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Abstract

A transition matrix [Ui,j] on N is said to be almost upper triangular if U; ; > 0 = j =

1,520
1 — 1, so that the increments of the corresponding Markov chains are at least —1; a transition
matrix [Li,j]
increments of the corresponding Markov chains are at most +1.

320 is said to be almost lower triangular if L, ; > 0 = j <4 + 1, and then, the

In the present paper, we characterize the recurrence, positive recurrence and invariant dis-
tribution for almost triangular transition matrices class. The upper case appears to be the
simplest in many ways, with existence and uniqueness of invariant measures, when in the lower
case, existence, as well as uniqueness, are not guaranteed. We present the time-reversal connec-
tion between upper and lower almost triangular transition matrices, which provides classes of
integrable lower triangular transition matrices.

These results encompass the case of birth and death processes (BDP) that are famous (dis-
crete or continuous time) Markov processes taking their values in N, which are simultaneously
almost upper and almost lower triangular, and whose study has been initiated by Karlin & Mec-
Gregor in the 1950’s. They found invariant measures, criteria for recurrence, null recurrence,
among others; their approach relies on some profound connections they discovered between the
theory of BDP, the spectral properties of their transition matrices, the moment problem, and the
theory of orthogonal polynomials. Our approach is mainly combinatorial and uses elementary

algebraic methods; it is somehow more direct and does not use the same tools.

1 Introduction

Notation and conventions.

The set of non-negative integers is denoted N. For two integers a < b, [a, b] will be the set of integers
{a,a +1,---,b}. The word “interval” will be added when standard real intervals are considered.

A transition matrix over a finite or countable state space S is a matrix [Mi’j]i,j cg indexed by
S, such that the M; ; are non-negative real numbers and sum to one on each row of the matrix.

The set of non-negative measures over S (equipped with the power set sigma field), with total
mass being strictly positive, or infinite, is written M;

A measure m € M is said to be invariant by M if

Z ToMgp =mp, forall beS. (1.1)
a€esS

Often, we will see 7 as a row matrix 7 := [me T € S], and 1) will be written 7M = 7.

We denote by M;’N the set of equivalence classes of positive measures consisting of those which
are equal up to a positive factor. Since the invariance by M is a class property, we will say that a



transition matrix M has a single (resp. several) invariant measure in M;’~, when there is a single
(resp. several) class of invariant measures.

The adjectives “recurrent”, “irreducible”, “aperiodic”, and “positive recurrent” will qualify in-
differently transition matrices and Markov chains.

For any subset F' of S, Mg is the matrix obtained by keeping only the lines and columns of M
indexed by elements of F' (that is Mg = [Mi’j]i,jeF>'

The identity matrix is denoted Id, and this, whatever its size is (which will be however clear
from the context). For example, we will simply write (Id — M)z = Id — Mg, without adding the
precision that in the left-hand side, Id has size the cardinality of S, and in the right-hand size, that
of F.

A transition matrix U = [U; ;] on N is said to be almost upper-triangular (\) if

0<i,j<+00
Ui7j>0=>j2’i—1 (12)

and a transition matrix L = [L; ;] is said to be almost lower-triangular (IN) if

0<i,j<+00

Li7j>0=>jSZ'+1. (13)

Here are some “pictures” explaining the iconographic notation N and D of the main objects:

Uoo Uo1 Uo2 Ugs Uga - Lop Lop O O O

Uo Uir Upg Uz Upy - Lio Lig Lig O 0

U:=| 0 Uy Uzs Uzsz Ugy -], Li=|Lyp Loi Lao Loz O
0 0 Uso Usz Usy - Lso Ls1 Ls2 L3z Lag

This paper aims to provide a first systematic study of Markov chains following a N or a D
transition matrix. Our results will appear to generalize birth and death (BD) processes results.
These latter form the famous model of Markov chains on N having tridiagonal transition matrices,
often represented as

To Do 0 0
@@ opr 0 0
T=|0 qo T2 D2 0o - (1 4)

0 0 g3 73 D3

where ¢; = T; ;1,7 = T, ;,p; = T; ;41. Tridiagonal means that T, ; >0 = |i —j| < 1, and then, this
is the class of transition matrices that are simultaneously N\l and IN: the increments of a chain with
such a transition matrix belong to {—1, +1,0}.

Two very influential papers published in 1956 by Karlin & McGregor [13| [12] showed that the
main characteristics of BD models can be exactly computed, and this is a consequence of some
particular features of the algebra that comes into play.

We review some of the results they obtained here. Consider T a tridiagonal transition matrix
and /£ the maximal [ with the following property: T;;;; and T;.;; are positive for all 0 < i <[ with
1€{0,1,:-+,} U {+00}. If £ is finite, a Markov chain with transition matrix M is irreducible when
restricted to the finite state space [0, ¢]. This case can be studied using the finite Markov chains
tools (even if BDP on compact sets are interesting from the combinatorial point of view on their
own, see Flajolet & Guillemin|[7]). Karlin & McGregor results concern the irreducible case over N



(case £ = 4+00). In this case, they establish the following results: The Markov chain is reversible
(Tg-1Tk-1 = T Tg k1) With respect to the measure

a
Po°**Pa-1 Ti-1
=1 f >1 =—— = = 1.
mo =1, and fora =21, m, e l_[ T (1.5)
Jj=1 5
so that this measure is invariant by T. Moreover, this measure is the unique invariant measure for
T (in M§’~). There exists an invariant probability distribution if and only if

kT 1
>T1 T < +0o, (1.6)

k=1 =1 JJ-1

and then, this is also a necessary and sufficient condition for positive recurrence. A Markov chain
with transition matrix T is recurrent if and only if

k
T
27 - foo. (1.7)

k20 j=1 Tiga

There is also a connection with the theory of orthogonal polynomials (see Section in which
the connection established by Karlin & McGregor is discussed; we refer to Schoutens [21] for more
information on the connections between probability and orthogonal polynomials theories). In their
papers, Karlin & McGregor study mainly the continuous-time version of these Markov processes,
whose behaviour is similar (up to a random time change) to the discrete version preferred here.
The continuous setting is important in their study since differentiation with respect to time of some
quantities is considered at many steps of their study. This is not the case in our approach, and we
prefer to stick with the discrete-time which makes more natural the use of combinatorial tools: we
will discuss the continuous case in Section only.

1.1 Main results and contents of the paper

The nature and behaviour of almost upper or lower triangular chains are different from those of
BDP. The first difference is that if M is \ (or IN) but not tridiagonal, then M is not reversible with
respect to any positive measure m. The reason is that for such an M, there exists a pair of indices
(a,b) such that M, ; > 0 and M, , = 0, which implies that 7,Mg; = m,M; 4 is not possible (when M
is irreducible).

In this paper, we will add the irreducibility hypothesis virtually everywhere: consider the
strongly connected components in the graph with vertex set V = N and directed edge set £ =
{(4,7),M; ; > 0} for M being either Nl or IN. Tt is easy to see that the \ (resp. D) structure imposes
all strongly connected components to be intervals of N, since the only down-steps are —1 (resp.
the only up steps are +1). Hence, there is at most one infinite connected component (which is,
in this case, equivalent, up to change of origin to [0, +00)), and the Markov chain on each finite
component reduces to the study of a Markov chain over a finite state space (we refer to [I8], 19
for more information on Markov chain techniques). Hence, requiring irreducibility in this setting is
natural.

Convention: Unless otherwise stated, all the Markov chains considered will be irreducible on N.

Let us recall a fact concerning finite irreducible Markov chains which is important to have

in mind before starting the description of our results. Let M = [Mavb]OSa b<IN be an irreducible



transition matrix over [0, N] for some finite N. Such a Markov chain is positive recurrent, and,
by the Perron-Frobenius theorem (see for example [16]), M possesses a unique invariant probability
distribution in M, yy which is

pr = det (ld - Mdep(’“)) | ay, for k€[0,N] (1.8)

where:
. for a matrix A, the notation A represents the matrix A deprived of its k-th column and line,
. ay is the only normalising constant making of p a probability distribution.

ep(k)

As a consequence of the matrix tree theorem (see e.g. [25]), or as a consequence of the properties
of the Markov chain tree theorem ([24], Bl 2, [I0, [§]), for any vertex r of G, det (Id - I\/Idep(r)) is
the total weight of the set SpanningTrees®(r) of rooted spanning trees (t,r) of the oriented graph
G = (V,E) where V = [0,N], and E = {(a,b) : M, > 0}. More precisely it states that each
spanning tree (t,r) is an oriented graph (V" E*"), whose edges ¢ = (u,v) € E"" are oriented
towards the root 7 and the weight of this rooted spanning tree is defined as

Weight(t,r) =[] My, (1.9)
e=(u,v)EELT
and the matrix tree theorem in these settings writes as
det (ld _ Mdep(”) - S Weight(t, ). (1.10)

(t,r)eSpanningTrees®(r)

1.2 Content of the paper

Section collects the main results concerning \l transition matrices.

In Theorem we establish that each irreducible \ transition matrix U has a single invariant
measure (m,,a = 0) in M;\T where mg > 0 and

det(ld - U[O,a—l])
a )
[T521 V)1
which provides a characterization for positive recurrence () , 7, < +00). A necessary and sufficient

det(ld-Uppp13) _ o
dot(ld—Up o)) 1. This is done thanks

to some explicit formulas for the distribution of the hitting time 75(Y") of a set S by a Markov chain
(Y;,i = 0) with transition matrix U (Theorem and Proposition , notably, it is established

det(Td=Ura p-11)

that P(7(01(Y) < Tp+00)(Y) | Yo = 1) = Ul»Udet(m——M'
In Remark we will abandon locally the irreducibility assumption to treat the case where
absorption at 0 occurs with a positive probability at each passage, and we compute the probability

of eventual absorption.

Mg = T azl,

condition for recurrence is given in Theorem limy,_,00 U1 9

For each n = 0, the projection transition matrix U™ is defined by restricting U to [0,n] (up
to some boundary details, see ([2.11))). Since U™ is a finite state space transition matrix, when

irreducible, it possesses a unique invariant distribution p(n). In Theorem the convergence of
p(n) (after normalisation if necessary) to the unique invariant measure 7 of U in Mf\r is established.
Last, in Proposition it is established that some irreducible \l transition matrices U have
several non-proportional right eigenvectors associated with the eigenvalue 1; the subspace generated
by the eigenvectors with positive coordinates may have any finite dimension, and even, can be

infinite-dimensional.



Section collects the main results concerning DN transition matrices.

First of all, the class of I\ transition matrices appears to be more complex to study than \l transition
matrices. Probably, the simplest explanation is the role played more or less directly by the invariant
measures 7 in the study of a I transition matrix L. In the DN case, an invariant measure is a solution
of Ty = Y ppsact mplpq, so that it relates m,_; with an infinite number of m, with larger indices,
while in the Nl case, m, = ) 1.0 041 mpUp, o allows expressing 7,41 with the m, with smaller indices: a
triangular system, easy to solve, with a unique solution.

Hence, in the DN case, neither uniqueness nor existence of invariant measures is guaranteed
(Theorem , and the cone of invariant measures in the DN case can have any dimension, ranging
from 0 to +00. In Theorem we give a characterization of DN transition matrices L that are

P,
recurrent (the condition is limy_, ;e (hlt_([f(j’_l—l_é’]l:]) = 0). This is done also by the study of the

distribution of the hitting times 7(;3(Y") of a Markov chain with transition matrix L. The case
where absorption at 0 occurs with a certain probability is discussed in Remark [2.18 and the
probability of absorption is computed. In Theorem [2.19] it is shown that the invariant distribution
of a DN transition matrix L on the finite set [0, s], is proportional to (7,,a € [0,s]) where 7, =

Ny det (Id - L[a+1,s]) ]_[?:1 Li—1,4. This result allows stating Proposition and Proposition m

which provide some conditions for the convergence of the (rescaled) invariant distribution n(m) of

the projected transition matrix L™ to an invariant measure n of L.

Connections between DN and N transition matrices

The time-reversal of a trajectory with jumps bounded from above by 1, is a trajectory with jumps
bounded from below by —1... so it is tempting to guess that the time-reversal of a N\l Markov chain
is a N Markov chain, and vice-versa (under their stationary regime). It turns out that the complete
picture is more complex than that because N transition matrices have a single invariant measure,
when the existence and uniqueness of invariant measures is not guaranteed in the DN case. Hence:
— time-reversal of \] transition matrices are IN transition matrices,

— time-reversal to DN transition matrices, may exist or not, and in the case where L possesses several
invariant measures, several time-reversals of L can be defined, all being \ transition matrices (see
Theorems and. Recurrence and positive recurrence of any associated time-reversal transition
matrices are shown to be equivalent to those of L.

The spectral properties of Nl and DN matrices are quite rich, and they are scattered in vari-
ous theorems (already cited above): Theorem states that each complex number is a simple
left-eigenvalue of all infinite \] transition matrices, and also simple right-eigenvalues of infinite I\
transition matrices: eigenvectors are totally explicit. For \J and DM transition matrices U and L that
are time-reversal of each other, for each A, there is an explicit linear map which sends the right
eigenspace of U associated with the eigenvalue A (the set {v : Uv = Av} possibly reduced to {0}),
to the left eigenspace of L.

Sub-stochastic almost triangular matrices have some comparable properties to stochastic almost
triangular matrices in terms of spectral properties (Proposition and Proposition .

Since DN transition matrices are in general more difficult to study than N transition matrices,
finding the time-reversal U of a transition matrix L provides at once an important tool to study the
behaviour of L-Markov chains. We then provide some results allowing one to better understand the
algebraic relation between pairs (L, U), time-reversal of each other with respect to some measures

(Proposition nd Remark [3.6).
3.3

In Section we will make a slight change in the representation of N transition matrices L



using the so-called descent kernel

Lb,a Uy Db,aa for b = a,
Lb,b+1 = 1 -y, b=0.

Hence, vy, is the probability to “go down” from level b, and Dy, is the probability to descent from
b to a, when the “go down” direction is chosen. This representation, of course, equivalent to the
initial representation of IN transition matrices, provides some different formulas for the researched
time-reversal transition matrix U (which involves D too, see Proposition .

