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1. Introduction

1.1. Motivation

In the 60’s, Biichi and Rabin [4, 25] proved the decidabibfymonadic second order logic (MSO) on
infinite words and infinite trees respectively. These twqdesults of mathematical logic were obtained
by means of automata theoretic characterizations of theesgwe power of MSO on these structures.
In the late 70’s, it was realized [24] that infinite words aes can be used as models of the behavior of
computer systems. Consequently, the results of Bichi afhRwith the underlying theory of automata
on infinite structures, became of direct interest to comadientists. Since then, a considerable amount
of research effort has been devoted to the development dféoey towards its application in computer
science. This effort has produced a large number of deep atitematically appealing results relating
logic, automata and fixpoint calculi [29, 2, 9].

A central feature of this theory is that most specificatiomglzages (also called temporal logics [7])
that are used for describing and verifying the potentialavers of programs do share the following
properties:

1. they are fragment of MSO logic; the latter can even be sgar{laigh level) assembly like language
into which all these logics can be compiled,

2. they are invariant under bisimulation [23]; indeed, thiyics talk about systems’ behaviors and
two bisimilar (models of) systems are most of the time (n&dgp always) considered to have the
same behavior [18].

This remark motivates the study of the bisimulation invatrilgagment of MSO.

Kozen’s mu-calculus [15], an extension of modal logic by neeaf restricted set quantifiers (namely
inductive and co-inductive definitions of sets), plays ¢harfundamental role. It is known since some
time [22, 2] that, over trees (say on the binary tree), thecadaulus is as expressive as MSO. Further
studies show that, over arbitrary graphs, the mu-calculsisgquals the bisimulation invariant fragment
of MSO [14] and such a relationship is even richer than exgzeas announced in [11], the first levels of
the bisimulation invariant fragment of the monadic quastiilternation depth hierarchy of MSO equal,
one by one, the first levels of the fixpoint alternation hiengrof the mu-calculus [3, 1]. More precisely,
Van Benthem first shows that the bisimulation invariant fnegt of first order logic (FO, the Oth level
of the monadic hierarchy) equals modal logic (the Oth le¥¢he mu-calculus hierarchy). And actually,
this equality holds up to the lev&l, of the monadic hierarchy [11].

1.2. Main contribution

The purpose of this paper is to give a clear and complete mpiassn of the last level correspondence.
Namely, we give here a complete proof of the following result

Theorem 1.1. The bisimulation invariant fragment of the lev8} of the monadic hierarchy equals the
vu-level of the mu-calculus hierarchy.

In turn, this level is known to be as expressive as (modad) argomata with Biichi conditions [22, 13].
This result refines Rabin’s own logical characterizatiorBathi definable properties of the binary
tree as projections of weak MSO properties [26].
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As a side result, we also prove and use the fact that the |lgegus trees definable by first-order for-
mulas (FO-formulas) are boolean combination of topoldlyicdosed definable languages, i.e. boolean
combination of languages of thelevel of the mu-calculus hierarchy [12].

1.3. Related works

We shall also mention that, in the binary tree, the main tga@lsented in this paper has already been
announced by the second author [17] with quite a long andhteghproof argument. Later a quite
simpler argument, but for a slightly weaker result, has lggean by Skurczynski [28]. This last result
is weaker since it handles monadig formulas over the binary tree with FO kernels (called ppati
formulas) that are weaker than arbitrary FO-formulas asmeising here.

Still, in the following generalization of the binary cases mdopt several arguments from Skurczynski
work and, quite distinctly, we handle FO-formulas by meditspological considerations obtaining thus
a simple though presumably unknown yet automata theoretindbon the expressive power of FO logic
on trees.

At last, one shall observe that the monatligc case does not follow (say by simple inductive argu-
ment) from the former characterization of the bisimulatiovariant fragment of monadiz; [12]. In
fact, the monadi&, kernel of a bisimulation invariant monadi&,-formula is not necessarily invariant.
And, over trees, the bisimulation invariant fragment of ic 32, is strictly weaker than full monadic
¥, as illustrated, for instance, by the formdap(x) that is not bisimulation invariant.

1.4. Organization of the paper

The paper is organized as follows. In Section 2 we reviewdstah notions about graphs, trees and
bisimulation. The central notions @f-expansions [14] that induce canonical representativeslfo
classes of bisimilar graphs is given. We also review thedstah definition of the prefix topology on
finitely branching trees.

In Section 3 we review the logics we use. In addition to firstes, monadic second order logic, and
Kozen'smodalmu-calculus, we also define tiseuntingmu-calculus. This calculus is defined in a way
similar to the mu-calculus except that one can use countiodatities instead of standard modalities. It
relates with monadic second order logic over trees in theesaay the modal mu-calculus relates with
the bisimulation invariant fragment of monadic second ptdgic over trees.

In Section 4 we review various definitions of tree automalizriaating and non deterministic Buchi
tree automata in their standard or weak versions. Closoepties and various technical expressiveness
results about the class of languages definable by these aiast@re given. Definitions of closed or open
automata (that characterize recognizable closed or opgudaes of trees) are also given.

