> restart;

>
>

¥ First functions
> with(LinearAlgebra):with(Groebner):

# transform x into a number in base m, as an array of size N
# for example tm(3,4,2) = [ 0, 0, 1,1]
tm:=proc(x,N,m)

option remember:

local y,i,XX;

y:i=X;

for i from 1 to N do

XX[i]:=y mod m;

%:d=(y-(y mod m))/m;
return([seq(XX[N-i+1], i=1..N)]);
end:

# special function tm in the case m=2
t2:=proc(x,N) option remember: return(tm(x,N,2)):end:

# to display long list of elements; only those with less than |
characters are displayed

Affiche:=proc(x,l) local n,i,ens:ens:

n:=nops(x): for i from 1 to n do if Iength(x[l])<l then print
(1);print(factor(x[i])) else ens:=ens union {i}:fi:od:
pr|nt(":::::::::::::::::::::::::::::: )’

print("trop long",ens);

end:

# reverse operation of tm -> Transform an array into a number
itm :=proc(u,m) option remember: local I; I:=nops(u):
return(add(uf[i]*m~(l-i),i=1..1)):end:

# binary case
it:=proc(u) option remember: return(itm(u,2)): end:

# set of words on {0,1} with N letters
ense:= proc(N) option remember; return(seq(t2(i,N),i=0..2"N-1)

);end:

# set of words on {0,...,m-1} with N letters

ensem:= proc(N,m) option remember; return(seq(tm(i,N,m),i=0
m~N-1));end:

#lndicator function
ind := proc(a,b)

if a= b then return(1) else return(0):fi:
end:

# special modulo




modu := proc(x, m)
if x<1 then return(modu(x+m, m )):fi:
if x>m then return(modu(x-m, m)):fi:
return(x):
end:
#in maple, the arrays start at 1: we then use this form of
modulo, modu(7,6)=1, modu (6,6)=6

V¥ lllustration of the functions

> # Illustration
tm(3,4,2);
tm(324,4,5);
itm([2, 2, 4, 4],5);
[0,0,1,1]
[2,2,4,4]
324 (1.1.1)
> ense(4);
ensem(2,4);
Affiche({ensem(2,3)},100);
[0,0,0,0],[0,0,0,1],[0,0,1,0], [0,0,1, 1], [0, 1,0,0], [0, 1,0, 1], [0, 1, 1,0], [O,
1,1, 1], [1,0, 0 0],[1 0,0,1],[1,0,1,0],[1,0,1,1],[1,1,0,0], [1, 1,0, ], [1,
1,1,0], [1, 1
[0,0], [0, 1], [0,
[3,0],[3,1], [3,2 . [3,3]

2

1
[0,0]
2
[0, 1]
3
[0,2]
4
[1,0]
5
[1,1]
6
[1,2]
7
[2,0]
8
[2,1]
9
[2,2]

(1.1.2)



"trop long", & (112
> # indicator -> Works also to test equality of anything
ind(1,2); ind(3,3);
ind([1,2],[2,3]);ind([1,2],[1,2]);

# modu
modu(7,6);modu(6,6);modu(0,6);
0
1
0
1
1
6
B 6 (1.1.3)
¥ Example of Section 3.1
> Pl = x"2+y"2-z"2-3:
P2 := x"2+2*y"2-4:
P3 := y"2+3*z"2-x-2:
P4 := x*z-y"2+2:
> Basis ([P1,P2,P3], tdeg(x,y,2));
[22—x—1,2)" +x— 1, —x —3] (1.2.1)
> Basis ([P1,P2,P3],plex(x,y,z));
4 —67—1," +7—1,-22 +x+1] 1.2.2)
> Basis ([P1,P2,P3,P4], tdeg(x,y,z));
Basis ([P1,P2,P3,P4], plex(x,y,z));
[1]
[1] (1.2.3)

V¥ Section 3.1.1 - Ising

> unassign('M','T"); # for further computations
# Transition definition
# -> Initialisation
for u in ense(3) do
for v .in ense(3) do
T[u,v]:=0:
od:
od:
# -> Non zero transitions
for uin ense(3) do
T[ u, [u[l],1-u[2],u[3]]]:= x™(2+(2*u[2]-1)*(2*u[1]+2*u
E)?a]-Z));

## product of M over 5 letters
MM:=proc(a,b,c,d,e) return( M[a,b]*M[b,c]*M[c,d]*M[d,e]):
end:

Z5:=proc(u) ## for a word u of size 5 and L = 3 we need the




following Z

return( add( MM(u[l],v[1],v[2],v[3],u[5]) *T [v,[u
[2],u[3],u[4]]]/MM( op(u) ) _

. -T[[u[2],u[3],u[4]],v], v in ense(3))):
end:

Cycle9MT:=proc(a,b,c,d,e) option remember: local Vec:
Vec :=[ a, b, c, d e, 0, 0, 0, O]:
return( S|mpI|fy( add(ZS( [seq( Vec[modu(i +j, 9)],j=1
5)] ), 9))):

end

Tro,0,00, 10,1, 0] = X'

Tro,0,11,10,1, 17 = S

T, 1, 01,10, 0,01 =

Tro, 1,10, 10,0, 17 = ¥

Tio00 11,00 = s

T[I,O 1,[1,1,1] —

T[1,1 01,[1,0,0] = X

Lo = x (1.3.1)

for i in {0,1} do MJi,0]:=1-MJ[i,1]: od:

SystemEquation :={ seq( Cycle9MT(op(u)), uin ense(5)),
seq( M[op(u)]*g[op(u)]-1,u in ense(2))}:

HEH IR R R R R R R

PolynomialSystem := map(x-> numer(normal(x)), SystemEquation)
. # keep the numerators only

Variables:= M[0,1],M[1,1] , seq(g[op(u)],u in ense(2)), x ;
HEH R R AR R R R

# Grobner

G:= Basis(PolynomialSystem , tdeg(Variables )):
Affiche(G,200);

Variables := M |, M, |, &y ¢ 8, 1» &1, ¢ &1, 10 X
1
80,1 &1,0
2
80,0~ &1,1
3
MO, 1 +Ml, 1



&1,081,1 81,0 81,1

5
M g, —1
6
gLoM =80t
7

(xz-l—gl,l—l) (xz—gljl-i-l)

"trop long", & (1.3.2)

V¥V Section 3.1.2 - Voter

>
# -> Initialisation
unassign('T',"M");
> # Transition definition
NonZeroT:= NULL: # will be the set of nonzerotransitions
for uin ense(3) do
for v in ense(3) do
f ((v=u) or (v[1]<>u[1l]) or (v[3]<>u[3]) or (not v
[2] in {U[1] u[3]}) )

T[u,v]:=
else
NonZeroT:= NonZeroT ,T[u,v];
fi:
od:
od:
"Parameters = NonZeroTransition", NonZeroT;

## product of M over 5 letters
MM:=proc(a,b,c,d,e) return( M[a,b]*M[b,c]*M[c,d]*M[d,e]):
end:

Z5:=proc(u) ## for a word u of size 5 and L = 3 we need the
following Z

return( add( MM(u[l],v[1],v[2],v[3],u[5]) *T[v,[u
E%],u[.S],u[4]]]/MM( op(u) ) -T[[u[2],u[3],u[4]],v], vV Iin ense

end

Cycle9MT:=proc(a,b,c,d,e) option remember: local Vec:
Vec :=[ a, b, c, d e, 0, 0, 0, OF:
return( S|mpI|fy( add(ZS( [seq( Vec[modu(i +j, 9)],j=1
5) ] ),i=1..9))):

end

for i in {0,1} do MJi,0]:=1-M[i,1]: od



SystemEquation := { seq( Cycle9MT(op(u)), u in ense(5)), seq
( Mlop(u)]*g[op(u)]-1,u in ense(2))}:

HHHH R R R R R R R

PolynomialSystem:= map(x-> numer(normal(x)), SystemEquation):
# numerators only

Variables:= NonZeroT, M[0,1],M[1,1] , seq(g[op(u)],u in ense
(2))

HHAH AR R R R R R R

# grobner

G:= Basis(PolynomialSystem, plex( Variables)):
Affiche(G,2000);

unassign(‘M"); # for further computations

"Parameters = NonZeroTransition", T[o, 0,17, [0, 1, 1]’ T[O’ 1,01, [0, 0, 0] T[O’ 113, 0,0, 17

T[I,O,()],[l, 1,0]’T[1,0, 1, [1, 1,1]aT[1, 1,0],[1L 0, 0]
1
g1,081,1 81,0 81,1
2
£0,080,1 — 80,0 80,1
3
Ml,lgl,l_l
4
gl,OMl,l_g1,0+1
5
MO,lgO,l_l
6
Mo,1«5’0,0_53’0,0"'1
7
T[l, 0,1], [1, 1, 1]
8
T[o, 1, 0], [0, 0, 0]
9
‘Ml, 1 T[o, 1, 1], [0, 0, 1] 80, 0 _Ml, 1 T[l, 1,0],[10,0] 80,0 + T[o, 0,1], [0, 1, 1] + T[l, 0,01, [1, 1, 0]
"trop long", & (14.1)
> latex(G);
[9 _E{Olio%}g {{1,1}}-9_{{1,0}}-09_{{1,1}},9_{{0,0}}g_{{0,1}}-
g_ )
_{{0,1}},M_{{1,1}}g_{{1,1}}-1,9_{{1,0}}M_{{1,1}}-9_{{1,0}}
+1,M_{{0,1}}
%]_}}{ Tlﬁ-[%) ,M_{{0,1}}9_{{0,0}}-9_{{0,0}}+1,T7_{{[1,0,1],[1,1,
,1,0],[0,0,0]}},-M_{{1,1}}T_{{[0,1,1],[0,0,1]}}g_{{0,0}}-M_{
{1,1}}T_{{



\ 4

[1,1,0],[1,0,0]}}g_{{0,0}}+T_{{[0,0,1],[0,1,2]}}+T_{{[1,0,
0],[1,1,0]}}
]
> Remains:=map(normal,subs({seq(g[op(u)]=1/M[op(u)],u in ense
(2))}.G));
-1+ M+ M, -1+ My + M, -1+ M  + M,
Remains = | - : —, - : — . 0, ’ — .0, 14.2)
My oM, My, 0 My, M
-1+M, , +M
0,1 O’O,T T ’
M [1,0,1], 1,1, 1] 1[0, 1, 0], [0, 0, 0]
0,0
1
M, (Tro, 0,13, 10,1, 11 Mo, 0 T T11 0,07, 11, 1,00 Mo, 0 = M1 Tro 1, 13, 10, 0, 1]

_M1, 1 T[l, 1,0], [1,0, 0])]

> latex(numer(Remains[9]));
M_{{0, 0}}T {{[0,0,1],[0,1,1]}}+M_{{0,0}}T_{{[1,0,0],{1,1,0]}

;-M_{{1
PT_ {{[0,1,1],[0,0,1]}}-M_{{1,1}}T_{{[1,1,0],[1,0,0]}}

Section 3.1.4 : all variants ...

