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I. Introduction: structure coe�cients of an algebra

Problem: Let A be an algebra over a �eld F with basis
b1, b2, � � � , bn. For two basis elements, say bi and bj , write:

bibj �
¸
k

cki ,jbk ,

where cki ,j P F . The elements cki ,j are called the structure coe�cients
of A and there is no explicit formula for them, even in the particular
algebras we will consider.

Our work:

1- A framework in which one can obtain the form of the structure

coe�cients of the algebra of double-classes. These coe�cients

"contain" structure coe�cients of group algebras.

2- A polynomiality property of these coe�cients in some speci�c cases.
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II. Partitions

A partition λ is a list of integers pλ1, λ2, . . .q where
λ1 ¥ λ2 ¥ . . . ¥ 1. The λi are called the parts of λ. The size of a
partition λ (noted |λ|) is the sum of all its parts.
Example: λ � p3, 2, 1q, |λ| � 3� 2� 1 � 6

A proper partition is a partition without parts equal to one.
Example: δ � p3, 2, 2q, is a proper partition of size 7.

Let λ be a proper partition and n ¥ |λ|. The partition λY p1n�|λ|q is
the partition of n obtained by adding n � |λ| parts equal 1 to λ.

Partitions of n are in bijection with the proper partitions with size at
most n.
The proper partitions will be used to index bases of the algebras
considered in this talk.
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III. Three polynomiality results 1. Center of the symmetric group algebra

The symmetric Group Algebra CrSns is the algebra over C with basis
the elements of Sn (the permutations of n).

Every element of Sn can be written (in a unique way) as a product of
disjoint cycles.

For a permutation ω P Sn, we de�ne the cycle-type of ω, ctpωq, to be
the partition of n with parts equal to the lengths of the cycles that
appear in its decomposition.
Example: ω � 2 6 5 4 3 1 �

�
1 2 6

� �
5 3

� �
4
�
.

ctpωq � p3, 2, 1q.

The center of the symmetric group algebra, ZpCrSnsq, is:

ZpCrSnsq � tx P CrSns | x � y � y � x @y P CrSnsu.

The family pSλpnqq|λ|¤n indexed by proper partitions of size at most n
forms a basis for ZpCrSnsq, where,

Sλpnq �
¸
ωPSn,

ctpωq�λYp1n�|λ|q

ω
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III. Three polynomiality results 1. Center of the symmetric group algebra

For λ and δ two proper partitions with size at most n,

Sλpnq � Sδpnq �
¸

ρ proper partition
|ρ|¤n

c
ρ
λ,δpnqSρpnq,

the numbers cρλ,δpnq are the structure coe�cients of the center of the
symmetric group algebra ZpCrSnsq.

Motivation (Cori [1975]:) The structure coe�cients of the center of
the symmetric group algebra count the number of embeddings of
certain graphs into orientable surfaces.
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For λ and δ two proper partitions with size at most n,

Sλpnq � Sδpnq �
¸

ρ proper partition
|ρ|¤n

c
ρ
λ,δpnqSρpnq,

the numbers cρλ,δpnq are the structure coe�cients of the center of the
symmetric group algebra ZpCrSnsq.

Theorem (Farahat and Higman [1958]): Let λ, δ and ρ be three
proper partitions, the function:

n ÞÝÑ c
ρ
λ,δpnq

de�ned for n ¥ |λ|, |δ|, |ρ| is a polynomial in n.
Example: One can compute explicitly:
Sp2qpnq � Sp2qpnq �

npn�1q
2

SHpnq � 3Sp3qpnq � 2Sp22qpnq.

The polynomiality property for the structure coe�cients of the center
of the symmetric group algebra is interesting in the study of
Plancherel measure on young diagrams.
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III. Three polynomiality results 2. Hecke algebra of pS2n,Bnq

The Hyperoctahedral group Bn is the subgoup of S2n consisting of all
permutations of S2n which takes every pair of the form t2k � 1, 2ku of
r2ns to another pair with the same form.
Example: β � 43 87 56 21 P B4

To each permutation ω of 2n we associate a graph Γpωq.
Example: Take ω � 2 4 9 3 1 10 5 8 6 7 P S10.
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The coset-type of a permutation x of S2n is a partition of n with parts
equal to half of lengths of the cycles of Γpxq.
Example: coset-typepωq � p3, 2q.

O. Tout (LaBRI, Bordeaux) Bordeaux, 2014�02 11 / 29



III. Three polynomiality results 2. Hecke algebra of pS2n,Bnq

The Hyperoctahedral group Bn is the subgoup of S2n consisting of all
permutations of S2n which takes every pair of the form t2k � 1, 2ku of
r2ns to another pair with the same form.
Example: β � 43 87 56 21 P B4

To each permutation ω of 2n we associate a graph Γpωq.
Example: Take ω � 2 4 9 3 1 10 5 8 6 7 P S10.

