
>  >  

>  >  

>  >  
>  >  

r e s t a r t ;

First functions 
with(LinearAlgebra):with(Groebner):

#  t rans form x  in to  a  number  in  base  m,  as  an  a r ray  o f  s i ze  N  
#  f o r  e x a m p l e  t m ( 3 , 4 , 2 )  =  [  0 ,  0 ,  1 , 1 ]
tm:=proc(x,N,m)
 option remember:
 l o c a l  y , i , X X ;
 y : = x ;
 f o r  i  f r o m  1  t o  N  d o
 XX[ i ] :=  y  mod m;
 y := (y - (y  mod m) ) /m;
 o d ;
r e t u r n ( [ s e q ( X X [ N - i + 1 ] ,  i = 1 . . N ) ] ) ;
 e n d :

#  spec ia l  funct ion  tm in  the  case  m=2
t2:=proc(x ,N)  opt ion remember:  re turn( tm(x ,N,2) ) :end:

#  t o  d i s p l a y  l o n g  l i s t  o f  e l e m e n t s ;  o n l y  t h o s e  w i t h  l e s s  t h a n  l  
characters  are  d isplayed
A f f i c h e : = p r o c ( x , l )  l o c a l  n , i , e n s : e n s : = { } :
 n : = n o p s ( x ) :  f o r  i  f r o m  1  t o  n  d o  i f  l e n g t h ( x [ i ] ) < l  t h e n  p r i n t
( i ) ; p r i n t ( f a c t o r ( x [ i ] ) )  e l s e  e n s : = e n s  u n i o n  { i } : f i : o d :
print("==============================");
p r i n t ( " t r o p  l o n g " , e n s ) ;
end:

#  reverse operat ion of  tm ->  Transform an array  into  a  number
i tm :=proc(u ,m)  opt ion  remember :  loca l  l ;  l :=nops(u ) :
r e t u r n ( a d d ( u [ i ] * m ^ ( l - i ) , i = 1 . . l ) ) : e n d :

#  b inary  case  
i t :=proc (u )  op t ion  remember :  re tu rn ( i tm(u ,2 ) ) :  end:

#  s e t  o f  w o r d s  o n  { 0 , 1 }  w i t h  N  l e t t e r s
ense:=   p roc (N)   op t ion  remember ;  re turn (seq( t2 ( i ,N ) , i=0 . .2^N-1 )
) ; e n d :
#  s e t  o f  w o r d s  o n  { 0 , . . . , m - 1 }  w i t h  N  l e t t e r s
ensem:= proc(N,m)  opt ion remember;  return(seq(tm(i ,N,m), i=0. .
m^N-1));end:

# I n d i c a t o r  f u n c t i o n  
i n d  : =  p r o c ( a , b )  
      i f  a =  b  t h e n  r e t u r n ( 1 )  e l s e  r e t u r n ( 0 ) : f i :
end:

# special  modulo 
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>  >  
(1.1.1)(1.1.1)

>  >  

(1.1.2)(1.1.2)

modu :=  proc(x ,  m)  
   i f  x < 1  t h e n  r e t u r n ( m o d u ( x + m ,  m  ) ) : f i :  
   i f  x > m  t h e n  r e t u r n ( m o d u ( x - m ,  m ) ) : f i :
   r e t u r n ( x ) :
end:
#  i n  m a p l e ,  t h e  a r r a y s  s t a r t  a t  1 :  w e  t h e n  u s e  t h i s  f o r m  o f  
modulo, modu(7,6)=1, modu (6,6)=6

Illustration of the functions 
#  I l l u s t r a t i o n  
t m ( 3 , 4 , 2 ) ;
t m ( 3 2 4 , 4 , 5 ) ;
i t m ( [ 2 ,  2 ,  4 ,  4 ] , 5 ) ;

324
ense (4 ) ;
ensem(2,4);
Af f iche( {ensem(2 ,3 ) } ,100 ) ;
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>  >  

(1.2.3)(1.2.3)

(1.2.2)(1.2.2)

>  >  
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(1.1.3)(1.1.3)

(1.2.1)(1.2.1)
>  >  

>  >  
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(1.3.1)(1.3.1)

(1.1.2)(1.1.2)
#  i n d i c a t o r  - >  W o r k s  a l s o  t o  t e s t  e q u a l i t y  o f  a n y t h i n g
i n d ( 1 , 2 ) ;  i n d ( 3 , 3 ) ;
i n d ( [ 1 , 2 ] , [ 2 , 3 ] ) ; i n d ( [ 1 , 2 ] , [ 1 , 2 ] ) ;

# modu 
 modu(7,6);modu(6,6);modu(0,6);

0
1
0
1
1
6
6

Example of Section 3.1
P1 := x^2+y^2-z^2-3:
P2 :=  x^2+2*y^2-4:
P3 :=  y^2+3*z^2-x-2:
P4  :=  x *z -y^2+2:
B a s i s  ( [ P 1 , P 2 , P 3 ] ,  t d e g ( x , y , z ) ) ;

B a s i s  ( [ P 1 , P 2 , P 3 ] , p l e x ( x , y , z ) ) ;

B a s i s  ( [ P 1 , P 2 , P 3 , P 4 ] ,  t d e g ( x , y , z ) ) ;
B a s i s  ( [ P 1 , P 2 , P 3 , P 4 ] ,  p l e x ( x , y , z ) ) ;

Section 3.1.1 - Ising
u n a s s i g n ( ' M ' , ' T ' ) ;  #  f o r  f u r t h e r  c o m p u t a t i o n s
#  T r a n s i t i o n  d e f i n i t i o n
#  - >  I n i t i a l i s a t i o n
f o r  u  i n  e n s e ( 3 )  d o  
    f o r  v  i n  e n s e ( 3 )  d o  
         T [ u , v ] : = 0 :
    o d :
od:
#  - >  N o n  z e r o  t r a n s i t i o n s  
f o r  u  i n  e n s e ( 3 )  d o
     T [  u ,  [ u [ 1 ] , 1 - u [ 2 ] , u [ 3 ] ] ] : =  x ^ ( 2 + ( 2 * u [ 2 ] - 1 ) * ( 2 * u [ 1 ] + 2 * u
[ 3 ] - 2 ) ) ;
o d ;   

# #  p r o d u c t  o f  M  o v e r  5  l e t t e r s
MM:=proc (a ,b ,c ,d ,e )  re tu rn (  M[a ,b ] *M[b ,c ] *M[c ,d ] *M[d ,e ] ) :  
end:

Z5 :=proc (u )  ##  fo r  a  word  u  o f  s i ze  5  and  L  =  3  we  need  the  
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fo l lowing  Z
     r e t u r n (    a d d (   M M ( u [ 1 ] , v [ 1 ] , v [ 2 ] , v [ 3 ] , u [ 5 ] )  * T  [ v , [ u
[ 2 ] , u [ 3 ] , u [ 4 ] ] ] / M M (  o p ( u )  )  
                     - T [ [ u [ 2 ] , u [ 3 ] , u [ 4 ] ] , v ] ,  v  i n  e n s e ( 3 ) ) ) :
e n d :   

Cycle9MT:=proc(a,b,c,d,e)  opt ion remember:  local  Vec:  
    V e c  : = [  a ,  b ,  c ,  d ,  e ,  0 ,  0 ,  0 ,  0 ] :
    r e t u r n (  s i m p l i f y (  a d d ( Z 5 (  [ s e q (  V e c [ m o d u ( i  + j ,  9 ) ] , j = 1 .
. 5 )  ]  ) , i = 1 . . 9 ) ) ) :
end:

f o r  i  i n  { 0 , 1 }  d o  M [ i , 0 ] : = 1 - M [ i , 1 ] :  o d :  

SystemEquat ion  :=  {   seq(  Cyc le9MT(op(u) ) ,  u  in  ense(5 ) ) ,  
                     s e q (  M [ o p ( u ) ] * g [ o p ( u ) ] - 1 , u  i n  e n s e ( 2 ) ) } :

##########################
PolynomialSystem := map(x-> numer(normal(x)), SystemEquation)
:  #  keep the numerators  only
V a r i a b l e s : =  M [ 0 , 1 ] , M [ 1 , 1 ]  ,  s e q ( g [ o p ( u ) ] , u  i n  e n s e ( 2 ) ) ,  x  ;
##########################
# Grobner
G:= Basis(PolynomialSystem ,  tdeg(Var iables ) ) :
A f f i che (G ,200 ) ;
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Section 3.1.2 - Voter

#  - >  I n i t i a l i s a t i o n
u n a s s i g n ( ' T ' , ' M ' ) ;
#  T r a n s i t i o n  d e f i n i t i o n
NonZeroT:=  NULL:   #  wi l l  be  the  set  of  nonzerotransi t ions
f o r  u  i n  e n s e ( 3 )  d o  
    f o r  v  i n  e n s e ( 3 )  d o  
         i f  (  ( v = u )  o r  ( v [ 1 ] < > u [ 1 ] )  o r  ( v [ 3 ] < > u [ 3 ] )  o r  ( n o t  v
[ 2 ]  i n  { u [ 1 ] , u [ 3 ] } )  )  
             t h e n
                    T [ u , v ] : = 0 :
         e l s e    
             N o n Z e r o T : =  N o n Z e r o T  , T [ u , v ] ;
         f i :
    o d :
od:
"Parameters = NonZeroTransition", NonZeroT;

# #  p r o d u c t  o f  M  o v e r  5  l e t t e r s
MM:=proc (a ,b ,c ,d ,e )  re tu rn (  M[a ,b ] *M[b ,c ] *M[c ,d ] *M[d ,e ] ) :  
end:

Z5 :=proc (u )  ##  fo r  a  word  u  o f  s i ze  5  and  L  =  3  we  need  the  
f o l l o w i n g   Z
     r e t u r n (    a d d (   M M ( u [ 1 ] , v [ 1 ] , v [ 2 ] , v [ 3 ] , u [ 5 ] )     * T [ v , [ u
[ 2 ] , u [ 3 ] , u [ 4 ] ] ] / M M (  o p ( u )  )  - T [ [ u [ 2 ] , u [ 3 ] , u [ 4 ] ] , v ] ,  v  i n  e n s e
( 3 ) ) ) :
e n d :   