V¥ 3color tasep

> # -> Initialisation
unassign('T',"M");
K .

> # Transition definition
NonZeroT:= NULL: # will be the set of nonzerotransitions
for uin ensem(2,K) do
for vin ensem(2,K) do

if( not [u,v] in {[[2,1],[2,2]], [[2,0],[0,2]] ,
[[1,0],[0,1]] } )
then

Tl[u,v]:=
else
NonZeroT := NonZeroT, T[u,Vv]:
fi:
od:
od:

"Parameters = NonZeroTransition", NonZeroT;

## product of M over 4 letters
MM:=proc(a,b,c,d) return( M[a,b]*M[b,c]*M[c,d]): end:

Z4:=proc(u) ## for a word u of size 4 and L = 2 we need the
following Z

return( add( MM(u[1l], v[1] vi2],u[4]) *T[v [u[2],
ul[3]]]1/MM( op(u) ) -T[[u[2], u[ 11, v] v in ensem(2,K))):




end:

Cycle7MT:=proc(a,b,c,d) option remember: local Vec:
Vec :=[ a, b, c,d 0, 0, 0]:
return( S|mpI|fy( add(Z4( [seq( Vec[modu(i +j, 7)],j=1

4) ] )i 7))

end
for i in {0,1,2} do MJi,0]:=1-M[i,1]-M[i,2]: od

SystemEquation :—{ seq( Cycle7MT(op(u)), u in ensem(4,K)
, seq( M[op(u)]*g[op(u)]-1,u in ensem(2,K))}:
##########################
PolynomialSystem:= map(x-> numer(normal(x)),
SystemEquation): # numerators only
Variables:= seq(seq(M]Ji,j],i=0..K-1),j=1..K-1) , seq(g[op
(W)],u in ensem(2,K)), NonZeroT :
HHHBHBHBHBHBHHHHBHBH BB
# grobner
G:= Basis(PolynomialSystem,plex( Variables)):
Affiche(G,2000);
unassign('M'); # for further computations

K:=3

"Parameters = NonZeroTransition", T[l, 01, [0, 17° T[z, 01, [0, 2]° T (211, [1, 2]
1
- T[z, 0,70,21 T T[z, 1], [1, 2]
2
82,082,182,2 782,082,177 82,082,277 82,1822
3
T[z, 1], [1, 2] (gl,z_gz,z)
4
T[z, 01, [0, 2] (81,27 82,2)
5
T[z, 1], [1, 2] (gl,l_gz,l)
6
T[z, 01, [0, 2] (81,1 8,1)
7
T[z, 1], [1, 2] (81,0~ 8&20)

8
T 01,10, 2) (81,0~ &2,0)
9

81,081,181,2 81,0811 — 81,081,2 7 81,181,2

T[l, 01, [0, 1]



10

T[z, 01, [0, 2] (80,2 &2,2)
11

T[z, 01, [0, 2] (8,1~ 82,1)
12

T[z, 1, [1, 2] (80,180,282,2 780,282,281 80,182,217 80,282,1)
13
T[z, 1, [1, 2] (80,180,282,0 80,1820 80,2820 80,282, 1)

14

T3 01, 10,21 (80,0 —&2,0)
15

T[z, 11,1121 (780,182,082,21 80,082,280, 182,01 &0, 182,2)
16
T[z, 1, [1, 2] (go, 082,180,182, 0)
17
80,080,180,2 7 80,080,1 ~ &80,080,2 ~ 80,180, 2
18
M, ,g,,—1
19
M, 18 08, 178, 08,118 0181
20
T[z, 1, [1, 2] (Mz,zgo,zgz, 1 780,180,280,282 1 &, 1)
21
Toy, 11,21 (M, 280,282,017 80,080,2 80,2820~ 80,0)
22
To g, 11,21 (M, 280,182,0 80,182,071 80,0 T 80,1)

23

T[z, 1, [1, 2] (Ml,z_Mz,z)
24

T[z, 01, [0, 2] (Ml,z_Mz,z)
25

M, 8,1
26
M ;808178 08,118&. 01811

27

T[z, 01, [0, 2] (Mo,z_Mz,z)
28

Mo,zgo,z_l



29
Tio 1y, 11,21 (Mo, 2801 =My 281 80,1782 1)
30
To 111,21 (80, 0Mo,2 =My 28 0~ 80,01 820)
31
My, 280,080,1 7 80,080,1 T 80,01 &0, 1
32
M, g —1
3
oMy 1 TM 58 0780t ]
A
Tio 1y, 11,21 (Mo, 180,180,2 =My 1801 T My 2802~ 2, 2)
35
Tio 1y, 11,21 (Mo, 1 80,0 T My 1801 T My 2800~ 20,0)
36
T[z, 11, [1, 2] (Ml,l_Mz,l)
37
T[z, 01, [0, 2] (Ml,l_Mz,l)
38
M, g, —1
39
g oM+ M 58 o8 011
40
T[z, 0], [0, 2] (M0,1_Mz,1)
41
Tio g, 11,21 (Mo, 2 Mo, 1 &2 My 1850 =My 1850 =My )
42
Tio 1y, 1,21 (Mo, 1820 T My 181 T My 285 0~ 22, 0)
43
Mo, 180,11
4
My, 1800+ 0,0Mp, 2~ 80,011
45
T[z, 11,[1,2] (Mo 1M2,2_M0,2Mz, 1 _Mo, 1 +Mz, 1)
"trop long", & (151.1)

Y particle i can overtake i-1 mod 3



> # -> Initialisation
unassign('T',"M");
K:=3,;

> # Transition definition
NonZeroT:= NULL: # will be the set of nonzerotransitions
for uin ensem(2,K) do
for vin ensem(2,K) do
if( not [u,v] in {[[2,1],[1,2]], [[O,2],[2,0]] ,
[[1,0],[0,1]] } )
then

T[u,v]:=
else
NonZeroT := NonZeroT, T[u,Vv]:
fi:

od:
od:
"Parameters = NonZeroTransition”, NonZeroT,;
>
## product of M over 4 letters
MM:=proc(a,b,c,d) return( M[a,b]*M[b,c]*M[c,d]): end:
Z4:=proc(u) ## for a word u of size 4 and L = 2 we need the
following Z
return( add( MM(u[l],v[1],v[2],u[4]) *T[v [u[2],
u[3]]]/MM( op(u) ) -T[[u[2],u[3]],v], Vv in ensem(2,K))):
end
>
Cycle7MT:=proc(a,b,c,d) option remember: local Vec:
Vec :=[ a, b, ¢, d, 0, 0, 0]:
return( S|mpI|fy( add(Z4( [seq( Vec[modu(i +j, 7)],j=1
4) ] ),i=1..7))):
>
for i in {0,1,2} do MJi,0]:=1-M[i,1]-M[i,2]: od
>

SystemEquation :={ seq( Cycle7MT(op(u)), u in ensem(4,K)
), seq( M[op(u)]*g[op(u)]-1,u in ensem(2,K))}:
HHHBHBHBHBHBHHHHBHBH BB
PolynomialSystem:= map(x-> numer(normal(x)),
SystemEquation): # numerators only
Variables:= seq(seq(M]Ji,j],i=0..K-1),j=1..K-1) , seq(g[op
(W)],u in ensem(2,K)), NonZeroT :
HHHBHBHBHBHBHHHHBHBH BB
# grobner
G:= Basis(PolynomialSystem,plex( Variables)):
Affiche(G,2000);
unassign('M'); # for further computations

K:=3

"Parameters = NonZeroTransition", T[Q 2, [2, 0] T[l, 01, [0, 1]’ T (211, [1, 2]



1

Toon 200 T 1 0p, 10,1 T 112,13, 11, 2
2
82,082,182,2 782,082,177 82,082,277 82,1822
3
Ty o1 T2y, (21 (81,2 82,2)
4
T[l, 01, [0, 1] T[z, 1, [1, 2] (81,17 8&,1)
5
T[z, 1], [1, 2] (g1, 182,27 81,28, 1)
6
Ty, 1,2 (781,282,081 1781,18,0181,282,07 81,28, 1)
7
T[l, 01, [0, 1] (81,181,281 81,182,182,2781,18,2781,282,1)
8
T[l, 01, [0, 1] (gl,1g1,2g2,0_g1,1g2,0_g1,1g2,2_g1,2g2,0)
9
T[l, 01, [0, 1] T[z, 1, [1, 2] (81,0 82,0)
10
T[l, 01, [0, 1] (81,082,277 81,28,0)
11
T[l, 0L 10,17 (781,282,081 781,08, 1181,28,0781,28, 1)
12
T[z, 1, [1, 2] (g1,0g1,2g2, 17 81,082,1 81,082,277 81,28, 1)
13
T[z, 1, [1, 2] (gl,ogl,zgz,o_gl,ogz,ogz,z+g1,0g2,2_g1,2g2,0)
14
81,081,181,2 &1,081,1 — 81,081,27 81,181,2
15
T[l, 01, 10,11 80,2 — T[l, 0170, 11812 T T[z, 1],[1,2] 80,2 T[z, 1], [1,2] 82,2
16
T[z, 1, [1, 2] (gl,z_gz,z) (go,z_gz,z)
17
Tio 111,27 (80,2811~ 80,2821 81,2821 17 82,1822)
18
T[z, 1, [1, 2] (81,07 820) (80,2 822)
19

8o, 1 T[l, 0, 10,11 — &1, 1 T[l, 01, [0, 1] + T[z, 11, (1,21 80,1 T[z, 11,[1,2] 82,1



20
T[z, 1, [1, 2] (gl,z _gz,z) (go, 1~ &), 1)

21
T[z, 1, [1, 2] (gl, 1~ &, 1) (go, 1~ &), 1)
22
T[z, 1, [1, 2] (gl,o_gz,o) (go, 1~ &), 1)
23
T[z, 1, [1, 2] (80,180,282,2780,282,182,2 80,182,217 80,28,1)
24
T[z, 1, [1, 2] (80,180,282,0 80,1820 80,2820 80,282, 1)
25
80,0 11,01, 10,1 ~ &L 0 T o 10,10 T2 13, 11,21 80,0 — Ti2 13, (1,21 €20
26
T[z, 1, [1, 2] (‘go, 182,082,218008,2780,182. 018, 1g2,2)
27
T[z, 1, [1, 2] (go, 082,180,182, 0)
28

T[z, 1, [1, 2] (80,182,08,2780,081,21T80,18,0180,182,2781,28,0

+8508,2)
29
Tp1y 11,21 (781,282,082, 1 780,081,1 —80,182,0781,28,01 81,281
+8508,1)
30
Ty 111,21 (81,0~ 820) (80,0~ &2,0)
31
80,080,180,2 7 80,080,1 ~ 80,080,2 ~ 80, 180,2
32
M, g, ,—1
3
M, 18 08,178,081 T8 0781
A
Ty 21 (M 281,281~ 811)
35
Ty on 10,1 (M, 281,282,0~81,0)
36
Tyon 01 (Mo 281,182,0 81,0811 18101 811)
37