The last section is devoted to the proof arguments of Thedrd&mMore precisely, we successively
show that every FO-formula over trees is equivalent to a weakdeterministic automaton. By pro-
jection, this shows that this holds as well for monadic formulas. Then, by complementation and
simulation a la Muller and Schupp, we prove that every manHd is equivalent to a Buchi automaton
and thus, by projection again, every monadicformula as well. Then, the counter-saturation technique
that has been developed in [14] can be applied in order toudadhe proof.
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2. Graphs and trees

We review here the definition of transition systems, bisatiah equivalence ang-expansion of transi-
tion systems which capture in some sense bisimulation atpuige. We also define a notion of counting
bisimulation by adding a “local bijection” constraint toetmotion of bisimulation. This new defini-
tion makes statements more uniform: counting bisimulaahe equivalence induced by unraveling as
bisimulation is, in a sense, the equivalence induced-expansions.

Because a transition system is simply a directed graph wdiktanguished vertex called its root, we
use the vocabulary of (directed) rooted graphs. In ordemiplgfy statements and proofs, we consider
only graphs built over a single binary relation symbol. Aletresults presented here can easily be
generalized to (finitely) labeled directed graphs, i.e. pgsabuilt over a finite set of binary relation
symbols.

As trees are important when dealing with bisimulation, wsmakview some standard notation and
definitions of trees.

2.1. Graphs and trees

Let Prop be a finite set of unary predicate symbols andHebe a binary relation symbol. Aooted
graph, simply calledgraphin the sequel, is a tuple:

M = <VM7TM7EM7 {pM}pEPTOp>

with a setl’M of vertices aroot r™ € VM| a binarysuccessor relatio?™ C VM x VM and for each
p € Prop, asubsep™ C VM,

We say that a vertexis a successor af when(u, v) € EM. The set of all successorsofs denoted
by SuccM (u). We also use the notatiafvom (M) for the domainy/ of the graphi/.

Given a vertexw € VM, let \M (v) C Prop be the set of predicate symbols defined by

M (y) = {p e Prop:v e pM}

and called theolor of vertexv. In order to simplify the notation, we may use in the sequeldbloring
function \M instead of the interpretation of each predicate symbolhénsequel, we may also omit the
superscript”, when there is no ambiguity, thus simply wittidg = (V, r, E, \) for such a graph.

A directed pathin a M is a non empty finite or infinite word
we VM (vMyxyyM (yMyw

such that wheneven = w;.u.u’ .wy With wy € (VM)* € VM o/ € VM andw, € (VM)* U (VM)w
one hagu,u') € EM. The lengthw| of a finite directed pathv is defined as the number of occurrences
of elements oM in w, i.e. whenw = ug.uy.--- .u, thenjw| = n + 1. In this case, we say, is the
source ofw, u, is the target ofv andw is a directed path fromg to w,,.

Given any non zero cardinal, ax-indexed pathn M is defined similarly by adding elements sof
between vertices of a path. More precisely;-endexed pathn M is a non empty finite or infinite word

we VM (k. VMY VM (k. VM)
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such that the wordry (w) obtained fromw by removing all elements of is a directed path. length,
source or target of a-indexed pathv are defined as the length, source or target of the path).

A tree is a graph\/ such that, for each vertexe V' there is one and only one path frarff to v.

When M is a tree, the (directed) distandéu, v) between two vertices andv isn — 1 whenn is
the length of the unique (directed) path framto v or from v to « when it exists,co otherwise. For
every integefh > 0, we define the:-prefix P, (M, v) of a vertexv in M to be the (finite) tree rooted in
v induced by the set of vertices 8f at distance at most from v. Whenw is simply the rootsr™ we
simply write Py, (M).

If u is a vertex of a grapiV/, thedegreeof « is the number of its successors. Tdegreeof a graph)M/
is the supremum (be it finite or infinite) of the degrees of @gices. A graph is callefinitely branching
if every vertex has finite degree. Observe that a finitely dnang graph does not necessarily have finite
degree.

On the sef” BT of finitely branching tree, we consider theefix topologydefined by the set of basic
open sets of the form :

Op ={M € FBT : 3h € wP,(M) = F}

where F' is a finite tree. As shown in [12] for instance, this topologyHausdorff, i.e. two trees that
belong to the same open sets are equal (up to isomorphisms. also metric as shown by taking,
for instance the distancé(M, N) between two treed/ and N to bed(M,N) = min{1/2" : h €

w, P, (M) = Pn(N)} if itis defined of1 otherwise. It even satisfies some weak form of compactness
(again see [12]).

By extension, we say that a cla@®f arbitrary trees is closed (resp. open) widan F'BT is closed
(resp. open). Observe that, on a topological point of vieig does not make much sense. However, in
this paper, we essentially consider (restricted) clas&®es that are completely characterized by the
finitely branching trees they contain. So this extensionesaense.

2.2. Bisimulation and models’ expansions

Two graphsM and N are callecbisimilar when there exists a relatidh C V' x V¥, called abisimu-
lation relation, such tha(r* V) € R and for every(u,v) € R andp € Prop, \M (u) = AV (v), and,
whenever(u,v') € EM for somew’, then there exists’ such that(v,v') € EV and(v/,v) € R, and
whenever(v,v') € EV for somev’, then there exists’ such thatu, «') € EM and(u',v') € R.