Cycle9MT:=proc(a,b,c,d,e)  opt ion remember:  local  Vec:  
    V e c  : = [  a ,  b ,  c ,  d ,  e ,  0 ,  0 ,  0 ,  0 ] :
    r e t u r n (  s i m p l i f y (  a d d ( Z 5 (  [ s e q (  V e c [ m o d u ( i  + j ,  9 ) ] , j = 1 .
. 5 )  ]  ) , i = 1 . . 9 ) ) ) :
end:

f o r  i  i n  { 0 , 1 }  d o  M [ i , 0 ] : = 1 - M [ i , 1 ] :  o d :  
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SystemEquat ion :=  {   seq(  Cycle9MT(op(u) ) ,  u  in  ense(5) ) ,  seq
(  M [ o p ( u ) ] * g [ o p ( u ) ] - 1 , u  i n  e n s e ( 2 ) ) } :  
##########################
PolynomialSystem:= map(x-> numer(normal(x)), SystemEquation):
# numerators only
Var iab les :=   NonZeroT ,  M[0 ,1 ] ,M[1 ,1 ]  ,  seq (g [op(u ) ] ,u  in  ense
( 2 ) )  :  
##########################
# grobner
G:= Basis(PolynomialSystem,  p lex(   Var iables) ) :
Af f iche(G,2000) ;
unass ign( 'M ' ) ;  #  for  fur ther  computa t ions

1

2

3

4

5

6

7
T

8
T

9

"=============================="

l a t e x ( G ) ;
[ g _ { { 1 , 0 } } g _ { { 1 , 1 } } - g _ { { 1 , 0 } } - g _ { { 1 , 1 } } , g _ { { 0 , 0 } } g _ { { 0 , 1 } } -
g _ { { 0 , 0 } } - g
_ { { 0 , 1 } } , M _ { { 1 , 1 } } g _ { { 1 , 1 } } - 1 , g _ { { 1 , 0 } } M _ { { 1 , 1 } } - g _ { { 1 , 0 } }
+ 1 , M _ { { 0 , 1 } }
g _ { { 0 , 1 } } - 1 , M _ { { 0 , 1 } } g _ { { 0 , 0 } } - g _ { { 0 , 0 } } + 1 , T _ { { [ 1 , 0 , 1 ] , [ 1 , 1 ,
1 ] } } , T _ { { [ 0
, 1 , 0 ] , [ 0 , 0 , 0 ] } } , - M _ { { 1 , 1 } } T _ { { [ 0 , 1 , 1 ] , [ 0 , 0 , 1 ] } } g _ { { 0 , 0 } } - M _ {
{ 1 , 1 } } T _ { {
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(1.1.2)(1.1.2)

[ 1 , 1 , 0 ] , [ 1 , 0 , 0 ] } } g _ { { 0 , 0 } } + T _ { { [ 0 , 0 , 1 ] , [ 0 , 1 , 1 ] } } + T _ { { [ 1 , 0 ,
0 ] , [ 1 , 1 , 0 ] } }
]

Remains:=map(normal,subs({seq(g[op(u)]=1/M[op(u)],u in ense
( 2 ) ) } , G ) ) ;

latex(numer(Remains[9]) ) ;
M _ { { 0 , 0 } } T _ { { [ 0 , 0 , 1 ] , [ 0 , 1 , 1 ] } } + M _ { { 0 , 0 } } T _ { { [ 1 , 0 , 0 ] , [ 1 , 1 , 0 ] }
} - M _ { { 1 , 1 }
} T _ { { [ 0 , 1 , 1 ] , [ 0 , 0 , 1 ] } } - M _ { { 1 , 1 } } T _ { { [ 1 , 1 , 0 ] , [ 1 , 0 , 0 ] } }

Section 3.1.4 : all variants ...
3 color tasep

#  - >  I n i t i a l i s a t i o n
u n a s s i g n ( ' T ' , ' M ' ) ;
K:=3;

#  T r a n s i t i o n  d e f i n i t i o n
NonZeroT:=  NULL:   #  wi l l  be  the  set  of  nonzerotransi t ions
for  u  in  ensem(2 ,K )  do  
    f o r  v  i n  e n s e m ( 2 , K )  d o  
        
          i f (  n o t  [ u , v ]  i n  { [ [ 2 , 1 ] , [ 1 , 2 ] ] ,  [ [ 2 , 0 ] , [ 0 , 2 ] ]  ,  
[ [ 1 , 0 ] , [ 0 , 1 ] ]  }  )  
            t h e n
              T [ u , v ] : = 0 :
         e l s e  
             N o n Z e r o T  : =  N o n Z e r o T ,  T [ u , v ] :
         f i :
    o d :
od:

"Parameters = NonZeroTransition", NonZeroT;

# #  p r o d u c t  o f  M  o v e r  4  l e t t e r s
MM:=proc(a ,b ,c ,d )  re turn (  M[a ,b ] *M[b ,c ] *M[c ,d ] ) :  end:

Z4 :=proc(u )  ##  fo r  a  word  u  o f  s i ze  4  and  L  =  2  we  need  the
fo l lowing  Z
     r e t u r n (    a d d (   M M ( u [ 1 ] , v [ 1 ] , v [ 2 ] , u [ 4 ] )     * T [ v , [ u [ 2 ] ,
u [ 3 ] ] ] / M M (  o p ( u )  )  - T [ [ u [ 2 ] , u [ 3 ] ] , v ] ,  v  i n  e n s e m ( 2 , K ) ) ) :
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e n d :   

Cycle7MT:=proc(a,b,c,d)  opt ion remember:  local  Vec:  
    V e c  : = [  a ,  b ,  c ,  d ,  0 ,  0 ,  0 ] :
    r e t u r n (  s i m p l i f y (  a d d ( Z 4 (  [ s e q (  V e c [ m o d u ( i  + j ,  7 ) ] , j = 1 .
. 4 )  ]  ) , i = 1 . . 7 ) ) ) :
end:

f o r  i  i n  { 0 , 1 , 2 }  d o  M [ i , 0 ] : = 1 - M [ i , 1 ] - M [ i , 2 ] :  o d :  

SystemEquat ion := {   seq(  Cycle7MT(op(u)) ,  u  in ensem(4,K)
) ,  s e q (  M [ o p ( u ) ] * g [ o p ( u ) ] - 1 , u  i n  e n s e m ( 2 , K ) ) } :  
##########################
PolynomialSystem:= map(x-> numer(normal(x)), 
SystemEquation): # numerators only
V a r i a b l e s : =  s e q ( s e q ( M [ i , j ] , i = 0 . . K - 1 ) , j = 1 . . K - 1 )  ,  s e q ( g [ o p
(u ) ] ,u  in  ensem(2 ,K ) ) ,  NonZeroT  :  
##########################
# grobner
G:= Basis(PolynomialSystem,plex(   Var iables) ) :
Af f iche(G,2000) ;
unass ign( 'M ' ) ;  #  for  fur ther  computa t ions
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particle i can overtake i-1 mod 3 
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>  >  
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>  >  
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(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

#  - >  I n i t i a l i s a t i o n
u n a s s i g n ( ' T ' , ' M ' ) ;
K:=3;

#  T r a n s i t i o n  d e f i n i t i o n
NonZeroT:=  NULL:   #  wi l l  be  the  set  o f  nonzerotransi t ions
for  u  in  ensem(2 ,K )  do  
    f o r  v  i n  e n s e m ( 2 , K )  d o  
          i f (  n o t  [ u , v ]  i n  { [ [ 2 , 1 ] , [ 1 , 2 ] ] ,  [ [ 0 , 2 ] , [ 2 , 0 ] ]  ,  
[ [ 1 , 0 ] , [ 0 , 1 ] ]  }  )  
            t h e n
              T [ u , v ] : = 0 :
         e l s e  
             N o n Z e r o T  : =  N o n Z e r o T ,  T [ u , v ] :
         f i :
    o d :
od:

"Parameters = NonZeroTransition", NonZeroT;

# #  p r o d u c t  o f  M  o v e r  4  l e t t e r s
MM:=proc(a ,b ,c ,d )  re turn (  M[a ,b ] *M[b ,c ] *M[c ,d ] ) :  end:

Z4 :=proc(u )  ##  fo r  a  word  u  o f  s i ze  4  and  L  =  2  we  need  the
fo l lowing  Z
     r e t u r n (    a d d (   M M ( u [ 1 ] , v [ 1 ] , v [ 2 ] , u [ 4 ] )     * T [ v , [ u [ 2 ] ,
u [ 3 ] ] ] / M M (  o p ( u )  )  - T [ [ u [ 2 ] , u [ 3 ] ] , v ] ,  v  i n  e n s e m ( 2 , K ) ) ) :
e n d :   

Cycle7MT:=proc(a,b,c,d)  opt ion remember:  local  Vec:  
    V e c  : = [  a ,  b ,  c ,  d ,  0 ,  0 ,  0 ] :
    r e t u r n (  s i m p l i f y (  a d d ( Z 4 (  [ s e q (  V e c [ m o d u ( i  + j ,  7 ) ] , j = 1 .
. 4 )  ]  ) , i = 1 . . 7 ) ) ) :
end:

f o r  i  i n  { 0 , 1 , 2 }  d o  M [ i , 0 ] : = 1 - M [ i , 1 ] - M [ i , 2 ] :  o d :  

SystemEquat ion := {   seq(  Cycle7MT(op(u)) ,  u  in ensem(4,K)
) ,  s e q (  M [ o p ( u ) ] * g [ o p ( u ) ] - 1 , u  i n  e n s e m ( 2 , K ) ) } :  
##########################
PolynomialSystem:= map(x-> numer(normal(x)), 
SystemEquation): # numerators only
V a r i a b l e s : =  s e q ( s e q ( M [ i , j ] , i = 0 . . K - 1 ) , j = 1 . . K - 1 )  ,  s e q ( g [ o p
(u ) ] ,u  in  ensem(2 ,K ) ) ,  NonZeroT  :  
##########################
# grobner
G:= Basis(PolynomialSystem,plex(   Var iables) ) :
Af f iche(G,2000) ;
unass ign( 'M ' ) ;  #  for  fur ther  computa t ions
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(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