2

4



9


3
1

10


5



8


6


7

1

2

34

5

6

7

8 9

10

The coset-type of a permutation x of S2n is a partition of n with parts
equal to half of lengths of the cycles of Γpxq.
Example: coset-typepωq � p3, 2q.

O. Tout (LaBRI, Bordeaux) Bordeaux, 2014�02 11 / 29



III. Three polynomiality results 2. Hecke algebra of pS2n,Bnq

The Hyperoctahedral group Bn is the subgoup of S2n consisting of all
permutations of S2n which takes every pair of the form t2k � 1, 2ku of
r2ns to another pair with the same form.
Example: β � 43 87 56 21 P B4

To each permutation ω of 2n we associate a graph Γpωq.
Example: Take ω � 2 4 9 3 1 10 5 8 6 7 P S10.

2

4



9


3
1

10


5



8


6


7

1

2

34

5

6

7

8 9

10

The coset-type of a permutation x of S2n is a partition of n with parts
equal to half of lengths of the cycles of Γpxq.
Example: coset-typepωq � p3, 2q.

O. Tout (LaBRI, Bordeaux) Bordeaux, 2014�02 11 / 29



III. Three polynomiality results 2. Hecke algebra of pS2n,Bnq

The Hecke algebra of pS2n,Bnq denoted by CrBnzS2n{Bns is the
sub-algebra of CrS2ns of elements invariant under the Bn-double
action. That means that:

x P CrBnzS2n{Bns ðñ hxh1 � x for every h, h1 P Bn.

Proposition: The family pS 1λpnqq|λ|¤n indexed by proper partitions with
size at most n forms a basis for CrBnzS2n{Bns, where

S 1λpnq �
¸
ωPS2n

coset�typepωq�λYp1n�|λ|q

ω.
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III. Three polynomiality results 2. Hecke algebra of pS2n,Bnq

For λ and δ two proper partitions with size at most n,

S 1λpnq � S
1
δpnq �

¸
ρ proper partition

|ρ|¤n

c 1
ρ
λ,δpnqS

1
ρpnq,

the numbers c 1ρλ,δpnq are the structure coe�cients of the Hecke
algebra of pS2n,Bnq.

Theorem (Doª¦ga and Féray [2012], T. [2013]): Let λ, δ and ρ be
three proper partitions, we have:

c 1
ρ
λδpnq �

$&
%

2nn!f ρλδpnq if n ¥ |ρ|,

0 if n   |ρ|,

where f
ρ
λδpnq is a polynomial in n.

Example: For every n ¥ 4, we have:

S 1p2qpnq�S
1
p2qpnq � 2nn!

�
npn � 1qS 1Hpnq�1S

1
p2qpnq�3S

1
p3qpnq�2S

1
p22qpnq

�
.
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III. Three polynomiality results 3. Center of CrGLnpFqqs

Let q be a power of prime and Fq be the �nite �eld of size q. A
polypartition µ̂ � pµpP1q, � � � , µpPr qq over Fq is a family of partitions
indexed by monic irreducible polynomials of Fq, all di�erent from X .
The size of µ̂ is:

|µ̂| �
ŗ

i�1

degpPi q|µpPi q|.

A polypartition is called proper if its partition associated to the
irreducible polynomial X � 1 is proper.
Example: µ̂ � pX � 1 : p2q,X 2 � 2 : p1qq is a proper polypartition of
size 4 over F3.
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III. Three polynomiality results 3. Center of CrGLnpFqqs

GLnpFqq is the group of invertible n � n matrices with elements in Fq.

The center of CrGLnpFqqs, is:

ZpCrGLnpFqqsq � tx P CrGLnpFqqs | x � y � y � x @y P CrGLnpFqqsu.

ZpCrGLnpFqqsq has a basis pSλ̂pnqq|λ̂|¤n indexed by proper

polypartitions of size at most n.

For λ̂ and δ̂ two proper polypartitions with size at most n,

Sλ̂pnq � Sδ̂pnq �
¸

ρ̂ proper polypartition
|ρ̂|¤n

c
ρ̂

λ̂,δ̂
pnqSρ̂pnq,

the numbers ĉρλ,δpnq are the structure coe�cients of the center of
CrGLnpFqqs.

Theorem (Méliot [2013]):Fix q, the coe�cients c ρ̂
λ̂,δ̂
pnq are

polynomials in qn.

O. Tout (LaBRI, Bordeaux) Bordeaux, 2014�02 16 / 29



III. Three polynomiality results 3. Center of CrGLnpFqqs

GLnpFqq is the group of invertible n � n matrices with elements in Fq.