If, in addition, for eachu, v) € R, R establishes a bijection betweSncc(u) andSucc(v), then we
say thatR is a counting bisimulationIn this case, we say that graplhi and N arecounting bisimilar

The k-expansionl™ (M) of a systemM is defined as follows : let”"(M) pe the set of all finite
k-indexed paths of\/ with sourcer?, the rootr?" (M) equalrM, the relationEZ" (M) be the set of
all pairs of the form(w.u, w.u.k’ ') € VI M) 5 yT*(M) with w € (VM™.k)*, v andv’ € VM and
k' € r such that(u,u') € EM. Moreover, letp”"(M) be the set of alk-indexed paths of the form
wa € VI with w € (VM .k)* andu € pM.

Whenk = 1, thex-expansion of\/, from now on denoted b¥'(M), is nothing but what we usually
call theunravelingof the graph)M from its rootr. In particular, vertices of (M) are all the finite
paths from the root™ in M.

Observe that for every cardinaland for every graphl/, the x-expansionl™ (M) of M is a tree.
Moreover, the particular notion dfexpansion (or unraveling) allows us to characterize tnea@svery
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simple way: areeis a graph isomorphic to its unraveling.

The notion of unraveling (or 1-expansion) is related to ¢mgnbisimulation as follows.

Lemma 2.1. For any graphs// and N, M and N are counting bisimilar if and only if their unravelings
T(M) andT'(N) are isomorphic.

Proof:

This fact follows immediately from the following obsenatis: the functional relation frorir”() to

VM that maps each finite path to its target is a counting bisitiwebetweeri’ (M) and M; and, over
trees, a counting bisimulation relation is just an isomaph O

In a quite similar way, the notion af-expansion also gives in some sense canonical represestati
of equivalence classes under bisimulation.

Lemma 2.2. (see [14])
For any infinite cardinak and for any graphd/ and N of cardinality at mosk, M and N are bisimilar
if and only if their k-expansiong™ (M) andT"(N) are isomorphic.

Proof:

Let R be a bisimulation relation betweéd and N and let cardinak be as above. Le®’ be the relation

between vertices of both*(M) andT"(N) that relates any twa-indexed paths of the same length

whose targets belongs #@. RelationR’ is a bisimulation relation. Moreover, provideds infinite (so

that, with the help of the axiom of choice,x = k) and big enough (actually not smaller than the degree

of M andN), one can check that relatid® can be refined to become the relation of an isomorphism.
The converse is immediate since any graghis bisimilar with itsx-expansionl ™ (M ). O

The assumption, in Lemma 2.2, thais infinite is essential. In fact, le¥ (resp. N) be the graph
defined by a single edge (resp. two edges only) from the rddt,all vertices labeled identically. They
are bisimilar (and not counting bisimilar). However, foydmite cardinalx distinct from zero I (M)
and7(N) are not isomorphic.

3. Logic and modal or counting mu-calculus

In this section we review the definition of first-order logke) and monadic second-order logic (MSO),
and the counting and modal propositional mu-calculus [AH]logics are interpreted over graphs. Any
graph)M, as defined above, is a FO-structure on the vocabylark} U Prop with r a constant symbol
standing for the rootE a binary relation symbol an'rop a set of unary relation symbols.

3.1. First-order and monadic second-order logic

Let var = {x,y,---} and Var = {X,Y,--- } be disjoint sets of, respectively, first-order and monadic
second-order variable symbols.

First-order logic over the vocabularyr, E} U Prop can be defined as follows. The set of FO-
formulas is the smallest set containing the formulés, ¢t = t, E(¢,t'), X(¢) for p € Prop, X € Var
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andt,t’ € var U {r}, which is closed under negation disjunctionV, conjunction/A and existentiaB
and universal quantifications over FO variables.

The set of monadic second-order (MSO) formulas over the sarabulary is the smallest set con-
taining all FO-formulas and closed under negatigmlisjunctionv, conjunctionA and existential and
universalv quantifications over FO and MSO variables.

We write p(x1, -+, Zm, X1, - , X;,) for an MSO formulay with free first-order variables among
{x1,--- ,z,,} and free set variables amodd,,--- ,X,}. If M, vy, ..., v, € VM, andVy, ...,
V, C VM we write

M=o, om, Vi, Vi)

to say that formulag is true inM, or M satisfiesp, under the interpretation mapping each FO variable
to the vertexy; and each set variablg; to the sefi’;. This satisfaction relation is defined in the standard
way [27, 6].

A classC of graphs is calledMSO definablevhen there exists a sentengec M SO, i.e. an MSO
formula with no free variable, such thaf € C if and only if M = . A classC of transition systems
is bisimulation closedresp. counting bisimulation closgdf wheneverM € C and M’ is bisimilar
(resp. counting bisimilar) td/ then M’ € C. A sentencep is bisimulation invariant(resp. counting
bisimulation invarian} if the class of transition systems it defines is bisimulatdbosed (resp. count-
ing bisimulation closed). Observe that bisimulation imaace implies counting bisimulation invariance
since a counting bisimulation relation is a bisimulatiotatien.

Remark 3.1. Observe, by applying the characterization of bisimulatorcounting bisimulation by:-
expansions (Lemmas 2.1 and 2.2), that if two bisimulatiorcmnting bisimulation) invariant formulas
are equivalent, for all infinite:, on x-expansions of graphs (or trees), they are equivalent atramgb
graphs.

