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Abstract

We consider branching random walks built on Galton-Watson trees with offspring distribu-
tion having a bounded support, conditioned to have n nodes, and their rescaled convergences
to the Brownian snake. We exhibit a notion of “globally centered discrete snake” that extends
the usual settings in which the displacements are supposed centered. We show that under some
additional moment conditions, when n goes to +o0o, “globally centered discrete snakes” con-
verge to the Brownian snake. The proof relies on a precise study of the lineage of the nodes in
a Galton-Watson tree conditioned by the size, and their links with a multinomial process (the
lineage of a node u is the vector indexed by (k,j) giving the number of ancestors of u having
k children and for which w is a descendant of the jth one). Some consequences concerning
Galton-Watson trees conditioned by the size are also derived.

Subject classification : 60J80, 60F17, 60J65.
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1 Introduction

1.1 A model of centered discrete snake

We first begin with the formal description of the notion of trees and branching random walks.

Let U = {@} U, >, N*" be the set of finite words on the alphabet N* = {1,2,...}. For
U= Ul...Upn, and v :_1)1 oo € U, we let uv = uy...u,v1 ... 0, be the concatenation of the
words u and v (by convention @u = u@ = u). Following Neveu [22] we call planar tree T" a subset
of U containing the root @, and such that if ui € T for some v € U and ¢ € N*, then v € T and
for all j € [1,i], uj € T. The elements of a tree are called nodes or vertices. For i # j, the nodes
wi and uj are called brothers and u their father. We let ¢, (T') = sup{i : ui € T'} be the number
of children of u (here ¢,(T") will be always finite). A node without any child is called a leaf, and
we denote by 0T the set of leaves of T. If v # @&, we say that uv is a descendant of u and w is
an ancestor of uv. An edge is a pair {u,v} where u is the father of v. A path [u,v] between the
nodes v and v in a tree T' is the (minimal) sequence of nodes u := uy,...,u; := v such that for

any i € [0,5 — 1], {uj, usr1} is an edge. Set also Ju,v][= [u,v] \ {u,v} and similar notation for



[u,v[ and for Ju,v]. The distance dr, or simply d, is the usual graph distance. The depth of wu is
|u| = d(&,u). The cardinality of T is denoted by |T'|, and we let 7 (resp. 7,,) be the set of planar
trees (resp. with n edges, i.e. n 4 1 vertices).

A branching walk is a pair (T',¢) where T is a tree — called the underlying tree — and ¢, the label
function, is an application from T taking its values in R. In other words it is a tree in which every
vertex owns a real label. We let B be the set of branching walks, and B,, be the branching walks
associated with trees from 7,,.

We introduce now some randomness and construct a probability distribution on B and on B,,.

The set of underlying trees is endowed with the distribution of the family tree of a Galton-
Watson (GW) process with offspring distribution g = (px)g>0 starting from one individual. In
this model, all the nodes have a random number of children, according to the distribution u,
independently from the other individuals. We denote by T a random tree under this distribution
(see e.g. [IL [M0] and most of the cited papers for more information on GW processes and trees).

The distribution of the labels is defined as follows. Consider (1) ke{1,2,...} & family of distribu-
tions, where v is a distribution on R*. The labels are defined conditionally on the underlying tree
T: Set ¢(@) = 0, and for any v € T \ T, consider

Xy = (C(ul) = L(w),. .., L(ucy(T)) — L(u)),

the evolution-vector of the labels between u and its children. Conditionally on T, we assume that
ther.v. X, are independent, and that X, has distribution v, (r). This determines a distribution on
B. For example, if v}, is the uniform distribution on {—1, +1}* for any k > 0, then the r.v. £(ul) —
(u), ..., L(ucy(T)) — £(u) are independent with common distribution (641 4+ d_1) (J, stands for
the Dirac mass at ). In the case where vy, is the uniform distribution on {(1,...,k),(—=1,...,—k)},
the r.v. ¢(ui) — ¢(u) and ¢(uj) — £(u) are not independent and do not have the same distribution.

Notice that a sequence of i.i.d. p-distributed random variables indexed by U, allows to build
the Galton-Watson trees, and a sequence of random variables indexed by U x N allows to build all
the labels (by attaching to the elements of U a list of random variables with distribution v, vs, .. .).
We assume that we work on an underlying probability space (£2,.4,P) on which are defined all the

random variables and processes used in this paper.

