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Music is the unique language where many people can talk at the
same time understanding each other. ...

Amadeus, XVllle siécle,

(from M. Forman movie)

Nowadays, two centuries later, we eventually formalized what
composers where doing every day : multiplexing.



For centuries, music is also a language of time, space, parallelism
and interaction,. . .

Shall music modeling lead us to the discovery of relevant and new
metaphors or paradigms useful for modeling computerized systems?
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1. Overlapping tiles

From Bebop modeling [Janll]. ..



Overlapping tiles

My little blue suede shoes (Ch. Parker)

—

Analysis

f

Three exposures a given pattern (a) followed by a variation (b) o

the same pattern.



Overlapping tiles

Modeling pattern (a)
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Overlapping tiles

Modeling pattern (b)

modeled as:
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Overlapping tiles

Resulting modeling
7



Overlapping tiles

Resulting modeling
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Drawbacks:

e inserted silences of many lengths,
e logical structure (3x(a) + (b)) lost.



Overlapping tiles

A better approach

Make anticipation of the first logical beat explicit (anacrusis):

n—glﬁiiii.—f—..,i,l- ‘

and make explicit the silence till the end of the next bar:

anacrouse Ccorp




Overlapping tiles

Do the same for the second pattern:

anacrouse corp
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with resulting sequential composition:
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defined with local overlapping of anacrusis and preceding pattern
body.

And there is our logical structure : 3x(a) + (b) !
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2. Formalization

Towards a algebraic structuration of time. .



Formalization

Synchronization window vs realization window

Hint [Jan11]
Distinguish, in every pattern:

Realization Window

Synchronization Window

@ d1 N ? d2 3 d3 @
n \/
entry exit

introduction, development and conclusion.



Formalization

Synchronization window vs realization window

Hint [Jan11]
Distinguish, in every pattern:

Realization Window

Synchronization Window

@ d1 > ? d2 3 d3 @
n M
entry exit

introduction, development and conclusion.

Old idea

Already occurring (though in a adhoc way) in musical modeling
LOCO [DH88], but also in automation or for process modeling in
software system.
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Sequential product : 1. synchronisation

entry sync.ipoint
[}
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exit



Formalization

Sequential product : 2. fusion

entry Downstream fusion
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Upstream fusion
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Formalization
Induced algebra: triples of durations

X@ u1.é u2 ©‘ u3 .@
YO— @
i v

Triples of duration : Dy = IR x IR x IR, with product:

(u1, U2, uz) . (v1, v, v3) = (max(uy, vi — tp), up + va, max(v3, uz — v2))

U 1% u.v

and fusion defined by mixing and crossfade of underlying audio
patterns.

Remark
This model is actually used for audio pattern reconstruction and
control live-looping performance [BJM12].



Formalization

Induced algebra: triples of words

XC u1.é u2 C‘ u3 .@
YO—— @

1

3 \/
Triples of words : T4 =0+ A* x A* x A* with product:

(U17 un, U3) . (V17 V2, V3) il ((U1U2 \/S Vl)U";l; uzva, V2_1(U3 \/p V2V3))

X Y X.Y

and fusion defined by letter to letter unification and 0 if
incompatible.

with u Vs v =ming{w € A* : u <; w,v <; w} and

u Vpv=minp{w € A*: u <, w,v <, w}.
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Product examples

XO u1.é u2.‘ u3 @
Y® vi =€/ v2 . v3 g

©

-«©

e (a,b,c).(b,c,d) = (a, bc,d),
e (a,b,c).(da, 1, bed) = (da, b, cd),
e (a,b,c).(a,b,c) =0.



Formalization

A link with 2W-automata run ?

Remark

Overlapping tiles of words can be seen as domains of partial runs
of two way automata [Péc85] with tiles product seen as two-way
automata domains composition.



Formalization

Resulting structures

Theorem
In all above cases, we obtain monoids, i.e. sets equipped with an
associative product with a neutral element.
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3. Properties

Monoids with remarquable properties. . .



Properties

Context elements

When input and output sync match, i.e. with empty sync window,
elements are called contexts

Realization Window

Synchronization Window

@ di >gS£SSXr X ce >

S

4
L d

. “A

L4 N
entry exit



Properties

Properties of context elements

Lemma
Context elements are idempotents, i.e. for all context element E,
E.E=E.