Ty 21 (Mo 2810821~ 81,0811 181,01 811)

38
Ty iy 11,21 (M, 280,282, 11801802 80,28, 180, 1)
39
Ty 1y 11,21 (Mo, 280,282,071 80,080,2 80,2820 80,0)
40
Ty 11,1121 (M, 280,182,0 80,1820 180,01 80,1)
41
Ty og, 10,11 Tro g, 112 (M2 =M, 5)
42
M, ;8,1
43
Tp iy 11,21 (M 2811 =My 28 4)
44
Tyon 01 (M 281181 =My 28181 =M 2817 M,,8, 1)
45
Trion 01 (M1 281,182,017 M, 281,182,207 81,18,01820)
46
Ty o101 (M1 2810 =My 285 0)
47
Tpiy, 1,21 (M1281,082,1 M, 281,082,207 81,08, 1 782,1)
48
Ty iy, i21 (M1 2810820 My 281,080 =M 281,01 My 185 )
49
M, 28 08,178,081 78,0181
50
Ty 11,11, 2) (Ml,zgo,z_Ml,zgz,z_Mz,zgo,z"‘1)
51
Ty 111,21 (80,17 8,1) (M) 2,—M, )
52
Ty 11, 11,21 (80,0 =&, 0) (M) 2—M, )
53
My 5T oy ro Y i, 2 Mo 2 =My o Ty oy, 10, 1) = Moy 2 T, 1y, 11, 2
A
Ty 11,11, 2) (Mo,zgl,z_Mo,zgz,z_Mz,zgl,z"‘1)
55
T

[2,1], [1, 2] (gl, 17— &, 1) (Mo,z _Mz,z)
56



Tio 11,1121 (81,0 —820) (Mo, 2 —My)0)
57
My, 280,21
58
Tio 1y, 1,21 (Mo, 2801 =My 281 =80, 1782 1)
59
Ty 1y, 11,21 (80, 0Mo, 2 =M 28 0~ 80,0 T82,0)
60
My, 20,080,1 ~80,080,1 180, 07T &0, 1
61
T[z, 11, [1, 2] (Ml,z_Mz,z) (Mo,z_Mz,z)
62
M, 18,1
63
oMyt My 18 08 0T 1
64
Tpiy 1,21 (M 1811 =My 2 8),5)
65
Tiyon 0,1 (Mo 281,181, My 1810 =My 2807 811)
66
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77
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80

My 18y, —1
8l
My, 1800 80,0Mp,2 =80t ]
82
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"trop long", & (1521)

Ty 112 (

V¥ Variant with parameter T[[a,b],[b,a]]

> # -> Initialisation
unassign('T',"M");
K.: .

> # Transition definition
NonZeroT:= NULL: # will be the set of nonzerotransitions
for uin ensem(2,K) do
for v.in ensem(2,K) do
if(u=v or (u[l]<>v[2]) or(v[1l]<>u[2]) )
then
T[u,v]:=0:
else
NonZeroT := NonZeroT, T[u,Vv]:
fi:
od:
od:

"Parameters = NonZeroTransition", NonZeroT;




## product of M over 4 letters
MM:=proc(a,b,c,d) return( M[a,b]*M[b,c]*M[c,d]): end:

Z4:=proc(u) ## for a word u of size 4 and L = 2 we need the
following Z

return( add( MM(u[l],v[1],v[2],u[4]) *T[v,[u[2],
u[3]]1]1/MM( op(u) ) -T[[u[2], u[3]] v] vin ensem(2,K))):
end:

Cycle7MT:=proc(a,b,c,d) option remember: local Vec:

Vec :=[ a, b, ¢, d, 0, 0, 0]:

return( S|mpI|fy( add(Z4( [seq( Vec[modu(i +j, 7)],j=1
4) 1) 7))):

for iin {0,1,2} do MJ[i,0]:=1-MTJi,1]-MJi,2]: od

SystemEquation := { seq( Cycle7MT(op(u)), uin ensem(4,K)),
seq( M[op(u)]*g[op(u)]-1,u in ensem(2,K))}:

HHHHHH A AR R

PolynomialSystem:= map(x-> numer(normal(x)),
SystemEquation): # numerators only

Variables:= seq(seq(M]Ji,j],i=0..K-1),j=1..K-1) , seq(g[op
(W)],u in ensem(2,K)), NonZeroT :

HHHHH AR AR R

# grobner

G:= Basis(PolynomialSystem,tdeg( Variables)):
Affiche(G,500);

unassign('M'); # for further computations
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473,474, 475, 476,477,478, 479, 480, 481, 482, 483, 484, 485, 486, 487, 488,
489, 490, 491, 492, 493, 494, 495, 497, 498, 499, 500, 501, 502, 503, 505, 506,
507, 508, 509, 510, 511, 512, 514, 515, 516, 517, 518, 519, 520, 521, 522, 523,
524, 525, 526, 527, 528, 529, 530, 531, 532, 533, 534, 535, 536, 537, 538, 539,
540, 541, 542, 543, 544, 545, 546, 547, 548, 549, 550, 551, 552, 553, 554, 555,
556, 557, 558, 561, 562, 563, 564, 565, 566, 567, 569, 570, 571, 573, 574, 575,
576, 578, 579, 580, 581, 582, 583, 584, 585, 586, 587, 589, 590, 591, 592, 593,
594, 595, 596, 597, 598, 599, 600, 601, 602, 603, 604, 605, 606, 608, 610, 611,
612, 614, 615, 616, 617, 619, 622, 624, 625, 626, 628, 630, 631, 632, 633, 634,
635, 636, 637, 638, 639, 640, 641, 642, 643, 644, 645, 647, 654, 656, 657, 658,
659, 660, 661, 662, 663, 664, 666, 667, 668, 669, 670, 671, 672, 673, 674, 675,
676, 677, 678, 679, 680, 681, 682, 689, 690, 691, 692, 693, 694, 695, 696, 697,
698, 699, 700, 701, 702, 703, 704, 705, 706, 707, 708, 709, 710, 711, 712, 713,
714,715,716, 717,718, 719, 720, 721, 722, 723, 724, 725, 726, 727, 728, 729,
730, 735, 738, 740, 741, 742, 743, 744, 746, 748, 749, 750, 751, 752, 753, 754 }




T[Z, 11, [1, 2]

285 1)

285 1)

"Parameters = NonZeroTransition", T [0, 2], [2, 0] T[l, 0L, [0, 17’
1
Toop 1200 T 10,10, 11 T 112,11, 11, 2)
2
82,082,182,27 82,082,177 82,082,277 82,1822
3
Tryon 01 Ti21y, 11,21 (81,27 82,2)
4
Tyon o1 T2y, 2y (81,1 = 82,1)
5
Ty 1y, 11,21 (81,182,277 81,282,1)
6
Tpiy 11,21 (781,282,082, 1 781,180 181,28, 018,
7
Ty 01, 00,17 (81,282,181 7 82,181,182,2181,182,2 781,28, 1)
8
Ty 0,101 (81,282,081,1 — 81,1820 81,1822 81,282,0)
9
Ty o 10,11 T2 1y, 11,21 (81,0 —82,0)
10
Ty 01,1017 (81,0822~ 81,282,0)
11
Ty on 1017 (781,282,082, 1 781,081 181,28, 018,
12
Ty 11,1121 (81,081,282, 1 7 81,0821 7 81,082,2 81,282, 1)
13
Ty 11, 11,21 (81,081,282,0 7 81,082,082,2181,082,2781,282,0)
14
81,081,181,27 81,0811 ~ 81,081,2 7 81,181,2
15
Ton o118, 2~ Tiop o182 21y, 11,21 80,2 — T2 10,11, 21 82,2
16
Ty 1y, 11,21 (81,27 82,2) (80,27 &2,2)
17

T
18

Ty 11,1121 (81,0~ 82,0) (80,2 82,2)
19

2,17, 112] (80,281,177 80,2821 781,28,1178,18,2)



g1 o018 1 oo, Y 21y 1218010 — T2 1y, 11,21 82,1
20
Ty 11,1121 (81,27 82,2) (80,17 8&2,1)
21
Ty, i,21 (8,17 821) (80,17 8&2,1)
2
Ty 11,1121 (81,0~ 82,0) (80,17 82,1)
23
Ty 11, 11,21 (80,180,282,2 780,282, 182,27 80,182,271 80,28, 1)
24
Ty 11,1121 (80,180,282,0 80,1820 80,2820 80,282, 1)
25
8001101101 7 &0 T opr0 10t 2 11, 11,21 80,0 ~ Ti2, 13, 11,21 82,0
26
Tp 11,1121 (780, 182,082,2780,082,21 80,1820 T80,182,2)
27
Ty 11, 11,21 (80,0821~ 80,182,0)
28
Tio 11, 11,21 (780,182,082,2780,081,21780,182,0780,182,2 781,282,017 8,082,2)
29
Tio 1y, 11,21 (781,282,082, 1 780,081,117 80,182,0781,282,0181,28,1178,08,1)
30
Ty 111,21 (81,0~ 820) (80,0 &20)
31
80,080,180,2 7 80,080,1 ~ 80,080,2 ~ 80,180, 2
32
M, 8,1
33
M, 18 08, 178,08 1178 018
A
Tio 1y, 1127 (Mo,281,282,1 —81,1)
b
Ty o110, 17 (Mo,281,282,0 ~81,0)
36
Trion 101 (Mo 28,0811~ 81,0811 T 8L01811)
37

Ty 21 (Mo, 2810821~ 81,0811 181,01 811)
38



Ty 21 (M, 280,282, 11801802 780,282,180, 1)

39
Ty 1y 1,21 (Mo, 280,282,071 80,080,2 7 80,282,0 80,0)
40
Ty 111,21 (Mo, 2801820 80,182,017 80,01 80,1)
41
Tryon 10,17 Tio 1y, 11, 21 (M, 2 = M5 5)
42
M, ;g ,—1
43
Ty, i,2) (M 2810 =My 285 4)
44
Top 01 (M 2818117 My 08 1811 =M 2811 M,,8 )
45
Trio 10,1 (M1 28,0811 7M, 281 182,27 81,182,017 82,0)
46
Ty o101 (M 2810 =M 285 0)
47
Ty i,21 (M 28108, 1M, 281 082,281,081 78,1)
48
Tpiy, 1,21 (M1281,082,0 My 281, 082,0 M 281,01 M, 18 )
49
M, 18 08,178,081 18,0181
50
Ty i,2) (M1 280,20 =M 28, =M, 1,8, F 1)
51
Ty, 1,21 (80,1 82,1) (M2 =M, )
52
Ty 11, 11,21 (80,0 = &2,0) (Mi,2 =M, )
53
My > T o r0 T i, 20 Mo 2 =M o Tiy oy, 10, 1) — Mo, 2 T, 1y, 11, 2
!
Ty i2) (Mo 2810 =My 28, =M, 58 5+ 1)
55
Ty 21 (8,17 82,1) (Mo, 2 =M, )
56
T