In Section[3.3.2] we will change a bit of perspective — fix D but let (v;,i = 0) be freely chosen: this
will provide a way to construct many integrable DN transition matrices L (Theorem , meaning
that the invariant measure associated to these L can be expressed in the form of a closed formula.
This point of view is reminiscent of “catastrophe transition matrices” in which the descent transition
matrix is the important feature of the model. This allows us to revisit some known results of the
literature (see Section [3.3.3)).

In Section 4.1 we show that our results are equivalent to the results of Karlin & McGregor in
the tridiagonal case (our formulas use determinants when it is not the case for those of Karlin &
McGregor so that proofs are needed).

In Section we provide a family of integrable DN transition matrices: in words, when the
columns of L are almost proportional (see Definition , then the system which allows computing
the invariant distribution is triangular (in some sense), and then can be solved.

In Section another family of integrable models is given: these are some models of DN and \J
that can be expressed in terms of birth-death processes decomposed between some stopping times.

In Section[4.4] a fourth list of integrable models, called the repair shop Markov chain, is revisited,
and treated with our main theorems (criteria of recurrence and positive recurrence are found using
new methods).

Section 5.1]is devoted to continuous-time counterparts of our models of I and N\l Markov chains.

Finally, since many proofs we give use combinatorial facts (notably matrix tree theorem and
heap of pieces techniques), Section recalls these tools.

1.3 Tools for the proofs of the main theorems
About the determinants of almost triangular matrices

Lemma 1.1. Let A = [Ai,j] be a finite \ matriz (transition matriz or not, with complex

0=<i,j<N
coefficients). Denote by SN the set of increasing integer valued sequences s = (sg,-**,S) with

1<k<N,sy=-1ands,=N. For such a sequence denote by £(s) = k its final index. We have
N J
det(A) = Z Ao, (ﬂ(‘Ai,i—1)> det(Apj+1,n7)- (1.11)
§=0 i=1
As a consequence,

£(s)
det(A) = Z l_[Asj_lﬂ,sj l_[ (=Aj415) (1.12)

seSN \j=1 j€[0,N-1]\s

where [0, N — 1]\ s is the set obtained by removing the elements of s from the set [0, N].



Remark 1.2. If A is a finite N matriz, then it is immediate by transposition that

£(s)

det(A) = Z (1—[ Asj,sj_1+1) 1_[ (—Aj 1)
sesN \j=1 J€[0,N-1]\s

Proof. Expand the determinant along the first line: det(A) = ijzo(—l)jAo7j det(Adep(O’j)) where

the matrix A%P%7) is obtained by removing line 0 and column j of A. Now, the conclusion follows

from the fact that in the matrix H := A%

the diagonal, i.e. (Hyp > 0,b < j) = a = b. Hence when one expands the determinant, to get

9) the 7 first columns have non-zero entries only above

a non-zero result, the diagonal entries of the first j columns must be selected, and then they are
multiplied by det(Af;+1,57), this concludes (1.11]). Formula (L.12) is proved by recursively applying
(L.11)) on j for det(Ag; n7)- O

1.3.1 The matrix tree theorem and related facts

Let (G, W) be a weighted oriented graph, where G := (V, E) is a graph, V is the set of nodes and
E c V7 is the set of edges. As usual, the (oriented) edge e = (u,v) is oriented toward v, and its
weight is W, ,,. The matrix tree theorem asserts that

l_[ W, = det (Laplacian(W)deP(T)),

(t,r)€SpanningTrees® (1) ee E*

where each edge of the tree (t,r) is oriented toward the root r, and where LapIacian(W)dep(r) is the
Laplacian matrix of W, in which the rth line and column have been removed. When W, ,, = M,
for a transition matrix M, Laplacian(M) = (Id — M) (this is equivalent to (1.10))).

— 0.2
0.5
0.2
0.5 0.8 05 —-02 0 0 0o -
T o _8'2 (1)3 003 _8'8 8
04 Laplacian(M) = e : 0
0.7 1

w
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0 -04 -03 -0.3
-06 0 0 0 —-04

0.3 0.5
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0.4 0.3

Figure 1: Example for the Matrix tree theorem. Here matrices rows and columns are indexed from
1 to 6 as the vertices of the graph. To the left we give the description of a Markov transition
matrix as the weights of the (oriented) edges and to the right the Laplacian matrix associated to
this Markov chain. In gray the column and row suppressed to compute the total weight of spanning
trees rooted at vertex 1, which is equal to det (Laplacian(M)dep(l)) =0.171.

Definition 1.3. Let Roots C V' be a set of roots, and Nodes C V' a set of nodes (“of other nodes”,
we should say). We denote by Forests(Nodes, Roots) the set of forests, a forest being a sequence of
rooted trees {(t1,71), -, (t, 7))}, satisfying the following constraints:



— at least one tree (k = 1), and each tree is not reduced to its root,

— the set of nodes V(t;) of the t; are disjoint, and all of them are included in Nodes U Roots,
— each element of Nodes belongs to (exactly) a single tree,

— the set of roots {rq,-++, 71} is a subset of Roots (the r; are distinct),

— each tree t; has r; as the unique vertex belonging to Roots.

Figure 2: Representation of forests as in Definition where Nodes = [0, 7] and Roots = [8, +00).
The figure illustrates a forest with three trees (not reduced to their root); their sets of vertices are:
{0,1,2,4,8},{3,5,6,22} and {7,11}.

For any forest f = {(tl7rl)7 R (tkvrk)}7 set

k
Weightyy, (f) = l_[Weight(ti,ri),
i=1

where Weight(t;, ;) is as in ((1.9)) with W in place of M (the edges of each tree are oriented toward
their root).

Proposition 1.4. Consider the graph G = (N, {(¢, j) : U; ; > 0}), weighted by the transition matriz
U, that is W = U. We have

Weighty (F) = det((ld — U)o.ao11)- (1.13)
FeForest([0,z—1],[z,+00))

Proof. This can be viewed as a consequence of the matrix tree theorem in which the set Roots is
identified with one node. O

1.3.2 Heap of cycles

We recall some aspects of the theory of heaps of pieces [23] [14], and more specifically heap of cycles,
which will be a useful tool to prove some of our results.
Consider M a transition matrix on a finite or infinite countable graph G = (V, E'), meaning that
M= (Myy,u,v €V), My, >0= {u,v} € E, and as usual, for allu € V, ) , My, = 1.
Attribute to each (oriented) path w = (wp, **+,w}y|) on G, the weight

|w]

Weight(w) = 1_[ Mu;_w; -
j=1

A path w is a cycle if wj,,| = wy and if moreover, for all 0 < i < j < |w|, w; # w; then, it is called a
simple cycle. We extend the map Weight to collections of paths C := (w(1),+--,w(|C|)) in which



case we set

IC]

Weight(C') = [ | Weight(w(i)). (1.14)
j=1

Path decomposition.

A standard result from combinatorics which has proved its importance notably in the study of
loop-erased random walks (see e.g. Tyler [0, Appendix A], Lawler [15], Wilson [24], Marchal [17]),
is that

Lemma 1.5. There exists a weight-preserving bijective map that sends the set of paths on G starting
at some point v onto the set of pairs (saw, hc) where saw is a self-avoiding walk on G starting at v,

and hc is a heap of cycles with mazximal pieces incident to saw.

(The notion of maximal pieces is recalled below). See e.g. Prop. 6.3. in Viennot [23] for
additional details (and proof). A self-avoiding path is a path w such that w; = w; = i = j. A
heap of cycles, is a particular instance of the concept of heap of pieces, an important combinatorial
concept. We refer to Viennot [23], Krattenthaler [I4], Cartier & Foata [6], Zeilberger [25], to Tyler
[9, Appendix A] for details, and just recall some aspects below.

A heap of pieces is, informally, a collection of pieces, that are placed on a discrete space (E X N,
where F is a set of elements, and N is the height space). The definition uses a reflexive and
symmetric relation R on the set of pieces . Some pieces are said to be in relation, which implies
that they cannot be placed at the same height (if pRp', then (p,i) and (p',i) cannot belong to the
same heap); moreover, a piece p at height ¢ with ¢ = 1 must be supported by a piece p at height
i—1, which is related to it (that is, if (p,i) is in a heap H and i = 1, then H must contain (p’,i—1)
with p'Rp).

There are several ways to define formally the notion of heap of pieces:
— as an element of a partially commutative monoid: if this point of view is adopted, a heap of pieces
is a word wq .. .w,,, where the letters w; belong to F, and in which pairs of non-related letters with
respect to R commute (Cartier & Foata [6]),
— more geometrically (Viennot [23]), in which heaps of pieces H are viewed as finite sets of pairs
{(p,i) : p € E,i € N}, such that

1. If (p, 1), (p', j) € H and pRp', then ¢ # j (pieces in relation cannot be put at the same height).

2. If (p,i) € H and i > 0, then there exists (p',i — 1) € H with pRp (cach piece must be
supported).

These points of view are equivalent (Viennot [23], Krattenthaler [14]); each heap of pieces H
can also be viewed as a poset (H, <), where:
— in the geometric point of view, (p,i) < (p, ) if i < j and pRp' (and < is the transitive closure of
this relation),
— in the Cartier-Foata point of view, for two letters a and b in a word, a < b if aRb and «a is at the
left of b, (and < is the transitive closure of this relation).

A pair (p,i) in H is said to be maximal in H, if H does not contain any pair (p, j) such that
pRpandj=i (there are no pieces in relation, above it).

Each heap, as a poset, possesses some maximal pair. We say that a piece p is maximal if the
pair (p,7) is maximal for some height 1.



A trivial heap of pieces is a heap in which all pieces are at level 0, which means that the pieces
it contains are not in relation. If one uses the partially commutative monoid point of view, a trivial
heap of pieces is a heap (a word) in which all the pieces (the letters) commute.

Proposition 1.6. [Prop.5.3 [23]] Let M be a subset of the pieces B. Let W be a multiplicative
weight function on heaps, such that for all heap H its weight W (H) is the product of the elementary
weights W (p) of the pairs (p,i) it contains (the weight of a piece is independent of “its place or
height” in the heap). Then, the total weight of the heap of pieces having their maximal pieces
included in M is given by

yoowu=( Y "wo)) (Y nwm)

H heaps in (B,R) T trivial T trivial
mazimal piecesCM heap in (B,R) heap in (B\M,R)

Viennot [23, Proposition 5.3] gave this result at the level of combinatorial objects; here, we
preferred a projected version, in terms of their weights (which is what we need). (See also Theorem
4.1 [14], Tyler [9, Appendix A]).

In a heap of cycles, the pieces are oriented cycles on a given graph G, and two cycles are in
relation if they share a vertex. The weight of a heap of cycles, according to a transition matrix M,
is identified with the weight of the collection of cycles it contains. A heap of cycles is then trivial
when all the cycles it contains are non-intersecting. Denote by Ag the alternating weight of trivial
heaps of cycles

IC|

C . .

Ag = > (=11 [ weight(C (5)),
C=(C(1),---,C(|C|)€Trivial heap of cycles on G =1

where W(C(5)) is as in (1.14]). A simple expansion of the determinant using the cycles present on
a permutation allows us to get

A =det (Id = M) =0 (1.15)

and the reason for that is that M has 1 as an eigenvalue; hence the set of heaps of cycles on G has
total weight +00. What is of greater interest is the value of Ag\g, the alternating weight of trivial
heaps of cycles avoiding some set of vertices S, which is

AG\S = det (ld - Mg\s) y (1.16)
as well as its inverse corresponding to the total weight of heaps of cycles on G\ S:

Weight(H) = det (Id = Mys) . (1.17)
HeHeap of Cycles on G\S

2 Main theorems in the almost triangular cases

2.1 Almost upper triangular cases

In the \l irreducible case, there exists a unique invariant measure:

10



Theorem 2.1. IfU is an irreducible \ transition matriz, then U admits a unique positive invariant

measure (mg,a = 0) € M;{I’N, which is defined (up to a constant factor my > 0) by
det(ld - U[07a_1])
a 9
[T521 V)1
The transition matriz U is positive recurrent if and only if

det Oa—l]) .
Z n] 1 < 0. (21)

Jnj—1

a=1.

Tq += T

Remark 2.2. (i) The measure 7 is a positive measure on N, this is a consequence of Proposi-
tion and can be seen using too, even if the matriz Ufg 4—1] is not a transition matriz

deprived of a line and a column (but it can be obtained as such).

(ii) We have mq = )\ 01 mpUpq S0 that there is a second algorithmic method to compute directly

(g, a = 0): fix freely a value o > 0, and then for a = 1 use the following recursion:

Ta+l = (7Ta - Z 7Tbub,a)/Ua+1,a,a (22)

b<a
which provides immediately the uniqueness of the invariant measure. The equivalence of this
formula with Theorem is not obvious, and it is even not obvious that produces a

positive sequence (mq,a = 0).

(iii) The theorem applies in the tridiagonal case even if the formula seems different from Karlin €
McGregor’s formula (see Sectionfor a complete explanation).

The next proposition gives a property of the right eigenspace of a N-transition matrix, associated
with the eigenvalue 1. Remark announces a maybe unexpected link with the recurrence of this
chain.

Proposition 2.3. There exist some Nl irreducible transition matrices U with several positive, non-
proportional right eigenvectors associated with the eigenvalue 1: there exist cases for which the cone
generated by the right eigenvectors with positive coordinates is infinite-dimensional, and cases for

which it is finite-dimensional, all dimensions = 1 being possible.

Of course, the vector R = [1 1]t is a right eigenvector of U associated with the eigenvalue
1.

Remark 2.4. We will see in Theorem that a N\ matriz U having various linearly independent

positive right eigenvectors (associated with the eigenvalue 1) is transient.

Remark 2.5. The right eigenspace associated with the eigenvalue 1 is a vector space; here we
are interested in the cone generated by the vectors with positive coordinates (the cone being the set
of linear combinations with non-negative coefficients of these vectors). The cone of eigenvectors
with positive coordinates is a convex set, but not a vector space (except when it is reduced to {0}).

However, we can still define the dimension of a cone, as the dimension of the vector space it
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generates. A basis of this vector space (which can be taken in the cone itself) characterizes the
cone of vectors with positive coordinates (these are the linear combination of these vectors with all

positive coordinates).