57

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74



>  >  

(1.5.3.1)(1.5.3.1)

(1.5.2.1)(1.5.2.1)

>  >  

>  >  

>  >  

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

75

76

77

78

79

80

81

82

83

"=============================="

Variant with parameter T[[a,b],[b,a]] 

#  - >  I n i t i a l i s a t i o n
u n a s s i g n ( ' T ' , ' M ' ) ;
K:=3;

#  T r a n s i t i o n  d e f i n i t i o n
NonZeroT:=  NULL:   #  wi l l  be  the  set  of  nonzerotransi t ions
for  u  in  ensem(2 ,K )  do  
    f o r  v  i n  e n s e m ( 2 , K )  d o  
          i f (  u = v  o r  ( u [ 1 ] < > v [ 2 ] )  o r ( v [ 1 ] < > u [ 2 ] )  )  
            t h e n
              T [ u , v ] : = 0 :
         e l s e  
             N o n Z e r o T  : =  N o n Z e r o T ,  T [ u , v ] :
         f i :
    o d :
od:

"Parameters = NonZeroTransition", NonZeroT;



>  >  

(1.5.3.1)(1.5.3.1)

(1.5.2.1)(1.5.2.1)

>  >  

>  >  

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

>  >  

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

# #  p r o d u c t  o f  M  o v e r  4  l e t t e r s
MM:=proc(a ,b ,c ,d )  re turn (  M[a ,b ] *M[b ,c ] *M[c ,d ] ) :  end:

Z4 :=proc(u )  ##  fo r  a  word  u  o f  s i ze  4  and  L  =  2  we  need  the
fo l lowing  Z
     r e t u r n (    a d d (   M M ( u [ 1 ] , v [ 1 ] , v [ 2 ] , u [ 4 ] )     * T [ v , [ u [ 2 ] ,
u [ 3 ] ] ] / M M (  o p ( u )  )  - T [ [ u [ 2 ] , u [ 3 ] ] , v ] ,  v  i n  e n s e m ( 2 , K ) ) ) :
e n d :   

Cycle7MT:=proc(a,b,c,d)  opt ion remember:  local  Vec:  
    V e c  : = [  a ,  b ,  c ,  d ,  0 ,  0 ,  0 ] :
    r e t u r n (  s i m p l i f y (  a d d ( Z 4 (  [ s e q (  V e c [ m o d u ( i  + j ,  7 ) ] , j = 1 .
. 4 )  ]  ) , i = 1 . . 7 ) ) ) :
end:
f o r  i  i n  { 0 , 1 , 2 }  d o  M [ i , 0 ] : = 1 - M [ i , 1 ] - M [ i , 2 ] :  o d :  

SystemEquat ion :=  {  seq(  Cycle7MT(op(u) ) ,  u  in  ensem(4,K)) ,
seq (  M[op (u ) ] *g [op (u ) ] - 1 ,u  in  ensem(2 ,K ) ) } :  
##########################
PolynomialSystem:= map(x-> numer(normal(x)), 
SystemEquation): # numerators only
V a r i a b l e s : =  s e q ( s e q ( M [ i , j ] , i = 0 . . K - 1 ) , j = 1 . . K - 1 )  ,  s e q ( g [ o p
(u ) ] ,u  in  ensem(2 ,K ) ) ,  NonZeroT  :  
##########################
# grobner
G:= Basis(PolynomialSystem,tdeg(   Var iables)) :
A f f i c h e ( G , 5 0 0 ) ;  
unass ign( 'M ' ) ;  #  for  fur ther  computa t ions

1

2

3

4

5



>  >  

(1.5.3.1)(1.5.3.1)

(1.5.2.1)(1.5.2.1)

>  >  

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

7

8

9

10

11

12

13

14

15

16

17

18

19



>  >  

(1.5.3.1)(1.5.3.1)

(1.5.2.1)(1.5.2.1)

>  >  

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38



>  >  

(1.5.3.1)(1.5.3.1)

(1.5.2.1)(1.5.2.1)

>  >  

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57



>  >  

(1.5.3.1)(1.5.3.1)

(1.5.2.1)(1.5.2.1)

>  >  

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75

76



>  >  

(1.5.3.1)(1.5.3.1)

(1.5.2.1)(1.5.2.1)

>  >  

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

77

78

79

80

83

89

90

91

92

93

95

96

97

98

99

100

101



>  >  

(1.5.3.1)(1.5.3.1)

(1.5.2.1)(1.5.2.1)

>  >  

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

102

103

104

105

106

107

108

110

111

112

113

114

115

116

117

118

119



>  >  

(1.5.3.1)(1.5.3.1)

(1.5.2.1)(1.5.2.1)

>  >  

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

120

121

122

123

124

125

126

128

129

130

131

132

133

134

135



>  >  

(1.5.3.1)(1.5.3.1)

(1.5.2.1)(1.5.2.1)

>  >  

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

139

140

141

144

146

161

162

163

165

166

167

168

171

172

174



>  >  

(1.5.3.1)(1.5.3.1)

(1.5.2.1)(1.5.2.1)

>  >  

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

175

177

178

179

180

181

182

183

184

185

191

192

193

194



(1.5.2.1)(1.5.2.1)

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

(1.5.3.1)(1.5.3.1)

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

195

198

199

203

204

205

206

207

208

209

210

211

212

213

214

215

216

217



(1.5.2.1)(1.5.2.1)

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

(1.5.3.1)(1.5.3.1)

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

218

219

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234

236



(1.5.2.1)(1.5.2.1)

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

(1.5.3.1)(1.5.3.1)

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

237

239

240

241

242

243

244

245

246

247

248

250

251

252

254

255



(1.5.2.1)(1.5.2.1)

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

(1.5.3.1)(1.5.3.1)

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

256

257

258

259

260

261

262

265

267

270

272

273

275

278

279

280

282

284



(1.5.2.1)(1.5.2.1)

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

(1.5.3.1)(1.5.3.1)

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

285

287

288

289

290

291

297

298

299

305

306

307

308

309

310

311



(1.5.2.1)(1.5.2.1)

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

(1.5.3.1)(1.5.3.1)

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

317

318

334

335

338

339

341

342

346

347

348

349

350

351

352

353

354



(1.5.2.1)(1.5.2.1)

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

(1.5.3.1)(1.5.3.1)

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

356

357

358

359

360

361

399

401

415

418

419

420

437

438

439

441

442

449



(1.5.2.1)(1.5.2.1)

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

(1.5.3.1)(1.5.3.1)

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

450

452

454

457

460

461

496

504

513

559

560

568

572

577



(1.5.2.1)(1.5.2.1)

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

(1.5.3.1)(1.5.3.1)

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

588

607

609

613

618

620

621

623

627

629

646

648

649

650

651



(1.5.2.1)(1.5.2.1)

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

(1.5.3.1)(1.5.3.1)

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

652

653

655

665

683

684

685

686

687

688

731

732

733

734

736

737



>  >  

(1.5.3.1)(1.5.3.1)

(1.5.2.1)(1.5.2.1)

>  >  

(1.5.1)(1.5.1)

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

739

745

747

"=============================="



(1.5.2.1)(1.5.2.1)

(1.5.1)(1.5.1)

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

(1.5.3.1)(1.5.3.1)

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

1

2

3

4

5

6

7

8

9

10

11

12

13

14

15

16

17

18

19



(1.5.2.1)(1.5.2.1)

(1.5.1)(1.5.1)

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

(1.5.3.1)(1.5.3.1)

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

20

21

22

23

24

25

26

27

28

29

30

31

32

33

34

35

36

37

38



(1.5.2.1)(1.5.2.1)

(1.5.1)(1.5.1)

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

(1.5.3.1)(1.5.3.1)

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

39

40

41

42

43

44

45

46

47

48

49

50

51

52

53

54

55

56

57



(1.5.2.1)(1.5.2.1)

(1.5.1)(1.5.1)

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

(1.5.3.1)(1.5.3.1)

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

58

59

60

61

62

63

64

65

66

67

68

69

70

71

72

73

74

75



(1.5.3)(1.5.3)

>  >  

(1.5.2.1)(1.5.2.1)

(1.5.1)(1.5.1)

>  >  

>  >  

>  >  

>  >  

(1.6.1)(1.6.1)

>  >  

(1.4.1)(1.4.1)

(1.5.4)(1.5.4)

>  >  

>  >  

(1.5.3.1)(1.5.3.1)

>  >  

(1.5.2)(1.5.2)

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

76

77

78

79

80

81

82

83

"=============================="

PolynomialSystem;

s u b s ( { s e q ( [ V a r i a b l e s ] [ i ] = ( i + 3 ) / 2 , i = 1 . . n o p s ( [ V a r i a b l e s ] ) ) } ,
SystemEquation);

ensem(2,3);

Section 3.2 - Hidden Markov chain
K:=3:
u n a s s i g n ( ' T ' , ' M ' ) ;

I n d i c e s : =  {  s e q (  s e q (  [ u , v ] ,  u  i n  e n s e m ( 3 , K ) ) , v  i n  e n s e m ( 3 , K )
) } :
fo r  u  in  ensem(3 ,K)  do  fo r  v  in  ensem(3 ,K)  do  
    T [ u , v ] : = 0 : I n d i c e s : = I n d i c e s  m i n u s  { [ u , u ] } :



>  >  

(1.5.3.1)(1.5.3.1)

(1.5.2.1)(1.5.2.1)

>  >  

(1.5.1)(1.5.1)

>  >  

>  >  

(1.6.1)(1.6.1)

>  >  

(1.4.1)(1.4.1)

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

od:od:

