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1. Introduction
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Quantum gravity

Idea: "2D quantum gravity" < "summing over surfaces"

E("observable") = / d[S] e "Fnerey(S) observable(S)
M

"Energy"=measure. "observable" can be "Area", "curvature",
"geodesic distance between marked points", or anything ...

’Claimed by physicists: < Liouville CFT (implies KdV, KPZ, GFF, SLE

Ensemble: M= "set of all Riemann surfaces", possibly of given
topology, modulo automorphisms.

Given topology: M = M p= moduli space of Riemann
surfaces of genus g with n marked points.

Mgnisa manifold (orbifold) of dimension

dimgr Mgn=2x(3g—-3+n)
Un-marking points (forgetful maps):

Mg7n C Mg,n-H cC---C Mg7n+k cC...
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Quantum gravity

Idea: "2D quantum gravity" < "summing over surfaces"

E("observable") = / d[S] e "Fnerey(S) observable(S)
M

"Energy"=measure. "observable" can be "Area", "curvature",
"geodesic distance between marked points", or anything ...

’Claimed by physicists: < Liouville CFT (implies KdV, KPZ, GFF, SLE

Ensemble: M= "set of all Riemann surfaces", possibly of given
topology, modulo automorphisms.

Given topology: M = M p= moduli space of Riemann
surfaces of genus g with n marked points.

My n is a complex manifold (orbifold) of dimension

Un-marking points (forgetful maps):

Mg7n C Mg,n-H cC---C Mg7n+k cC...
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Quantum gravity

Idea (in the 70’s-90’s): Discretize.
Family of discrete subsets Mg , C Mg n. Mg n= set of maps of
genus g with n marked faces.

Ex: My, 1 = set of rooted planar maps.
Forgetful maps Mg CMgnpiq C--- CMgpik C ...

E(" observable” ) L lim Z e ~Frereyi(S) observable(S)

continue K—o0
g,n+k

Remark on observables:
e some observables are "global" (ex: area) easily obtained by a
derivative of the energy.

e some observables are "topological" independent of a metric
(ex: average curvature, or Chern classes)

e some observables more subttle: geodesic distance between
marked points. Need an "embedding

with a metric.
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Quantum gravity

In the 80’s: Witten’s KdV conjecture

e Maps & matrix models (BIPZ78)
e matrix models < orthogonal polynomials (Dyson, Gaudin,
Mehta,...60’s).

e "double scaling limit" of orthogonal polynomials < KdV
Tau-function (Kazakov,...80’s) + KPZ scaling exponents.

— led Witten’s to conjecture:
Continuum limit of partition function of maps = KdV Tau—function

In 1992: M. Kontsevich proved that topological gravity = KdV:

/ Chern classes = Txqv
Mg.n

Kontsevich’s proof: without using discretization !
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Quantum gravity

In the 80’s: Witten’s KdV conjecture

e maps < formal matrix models (BIPZ78)

e matrix models < orthogonal polynomials (Dyson, Gaudin,
Mehta,...60’s).
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Quantum gravity

In the 80’s: Witten’s KdV conjecture

e maps < formal matrix models (BIPZ78)

e matrix models < orthogonal polynomials (Dyson, Gaudin,
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e "double scaling limit" of orthogonal polynomials < KdV
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Quantum gravity

In the 80’s: Witten’s KdV conjecture
e maps < formal matrix models (BIPZ78)

e matrix models < orthogonal polynomials (Dyson, Gaudin,
Mehta,...60’s). True only for not formal.

e "double scaling limit" of orthogonal polynomials < KdV
Tau-function (Kazakov,...80’s) + KPZ scaling exponents. Ansatz
not proved before the 2000'’s.

— led Witten’s to conjecture:
Continuum limit of partition function of maps = KdV Tau—function

In 1992: M. Kontsevich proved that topological gravity = KdV:

/ Chern classes = Txqv
Mgn

Kontsevich’s proof: without using discretization !
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Strebel Graphs

Kontsevich’s method: Cannonical bijection with Strebel graphs

Bijection : Mgn xR +— @& G x Rfedges
GeGg,n
Gg,n = set of metric graphs of genus g, with n marked faces,
and edge lengths /.
For each marked face Ly =perimeter: Li=> o . le

Remark: for 3-valent graphs: #edges = 6g — 6 + 3n.
Higher valent vertices obtained when some ¢, — 0.
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Strebel Graphs

Metric graph — Riemann surface
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Strebel Graphs

Metric graph — Riemann surface

Perimeter L = 201 + 205 + 2/43.