Lemma
Context elements commute, i.e. for all context elements E and F,
E.F=F.E.

Corollary

The set U of context elements is a A-semilattice with, for all E
and Fe U, EANF = E.F.
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Left and right canonical contexts

Every element is structurally associated to a right context and a
left context:

X @ d1 »@ d2 »@ d3 >
; \/
N @ d1 »@ - d2 »@ d3 >

A

X @ d1 »@ d2 'g@ d3 >
a

Conclusion



Properties

Properties of canonical context elements

Given the left an right context operators X — X; and X — Xg:
Lemma
for all patterns X and Y:

(0) (XL)r = (X)L =X and (Yr)r = (YR)L = Yr (projection),
(1) Xe XL = X, and YrYRr = Ygr (idempotence),

(2) XLYL =YX, and XrYr = YrXgr (commutation),

(3) XgX = XXp = X (local neutrality),

(4)

4 XR(XY)R = (XY)R (resp. (XY)[_YL = (XY)L) (,C and
R-compatibility).



Properties

Natural order over patterns

Definition

X < Y when sync(X) = sync(Y) and real(X) D real(Y).
Lemma

Relation < is an order relation, stable under product.

Moreover, for all patterns X and Y the following properties are
equivalent:

e XY,
e X = XR.Y.XL,
e X = E.Y.F for two context elements E and F.

i.e. bi-lateral version of Nambooripad'’s natural order [Nam80].



Properties

Syntax vs semantics

Left and right canonical context elements have a semantics
characterization ;

Lemma

For all element X,

(1) Xe =min{E <1:X.E = X} (canonical left stab.),
(2) Xg = min{E <1: E.X = X} (canonical right stab.).

Also, context elements can be defined as the set of sub-units
U={X:X<1}.

Remark

The semigroup version of these structures are already known, in
inverse semigroup theory, as Lawson's (stable) U-semiadequate
monoids [Law91].
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4. Modeling

Sequential or parallel product ? Inverse ele



Modeling

Induced partial parallelism : fork and join

e Given two patterns X and Y:

v A
v e——®

e Fork: start two patterns X and Y at the same time : X;.Y,

X @\ ®

Y Q)
. \/
e Join: Stop two patterns X and Y at the same time : X.Yk.
' A

Yn )



Modeling

Parallel composition

When sync(X) = sync(Y),

v A
X g—0
Y @_>C?

we define:

XY =Xg.Y = YRX=X.Y, = Y.X,

or, in picture:

< - {2



Modeling

Inverse patterns

Completing the set of models with backward sync window:

Realization Window

Synchronisation Window

&) di d3 I.
@, d2 53
- X

[}
exit entry

Though this may not have meaning in music, it makes not
difficulty as a model of backward two-way automata partial run.



Modeling

Induced inverse monoid

Lemma
For all pattern X there is a unique pattern X~ (just switching
input and output of X) such that

XXX =X et X IXX71 = X1
with X, = X71X and Xg = XX~1, i.e. the resulting (completed)
monoid is an inverse monoid [Law98a].

Theorem
The monoid of tiles completed with inverse tiles is isomorphic to
McAlister monoid [Law98b].
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5. Langages

Langages of positives tiles



Langages

Classical classes of langages

Definition
For all langage L C T4 =0+ A* x A* x A*:

e Lis REC when L = ¢~ 1((L)) for some morphism
@: Tap— S and finite monoid S,

e | is RATR resp. RAT¢ when L is definable by means of finite
sets, product, star and (R) residuals or (C) canonical context
operators,

e [ is MSO when L is definable by means of an MSO formulae.



Langages

Classical classes of langages

Definition
For all langage L C T4 =0+ A* x A* x A*:
e Lis REC when L = ¢~ 1((L)) for some morphism
@: Tap— S and finite monoid S,

e | is RATR resp. RAT¢ when L is definable by means of finite
sets, product, star and (R) residuals or (C) canonical context
operators,

e [ is MSO when L is definable by means of an MSO formulae.

Theorem ([Jan12a])
?
REC cC RATR C RATc = MSO



Langages

Tile languages vs word languages

Theorem ([Jan12a])
Language L C T — 0 is MSO definable if and only if

L=>(Lix G xR)
iel
with finite | and, for all i € I, regular L;, C; and R; C A*.