# d e f i n i t i o n  o f  T
T [ [ 0 , 0 , 0 ] , [ 0 , 1 , 0 ] ] : = 2 5 5 :
T [ [ 0 , 0 , 0 ] , [ 0 , 2 , 0 ] ] : = 1 5 :
T [ [ 0 , 1 , 0 ] , [ 0 , 0 , 0 ] ] : = 2 9 4 :
T [ [ 0 , 2 , 0 ] , [ 0 , 0 , 0 ] ] : = 2 9 4 :
T [ [ 0 , 1 , 0 ] , [ 0 , 2 , 0 ] ] : = 4 9 :
T [ [ 0 , 2 , 0 ] , [ 0 , 1 , 0 ] ] : = 4 9 :
 I n d i c e s : = I n d i c e s  m i n u s  { [ [ 0 , 0 , 0 ] , [ 0 , 1 , 0 ] ] , [ [ 0 , 0 , 0 ] , [ 0 , 2 , 0 ] ] ,
[ [ 0 , 1 , 0 ] , [ 0 , 0 , 0 ] ] , [ [ 0 , 2 , 0 ] , [ 0 , 0 , 0 ] ] , [ [ 0 , 1 , 0 ] , [ 0 , 2 , 0 ] ] , [ [ 0 , 2 ,
0 ] , [ 0 , 1 , 0 ] ] } :
#  p r o j e c t i o n  f u n c t i o n :  

N o n Z e r o T : =  {   s e q ( T [ o p ( A ) ] ,   A  i n  I n d i c e s ) } :

  p r o j : = p r o c ( x )  i f  x > 0  t h e n  r e t u r n ( 1 )  e l s e  r e t u r n ( 0 ) : f i : e n d :

#  Cond i t ion  pro jec t ion  
EQQ:=NULL:
fo r  u  in  ensem(3 ,K )  do  
    f o r  v  i n  e n s e ( 3 , K )  d o  
         i f  m a p ( p r o j , u ) = m a p ( p r o j , v )  t h e n  
                       E Q Q : = E Q Q ,  s e q (  a d d ( ( T [ u , w ] - T [ v , w ] ) * i n d
( m a p ( p r o j , w ) , b ) * ( 1 - i n d ( m a p ( p r o j , u ) , b ) ) ,  w  i n  e n s e m ( 3 , K ) ) , b  i n
e n s e ( 3 ) ) :
         f i :
    o d :
od:

#  T '  a s  g i v e n  i n  s e c t i o n  3 . 2  i s  c l e a r l y  c o r r e c t .

M : =  M a t r i x ( [ [ 7 / 1 5 ,  1 / 3 ,  1 / 5 ] , [ 1 / 2 , 1 / 6 , 1 / 3 ] , [ 1 / 6 , 1 / 2 , 1 / 3 ] ] ) :
Rho:=Mat r ix ( [35 /89 ,29 /89 ,25 /89 ] ) :
#  check ing  tha t  Rho is  a  le f t  ma in  e igenva lue  o f  M
Rho.M -Rho ;

# Projected measure 
M e s M a r k o v : = p r o c ( v )  l o c a l  n :  n : = n o p s ( v ) :                 #  t h e  
c o l o u r  a r e  l a b e l e d  0 . . 2
r e t u r n ( R h o [ 1 , v [ 1 ] + 1 ] * m u l ( M [ v [ i ] + 1 , v [ i + 1 ] + 1 ] , i = 1 . . n - 1 ) ) : #  b u t  
t h e  m a t r i c e s  e n t r i e s  a r e  l a b e l e d  1 - 3
e n d :                                                    # t h e  
sh i f t  +1  i s  he re  to  compensa te  tha t .

M e s : = p r o c ( u )    l o c a l  n :
   n : = n o p s ( u ) :
   r e t u r n (  a d d ( M e s M a r k o v ( v ) * m u l ( i n d ( p r o j ( v [ i ] ) , u [ i ] ) , i = 1 . . n ) ,
v  i n  e n s e m ( n , 3 ) ) ) ;
end:
M e s ( [ 1 , 1 , 1 ] ) / M e s ( [ 1 , 1 ] ) ;
M e s ( [ 1 , 1 ] ) / M e s ( [ 1 ] ) ;

##  adapta t ion  o f  MM to  th is  matr ic ia l  express ion



(1.5.2.1)(1.5.2.1)

(1.5.1)(1.5.1)

>  >  

>  >  

(1.6.1)(1.6.1)

>  >  

(1.4.1)(1.4.1)

>  >  

(1.5.3.1)(1.5.3.1)

(1.7.1)(1.7.1)

>  >  

>  >  

>  >  

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

MM:=proc(a,b,c,d,e)  return(  M[a+1,b+1]*M[b+1,c+1]*M[c+1,d+1]*
M[d+1,e+1] ) :  end:

# Computation of Z5

Z5 :=proc (u )  ##  fo r  a  word  u  o f  s i ze  5  and  L  =  3  we  need  the  
f o l l o w i n g   Z
     r e t u r n (    a d d (   M M ( u [ 1 ] , v [ 1 ] , v [ 2 ] , v [ 3 ] , u [ 5 ] )     * T [ v , [ u
[ 2 ] , u [ 3 ] , u [ 4 ] ] ] / M M (  o p ( u )  )  - T [ [ u [ 2 ] , u [ 3 ] , u [ 4 ] ] , v ] ,  v  i n  
ensem(3 ,3 ) ) ) :
e n d :   

Cycle9MT:=proc(a,b,c,d,e)  opt ion remember:  local  Vec:  
    V e c  : = [  a ,  b ,  c ,  d ,  e ,  0 ,  0 ,  0 ,  0 ] :
    r e t u r n (  s i m p l i f y (  a d d ( Z 5 (  [ s e q (  V e c [ m o d u ( i  + j ,  9 ) ] , j = 1 .
. 5 )  ]  ) , i = 1 . . 9 ) ) ) :
end:
s e q ( Z 5 ( u ) ,  u  i n  e n s e m ( 5 , 3 ) ) ;

71
106
53
81

Section 3.3.1 - Two colour general Markov case
#  - >  I n i t i a l i s a t i o n
u n a s s i g n ( ' T ' , ' M ' ) ;
K:=2;

#  T r a n s i t i o n  d e f i n i t i o n
NonZeroT:=  NULL:   #  wi l l  be  the  set  of  nonzerotransi t ions
for  u  in  ensem(2 ,K )  do  
  f o r  v  i n  e n s e m ( 2 , K )  d o
         i f  u = v  t h e n   T [ u , u ] : = 0 :
         e l s e  
             T [ u , v ] : = t [ i t ( u ) , i t ( v ) ] :
             N o n Z e r o T  : =  N o n Z e r o T ,  T [ u , v ] :
         f i :
    o d :
od:



(1.5.2.1)(1.5.2.1)

(1.5.1)(1.5.1)

>  >  

>  >  

(1.6.1)(1.6.1)

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

>  >  

(1.5.3.1)(1.5.3.1)

(1.7.1)(1.7.1)

>  >  

>  >  

>  >  

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

"Parameters = NonZeroTransition", NonZeroT;

# #  p r o d u c t  o f  M  o v e r  4  l e t t e r s
MM:=proc(a ,b ,c ,d )  re turn (  M[a ,b ] *M[b ,c ] *M[c ,d ] ) :  end:

Z4 :=proc (u )  ##  fo r  a  word  u  o f  s i ze  4  and  L  =  2  we  need  the  
fo l lowing  Z
     r e t u r n (    a d d (   M M ( u [ 1 ] , v [ 1 ] , v [ 2 ] , u [ 4 ] )     * T [ v , [ u [ 2 ] , u
[ 3 ] ] ] / M M (  o p ( u )  )  - T [ [ u [ 2 ] , u [ 3 ] ] , v ] ,  v  i n  e n s e m ( 2 , K ) ) ) :
e n d :   

Cycle7MT:=proc(a,b,c,d)  opt ion remember:  local  Vec:  
    V e c  : = [  a ,  b ,  c ,  d ,  0 ,  0 ,  0 ] :
    r e t u r n (  s i m p l i f y (  a d d ( Z 4 (  [ s e q (  V e c [ m o d u ( i  + j ,  7 ) ] , j = 1 .
. 4 )  ]  ) , i = 1 . . 7 ) ) ) :
end:

f o r  i  i n  { 0 , 1 }  d o  M [ i , 0 ] : = 1 - M [ i , 1 ] :  o d :  

SystemEquat ion :=  {   seq(  Cycle7MT(op(u) ) ,  u  in  ensem(4,K) ) ,  
s e q (  M [ o p ( u ) ] * g [ o p ( u ) ] - 1 , u  i n  e n s e m ( 2 , K ) ) ,  ( M [ 0 , 1 ] - M [ 1 , 1 ] ) *
x - 1 } :  
##########################
PolynomialSystem:= map(x-> numer(normal(x)), SystemEquation):
# numerators only
V a r i a b l e s : =  s e q ( g [ o p ( u ) ] , u  i n  e n s e m ( 2 , K ) ) , x ,  s e q ( s e q ( M [ i , j ] ,
i = 0 . . K - 1 ) , j = 1 . . K - 1 )  ,  N o n Z e r o T  :  
##########################
# grobner
G:= Basis(PolynomialSystem,plex(   Var iables) ) :
Af f iche(G,2000) ;
unass ign( 'M ' ) ;  #  for  fur ther  computa t ions

1
t

2
t

3
t

4
t

5

6



(1.5.2.1)(1.5.2.1)

(1.5.1)(1.5.1)

>  >  

>  >  

(1.6.1)(1.6.1)

>  >  

(1.4.1)(1.4.1)

>  >  

(1.5.3.1)(1.5.3.1)

(1.7.1)(1.7.1)

>  >  

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

7

8

9

10

11

12

13

14



(1.5.2.1)(1.5.2.1)

(1.5.1)(1.5.1)

>  >  

>  >  

(1.6.1)(1.6.1)

>  >  

(1.4.1)(1.4.1)