N /
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Strebel Graphs

Metric graph — Riemann surface

Perimeter L = 201 + 205 + 2/43.
For fixed perimeter, an element of M 1 is thus parametrized by
(¢1,¢2) € R?. Indeed, genus 1 Riemann surfaces are parametrized by

a complex modulus 7 € C
’/‘ @

N /
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Strebel’s bijection

Riemann surface (S, p1, ..., pn) — Metric graph

Strebel’'s theorem: there exists a unique "metric" 1/|Q2|2 on S,
singular (double poles) at the p;’s, with residues —L,?:

= Z dX + at most simple poles

such that all closed geodesws are singular.
The lines Im ®(x) =constant are geodesics:

_ / “a
N—
=
near apole p; : , nearazero : f\//;
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Strebel’s bijection

Example in Mg 3.
Take the 3 marked points to be (0, 1, c0), chose 3 perimeter
lengths Lo, L4, L. Then the Strebel differential is:

L2 x% — (L2, + 12— [)x + L2

Q(x) = — 0 dx? = —L2wd

x2(x —1)2 x2(x —1)2
The vertices are located at the zeroes a, b of Q:

1
212,

ab= <L2 + 13— in\/L4+L4+L4 — 21212 - 21212 —2]°

Remark: Q=stress energy tensor of classical Liouville theory.
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Back to Quantum Gravity

We thus have

1
alL; / observable = _— / observable o4
/H ! Mg,n ;#Aut(G) Rﬁedges ];[ e

Theorem Kontsevich 92: The measure [ [, d/e is topological:

3g-3+n p

(3g—3+n)12°9752" [T dle = (Z L2 ¢y (T*p,-)) []oLi
e i i=1

v = ¢1(T*p;) = Chern class of cotangent bundle at marked

point p;.
ge ge/

e< e’ around face i !

vj is a 2-form on the cotangent space of Mg, x R
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Laplace transform

Multiply by e~ 21 *ili and integrate over /.

e E,‘ >\iLf = e - Ze:(eJF,e,)Ecdgcs Ze()\e+ +Ae_ )

For an observable polynomial in the ¢¢’s:
ke !

/dfeHEke e~ ZiMki _Z H ()\e + Ae. )ke+1

e+7

In principle, any measure dy on My, can be realized as a
function of the edge lengths f({{c}) [ [ dZe, or in Laplace
transform as a function of the Af’s.

In particular: discrete measures can be realized. Embedding
Mg n C Mg n with the discrete measure, can be realized by a
suitable system of weights w(G; {\¢}) on graphs G € Gg.».

Bertrand Eynard, IPHT CEA Saclay, Combinatoire des graphes de Strebel



We shall consider the following set of graphs:
Gg,n=set of graphs of genus g, with n labeled marked faces.
- Marked face i carries a variable z;.
- Unmarked faces carry a variable in a set {\q,..., An}.
- an edge e between two faces e, , e_, has weight
1

(variable(es )-+variable(e—)) *
- 3-valent vertices: weight =1.

- 1-valent vertices only for marked faces: weight =-1.
Weight of Feynman type (Wick’s theorem type):

1
_ N—#unmarkedfaces ioht(V
w(G) H 7)\e+ e H weight(v)

e=(e;,e_)€edges VEvertices

Example: G € Gp 1 with one marked face (exterior), and one
unmarked face (interior):

z -1 1 1
ight = — —— ———
- el N z+z z+ A
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Generating functions

Define : Won(zi,....z0) = > w(G) —dg0dn12
Gegg,n

where we sum over graphs with n labeled marked faces, each
having one 1-valent vertex, and with z; in marked face /.