[2,1], [1, 2] (gl, 0~ &, 0) (Mo, ) M, 2)
57



My, 280,21
58
Ty i,21 (Mo, 280,10 =M 281~ 8,17 82,1)
59
Tio 11, 11,21 (80,0 Mo, 2 =My 2820~ 80,0 T &2,0)
60
My, 280,080,1~80,080,1 T 80,01 80,1
61
T[z, 11, [1, 2] (Ml,z_Mz,z) (Mo,z_Mz,z)
62
M, 18— 1
63
L oMyt M 18 08 0t ]
64
Tio 1y, 1,2 (Mo, 1811 — My 281,0)
65
Tiopro1 (Mo 281181, M 181 =M, 1857 811)
66
Ty i1 (M281081,21 M 180T M, 58 0T M, 5,8 5)
67
Tio o1 (Mo 1810t My 28 01 M, 581281 0)
68
Ty 1y, 11,21 (Mo 180,180, =My 1801 M, 5802 8, 2)
69
Ty 1y, 11,21 (Mo 1800 My 1801+ My 2800~ 80,0)
70
Tio g, 1,2 (M2 My 1 85 0 T M, )
71
Tioppo (M2 My 18 0t M 58, + M, — 1)
72
M g1
73
g oM+ M 18 080t
74
My T oy 10,1182, 2 T Mo T op 10,11 82,2 T Mo 1 T g, o, 1) Mo,

T[z, 1,[1L,2] T[l, 0], [0, 1]

'Ml, 2

_Mz,l

75

T[2, 11, [1, 2]



Tyn 21 (Mo oMy 180t My 18 0= My 185 5 =M 1)
76
Ty iy 1,21 (Mo, 1820t My 18211 My 28,0 82,0)
77
Ty i,2) (Mo oMy 1 &0t My 181, =My 181, — My )
78
Ty 21 (Mo 1810 =My, 1821 =My 18 5+ 1)
79
T2 (Mo 2810810 My 180T My 181 T My 28 0t My 18 0T M, 58 5
_Mz,zgz,o_l)
a0
My g1
81
My 1800180 0Mp 280011
82
T[z, 11, [1, 2] (MO,I%,Z_%JAIZ,I_%,I—’_%,I)
83

T

(2,11, [1, 2] (Mo, 1Ml,2_M0,2Mz, 1 _Ml,zMz, 1 +Mz, 1Mz,2_M0, 1 "'Mz, 1)

"trop long", & (15.3)
> PolynomialSystem;
{O, 'T[l, 0], [0, 1] 'T[l, 0], [0, 1] (Mo, 1Ml,2 _Ml, 1Mo,2 _Mo, 1 +Ml, 1)’ (15.2)

'T[1,0],[0, 1] (Mo, 1Mz,2_Mz, 1Mo,2_M0, 1 +M2, 1)’M0, 180,17 l’Mo,zgo,z_ L,

Mg = LM 58 = LM, g — LMy 58— 1L My 18— 8, oMy, 2
+8 0~ L& oM 18 oM tg o L 'gz,o%,l_gz,o%,z"'gz,o_l}
> subs({seq([Variables][i]=(i+3)/2,i=1..nops([Variables]))},
SystemEquation);
147 47 1 1 1 33 49 79
{ $3,0,10,20,20, - 131, - 2L -2 2 2 S5 D 2} (15.3)
> ensem(2,3);

[0,0],[0,1],10,2],[1,0], [1,1],[1,2],[2,01,[2,1],1[2,2] (1.5.4)
_>
V Section 3.2 - Hidden Markov chain
> K:=3:

unassign('T',"M");

Indices:= { seq( seq( [u,v], uin ensem(3,K)),v in ensem(3,K)
)}

for uin ensem(3,K) do for vin ensem(3,K) do
T[u,v]:=0:Indices:=Indices minus {[u,u]}:




od:od:
#definition of T

T[[0,0,0],[0,1,0]]:=255:

T[[0,0,0],[0,2,0]]:=15:

T[[O,l,O],[0,0 0]]:=294:

T[[0,2,0],[0,0,0]]:=294:

T[[O,1,0],[0,2,0]] =49:

T[[0,2,0],[0,1,0]]:=49:

Indices:=Indices minus {[[0,0,0],[0,1,0]],[[0,0, ],[0,2 0]]
[[0,1,0],[0,0,0]],[[0,2,0],[0,0,0]],([0,1,0],[0,2,0]1,[[0,2
0],[0,1,0]]}: _

# projection function:

NonZeroT:={ seq(T[op(A)], A in Indices)}:
proj:=proc(x) if x>0 then return(l) else return(0):fi:end:

# Condition projection
EQQ:=NULL:
for uin ensem(3,K) do

for v.in ense(3,K) do

if map(prol u)=map(proj,v) then
EQQ:=EQQ, seq( add((T[u,w]-T[v,w])*ind
(map(proj,w),b)*(1- md(map(prOJ u),b)), win ensem(3 K)),b in
ense(3)):
fi:

od:

od:

# T' as given in section 3.2 is clearly correct.

M:= Matrix([[7/15, 1/3, 1/5],[1/2,1/6,1/3],[1/6,1/2,1/3]]):
Rho:=Matrix([35/89,29/89,25/89]):

# checking that Rho is a left main eigenvalue of M

Rho.M -Rho ;

# Projected measure

MesMarkov:=proc(v) local n: n:=nops(v): # the
colour are labeled 0..2
return(Rho[1,v[1]+1]*mul(M[v[i]+1,v[i+1]+1],i=1..n-1)):# but
the matrices entries are labeled 1-3

end: #the
shift +1 is here to compensate that.

Mes:=proc(u) local n:
n:=nops(u):
return( add(MesMarkov(v)*mul(ind(proj(v[i]),u[i]),i=1..n),
v in ensem(n,3)));
end:
Mes([1,1,1])/Mes([1,1]);
Mes([1,1])/Mes([1]);

## adaptation of MM to this matricial expression



MM:=proc(a,b,c,d,e) return( M[a+1,b+1]*M[b+1,c+1]*M[c+1,d+1]*
M[d+1,e+1]): end:

# Computation of Z5

Z5:=proc(u) ## for a word u of size 5 and L = 3 we need the
following Z

return( add( MM(u[l],v[1],v[2],v[3],u[5]) *T[v,[u
[2],u[3], u[4]]]/|\/||\/|( op(u) ) -T[[u[2],u[3],u[4]],v], v in
ensdem(3
en

Cycle9MT:=proc(a,b,c,d,e) option remember: local Vec:
Vec :=[ a, b, c, d e, 0, 0, 0, O]:
return( S|mpI|fy( add(ZS( [seq( Vec[modu(i +j, 9)],j=1

ei) 1), -9))):
> seq(Z5(u), u in ensem(5,3));
[000]
1
106
<)
81

0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, (16.1)
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0,
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0,0,
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0,
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0, 0,0,
0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,0,

0,0,0

V¥ Section 3.3.1 - Two colour general Markov case

> # -> Initialisation
unassign('T',"M");
K_ .

> # Transition definition
NonZeroT:= NULL: # will be the set of nonzerotransitions
for uin ensem(2,K) do
for v.in ensem(2,K) do
iIf u=v then T[u,u]:=0:
else
Tlu,v]:=t[it(u),it(v)]:
NonZeroT := NonZeroT, T[u,V]:
fi:
od:
od:




"Parameters = NonZeroTransition", NonZeroT;

## product of M over 4 letters
MM:=proc(a,b,c,d) return( M[a,b]*M[b,c]*M[c,d]): end:

Z4:=proc(u) ## for a word u of size 4 and L = 2 we need the
following Z

return( add( MM(u[1l], v[1] v[2],ul[4]) *T[v,[u[2],u
[3]]]/MM( op(u) ) -T[[u[2],u[3]], v] vV in ensem(2, K)))

Cycle7MT:=proc(a,b,c,d) option remember: local Vec:

Vec :=[ a, b, ¢, d, 0, 0, 0]:

return( S|mpI|fy( add(Z4( [seq( Vec[modu(i +j, 7)],j=1
4)]) 7))):

for i in {0,1} do MJi,0]:=1-M[i,1]: od

SystemEquation = seq( Cycle7MT(op(u)), u in ensem(4,K)),
seq( M[op(u)] g[op(u)]-1,u in ensem(2,K)), (M[0,1]-M[1,1])*
X-1
A
PolynomialSystem:= map(x-> numer(normal(x)), SystemEquation):
# numerators only
Variables:= seq(g[op(u)],u in ensem(2,K)),x, seq(seq(M[i,j],
i=0..K-1),j=1..K-1) , NonZeroT :
HEHBHBHBHHHHBHBH BB H BT R
# grobner
G:= Basis(PolynomialSystem,plex( Variables)):
Affiche(G,2000);
unassign(‘M"); # for further computations
K:==2
"Parameters = NonZeroTransition", borlorloytolloliybobirhsbob b
1

5o
2

b

L,
4
b,
5
oot otlhibh ottt oTlabo st~ sta " hiat 1 —hisl,
6



> 2 ) >
Mty g+ Mt o= Mt =My =Myt g M My Myt

+t1’3+t2’3

7
M bt M bt A Mt ot Mt ot — Mt At — Mt ot
L1l 15 L1l 152 L1028 BLYLY L1h38 BLELY)
2 2
Mt st M s Mt MG Mt ot
TM t o s TM f 3 Mt st M s M ot

—hoa b 371ty T2l 3T ol s

8

oMy TMy 4 3+ Mt gt M 6 =1 37143
9

My ytg My tg Myt M~
10

My Myt ot My Myt =My (Mt =My My =Myt =Myt
M G MG,
11
Xt ol 3 FXt ol 3 FXt 3t =Xt 3l | Xl 3l TXG gl 37X 31
_xﬁ3&2_ﬂﬁ1io_ﬂﬁ1&0&3_2Aﬂ1&oﬁo_kﬁl&0&3

TM ot ot TM g Myt st oMt s M st — M

éo_ﬂﬁlio&3+ﬂﬂ1&o&1+Aﬁ1&0&2+ﬂﬁ1&3&1+Aﬁ1&3&2+
é0+&0&3+2&0&0+&oﬁs+i3+&3&0+2&3Q3+&3&1+&3&2
+éo+&oﬁ3+é3+&3&1+ﬁsﬁz
12
Xlg 1By T Xy (Xl ol | TXE ol ) =X 3l TX 3l 5 T XD 30
Xl 3l =Ml My G, Ml o M 5,
M 4o M g M s M s, M o

)
TM ot T MG s M s =M G 2M G, =M
)

Gl lo1ls o1l o1l ool s lo 2l s lo2l1 2k
“hobr T hol T 3G T 3G 2T h ol 1 T hoh T3k T3k
13
XMty 3tx Myt s+ x M Gt x M G, —xt 3 —xth 3 Mgt M
MG MG, T
14
xM b gtxM b g —xM ot XM, =Mt — M+ M G