>  >  

(1.5.3.1)(1.5.3.1)

(1.7.1)(1.7.1)

>  >  

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

15

16

17

18

19

20

21

22

23

24

25

26

27

28

29

30



(1.5.2.1)(1.5.2.1)

(1.5.1)(1.5.1)

>  >  

>  >  

>  >  

(1.6.1)(1.6.1)

>  >  

(1.4.1)(1.4.1)

>  >  

(1.5.3.1)(1.5.3.1)

(1.7.1)(1.7.1)

>  >  

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

31

32

33

34

35

36

37

38

39

40

41

42

"=============================="

c o l l e c t ( G [ 6 ] , M [ 1 , 1 ] ) ; l a t e x ( % ) ;

 \ l e f t (  t _ { { 1 , 0 } } + t _ { { 2 , 0 } } - t _ { { 3 , 1 } } - t _ { { 3 , 2 } }  \ r i g h t )  { M _ {
{ 1 , 1 } } } ^ { 2
} +  \ l e f t (  - t _ { { 1 , 0 } } - t _ { { 1 , 3 } } - t _ { { 2 , 0 } } - t _ { { 2 , 3 } }  \ r i g h t )  
M _ { { 1 , 1 } } + t
_ { { 1 , 3 } } + t _ { { 2 , 3 } }

Section 3.3.2 - Two colour general product case



>  >  

(1.5.2.1)(1.5.2.1)

>  >  

(1.5.1)(1.5.1)

>  >  

>  >  

>  >  

(1.6.1)(1.6.1)

>  >  

>  >  

(1.4.1)(1.4.1)

>  >  

(1.5.3.1)(1.5.3.1)

(1.7.1)(1.7.1)

>  >  

(1.8.1)(1.8.1)

>  >  

>  >  

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

#  - >  I n i t i a l i s a t i o n
u n a s s i g n ( ' T ' , ' M ' , ' u ' , ' v ' , ' r h o ' ) ;
K:=2;

#  T r a n s i t i o n  d e f i n i t i o n
NonZeroT:=  NULL:   #  wi l l  be  the  set  o f  nonzerotransi t ions
for  u  in  ensem(2 ,K )  do  
  f o r  v  i n  e n s e m ( 2 , K )  d o
         i f  u = v  t h e n   T [ u , u ] : = 0 :
                      t [ i t ( u ) , i t ( v ) ] : = 0 :
         e l s e  
             T [ u , v ] : = t [ i t ( u ) , i t ( v ) ] :
             N o n Z e r o T  : =  N o n Z e r o T ,  T [ u , v ] :
         f i :
    o d :
od:

"Parameters = NonZeroTransition", NonZeroT;

Z2 :=proc (u )  ##  fo r  a  word  u  o f  s i ze  4  and  L  =  2  we  need  the  
fo l lowing  Z
     r e t u r n (    a d d (   r h o [ v [ 1 ] ] * r h o [ v [ 2 ] ]     * T [ v , [ u [ 1 ] , u [ 2 ] ] ]
/ ( r h o [ u [ 1 ] ] * r h o [ u [ 2 ] ] )  - T [ [ u [ 1 ] , u [ 2 ] ] , v ] ,  v  i n  e n s e m ( 2 , K ) ) ) :
e n d :   

Cycle2MT:=proc(a,b) option remember: 
   
    r e t u r n (  s i m p l i f y ( Z 2 ( [ a , b ] ) + Z 2 ( [ b , a ] ) ) ) :
end:

r h o [ 0 ] : = 1 - r h o [ 1 ] :

SystemEquat ion :=  {   seq(  Cycle2MT(op(u) ) ,  u  in  ensem(2,K) ) } :

##########################
PolynomialSystem:= map(x-> numer(normal(x)), SystemEquation):
# numerators only
V a r i a b l e s : =  g [ 0 ] , g [ 1 ] ,  r h o [ 1 ]  ,  N o n Z e r o T  :  
##########################
# grobner
G:= Basis(PolynomialSystem,tdeg(   Var iables)) :
Af f iche(G,20000) ;
unass ign( 'M ' ) ;  #  for  fur ther  computa t ions

1



(1.5.2.1)(1.5.2.1)

(1.5.1)(1.5.1)

>  >  

>  >  

(1.6.1)(1.6.1)

>  >  

(1.4.1)(1.4.1)

>  >  

(1.5.3.1)(1.5.3.1)

(1.7.1)(1.7.1)

>  >  

(1.8.1)(1.8.1)

>  >  

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

2

3

4

5

"=============================="



(1.5.2.1)(1.5.2.1)

(1.5.1)(1.5.1)

>  >  

>  >  

(1.6.1)(1.6.1)

>  >  

(1.4.1)(1.4.1)

(1.8.5)(1.8.5)

(1.8.4)(1.8.4)

>  >  

(1.5.3.1)(1.5.3.1)

>  >  

(1.7.1)(1.7.1)

(1.8.3)(1.8.3)

>  >  

>  >  

(1.8.1)(1.8.1)

>  >  

>  >  

>  >  

>  >  

(1.8.2)(1.8.2)

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

# #   s i m p l i f i c a t i o n  o f  t h e  f o r m u l a s  
f o r  i  f r o m  1  t o  4  d o  c o l l e c t ( G [ i ] , r h o [ 1 ] ) ; o d

l e x  : =  p r o c ( x , y )  i f  x [ 1 ] < y [ 1 ]  o r  ( x [ 1 ] = y [ 1 ]  a n d  x [ 2 ] < y [ 2 ] )  
t h e n  r e t u r n ( 1 )  e l s e  r e t u r n ( 0 ) : f i : e n d :
S m a l l e r : = p r o c ( x , y )  i f  x < y  t h e n  r e t u r n ( 1 )  e l s e  r e t u r n ( 0 )
: f i : e n d :
a d d ( a d d ( t [ o p ( u ) ] * t [ o p ( v ) ] * l e x ( u , v ) ,  u  i n  { e n s e m ( 2 , 4 ) } ) , v  i n  
{ensem(2,4) } )

#  f a c t o r i s a t i o n  o f  G [ 5 ]
S := {seq ( t [op (u ) ]=1 ,u  in  ensem(2 ,4 ) ) } ;

m:=5;
pos := fac to r (add (op ( i ,G [m] ) * ind (s ign (subs (S ,op ( i ,G [m] ) ) ) , 1 ) , i  
=1 . .nops(G[m] ) ) ) ;
neg := fac to r (add (op ( i ,G [m] ) * ind (s ign (subs (S ,op ( i ,G [m] ) ) ) , - 1 ) , i
=1 . .nops(G[m] ) ) ) ;



>  >  

>  >  

(1.5.2.1)(1.5.2.1)

(1.5.1)(1.5.1)

>  >  

>  >  

>  >  

(1.6.1)(1.6.1)

>  >  

(1.4.1)(1.4.1)

(1.8.5)(1.8.5)

>  >  

>  >  

(1.5.3.1)(1.5.3.1)

(1.7.1)(1.7.1)

>  >  

(1.8.1)(1.8.1)

(1.8.6)(1.8.6)

>  >  

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

normal(G[5]-pos-neg);
0

la tex(pos+neg);
 \ l e f t (  t _ { { 1 , 0 } } t _ { { 3 , 0 } } + t _ { { 1 , 0 } } t _ { { 3 , 1 } } + t _ { { 1 , 0 } } t _ {
{ 3 , 2 } } + t _ { { 1
, 3 } } t _ { { 3 , 0 } } + t _ { { 2 , 0 } } t _ { { 3 , 0 } } + t _ { { 2 , 0 } } t _ { { 3 , 1 } } + t _ { { 2 , 0 }
} t _ { { 3 , 2 } }
+ t _ { { 2 , 3 } } t _ { { 3 , 0 } }  \ r i g h t )   \ l e f t (  t _ { { 0 , 1 } } t _ { { 1 , 3 } } + t _ {
{ 0 , 1 } } t _ { { 2 ,
3 } } + t _ { { 0 , 2 } } t _ { { 1 , 3 } } + t _ { { 0 , 2 } } t _ { { 2 , 3 } } + t _ { { 0 , 3 } } t _ { { 1 , 0 } }
+ t _ { { 0 , 3 } }
t _ { { 1 , 3 } } + t _ { { 0 , 3 } } t _ { { 2 , 0 } } + t _ { { 0 , 3 } } t _ { { 2 , 3 } }  \ r i g h t )  -  
\ l e f t (  t _ { { 0
, 1 } } t _ { { 3 , 0 } } + t _ { { 0 , 1 } } t _ { { 3 , 1 } } + t _ { { 0 , 1 } } t _ { { 3 , 2 } } + t _ { { 0 , 2 }
} t _ { { 3 , 0 } }
+ t _ { { 0 , 2 } } t _ { { 3 , 1 } } + t _ { { 0 , 2 } } t _ { { 3 , 2 } } + t _ { { 0 , 3 } } t _ { { 3 , 1 } } + t _
{ { 0 , 3 } } t _ {
{ 3 , 2 } }  \ r i g h t )  ^ { 2 }

Section 3.4 2D Applications
Functions to run (once) for the applications that follows 

#  - >  I n i t i a l i s a t i o n
u n a s s i g n ( ' T ' , ' M ' , ' u ' , ' v ' , ' r h o ' , ' K ' ) ;

G a m m a 0 : =  [ [ 0 , 0 ] , [ 0 , 1 ] , [ 1 , 0 ] ] :
G a m m a 1 : =  [ [ 0 , 0 ] , [ 0 , 1 ] , [ 1 , 0 ] , [ 2 , 0 ] ] :
G a m m a 2 : =  [ [ 0 , 0 ] , [ 0 , 1 ] , [ 1 , 0 ] , [ 2 , 0 ] , [ 1 , 1 ] ] :

##  squares encoded fo l lowing th is  order :  
# #    d  c
# #    a  b  
##

P r o d  : = p r o c ( u )  m u l ( r h o [ u [ i ] ] , i = 1 . . 4 ) : e n d :  