Example: graphs contributing to W 1(z) with up to 5 edges:

}%

Woa(2) = —z+ sz
1 1
_W azb: (22)3 (2 + Xa) (2 + Ab) * (22)2,(z + Xa)?(z+ Ap)
1 1
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Other example: W »: graphs with up to 7 edges

D5

1

Woo(2.7) 4z7'(z + 2')?

+0+... (0.1)

Remark: huge cancellations.

Bertrand Eynard, IPHT CEA Saclay, Combinatoire des graphes de Strebel



Tutte’s recursion

Tutte’s recursion = deleting edges.

e consider the 1-valent vertex of face 1,

e it is attached to an edge 5L,

¢ which is attached to a 3-valent vertex.

e delete the right edge of the 3-valent vertex:

— the face on the other side is the same face (z1) and the graph
gets disconnected, org — g — 1

— the face on the other side is another face, marked or
unmarked,
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Tutte’s recursion

Case: — the face on the other side is another face, marked or
unmarked,

Lemma: if F(z) = [T%, 715 then
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Tutte’s recursion

It follows:
Thereom (Tutte’s recursion formula):

22(Wyn(z, 22, ..., 2n) + 264,00n,1)
= Wy i1ni1(2,2,22,...,2n)

+ > S Whann(2, ) Wiy g (2, 1)

h+h =g lwl'={z,,...,zn}

+l i ng(Z, 22, o e ,Zn) - Wg’n()\a, Z2, R ,Zn)
N

2 _ )2
a=1 z A3
n N
Z 1 d Wg7n_1(z,zz,...7Zj,...7Zn)— Wg7n_1(22,...72n)
. . 2 2
— 2z; dz 72— z;

Bertrand Eynard, IPHT CEA Saclay, Combinatoire des graphes de Strebel



Disc amplitude

Planar maps with 1 marked face (rooted planar map):

Wo.1( Wo 1(Aa)

2z(Wo1(2) +2) = (Wh(z NZ

Theorem: Solution (we assume t; = 4 S8 x =0):

N
1 1
Woi(2) = —2 - ; 22(z + \a)

i.e. only these graphs contribute:
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Annulus amplitude

Planar maps with 2 marked faces:

2zWoo(z,2) = 2Wo1(2)Wo(z2,2)
Jr1 N Woa(z,2') — Wo1(Aar 2))

N & 72 — )3
1 d Woq(2) — Woa(2)
27 dz’ z2 — 712

W072(Z, Z/) =

i.e. only this graph contributes:
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(0,3) amplitude

Planar maps with 3 marked faces:

2zWo3(21,20,23) = 2Wo1(21)W03(Z1 2p,23) + 2Wp 2(21, z2) Wo o
Wo s( 21722,23) Wo3(Aa, 22, Z3)
NZ

)\2
1 O' Wo 2(21723) Wo2(22, z3)
22, dzs 72 — 72
1 d Woo(z1,2) — Woo(22, 23)
275 dz3 72— 72

Theorem: Solution (we assume t; = 4 S0 - =0):

’
8(2—t3) 2323 23

Wo3(z1, 22, 23) =

where t = & SN Ak
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(1,1) amplitude

Genus 1 maps with 1 marked face:

1 & W1,1 — Wi 1(Aa)

2z Wi,1(2) = 2 Wo1(2)Wh1(2)+Wo (2, 2)+ 2

a:1

Theorem: Solution (we assume t; = & S0 - =0):

B 1 I5
Wh(2) = 16(2_t) 25 16(2— )2 23

where t = & SN Ak
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Topological recursion

From Tutte’s equation, one proves by recursion (W, , = rational
with poles at z; = 0, expand at 0 instead of co):

Theorem (the Wy, 5's satisfy the topological recursion (EO07))

Wg,n(z1 1225 - ,Zn)
= ResK(z1,2) |:Wg,17n+1(z,z722,...72n)
z—0
/
+ Z Wh71+‘,|(z, /) W/~,/’~|+|//|(Z7 //):| az

h+h'=g, l8l'={z,...,zn}

59 N
z 1 - 1 -
where K(zy,2) = ?1 m (2— E bok+3 sz) 1 RES N 2, )‘ak
1 k=0 a=

This theorem computes recursively Wy p in terms of Wy  with
29 +n—-2<2g+n-2.
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Topological recursion