TM G, ot st T



15
XMyt FxMy tg T XMyt XMyt Xty Xy, T T,

16
xMy  —xM ;-1
17

Mt gt M 6 o= M 6 =M 5,18 318 103 o s ho

b3
18
Xty gtxty g —xl =Xty =M b =Mt g+ M G M,

T8 1 hothsThsth T84,

19
M g, —1
20
Xgy 1o, TX8y lo,p =Xl TXly p T XL TXB 58y 11y — & 12
21

Myt gt Mt oM 6 =M (5,18 06118062 s b3

—4 )
22
"Xl T Xy txty st Xl =Mt =M 4 gt M G M G518
T80l 2Tt otThsthoth
23
gLoM 1 —g 0t
24
X8 ol 0T X8 0k o™X o TX 3T XL 07X 318 ol 378 003
25
&1,081,1 81,0 81,1
26
Xty gtxt, g =xty  mxG =Mt =M b MG M G518 8
T8, 1h 2Tl oThsthoth;

27
Myt g+ Mt oM (G =M 15580 151 T80, 10,2 o1 "2 o
—ho
28
M g1t 0t M 181008, 1h,3 8,1k 3T 3T h
29
My 18,1

30



31
x M 1801~ X181
32
X801 7X& 11801811
3

T8 0h3T8&L0k 3

A

X80, 1810 "X8&0,1 ~*81,0T 80,1810
35

80,005,117 80,0%,2 781, 1%,1 8,10,
36

Xy T Xty Xl s tXG s Mt~
T8 ohisTlhi1TlhThotTho

80,080,1 — 80,0 80,1

"trop long", &
> collect(G[6],M[1,1]);latex(%);

{1,1}}}17{2

M_{{1,1}}+t
- _{{1,3}}+t_{{2,3}}

V¥ Section 3.3.2 - Two colour general product case

X80 1t 3t X8 13Xt g TXt 3 =Xt =Xt 38 11 0T 8150

80,181,0%1.0780,181,04.3 780,181,000 80,181,003 8.1%.0 &, 1% 0

M ot M M1, 18085

37
Mt g tM 6 g—=M 1t =M 15,18 0t 08,000 o
b3
38
go,oMo, 1 _go,o"'1
39
le, 180,0 X800 TX+8& 0
40
X80,081,1 *&0,0 X811 80,081, 1
41
“X8001t X807 80,0810
42

2
(hotho— G 1= b)) M T (tho s ho hi)M +tt 514,
\left( t_{{1,0}}+t_{{2,0}}-t_{{3,1}}-t_{{3,2}} \right) {M_{

P+ NMeft( -t_{{1,0}}-t_{{1,3}}-t_{{2,0}}-t_{{2,3}} \right)

(1.7.2)



> # -> Initialisation
unassign('T',"M","u','v','rho");
K:=2;

> # Transition definition
NonZeroT:= NULL: # will be the set of nonzerotransitions
for uin ensem(2,K) do

for v in ensem(Z,K)do
if u=v then TJ[u,u]:=
t[it(u ),|t(v)]
else
Tlu,v]:=t[it(u),it(v)]:
NonZeroT := NonZeroT, T[u,V]:
fi:

od:
od:

"Parameters = NonZeroTransition", NonZeroT;

Z2:=proc(u) ## for a word u of size 4 and L = 2 we need the
following Z

return( add( rho]
/(rhof[u[l]]*rho[u[2]]) -T
end:

vii]]*rho[v[2]]  *T[v,[u[1], U[Z]]]
[[uf1l],u[2]],v], v in ensem(2 ):

>
Cycle2MT:=proc(a,b) option remember:
return( simplify(z2([a,b])+Z2([b,a]))):
end:
>
rho[0]:=1-rho[1]:
>

SystemEquation := { seq( Cycle2MT(op(u)), u in ensem(2,K))}:

HHH IR R R R R R R

PolynomialSystem:= map(x-> numer(normal(x)), SystemEquation):
# numerators only

Variables:= g[0],g[1], rho[1] , NonZeroT :

HEH R R R R R R R

# grobner

G:= Basis(PolynomialSystem,tdeg( Variables)):
Affiche(G,20000);

unassign(‘M"); # for further computations

K:==2
" — 141 "
Parameters = NonZeroTransition", horlhrbyhollrtrshobrhyboelbho

1
Prloitot Pl TPl 1o TPl ol o TP lo ot 1 TPl 2t TP 30
TP 3l 2P ol ot P ol 1 TP 0B a TP sl 0P G 0b
TP Lol 1 TP L otk TP b3t 0"t 10 o1t Tl 1t 200

ool Tl ol T3l 1 Ty 3k
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“Pihol 1 TP ol TP 3l 0Tl 1 s Tl 1 s Tl 0T 18
Tl 1l Tl ot 3 Tl aly 3 Tl 2l 0Tl ot Tl ol 0 Tl 3t 0 Tl 313

—lsb ot 3th s Tl 3l 1 Tl 3k
3

2 2 2 2 2 2
Prlo sl 3P —h 3P PP G TP L 2P 3t 5P T h 3P T s
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2 2 2 2 2 2 2 2
Prlo 1 TP lg TP ot 3P TP G oTh 3P +P 5 TP G ,—2P 1,
=2t =Pt o3P TP o s Pty T,
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Tl it 3h ol T2 1l 3h 3l ot 1 hob 3l o T 1h 0035
+%1@0%3&2+%1é3&0_%2é0_2%2&0&1_2%2&0&2_%2é1
_2é2&1&2_%2é2_2h2%3&0&1_2%2h3&0@2_2h2h3é1
_4hzhs&1&2_2hzh3éz+h2&oﬁ3&o+hzﬁoﬁ3%1

Tl ot ol 3o Tl o3l 0ot 0b, 3l 1 Tl ol ol 3l Tl
i3&0+%2ﬁ3&0@0+h2ﬁ3ﬁo&1+h2ﬁ3ﬁ0&2+2h2ﬁ3&3ﬁ0
+%2&0&3&0+h2Q0Q3&1+%2&0%3&2+%2é3%0_é3é1_2
é3&1&2_%3é2+h340&0+h3i0&1+h3i0&2+2h3ﬁoﬁ3&0
Tl st ot st Tzt ol st a2l 30 0h o0 T 24,30 00 00,1

T210 3t 0h 0G0 210 3t ob 3l 0Tl 3t 0l 3l 1 Tl 3t 0h 3k 2T 3
i3&0+2%3%3&0&0+%3&3%0&1+%3&3&0&2+2h3ﬁ3ﬁ3&0
+h3éo@o+%3é0&1+h3éo@2+2%3&0&3@0+Q3Q0&3&1

+%3&o&3&2+h3é3&0




"trop long", & (18.1)

> ## simplification of the formulas
for i from 1 to 4 do collect(GJi],rho[1]);0d

(o1l 0tlo 11ty 1Tl ol gl ol 1 Tl ot 2 Tl 35 1 T 385,
thob ot ol ThobaThshothobothob1thobath st )
Pyl 10 o1l 1 o152 o2l 0 T oot T o252 T3l T3k
(o1t sttty sty b 3ttt 3Tt 3t o Tl 3t 35T 36 0T 30 5
—hobo "ol T hob btk o hobo " hob 1 T hob 2" hik )
Py —loitis s Tl ol 1t 1b a2t lhabhstlhako
Tlo ol Tl oty o —ly 3t 0 lo 3l 3 Tl 3t 0 Tl 3l 3 Tl 3l T3tk
(fo3—h 3 h3—ho 517 4)) PT+(‘2fo,3+t1,3+tz,3) Py T 103
(o1t ot gt 3T ot h 315 1185,) p?—l—(—2t0’1—2to,2—t1,0—t1’3 (1.8.2)

Lo L) Pt T,

> lex := proc(x,y) if x[1]<y[1l] or (x[1]=y[1l] and x[2]<y[2])
then return(l) else return(0):fi:end:
Smaller:=proc(x,y) if x<y then return(1) else return(0)
fi:end:
add(add(t[op(u)]*t[op(v)]*lex(u,v), u in {ensem(2,4)}),v in
{ensem(2,4)})

lo, 10,2 Vo 1t 3o 1t ol 1ttt 1ty sty 1 b oty 1h 1Tl 163t 15, (1.83)

Tl T s Tty st ot o T2t o Tl ot st ot o Tl 20
Tlo ol 3 tily oty ot ly oty Tl ol ol sty ot lg 3t 2Tl 3l 3Tl 3k
Flo sty st 3ty 3l 0Tl 3l 1 Tlyst ot ol 2T ol 3T 0o
thob i Thobhstlhobothob i Thob s Thatisthab ot b,
Tl s Tl o Th ol Tl ol ot 3h ot 3 1T 3 3118 38
Tt st h o Thobsth ol ot h ol Thol Tl 163
Th G oTh 1 Th boathslothl Thlyyth o185 004,
Th00,

> # factorisation of G[5]
S:={seq(t[op(u)]=1,u in ensem(2,4))};
S=1{0=L1 =14 ,=L1 =Lt =Lt ,=L1 =104 =L4 =11 ;=1 (184

o=l =1,55,=1}

> m:=5;
pos:=factor(add(op(i,G[m])*ind(sign(subs(S,op(i,G[m]))),1),i
=1..nops(G[m])));
neg:=factor(add(op(i,G[m])*ind(sign(subs(S,op(i,G[m]))),-1),i
=1l..nops(G[m])));



\ 4

m:=2>5
posi= (t oG ott oG Tt oG T 3 0T h ol ot h ol 1T h ok

T6 30 0) (o1t sty 13t 3Tl b 3Tl 3t o Tl 3t 3t 38

+1,34, 3)
neg == (lo 1t 0Tl 1l 1 tloh oty ottty 1Tl 2l 0Tl 30, (1.85)

+t0,3t3,2)2

> normal(G[5]-pos-neg);
0 (1.8.6)

> |atex(pos+neg);
{\?’Iezf}:t}(t {{{1 0}}t {{3,0}}+t_{{2,0}}t_{{3,1}}+t_{{2,0}}t_{
}it%}}{t{ {{3}}0}}+t {{2,0}}t_{{3,0}}+t_{{2,0}}t_{{3.,1}}+t_{{2,0}
{ {%}2 3{}{}t {{3,0}} \right) \left( t_{{0,1}}t_{{1,3}}+t_{
0 1
3}}?{ {{?}2}}t {{1,3}}+t_{{0,2}}t_{{2,3}}+t_{{0,3}}t_{{1,0}}

{l {§1(3}};{t {{0,3}}t_{{2,0}}+t_{{0,3}}t_{{2,3}} \right) -

eft

}%}}{&3{{03}}0}}“ {{0,1}}t_{{3,1}}+t_{{0,1}}t_{{3,2}}+t_{{0,2}
Er{t {53}2}}3 {{3,1}}+t_{{0,2}}t_{{3,2}}+t_{{0,3}}t_{{3,1}}+t_
{3,2}} \right) ~{2}

Section 3.4 2D Applications

¥ Functions to run (once) for the applications that follows
> # -> Initialisation
unassign('T',"M",'u','v','"rho","K");

