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Eulerian polynomials

The eulerian polynomials A,(t) can be defined by

> x" 1—1t
ZA"(t)ﬁ T et-Dx _ ¢

n=0

The first values of A,(t) :=apo + anit+--- + a,,7n_t”_1:

(t)=1
(1)=1
As(t) =1+ 4t + t2
(t)=1
(t)=1



Unimodal and symmetric property

A polynomial p(x) = ajx! + -+ + a,x" is symmetric if a/.; = a,_;
for 0 < i< (n—1)/2, unimodal if there is a k such that

ay<a <-rag > agy1 = 2 an.

Proposition

The polynomial A,(t) has only real roots. Hence An(t) is both
unimodal and symmetric. Moreover

An(t) _ Z tdesa _ Z texca’
Uesn 0'6611
where &, is the set of permutations on {1,...,n} and

deso = #{i € [n—1]|o(i) > o(i + 1)},
exco = #{i € [n]|o(i) > i}.



Some well-known facts

Let p(x) = >"/_, aix be a polynomial with nonnegative coefficients
and with only real zeros. Then

(a) The sequence (ap, ..., an) is log-concave: a? > aj_13j41-
(b) The sequence (ag, ..., an) is unimodal.

(c) Furthermore, if p(x) = >"]_, aix is symmetric, then

n/2
p(x)=> bix(1+x)"%  with b;>0.
i=0

N.B. (a) = (b) and (c) = (b).



Foata-Schiitzenberger, Foata-Strehl in 1970's

Let 0 =01...0, € &, with 0(0) = o(n+ 1) = 0. An integer
i€[l,n]is

m a peak in o if 0j_1 < 0} > 0jy1;

m a double descent if 0;_1 > 0; > 0j41.

Proposition

Let a, x be the number of permutations of [n] with k peaks and
without double descent. Then

L(n-1)/2]

Adt) = 3 apat (14 )71, (1)
k=0

Example: If n =4, k =2, then a,, = 8:
2134, 3124, 4123, 1423, 2413, 3412, 1324, 2314



Background

Let (P, <) be a partial order of the set [n] ={1,2,...,n} and
L(P) denote the set of linear extensions of P, i.e. permutations
w = (wi,...,w,) of [n] such that if i < j then i precedes j in the
total order also. For each particular linear extension w, let

d(w) = [{i: w; > wjy1}| denote the number of so-called descents
in P.

Example: if P is an antichain, then W/(P, t) is an Eulerian
polynomial, and has real zeros only.



Conjecture ( The Poset or Neggers-Stanley conjecture)

The polynomial Wp(t) = 3", (p) t9()+1 has real zeros only.

This conjecture was disproved by Brandén for general posets in
2004, and by Stembridge for naturally labelled posets in 2007.

Conjecture (consequences of the POSET conjecture, )

(1) We(t) =2 werp) td(W)+1 s Jog-concave.
(2) We(t) =X er(p) 4+ s unimodal.
(3) If We(t) = er(p) tdW+1 s symmetric of center d /2, then

there are wy, i > 0 such that

d/2

Wo(t) = 3 wot"(1 + £)9-2%.
k=0



The descent polynomial of involutions

Let Z,, be the set of involutions on [n] and consider

H(t) = > 197 = hyg+ hpat+ -+ hpp1t" T,
O'EIn

m Strehl (1981) proved Dumont’s conjecture: {h, x} is
symmetric.

m Brenti (2004) conjectured that {h, s} is log-concave.

m Guo-Z. (2006) proved that {h, } is unimodal.

m Barnabei-Bonetti-Silimbani (2009) disproved Brenti's
conjecture.

Conjecture (Guo-Z., 2006,

L(n—1)/2]
Ho(t) = Y aputi(1+6)" 2% & €N
k=0



Problems related to continued fractions

Let 0 = 0(1)...0(n) € S,, define the statistics
(230) o =#{(i,)1<i<j<n—1, o(j+1)<o(i)<o()}
(13-2)0 = #{(i,))2<i<j<n, o(i—1)<o(j)<o(i)}

In 2008, Brandén (after the works of Postnikov, Williams and
Corteel) considered the refined Eulerian polynomials:

An(P, q, t) = Z p(13_2)‘7q(2'31)0'tdeso'
c€Gp

and proved, modifying the Foata-Strehl action, the identity:

L(n=1)/2]
An(p,git) = > ani(p, @)th(1 4 1)1,
k=0
where 2771723, (p, q) € N|p, q].



Conjecture (Brandén)

The polynomial aj, i (p, q) has a factor (p + q)k for all
0<k<|(n-1)/2].