The center of CrGLnpFqqs, is:

ZpCrGLnpFqqsq � tx P CrGLnpFqqs | x � y � y � x @y P CrGLnpFqqsu.

ZpCrGLnpFqqsq has a basis pSλ̂pnqq|λ̂|¤n indexed by proper

polypartitions of size at most n.

For λ̂ and δ̂ two proper polypartitions with size at most n,

Sλ̂pnq � Sδ̂pnq �
¸

ρ̂ proper polypartition
|ρ̂|¤n

c
ρ̂

λ̂,δ̂
pnqSρ̂pnq,
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IV. Structure coe�cients of the algebra of double classes

Let pGn,Knqn be a sequence where Gn is a group and Kn is a
sub-group of Gn for each n.

A double-class of Kn in Gn is a set gn :� KngKn, for a g P Gn,

KngKn � tkgk 1 ; k , k 1 P Knu.

Let <n � tx1
n, � � � , xlpnq

nu be the set of representative elements of the
set of double-classes KnzGn{Kn.

Let xi
n be the sum of the elements in xi

n. The algebra of double
classes, denoted CrKnzGn{Kns, is the algebra with basis the elements
xi
n.

Example: The Hecke algebra of pS2n,Bnq, CrBnzS2n{Bns, is an
algebra of double classes.
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IV. Structure coe�cients of the algebra of double classes

The product xi
n � xj

n can be written as follows:

xi
n � xj

n �
¸

1¤r¤lpnq

c ri ,jpnqxr
n.

The coe�cients c ri ,jpnq are the structure coe�cients of the algebra of
double classes.

There is no explicit formula for these coe�cients.

Goals:

1. The form of these structure coe�cients under some conditions.

2. Applications to the three speci�c cases: ZpCrSnsq, the Hecke algebra

of pS2n,Bnq and ZpCrGLnpFqqsq.
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IV. Structure coe�cients of the algebra of double classes

Under the following conditions:

1. For each integer k ¤ n there exists a subset K k
n of Kn such that:

Hyp 1. K k
n is isomorphic to Kn�k .

For Kn � Sn, Sk
n is the sub-group of permutations acting on the set

tk � 1, � � � , nu.
Hyp 2. For any two elements x P Kk and y P K k

n , we have: x � y � y � x .
If x P Sk and y P Sk

n then x and y act on disjoint sets, hence the

commutativity.

Hyp 3. K k
n�1

X Kn � K k
n if k ¤ n.

Sk
n�1

X Sn is the set of permutations which �x the elements 1, � � � , k
and n � 1, so it is Sk

n .
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IV. Structure coe�cients of the algebra of double classes

De�ne
kpX q :� min

k
XXGk�H

k

and say that y P Kn is pk1, k2q-minimal if y P Km where

m � mk1,k2pyq :� kpK k1
n yK k2

n q.

2. In addition to the hypotheses above, suppose that:

Hyp 4. for any element z P Kn, we have, K k1
n�1

zK k2
n�1

X Kn � K k1
n zK k2

n .
Hyp 5. mk1,k2pxq ¤ k1 � k2.

Hyp 6. yK k1
n y�1 X K k2

n � K
mk1,k2

pxq
n , if y is pk1, k2q-minimal.

We ensure that these conditions are true in the case of Sn but we do
not have the time to show them explicitly here.
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IV. Structure coe�cients of the algebra of double classes

we have:
Theorem (T.): For k1 � kpx̄i

nq, k2 � kpx̄j
nq and k3 � kpx̄r

nq there exists
rational numbers ari ,jpkq all independent of n such that:

c rijpnq �
|x̄i

n||x̄j
n||Kn�k1 ||Kn�k2 |

|Kn||x̄r n|

¸
k3¤k¤minpk1�k2,nq

ari ,jpkq

|Kn�k |

Application (The Hecke algebra of pS2n,Bnq): Let λ be a proper partition
of size at most n. The size of its associated double class S 1λpnq is:

|S 1λpnq| �
p2nn!q2

z2λ2n�|λ|pn � |λ|q!
,

where, zλ �
±

i¥1 i
mi pλqmi pλq!.

Let δ and ρ be two proper partitions with size at most n, we have:

c 1
ρ
λ,δpnq � 2nn!

z2ρ

z2λz2δ

¸
|ρ|¤k¤|λ|�|δ|

a
ρ
λδpkq2

k�|ρ| pn � |ρ|q!

pn � kq!
. Polynomial !
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IV. Structure coe�cients of the algebra of double classes

Relation between structure coe�cients of centers and double-classes
algebras:

Let pG , �q be a �nite group and pG opp, �q its opposite group.

x � y � y � x .

diagpG q :� tpx , x�1q|x P Gu is a subgroup of G � G opp.