Finally, the monadic quantifier alternation depth hiergrnshdefined as follows. The first (or zeroth)
level 3y = TIj is defined as the set of all formulas of first order logic. THengach integek, the level
Y11 (resp. levelll,, ) is defined as the set of all formulas of the foHX; - - - 3.X,,0 with ¢ € TI
(resp. VX, --- VX, with ¢ € 3;). The bisimulation invariant (resp. unwinding invariafrtggment
of the levelX;, of M SOL sentences is defined as the set of all bisimulation invafr@sp. unwinding
invariant) sentences ai.

3.2. Modal and counting mu-calculus

The set of the modal-calculus formulas is the smallest set containivgp U Var which is closed under
negation, disjunction and the following formation rules:

e if ais aformula then> o andO« are formulas,

e if o is a formula andX occurs only positively (i.e. under an even number of negaian « then
uX.o andv X .« are formulas.

The set of counting:-calculus formulas is defined as above replacing standadaliies <> andO by
counting modalitiesc>;, andO; for any integerk.
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A formula ¢ is said inpositive normal fornwhen negation only applies to atomic sub-formulas, i.e.
constant or variable predicates Bfop U Var.

We use the same convention as for MSO with free variables wedenote byy(X;,---,X,) a
formula with free variables amongXy,--- , X,,}. For convenience, we may also omit these free set
variables in formulax considering implicitly that graphs have been built overdbeof unary predicate
symbolsProp’ = PropU{X3,---, X,}. Inthe sequel, we caflxed point formulaany formula of the
modal or counting:-calculus.

With each fixed point formula, we associate a formula, (x) of MSO with one free FO variable
x and the same free set variablesaagimplicitly added to the vocabulary) defined as follows. Let
p € Pred, o and g8 be fixed point formulasX be a set variabler and z be FO variables, and =
(21, -, 2x) be ak-tuple of FO variables.

e Atomic formulas :
op(r) = p(r) andpx = X(z),

e Boolean connectives :
Pans(T) = 0a(T) A pa(T), Pavs(T) = valT) V pa(T)
andy_,(x) = =@ (x)

e Modalities :
§0<>a(m) =dz E(IL’,Z) A Soa(z)v
¢0a(T) = Vz (E(z,2) = ¢a(2))

e Counting modalities :
pora() = FZ diff (2) A Nigpp gy B(@,20) A pal20),
PO,a(®) = VZ ((diff (Z) A /\z’e[Lk} BE(z,z)) = \/ie[Lk} Palzi)),

e Fixed points :
Pux.ax) (@) = VX ((pa(x) € X) = X(z)),
SOVX.OL(X)(‘I) = EIX(X - @a(X)) A X(‘T)

There, diff (z) is the quantifier-free FO-formula stating that# z; for all i # j, px) € X is the
MSO formulaVz(p.(x)(2) = X(z)), and, similarly, X C ¢,(x) is the MSO formulavz(X (z) =
Pa(x)(2).

For any fixed point formular, we write M = o whenM E ¢, (r). We say that an MSO sentence
v is equivalent to a fixed point formula when= ¢, (r) < ¢. Likewise, two fixed point formulas
and g are said to be equivalent whena ., (1) < ¢g(r).

Lemma 3.1. Any fixed point formula is equivalent to a fixed point formukagositive normal form.

Observe that modalities> and<>; on the one hand, and modalitiesandd; on the other hand, have
equal meaning. So the counting mu-calculus is an extengitmeanodal mu-calculus. This extension
is proper. In fact, it follows from Lemma 3.2 below that, fastance, predicate>5 p is not definable in
the modal mu-calculus.
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As is well known, the interpretation over a graph of the predicate defined byX.a(X) (resp.
vX.a(X)) is the least (resp. the greatest) solution of (the intéagion overdom (M) of) the set equa-
tion defined byX = a(X).

Further analysis of the basic properties of the modal (régpcounting) fixed point calculus shows
that it does not distinguish bisimilar (resp. counting fitar) models.

Lemma 3.2. (Folklore)
For any modal (resp. counting) fixed point formula formula ¢, (r) is bisimulation invariant (resp.
counting bisimulation invariant).

The following theorem shows that the bisimulation invacerfresp. counting bisimulation invari-
ance) not only holds but even characterizes modal (resptiogy fixed point calculi as fragments of
MSO. In fact:

Theorem 3.1. (from Walukiewicz [30])
An MSO sentence is invariant under counting bisimulaticand only if it is equivalent to some counting
mu-calculus formula.

and

Theorem 3.2. (Janin-Walukiewicz [14])
An MSO sentence is invariant under bisimulation if and ofiiis equivalent to some modal mu-calculus
formula.

Finally, let us mention that alternation of least and grefafi®ed point constructions induces a hier-
archy in modal or counting mu-calculus. More preciselyloiwing Niwifski's definition, we define the
fixpoint alternation depth hierarchies as follows.

The first level Ny = M, is defined as the set of all (modal or counting) fixpoint freerfolas with
negation only applied to propositional constant$ebp. Then, for each integek, the level Ny 1 (resp.
level My, 1) is defined as the closure 8, U M}, under disjunction, conjunction, substitution — provided
no free variable becomes bound during the substitutiongz®e and greatest fixpoint construction (resp.
least fixpoint construction).

In the modal case, the mu-calculus hierarchy has been piiafieite by Bradfield [3]. A similar
result by Arnold [1] shows it is infinite as well in the courdicase.

Actually, Arnold’s result is stated for the modal mu-calesion the binary tree. But this implies the
more general statement above, as both counting and modealoulus are equivalent on the binary tree,
and the binary tree itself is definable in the counting mwwak by a formula with greatest fixed point
constructions only.