The first values of a, «(p, q) are given by a,0(p,q) =1 for
1<n<5and

n\k|o 1 2
1 |1
2 |1
3 1 p+q
4 |1 (P+a)p+q+2)
5 |1 (p+llp+a+2(p+q)+3] (p+9)?(pP*+pg+q*+1)



Derangement analogue

Let D, be the set of derangements in G,,. Consider the
derangement analogue of the Eulerian polynomials:

B,(t) = Z t7 = B, 1t + Byat? + - 4 By po1t" L
cEDp

Then
> x" 11—t
B,(t)— = ——.
HZ:[:) ()n! etx — teX

By analytical method, one can show

Ln/2]
Ba(t) = > bst*(14+6)"%*  bypeN. (2)
i=1
No combinatorial interpretation for b, s seems to be known
hitherto.



(p, g)-analogue of the (-1)-evaluation of A,(t) and B,(t)

The Euler numbers E,, are defined by

n
X
g E,,—| = tan x + sec x.
n!
n>0

The Euler number E,, counts the alternating permutations in &,,. It
is well known that

Asn(—1) =0, Aont1(—1) = (—1)"Ezpt1,
0,

Bon(—1) = (=1)"Esp, Bopi1(—1) = (3)

It follows that asni1,n = Eopy1 and boj p = Ezn. Some g-analogues
of (3) have been recently studied by Foata-Han, Josuat-Vergés.



Two continued fractions of Euler, Rogers

ad 1
n+ 1DIx" =
Z( T 1-2x2 7
n=0 1—2x— 5
2-3x
1—4x—
[o¢]
1
nlx" =
;) 12X2
1—x— Y



Combinatorial version by Flajolet, Francon-Viennot,

Foata-Zeilberger, Biane

Consider the following Motzkin path ~ :

A2

AL A
bg bg

0 1 2 3 4 5 6 7 8 9
The weight is w(y) = bg b1 A2 \,. Denote by 90, the set of
Motzkin paths of length n > 1. Then

1+ Z Z w(y)x" = L o . (4)

n>1~eM, 1— bOX — 5
AoX

1—b1X—




Laguerre history: h = (v; p1,...,Pn) wWith respect to the valuation
ax=k+1, by=2k+2 for k>0, co=k+1 for k>1.

or A := ax_1¢cx = k(k + 1) for k > 1. The number of Laguerre
histories of length nis (n+ 1)!.

Restricted Laguerre history: h = (v; p1,. .., pn) with respect to the
valuation

axr=k+1, by=2k+1 for k>0, ¢, =k for k>1.

or A = ax_1¢k = k? for k > 1. The number of Laguerre histories
of length nis n!.

There are Bijections between &,, and the Laguerre histories of
length n.




Main results

Definition
For o € G, let 0(0) = o(n+ 1) = 0. Then any entry o(/)
(i € [n]) can be classified according to one of the four cases:
m a peakif o(i —1) < o(i) and (i) > o(i + 1);
m avalleyif o(i —1) > o(i) and o(i) < o(i + 1);
m a double ascent if o(i — 1) < o(i) and o(i) < o(i + 1);
® a double descent if (i — 1) > o(i) and o(i) > o(i + 1).
Let peak® o (resp. valley* o, da* o, dd* o) denote the number of

peaks (resp. valleys, double ascents, double descents) in o. Clearly
we have peak™ o = valley* o + 1.




The generalized Eulerian polynomial defined by

An(P, q,t,u,v, W) _ Z p(2—13)aq(31—2)atdesauda avdd UanIIey o
a€6n

Define the polynomial

ank(p,q) = Z p(213)74(31-2) 0
UEGn,k

where &,  is the subset of permutations o € &, with exactly
k valleys and without double descents.



Theorem (Shin-Z.)

We have the expansion formula

L(n=1)/2]
An(p.a,tu v, w) = ani(p, q)(tw)<(u + vt)" 12 (5)
k=0

Moreover, for all 0 < k < |(n— 1)/2], the following divisibility
holds

(P+9)* | ank(p,q)- (6)

The above Theorem generalizes Brandén's result and (6) solves his
conjecture.



Definition

For o € G, a value x = o (i) (i € [n]) is called
m a cyclic peak if i = 07 1(x) < x and x > o(x);
m a cyclic valley if i = 071(x) > x and x < o(x);
m a double excedance if i = c71(x) < x and x < o (x);
m a double drop if i = 071(x) > x and x > o(x);
m a fixed point if x = o(x).
Let cpeak o (resp. cvalley o, cdao, cdd o, fixo) be the number of

cyclic peaks (resp. valleys, double excedances, double drops, fixed
points) in o.



For o € &,, define the crossing and nesting numbers by

cros(o) = Z#{j elnlj<i<o(f)<o(i)orj>i>a(j)>a(i}

nest(c) = Z#{j elnli<j<o(j)<oa(i)ori>j>o(j)>oa(i)},
i=1

Diagram of 0 =93746105812: crosoc = 4 and nesto = 7.