Example of computation:

Wii(z1) = ResK(z1,2) Woa(2,2) 0z

zdaz 1 1
= Res — 2 ta—t52°+...) " ————
RS 2 2oz BT ) ey
1 dz z° ts
= —— _Res— (1+ = +0(z%)) (1+ z?
16(2 - t5) z3 z—0 23 ( z2 (Z) ( 213

o 1
C16(2-16)Z 22 (2-1)

— agrees with known result
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Topological recursion and Virasoro constraints

By recursion on g and n, we find:

Wy,n = Polynomial € Q[1/z;,1/(2 — &), ]

where t, = 4 S, 25"
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Topological recursion and Virasoro constraints

By recursion on g and n, we find:

Wy,n = Polynomial € Q[1/z;,1/(2 — &), ]
where t = & S, Az%

Instead of fx’s, we prefer to use their Schur transforms t’s:

Def : Z?k uf=—1In (2 — Z(Zk + 1)!!t2k+3 Uk>

k>0 k>0
For example we have

3 3 3t 4 15¢ 9t
tO = —In (2 - t3), t1 == ﬁ, t2 == ﬁ + 2(27751‘3)2, etc...
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Topological recursion and Virasoro constraints

Lemma

(2 2o

Wyn = ——2-—— Polynomial € Q[1 2-2, 1 deg=3g—3+n
g:n 1,223 y Q/z7, {tk k1]

(homogeneity deg(1/2?) = 1, deg(t) = k)

Instead of t’s, we prefer to use their Schur transforms #’s:

Def: Y Hu*=—In (2 =) (2K + 1)ltpx g u")

k>0 k>0

For example we have

A 4 3t 3 _ 15t 9t
fh=-IN(2-B), 4 = ﬁ tp = ﬁ + 2(2—5t3)2’ etc...
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Topological recursion and Virasoro constraints

Lemma

_ (2 _ t3)2—2g—n
" [1,27}

(homogeneity deg(1/2?) = 1, deg(t) = k)

Wy Polynomial € Q[1/22, {#}x>1]989=39-3+n

2 _ 1,)2-29-n
Wyn = (2-1)=" Z
1122 d _
i+ +dn+3 > 1 kMk=3g—3-+n
2d; + 1)1 1"
H(IZd,'+2)Hn| Cg, (d17~'-7dn;n1,n2,n3,...)
i A k>1 K

Witten’s Notation (intersection numbers):

def n
Con(dy,....dniny,...,Mg_3,n) = <74 ...Tq, li1 /-4221633--- >g
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Topological recursion and Virasoro constraints

We thus write:

(2 1220
Wy, = -8 7
on [1;2z Z
d1+ +dn+2kknk 3g73+n

(2d; + 1)1
HWH nkl ng (d17"-7dn;n1,n2,n3,...)

i i k>1
Witten’s Notation (intersection numbers):

def n
Con(i,....dpiny,Mo,...) = < 7q...7Tq, K] 1622/%33 - >g

and we define Cy n({di}; {ni}) =< I1; 74 [I; 5" >g= 0if
Yo idi+ > knk #3g —3+n.
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Topological recursion and Virasoro constraints

We thus write:

@y
W,, — -8B 7" Y
g,n lez’
d17 7dnan17n27 X

2d; + 1)
H(led,+2)H ! Con(ds...,dniny, 02,13, ...)
i i k>1

Witten’s Notation (intersection numbers):

def n
Cg,n(dh-..,dn;n1,n2,...) = <Td1' TdnKﬂ I{22K/33”‘>g

and we define Cy n({d;}; {ni}) =< [1;7q, [1; 5" >¢= 0 if
>oidi+ > knk #3g —3+n.
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Topological recursion and Virasoro constraints

We thus write:

2 _ ¢ 2—-2g—n
Wy, = GBS0

Hi 22’ dy,e..sCn, Ny, 25
(2d; + )N tllgk
L) E S |
=z k>1 K g

Witten’s Notation (intersection numbers):

def M e N
Cg,”(dﬁ"'vdn?n17n27-~-) = <Td1"'7_dn"{11"’f22’f33“‘>g

and we define Cy n({d;}; {ni}) =< [1;7q, [1; 5" >g= 0 if
>oidi+ > knk #3g —3+n.
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Topological recursion and Virasoro constraints

We thus write:

Wor (1"[)22
e oy,...,d
2d; + 1) )
H% <Td1“‘7—d,7 ezktknk >g

i 4
Witten’s Notation (intersection numbers):

def n.
Con(Oi,....dniny,ma,...) = < 7g ...Tq, K] Kglkg -+ >¢

and we define Cy n({di}; {ni}) =< I1; 7 [ 5] >g=0if
> i+ >k kne #39 —3+n.
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Topological recursion and Virasoro constraints

e Example (g, n) = (1,1):

C@-u)' (1 3 14
Wii =", 24 74 T 24 22

ie.
1
C11(1;0,0,...) =<1 >1= >4
1
C171(0,1,0,...) =< TpKk1 >1= ﬂ

e Example (g,n) = (0, 3):

(2—t;)"

03— 3,33
821 z5 3

CQ73(0,0,0; 0,07 .. ) =< T9T0T0 >0= 1

Bertrand Eynard, IPHT CEA Saclay, Combinatoire des graphes de Strebel



Topological recursion and Virasoro constraints

Notational remark: Algebraic topology

< Tdy .. Tdy Ky Kg2kg® -+ >g is Nt only a notation, it is actually
an integral of cohomology classes.

n
< Tq, .- -Td, /{?114'272/-;;'3 e >g= [ Hle. H/{Zk
Mag,n j—1 K
This can be proved [Kontsevich 1992, E 2008] from
[1o dle oc (3°; L24;)3973+1 []; dL;, and Laplace transform.

The classes 7 and « are:

e 74 = ¢9, where ) = ¢;(T*p) =1st Chern class of the
cotangent bundle at marked point p. 74 is called "Witten’s
class".

e g = Schur transform of 741, is called "Mumford’s class".
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Topological recursion and Virasoro constraints

The topological recursion (implied by Tutte’s recursion) implies
some relations among the coefficients

n, .
Cg’n =<< Td1 < Td, Hk HKk >g

Theorem (Virasoro)

The intersection numbers satisfy "Witten's Virasoro conjecture”
[EHX1997].

This theorem was proved recently
, using Mirzakhani’s results from hyperbolic geometry,
proof long and difficult.

Here we find a combinatorial proof from Tutte’s recursion.
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Topological recursion and Virasoro constraints

Case where all t, = 0.
In that case we have

22-29-n T (2d; + 1)
Wg7n(z1,...72n)_ Z H% <Td1"'Tdn >g

1.2z
[1;2z dy,dni=1 %

Define: I
WOEN (2 L [Z Wo,n0zy...0zn

Yn(2) = e>on
Using Tutte’s equations, on can prove that

Theorem
Y(2) satisfies Airy equation with respect to x = z°:

This is another formulation of KadV Witten’s conjecture.
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3. Higher spin
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Witten’s r-spin conjecture

M}/,S: moduli space spin r bundles over Riemann surfaces of
genus g with n marked points.

— analogous of colored maps in the discrete version, Potts
model, Tutte’s chromatic polynomials.

Witten’s conjecture: intergals of Chern classes over M_;/,C,
make a Tau-function for the r-KdV hierarchy.

Proved [Faber, Shadrin, Zvonkine 2006].