The standard theory of mu-calculus [2] gives a first relaiop between the mu-calculus and the
monadic hierarchy. Namely:

Lemma 3.3. For everyk, every counting modal mu calculus formula of clasg is equivalent to a
MSOL formula of classz;..

The other way around, various relationships are consideyebe authors in [11].
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In this paper we are mainly interested in the second leVg},of the Niwihski hierarchy. Observe
that all formulas where all’'s precede all:’s belong toN, (actually N, is a bit larger than that, because
of closure under substitution); for this reason, the leVgis sometimes calledy-level

4. Tree Automata

In this section, we review the definitions and propertiesafous notion of tree automata. More pre-
cisely, we review the notion of alternating or non deterstiniautomata with Biichi condition possibly
with the extra requirement of weakness as used by Rabin stinly of the weak monadic theory of the
binary tree [26].

The automata are designed to read arbitrary trees as inputdes defined with a successor relation
as opposed to the binary tree that is defined by means of twaessar functions. It follows that the
notion of transition we use is more involved than in the dadscase. As a consequence, we need to
proceed more cautiously when (re)defining non determinatitomata. A similar observation is made
when studying tree-like structures [30].

4.1. Bichi alternating automata

Definition 4.1. (Alternating automata)
A Buchi alternating automatois a tupleA = (Q, X, qo, F, 6), whereQ is a finite set of states; is a
finite set called the alphabet (in genekal= P(Prop)), qo € Q is the initial state ' C @ is the set of
accepting states, arld: Q x ¥ — FOL™(Q) is the transition function, wherEOL™(Q) is the set of
all first order formulas with equality over one unary preticE, for anyq € @, where everyP, occurs
only positively. As a particular case, an automaton is dadlenodal automatonwhen, for anyg € Q,
anyo € %, (g, o) does not contain the equality (nor disequality) predicate.

We say that an alternating automatghis a closedautomaton (resp. aopenautomaton) when
F = Q (resp.F = 0).

The semantics of the alternating automatbean be given by a game.

Definition 4.2. (Model-checking game)
For any treel’ = (V,r, E, \), we defined a gam@&'(.A, T') played by two players, whom we call Marker
and Selector.

Positions in the game are pairs@fx V. The initial position is(qo, 7).

From a position(q, v), whereq is a state ofd andv is a vertex ofI™:

1. the Marker chooses a “marking relationi C @ x Succ(v) that satisfies the local constraints
expressed via the transition function, i.e. whens seen as the (flat) first order structure =
(Succ(v), {g™ }qeq) over the vocabularg) with, for eachy € Q, ¢ = {v" € Succ(v) : (¢,v") €
m}, one must haven = §(q, A(v)),

2. and the Selector chooses a falt w) € m and this pair becomes the new position.

If either player cannot move, the other wins. Otherwise, axehan infinite play; if along the play some
state ofF" occurs infinitely often, then Marker wins; otherwise Sedeetins.
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The automatord acceptshe treeT” if the Marker has a winning strategy (#(.4, 7"). The language
definedby A is the set of all trees accepted dy

Lemma 4.1. Every alternating Biuchi automaton is equivalent, oveiteaty trees, to a counting mu-
calculus formula of clasd/,. If, moreover, the automaton is a closed (resp. open) automthen it is
equivalent to a formula of class; (resp.M;).

Proof:

Let A = (Q, X, qo, F, ) be an alternating Biichi automaton. Following the standectiniques of the
mu-calculus theory [2], we essentially have to translatettansition specification of the automaton
into counting formulas in order to build an equivalent canmimu-calculus formula and this can be done
by standard argument in logic.

More precisely, for every € @ and everys € 3, the formulad(q, a) is a positive first order formula
(with equality and disequality) over unary predicates. Bgwn results about first order logic [5], every
positive first order formula over unary predicates can beites as a positive boolean combination of
|b| > k, and|—b| < k, whereb is a positive boolean combination of predicatésjs the cardinal of the
elements satisfying, andk is a non negative integer.

Now, the fact that the successors of a verter a tree verify|b| > k amounts to say that verifies
<> b, and that its successors verifyb| < k amounts to say that verifiesO,b. Hence, the fact that
the successors of a vertex verifyy, a) is equivalent to a counting modal formuldg, a), positive in the
predicatesP, for all ¢’ € Q.

Let a range over the alphabet of the automaton. Let us view thesstdtthe automaton as fixpoint
variables. Following the general theory of fixpoint caldglito the mu-calculus given by all the counting
modalities <>, and O, the automaton is equivalent to the compongnf a system of “least and
greatest fixpoint equations” consisting of two consecuyfivite sequences of equations: a first sequence
of greatest fixpoint equations of the foin=, \/,a A a(q,a) (¢ € F) and a second sequence of least
fixpoint equation of the forng =, \/,a A a(q,a) (¢ ¢ F). Then, it is known that such a system of
equations can be transformed (by “sequencing” equatiodsfaged in [2] definition 1.4.9, page 32) into
a single counting mu-calculus formula of class.

As a particular case, if the automatghis a closed (resp. open) automaton then the mu-calculus
formula obtained in such a way belongs to clags(resp.M;). O

4.2. Bichi non deterministic automata

Intuitively, we can think of a positiorig, v) of the model-checking game above as a copy of the au-
tomaton which is running on vertexin stateq. In general, it may occurs that several distinct copies
of the automaton are running in different states on the sarexw. This possibility is a major source

of difficulties and complexity. The notion of functional muand the related notion of non deterministic
automata (or, more accurately, non alternating automataiay to handle these difficulties.