GammaO:= [[O O] [0,1], [1 0]]
Gammal:= [[0,0],[0,1],[1,0],[2,0]]:
Gamma?2:= [[O 0],[0,1], [1 01]1,[2,0],[2,1]]:
## squares encoded following this order:
## d c
## a b
H#

>

Prod :=proc(u) mul(rhoful[i]],i=1..4):end:

Zsquare:=proc(u) ## for a square-word u of size 4 we need
the following Z

return( add( Prod(v) * T[v,u] / Prod(u) - T[u,v], Vv
in ensem(4,K))):
end:

CartesianProduct:=proc(E1,E2,E3,E4) option remember:



return({seq(seq(seq(seq( [el, e2, €3, e4], el in E1), e2
in E2), e3in E3), e4 in E4)}):
end:

## partial Z... Sommation on lacking variables
ZP:=proc(u) local E, i, Externe:
# we will put -2 in the unit square when they are outside
the domain

Externe:={}:

for i from 1 to 4 do

if ulfi] = -2
then
E[i] := {seq(j, j= 0 .. K-1)} ;
Externe:=Externe union { i };
else
E[i]:= {u[i]}: fi

od:
return( add(Zsquare(w)*mul(rho[w][i]], i in

Extderne), w in CartesianProduct( E[1],E[2],E[3].,E[4]))):
end:

rank:=proc(element,Seq) # provide the rank of an element in
alist (where it appears once), and return -2 if the
element is absent
if not element in Seq then return(-2) else return(max
({seq(ind(element,Seq[j])*],j=1..nops(Seq))})):
fi:

end:

SetOfCornersOfSquaresThatintersects:=proc(S) # position of
the corners bottom, left that intersects the domain S
return({seq( u+[-1,0], u in S),
seq( u+[-1,-1], u in S),
seq( u+[0,-1], u in S),
seq( u, uin S) }):
end:

# the square whose bottom-left vertex is s
SquareWithCorners:=proc(s) return( [ s +[0,0], s+[1,0], s+
[1,1], s+[0,1]]):end:

## Equation of stability of the mass of the config u
indexed by domain, ou Domain
EquationDomain:=proc(Domain, u) local equation,s,S,W,i,C:
equation:=0:
# addition on all squares that intersect the set of
interest
for s in SetOfCornersOfSquaresThatlntersects(Domain) do

S:= SquareWithCorners(s):
W:= [seq(rank(S[i],Domain),i=1..4)]:
for i from 1 to 4 do
if W[i]=-2 then CJ[i]:=-2 else C[i]:= u [W

od:

[i]1]:fi:



equation := equation + ZP([seq(C]Ji],i=1..4)]):
od:
return(equation):
end:

YV An T zeroes except T[0111 | 1000 |=a, 7[1000/0111 =1
> unassign('T','rho");
rho[O] := 1-rho[1]:
K:=2:
# Transition definition
NonZeroT:= NULL: # will be the set of nonzerotransitions
for uin ensem(4,K) do #u=(ul,u2,u3,u4)
for v.in ensem(4,K) do
if([u,v]<>[[0,1,1,1],[1,0,0,0]] and [u,v] <> |
[1,0,0,0],[0,1,1,1]]) then

T[u,v] 0:
else
NonZeroT:=NonZeroT, T[u,v]:

fi:
od:
od:
"Parameters", NonZeroT,;

"Parameters", T,

[07 19 17 1]5 [17 07 07 0], T

[1,0,0,0], 1[0, 1,1,1] (1.9.11.1)

EquationParameter := T[[O, 1, 1, 1], [1, O, O, O]]-a, T]
[1, 0, O, O], [O, 1, 1, 1]]-2;
EquationGammaO0:= seq(EquationDomain (Gamma0, u), u in
ensem(3,K)):
EquationGammaland2 := seq( EquationDomain (Gammaz2, u)

- EquationDomain (Gammal, [seq(u
[i],i=1..4)]) , u in ensem(5,K)):
SystemEquation := [EquationParameter ,EquationGamma0,
EquationGammaland?2 ,seq(g[i]*rho[i]-1,i=0..1)]:
HHHHHHH B HEHH R
PolynomialSystem:= map(x-> numer(normal(x)),
SystemEquation): # numerators only
Variables:= rho[l1l] , g[1] ,g[0], a, NonZeroT :
HHHHHH B HEHH R
# grobner
G := Basis(PolynomialSystem, tdeg( Variables )):
Affiche(G,20000);

EquationParameter := Ty 1 1y, 11,0,0,0 ~% I[1,0,0,01, 10, 1,1, 1) ~

1

T[I,O, 0,01, [0, 1,1, 1] —1
2

‘T[o, L, 1,1],[1,0,0,0] ta
3

T[o, L 1,1],[1,0,0, 0] 80 T[o, L, 1,1],[1,0,0,0] — &1 +1
4




P Tio, 1, 1,13, 11,0000 —& —P; T2
5
80818y &1
6
g P, —& t1
7
g?_T[o, L1y L0,00 28 1
8

glpl_l

"trop long", & (19.11.2)

> normal(subs(g[1]=1/rho[1],9[0]=1/rho[0],G));solve(%,
{NonZeroT,rho[1]});

T]:l, 0,0,0],[0,1, 1, 1] - 19 _T[O, 1,1,1],[1,0,0,0] + a,
2 2
_plT[O,l,l,l],[l,O,O,O]_p1+2p1_1
(‘1+p1) P
p, T p+2p —1
0,1,1,11,[1,0,0,0] -
10 1. [ 1M 1 0.0,
Py
2 2
Pr 1o 1, 1,11, 10,000 P H2P 1
_ . 0
Py

[T 110,007 i1, 0.0,00, [0, 1,1, 17 = 1> Py =RootOf (1 + (a = 1) _Z (19.1.1.3)

+2_Z)}

-1+Ja 1 +Ja (1.9.1.1.4)

a—1 "~ a—1

¥V AT zeroes except T[0101 | 1010]=a, T[1010]0101 =1
> unassign('T','rho");
rho[0] := 1-rho[1]:
K:=2;
# Transition definition
NonZeroT:= NULL: # will be the set of nonzerotransitions
for uin ensem(4,K) do #u=(ul,u2,u3,u4)
for v.in ensem(4,K) do
if([u,v]<>[[0,1,0,1],[1,0,1,0]] and Ju,v] <> |
[1,0,1,0],[0,1,0,1]]) then
T[u,v] := 0:




else
NonZeroT:=NonZeroT, T[u,Vv]:

fi:
od:
od:
"Parameters", NonZeroT;
"Parameters", Tio,1.0,17, (1,0, 1,01 11,0, 1,00, [0, 1, 0, 1] (1.9.1.2.1)

EquationParameter := T[[0,1,0,1],[1,0,1,0]] -a, T[[1,0,
1,0],[0,1,0,1]]-b;
EquationGammaO0:= seq(EquationDomain (Gamma0, u), u in
ensem(3,K)):
EquationGammaland2 := seq( EquationDomain (Gammaz2, u)

- EquationDomain (Gammal, [seq(u
[i],1i=1..4)]) , u in ensem(5,K)):
SystemEquation := [EquationParameter ,EquationGamma0,
EquationGammaland2 ,seq(g[i]*rho[i]-1,i=0..1)]:
HHHHBHHHH BB R HHH B HHAH B BRI
PolynomialSystem:= map(x-> numer(normal(x)),
SystemEquation): # numerators only
Variables:= rho[1] , g[1] ,9[0], a, b, NonZeroT :
HHHHBHHHH BB R HHH BB HAH B BRI
# grobner
G := Basis(PolynomialSystem, tdeg( Variables )):
Affiche(G,20000);

EquationParameter = T[Q Lo 1, [1,0 1,0 — % T[l, 0,1,0],[0,1,0,1] ~ b
1

- T[1, 0,1,0],[0,1,0,1]
2

'T[1, 0,1,0],[0,1,0, 1] +b

3
a— T[1, 0,1,0],[0, 1,0, 1]
4
808178 &
5
8o Py —gyt1
6

glpl_l

T[O, 1,0,1], [1,0, 1, 0]

"trop long", & (1.9.1.2.2)

> normal(subs(g[0]=1/rho[0],g[1]=1/rho[1],G));

[

T[O, 1,0,1], [1,0, 1, 0]

—T

[1,0,1,0],[0, 1,0, 1] d

(101,000,101 T 0@ (1.9.1.2.3)

- T[l, 0,1,0],[0,1,0,1] 0,0, 0]

YV AIT zeroes except T[0011 | 0110]
> unassign('T','rho");



rho[O] := 1-rho[1]:

K:=2;
# Transition definition

NonZeroT:= NULL: # will be the set of nonzerotransitions
for uin ensem(4,K) do #u=(ul,u2,u3,u4)

for vin ensem(4,K) do

if(f[u,v]<> [[0,0,1,1],[0,1,1,0]]) then
T

[u,v] := O:
else
NonZeroT:=NonZeroT, T[u,Vv]:
fi:
od:
od:
"Parameters"”, NonZeroT;

"Parameters", T[Q 01,11, [0, 1, 1, 0] (1.9.1.31)

EquationGammaO0:= seq(EquationDomain (Gamma0, u), u in
ensem(3,K)):
EquationGammaland2 := seq( EquationDomain (Gammaz2, u)

- EquationDomain (Gammal, [seq(u
[i],1i=1..4)]) , u in ensem(5,K)):
SystemEquation := [EquationGamma0, EquationGammaland2 ,
seq(gli]*rho[i]-1,i=0..1)]:
HHRHABHHHHHHHHHH BB RRRS
PolynomialSystem:= map(x-> numer(normal(x)),
SystemEquation): # numerators only
Variables:= rho[1] , g[1] ,9[0], NonZeroT :
HHRHABHHHHHHHHHH BB RRRS
# grobner
G := Basis(PolynomialSystem, tdeg( Variables )):
Affiche(G,20000);

1
To,0,1,1,10, 1, 1, 0]
2
80818 &
3
&P, —& t1
4
g Py — 1

"trop long", & (1.9.1.3.2)

V Al T zeroes except T[0011|0110], T[0110 | 1100], T[1100| 1001], T[1001 | 0011 ]
> unassign('T','rho");
rho[O] := 1-rho[1]:
K:=2:
# Transition definition
NonZeroT:= NULL: # will be the set of nonzerotransitions
for uin ensem(4,K) do #u=(ul,u2,u3,u4)




0,0,1,1],[0,1,1,0]]
,0,0,1]1,[[1,0,0,1],

NonZeroT:=NonZeroT, T[u,Vv]:
fi:
od:
od:
"Parameters", NonZeroT;

" A
Parameters”, T[o, 0,1,1], [0, 1, 1, 0]° T[o, 1, 1,0],[1,1,0,0] T[l, 0,0,11, 10,0, 1, 1]°

T, 1,000,110, 0, 1]

EquationGammaO0:= seq(EquationDomain (Gamma0, u), u in
ensem(3,K)):
EquationGammaland2 := seq( EquationDomain (Gammaz2, u)