By the way, the existence of right eigenvectors for U has a martingale interpretation:

Remark 2.6. We claim the following: if (X, k = 0) is a Markov chain with irreducible tran-
sition matriz M, and let F = (F,,n=0) = (c(X;,i < n),n = 0) be the filtration generated
by the X;’s. Consider a function R : N — [0,+00) (which we want to view also as a vector
R = [RO, Ry, R, :It) The process (Rx, ,k = 0) is F-martingale iff R is a right eigenvector
of M associated with the eigenvalue 1.

The proof of the claim is simple: Since (X, k = 0) is a Markov chain, (Rx,,k = 0) is a
martingale iff E(Rx,,,|Fr) = E(Rx,,,|Xk) = Rx,. Since (Xy,k = 0) is time-homogeneous and
discrete, observe that (Rx,,k = 0) is a martingale iff, for alli = 0, E(Rz,|Zy = i) = R;, which is
jzie1 M; ;R; = R; as claimed.

When the state space of the Markov chain is finite, since 1 is a simple eigenvalue, only R =

equivalent to Yy

[1,--, 1]t is a right eigenvector (up to a multiplicative constant), so that, no “interesting martingale”
of the type (Rx, , k = 0) can be defined. Proposition states that in the case of infinite \ transition
matrices, the situation may be different, and the class of martingales of this type may be huge.

The next lemma provides a direct algebraic argument leading to the form of the invariant
measures as stated in Theorem [2.1]

Lemma 2.7. For any finite or infinite \ matriz U, any y € {0, -++, s}, where the column are indexed

from 0 to s < +00, we have

Y
det(Id = Upo,y1) = det(ld = Uggy-17) (1 = Uyy) = > det(ld = Upgom1)) Usy [ | Ujyr, (23)
r<y—1 j=z+1

with the convention det(ld — Upo _17) = 1.

Proof. This is an application of Lemma to the \J matrix A = Id — Ulo,y], more exactly to the
matrix obtained from Id — Upg ] by the symmetry with respect to the second diagonal. O

Proof of Theorem [2.1. In the proof, we write D, instead of det(ld — Uro,21). Consider the formula
for m provided in Theorem let us establish that ), 7zUgy = my so that 7 is indeed invariant by

U. Since U is NI (with lines and columns indexed from 0 to s), ), m, U, , = m, is equivalent to

min{s,y+1}
D,_ D,_
L S— - (2.4)

T x,y ) :
S TV =1 Ujj-1
— Assume first that y < s (so that min{s,y + 1} = y + 1), and multiply both sides of (2.4 by
n]y=1 Uj j—1 allows seeing that 1’ is equivalent to

y-1 y
Z Dm_lU%y 1_[ Uj,j—l + Dy_luyy + Dy = Dy—l- (25)
z=0 J

=r+1

12



which is ([2.3)), so that it holds, and we have indeed ), m,U, , = 7.
— Assume that y = s (and then, s is finite). Now, min{s,y + 1} = s, and the multiplication of (2.4)
by Hj=1 Uj,j—l giVQS,

s—1 s
ZDa:—luac,s l_[ Uj,j—1+Ds—1U5,s = Ds . (26)

=0 Jj=x+1

and this holds too by ([2.3)): to see this, we need to additionally observe that D, = 0 (because 1 is
an eigenvalue of U).

The invariant measure defines a probability measure and is therefore positive recurrent if and
only if ZSZO m; < 00 which gives || O
A second proof of Theorem [2.] will be given in Section [2.3.1]

Theorem 2.8. For a Markov chain'Y = (Y;,i = 0) with \ irreducible transition matriz U, denote
by
79(Y) =inf{j >0:Y; € S}

the hitting time of the set S by Y. Set, for any pairs of integers (x,b) such that 0 < x < b,

up(2) = P(703(Y) < Tp100) (V) | Yo = ).

We have
det(ld = Upzy1p-17) ﬁ U. .
det(ld = Uy p-17) g1

J=1

up(w) = (2.7)

so that U is recurrent if and only if

) ) det(ld = Up2p-11)
pim (1) = lim Uy det(ld = Upip1)) L (28)

In Section[d.I]we will see that in the tridiagonal case, this criterion reduces to Karlin & McGregor

criterion (|1.7]).

Proof. The formulas of u,(z) and u,(1) are direct consequences of Lemmall.5|and of Proposition|[L.6]
((L.16]) and (1.17)) explaining the appearance of determinants), because, a path from z to 0 which
stays in [0,b — 1], and which hits 0 for the first time by its last step, can be decomposed as a

self-avoiding path going from z to 0 (its weight is H;'C:l U; j—1) and a heap of cycles on the vertex

. . . .. . . . det(ld=Urz41.5— .
set [1,b — 1] with maximal pieces incident to [1,x], whose weight is given by W; this
gives (2.7)) at once. 7
Recurrence is equivalent to u,(1) = 1 when b — +00, since U is irreducible. O

Proposition 2.9. For z € (a,b), set Wy sp(7;2) = IE[zT{“}(Y)1T{a}(y)<qby+w)(y) | Yy = x] the (de-
fective) generating function of the hitting time of a under the event that a is reached before b. We

have

det(ld - ZU[I+1 b—l]) L
Uasp(;2) = ’ U:iq). 2.9
taz(T2) = G ) [ ] U0 29

Jj=a+l

13



In particular when U is recurrent W p(z; 2) com)erge to w(x;z) = E[ZT(O}(Y) | Yy = x] as b —

+00; otherwise it converges to
P SR 0y (Y) _
u(xz;2z) =E [z 17, (Y)<+00 | Y, = a:] : (2.10)

Proof. The proof of the first statement is the same as that of Theorem in which the weight U, ;
of a step is replaced by U; jz. Second statement: in case of recurrence, P(770)(Y") < 74, (Y") Yo =
x) = 1 when b —» +00. The statement, which is then equivalent to the convergence in distribution

of 70} (Y") conditioning on the event {7{0}(Y") < 74;(Y")} follows. O

We define now the transition matrix U(n)

U on [0,n]:

, which we will call the “projected” transition matrix

{Uﬁn) = Ui, for i€[0,n]je[0,n-1] (2.11)

z’-]
(n)
Ui,n = ZjZn Ui,j'
It will often be used in the sequel (as well as L™ defined in )

Remark 2.10. Let Ua,zb(ﬂf;Z) = E[qu’m)(y)IT{G}(Y)NTb’m)(y) | Yo = Jr] be the (defective) gener-
ating function of the hitting time of [b, +00) under the event that [b, +00) is reached before a. We

have

TZa,zb(ﬂﬁ Z) = ((Id - ZU[a+1,b—1])_1 [Iie[a+1,b—1]z Zkzzb Ui,k])x’l (2'12)

where Ulq41,5-1] 18 the matriz obtained by preserving the entries of U whose columns and rows are
indexed by [a + 1,b — 1], and replacing the others by 0, and [Iie[a+1,b—1]z Y ksb Ui,k] the column
vectors in which non-zero lines correspond to the i in [a+1,b—1]: the entry 1ie[q+1,-1] Zkzb Ui i
measures the probability to jump at the right of b from i. The matrices in play are infinite, but
representations with finite matrices also exist (for example, keeping the b+ 1 first lines and columns
of the involved matrices suffice).

To prove this formula, just observe that when M is a transition matriz of a finite state space (with
size s 2 b), the coefficient (Id — zU[a+1,b_1]);j1» gives the total mass of paths starting at i, ending at
J, and whose set of vertices is included in [a +1,b—1] (a step (k,£) being weighted zMj, ¢).

Remark 2.11. Some authors consider the case where Zkzo Uor < 1, so that, a part of the mass
disappears at each passage at 0: if one adds an additional absorbing state t to the state space, and
set Ugy = 1 — Y ks0 Yok and Ui+ = 1, then the absorbed mass at | for a U-Markov chain starting
from x is

Ai(x) = P(1(4)(X) < +00 | Xo=1)

and the corresponding (defective) hitting time generating function is

T (X
at(z;2) = E(z 3 )ITm(X)<+oo | Xo =x).

't converges in the sense that, for all k, the coefficient of z* in %o (; 2) converges to that of w(x;2) as b — +oo.

. . «— . . . «—
Seen as a power series in z, ug(x;z) converges uniformly on each compact included in [0, 1) to u(zx; 2).
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Recall . We have Ai(x) = at(x;1) and
2Ug 1w (z; 2)
2Uo0 + Xy 200y % (y; Z))

ai(z; 2) = (U(x;z)zUo,T Z (ZU070 + Z ZUO’yU(y;z))k = h
k=0 y=1 - (

where @ is defined in Proposition . To show this formula, a simple decomposition is sufficient.
FEach path going to 1 can be decomposed as:

— a trajectory that goes to 0 (whose weight is taken into account by ‘w(x;2)),

— a sequence of k cycles from 0 to 0 (each of them contributes (zUq ¢ + Z;’;l zUO,ny(y, 2))),

— and then a step leading to 1 from 0.

2)

Definition 2.12. Let 77,7r(1), 7t ,*++, be a sequence of measures on N. The sequence (77(”)) s said

to converge weakly to m if for all k = 0, lim,, 7T](€n) = .

When these measures are probability measures on N, this is the classical convergence in distri-
bution.

Theorem 2.13. Let U be a \l transition matriz, irreducible on N, and U™ be the projected transi-
tion matriz defined in . Denote by p(n) the unique invariant probability distribution of ut,

(i) The transition matriz U admits = € Mg; as an invariant measure, if and only if there exists
(n)

a sequence (c,,n = 0) such that c,p*’' — 7 weakly.

(ii) U is positive recurrent with invariant probability distribution p iff p(n) — p weakly.

Proof. Since U; ; = UEZ) for ¢ < n, the equilibrium equations

Ty, = Z ﬂ-aUa,ba

asb+1
o = S AUl = N WP,
a<b+1 a<b+1

are the same for b < n — 1. These systems can be rewritten to express w1 (respectively pl(fr)l) in

terms of 7; with smaller indices j, as follows:

The1 = (Wb_ZTraUa,b)/Ub+1,ba (2.13)
as<b

= Pz(,n)—ZPgn)Ua,b)/Ubﬂ,b (2.14)
as<b

for b < n — 1. Fixing a value for 7y allows deducing the proportionality

(r,0sisn—1)=Co(p”,0=i<n—1) (2.15)

i
) is the probability distribution which is invariant by ut™ , it

is normalised to have sum 1, so that one can not take p(()n) = 1). The uncontrolled weight p

for a constant C,, > 0 (recall that p
(n)
n 1S

not a detail at all, since it is directly related to C,,. If C,, goes to +00, for example, it means that

the mass p(n) vanishes when n — 400, but this does not prevent Cnp(-n)

i ; ~ to converge.
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Proof of (i). Assume that « is invariant by U, by , Cnp(n) — 7 weakly. Conversely, assume
that C’np(”) — 7. Still by and 1' 7 is invariant by U.
Proof of (i¢). First, if p(n) — p weakly, then, since p is assumed to be a probability distribution, by
(i) p is invariant by U, and since p is summable and U irreducible, then U is positive recurrent.
Conversely, assume that p is invariant by U, and U positive recurrent. Assume that X =
(X;,7 = 0) is a U-Markov chain, and denote by (Ti(n) ,i = 0) the sequence of all times ¢ such that
X < n (taking in their initial order). It is easy to check that (XTZgn>,i 20)is a U™ _Markov chain
(because the decreasing steps are —1). Since U is positive recurrent, the ergodic theorem applies, and
[{i: Xi=w,i€[0,m—1]}/m — p, as m — 0o (a.s.). The ergodic theorem applies also to (X )

(which is a Markov chain on a finite state space), that [{7 : Xl-(n) =x,i € [0,m—1]}/m — p&”)

for x < n, and by restriction of X, p;n) is the time proportion of the chain X at z divided by the

time passed under level n , so that pgj‘) = pu/ (Y y<n py)- Since } . p, = 1 asn — +00, we have

lim,, chn) = Pz- 0

2.2 Almost lower triangular cases
In the DN case, neither uniqueness nor existence of invariant measures is guaranteed:
Theorem 2.14. Let L be an irreducible N transition matriz.

(i) L has a unique right eigenvector associated with the eigenvalue 1 (up to a multiplicative con-

stant), and this is the vector whose entries are all equal to one.

.. ) . . . . +,~
(ii) The three following cases arise: (a) L has no invariant measure in My, (b) L has a unique
. : . +~ . . . +~
invariant measure in My, (¢) L has several invariant measures in My~ (the cone generated

by these measures can have any dimension in {1,2,3,+-} U {+00}).

Proof. (i) Write the system LR = R under the triangular form

Riy1 = (R; - Z LijR;)/Liy1, fori 20,

jijsi

so that the choice of Ry = 1 fixes all the other entries to 1.
(i7)(b) All tridiagonal irreducible transition matrices have a unique invariant measure in Mg{w since
they are \, and then Theorem applies.
(i7)(a) In some lecture notes on Markov chains, as an example of Markov chain on N with no
invariant distribution, a transition matrix of type DN is often given (see e.g. [18, Example 1.7.11]).
For the sake of completeness, we provide a similar example here. Take Lo; = a9 = 1, and for
i 21, Lij41 = a;, Lip = 1—a;. Notice that if a; € (0,1) for all ¢ = 0, then L is irreducible. An
invariant measure 7 would satisfy for i > 0, m; = m;_1L;_1 4, so that m; = m n;;é a; and therefore

-1 . : . :
T0 = ) o1 TeLko = M0 Y g (1 — ag) ]_[f:o a;. From this we see that: L has an invariant measure if

1 _ j(+2)
TG T ()2 d

and only if ) (1 — ay) n;tol a;j = 1. Consider ag = 1, and for j 2 1, a; = 1
then, since it is a telescopic product
k-1

k-1 ..
1—[ B B j(G+2) 1 E+1
Z(l = ) j=1 i Z(l %) j=1 (j+1)2 - Z (k+1)% 2k =1/2.

k=1 k=1 k>1
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(i1)(c) We give the proof here even if it depends on a result which is stated in the sequel. This
statement is a consequence of Proposition and of Theorem [3.1| (v) (whose proofs do not depend
on the present theorem). In words Theorem (3.1} . (v) states: time reversals of a \-Markov chain U is
a D Markov chain with a kernel L, and one can define a linear bijection between the cone generated
by the right eigenspace of U (with positive coordinates, and associated with the eigenvalue 1), to
the set of invariant measures for L. The conclusion follows from Proposition [2.3] where we state
that there exist matrices \l U with a right cone (associated with the eigenvalue 1) of any possible

dimension = 1. ]

Theorem 2.15. Let L be a DN irreducible transition matriz and (Y;,i = 0) a L-Markov chain. Set
vp(x) = P10y (Y) > 7y (Y) | Yo =), forO<z<b.