Definition 4.3. (Functionnal acceptance)

With the same notation as above(fanctional) runof 4 on T is a (partial) functionp : VT — Q,
from the vertices of" to Q, such thap(r”) = ¢ and, for each vertex in the domain of, the marking
induced byp on the successors ofverifies the transition specificatiaiip(v), AT (v)).
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A run p is calledacceptingif along all infinite pathg.vy. - - - .v;. - - - of vertices in the domain gi
there is some state ifi that occurs infinitely often in the sequence of stat@s).p(v1). - .p(v;). - - .

A treeT is functionally acceptetby A if there is an accepting run of onT". The language of trees
functionally definedy A is the set of all trees functionally accepted.ly

Observe that every tree functionally accepted is acceptétkiusual sense. In fact, every accepting
functional run gives a winning strategy for marker. But tleenerse is false in general. For instance,
consider an automaton on one letteand three stategy (initial), ¢; andg2 (accepting), and the rules
d(q1,a) = 6(q2,a) = true andd(qo,a) = Iz, y.q1(x) A g2(y). In fact, the tree consisting of the root
and one successor is accepted by this automaton, but ndiciuaity accepted. Indeed, the transition
specificationd(qo, a) does require that two copies of the automaton in sjatand g2 are sent on the
same successor of the root. For non deterministic autorasi@efined here, the equivalence does hold.

Definition 4.4. (Non deterministic automata)
Let us definebasic disjunctive formulas any FO-formula of the form

i€[1,n] JE,m]

with py, ...,p, andqs, ..., g, two lists (possibly with repetitions) of states interpoetes unary predi-
cates. Let us also defirtsjunctive formulass any finite disjunction of basic disjunctive formulas.

Following [13], we say that an alternating automatomas deterministigor, more accuratelyjon
alternating if its transition formulas are disjunctive formulas.

We observe first that automata acceptance simplifies witrdeterministic automata.
Lemma 4.2. For non deterministic automata, functional acceptancecatidary acceptance coincide.

Proof:

Let D be a disjunctive formula and I&UN be the first order formula saying that every element satisfies
at most one predicatgfor exactly one; € Q. If we view models as markings, that is, sets of pairs, one
can observe that every model bfincludes a model oD A FUN.

Hence, applying this facts along plays, if Marker has a wigrstrategy in the model checking game
G(A,T) of a nondeterministic automato# on a treeT’, then it has one where in each vertex, exactly
one copy of the automaton is sent in each successor. Anditbedtrategy gives an accepting functional
run. O

Non deterministic automata can even be seen as some normalfdo automata “restricted to”
functional acceptance. And, conversely, one can use the ftexible syntax of alternating automata
with functional acceptance instead of that of non detemstimautomata. More precisely:

Lemma 4.3. For every alternating automatofithere is a nondeterministic automatdn such that the
tree language functionally defined byequals the language defined H4y.

Proof:
Let ) be the state set ofl. From the analysis of first order logic over unary predicaieen in [5] it
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follows that, for every first order formula € FOL(Q™), there is a disjunctive formul® such that
D A FUN & ¢ A FUN. Let A’ be the automaton obtained frarh by replacingy with D. Then A’
is non deterministic, and the languages functionally define.A and A’ coincide. But by the previous
lemma, the language functionally defined Ay coincides with the language defined |y in the usual
sense. O

The next property of non deterministic automaton is an eésgddaature in many proofs in automata
theory.

Lemma 4.4. The tree languages definable by non deterministic automatel@sed under projection.

Proof:

It is enough to prove the same closure result for automatafuiictional acceptance. Let = (@, ¥ x
Y9, qo, F,0) be an automaton on an alphabet which is a Cartesian prodiadfets>; andXs. Let
m o X1 X X9 — X1 be the first projection associated to the Cartesian prodfick is the language
functionally defined byA, an automaton which defines functionalty(L) is B = (Q, X1, qo, F, ')
whered’(q,0) =V cx, d(q, (,7)). In fact, a functionp is a run of A on a treeT’ if and only if it is a
run of B on the treer; (T'). So,.4 accepts functionall{/’ if and only if 5 accepts functionallyt; (7). O

4.3. Weak alternating automata

Weak automata are obtained from Buchi automata by rasgithe structure of automata. They play
a fundamental role in the analysis of the expressive pow&Qand monadi&; on trees. They have
been used as a characterization of weak MSO (or the altemfrde mu-calculus) on trees [20, 19, 16].

Definition 4.5. A Buchi alternating automatodl = (Q, %1 x X9, qo, F,0) is calledweak automaton
if there is a partially ordered sétand a partition of)), Q = |J,;c; Q:, such thatF" is a union of some
of the Q;’s, and for everyy € Q;, 6(q,0) € FOL+(Uj§7; Q;): this means that along plays, the index
decreases, or remains the same.

The setg)); included inF" are called the accepting components of the automaton. Tiee@t's are
called rejecting components.

Lemma 4.5. The tree languages definable by weak alternating automata@sed under complemen-
tation.