Consider the double-action of diagpG q on G � G opp:

px , x�1q � pa, bq � py , y�1q � pxay , y�1bx�1q.

Two pairs pa, bq and pc, dq are in the same double-class if and only if
ab is conjugated with cd .
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IV. Structure coe�cients of the algebra of double classes

Let CLpG q be a subset of G which represents the set of all conjugacy
classes of G .

Let Cf be the conjugacy class of f P G and Cf the sum of its
elements. We have:

CfCh �
¸

gPCLpGq

c
g
fhCg .

Let C 1
f � tpa, bq | ab P Cf u be the double-class associated to f P G

and C1f the sum of its elements. We have:

C1fC
1
h �

¸
gPCLpGq

c
1g
fhC

1
g ,
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IV. Structure coe�cients of the algebra of double classes

The structure coe�cients of ZpCrG sq and the structure coe�cients of
the algebra of double classes of pG � G opp, diagpG qq are related by:

c
1g
fh � |G |cgfh.

Theorem (T.): Let pGnqn be a sequence of �nite groups such that its
associated sequence of pairs pGn � G

opp
n , diagpGnqqn satisfying all

necessary conditions given above. Let f , h and g be three elements of
Gn and let k1 � kpCf pnqq, k2 � kpChpnqq and k3 � kpCg pnqq. There
exists rational numbers agf ,hpkq independent of n such that:

c
g
fhpnq �

|Cf pnq||Chpnq||Gn�k1 ||Gn�k2 |

|Gn||Cg pnq|

¸
k3¤k¤minpk1�k2,nq

a
g
f ,hpkq

|Gn�k |
.
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IV. Structure coe�cients of the algebra of double classes

Application to ZpCrSnsq: Let λ be a proper partition of size at most n.
The size of its associated conjugacy class Sλpnq is:

|Sλpnq| �
n!

zλ � pn � |λ|q!
.

Let δ and ρ be two proper partitions with size at most n, we have:

c
ρ
λ,δpnq �

zρ

zλzδ

¸
|ρ|¤k¤|λ|�|δ|

a
ρ
λδpkq

pn � |ρ|q!

pn � kq!
. Polynomial !

Expected application to ZpCrGLnpFqqsq: Let λ̂ be a proper polypartition of
size at most n. The size of its associated conjugacy class Sλ̂pnq is:

|Sλ̂pnq| � |Sλ̂|
|GLnpFqq|

|GL|λ̂|pFqq|q

�
n�|λ̂|

��
2lpλpX�1qq

�
|GLn�|λ̂|pFqq|

.

Let δ̂ and ρ̂ be two proper polypartitions with size at most n, we have:

ĉ
ρ
λ,δ

pnq �
¸

|ρ̂|¤k¤|λ̂|�|δ̂|

a
|ρ̂|

|λ̂||δ̂|
pkqq

2n
�
k�|ρ̂|�lpρpX�1qq�lpλpX�1qq�lpδpX�1qq

� pq�1qn�|ρ̂|

pq�1qn�k

. Polynomial !
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ĉ
ρ
λ,δ

pnq �
¸

|ρ̂|¤k¤|λ̂|�|δ̂|

a
|ρ̂|

|λ̂||δ̂|
pkqq

2n
�
k�|ρ̂|�lpρpX�1qq�lpλpX�1qq�lpδpX�1qq

� pq�1qn�|ρ̂|

pq�1qn�k

. Polynomial !

O. Tout (LaBRI, Bordeaux) Bordeaux, 2014�02 26 / 29



IV. Structure coe�cients of the algebra of double classes

Proof's elements:

1- A partial element of Gn is a triplet phK k
n , px ; kq,K k

n h
1q, where

1 ¤ k ¤ n, x P Gk and h, h1 P Kn.

2- product: ph1K
k1
n , px1; k1q,K

k1
n h11q � ph2K

k2
n , px2; k2q,K

k2
n h12q is a

normalized sum of partial elements of the form

phi1K
m
n , px1hx2;mq,Km

n h
1j
1 q, where, m � maxpk1, k2, kpK

k1
n h11h2K

k2
n qq,

and, h P K k1
n h11h2K

k2
n is pk1, k2q �minimal .

3- An action of Kn � Kn on the set of partial elements which is
compatible with the product of partial elements.

4- A projection from the algebra of partial elements to CrBnzS2n{Bns.
....
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Conclusions:
Under technical conditions,

1. Form of the structure coe�cients of double-class algebras.

2. Form of the structure coe�cients of centers of group algebras.

3. We re-obtain the polynomiality property for ZpCrSnsq, the Hecke
algebra of pS2n,Bnq and ZpCrGLnpFqqsq.

Further application:

Superclasses of unitriangular groups...
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