We have

det(ld lz 1]
L 2.16
vb(x) dt(|d—L1b 1)1_[ 7,J+1s ( )

and then, the transition matriz L is recurrent if and only if

[155 Lign
1 1 ’ o, 2.1
im up(1) = _,+°o det(ld — Ly p-11) ’ o

Remark 2.16. (i) Observe that vy(z) is not defined as uy(x) (of Theorem[2.8), but rather, cor-

responds to 1 — uy(x). Note that since Y has its jumps bounded by +1, it hits [b,+00) at b
(starting from x). See Remark[3.7 for a subtle point.

(it) By the forthcoming Proposz'tz'on Condition n Theorem s equivalent to
det(ld — L[O,b—l])

Lo,1 det(ld — Ly 5-17)

Proof of Theorem [2.15 The proof is similar to that of Theorem Recurrence is equivalent to

v1(b) = 0 when b — +00. The number v,(x) is the weight of the set of paths that starts at z, ends

at b reached for the first time at the end of the path, and does not touch O Each of these paths

can be decomposed as a self-avoiding path from z to b (whose weight is ]_[ L;j+1), and a heap of

- 0. (2.18)

cycles on [1,b — 1] whose maximal pieces are incident to [x,b — 1]; the total weight of these heap
of cycles is the quotient in ([2.16]). O

An analogue of Proposition 2.9
Proposition 2.17. For z € (a,b), set Veop(x;2) = IE[zm’}(y)Iqo’a](y)w{b)(y) | Yo :x] and
Ty (Y
Veap(m;2) = E[z (a)( )17—[0!&](}/)<T{b}(y) | Yy = x:l We have

N det (ld ZL[a+1 r— 1]
U <gp(T; 2 zL
«(B2) = e H( jie1)

>[04 = stgaens)” [legarronztio]],,

IA
8
>
~
B
N
—
1l

where [lie[aﬂ’b_l]zLi’j] s a column vector, whose lines are indexed by i.
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The proof is a simple adaptation of that of Proposition [2.9

Remark 2.18. Absorption at 0: consider a DN transition matriz L, for which Zkzo Lox < 1, and
add again an additional absorbing state T to the state space, and set Loy = 1 — Y kso Lok and
Li+ = 1. The absorbed mass at 1 starting from x is Bi(x) = P(11y(Y) < +o00 | Y = z) for L-
Markov chain Y, and the corresponding (defective) hitting time generating function is bi(x;2) =
]E(ZT{T}(Y)17—<T}(y)<+OO | Yo = ). Recall (2.10). We have Bi(x) = bi(x;1) and

zLo+ 0 (25 2)
1- (ZLo,o + 3 o1 2Loy U (y; Z))

bi(x; 2) =

where 0 (x;2) = limp_ 400 ﬁso’b(m; z).

An invariant measure 7 satisfies 7, = ) asb—1 Nalap so that

mp(1 = Lyp) — Zazb+1 Nala,b
Lo—15 '

N1 = (2.19)

The fact that n,_ is expressed using the 7, with larger indices a brings a very important difficulty
here: formula can be used to check that a sequence (n;,k = 0) is indeed invariant, but, it
seems unsuitable to compute an invariant distribution; and once again, such a solution does not
exist in all generality.

Theorem 2.19. Let L be an irreducible DN transition matriz with finite size (indexed by [0,s] X
[0,s]). For any ng > 0, set for a € [0, s],

a

Na = o det (I1d = Lig+1,6]) 1_[ Lio1- (2.20)
i=1
The measure (n,,a € [0,s]) is invariant by L (and by Perron-Frobenius, there is a single class of

invariant measures).

Proof. This is a consequence of and of Proposition Indeed, observe the geometry of the
graph with vertex set [0, s] and edge set {(7,j) : L;; > 0}. Take any spanning tree rooted at a:
The vertices in [0,a — 1] can be connected to a only using the edges 0 = 1+ -+- = a (so that the
observed tree contains this branch), and the rest of the edges of the tree, forms a forest whose root

set is contained in [0, a] having set of nodes [a + 1, s]. O

Given this theorem, it is tempting to think that when L is indexed by N, and say, irreducible,
its invariant distribution is obtained by just taking lim,, det (Id — LEZL n]) ]_[?=1 L;—1,; where L0 s
the projected transition matrix of L on [0,n] defined by

(n) . )
L. = L., f 0<i<n0=<j7<n-1
{ 27{) ij, lor 1< n, J=n (2.21)
Lin

= Y jenLij-
But it is not the case, since Theorem [2.14]establishes that a transition matrix L is not assured to have
an invariant distribution. The complete picture is more complex and some additional conditions

are needed to get this kind of convergence result. The following Propositions and provide
two criteria (Prop. m is simpler, but can be applied only when L is positive recurrent).
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(n)

Proposition 2.20. Let L be a N irreducible transition matriz. Let p*'"’ be the invariant probability

distribution of L™ (see ) Set
= o oY, forazo.

If the two following conditions hold:

(a) there exists a non-negative sequence (Sy,a = 0) such that, for each b, Y 55, Salap < +00, and
which bounds uniformly 77( n). for all a,n =0, |n(n)| < Sg,

(b) lim,, 7]( ") eists for each a; set n, = lim, 17 for n — +00,

then n is invariant by L; that is, for all b, n = Z;r:b_l Nalap-

Proof. We will prove that n satisfies n, = ZZ:Z_l Nalayp for all b = 0. Fix some b € N, and take

(m) _ ) ()

n > b. The equation p is equivalent to

pl(,n) = Z pgn)LE:b) forb<mn (2.22)
a=b-1

() o ()

since the conservation of the last entry p,, is ensured by the conservation of the others.

Hence, (2 is equivalent to

171(7”) Z n(n) Eznb) forb<n
=b—

a 1

(n)

and since L,y = L, 3 when b < n, this is equivalent to

™ = Z 1 g pLaen for b < n (2.23)

a=b—-1
By (b), for all a, nén)LmblaSn — Nglap when n — +00, and (a) allows us to use Lebesgue domi-
nated convergence theorem, from which we deduce that the right-hand side of (2.23]) converges to
Z::Z_l Nalap, while the left-hand side goes to 7, by (b), which is the wanted relation. O

Proposition 2.21. Let p(") be the invariant probability distribution of L), pr(") converges weakly

to some probability measure p on N, then p is invariant by L.

Proof. Consider l) which is equivalent to p(n)L(n) = p(n). It suffices to establish that for every
beN,

Z p((1 )Lab _) Z pa a,b- (224)

a=b-1 abl

Take a small € > 0. As a measure over N, p is tight: there exists K such that pg + -+ pg > 1 —¢.
(n) (n) (n)

Take now n large enough, so that p “+pr’ > 1= 2¢, so that Zj>K p; < 2e. Since Lyp =< 1,
for all b,
() +00 K (n) K
Z Pa " Lab - Z paLa,b = Z pan La,b - Z pal—a,b + 2e
a=b—-1 a=b—-1 a=b—-1 a=b—-1

(n)

(with the empty sum being equal to 0, when b+ 1 > K). Now, since p* "’ — p weakly, the r.h.s. is

smaller than 3¢ for n large enough. O
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Remark 2.22. Tridiagonal transition matrices are N; some work is needed to see that the results
of this section apply to the tridiagonal case (see Section .

2.3 Remaining proofs
2.3.1 A second proof of Theorem

Consider U an irreducible N transition matrix. Since the transition matrix U™ is finite, we have

o™ = a, det (ld - U(”)de"‘“’) . (2.25)

Here o, is the only constant making of p(n) a probability distribution.
Now, we claim that for some constants ail, az, for all @ € [0,n — 1],

n

det (1d = UMW) = o) det (1d = Uppaey) [ Ujyes (2.26)
j=a+1

= Oé’T’L det (Id - U[O,a—l])/ l_[ Uj,j—l' (227)
j=1

The invariant distribution 7 = [7,,0 < a < n] of any irreducible transition matrix M indexed by
[0,n] is proportional to det(ld — Mdep(a)) (Section . If such M is a \ transition matrix, then
each tree rooted at a € [0,n] can be decomposed into two parts: a branch n » n—1m -+ > q

“above a”, and a forest with set of roots on [a,n], and other vertices on [0,a — 1], so that, as
explained in Proposition leads to 1) (since U™ is a Nltransition matrix on a finite state

space, and since ]_[;L:Ml UJZ’)—I = ]_[?:Ml Ujj-1). Formula ([2.27) is obtained by dividing (2.26)) by

the constant (depending only on n) 1_[?:1 Ué?_l =TT Um0

j=1j
Using ([2.25]), (2.26)) and (2.27]), one sees that

(n) <
La__ _ et (Id - U[o,a—1j|)/ ﬂ Ujj-1,

i 3e

so that this constant sequence converges when n — 4+00. Hence, Theorem m(l) applies: the
measure (det (Id — U[O,a—l])/ l_[?=1 U; j—1,a 2 0) is invariant by U.

2.3.2 Proof of Proposition

First R = [1, 1, 1] is a right eigenvector of any matrix U in \.

Infinite dimensional cone We will construct explicitly a class of matrices U in N, for which the
right eigenspace of U, associated with the eigenvalue 1 contains the cone generated by an infinite
number of linearly independent vectors with positive coordinates (so that Lemma implies the
infinite-dimensional case statement). Set

Uoo = U1 = 1/2,
and for the next rows, only three entries are not zeros:

Uc,c—l =d,, Uc,c =1-d. - u, Uc,QC =u.,, forcz1.
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Set, for all m = 1,
m—1
r,,:= (1+2—C). (2.28)

Lemma 2.23. If (d.) and (u.) are positive sequences, such that d. + u. < 1, and
' :=1limT, < +o0
m

then U is irreducible, and the cone generated by the right eigenvectors of U with positive coordinates,

associated with the eigenvalue 1, is infinite-dimensional.

Proof. A vector V = (V,,a = 0) is a right eigenvector of U with eigenvalue 1, iff
Vo=Vi, and Vo, = (1+d./u.)V, - (d.]u.)V._1, forall c=1. (2.29)

It implies that the entries of V' with even indices 2¢ are functions of the entries with smaller indices,
and, better than that, are functions of V) and of the entries with odd smaller indices Va,41. As a
consequence, Vy = V; and the entries (Vap41,p > 1) provide a parametrization of the eigenspace we
are looking for, but some additional work is needed, to prove the statement concerning the cone
generated by positive vectors.

We first establish that there exists an infinite dimensional set of linearly independent vectors
that are bounded, and satisfies (we drop the positivity constraint, for a small moment).

Since allows one to determine the even indices V5, (for p = 1) using the odd ones (plus
Vo), let us assume that V) = V7 = 1 and all the free parameters (Vap41,p = 0) satisfies:

|Vaps1| < Tgpyq for all p = 0. (2.30)

We claim that in this case for all ¢ = 0 (odd or even, the even ones being computed thanks to
(12.29))), we have |V;| < T;. The claim can be proved by induction: let Pc be the property, |V;| < T;
for all i < C'. Then P, holds. Assume that Pz holds for some C' = 0. Then either C' + 1 is odd, and

by (2.30), Pcyq holds; either C' + 1 = 2c¢ is even by ([2.29)),
(1 +defuc) Vel + (defuc) Vel
(1 + 2dc/uc)r‘c =T'ev1 = T

[Vael

IA

IA

since (I'., ¢ = 0) is increasing and since ¢ + 1 < 2¢ for ¢ = 1, so that, again, Po,; holds.

This argument allows proving that the (right) eigenspace (associated with the eigenvalue 1)
contains an infinite familyﬂ of linearly independent vectors (Vi,z’ € I), whose coordinates are
bounded in absolute value by ', and then, using that R = [1, 1, 1] is in this space too, the
vectors (2R + V',i € I) form an infinite family of linearly independent vectors, with positive
coordinates belonging to this eigenspace.

O]

*The subspace of the eigenspace associated with the eigenvalue 1 that we described, is parametrized by the vectors

V that we gave, which are functions of the values V5,,; (with odd indices) that are taken in intervals: the generated

space is infinite-dimensional.
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Finite dimensional case. Fix m > 1: we will give a Nmatrix U, whose dimension of the cone of
positive vector stable by U has dimension m + 1, where the “+1” counts the vector R, so that we
will design a matrix U having an additional set of m linearly independent vectors exactly (the case
m = 0 is fulfilled by the tridiagonal case, in which there is a unique right eigenvector associated with
the eigenvalue 1, since the system TV =V is triangular). We will use the tools already discussed
above in the infinite case. Consider this time the kernel K defined by Uy = Ug; = 1/2, and whose
subsequent rows, only three entries are not zeros:

Uc,c—l =d,, Uc,c =1-u,—d,, Uc,c+1+m = Ue.

Any (right) eigenvector V of U associated with the eigenvalue 1, satisfies Vy = V} = Vou,, = 1.
Again, the m-entries V5, «++, V1,4, will appear to be free parameters, since, for ¢ = 2

Vertiam = (1 + dc/uc)vc - (dc/vc)vvc—l‘

Now, taking the free parameters |V;| < T'; (for 7 from 2 to 1 + m), we can again show, by iteration
that all V; satisfy |V;| < T';, and we conclude as in the infinite case.
This ends the proof of Proposition [2.3

3 Connections between almost upper and lower triangular cases

According to Theorem \l transition matrices always have an invariant measure, while it is not
the case for DN transition matrices (Theorem [2.14)). The next theorem says that one can associate
with each \ transition matrix U, another matrix L of type 1N, “its time-reversal”.

, with invariant measure

Theorem 3.1. Consider an irreducible \ transition matriz U = [Uivj]oqj

7, then set L = [Li’j]Osi,j as

Li,j = ﬂ-jU],z/ﬂ-z (31)
We have

(i) L is an irreducible N transition matriz on N, with invariant measure 7 too.
(ii) L is recurrent if and only if U is recurrent,

(iii) If w is a probability distribution then, if (Yi,k € Z) is a U-Markov chain under its stationary
regime (meaning that Yy, ~ w for any k € Z), then the time-reversal of this chain, (Y_i, k € Z)

1s a L-Markov chain under its stationary regime.
(iv) L is positive recurrent if and only if U is positive recurrent.

