean 
losure of �2 and �2In order to show that some MS-de�nable formulas are not de�nable by anyBoolean 
ombination of �2 and �2 formulas, let us �rst prove a normal formtheorem for these boolean 
ombinations.Lemma 3. Any Boolean 
ombination of �2 and �2 formulas is equivalent to aformula of the form �1 ^ (�1 _ (�2 ^ (�2 _ � � � _ (�n ^ �n) � � �))) with �is monadi
�2 formulas and �is monadi
 �2 formulas.Proof. Sin
e both �2 and �2 are 
losed (up to equivalen
e) under 
onjun
tionand disjun
tion, Boolean 
ombinations of �2 and �2 formulas are equivalent to�nite 
onjun
tions of formulas of the form � _ � for � 2 �2 and � 2 �2. Itfollows that it is su�
ient to show that the set of formulas of the desired form is
losed (up to equivalen
e) under 
onjun
tion with formulas of the form (� _ �).We show this by indu
tion over n.For n = 0 nothing has to be proved. Assume it is true up to rank n and let'n+1 = �1 ^ (�1 _ 'n) be a formula of rank n+ 1 with 'n a formula of rank n.First, we may assume that j= (:�1) ) �1 and j= 'n ) (:�1). Otherwise,we 
an take �1 _ :(�1) instead of �1 and 'n ^ �1 ^ :�1 instead of 'n obtainingthus an equivalent formula with the same shape and the desired property.Given then � 2 �2 and � 2 �2, one 
an 
he
k the formula �1 ^ ((� ^ �1) _((� _ (:�1)) ^ (�1 _ ('n ^ (� _ �)))) is equivalent to 'n+1 ^ (� _ �). Applyingthe indu
tion hypothesis over 'n ^ (� _ �) 
on
ludes the indu
tion step. 2Let us then de�ne the predi
ate P (X; x) as the one stating that the binarytree rooted in node x satis�es the Bu
hi property with respe
t to the set vari-able X .



Proposition 3. For any node t 2 T , the property P (X; t) is not de�nable by amonadi
 �2 formula.Proof. By applying the argument of Theorem 3 to the binary tree rooted in t.2Now let us �x two variablesX and Y and let us de�ne the predi
ate A(X;Y; z)as the least 2 monadi
 predi
ate equivalent to P (X; z:0)_( �P (Y; z:0)^A(X;Y; z:1)),where �P (Y; z:0) denotes the negation of P (Y; z:0).The property A(X;Y; �) is de�nable in MSOL sin
e it is de�nable in themu-
al
ulus (see [7℄). However :Theorem 4. Property A(X;Y; �) is not de�nable by any boolean 
ombination of�2 and �2 formulas.Proof. Let us assume the 
onverse and let us show this leads to a 
ontradi
tion.Assume A(X;Y; �) is equivalent to a Boolean 
ombination of�2 and�2 formulas.Applying Lemma 3 assume su
h a formula is of the form �1 ^ (�1 _ (�2 ^ (�2 _(� � ��n ^ (�n) � � �)))).Applying the �xpoint de�nition of A(X;Y; z) n times shows that A(X;Y; �)is equivalent toP (X; 0) _ ( �P (Y; 0) ^ (� � �P (X; 1n�1:0) _ ( �P (Y; 1n�1:0) ^ A(X;Y; 1n) � � �)))denoting by ak, as usual, the word 
omposed of k times the letter a.Let then X1, . . . , Xn, X 0 (resp. Y1, . . . , Yn, Y 0) be some new fresh variables.There exists a monadi
 �1 formula 'X over the free variables X , X1, . . . , Xnand X 0 that 
he
ks whether X equals the disjoint union of the interse
tion ofX 0 with the subtree rooted in 1n and, for ea
h k 2 [1; n℄, the interse
tion ofXk with the subtree rooted in 1k�1:0 (and similarly a formula 'Y for Y ). Itfollows that there also exists, for ea
h k 2 [1; n℄, a �2 formula �0k (resp. the�2 formula �0k) over the free variable X1, . . . , Xn, X 0 and Y1, . . . , Yn, Y 0that 
he
ks formula �k (resp. formula �k) does hold with X and Y impli
itlyde�ned by 'X and 'Y . From these de�nitions it follows that the new formulaA0(X1; � � � ; Xn; X 0; Y1; � � � ; Yn; Y 0; �) de�ned byP (X1; 0) _ ( �P (Y1; 0) ^ (� � �P (Xn; 1n�1:0) _ ( �P (Yn; 1n�1:0) ^A(X 0; Y 0; 1n)) � � �))is equivalent to the formula �01 ^ (�01 _ (�02 ^ (�02 _ (� � ��0n ^ (�0n) � � �)))).The next step is to show, by indu
tion over k, that there exists afX1; Y1; � � � ; Xk; Ykg-
olored tree vk, su
h that, for ea
h i 2 [1; k℄ :vk j= 8Xk+1; Yk+1; � � � ; Xn; Yn; X 0; Y 0; (�0i ^ :�0i)while vk j= :P (Xi; 1i�1:0) ^ �P (Yi; 1i�1:0)2 or the greatest, it really does not matter in the following proof. . .