We define now two sets of assumptions (H;) and (Hg) that will be assumed to be satisfied in
most of our results. (H;j) is the conditions that p is non-degenerate, critical and has a bounded
support:

(Hy) := (,uo + 1 # 1,Zkuk = 1, there exists K > 0 s.t. Z W = 1).
k>0 k<K
Under (H;) the variance ai of w is finite and non zero. The bounded support condition is quite a
strong restriction but considering non-bounded distribution leads to non-trivial complications, and

we were unable to extend to that case the most important results. The condition on the mean can



be seen as a normalization, since any distribution /i related to u by fip = upa®/ (> j a ) for some
a > 0 induces the same distribution as 1 on GW trees conditioned by the size.

Let Y(k) = (Yii,...,Yrr) be yy-distributed. We denote by vy, j, my, ; and 0,%7]- the distribution,
the mean and the variance of Y}, ;. We call global mean and global variance of the branching random

walk,

k k
m = Z Zukmw, and (%= Z ZukE(Yk%j).

k>1j=1 k>1 j=1
Let (Hz) denote the conditions that the global mean is null, the global variance finite and positive,

and for a p > 4, the centered pth moment of the Y}, ;’s are finite:

(Hy) = ( m =0 and g € (0,+00), >

there exist p > 4 s.t. for any (k,j),1 < j <k < K,E(|Y;; — my ;[P) < +o0.

g

Figure 1: A tree on which is indicated the depth first traversal, its height and contour processes.
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Encoding of branching random walks

We denote by < the lexicographical order (LO) on the planar trees (and u < v if u < v and u # v),
and let u(k) be the k-th vertex in the LO (u(0) = @).
We study the asymptotic behavior of branching random walks via their encoding by depth first

traversal. The depth-first traversal of a tree T' € 7,, is a function:
Fr:{0,...,2n} — { vertices of T' },

which we regard as a walk around T, as follows: Fr(0) = @, and given Fp(i) = z, choose if possible
and according to the LO, the smallest child w of z which has not already been visited, and set
Fr(i+ 1) = w. If not possible, let Frr(i 4+ 1) be the father of z.

We now encode the branching random walk with the help of a pair of processes. For any
k€ [0,|T|—-1], let HF = |u(k)| and R} = ¢(u(k)). The height process (H_, s € [0, |T'|—1]) and label
process (RL, s € [0,|T|—1]) are obtained from the sequences (H}') and (R%) by linear interpolation.
Alternatively, one may encode the branching random walk with a pair of processes associated with
the depth first traversal: for any k € [0,2(|T] — 1)], let flg = |Fr(k)| and ﬁ}f = ((Fr(k)). The
processes (HT | s € [0,2(|T|—1])]) and (RT, s € [0,2(]T| —1)]), obtained by interpolation, are called
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Figure 2: A branching random walk from Bg. On the first column, the contour process and the
contour label process, on the second column, the height process and the height label process.

respectively the contour process and the contour label process; the pair (fl T R\T) is called the head
of the discrete snake.

Let d := ged{k,k > 1, > 0}. The support of the distribution of |T| — we write supp(|T|) —
is included in 1 + dN (and P(|T| = 1 + kd) > 0 for every k large enough). For n + 1 € supp(|T|),
the distribution P under the conditioning by |T| = n + 1 is denoted by Py, in other words

P, =P(.||T|=n+1).

Even if not recalled, each statement concerning weak convergence under P, is assumed to be along
the subsequence (ny)j for which P, is well defined. In the proofs we will treat only the case d =1
the general case being treated with slight modifications.

We define h,,, }A1n, r, and T,, to be the processes HT, H T RT, and RT under P,,, interpolated
as follows:

Hrr{:e N ﬁTns Rrrfs = ET;LS
h,(s) = 2 h,(s) = n12/2 , rp(s) = e rn(s) = nf/‘“ for any s € [0, 1].

Theorem 1 If (Hy) and (Hs) are satisfied then

(hn, h,, rn,?n) % (h,h, Br, fr)

in C([0,1],R*) endowed with the topology of uniform convergence, where h = 2e/o, and e is the
normalized Brownian excursion, and where conditionally on h, r is a centered Gaussian process
with covariance function

cov(r(s),r(t)) = h(s,t) := ue[gr/l\itréw] h(u), for any s,t € [0,1].



Notice that the same processes h and r appear twice in the limit process. The convergence of
processes associated with the contour processes (with a ™) to the same limit as the one associated
with the height processes is well understood now, and “almost” generic (Duquesne & Le Gall |9,
Section 2.5] and [21]), we then concentrate only of the height process. The process (r,h) (or with a
different scaling) will be called the head of the Brownian snake with lifetime process the normalized
Brownian excursion (BSBE). We refer to the works of Le Gall (e.g. [16] and with Duquesne [I0])
for information on the Brownian snake and to the papers cited below for discrete approaches to
this object.