(v) If U has a right eigenvector R = [Rk,k > O] with positive coordinate (associated with the
eigenvalue 1) then L admits I:WkRk,k > ()] as invariant measures: more generally, if U has
k linearly independent eigenvectors (associated with the eigenvalue 1, having positive coordi-
nates), then L admits k linearly independent invariant measures (recall that the column vector

with coordinates equal to 1, is such an eigenvector).

(vi) If U has several linearly independent positive right eigenvectors (associated with the eigenvalue

1), then U is not recurrent, and neither is L.
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Notice that in (747), only positive recurrent matrices have an invariant probability measure.

Remark 3.2. As a consequence of the (ii) of the Theorem, and of Formulas (@, and
213

b—1
det(ld = Uggp-17) Lo [[oibjn det(ld = Ligp1y)
M0 det(ld = Upppo17) boo det(ld = Lf1p-17) Lo det(ld = Lpyp-1]) b-oo

0, (32

but these formulas are in nature, a bit different. See Remark[3.7 to explore further “what is equal”.

Proof of Theorem[3.1]. (i): straightforward.

(77): for an irreducible U-Markov chain (Y;,j = 0), recurrence is equivalent to P(7(p)(Y")
+00 | Yy = 0) = 1. This means that the total “U-weights” of the paths in the set Upso{(zg
0,21, T, Tpe1 = 0),2; > 0,7 € [1,k]} is 1 when the “U-weight” of a given path (zg, -, Tp41) is
defined to be ]_[?:0 U

coincide.

A

Since such paths start and end at 0, then their L-weights and U-weights

Tj,L 41"

(ii1): by translation invariance, it suffices to write

a—1 a—1
P(Yi =y, 0=k <a) =7y [ Uy = 7yo | [Lypryy = P(Zamj = 95,0 < j < a)
j=0 j=0

for Z an L-Markov chain under its invariant regime.

(iv): by (i), both L and U have the same invariant probability measure (which implies the state-
ment).

(v): Assume that R = [R;,7 = 0] with Ry := 1 is a right eigenvector of U, associated with the
eigenvalue 1, then Zb Uy By = R, for a = 0, which by gives

Z Ry Lb,a =mq Ry, a=0;
b

in other words, L possesses [7,R,,a = 0] as an invariant measure. Since 7 has non-zero entries, the
map R~ [m,R,,a = 0] is a linear bijection, and the conclusion follows.
(vi): By (v), if U has several linearly independent, positive right eigenvectors associated with the
eigenvalue 1, then L has several invariant measures, so that it is not recurrent (see e.g. Norris [I8]
Theo. 2.2. p.102] or Brémaud [3, Theo. 3.2.3. p. 119]), and by (ii) neither is U.

O

Theorem 3.3. The DN transition matriz L admits a time-reversal transition matriz U if and only
if it possesses a positive invariant measure 1 in which case Uy 4 = ngLap/mp, and U and L are both
time-reversal of each other. As a consequence, for each L, there is a linear bijection between the set

. . . +,~ . iy .
of classes of invariant measures of L (in My’ ) and the set of time-reversal transition matrices U.

The proof of this theorem is simple since any such U is the time-reversal of L, but it exists only
when the positive invariant measure 7 exists; as explained in Theorem some irreducible I\ do
not admit any positive invariant measure.
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Remark 3.4. This Theorem, which is deeply connected to Theorem|[3.1] allows making the following
observation. A \ transition matriz U possesses a unique invariant measure 7, and then, a unique
time reversal N transition matriz L: let us say that (mw,L) is the time reversal of (mw,U). Now,
consider Right(U) the set of right eigenvectors of U with positive coordinates associated with the
eigenvalue 1. The set Left(L) of invariant measures of L is {[ R;,j = O] R € Right(U)}. It is
then natural to ask, in this case, what are the time reversals of L and their link with “the initial
U”. The time reversal of (', L) with 77} =m;R;, is (', U") with W;Ul = 7TJLJz for all i,j. Injecting
L;; = m\V; ;/m; provides ﬂiRiU;J =mjR;mVU; ;|7 so that

I R, -
Ui = Ui,jﬁ, for all i, j.

To compute the set of time reversals of (m,L) where 7 is taken in the set of invariant measures of L,
it suffices then to know a single element w of this set, to compute the time reversal (mw,U) of (m,L)
(by U, ; = m;L;;[/m;), and then to compute the right eigenvectors of U. This observation entails
that there is a correspondence between the set of DN transition matrices L possessing an invariant
measures, and the set of \l transition matrices quotient by the equivalence relation ~, defined by
u-~u if U possesses a right-eigenvector R with positive coordinate, associated with the eigenvalue
1, such that UZ"J = Uiyj%' for alli,j.

3.1 Algebraic connection between U and L

Consider (U, L) a pair of irreducible transition matrices where U is \, L is N, and assume that they
are time-reversal of each other. The invariant measure m of U is unique, so that L;; = m;U;;/m;,
Vi,j5 =2 0. A simple expansion of the determinant using the cycle’s decomposition of permutations,
gives, for every a,b = 0:

det (|d - U[a,b]) = det (|d - L[a,b]) . (3.3)
Apart from this formula, the main relation is

det (Id — U 0b1)/n]1 jil
" det (Id = Ugo,u-17) / TT0-y Ujjor

If U is known, and the corresponding L is searched, then this last formula, built using Theorem
allows computing it. On the other hand, if L is known, but not U, this is more difficult since we
have no simple expression of 7 in terms of L (and again, the existence and uniqueness of 7 are not
assured).

The following proposition provides some relations between the elements in the tuple (7, U,L).

La,b = 7TbUb,a/T‘-a (3'4)

Proposition 3.5. For any b =0, set

b
=l_l JLJ l_[JL]
L

- ,Jl j=1 J.j—1

(where Zy = Z(') = 1, which is compatible with the convention concerning empty products),
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a—1
(i) For any a 20, det(ld — Lo 4-17) = 1_[ L;j+1 (with the convention, det(ld — Ljo_17) = 1).
j=0

(ii) For any b =0, Z, = Zy,.
(iii) The measure (Zy, Zy, Za,+++) is invariant by both U and L.

The point (iz) of Proposition is equivalent to
La,a-1ba-1,0 = Ua-1,aVa,a-1- (3.5)
Proof. Taking b=a+ 1 in , gives
Laa+1 = det (Id = Upoo1)/det (I1d — Upg o-11) (3.6)

from what we infer (i) (using (3.3)).
For k = 1, using (3.4]) we get

b+k b+k
Lywrs | | Ljmtg = Unper | | Ujjmrs (3.7)
j=b+1 j=b+1

for k = 1 this provides (iz). Further, this equation rewrites Lysxp = Z Uppsk [ Zpsk, and since for
k = —1 this is valid too (since Ly—1p = ZyUpp—1/Zp—1 = Upp-1Up-1,5/Lpp-1, and this is true by (ii))
we have for all a,b, Loy, = Zy Uy 4 | Z,, which ensures (iii). O

Remark 3.6. By Proposition when L is known, each of the sequences (m,,a = 0) (up to a
multiplicative constant), (Ugq-1, @ 2 1),(Ug 41, @ 2 0), ((U;;, j > i),i 2 0) allows computing
the others. For example, if (Ugq+1,a = 0) is known as well as L, allows one to compute
(Uga-1,a 2 1), and then equation let us obtain ((U;;),j > i,i 2 0) and (Zy,b = 0) which is
proportional to .

Remark 3.7. By reversibility, it can be seen that uy(x) and 1—v,(x) are not equal in general. This
comes from a lack of symmetry in the measured event. If instead one observes the return time to 0 by
random walks starting at 0, the symmetry comes back, but the formulas are more complex. Denote

by YV and Y Markov chains with respective transition matrices U and L such that moL,;, = mpUyp 4.

One has
P(r(0)(Y") < Tpsoo) (YY) | Yo' = 0) = P(r10y (Y) < 7y (YY) | Yo = 0). (3.8)

Formula allows seeing that the weight of a cycle (a,a + b,a +b—1,---;a + 1,a) for vV s
the same as the weight of the cycle (a,a +1,+-+,a + b,a) for vyt (which allows proving , using

combinatorial techniques).
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3.2 Some spectral properties of D and \ transitions matrices

The spectral properties of infinite I and \ transition matrices appear to be rather interesting since
their left and right eigenvalues are in general different and have different multiplicities.

We already viewed that N-irreducible matrices have a unique left eigenvector associated with
the eigenvalue 1 (up to the multiplicative constant), but could have one or more (including +oco
linearly independent) right eigenvectors associated with the eigenvalue 1. Matrices of type N may
have zero or several invariant measures, when, 1, seen as right eigenvalue has multiplicity 1.

The next theorem shows that N-transition matrices have a complete spectrum on the left-hand
side, and D-ones, a complete spectrum on the right-hand side, with, in both cases, totally explicit
eigenvectors.

Theorem 3.8. (i) If U is an irreducible N-transition matriz on N, then U admits all A € C as
a simple left eigenvalue with corresponding eigenvector w(A) := [wa(A), a = 0] unique (up to
a constant factor mo(A) # 0 > 0), defined by

det(AId - U[O,a—l])
[Tio1 Vi

(The vector w(1) is the unique invariant measure of U, up to a multiplicative constant.)

ma(A) 1= mo(A)

az=1. (3.9)

(ii) If L is an irreducible DN-transition matriz on N, then for all A € C, 7' (A) := I:W;(A),CL > O]
defined by

det(AId - L[O,a—l])
[Tia by

is the unique (up to a constant factor 776(A) # 0) right eigenvector of L associated with the

T (A) = mo(A) az1, (3.10)

simple eigenvalue A.

(iii) If L is a D-transition matriz time reversal of an irreducible \ transition matriz U (that

is,L; i = m: Ui/, for alli,j) then | m:(A)/m;(1),§ = 0] is collinear to 7' (A).
J = TG, J J J

(iv) Assume again that L is a D-transition matriz time reversal of an irreducible \ transition
matriz U. For all A € C, the map

v: BY — R"
v [vjﬂj(l),j > 0]
is a linear map which sends the right eigenspace of U associated with the eigenvalue A (that
is, the set {v : Uv = Av}, possibly reduced to {0}), to the left eigenspace of L associated with

the same eigenvalue.

Notice that (iv) applies only to the matrices L having a time reversal.

Remark 3.9. For any A € C, there exists some N transition matriz U having A as right eigenvalue,
with eigenspace having dimension k for all k = 0 (including +00). The proof can be simply adapted
from that of Lemma|2.25
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We first state the following analogue of Lemma (which can be proved with the same argu-
ment):

Lemma 3.10. Let s € NU{+00} be a size parameter. If U = [Ui,j] s a finite irreducible

0<%,j<s5<+00

N stochastic matriz with size s and eigenvalue A, or if U = [Um] 1s an infinite irreducible

0<i,j<s=+00
N- stochastic matriz, then for all y < s

det(Ald = Upgy1) = det(Ald = Upgy-17) (A= U, ,) (3.11)
Y
- Y det(Ald = Upo-17) Uay | | Ujymts
r<y-1 Jj=x+1

with the convention det(Ald — Upy _17) = 1.

Proof of Theorem[3.8. (i) Take A € C and let us solve the system vU = Av with unknown, the

vector v = (v;,j 2 0). The system {Av; = Zisjﬂ v;U; ; for j = 0}, is a triangular system on (v;),

and v;;; can be expressed uniquely in terms of the previous v;:

vjp1 = (Av; — sz’)/Ujﬂ,j, Jjz0
i<j

and this leads immediately to the existence and uniqueness of a unique solution v up to a mul-
tiplicative constant. Now, let us establish that 7(A) given in (3.9)), is such a solution, that is, it
satisfies ), m,(A)U,,, = Amy(A) for y = 1; the proof is a simple adaptation of that of Theorem
(with Lemma replacing Lemma [2.7|in the argument).
(i7) Notice that in the proof of (i), we did not use that U is a transition matrix, but just that
Uj+1; # 0. The proof of (ii) is then very similar to the proof of (i): the system Lc = Ac (for a
column vector ¢) is equivalent to L= A (where 'A is the transposed matrix of A).
(i) If v is a left eigenvector of U with eigenvalue A, then vU = Av is equivalent to ) ;v;U; ; =
Av;, V3, and since m;L;;/m; = U, j, >, Ljv;/m = Av;/7; which means that [vi/m,z’ > 0] is a right
eigenvector associated with the eigenvalue A. By uniqueness of the right eigenvector of L up to a
multiplicative constant, the conclusion follows.
(iv) First, the map W is clearly a bijective linear map on RY. Now UR = AR is equivalent to
Zj U;;R; = AR; = Zj L,;m;jR;/m; (for all i = 0), which is equivalent to the fact that W(R) =
[7jR;,j = 0] is in the left eigenspace of L associated with A. O

3.2.1 Sub-stochastic almost triangular matrices

A finite or infinite square matrix is said to be sub-stochastic if its coefficients are non-negative,
and if the sums on each row belong to [0,1]. The notion of irreducibility extends to sub-stochastic
matrices. By Perron-Frobenius theorem, a finite irreducible sub-stochastic matrix M possesses a
simple positive eigenvalue R < 1 (called the Perron-Frobenius eigenvalue) which is strictly greater
than all other eigenvalues modulus (and R < 1, if at least one row, of M has a sum in (0,1)).

Proposition 3.11. Theorem [3.§(i) and (ii) and Lemma extend to the sub-stochastic case

(that is, their statements remain true if U and L are sub-stochastic instead of stochastic).
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Proposition 3.12. If U (resp. L) is a finite irreducible sub-stochastic N (resp. DN) transition
matriz (with columns indexed from 0 to s), and A is an eigenvalue of U (resp. L), then A is a
simple eigenvalue of U (resp. L), and 7 (resp. 7 ) as defined in Theorem z) is an associated

etgenvector.