Proof:
Let A = (Q = U,c; Qi =, 90, F\ §) be a weak alternating automaton. We define the autoniatorbe
the automaton
B=(Q=JQ:,% 0 Q\F, s
icl

whered?(q, a) is the dual formula 06(q, a): §%(q,a) = =8(q,a)[~q/q : q € Q).

Observe that automatdfl is a weak automaton. In general, the winning condition ofdbal of a
Biichi automaton shall be a co-Biichi condition, i.e. thaldwndition of the Buchi condition. However,
the weakness assumption makes Buchi and co-Buchi conditjuivalent.
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More precisely, in the model-checking game, a play is wigrfor the Marker with the Biichi con-
dition when infinitely many accepting states occur. By dyak play is winning for the Marker with
the co-Biichi condition when finitely many non acceptindesaccur. In general, this makes that Bichi
automaton are not closed under complement. However, uhderssumption of weakness, there cannot
be an infinite alternation of accepting and rejecting statethe model-checking games, so Biichi or
co-Buchi criteriaare equivalent.

It is then a classical feature of alternating automataptalhg for instance [21], that the automaton
B defined above do recognize the complement @ft).

More precisely, one can check that for any tfBeany winning strategy for Marker in the game
G(A,T) induces a winning strategy for Selector in the ga@@,T") and vice versa, any winning
strategy for Selector in the ganig.4, T') induces a winning strategy for Marker in the gatiés, T').
Since model-checking games are determined, this conchedproof. O

Lemma 4.6. The tree languages definable by weak non deterministic aitoare closed under union
and intersection.

Proof:
By Lemma 4.2 it is enough to show the same for weak automatafuriictional acceptance.

Now the idea is that to define the union (resp. the intersekiid two automata by means of a
product. More precisely, given two weak automata= (Q = J,c; Qi 2, qo, F,6) andB = (Q' =
Ujes @5 2, g5, F7, 0"). we define the automatah= (@ x Q', %, (qo, q7), I, ") whereF” = FxQ'U
Q x F' for the union (respF"” = F x F' for the intersection), and, given andmr, the projections of the
Cartesian produd® x @', the transition function defined in such a way that, for e@cly’) € Q x @',
eacha € X, a markingm satisfiesy”((¢, ¢’), o) if the projected markingr; (m) satisfies)(¢, o) and the
projected markingro(m) satisfiesy (¢', o).

The automatorC does functionally recognize the union (resp. the intergegtof the languages
functionally recognized by and 3. Moreover, it is a weak automaton wig’ = U(i,j)EIXJ Qi x Q)
with I x J ordered with the product order. O

Lemma 4.7. The tree languages definable by weak non deterministic aitoare closed under projec-
tion.

Proof:
The construction given in the proof of Lemma 4.4 for non detaistic automata just applies similarly
to weak non deterministic automata. O

Finally, adapting Muller and Schupp’s simulation theore]{

Theorem 4.1. (Simulation)
Any alternating weak (resp. closed or open) automatois equivalent to a non deterministic Buchi
(resp. non deterministic closed or open) automadgn

Proof:
Over binary trees, this result follows from Muller and Schispconstruction [21]. For the modal mu-
calculus, it follows from the construction given in [13]. rilies on standard techniques presented in a
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quite general setting in [10, 2]. It has also been provedragaihe modal case with slightly different
techniques in [16].

Here, we essentially explicit the construction. The probft® correctness is left as a (standard)
exercise.

Let A = (Q = U,c; Qi, X, qo, I, §) be a weak alternating automaton. We define the Blichi automa-
ton A’ = (Q', %, ¢, F', ") as follows:

1. @ =P(@ x{0,1} — F' x {0}),
2. g5 = {(q0, )},
3. FF=P(Q x{1}),

4. for eachP € ', eacha € X, a markingm’ C @’ x V on the set of predicat@’ satisfies)’ (P, a)
when, for eacliq, x) € P, there is a markingn; C @ x V such that:

(@) m1 = d(q, a) (local constraint satisfied),
(b) for each(qi,v1) € m1, one hag(qi,y),v1) € m’ such that:
i. y=1wheng; € F

i. y=0o0ry =xwheng; ¢ F, depending on wethd? € F’ (global reset of the winning
condition) orP ¢ F' (local updating of the winning condition),

We claim that a tree is accepted by the alternating automdtifrand only if it is functionally accepted
by the automatond’. Then, applying Lemma 4.3, on can build out4fa non deterministic automaton
that recognizes the language of trees functionally acddpyeA’.

Observe that this construction holds starting from an eahjtalternating Biichi automatad. In
general, even if automatad is a weak automaton, automateti is not a weak automaton. However,
starting from a closed or open (weak) automaton (Wite= QQ or F' = () respectively) the construction
simplifies and the resulted automaton can be defined as aldospen (weak) automaton (wifff = @’
or F' = () respectively).

More precisely, whed” = (), observe that all reachable state frofr(but the initial statey, that only
appear initially) belong t&(Q x {0}) so we can restriaf)’ to be the seP(Q x {0}) with ¢, = (go,0)
andF’ = () without changing the language of trees functionally re@gphby.A’. Quite similarly, when
F = @, all reachable states frogj belongs tdP(Q x {1}). This means we can restrigX to be the set
P(Q x {1}) with F" = Q" without changing the language of trees functionally recephby.4’.

O

5. The main results

In this section, we prove Theorem 1.1 by a series of lemma®#saly follows from the results presented
in the previous sections.