Zsquare:=proc(u)  ##  for  a  square-word u  of  s ize  4  we need 
t h e  f o l l o w i n g  Z
     r e t u r n (    a d d (  P r o d ( v )  *  T [ v , u ]  /  P r o d ( u )  -  T [ u , v ] ,  v  
in  ensem(4 ,K ) ) ) :
end:

CartesianProduct:=proc(E1,E2,E3,E4) option remember:



>  >  

(1.5.2.1)(1.5.2.1)

(1.5.1)(1.5.1)

>  >  

>  >  

(1.6.1)(1.6.1)

>  >  

(1.4.1)(1.4.1)

(1.8.5)(1.8.5)

>  >  

(1.5.3.1)(1.5.3.1)

(1.7.1)(1.7.1)

>  >  

(1.8.1)(1.8.1)

>  >  

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

   r e t u r n ( { s e q ( s e q ( s e q ( s e q (  [ e 1 ,  e 2 ,  e 3 ,  e 4 ] ,  e 1  i n  E 1 ) ,  e 2
i n  E 2 ) ,  e 3  i n  E 3 ) ,  e 4  i n  E 4 ) } ) :
end:

##  par t ia l  Z . . .  Sommat ion  on  lack ing  var iab les
Z P : = p r o c ( u )  l o c a l  E ,  i ,  E x t e r n e :
 #  w e  w i l l  p u t  - 2  i n  t h e  u n i t  s q u a r e  w h e n  t h e y  a r e  o u t s i d e  
the domain  
   E x t e r n e : = { } :  
   f o r  i  f r o m  1  t o  4  d o  
     i f  u [ i ]  =  - 2  
             t h e n  
               E [ i ]  : =  { s e q ( j ,  j =  0  . .  K - 1 ) }  ;
               E x t e r n e : = E x t e r n e  u n i o n  {  i  } ;  
             e l s e  
               E [ i ] : =  { u [ i ] } :  f i :  
   o d :
         r e t u r n (  a d d ( Z s q u a r e ( w ) * m u l ( r h o [ w [ i ] ] ,  i  i n  
E x t e r n e ) ,  w  i n  C a r t e s i a n P r o d u c t (  E [ 1 ] , E [ 2 ] , E [ 3 ] , E [ 4 ] ) ) ) :  
e n d :                 
 

rank:=proc(e lement ,Seq)  #  provide the rank of  an e lement  in
a  l i s t  ( w h e r e  i t  a p p e a r s  o n c e ) ,  a n d  r e t u r n  - 2  i f  t h e  
e lement  is  absent
      i f  n o t  e l e m e n t  i n  S e q  t h e n  r e t u r n ( - 2 )  e l s e  r e t u r n ( m a x
( { s e q ( i n d ( e l e m e n t , S e q [ j ] ) * j , j = 1 . . n o p s ( S e q ) ) } ) ) :
      f i :
end:

SetOfCornersOfSquaresThatIntersects:=proc(S) # posit ion of  
the  corners  bo t tom,  l e f t  tha t  in te rsec ts  the  domain  S
      r e t u r n ( { s e q (  u + [ - 1 , 0 ] ,  u  i n  S ) ,  
              s e q (  u + [ - 1 , - 1 ] ,  u  i n  S ) ,  
              s e q (  u + [ 0 , - 1 ] ,  u  i n  S ) ,  
              s e q (  u ,  u  i n  S )  } ) :
end:

#  the  square  whose  bot tom- le f t  ver tex  is  s
SquareWi thCorners :=proc (s )  re tu rn (  [  s  + [0 ,0 ] ,  s+ [1 ,0 ] ,  s+
[ 1 , 1 ] ,  s + [ 0 , 1 ] ] ) : e n d :

# #  E q u a t i o n  o f  s t a b i l i t y  o f  t h e  m a s s  o f  t h e  c o n f i g  u  
indexed by domain, ou Domain
EquationDomain:=proc(Domain,  u)  local   equation,s,S,W,i ,C:
 e q u a t i o n : = 0 :   
  #  a d d i t i o n  o n  a l l  s q u a r e s  t h a t  i n t e r s e c t  t h e  s e t  o f  
i n t e r e s t
    for  s  in SetOfCornersOfSquaresThat Intersects(Domain)  do

             S : =  S q u a r e W i t h C o r n e r s ( s ) :
             W : =   [ s e q ( r a n k ( S [ i ] , D o m a i n ) , i = 1 . . 4 ) ] :
             f o r  i  f r o m  1  t o  4  d o  
                  i f  W [ i ] = - 2  t h e n  C [ i ] : = - 2  e l s e  C [ i ] : =  u  [ W
[ i ] ] : f i :
             o d :   



>  >  

(1.5.2.1)(1.5.2.1)

(1.5.1)(1.5.1)

>  >  

>  >  

>  >  

(1.6.1)(1.6.1)

>  >  

(1.4.1)(1.4.1)

>  >  

(1.8.5)(1.8.5)

(1.9.1.1.2)(1.9.1.1.2)

>  >  

(1.5.3.1)(1.5.3.1)

(1.7.1)(1.7.1)

>  >  

(1.8.1)(1.8.1)

>  >  

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

(1.9.1.1.1)(1.9.1.1.1)

             e q u a t i o n  : =  e q u a t i o n  +  Z P ( [ s e q ( C [ i ] , i = 1 . . 4 ) ] ) :
    o d :   
 r e t u r n ( e q u a t i o n ) :
end:

u n a s s i g n ( ' T ' , ' r h o ' ) ;
r h o [ 0 ]  : =  1 - r h o [ 1 ] :
K:=2;
#  T r a n s i t i o n  d e f i n i t i o n
NonZeroT:=  NULL:   #  wi l l  be  the  set  of  nonzerotransi t ions
f o r  u  i n  e n s e m ( 4 , K )  d o     #  u = ( u 1 , u 2 , u 3 , u 4 )  
  f o r  v  i n  e n s e m ( 4 , K )  d o
         i f ( [ u , v ] < >  [ [ 0 , 1 , 1 , 1 ] , [ 1 , 0 , 0 , 0 ] ]  a n d  [ u , v ]  < >  [
[ 1 , 0 , 0 , 0 ] , [ 0 , 1 , 1 , 1 ] ] )   t h e n  
            T [ u , v ]  : =  0 :
         e l s e  
           N o n Z e r o T : = N o n Z e r o T ,  T [ u , v ] :
         f i :
    o d :
od:
"Parameters", NonZeroT;

E q u a t i o n P a r a m e t e r  : =  T [ [ 0 ,  1 ,  1 ,  1 ] ,  [ 1 ,  0 ,  0 ,  0 ] ] - a ,  T [
[ 1 ,  0 ,  0 ,  0 ] ,  [ 0 ,  1 ,  1 ,  1 ] ] - 1 ;
EquationGamma0:= seq(EquationDomain (Gamma0, u), u in 
ensem(3,K)):
EquationGamma1and2 := seq( EquationDomain (Gamma2, u) 
                        -   E q u a t i o n D o m a i n  ( G a m m a 1 ,  [ s e q ( u
[ i ] , i = 1 . . 4 ) ] )  ,  u  i n  e n s e m ( 5 , K ) ) :   
SystemEquation := [EquationParameter ,EquationGamma0, 
Equat ionGamma1and2 ,seq(g[ i ] * rho[ i ] -1 , i=0 . .1 ) ] :
##########################
PolynomialSystem:= map(x-> numer(normal(x)), 
SystemEquation): # numerators only
V a r i a b l e s : =   r h o [ 1 ]  ,  g [ 1 ]  , g [ 0 ] ,  a ,  N o n Z e r o T  :  
##########################
# grobner
G :=  Basis(PolynomialSystem,  tdeg(  Var iables  ) ) :
Af f iche(G,20000) ;

1

2

3

4



>  >  

(1.5.2.1)(1.5.2.1)

(1.5.1)(1.5.1)

>  >  

>  >  

(1.6.1)(1.6.1)

>  >  

(1.4.1)(1.4.1)

(1.8.5)(1.8.5)

>  >  
(1.9.1.1.2)(1.9.1.1.2)

>  >  

(1.5.3.1)(1.5.3.1)

(1.7.1)(1.7.1)

(1.9.1.1.3)(1.9.1.1.3)

(1.9.1.1.4)(1.9.1.1.4)

>  >  

>  >  

(1.8.1)(1.8.1)

(1.9.1.2.1)(1.9.1.2.1)

>  >  

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

5

6

7

8

"=============================="

normal (subs(g[1]=1 / rho[1] ,g [0 ]=1 / rho[0] ,G) ) ;so lve(%,
{NonZeroT,rho[1]} ) ;

u n a s s i g n ( ' T ' , ' r h o ' ) ;
r h o [ 0 ]  : =  1 - r h o [ 1 ] :
K:=2;
#  T r a n s i t i o n  d e f i n i t i o n
NonZeroT:=  NULL:   #  wi l l  be  the  set  of  nonzerotransi t ions
f o r  u  i n  e n s e m ( 4 , K )  d o     #  u = ( u 1 , u 2 , u 3 , u 4 )  
  f o r  v  i n  e n s e m ( 4 , K )  d o
         i f ( [ u , v ] < >  [ [ 0 , 1 , 0 , 1 ] , [ 1 , 0 , 1 , 0 ] ]  a n d  [ u , v ]  < >  [
[ 1 , 0 , 1 , 0 ] , [ 0 , 1 , 0 , 1 ] ] )   t h e n  
            T [ u , v ]  : =  0 :



(1.9.1.2.2)(1.9.1.2.2)

>  >  

(1.5.2.1)(1.5.2.1)

(1.5.1)(1.5.1)

>  >  

>  >  

(1.6.1)(1.6.1)

>  >  

(1.4.1)(1.4.1)

(1.8.5)(1.8.5)

(1.9.1.3.1)(1.9.1.3.1)

(1.9.1.1.2)(1.9.1.1.2)

>  >  

(1.5.3.1)(1.5.3.1)

(1.7.1)(1.7.1)