Proof. The proof is the same as in the proof of the finite case of Theorem O

We think that this extension to the sub-stochastic case is interesting for two reasons. The
first one is that, sub-stochastic almost upper triangular matrices form a large class of models for
which, as already said, a close formula can be provided. The second reason is that the truncation
Ulo,n] of a \l transition matrix U is sub-stochastic. As explained in Seneta [22, Chap.7], larger and
larger truncations of infinite matrices U can be used to study the behaviour of Markov chains with
transition matrices U, under some suitable hypothesis, and it is worth saying a few words concerning
this aspect (as suggested by a referee of the paper). This second point has to be tempered a bit,
since Theorem provides a close formula for “the non-truncated chain”, and these close formulas
do not need the computation of any eigenvalue, which made them simpler to study than truncated
versions.

Proposition [3.17] allows giving a third proof of Theorem [2.I} but only under the additional
hypothesis that U is recurrent. Consider U%(n) = Ulo,n] as the nth truncation of U (for all n > 0).
We prefer to use US(n) instead of Uro,n], because our formula needs further truncations. Call A(n)
and v(n) its Perron eigenvalue and eigenvector.

Since US(n) is sub-stochastic and irreducible, Seneta [22, Theo. 6.8] implies that A(n) » 1 (this
follows from Theorem 6.6. [22] and is a consequence of U being a stochastic recurrent matrix’}).
Now, Proposition together with Theorem 6.9 [22] (fixing v(n)y = mp = 1) gives that

. det(A(n)ld = US(n)ioa-17) .. det(A(n)ld = Upga-17)
lim v(n), . = lim :

n— oo n—oo H?:l U<(n)]7]—1 n—00 H;L:l U]v]_l
det(ld = Ugg o-17)
= a = Tq
l_lj=1 Uj:j_l

but the Seneta theorem requires the recurrence of U for this conclusion, when Theorem holds
more generally.

3.3 General presentation of I\ transition matrices using descent kernels

Markov chains with N transition matrices, by time-reversal, provide [N transition matrices, on
which much can be said. Nevertheless, if one is interested in a particular L models which does not
come from such a time-reversal, it may be needed to have some tools allowing one to study them,
(and, for example, compute their time reversal if they have one, to get access to the toolbox of N
transition matrices). A slight change of point of view on I transition matrices will allow us to search
more efficiently the form of their time-reversal when they exist (see Proposition , to design
many D transition matrices L for which it is possible to find the time-reversal (Section , and,

3The one appearing as the limiting value of A(n) is not defined as the Perron-Frobenius eigenvalue of the matrix U
in the literature, since the natural definition that we use for the finite case becomes pathological; for example, it does
not make sense to define it as the maximum (modulus) eigenvalue since Theorem says that all complex values are
eigenvalues of U. In the Seneta language (see definition 6.1 [22]), this limiting value is defined as the reciprocal of a

radius of convergence, called convergence parameter
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finally, to revisit some known results of the literature (the so-called, catastrophe transition matrices,
see Section [3.3.3). The results collected in this section are of interest to the user searching some
complete families of IN transition matrices for which the invariant distribution is computable (for
the sake of teaching, statistical purpose, or simple curiosity).

Definition 3.13. A descent kernel D = [Dm]ij>0 over N is a lower triangular transition matrix

D;; > 0= j <i (with non-negative coefficients, summing to one on each row).

Each DN transition matrix L can be represented uniquely as a pair (v, D) where v = (vg,a = 0) is
a sequence of elements of the interval [0, 1] (in fact, (0,1) in the irreducible case, except vy € [0,1)),
and D a descent transition matrix, as follows:

{ Lb,a
Ly p+1
We will say that (v, D) is the descent representation of L. In other words: vy, is seen as the probability
of descent from b, and D as the descent kernel, conditionally on a descent. With probability 1 — v,
there is an increment +1 (ascent).

In the literature, instead of descent kernel, the word “catastrophe” is sometimes used, but with
a slightly different construction, relying instead upon a standard birth-death process, mixed with
a descent kernel (in our representation, the random walker has to choose randomly between a +1
step and a descent taken according to D, see ) We think that our choice, while equivalent,
is more compact, and allows us to better observe the algebra into play (see e.g. Pollett & al. [20],
Brockwell & al. [4], Kapodistria & al [I1], and references therein).

vy Dp g, for b = a,

) (3.12)

3.3.1 Representation of time-reversal of I\ transition matrices (descent form)

From Theorem we see that irreducible IN transition matrices L having an invariant measure
and those admitting a time-reversal are the same. The representation of D-transition matrices L
using descent kernels will allow us to have a better point of view on the form of their possible
time-reversal.

Proposition 3.14. If the set of time-reversals of an irreducible transition matriz L with descent

representation (v, D) is not empty, then each of its elements U can be represented as follows

{ UUa’b = Ugq aaﬁb Db,av fO’f’ b= a, (313)

aa-1 = l—ug, az0, withuy=1

where [7,u, , 3] is a 4-tuple of sequences which satisfies

(i) =, u, a, B are sequences of positive real numbers, except for By which is 0 iff vy = 0; moreover
up =1 and u; € (0,1) forj =1,

(1) D pipsa ¥abrDoa =1 for alla = 0,

(i1i) for allb =0, a < b,

UgQq = 1/ Tg, By = Tpup. (3.14)

(iv) me(1 —vg) = mee1(1 = uger) for all a = 0.
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Proof. First, assume that 7, u, a, 3 satisfy the properties stated in the theorem. By (i) and (i7),
U is a transition matrix. Let us check that ml;, = m,U,; which is sufficient to conclude (by
Theorem |3.3]).
— First, we have mylg 041 = Ta(l = v,) = Tay1(1 = Ugq1) = Ta+1Ua+1,0;
—and for b 2 a, mLep = TMUp Dy g = BpDpq, While mUgp, = Tatq 00 Dy o = mpvp Dy = mply o (by
B3.14)).
These points show that in all cases m,Uq, = mlp 4.
Conversely, assume that U is a time-reversal of L (with representation (v, D)) for some positive
measure 7, that is, it satisfies m,L , = m,Uqp. Since U is N, it can be represented as Uy 4-1 = 1 —u,
and Uy, = u,H, ) for a sequence u and H such that H,, > 0 = b 2 a (an ascent kernel). The
sequence u must satisfy mLy p1 = mp(1 = vp) = Tpe1Ups1p = Tpa1 (1 — Ups1), so that (iv) holds.

Let us show that U can be represented as stated in the Theorem. First, we must have L;, =
0 < U,y = 0. Since for all b > 0, the factor v, > 0, Ly, = 0 & D, = 0 and since this must be
equivalent to U, = 0, it is easily seen that U, = uqH,p = tq-Dp 4.9(a, b) for some positive function
g(a,b). This way of thinking extends to b = 0, when vy > 0. If vg = 0, then Loy = 0, and since
Do,o = 1 (because D is a descent transition matrix), to satisfy Ugg = uoHpo = 19.Dg.g(0,0) = 0
too, we will take ¢(0,0) = 0 (in fact Sy = 0 will be the needed specification). Now, for all b = a

write
TyUpDpq = TeUap & Ugp = mp0pDyp o /T, (3.15)

and then if b > 0, the variables in factor to Dy, are functions of separated variables a or b, so that
g(a,b) = a,B for some sequences o and (3. Set oy = 1/(u,m,), By = mpvp, and for this choice,
Uap = U0y yDp o, so that (iii) and (¢) hold. It remains to check (7i). Since U is the time-reversal
of L, we get ) , mUyp = 1 and then ) ;.. maUqsp = Tau, which implies that ) ... mauq0B8Dp o =
TaU, and then ) o @,ByDp, = 1. O

3.3.2 Catalytic inversion of DN transition matrices

In this section, we introduce a tool allowing one to design many D-transition matrices L with a
computable invariant measure (and computable time-reversal transition matrices U). The weakness
of this approach is that it is far more efficient when, instead of fixing a given L in terms of its descent
representation (v, D) only (vg, D) is fixed. By this method, finding a complete descent kernel (v, D)
with a computable invariant measure amounts to finding a positive sequence X satisfying some
inequalities:

Definition 3.15. Consider a pair (vg, D), where vy € [0,1) and D is a descent kernel. A sequence
X = (Xg4,a = 0) is said to be (vg, D) pushable iff the following three conditions are satisfied:

m Xy =vg and, for alli =21, X; >0 (so that Xy = 0 is possible).

mForallaz0,Y,:=), . XyDy, is finite. For short, we will write Y = X.D.

mForalla=1,
> (Vi/Yo - X;) > 0. (3.16)
=1
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Theorem 3.16. Let vg € [0,1), D be a descent kernel, and X be a (vg, D) pushable sequence. Set
Y = X.D, and

Xa+1
Ya+1/Yb + Xa(l/va - 1)

for alla =0 (3.17)

Va+1 =

. X Y] X .
(if vg = 0, take vy = 7;(1 - Y0+1Y1) = Y0+1Y1 instead). We have

vg € (0,1), for all a >0, (3.18)

since this is equivalent to . Define the J-tuple [u,a, 3,7] by mg = Yy, ug = 1 and for a =0,

Ugey = Ya+1ua ’
Ya(l - Ua) + Ya+1ua
1-v,
{ Ta+1 = 7ra1 —Ugs1 (319)
Ba = X,
Qq = 1/(ua77a)

then for this 4-tuple, the N L with representation (v,D) has time-reversal U as defined in Proposi-

tion |3.14), and then, both transition matrices L and U have 7 as invariant measure.

Proof. Let us first say why (3.18)) is equivalent to (3.16). Set v, = X,(1/v, — 1). From (3.17)), one
gets that

Ya+1 = Ya T Ya+1/YE) - Xa+17 az0 (320)

a+1

and then v41 = 70 + Yo (Y;/Yo — X;). Since v, € (0,1) & v, > 0, we get the result (note that
v = Yp+Y;—X; when vy = 0, so that holds for vy = (Yp+Y1—-X;)-Y,/Yp+ X, = Yy+Y,-Y1 /Y,
in this case).

It suffices to check that Proposition applies to the tuple of sequences [, u, a, ] as defined
in . The condition (i) is immediate since we took By = X = vp; the fact that u; € (0,1) for
all 7 > 0 is clear.

For (i) observe that the first equation of the system is equivalent to

1- Vg — Ya+1/ua+1
1- Ug+1 Ya/ua

(3.21)

so that (Y, /ug) is proportional to (74, a = 0) as defined in the third equation of the system (3.19)),

and since Yy /ug = 7y these sequences are equal. Write
1 Y,
Z afDpa = Z XpDpa = 7 = 1.
a’ta a’ta
b:b=a b:b=a

Now we prove condition (ii). Since u,o, = 1/m,, we only need to prove that 3, = X; = myvp,. Since
mo = 1, Xy = vg, the formula is true for b = 0; let us assume that it holds for b < a, for some a, and
let us establish that X1 = m4410441. From (3.17)),

Xa+1 _ ua+1Ya+1

1
= + X, | ——1|=ugm +m,(l—vy,) =
Vgl Ua+1}/0 a (Ua a+1Ma+1 a( a) a+1

31



by system , second equation. The case where a = 0 and vy = 0 has to be treated separately:
in this case u; = Y7/(Yy + Y1) and since Yy = mp, v1 = );,—;(1 -Y1/(Yy + Y1)), we have X /v =
Yo/(1 —uy) = mo(1 —vg)/(1 —uy) =7 so that X /vq is indeed equal to 7.

Finally (iv) is immediate by the second equation of the system . O

3.3.3 “Catastrophe transition matrices”: analysis of DN transition matrices with same

descent kernel

Theorem gives a reformulation for the problem of finding the invariant distributions of the time-
reversal of a given transition matrix L, and as such it may appear a bit useless since no methods are
provided to compute the pair (X,Y") which is needed to conclude. The following examples show the
power of this theorem: given the descent kernel D and some parameter vy € [0, 1), it is quite easy
to find many (vg, D) pushable sequences X. Even if it is still difficult to target a given sequence
v = (v;,7 =2 0), it is possible to construct many sequences v for which it is possible to construct the
time-reversal of (v,D). This allows observing the general form of integrable systems (v, D). The
following results are comparable with those of Pollett & al. [20], Brockwell & al. [4], Kapodistria &
al [T1] (and references therein), in which various catastrophe transition matrices are investigated (in
continuous-time). In these results as well, it can be observed that very specific forms of catastrophe
transition matrices are needed to find the invariant distributions or absorption probabilities: each
time it is a challenge to complete all computation details.

Geometric catastrophe

This is the family of I\ transition matrices whose (v, D) representation involved, for some p € (0,1),

the descent kernel

Doo = p(1 =)’ ™" + 1oeo(1=p)"", O<as<b.

For any positive sequence X = (X;,j 2 0) and a 2 0,

b+1
Y, = ZXbDb,a =p Z Xa+ac(1 _p)r + 140 ZXb(l _p) ’ )
bza 20 b=0

so that this closed-form formula can be effectively computed for many sequences X (the X|s are
the coefficients of a power series). It remains to extract the pushable sequences (those that satisfy
Y& (Yi]Yo — X;) > 0, for non-negative parameters and sequences (vg, X ) with Xg = vg, see Defini-
tion . From this, the complete description of the vectors v and u can be obtained as explained
in Theorem [3.16]

Binomial catastrophe

The descent kernel D, in this case, is defined as follows
D b a b—a
ba =P (1=p) ", 0=<as<b

For X = (e_)‘)\b /b!,b = 0) the Poisson distribution (Pbo\)7 b = 0) with parameter ), the corresponding

Y is Poisson distributed with parameter Ap, i.e Y, = Pékp). In this case Y;/Yy = (pA)'/i! and then
. X P =2 .

Y (YilYo - X;) = Yo ((pA)' )il - e_’\)\z/z’!) =y, A A (pleA — 1) is indeed positive for p such

1
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i =\ .
that \p = 1 — e at least, since Y i, )‘%(ple/\) > \p (the value taken for a = 1) and for each a = 1,
i A i A _ _
YO A (—1) 2 YA (~1) = —(1—¢ ), so that (vg, X) is pushable when Ap =1 —¢ .

il i=1 il

For vy = X, with vy € (0,1), then

B N (a + 1) B 1
e A (a+ D e + e al(Lv, — 1) ptti 4 (1), — 1)(a+ 1)/\

Vg+1

From this formula the sequence (vg,a = 0) is characterized. From here, set ug = 1, and compute
successively, for a = 0,

_ P O0)" (a + Dl _ (M)
(A fal(1 = va) + PP (e + Dy (1= wa)(a+1) + (p)ua’

Ug+1

After that, the values of m can be obtained from the third formula in the system (3.19).