With k = n this leads to a 
ontradi
tion sin
e it says in parti
ular that, for anyi 2 [1; n℄, vn j= 8X 0; Y 0; ') �0i from whi
h it follows thatvn j= 8X 0; Y 0; �01 ^ (�01 _ (�02 ^ (�02 _ (� � ��0n ^ (�0n) � � �))))hen
e, by the de�nition of the �0ks and �0ks,vn j= 8X 0; Y 0A0(X1; � � � ; Xn; Y1; � � � ; Yn; X 0; Y 0; �)Also, for ea
h i 2 [1; n℄, vn j= :P (Xi; 1i�1:0) ^ �P (Yi; 1i�1:0) hen
e,vn j= 8X 0; Y 0A(X 0; Y 0; 1n)This is obviously absurd sin
e, given any fX 0; Y 0g-tree v0 that does not satisfyA(X 0; Y 0; 1n) (and there are some) one has (vn; v0) j= :A(X 0; Y 0; 1n) hen
evn j= 9X 0; Y 0:A(X 0; Y 0; 1n)The proof by indu
tion goes as follows. For k = 0 nothing has to be proved.Assume the indu
tion hypothesis for some k. In parti
ular, the formulasP (Xk+1; 1k:0) _ ( �P (Yk+1; 1k:0) ^ (� � �P (Xn; 1n�1:0) _ ( �P (Yn; 1n�1:0) ^ A(X 0; Y 0; 1n) � � �)))and �0k+1 ^ (�0k+1 _ (� � ��0n ^ (�0n) � � �)) are equivalent over anyfX1; � � � ; Xn; Y1; � � � ; Yn; X 0; Y 0g-tree 
ompatible with vk.It follows thatvk j= 8Xk+1; Yk+1; � � � ; Xn; Yn; X 0; Y 0(P (Xk+1; 1k:0)) �0k+1)That is vk j= 8Xk+1(P (Xk+1; 1k:0)) (8Yk+1; � � � ; Xn; Yn; X 0; Y 0�0k+1))Sin
e P (Xk+1; 1k:0) is not de�nable by a monadi
 �2 formula, the above impli-
ation is stri
t in the sense that there exists a fXk+1g-tree v0 su
h that(vk; v0) j= (8Yk+1; � � � ; Xn; Yn; X 0; Y 0�0k+1) ^ :P (Xk+1; 1k:0)In other words, for any 
olored tree w 
ompatible with (vk; v0) one has�P (Yk+1; 1k:0) ^ (� � �P (Xn; 1n�1:0) _ ( �P (Yn; 1n�1:0) ^A(X 0; Y; 1n) � � �))equivalent to �0k+1 _ (� � ��0n ^ (�0n) � � �). Again, in parti
ular,(vk; v0) j= 8Yk+1 � � � ; Xn; Yn; X 0; Y 0(�0k+1 ) �P (Yk+1; 1k:0))hen
e(vk; v0) j= 8Yk+1(: �P (Yk+1; 1k:0)) (8Xk+2; Yk+2; � � � ; Xn; Yn; X 0; Y 0:�0k+1)Now, sin
e : �P (Yk+1; 1k:0) is not equivalent to a monadi
 �2 formula, thereexists a fYkg-tree v00 su
h that(vk ; v0; v00) j= �P (Yk+1; 1k:0) ^ (8Xk+2; Yk+2; � � � ; Xn; Yn; X 0; Y 0:�0k+1)Putting vk+1 = (vk ; v0; v00) 
on
ludes the indu
tion step. 2



6 As a 
on
lusion. . .One may noti
e that all the material presented in last se
tion 
an be generalized.The following exer
ise is one possible formulation of su
h a generalization.Exer
ise. Let C be the 
lass of (even only �nite) dire
ted graphs with a sour
esu
h that all nodes are rea
hable from the sour
e. For any integer n � 2, if thereexists a monadi
 �n de�nable property of graphs of C whi
h is not monadi
�n de�nable, then there also exists a monadi
 �n+1 graph property (that is aproperty both de�nable by a monadi
 �n+1 formula and �n+1 formula) whi
h isnot de�nable by a (�nite) Boolean 
ombination of monadi
 �n and �n formula.Hint : think of dire
ted 
omb-like 
onstru
tions.A
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