>  >  

>  >  

>  >  

(1.8.1)(1.8.1)

>  >  

(1.9.1.2.1)(1.9.1.2.1)

>  >  

>  >  

(1.9.1.2.3)(1.9.1.2.3)
>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

         e l s e  
           N o n Z e r o T : = N o n Z e r o T ,  T [ u , v ] :
         f i :
    o d :
od:
"Parameters", NonZeroT;

E q u a t i o n P a r a m e t e r  : =  T [ [ 0 , 1 , 0 , 1 ] , [ 1 , 0 , 1 , 0 ] ]  - a  ,  T [ [ 1 , 0 ,
1 , 0 ] , [ 0 , 1 , 0 , 1 ] ] - b ;
EquationGamma0:= seq(EquationDomain (Gamma0, u), u in 
ensem(3,K)):
EquationGamma1and2 := seq( EquationDomain (Gamma2, u) 
                        -   E q u a t i o n D o m a i n  ( G a m m a 1 ,  [ s e q ( u
[ i ] , i = 1 . . 4 ) ] )  ,  u  i n  e n s e m ( 5 , K ) ) :   
SystemEquation := [EquationParameter ,EquationGamma0, 
Equat ionGamma1and2 ,seq(g[ i ] * rho[ i ] -1 , i=0 . .1 ) ] :
##########################
PolynomialSystem:= map(x-> numer(normal(x)), 
SystemEquation): # numerators only
V a r i a b l e s : =   r h o [ 1 ]  ,  g [ 1 ]  , g [ 0 ] ,  a ,  b ,   N o n Z e r o T  :  
##########################
# grobner
G :=  Basis(PolynomialSystem,  tdeg(  Var iables  ) ) :
Af f iche(G,20000) ;

1

2

3

4

5

6

"=============================="

normal (subs(g[0 ]=1 / rho[0 ] ,g [1 ]=1 / rho[1 ] ,G) ) ;

u n a s s i g n ( ' T ' , ' r h o ' ) ;



>  >  

(1.5.2.1)(1.5.2.1)

(1.5.1)(1.5.1)

>  >  

>  >  

(1.6.1)(1.6.1)

>  >  

>  >  

(1.4.1)(1.4.1)

(1.8.5)(1.8.5)

(1.9.1.3.1)(1.9.1.3.1)

(1.9.1.1.2)(1.9.1.1.2)

>  >  

(1.5.3.1)(1.5.3.1)

(1.7.1)(1.7.1)

>  >  

>  >  

>  >  

(1.8.1)(1.8.1)

(1.9.1.3.2)(1.9.1.3.2)

(1.9.1.4.1)(1.9.1.4.1)

(1.9.1.2.1)(1.9.1.2.1)

>  >  

>  >  

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

r h o [ 0 ]  : =  1 - r h o [ 1 ] :
K:=2;
#  T r a n s i t i o n  d e f i n i t i o n
NonZeroT:=  NULL:   #  wi l l  be  the  set  o f  nonzerotransi t ions
f o r  u  i n  e n s e m ( 4 , K )  d o     #  u = ( u 1 , u 2 , u 3 , u 4 )  
  f o r  v  i n  e n s e m ( 4 , K )  d o
         i f ( [ u , v ] < >  [ [ 0 , 0 , 1 , 1 ] , [ 0 , 1 , 1 , 0 ] ] )   t h e n  
            T [ u , v ]  : =  0 :
         e l s e  
           N o n Z e r o T : = N o n Z e r o T ,  T [ u , v ] :
         f i :
    o d :
od:
"Parameters", NonZeroT;

EquationGamma0:= seq(EquationDomain (Gamma0, u), u in 
ensem(3,K)):
EquationGamma1and2 := seq( EquationDomain (Gamma2, u) 
                        -   E q u a t i o n D o m a i n  ( G a m m a 1 ,  [ s e q ( u
[ i ] , i = 1 . . 4 ) ] )  ,  u  i n  e n s e m ( 5 , K ) ) :   
SystemEquation := [EquationGamma0, EquationGamma1and2 ,
s e q ( g [ i ] * r h o [ i ] - 1 , i = 0 . . 1 ) ] :
##########################
PolynomialSystem:= map(x-> numer(normal(x)), 
SystemEquation): # numerators only
V a r i a b l e s : =   r h o [ 1 ]  ,  g [ 1 ]  , g [ 0 ] ,    N o n Z e r o T  :  
##########################
# grobner
G :=  Basis(PolynomialSystem,  tdeg(  Var iables  ) ) :
Af f iche(G,20000) ;

1
T

2

3

4

"=============================="

u n a s s i g n ( ' T ' , ' r h o ' ) ;
r h o [ 0 ]  : =  1 - r h o [ 1 ] :
K:=2;
#  T r a n s i t i o n  d e f i n i t i o n
NonZeroT:=  NULL:   #  wi l l  be  the  set  of  nonzerotransi t ions
f o r  u  i n  e n s e m ( 4 , K )  d o     #  u = ( u 1 , u 2 , u 3 , u 4 )  



>  >  

>  >  

(1.5.2.1)(1.5.2.1)

(1.5.1)(1.5.1)

>  >  

>  >  

(1.6.1)(1.6.1)

>  >  

>  >  

(1.4.1)(1.4.1)

(1.8.5)(1.8.5)

(1.9.1.3.1)(1.9.1.3.1)

(1.9.1.5.1)(1.9.1.5.1)

(1.9.1.1.2)(1.9.1.1.2)

>  >  

(1.5.3.1)(1.5.3.1)

(1.7.1)(1.7.1)

>  >  

>  >  

>  >  

>  >  

(1.8.1)(1.8.1)

(1.9.1.4.1)(1.9.1.4.1)

(1.9.1.2.1)(1.9.1.2.1)

>  >  

>  >  

(1.9.1.4.2)(1.9.1.4.2)

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

  f o r  v  i n  e n s e m ( 4 , K )  d o
         i f (  n o t  [ u , v ]  i n  {  [ [ 0 , 0 , 1 , 1 ] , [ 0 , 1 , 1 , 0 ] ] , [ [ 0 , 1 ,
1 , 0 ] , [ 1 , 1 , 0 , 0 ] ] , [ [ 1 , 1 , 0 , 0 ] , [ 1 , 0 , 0 , 1 ] ] , [ [ 1 , 0 , 0 , 1 ] , [ 0 , 0 , 1 ,
1 ] ] }     )   t h e n  
            T [ u , v ]  : =  0 :
         e l s e  
           N o n Z e r o T : = N o n Z e r o T ,  T [ u , v ] :
         f i :
    o d :
od:
"Parameters", NonZeroT;

EquationGamma0:= seq(EquationDomain (Gamma0, u), u in 
ensem(3,K)):
EquationGamma1and2 := seq( EquationDomain (Gamma2, u) 
                        -   E q u a t i o n D o m a i n  ( G a m m a 1 ,  [ s e q ( u
[ i ] , i = 1 . . 4 ) ] )  ,  u  i n  e n s e m ( 5 , K ) ) :   
SystemEquation := [EquationGamma0, EquationGamma1and2 ,
s e q ( g [ i ] * r h o [ i ] - 1 , i = 0 . . 1 ) ] :
##########################
PolynomialSystem:= map(x-> numer(normal(x)), 
SystemEquation): # numerators only
V a r i a b l e s : =   r h o [ 1 ]  ,  g [ 1 ]  , g [ 0 ] ,    N o n Z e r o T  :  
##########################
# grobner
G :=  Basis(PolynomialSystem,  tdeg(  Var iables  ) ) :
Af f iche(G,20000) ;

1

2

3

4

5

6

"=============================="

u n a s s i g n ( ' T ' , ' r h o ' ) ;



>  >  

(1.5.2.1)(1.5.2.1)

(1.5.1)(1.5.1)

>  >  

>  >  

(1.6.1)(1.6.1)

>  >  

>  >  

(1.4.1)(1.4.1)

(1.8.5)(1.8.5)

(1.9.1.3.1)(1.9.1.3.1)

(1.9.1.5.1)(1.9.1.5.1)

(1.9.1.1.2)(1.9.1.1.2)

>  >  

(1.5.3.1)(1.5.3.1)

(1.7.1)(1.7.1)

>  >  

>  >  

>  >  

>  >  

(1.8.1)(1.8.1)

>  >  

(1.9.1.4.1)(1.9.1.4.1)

(1.9.1.2.1)(1.9.1.2.1)

(1.9.1.5.2)(1.9.1.5.2)

>  >  

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

r h o [ 0 ]  : =  1 - r h o [ 1 ] :
K:=2;
#  T r a n s i t i o n  d e f i n i t i o n
NonZeroT:=  NULL:   #  wi l l  be  the  set  o f  nonzerotransi t ions
f o r  u  i n  e n s e m ( 4 , K )  d o     #  u = ( u 1 , u 2 , u 3 , u 4 )  
  f o r  v  i n  e n s e m ( 4 , K )  d o
         i f (  u  < >  [ v [ 1 ] , 1 - v [ 2 ] , 1 - v [ 3 ] , v [ 4 ] ]    )   t h e n  
            T [ u , v ]  : =  0 :
         e l s e  
           N o n Z e r o T : = N o n Z e r o T ,  T [ u , v ] :
         f i :
    o d :
od:
"Parameters", NonZeroT;

EquationGamma0:= seq(EquationDomain (Gamma0, u), u in 
ensem(3,K)):
EquationGamma1and2 := seq( EquationDomain (Gamma2, u) 
                        -   E q u a t i o n D o m a i n  ( G a m m a 1 ,  [ s e q ( u
[ i ] , i = 1 . . 4 ) ] )  ,  u  i n  e n s e m ( 5 , K ) ) :   
SystemEquation := [EquationGamma0, EquationGamma1and2 ,
s e q ( g [ i ] * r h o [ i ] - 1 , i = 0 . . 1 ) ] :
##########################
PolynomialSystem:= map(x-> numer(normal(x)), 
SystemEquation): # numerators only
V a r i a b l e s : =   r h o [ 1 ]  ,  g [ 1 ]  , g [ 0 ] ,    N o n Z e r o T  :  
##########################
# grobner
G :=  Basis(Polynomia lSystem,  p lex(  Var iab les  ) ) :
subs(
Af f iche(G,20000) ;