Uniform catastrophe

The case of uniform catastrophe is described by the following descent kernel D, = 1/(b + 1) for
a € [0,b]. The case where X;, = (b+ 1)p, for p, a probability measure with full support on N and a
finite mean, is integrable. Denote p, = ) ,., pr (the tail distribution function). The computation of
Y gives Y, = p, so that Yy = 1. The pushability condition is ) ;,(p; — (i + 1)p;) = 0. For vy = X,
with vy € (0, 1), compute successively the v, using:

v _ (a + 2)pa+1
1 == .
o Pa+1 T (a + 1)pa

Set ug = 1, and compute the u, using:

ﬁa+1ua
ﬁa(l - Ua) + ﬁa+lua

Ug+1 =

After that, the values of m can be obtained from the third formula in the system (3.19).

4 Particular models

4.1 Back to the tridiagonal case

About the formulas for invariant distributions.

In the tridiagonal case, by (1.5]), the invariant distribution (7,,a = 0) associated with the tridiagonal
transition matrix T is unique (since it is \), and it is proportional to (pgt) =[5, 2L,a 2 0),

I=L T
det(Id—Tpo.a- . . .

and to (ng) = W, a = 0) in Theorem for the \J case. Therefore, in the tridiagonal

j=1 1j,5-

case, these two formulas must coincide.
The fact that p((f) = pgu) is a consequence of Theorem and Remark (7,2) (and it is also a

consequence of (3.3) and Proposition [3.5)).
In the DN case, it is a bit more complex since Theorem only deals with finite I transition matrices

then we need to use Proposition 2.20L We then take L™ as described in this Proposition In
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the tridiagonal case, LEZ.)

have, by Theorem [2.19

=T, ; for all 4,5 < n, except for L;n,)l =Tyn+ Tyne1. For any a < n, we

AV = codet(ld = L )] ] Tiea
=1

The determinant, by the matrix tree theorem, coincides with the weight of trees rooted at a, on
the graph with vertex set [a,n], and edge set {(é,7) :T;; > 0,7,j < n}. Since the only decreasing
edges are the (j,7 — 1), there is a single tree on [a,n] rooted at a, it is the tree with edges
{(4,7—=1),7 € [a+1,n]}. Hence

n a a
T,_ .
1 17
p((ln) = Cn( | | Ti,i—l) (l | Ti_lﬂ') loy<n = ¢y | | -I—Z ] i]-aSn-
ol A

i=a+1 =1

Set, as done in Proposition

n n), (n “ Tic,
" = o7 1o = L [ [ 12
i=1

7,0—1

It remains to prove that the two conditions (a) and (b) of Proposition are satisfied.

(a) We need to take S, = []i; IH_I (which is pgt) = pgu) by the way). For b fixed, we have

Y wazbe1 SaTap = Sp+1Tp+1,p and this is indeed < +o0o0.

(b) Let n, := S, = p((lt) = p((lu). The convergence of 77((1”) —— 1), s obvious.
n—0o0

Recurrence criterion

9 . . . . ko Tj,-
In the tridiagonal case, the criterion for recurrence is known to be || (that is ) k0 1_[].:1 T“ L=
= G,3+1

+00). Let us show that it is equivalent to Theorem in this case (limb_,+oo uy(b) = 1 with

det(ld=Tp2 - . . q-
Ul(b) = MLOdetEId_—TE:Z_E;). If Tis trldlagonal

det(ld = Tr1p-17) = (1 = Ty 1) det(ld = Trap-17) — T12T2 1 det(ld = Tr35-17)
and writing Dy := det(ld — T, 4-11), we have more generally
Dip1=(1=T;;)Div1p-1 = Tiis1Tix1,Divop-1, fori+1<b-1. (4.1)
Set

D;pq

Zip-1=
’ Dit1p-1Tiia

so that uy(b) = 1/Z; p—1. Formula (4.1 rewrites

Zi,b—l =c¢; ta;+1 /Zi+1,b—1 fori<b-2 (42)
for
Tiin
g ‘= %’ ai+1=—¢, ¢ =1+g¢. (4.3)
i,0—

Notice that “the last” term, for i = b — 1,

Dy1p—1 I =Tpap1  Tprpo+Tp1p

Zp1p-1 = =14+ qgp-1=0cp1

Dyp1 Tyo1p-2 Ty—1p-2 Ty—1p-2
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so that (4.2) can be used to express Z,_; in terms of the a;’s and ¢;’s as follows: if one sees the
relation (4.2)) as a kind of continued fraction expansion, what we want to do is produce a formula
for the so-called convergents:

az
Zip-1:=c1+ ; (4.4)
as

Cco +

ap—1
Cyp-1

One can compute the value of the “finite continuous fraction” expressed in (4.4)): set
A0—1A1—61—1+Q1,BO 0,B; =1
and computing successively

{ A = cApo +apAp—o = (1 + q) Ak — q-1Ak-2,

4.5
By = ¢ By—1+apBi_o = (1+ qy)Br-1 — qx—1Bk—2 (45)

for k from 2 to b — 1, we get
Z1p-1 = Ap-1/ By
We can proceed to the computation of A1 and By_1, by observing that for any k < b — 1, since
A =1+ qi)Ap_1 — qu_1Ar_o and By, = (1 + q4)Br_1 — qx—1Bj_2, we then have for k < b —1:
a = Ap — A1 = Ap-1 — Ge-14k-2 = A1,
Br = By —qxBk-1 = Bg-1— qg-1Bg-2 = Bg-1-

From what we see that (A — quAr_1,k < h) and (By — qBr_1,k < h) are both constant, but
are subject to different initial conditions. For C) = A, or C} = By, with ¢ encoding the initial
condition,

K
Cr = @Cr-1+c¢= Cy = qeqr-1Ck- 2+C)+C_COHQJ+CZ l_[ Gi- (4.6)

7=1 J=1li=j+1

. k k -1
One gets for k < b — 1, setting @}, := szl q; = Qr-1qx, Fy = ijl( Z 1 Qz)
A = Qr(1+ Fy), By =QrF.

Hence,
Zip1=1+1/F,

and since Fj, := Z?:l ( =1 qz) = Z =11 lim T’ 1 and then one observes that the convergence of
Z1 -1 to 1 is indeed equivalent to Karlin & McGregor criterion ((1.7)).

Positive recurrence criterion

T, det(1d=Uo.a :
The positive recurrent criterion is ¥, o [T, 2222 < oo, while it is Y °2, detlld=-Uno.a11) ¢ 45 i the

J=1 T, HJ_1 Uji-1
U case. Section {.1]| explained why, in the trldlagonal case, the formulae of the invariant measures

obtained in the \l and in the tridiagonal cases coincide: since the formulae coincide, the criteria for
positive recurrence coincide.
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4.2 A class of integrable almost lower-triangular transition matrices

In Section we described a strategy to design some D transition matrices L for which the time-
reversal U can be computed (for some invariant measure m computed simultaneously). Here, we
present a large family of transition matrices for which the invariant distribution can be computed
directly.

Denote by e; = (1;,-;,7 = 0) the vector with a 1 in entry j only (the first vector is e).

=5

Definition 4.1. A D-transition matriz is said to be Col(0)-triangular if for any ¢ = 1,

Lec=occleg+ z ag ey, (4.7)
=0

where, L, . denotes the column c of L, the first column being L, .

The first column L, ¢ is general, and for any c, L, . is essentially proportional to L, o, except its
c + 1 first entries, indexed from 0 to ¢. Since Lo, = -+ = Lo, = 0, for ¢ 2 1, only the entries L. .
and L._ . are free.

We claim that it is possible to solve the system 7 = nL when L is a slt, irreducible and Col(0)-
triangular. The idea is to keep on hold the first equation until the end of the resolution:

Mo = NLlep = Z MLk 0- (4.8)
k
Suppose that 7 is the solution of (4.8) and n = nL. For ¢ = 1, we have

c c
Ne = 77'—0,0 = Qe LO,O +n Z Apc€ = QMo + Z QAp.cMe (49)
=0 =0

and it is then apparent that (7., c = 1) is a solution of a standard triangular linear system in which
7o is seen as a parameter. It remains to check if the obtained solution of solves (4.8) or not
(which corresponds to the case where a solution exists or none, respectively).

Voll)zk
Example: Consider a sequence of vectors VR = Vilisk | (indexed by k) where, vertically, the

entries are non increasing: 1 > Vg > Vi > Vo > «++ > 0. The vectors V= are essentially proportional,
and V := V> has the sequence (V;,i = 0) as entries. The simplest cases of Col(0)-triangular
transition matrices are those in which the columns L, . are essentially proportional. Consider
ag = 1,1, ay,... and the matrix L such that

c=2
Lee = aV™ " =afLug =) Vie]forall ez 0. (4.10)
=0

Since L is a D-transition matrix, the condition ) , L,. =1 for all » becomes:

(ag+ - +apy1)V, = 1 forr=0, (4.11)
which implies Z;:& ap=1/V,, and since 1 + a; = ag + a; = Vio, we obtain
1 1 1
041—70—1, forr>0,aT+1—Vr—%_1. (4.12)
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Since (V},4 = 0) is decreasing, it is easily seen that r — (Z;l ai) is increasing so that all the «; are
positive. We have

Nk =Nlek =moar(l —Vo—--=Vi2), k20 (4.13)

we then need that ) 5 V; < 1 and

Mo = anLk,O = Zﬁka < +09,
k k

which is equivalent to

1= ) opVi(l= Vo= = Vica). (4.14)
k
Using (4.12)), it can be written as

1 1 1
Vo+Vil= -1 +E ——— V(1 =-Vy— - = V,_ = 1. 4.15
0 1 (‘/0 ) kZQ(Vk—l Vk—Q) k( 0 k 2) ( )

If L satisfies (4.10) and (4.15]), then its invariant measures 7 can be computed thanks to (4.13)).

4.3 Some D\ and \ transition matrices associated with BDP Markov chains

Let T be an irreducible tridiagonal transition matrix. As explained at the beginning of Section
the invariant measure of T and the criterion of recurrence and positive recurrence are available.
Now define two associated transition matrices U and L as follows. Let X be a Markov process with
transition matrix T. The increasing steps of X are +1 while decreasing steps are —1. Now, define

Usp = P(Xp=b]|Xo=a),
{ La,b = P(XTT =) | XO = a) (416)
where
o= inf{t >0 : X; =X, -1},

In words, if one observes X only at the times (¢;,j € Z) following a decreasing step, then the
sequence of observations is an U-Markov process on {0,1,2,3,---}. If one observes X only at the
times (¢;,j € Z) following an increasing step, then the sequence of observations is a L-Markov
process on {1,2,3,--}.

The transition matrices U and L can be computed using path decompositions: Set LoopiT =
(1 - Tm-)_l. For all i > 0, we have U; ;_; = LoopiT T;i-1, and for j = 1,

J
T T
Ui:j = |:l_[ LOOpb Tb,b+1:| Loopj+1 T]’+1’j.
b=i
We have, for i 2 1, L; j41 = LoopiT Tiis, for 1<j<i,
i N .
Li,j = 1_[ Loop, Tb,b—l LOOpj_l Tj—l,j-
b=j
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Remark 4.2. The matrices U (respectively L) are transition matrices when T is recurrent, since, in
this case, with probability 1, starting from any position i, a Markov chain X with transition matriz
T will have some decreasing steps (resp. increasing steps) which ensures that, for any i, Zj U;; =1
(resp. Zj Li; = 1). It is however possible for a BDP to have globally a.s. a finite number of steps
—1 in the transient case, so that U is not always a transition matriz. Since starting from any point
i, a Markov chain with transition matriz T will have a +1 step with probability 1 (by irreducibility),

L is well defined-even when T is transient.

Set
ﬂ-g = 7Tt—zr+l Ta+1,a for a > 07
L _ T (4.17)
Mg = Ta-1 la-1,0 forazl

Proposition 4.3. Assume that T is irreducible.

(i) T is recurrent (resp. positive recurrent) iff L is irreducible and recurrent (resp. positive
recurrent). If L is a transition matriz then, L admits m as invariant measure (in all cases,

including L transient).

(it) If T is recurrent and U is a transition matriz, then U is irreducible and recurrent. T is positive
recurrent iff U is positive recurrent. The measure 7 is invariant by U (in all cases, including

U transient, and even, when U is not a transition matriz!).

Proof. In the proof, we treat simultaneously () and (7). First, the fact that the recurrence of T
is equivalent to irreducibility and recurrence of U (resp. of L) is clear. By irreducibility of T, the
recurrence of T implies that each edge (a,a + 1) and (a,a — 1) are traversed infinitely often by a
Markov chain with transition matrix T so that U and L are recurrent. The converse uses the same
type of argument.

If T is positive recurrent, then by the ergodic theorem, the proportion of time spent at a by
a Markov chain with transition matrix T converges to ﬂ;, and then, the proportion of time spent
at an increasing step (a,a + 1) is WIT,WH, and the proportion of time spent at a decreasing step
(a,a —1) is WI Taa-1- A simple consequence of that is that holds in the positive recurrent
case (since ) , To. | converges, Y WIHTQH,Q and ), 7r;1Ta7a+1 converge £00).

Now, let us check the statements concerning the invariant measures.

By (L5),

a+1l
u__T _ nj=1 Tj-14
Tg = 7ra+1Ta+1,a = a T .
[ToTjg—

We want to prove that 7V is invariant by U.