Definition

For o € G, let 0(0) =0and o(n+1) =n+1. The
corresponding number of peaks, valleys, double ascents, and double
descents of permutation o is denoted by

peako, valleyo, daoc, ddo.

Moreover, a double ascent o (i) of o (i € [n]) is said to be a
foremaximum if o(i) is a left-to-right maximum of o, i.e.,

o(j) < o(i) for all 1 <j < j. Denote the number of foremaxima of
o by fmaxo.

For instance, fmax(42157368) = 2. Note that peak o = valley o for
any 0 € G,,.



Theorem (Shin-Z.)

There is a bijection ® on &, such that for all o € &,, we have

(nest, cros, drop, cda, cdd, cvalley, fix)o
= (2-31,31-2, des, da — fmax, dd, valley, fmax)®(o).

In particular, ® transforms (drop, nest, cros) to (des, 2-31,31-2).
m Corteel gave a similar bijection &+ on &, which transforms
(ndes, 31-2,2-31) to (wex, nest, cros),
m Steingrimsson-Williams gave another one which transforms
(ndes, 31-2,2-31) to (n+ 1 — wex, nest, cros).



Note that wex = n — drop.

Corollary

We have

Z pnesta Cros o ywexo _ Z ank p,q k+1(1+t)n—1—2k‘
€S, k=0



Consider the common enumerator polynomial

Bn(p,q,t,u,v,w,y)

s = Z pnestaqcrosatdropaucdachddawcvalley ayfixa (7)
ceS,
_ Z p(2-31)oq(31-2)0tdesauda affmaxcrvddawvalley nymaxo. (8)

ceS,

When v =0 and t = v = 1 we can write

Bn(p7q717071awvy) = Z bn,k,j(p7 q)kad7 (9)
kj>0

where b, i i(p, q) is a polynomial in p and g with non negative
integral coefficients.



Gpkj={0 €6, cvalleyo =k, fixo =, cdac =0}

nkj =10 € &, :valleyo = k, fmaxo = j, dao = j}
We derive from the above Theorem the following result.

Corollary

We have

bnkd P, q) Z pnesta croso Z p(2—31)0'q(31—2)o"

"
€6 ki o€S;

In particular, when j = 0, we obtain

boko(pq) = > prtigrer = Y p3og2)e,

7€6n,k,0 o€S! o



Theorem

B”(p7 q,t,u,v, W,_y)
(n=d)/2] |
- Zyj Z bn,kJ(P, q)(tw)k(qu 4 tv)n*_j72k.

k=0

Setting y = 0 in the above Theorem we obtain the following
(p, g)-analogue of (-1)-evaluation of Eulerian polynomials.

Corollary

[n/2]
Z pnesta croso pexco _ Z bn,k,O(p7 (1+qt)n—2k.

oED,



Let 2, be the set of alternating permutations: o1 > 0> < ...
Theorem (Shin-Z.)

For n > 1, we have

Z (_1)wex apnest crqcros o

The

oeG,

_ )0 if n is even,
= (_1)%{—1 demn p(2-13)oq(31-2)0' Zf nis Odd;
Z (_1/q)exc0pnestaqcrosa

gED,

_ (-1/q)? > oett, p231)eg(31-2)0 it p s even,
o if n is odd.

p =1 case is due to Josuat-Vergés.



Sketch of the proof

> An(p.q,tu v, w)x"!

n>1
_ 1
N [1]5.4[2]p, twx?
1—(u+tv)[1]pgx — Akt 2l Bl ot
1 — (u+ tv)[2]p gx — —PT=PA—

For 0 < k < [(n—1)/2], let an«(p,q,t,u,v) be the coefficient of
wkin A.(p, g, t,u,v,w), ie.,

L(n-1)/2]

Aﬂ(p7 q, tu u,v, W) = Z an,k(p7 q, tu u, V)Wk' (10)
k=0



Substituting x «—

L(n-1)/2]

X
(u+tv

2
) and w — M in the above formula

q, ta u, V) k _n—1

Z Z an,k(pa

k
n>1 k=0 t (u +

tv)n—1-2k " %

1

L —[1pqgx—

[1]p,q[2]p,qWX2

1—

[2]p,q[3]p,qWX2
[2]p.ax —
- 1— [3]p,qX _ [3]P7Q[fql‘3:qwx2




Lin the left-hand side is a polynomial in p

The coefficient of w*x”
and g with nonnegative integral coefficients. If we denote this
coefficient by

an,k(pa q,t,u, V)
tk(u + tv)n7172k’

Pni(p,q) :=
then
Pri(p,q) = ank(p,q,1,1,0) = an(p, q,0,1) = ank(p, q).
Finally, as
(p+q) | [nlp.gln + 1]p.q for all n > 1,

each w appears with a factor (p + q) in the expansion of the
continued fraction, so the polynomial P, «(p, q) is divisible by

(p+ q)k.



Merci !