1

2

3



>  >  

(1.5.2.1)(1.5.2.1)

(1.5.1)(1.5.1)

>  >  

>  >  

(1.6.1)(1.6.1)

>  >  

>  >  

(1.4.1)(1.4.1)

(1.8.5)(1.8.5)

(1.9.1.3.1)(1.9.1.3.1)

(1.9.1.5.1)(1.9.1.5.1)

(1.9.1.1.2)(1.9.1.1.2)

>  >  

(1.5.3.1)(1.5.3.1)

(1.7.1)(1.7.1)

>  >  

>  >  

>  >  

>  >  

(1.8.1)(1.8.1)

(1.9.1.4.1)(1.9.1.4.1)

(1.9.1.2.1)(1.9.1.2.1)

(1.9.1.5.2)(1.9.1.5.2)

>  >  

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

4

5

6

7

8

9

10



>  >  

(1.5.2.1)(1.5.2.1)

(1.5.1)(1.5.1)

>  >  

>  >  

(1.6.1)(1.6.1)

>  >  

>  >  

(1.4.1)(1.4.1)

(1.8.5)(1.8.5)

(1.9.1.3.1)(1.9.1.3.1)

(1.9.1.5.1)(1.9.1.5.1)

(1.9.1.1.2)(1.9.1.1.2)

>  >  

(1.5.3.1)(1.5.3.1)

(1.7.1)(1.7.1)

>  >  

>  >  

>  >  

>  >  

(1.8.1)(1.8.1)

(1.9.1.4.1)(1.9.1.4.1)

(1.9.1.2.1)(1.9.1.2.1)

(1.9.1.5.2)(1.9.1.5.2)

>  >  

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

11

12

13

14

15

16

17

18

19



>  >  

(1.5.2.1)(1.5.2.1)

(1.5.1)(1.5.1)

>  >  

>  >  

(1.6.1)(1.6.1)

>  >  

>  >  

(1.4.1)(1.4.1)

(1.8.5)(1.8.5)

(1.9.1.3.1)(1.9.1.3.1)

(1.9.1.5.1)(1.9.1.5.1)

(1.9.1.1.2)(1.9.1.1.2)

>  >  

(1.5.3.1)(1.5.3.1)

(1.7.1)(1.7.1)

>  >  

>  >  

>  >  

>  >  

(1.8.1)(1.8.1)

(1.9.1.4.1)(1.9.1.4.1)

(1.9.1.2.1)(1.9.1.2.1)

(1.9.1.5.2)(1.9.1.5.2)

>  >  

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

20

21

22

23

24

25

26

27

28

29

30



>  >  

(1.5.2.1)(1.5.2.1)

(1.5.1)(1.5.1)

>  >  

>  >  

>  >  

(1.6.1)(1.6.1)

>  >  

>  >  

>  >  

(1.4.1)(1.4.1)

(1.8.5)(1.8.5)

(1.9.1.3.1)(1.9.1.3.1)

>  >  

(1.9.1.5.1)(1.9.1.5.1)

(1.9.1.1.2)(1.9.1.1.2)

(1.9.1.6.1)(1.9.1.6.1)

>  >  

(1.5.3.1)(1.5.3.1)

(1.7.1)(1.7.1)

>  >  

>  >  

>  >  

>  >  

(1.8.1)(1.8.1)

(1.9.1.4.1)(1.9.1.4.1)

(1.9.1.2.1)(1.9.1.2.1)

(1.9.1.6.2)(1.9.1.6.2)

(1.9.1.5.2)(1.9.1.5.2)

>  >  

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

"=============================="

u n a s s i g n ( ' T ' , ' r h o ' ) ;

K:=3;
#  T r a n s i t i o n  d e f i n i t i o n
NonZeroT:=  NULL:   #  wi l l  be  the  set  of  nonzerotransi t ions
f o r  u  i n  e n s e m ( 4 , K )  d o     #  u = ( u 1 , u 2 , u 3 , u 4 )  
  f o r  v  i n  e n s e m ( 4 , K )  d o
         i f (  n o t  [ u , v ]  i n  { s e q ( [ [ i , i , i , i ] , [ ( i + 1 )  m o d  3 ,
( i + 1 )  m o d  3 , ( i + 1 )  m o d  3 ,  ( i + 1 )  m o d  3 ] ]  , i = 0 . . 3 ) }  )  t h e n  
            T [ u , v ]  : =  0 :
         e l s e  
           N o n Z e r o T : = N o n Z e r o T ,  T [ u , v ] :
         f i :
    o d :
od:

T [ [ 0 ,  0 ,  0 ,  0 ] ,  [ 1 ,  1 ,  1 ,  1 ] ] : = a [ 0 ] :
T [ [ 1 ,  1 ,  1 ,  1 ] ,  [ 2 ,  2 ,  2 ,  2 ] ] : = a [ 1 ] :
T [ [ 2 ,  2 ,  2 ,  2 ] ,  [ 0 ,  0 ,  0 ,  0 ] ] : = a [ 2 ] :

"Parameters", NonZeroT;

EquationGamma0:= seq(EquationDomain (Gamma0, u), u in 
ensem(3,K)):
EquationGamma1and2 := seq( EquationDomain (Gamma2, u) 
                        -   E q u a t i o n D o m a i n  ( G a m m a 1 ,  [ s e q ( u
[ i ] , i = 1 . . 4 ) ] )  ,  u  i n  e n s e m ( 5 , K ) ) :   
Sys temEquat ion  :=  [   rho [0 ]  + rho[1 ]+rho[2 ] -1 ,  
EquationGamma0, EquationGamma1and2 ]:#,seq(g[i]*rho[i]-1,
i = 0 . . 2 ) ] :
##########################
PolynomialSystem:= map(x-> numer(normal(x)), 
SystemEquation): # numerators only
V a r i a b l e s : =  s e q (  r h o [ i ] ,  i = 0 . . 2 ) ,  s e q (  g [ i ] ,  i = 0 . . 2 ) ,  
NonZeroT :  
##########################
# grobner
G :=  Basis (Polynomia lSystem,  tdeg (  Var iab les  ) ) :

#### A BIT LONG
Aff iche(G,2000) ;

1

2



>  >  

(1.5.2.1)(1.5.2.1)

(1.5.1)(1.5.1)

>  >  

>  >  

(1.6.1)(1.6.1)

>  >  

>  >  

(1.4.1)(1.4.1)

(1.8.5)(1.8.5)

(1.9.1.3.1)(1.9.1.3.1)

(1.9.1.5.1)(1.9.1.5.1)

(1.9.1.1.2)(1.9.1.1.2)

>  >  

(1.5.3.1)(1.5.3.1)

(1.7.1)(1.7.1)

>  >  

>  >  

>  >  

>  >  

(1.8.1)(1.8.1)

(1.9.1.4.1)(1.9.1.4.1)

(1.9.1.2.1)(1.9.1.2.1)

(1.9.1.6.2)(1.9.1.6.2)

(1.9.1.5.2)(1.9.1.5.2)

>  >  

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

3

4

5

6

7

"=============================="



>  >  

(1.5.2.1)(1.5.2.1)

(1.5.1)(1.5.1)

>  >  

>  >  

>  >  

(1.6.1)(1.6.1)

>  >  

>  >  

(1.4.1)(1.4.1)

(1.8.5)(1.8.5)

(1.9.1.3.1)(1.9.1.3.1)

(1.9.1.5.1)(1.9.1.5.1)

(1.9.1.1.2)(1.9.1.1.2)

>  >  

(1.5.3.1)(1.5.3.1)

(1.7.1)(1.7.1)

>  >  

>  >  

>  >  

>  >  

(1.8.1)(1.8.1)

(1.9.1.4.1)(1.9.1.4.1)

(1.9.1.6.3)(1.9.1.6.3)

(1.9.1.2.1)(1.9.1.2.1)

(1.9.1.6.2)(1.9.1.6.2)

(1.9.1.5.2)(1.9.1.5.2)

>  >  

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

## Comparison with the announced result
Gp:=map(normal,
 B a s i s ( [ a d d ( r h o [ i ] , i = 0 . . 2 ) - 1 ,  
        s e q ( a [ ( i + 1 )  m o d  3 ] * r h o [ ( i + 1 )  m o d  3 ] ^ 4 - a [ i ] * r h o [ i ]
^ 4 , i = 0 . . 2 ) ] , t d e g ( V a r i a b l e s ) ) ) :
Af f iche(Gp,2000) ;

1

2

3

4

5

6

7



>  >  

>  >  

(1.5.2.1)(1.5.2.1)

(1.5.1)(1.5.1)

>  >  

>  >  

(1.6.1)(1.6.1)

>  >  

>  >  

(1.4.1)(1.4.1)

(1.8.5)(1.8.5)

(1.9.1.3.1)(1.9.1.3.1)

(1.9.1.5.1)(1.9.1.5.1)

(1.9.1.6.4)(1.9.1.6.4)

(1.9.1.1.2)(1.9.1.1.2)

>  >  

(1.5.3.1)(1.5.3.1)

(1.7.1)(1.7.1)

>  >  

>  >  

>  >  

>  >  

(1.8.1)(1.8.1)

(1.9.1.4.1)(1.9.1.4.1)

>  >  

(1.9.1.6.3)(1.9.1.6.3)

(1.9.1.2.1)(1.9.1.2.1)

(1.9.1.6.2)(1.9.1.6.2)

(1.9.1.5.2)(1.9.1.5.2)

>  >  

>  >  

>  >  

>  >  

>  >  

(1.3.1)(1.3.1)

(1.3.2)(1.3.2)

(1.5.1.1)(1.5.1.1)

(1.1.2)(1.1.2)

"=============================="

{op(G)}  minus {op(Gp)};
{op(Gp)}  minus {op(G)};