- EquationDomain (Gammal, [seq(u
[i],i=1..4)]) , u in ensem(5,K)):
SystemEquation := [EquationGamma0, EquationGammaland2 ,
seq(g[i]*rholi]-1,i=0..1)]:
RS H IR R
PolynomialSystem:= map(x-> numer(normal(x)),
SystemEquation): # numerators only
Variables:= rho[1] , g[1] ,9[0], NonZeroT :
R R R R
# grobner
G := Basis(PolynomialSystem, tdeg( Variables )):
Affiche(G,20000);

1

T[l, 0,0,11,[0,0,1,1] — T[l, 1,0,0],[1,0,0,1]
2

T[o, 1,1,0],[1,1,0,0] T[l, 1,0,0],[1,0,0, 1]
3

T[o, 0,1,1],[0,1,1,0] — T[l, 1,0,0],[1,0,0, 1]
4
8081 — &) — &
5
8o Py —gyt1
6
g1 Py —1

>

\ 4 All T zeroes except T[abed|a(1 —b) (1 —c¢)d]
> unassign('T','rho");

(1.9.1.4.1)

"trop long", & (1.9.14.2)



rho[O] := 1-rho[1]:
K:=2;
# TranS|tion definition
NonZeroT:= NULL: # will be the set of nonzerotransitions
for uin ensem(4,K) do #u=(ul,u2,u3,u4)
for vin ensem(4,K) do
if(u <> [v[1] 1 v[2] 1-v[3],v[4]] ) then
T[u,v] :=
else
NonZeroT:=NonZeroT, T[u,Vv]:
fi:
od:
od:
"Parameters"”, NonZeroT;

"Parameters”, T10,0,0,00, 10,1, 1, 01 110, 0,0,17, 10, 1, 1, 17 110, 0, 1, 0], [0, 1, 0, 0° (19.15.)
Tr0,0,1,17,10. 1,0, 11 110, 1, 0,07, [0, 0, 1, 03 1[0, 1,0, 11, [0, 0, 1, 1]’

3

0,1,1,0],[0,0,0,00 1[0,1,1,1],[0,0,0, 1] 1[1,0,0,0], [, 1, 1, 0

Pﬂ

1,0,0,1],[1,1,1,1] 7 [1,0,1,0], [1, 1, 0, 0] T[l, 0,1, 1], [1, 1,0, 1]

ﬂ

1,1,0,0], [1,0,1,0] °[1, 1,0, 1], [1,0, 1, 1] T[L 1, 1,01, [1,0,0,0]

s e B

1,1,1,1],[1,0,0, 1]

EquationGammaO0:= seq(EquationDomain (Gammao, u), u in
ensem(3,K)):
EquationGammaland?2 := seq( EquationDomain (Gammaz2, u)

- EquationDomain (Gammal, [seq(u
[i],i=1..4)]) , u in ensem(5,K)):
SystemEquation := [EquationGamma0, EquationGammaland?2 ,
seq(g[i]*rho[i]-1,i=0..1)]:
HHHHHAHA AR AR R AR AR AR
PolynomialSystem:= map(x-> numer(normal(x)),
SystemEquation): # numerators only
Variables:= rho[1] , g[1] ,g[0], NonZeroT :
HHHHHAHA AR AR R AR AR AR
# grobner
G := Basis(PolynomialSystem, plex( Variables )):
subs(
Affiche(G,20000);

1
(Tr0 00000~ Trno1 1y, rL 0,17 — 21,000, 11,0, 1, 0]

+ T[l, 1,0, 1], 10,1, 1]) (T[l, 0,0,1],[1,1,1,1] T[l, 1,1, 1],[L0,0, 1])
2

—T

(1,00, 1, [1, 1. 1, 1] ]|

I (1,1, 1,0], [1,0,0, 0]

T[l, 0,0,0],[1,1,1,0] °[1, 1, 1, 1], [1,0,0, 1]

+ T[l, 0,1,0],[1,1,0,0] T[l, 1, 1,11, [1,0,0,1]

~Tion o L1y, 0,0, 1]
—T T

[1,1,0,0], [1,0,1,0] 7[1, 1,1, 1], [1,0,0,1]

~

+ T[l, ,0,1],[L,0,1,1] "[1,1,1,1],[1, 0,0, 1]

3



— T

[1,0,1,1],[1, 1,0, 1] — 1T

(Tr1, 0.1, 00, 11, 1,0, 0] (1 1,0,0. [1.0. 1, 0]

+ T[l, 1,0, 1], 10,1, 1]) (T[l, 0,1,0],[1 1,0, 0] + T[l, 0,0,0],[1, 1,1, 0]

- T[l, 0,1,1,[1,1,0,1] — T[l, 1,0,0],[1,0,1,0] T T[l, 1,0,1],[1,0,1,1]

_T[l, 1, 1,0],[1,0,0,0])

4

— T

I [1,0.1,0] [1, 1,0, 0]

10,0, 1,17, [0, 1,0, 1] — 1|

[0, 1,0, 1], [0,0, 1, 1]
+ T[l, 1,0,0],[1,0, 1, 0]
5

—2T

I [1,0, 1,00, [1, 1,0, 0]

[0, 0, 1,0, [0, 1. 0,0] ~ Z[o, 1,0, 01, [0, 0, 1, 0]

+ T[l, 0,1,1],[1,1,0,1] +2 T[1, 1,0,0],[1,0,1,0] — T[l, 1,0,1],[1,0,1, 1]
6

—T

d [0, 1, 1,11, [0, 0,0, 1]

[0,0,0, 1], [0, 1, 1, 1] T[l, 1L, 1,11,[1,0,0 1]

~T1,0,1,00. 11,1, 0,0]

T[l, 0,0,1],[1, 1, 1, 1]

T .o 01

~

+ T[l, 0,1, 1], [1, 1,0, 1] 1, 1, 1, 1], [1, 0,0, 1]

~

+ T[l, 1,0,0], [1, 0,1, 0]

T o Lo

[1,1,1,1],[1,0,0, 1]

bﬂ

(1,1, 1 1], 10,0, 1]
7

— T

I [0, 1. 1, 1, [0,0,0, 1]

[0’ 0’ 0’ 1]’ [07 1’ 17 1]

~Tio, 1,1, 13,10, 0,0, 1]

T

[11.1,0]. [1,0,0, 0] I

[1’ 0’ 0’ 0], [17 1’ 17 O]

~

[1,0,1,0],[11,0,0]

~

+ T[o, 1,1,1],[0,0,0,1] “[1,0,1, 1], [1, 1,0, 1]

+ T[O, 1,1, 1], [0, 0, 0, 1]

~Tio, 1,1, 13,10, 0,0, 1]

_QLQLMJLLQN

1,1,0,0],[1,0,1, 0]
1,1,0,1],[1,0, 1, 1]

1,1,1,0],[1,0,0,0]

e B B

T o n . rnno1 T, o0 10,0, 0

~

+ T[l, 1,0,0],[1,0, 1, 0]

_T[l, 1,0,1],[10, 1, 1]

[1,1,1,0],[L0,0,0]

~

[L1,1,0],[L0,00]
8

(T[l, 0,1,0],[1,1,0,0] T[l, 0,1,1],[1,1,0,1] T,

[1,1,0,0], [1,0,1,0]
+ T[l, 1,0, 1], [1,0,1, 1]) (_T[l, 0,1,0], [1, 1,0, 0] + T[O, 0,0, 1], [0, 1,1, 1]
o T[O, 1,1, 1], [0, 0,0, 1] + T[l, 0,1, 1], [1, 1,0, 1] + T[l, 1,0,0],[1,0,1, 0]

T Lo, L01,1])

9
Tro,0,0,00, 10,1, 1,00 Tr 4,111, 0,011~ Tro, 1,1, 0, 10,0, 0,01 1[1,0,0, 17, [1, 1, 1, 1]
10
T — T T

[0,0,0,00, [0, 1, 1,0] 1[1,1,1,0,[1,0,0,0] — L[o, 1, 1,0, [0,0,0,0] L[1,0,0,0] 1, 1,1,0]



~Ti0,1,1, 01, 10,0, 0, 0]

+ T[O, 1, 1, 0], [0, 0, 0, O]
+ T[O, 1, 1, 0], [0, 0, 0, 0]

~Ti0,1,1, 01, 10,0, 0, 0]

(T[l, 0,1,0],[1,1,0,0] T,

+T[1, 1,0, 1], [1, 0,1, 1]
T[o, 0,0,0],[0,1,1,0] T,
+ T[o, 1,1,0],[0,0,0,0]

~Ti0,1,1, 01, 10,0, 0, 0]

~Tio,1,1, 01, 10,0, 0, 0]

+ T[O, 1, 1, 0], [0, 0, 0, 0]

—2) (

+ T[l, 1,0, 1], [1,0, 1, 1]

(%0 d

T

2
[1,1,1,1],[L0,0 1] 80 —2

+ T[l, 1,1,1],[1,0,0, 1]

2

Ty 11,00, 11,0,0,00 80 — 2
_T[1, 0,1,0],[1,1,0,0]
_T[l, 1,0, 17, [1,0, 1, 1]

T 2_9

[0, 1, 1, 1], [0, 0, 0, 1] 80

+ T[O, 1,1, 1], [0,0,0, 1]

~ T 100101, 0

2
Tro, 1,1, 00, 0, 0, 0,0 80 — 2

+ T[O, 1, 1, 0], [0, 0, 0, 0]

—2) (

(&1 4

[1,0,1,1],[1, 1,0, 1]

[05 1’ 15 1]’ [0’ 09 0’ 1]

[LO, 1O [L1,

(1,0, 1,0] 11,

bﬂ

[1,0,1,0],[L1,0,0]

-3

19 0’ 19 1]5 [1’ 15 0’ 1]

~

[L1,0,0][L0,10]

bﬂ

[1, 1,011, [10,1,1]
1
— T

T10,0,0, 01, [0, 1, 1, 0]

12

~Tr0,0,0,17,10, 1. 1, 1)

) (

T[l, 0,1,0],[1,1,0, 0]

bﬂ

[1,0, 1, 1], [1 1,0, 1]

~

[1,1,0,0],[10,1,0]

~

[1,1,0,1],[101,1]
13
—T

0, 0] [1,0,1,1],11, 1,0, 1]

)

14

Ty 00118 — 1
15

T

[1,1,1,0],[1,0,0,0] 80

+T[1,0, L1101 T

T 111, 1,1,00,(1,0,0,0]
16

T

[OJ 11 15 1]7 [09 0’ 09 1] T

8o —
+T[1,0, 1,0],[1,1,0,0]

+ T[l, 1,0,1], [1,0, 1, 1]

17

T

[0, 1, 1, 0], [0, 0, 0,0] €0 —

18
— T

0, 0] [1,0,1,1],[1, 1,0, 1]

+ T[l, 1,0, 1], 10,1, 1])

T[l, 0,0,1,[1, 1, 1,181

— T

19

[LL L1500 178 7|

8o

[1,1,0,0],[L0,1,0]