Lemma 5.1. (From FO to non deterministic weak)
On arbitrary trees, every first order formula is equivaler hon deterministic weak automaton.
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Proof:
In order to do so, applying Gaifman theorem, we first show B@itformulas define languages of trees
that are finite boolean closure of closed languages in theesafrthe prefix topology. Then, in turn, clas-
sical results of automata theory ensure that these languagealefinable by means of non deterministic
weak automata.

Let d be a positive integer. A FO-formula(z) with a single free variable is calledbasicd-local
when all quantifications ip(x) are relativized to vertices at distance at méstom z, i.e. vertices
reachable fromx by a undirected path of length at maekst

Theorem 5.1. (Gaifman [8])
Let ¢ be a FO-formula on trees. There exist 0 such thatp is equivalent to a finite boolean combina-
tion of formulas of the form
dxq - xp /\ d(zi, zj) > d A pi(x;)
i#]
wherey; (z), ..., (x) are basial-local formulas andl(z;, z;) > d means that there is no undirected
path betweemr; andz; of length smaller than or equal tb

Then we have:
Corollary 5.1. Every FO-definable language of tree is a finite boolean coatioin of closed languages.

Proof:
The negation of a formula of the form

p=3dx1- -1y /\ d(zs, z5) > d A @i(z;)
i#]
defines a closed language. In fact, assume there is a secpieinees{7,, } .., that converges towards
alimit 7. If T, = —pforalln € wthenT = —p. Otherwise, ifl" = ¢ there is a finite depth such
that the satisfiability ofy is witnessed by vertices that belong to therefix of . Since the sequence
{T}, }ne. converges toward®', there is also aiv such that for allh > N, T,, andT have isomorphic
h-prefix hencel;,, = ¢ which contradicts the hypothesis. O

Now, we have:

Lemma 5.2. FO-definable closed languages are definable by means of ¢dlnged non deterministic
automata. And, similarly, FO-definable open languages efi@able by finite open non deterministic
automata.

Proof:

The case of closed languages is proved in [12]. By complestient (Lemma 4.5), this also shows
that FO-definable open languages are recognizable by méameio alternating automata. But then,
the Simulation Theorem 4.1 shows that these languages amer¢icognizable by means of open non
deterministic automata. O

Since closed and open non deterministic automata are $pasia of non deterministic weak au-
tomata this, by applying also Lemma 4.6, concludes the ppbbémma 5.1. O
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Remark 5.1. We could have given an explicit construction of such an aatom In fact, from Gaifman
normal formal form, it is quite an easy exercise. Remind haw¢hat the satisfiability problem for a
FO-formula on tree is non elementary. Hence, the automamslation of a FO-formula is also non
elementary.

Then we prove:

Lemma 5.3. (FromII; to weak)
On arbitrary trees, every monadig formula is equivalent to a weak automaton.

Proof:

Since weak non deterministic automata are closed undezgtirap (Lemma 4.7) we know, by applying
Lemma 5.1 that the languages definable by mon&difrmula are recognizable by means of alternating
weak automaton. Then, applying Lemma 4.5 concludes thd.proo O

Now we have:

Lemma 5.4. (From X, to Biichi)
On arbitrary trees, every monadi; formula is equivalent to a Biichi automaton.

Proof:

By applying Lemma 5.3, ever; formula is equivalent to a weak alternating automaton. S@dply-
ing Simulation Theorem 4.1, it is also equivalent to a noredrinistic Buchi automaton. Now, closure
under projection (Lemma 4.4) concludes the proof. O

We prove then the analogous of Theorem 1.1 for counting bilsition.

Theorem 5.2. The counting bisimulation invariant fragment of monaglig equals thesu-level of the
counting mu-calculus.

Proof:
Since anyvu-formula of the counting mu-calculus is equivalent to a (@og bisimulation invariant)
monadicX; formula, it is sufficient to prove the converse.
Let ¢ be a monadi&; formula counting bisimulation invariant.
First, by Lemma 5.4, we know that, over trees, formulés equivalent to a Biichi automaton. By
applying Lemma 4.1 it is thus equivalent, over trees, tg.gormulaa of the counting mu-calculus.
Since bothy and« are counting bisimulation invariant, by Remark 3.1, we ¢ote that they are
equivalent on arbitrary models. O

For bisimulation invariance, we have:

Lemma 5.5. (Saturation)
For arbitrary infinite cardinak, on k-expansions of trees, every monadig formula is equivalent to a
modal Biichi automaton.
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Proof:

Let p be a monadi&; formula. By Lemma 5.4, ovet-expansions, formula is equivalent to a Bichi
automaton. But, following [14], or-expansions, Biichi automaton are equivalent to modahBdig-
tomata. O

So we conclude then the proof of Theorem 1.1 that is restakivifor the sake of clarity.

Theorem 5.3. The bisimulation invariant fragment of monadi, equals thevu-level of the modal
mu-calculus.

Proof:
Since any modadu-formula is equivalent to a (bisimulation invariant) moital, formula, it is suffi-
cient to prove the converse.

Let ¢ be a monadi&; formula bisimulation invariant.

First, by Lemma 5.5, we know that, overexpansions of trees, formulais equivalent to a modal
Buchi automaton. By applying Theorem 4.1 it is thus eqemgl over trees, to au-formula a of the
modal mu-calculus. Then, by Remark 3.1 they are equivalesirbitrary models. O
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