Remark
Class MSO is thus both simple (above Theorem) and robust
(previous theorem).



Langages

Tile languages vs word languages

Theorem ([Jan12a])
A language L C Ta — 0 is REC if and only if

L= Z(L, X C,' X R,)
i€l
with finite | and, for all i € I, finite or co-finite L; C Suff(“(xiyi)),
C C x,-y,-k(x,-y,-)* and R; C Pref((x;y;)“) for some given words x;
and y; € A*.

Remark
The situation is even worse than for languages recognizable by
inverse monoids [MP84] or recognizable subsets of FIM(A) [Sil96].



6. Quasi-rec.

A remedy to the collapse of REC



Quasi-rec.

Why REC collapse ?

Lemma

Let morphism ¢ : Tp — S and let x = (1, u,1) and

y = (1,v,1) € Ta such that p(u) = p(v) #0. Then u and v are
ordered both under prefix and suffix order.

Proof.

We have xgx = x hence p(xgx) = ¢©(xr)p(x) # 0 hence
o(xr)p(y) = w(xry) # 0 hence xgy # 0.

But then xgy = (1,1,u)(1,v,1) = (1, v,v (v Vp u)) and thus
vV, u#D0.



Quasi-rec.

Relaxing morphism to premorphism

Over (stable) ordered monoids:

Definition ([MR77])
Mapping ¢ : (M, <) — (N, <) is a premorphism when ¢ is
monotonic, and for all x and y € M, o(xy) < ¢(x)e(y)-

Definition ([Jan12c])

Language L C T4 is quasi-recognizable (QREC) when

L = o~ 1(p(L) for some premorphisme ¢ : T4 — N and finite
(stable ordered) monoid N.



Quasi-rec.

Tuning for QREC C MSO

Remark
At first sight MSO definability is lost.
Definability of ¢~1(xy) in terms of p~1(x) and ¢~ 1(y) ?

Theorem ([Jan12c])

We can restrict to some subclass of quasi-inverse monoids such
that QREC C MSO.

Hint: given ¢ : T4 — S, assume that, in S,
X = XRXXL
for every x € S with

@((ulv Uz, U3)) i 99((17 u, 1))5’99((17 uz, 1))phi((1, us, 1))L



Quasi-rec.

Checking when MSO C QREC

Theorem ([Jan12c])
Under coherent context closure (CCC) condition MSO C QREC.

Remark

Given a premorphism ¢ : T — S with quasi-inverse S, for all x
and y, if xRy then xg = yg, if xLy then x; = y;.

Hence for all u = (u1,r,up) and v = (vi,r,va) € Tx if
p(u1)Lp(v1) and p(uz)Rep(vs) then o(u) = o(v).



Quasi-rec.

Word congruences associated to tile languages

Given L C T4 — 0 let ~; the relation over words defined by u ~; v
when u and v can be interchanged in triples of L preserving
membership.

Lemma
L is MSO definable if and only if ~ is of finite index.

Question

Can we built a premorphism recognizing L shifting up
P A*Y > Ay ?



Quasi-rec.

The quasi-inverse expansion

Definition

Let S be a monoid with £s and Rs the monoid of left and right
ideals.

Let Q(S) = Ls x S X Rs + 0 with product defined by

(P,x,Q).(L,y, R) = (PN (L)x !, xy,y Q)N Y)

when non empty context and zero otherwise.
One can check that T4 € OQ(A").

Lemma ([Jan12c])
Mapping Q(¢) : Ta — Q(A*/ ~|) defined by

Q) ((u1, u2, u3)) = (S-p(11), p(u2), p(u3).5)

is a premorphism that, under CCC hypothesis, recognizes L.



Quasi-rec.

A Birget-Rhodes expansion

In the category of quasi-inverse monoids and premorphisms:

Lemma ([Jan12b])

Q is a natural transformation such that, for all monoid morphism
@ : M — N, there are surjective premorphisms oy : Q(M) — M
and oy : Q(N) — N with commuting diagram

om) 22 o)
oM oN
MO NO

and Ta C Q(A").



7. Conclusion

Sémantique «algébrique» pour les 2-way automata ?
Langages de tuilages temporisés ?

Théorie algébrique des langages d'arbres ?
Développement en théorie des semigroupes ?

Alternative aux calculs de processus. .. ?

Conclusion
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