- T[o, 1, 1, 0], [0, 0, 0, 0])

Tio,1,1, 01, 10,0, 0, 0]

~ Ty 10,0110, 1, 0]

[11 OJ 01 1]’ [17 19 17 1]

T11,0,0,00, 1.1, 1, 0]

T[l, 1,0,0], [1,0,1, 0]

[01 OJ 01 1]’ [07 19 17 1]

T[l, 0,1,1],[1, 1,0, 1]

T[O, 0, 0,01, [0, 1, 1, 0]

~ T 100101, 0

[1,0,0,1], [1, 1, 1, 1]



+T[1, 1, 1,11, [1,0,0, 1]
20
T[l, 0,0,0],[1,1,1,0] 81 _T[l, 1,1,0],[1,0,0,0] gO_T[l, 0,0,0],[1,1,1,0]
+T[1, 0,1,0],1,1,0,0] _T[I,O, 1, 1],[1,1,0, 1] _T[l, 1,0,0],[1,0,1,0]
+T[1, 1,0,1],[10, 1, 1] +T[1, 1,1,0],[1,0,0,0]
21
T[o, 0,0,11,[0,1,1,1]1 81 — T[o, 1L, 1,1], 0,00 1180 T[o, 0,0,17,[0, 1,1, 1]
+ T[o, 1,1,1],[0,0,0,1] T[l, 0,1,0],[1,1,0,0] + T[l, 0,1,1],[1,1,0,1]

+ T[l, 1,0,0],[1,0,1,0] T[l, 1,0,1],[1,0, 1, 1]
22

T10,0,0,00, 10,1, 1,01 €1~ 10,1, 1,0, 10,0, 0,01 €0 ~ T10, 0,0, 01, [0, 1, 1, 0]
T 70,1, 1,00, 10, 0, 0, 0]
23
8081 — &) — &
24

(2 P _1) (Tr 01 0n 0,00 ~ Tpon g, pu 017~ Tpn 1,0, 00,11, 0, 1, 0]
T 017,101, 1])

25
T[l, 0,0,1],[1,1,1,1] Py + T[l, L1,1],[1,00 1180 T[l, 1,1,1],[1,0,0,1] Py
- T[l, 0,0,1], [1,1,1,1] T[l, 1,1,11,[1,0,0, 1]
26

2P T 00,0 1, 0p T2 100 11,00 11,0,0,0080 — 2 Tpn 1, 1,00, 11, 0, 0,07 P

—2 T[l, 0,0,0],[1,1,1,0] T[l, 0,1,0],[1,1,0,0] + T[l, 0,1,1],[1,1,0, 1]

- T[l, 1,0,1], 1,0, 1, 1] -2 T[l, 1,1,0],[1,0,0,0]

27

+ T[l, 1,0,0], [1, 0,1, 0]

210,001,001, 1,11 P Y2 001,17, 10,0,0, 118 — 2 Tjo, 1,1, 13, [0, 0,0, 17 Py

—2 T[o, 0,0, 1], [0, 1, 1, 1] —2 T[o, 1,1,1],[0,0,0, 1] + T[l, 0,1,0],[1,1,0,0]

- T[1, 0,1,1],[1, 1,0,1] — T[l, 1,0,0],[1,0,1,0] + T[l, 1,0,1],[1,0,1,1]
28
T[o, 0,0,0], [0, 1, 1,0] P + T[o, 1, 1,0],[0,0,0,0] 80 T[o, 1, 1,0, [0,0,0,0 Py
- T[o, 0,0,0],[0,1,1,0] T[o, 1, 1,01, [0, 0, 0, 0]
29
8P, —& T1
30

glpl_l



"trop long", & (1.9.15.2)

V 3 color case : AN T zeroes exceptT[zA|(i +1 m0d3)4]
> unassign('T','rho");

K:=3;
# Transition definition
NonZeroT:= NULL: # will be the set of nonzerotransitions
for uin ensem(4,K) do #u=(ul,u2,u3,u4)
for v.in ensem(4,K) do

if( not [u,v] in {seq([[l,Ii N |],[(| 1) mod 3,
(i+1) mod 3,(i+1) mod 3, (i+1l) mod 3]] , ..3)} ) then
T[u v] := 0:
else
N]EJ_nZeroT::NonZeroT, T[u,v]:
I
od:
od:
T[[O, O, O, O], [2, 1, 1, 1]]:=a[0]:
T[([1l, 1, 1, 1], [2, 2, 2, 2]]:=a[l]:
T[[2, 2, 2, 2], [0, O, O, O]]:=a[2]:
"Parameters", NonZeroT;
K:==3
"Parameters", a, a,, a, (1.9.1.6.2)

EquationGammaO0:= seq(EquationDomain (Gamma0, u), u in
ensem(3,K)):
EquationGammaland2 := seq( EquationDomain (Gammaz2, u)

- EquationDomain (Gammal, [seq(u
[i],i=1..4)]) , u in ensem(5,K)):
SystemEquation :=[ rho[O] +rho[1]+rho[2]-1,
EquationGammaO, EquationGammaland?2 ]:#,seq(g[i]*rho[i]-1,
i=0..2)]:
HHHHHHHHH BB HHHH R HTH
PolynomialSystem:= map(x-> numer(normal(x)),
SystemEquation): # numerators only
Variables:= seq( rho[i], i=0..2), seq( g[i], i=0..2),
NonZeroT :
HHHHHHHHH BB HHHH R HTH
# grobner
G := Basis(PolynomialSystem, tdeg ( Variables )):

#### A BIT LONG
Affiche(G,2000);

p0+p1+p2_1



4 4
a P, —aP,

3
4 3 2 2 3 4 4 3
ayp, t4ayp,p, +6ayp, p,t4a,p,p,+ayp,—a,p, —4ay,p, —124a,
2 2 3 2 2
PP, —12ayp, p,—4ayp, +6ay,p, +12ayp, p,+6a,p, —4a,p,
—4a,p, ta
4
3 2 2 3 4 4 4
4aya p,p,t+6aya p,p,+4aya p,p,t+aya p,taya,p,—a a,p,
3 2 2 3 2
—4aya, p,—12aya,p,p,—12aya,p,p,—4aya; p,+6aya,p,
2
+12aya,p, p, +6aya,p,—4aga p, —4aya, p,+aya
5
2 3 4 5 4 5
10aya,p, p, +10aya, p,p, +3aga, p,—2aya,p, p,—5aya,p,
4 5 2 2 3 4
+2aya,p,p,—3aya,p,—30aya,p, p,—404gya,p,p,—15a,a,p,
4 4 2 2 3
+5aya,p, +3aya,p,+30aya,p,p,+60a,a p p,+30a,a,p,
2 2
—10aya,p, —40aya, p,p, —304aya,p, +10aya, p, +15a5a,p,
6
5 6 2 4 5 6 2 4
2aya,p,p,taga p,t2aya,p, p,toaga,p,p,tS5aya,p,—2a a,p,p,
5 6 4 5 4
+2aya,p,p,—aya,p,—10aya,p,p,—6aya,p,—6aya,p,p,
5 4 5 3 4
—10aya,p,—2aya,p,p,+2a,a,p, +20aya,p,p,+15a5a,p,
4 4 2 3
+5aya,p, —aya,p,—20aya,p,p,—20aya,p,+104aya,p, p,
2
+15aga,p,—2aga,p, —6aya, p, +aya
7
7 3 4 25 6 7
aga; p, —20aya,p, p,—70aya,p, p, —84aga,p, p, —35aqa,p,
3 4 25 6 7 6
+20a,a,p,p,—10aya,p,p, t4a,a,p,p,—a,a,p,—7Taga,p,
2 4 6 2 4
+7Oa0a2plp2+168a0a2p1p§+105a0a2p2+IOalaZplpz
5 6 5 4 5
—8aya,p,p,+3aja,p,+2laga,p,—84aja,p,p,—105a,a,p,
4 5 4 4 4
+4a;a,p,p,—3aya,p,—35a5a,p,t35aya,p,+a,a,p,

3 2
+35aya,p,—2laya,p,+Taya p,—aya




"trop long", & (1.9.16.2)

> ## Comparison with the announced result
Gp:=map(normal,
Basis([add(rho[i],i=0..2)-1,
seqg(a[(i+1l) mod 3]*rho[(i+1) mod 3]*4-afi]*rholi]
N4.1=0..2)],tdeg(Variables))):
Affiche(Gp,2000);
1

p0+p1+p2_1
2
4 4
aypy—ap,
3
4 3 2 2 3 4 4 3
aopl+4“oplpz+6“oplPz+4“oplPz+aopz_“2pz_4aopl_12"0
2 2 3 2 2
plpz—12a0p1p2—4a0p2+6a0p1+12a0p1p2+6a0p2—4a0p1

4

3 2 2 3 4 4 4
4aoa1 p1p2—|—6aoa1 p1p2+4a0a1p1p2+a0a1 pz—l—aoatzpz—alazp2

3 2 2 3 2
—4aya; p,—12aqa,p,p,—12aya,p,p,—4aya; p,+6a5a,p,
2
+12aya,p,p, +6aya,p, —4aya,p, —4aya, p, taya
5
2 3 4 5 4 5
10aya, p,p, +10aya,p, p, t3aya p,—2aya,p,p,—54aya,p,
4 5 2 2 3 4
+2aya,p,p,—3aya,p,—30aya,p, p,—40qaya,p,p,—15a,a,p,
4 4 2 2 3
+5aya,p, +3aya,p,+30aya,p,p,+60a,a,p, p,+30a,a,p,
2 2
—10aya,p, —40aya,p,p, —30a5a,p, +104aya,p, +15a,a,p,
6
5 6 2 4 5 6 2 4
2aya;p,p,taga p,t2aga,p p,toaga,p p,tS5aya,p,—2aa,p,p,
5 6 4 5 4
+2aya,p,p,—aya,p,—10aya,p,p,—6aya,p,—6aya,p,p,
5 4 5 3 4
—10aya,p,—2a,a,p,p,t2a,ayp,+20aya,p, p, +15a4a,p,
4 4 2 3
+5aya,p, —aya,p,—20aya,p,p,—20aya,p,+104aya,p, p,
2
+15aga,p,—2aga,p, —6aya, p, +aya,
7

7 3 4 25 6 7
aoalp2—20a0a2p1p2—70a0a2p1 p2—84c10c12p1 p2—35a0a2p2



+2Oa1a2pip:—lOalazp?p§+4ala2pl pg—alazp;—7a0a1 pg
+7Oa0a2pfp;—l—168a0a2pl p§—|—105 aoang—i-lOalazp?p;
—8aya,p, p§+3a1a2p§+21 a,a, p§—84a0a2p1 pg—IOSaoazpj
+4a a,p, p:—3a1a2p§—35a0a1 p:+35a0a2p:+ala2p;

3 2
+35aya,p,—2laya,p,+7aya,p,—aya
"trop long", & (1.9.1.6.3

> {op(G)} minus {op(Gp)};
{op(Gp)} minus {op(G)};

QR

(1.9.1.6.4)