UU TO,l"'Ta7a+1T b T b+1L T
Tg a,b—ﬁ b+1,b 1;[ ii+1 1;[ 0oop;

0 Taa-
b+1
To1- Topst T T U
=T T . T4 a+1lL00p, 1_[ Tii-1loop; | | =7 Lot1,a+1
1,0+ Top-1 o
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since the last bracket is Ly q+1; this allows us to conclude the invariance of 7V by U:

U U U U
Z TaUap = Z Lo+1,a+1 = 7o Z Lot = mp -
a:asb+1 a:asb+1 Jijsb+2
-1
L. . . . L T [T T
Now, we want to prove that m is invariant by L. Write 7, = m,_1T4-14 = # a-la =
j=1 '4,5-1

[T Tj-15

W, so that
j=1 V-
a
P P
L l_[]=1 Jj=1j T T
Talap = =0 [1_[ Loopy, Tk,k—1i| Loop,—1 To-1,p
[Ti=1 Tij-1 Lk=b
b-1
1_[, T .. a
j=1 "J-1J T T
= |:TTb—1,b:| Mg,a-1 [l_[ Tk—l,kzLOOpk:| Loop,-1
[To T k=b
L | T T L
= Tp-1 [ 1_[ Loopy, Tk,k+1:| (Ta.a-1Lo0p, ) = mp_1Up-1a-1-
k=b-1
From here, ) 7T|(;|_a7b =>. 7T|b‘_1 Up-1,a = 7T|b‘_1 if U is a transition matrix. O

Remark 4.4. This example is one of the simplest N\ and DN transition matrices one can construct
using stopping times of a BD Markov chain. One can construct many other transition matrices
by designing other stopping times: for example, for a \ transition matriz: starting at k, start the
trajectory when it hits k — 1, or at the first time where the 5 last steps are (+1,+0,+1, -1, +1).

4.4 Repair shop Markov chain

The following is a well-known Markov chain that is present in different textbooks. It is an integrable
system, where recurrence, positive recurrence and transience have been characterized. Most of the
results about this chain can be found in Brémaud’s Book [3] under the tag repair shop. Nevertheless,
the methods that we will use to obtain the same results are based on Theorem 2.1l and are therefore
of different nature.

The repair shop chain is defined as the Markov chain X,, given by:

Xn+1 = (Xn - 1)+ + Zn+1

where (Z,,,n = 0) is a sequence of i.i.d. random variables with distribution (aj,k = 0), meaning
that P(Z,, = k) = a;, for every k = 0. This chain models the number of broken machines in a repair
shop, where each day one broken machine is repaired (when there is at least one available to repair),
and where the number of new machines that need to be repaired day n + 1 is Z,,;1. The transition
matrix A associated with this chain is

apgp ap as as
ap a1 az as
A=1]0 apgp ap ag
0 0 apg ap

Note 4.5. Some generalizations of the repair shop Markov chain appear in the literature, notably,

in relation to queueing theory; see e.g. Abolnikov & Dukhovny [1] and references therein.
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4.4.1 Positive recurrence criterion

Set m := ) _sa, the mean of Zy, i.e. of the distribution (ag, aj, -++).

Proposition 4.6. The transition matriz A is positive recurrent if and only if m < 1.

Proof. By Lemma equation (|1.12])

det(ld — Ao n1) ts) N
Cy i= L S T T0d = Ay || [T A ™™ (@a18)

I_IN+1 A !
j=1 "jj-1 seSN \j=1 jelo,N-1]
J*s

HON(EEY.

=> 11 i . (4.19)

sesN j=1

Since (Id = A)gy = 15—y — @y—gs1-1,_,» We have

L(s —
()1Sj_5j—1=1 asj_(sj—1+1)+1_1sj,1:0
ov = ) 11 .

3 ao
sesN j=1

This is a kind of product of transitions that measures the passage from s;_; to s;. For the increments

except for the first one, define
ls=1 — as

t5=a—0, =1

and for the first increment, define

oo d=As _ Ls-0—as
5 agp T ag

= 0.

Consider the generating functions which encode the increments of the sequence (s;,j = 0)

_ f o _ 1—-agp As s
Gelx) = Zt(sx =~ s
620 >0
_ 5 _ 1-a as s
G(z) = Zt(;a: =~ ¢ g
621 s>1

Now, Cy = [wN]Gf(x)/(l — G(z)) (notation for the extraction of the coefficient of " in the
generating function G¢(x)/(1 — G(x))) so that

Y Ox =lim Gy(2)/(1- G(2));
N=20

the sum of the coefficients of a series is obtained by a simple evaluation at 1 but only when the
power series converge at this point. Since Gf(l) =0and 1 —-G(1) =0, we apply the L’hopital rule,

which says

S O = i G20 _ g G)

= 1m .
=o a-11—-G(z) =2-1-G'(z)
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We have,

I asS m
G = =) T =g,
5>0
1-m
-G'(1) = —[(1—611)—23%}/@0:— T
s>1

therefore ) 5., Cn =m/(1 —m), from what we see that this converges iff m < 1, which is then the
sufficient and necessary condition for positive recurrence. O
4.4.2 Recurrence criterion

Proposition 4.7. The transition matriz A is recurrent if and only if m < 1.

Proof. Let ay := det((ld — J)o,n7) for

ay az a3z a4

ayg a; az as

where A is the matrix presented in the previous section. Since (Id = A)ia n1 = (Id = A)p1 n-1] =
(Id = J)fo,n—2], by Theorem

. . an—
A is recurrent < (]\1]1_1}(1)0 ao (iVNl - 1)' (4.20)
By Lemma|l.1
£(s)
aN = Z ( ﬂ(ld - J)sj—1+173j)( 1_[ Jj+1,j) (4.21)
seSN  j=1 je[0,N=1]\s
=0 sj—sj_1—1
= Z l_[(ld - J)Sj—1+173ja01 e (4.22)
sesSN j=1

Since (Id = J), = 154 — Gy—p+1, We have

(s)

Sj—Sj,1—1
aN = Z 1_[ (1Sj—8j_1=1 - aSj—(Sj_1+1)+1) a’[) .

sest j=1
Again, this is a kind of product of transitions that weigh the passage from s;_; to s;. We set

t5 = (15=1 —'ag) ag_l, 6 =>1.

Consider the generating function which encodes the increments of the sequence (s;,j = 0)

@) = Yt = L (aa) = 58 ()

6=1 s>1
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Now, ay = [a:N] (1/(1 = G4(x))). By Theorem ag =L is non-decreasing in N and bounded by

aN

exists, and better than that it is equal to supy ag a;v; =S5 < 1. A standard

AN-1
ay
result of calculus (the ratio test) applies: the radius r of convergence of 1/(1 — G}) satisfies

1, so that limpy ag

1/r = ag/S.

This allows us to complete a step in our reasoning:

: . QN-1 _ _
A is recurrent < (111{711610 an - 1) < (r=1/ag).

Now notice that the function 1/(1 — 2z) has a radius of convergence 1 and since G, has radius of

convergence at least 1/ag, the function 1/(1 — G(x)) has radius of convergence given by the

R =(a) (1/ap) A inf{|z|,G)(x) = 1}
=) (1/ag) Ainf{z > 0,Gy(z) = 1}
=) inf{z >0,G,(z) =1}

Equality (a) follows from the preceding discussion, equality (b) from the fact that the coefficients
of G are non-positive (from as/ay), and equality (¢) holds because Gj(1/ag) = 1. We infer that

A is recurrent < R = 1/ay. (4.23)

To finish this sequence of equivalent assertions, it is enough to prove that

R=1/ag = m<1.

Start by noting that G;(1/ag) = (1/ag)(1 — ) .5 as) = 1. Now G\(z)=1- Y o1 sas(apz)® ™ and
therefore G(1/ag) = 1 — m.

If m > 1, then the function G| is locally decreasing at 1/ag. Hence, there exists some € > 0 such
that G(1/ag — ) > 1, which implies together with G;(0) = 0 and the intermediate value theorem,
that G = 1 has at least one solution on [0,1/a) which implies that R < 1/ag (it is transient).

If m <1, then 0 < ) 4 sag(agz)’™ < Y 1505 = m when 0 < z < 1/ag so that G\(z) =
1—m =0on[0,1/ag] (in fact, G > 0 on [0,1/ag)). Since Gy(1/ag) = 1 and Gy(0) = 0, and G is

increasing monotone on [0,1/ag), then R = 1/ay. O

5 Appendix

5.1 Continuous-time counterparts

A continuous Markov process X = (X;,t = 0) is a continuous-time process described by means
of a generator G = (G;; : i,j € 5), where S (N for us) is the state space, and which satisfies
G = — Zjﬁ G;,; (each of these sums being finite), so that each row of G sums up to zero. The
value G; ; is a rate (for ¢ # j), and can be seen as the parameter of an exponential distribution: it is
the jump rate for the process when its value is ¢, at which it jumps at j # ¢. For more information
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on this type of process see [I8] [19]. An invariant measure 7 for the continuous Markov process is
a non-negative measure satisfying °G = 0.
The jump process associated with X is the discrete-time Markov chain Y = (Y}, k = 0), defined
by
Yk=X(Tk), for k=0

where 79 = 0, and for k > 1, 7, = inf{¢t : t > 7,_1, X; # X,__}, that is the k-th jump time of X. The

k-1
transition matrix of Y is M = (M, ; : i, j € N) defined as

M _Gi,j/Gi,ia Vi+j and Mz‘,i =0 VieN.

ivj =

The properties of positive recurrence, null recurrence and transience are inherited from the jump
chain to the continuous chain under non-explosion assumptions (Theorem 3.4.1 and Theorem 3.5.3
[18]). Also, the knowledge of the (or an) invariant measure of one of these processes (either of Y or
of X) allows one to deduce the corresponding invariant measure of the other, by using:

C .
T = =T Gi,i7 for all 7 = O,

where 7 is the invariant measure for the discrete process Y.
The last important remark is: G is \ (resp.Dd) iff M is I (resp. D). For this reason, our results
apply to continuous Markov processes with I and N generator matrices G.

5.2 BDP and orthogonal polynomials

Karlin & McGregor approach relies on the study of the spectral properties of the tridiagonal tran-
sition matrix T (see notation in ([1.4)) and its connection with a family of orthogonal polynomials
(Q;,7 = 0) defined as follows: set Qq(x) =1, poQ1(x) = x — 9, and

2Qi(z) = ¢;Qj-1(x) +7;Q(z) + p;jQjsi(x), j =1

and this can be rewritten in the following form

Q(x) = [Qo(z) Qi(z) Quz) ], 2Q(z)=TQ(x). (5.1)

Observe that Q(x) is then an eigenvector of T associated with the eigenvalue x.
Karlin & McGregor [I3] prove that there exists a unique measure 1) on [—1,1] for which the
family (Q;,7 = 0) forms an orthogonal family. More precisely

1
m [ Q@) = 1y
-1

where 7 is the invariant measure of T. Further,

1
(T, = 1, j 2 Qu(a)Qi () (). (5.2)

Their approach is somehow more natural in the continuous settings: define the transition rate
matrix

—(Xo + 10) Ao 0 0 0
G} —(A1 + 1) A1 0 0
G= 0 2 —()\2 + [LQ) Ao 0 -1, (53)

0 0 M3 —(A3+u3) A3
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and a second family of orthogonal polynomials (Ql,z > 0) as follows:

—2Qo(z) = —(Ao+ p0)Qo(x) + AoQu (),
_%Qn(x) = ,unQn 1(I) ()‘ + Mn)Qn(x) + )‘nQn+1(fE) (5'4)
Qo(z) =1

so that (5.4) can be rewritten as

~2Q(x) = GQ(x). (5:5)

These polynomials are the orthogonal polynomials of a solvable Stieljes moment problem associated
with a regular probability measure ¥ on [0, +00). There exists a unique measure ¥ on [0, +00) for
which the (Q;,7 = 0) forms an orthogonal family ([I3]), more precisely, 7ch ﬁl Ql(x)(:?](x)d\ll(x) =
1,-, where 7 is the explicitly known invariant measure of the continuous-time process.

Set P'(t) = P(t)G, for t = 0 and P(0) = Id. The matrix P(t) is the transition matrix of the
continuous-time BD process, and P; j(t) is the probability that the state of the chain is j at time
t given that it started at time O in state ¢ (a detail: g is not assumed to be 0, the case where
absorption at 0 may occur is included). Then Karlin & McGregor defined “formally”

filz,t) =) Pi(1)Q;(x) (5.6)

720

and in vectorial notation

fla,t) = P()Q(x) = 0f (x,)[0t = P'(1)Q(x) = P()GQ(z) = —xf(a,1),

subject to the initial condition f(z,0) = Q(z). From here f(xz,t) = exp(—2t)Q(z), so that

fil,t) = exp(=at)Qi(x).

Now, reinterpret f;(x,t) on the L2 space in which we are working in, equipped with its basis of
orthogonal polynomials (Q;(x),j = 0). The extraction of P; ;(¢) in 1’ can be done using the
orthogonality of the Q;’s,

(1) =| [ 0@, 0w | 1] [ Qe av |

(they set IQJ(x)Qd\IJ(x) = 1/770-).

The main point in the construction: the orthogonality of the polynomials, means, since Qo(x) =
1, and IQQd\II = 1, that fde\Il = 0 for j = 1, the moments Ixnd\Il can be expressed in the Q,,
(since Q,, has degree n).

Karlin & McGregor constructed their study by establishing a correspondence between the set
of matrices G of continuous-time BD processes, and the set of solvable Stieltjes moment problem.
From here, the measure ¥ encodes somehow in an indirect way the polynomials (Q;,7 = 0) (as a
transform), which are solution to —zQ(x) = GQ(z) and then they encode the spectral properties
of G, which drives the behaviour of P(t) (by (5.6])). The extraction of the recurrence criterion from
here (see [12, p.370 - 376]) is done by expressing the recurrence in terms of a certain property of
U, which in turn, is shown to be expressible in terms of the coefficients of G (which provides the
criteria given at the beginning of Section |1}, in the discrete-time version of the BD process).

The methods developed by Karlin & McGregor are really elegant and satisfying from a theoretical
point of view. These methods connect probability theory, algebra, measure theory (specifically the
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“moment problem”) and the theory of orthogonal polynomials. However, the focus made on the
map G — W, which is something that can be compared with the recourse of Fourier transform in
other fields of probability theory, has the effect to lock a bit these studies, and this, for two reasons.
The first one is that the correspondence is exact, so that, these tools are not simply available for
any extension of the class of BD processes. Secondly, the measures ¥ are in general not known,
nor computable, so that, ¥ is used as a formal encoding tool, rather than as a computing tool
that helps to make some computations: there are just a handful of important cases in which it can
be computed (see e.g. Schoutens [2I]). The approach we propose is different since it is centred on
direct computations of quantities of interests. Limitations exist, but they are not the same at all.
The criteria of recurrence/transience we provide, do not rely on the moment’s computation of any
measure.
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