But the Virasoro conjecture yet unproved, also many
Faber-Pandaripande conjectures yet unproved.
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Witten’s r-spin conjecture

Kontsevich’s r-spin combinatorial model:

Consider a "potential" V(z) = Sjt) % z
Definefor2 < m<r+1:

(21,.. Zm)* ZH Z—Z ZV] Z HZik,-
JARNE S >m kyteetkp=j—m i
1 Z1 — 2o
and 7)(21 s 22) = —

Va(z1,2) ~ V(z1) — V(22)

Case r = 2 and V(z) = z3/3 gives back Strebel’s graphs

1
Z1+ 22

Va(zy,22,23) =1 ; P(z1,20) =
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Witten’s r-spin conjecture

1
Wg,n(z1 yoee 7Zn) = Z M H Vvalence {)‘f}fev)
G

v=vertex

I PQe.re)

e=edges

(Most often we shall assume that

)\k
> oA =0 Vkel0,,r—2] )

e The case r = 2, V(z) = z%/3 is the Strebel-graphs model.

e The case r > 3 and V(z) = z'+'/(r + 1) is the r-spin Strebel
graphs model.

Bertrand Eynard, IPHT CEA Saclay, Combinatoire des graphes de Strebel



Tutte’s equations

, Ws(z; a,b,c) =
Define Wy(z) = Wp 1(z) — z and for k > 1:

k
Wo,1(ai) — Wo,1(2)
Wi(z; ay,...,a8k) = : ;
Mzian 80 =2 ey Vi) (V@) Via)
We have Tutte’s recursion (planar rooted map case):
k+1
VI(2)Wo1(2) = D D Victay, il Z 2 L1, L)
k>2 Ly, Ly
k
I Wi(z: L)
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Tutte’s equations

Example r =3

V'(2)Wo1(2) = Va(z,2,2,2)Wp(2)°
+2 Z Va(z,2,2z,Ma) Wo(2)W4(2; Aa)

+ Z V4(Z, Z, )\a, )\b) W2(Z; )\87 )\b)
a,b

+V3(za Z, Z) WO(Z)2 =+ ZV3(2727 )\a) W1 (Z; )\a)
a
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Tutte’s equations

Solution:

Disc : Wo1(z) =—z— Z V3(2,2,2a) P(z,2) P(z, \a)
a

i.e. only these graphs contribute :

/ 1 1
Annulus : Woo(z,2') = V() Vi(2)) (z— 22 (V/(z) - V'(2))2
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Tutte’s equations

Tutte’s equations imply topological recursion :

Conjecture (the Wy, ,’s satisfy the topological recursion (EO07))

Wy.n(21, 22, - .., Zn)
= Res K(21,2) Wy 1,011(2,0(2). 22, ., 21)
z—V"=1(0)
/
+ Y Wt s11(2, 1) Wiy 141 (0(2)2, /')] dz
h+h =g, I8l'={z,,...,zn}

B V”(Z1) 1
where  K(z1,2) = (z1 —2) Wo1(2) — Wo,1(o(2))

and where V'(0(2)) = V/(2).

This implies the r-spin Virasoro conjecture.
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Tutte’s equations

Polynomiality
For2g+n—-2>0:

ngn S Q[Zi7 1/V/,(Zi)v 1/,1\.]',05 lfj,k]
g (i ) e
p ',k N y - _a ,
n ~
i=1

{idi}An «} i=1

The coefficients are the r-spin intersection numbers

n
) N,k
< W HT/hdi H’{Lk >g
=1 .k
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Tutte’s equations

Chosing V/(z) = z" — re’z and taking the limit e — 0, implies
Faber-Pandaripande’s conjectures.
Chosing {jx = 0, and

Define:
72g 2+n

Yr(2) = e 2gn S5 [ Wg,ndzy...dzn
Using Tutte’s equations, on can prove that

Conjecture

Y (z) satisfies Airy equation with respect to x = z":
df
h — v =X

This is another formulation of r-KdV Witten’s conjecture.

Bertrand Eynard, IPHT CEA Saclay, Combinatoire des graphes de Strebel



5. Conclusion
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Conclusion:

@ Strebel’s graphs are a very promising tool for studying "2d
quantum gravity". Not only the topological part.

@ The combinatorics of Strebel’'s graphs satisfies Tutte’s
equations = topological recursion
@ From the Tutte’s equations and topological recursion, we

can prove many non-trivial topological gravity properties,
like Virasoro or r-KdV.

Further prospects:

@ study non-topological properties ? Example: the
embedding into C is function of ¢.’s, in particular, the
location of vertices or centers of faces are functions of /¢’s.
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The end

Thank you for your attention
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