In the present work we deal only with the head of the snakes; this is in principle different than
snakes even if thanks to the homeomorphism theorem [20], evoked below, Theorem [ has some
direct interpretation in term of snakes. We refer to |20, 3] for the notion of discrete snake which
is the discrete analogue of BSBE: the discrete snake associated with the branching random walk
(T,?), is the pair (ﬁT,®) where ® = (®)pepo2(7|-1)] and Py is the sequence of labels on the
branch [@, Fr(k)].

Related works

The convergence h,, 9D, his due to Aldous [0, 2] (see also Marckert & Mokkadem [21]) for a revisited
n
proof, Pitman [25, Chap. 5 and 6], and Duquesne [9] and Duquesne & Le Gall [I0, section 2.5] for

generalization to GW trees with offspring distribution having infinite variance).

The two first results concerning the convergence of discrete snakes to the BSBE appeared in
two independent works:
e Chassaing & Schaeffer [7] deal with discrete snakes built on underlying trees chosen uniformly in
7, (this corresponds to the case u ~ Geom(1/2)) and where the displacements are i.i.d., and for
any k, j, v ; is the uniform distribution in {—1,0,+1}. They show the convergence of the head of
the discrete snake for the Skorohod topology, and the convergence of the moments of the maximum
of ry are also given. This study was motivated by the deep relation between this model of discrete
snake and random rooted quadrangulations, underlined by the authors.
e Marckert & Mokkadem [20] studied also the case u ~ Geom(1/2) but with more general centered
displacements that have moments of order 6 + ¢ (the distribution v ; does not depend on k, j,
but v} is not assumed to be v 1 X -+ X v ;). The convergence of the head of the snake holds in
(C0,1],R?) and the convergence of the snake itself is given thanks to a “homeomorphism theorem”
which implies that the convergence of the snake and of its tour (in space of continuous functions) are
equivalent. Here it implies that under the hypothesis of Theorem [M the discrete snake associated
with our model of labeled trees converges weakly to the BSBE.

Then some generalizations appears few months later:
e Gittenberger [I1] provides a generalization of a lemma from [20] allowing him to consider snakes
with underlying trees GW trees conditioned by the size (condition equivalent to Hy). The displace-

ments must be centered and have moments of order 8 + <.



e Janson & Marckert [T3] show that in the i.i.d. case (v} ; do not depend on (k,j)), moments of
order 4 + ¢ are necessary and sufficient to get the convergence to the BSBE. If no such moment
exists the convergence to a “hairy snake” is proved under the Hausdorff topology.

e In Marckert & Miermont [T9], the case of v, ; depending of k, j is investigated (also the underlying
GW trees are allowed to have two types). The hypothesis are for each k, j, my, ; = 0, condition (Hs)
is satisfied, and then Zk j ,uka,%’ ; < Foo. A motivation was to generalize the works of Chassaing &

Schaeffer [7] concerning quadrangulations to bipartite maps.

Another important point is the convergence of the occupation measure of the head of the discrete
snake to the one of the BSBE, the random measure named ISE (the integrated superBrownian
excursion introduced by Aldous [3], see also Le Gall [I6] and [20, [[3]). Using the convergence of
discrete snake to the BSBE, Bousquet-Mélou [4] and Bousquet-Mélou & Janson [B] deduce new
results on ISE and on the BSBE; for example, some properties on the support of ISE, and of the
random density of ISE are derived. We refer also to Le Gall [I5] for the convergence of discrete
snake conditioned to stay positive.

The novelty in the present paper is that the condition {my;; = 0,Vk,j} is replaced by m =
> k>1 Zle prmy,j = 0. This allows to consider some natural models where, for example, the dis-
placements are not random knowing the underlying tree (see Section [[3]). The proof of Theorem [
relies in part on some results from [I9], and on a new approach, necessary to control the contribu-
tion of the mean of the displacements; the main point for this, is the comparison of the lineage of
each node, with some multinomial r.v. : this is the aim of Theorem B, that we think interesting in
itself, since it reveals a thin global behavior of GW trees conditioned by the size. Unfortunately,
the price of this generalization is to consider only offspring distribution with bounded support.
The reason comes from the proof of Theorem I We guess that some generalization for all families
of GW trees (with finite variance) may be found but for this a control of an infinite sequence of

processes arising in Theorem Bl should be provided what we were unable to do.

1.2 On the lineage of nodes

Assume that (H;) and (Hs) holds, and let K be a bound on the support of the offspring distribution.
We work again conditionally on T. For any node u = iy...4, € T, let u; =4;...4%; and [@,u] =
{@ = ug,uq,...,up} be the ancestral line of u back to the root. Conditionally on T, ¢(u) owns the

following representations:
|ul

l(u) = Z C(um) — £(tUm-—1) (1)
m=1

where £(uy,) — €(um—1) is vy j-distributed when ¢, (T) = k and i, = j, and where the r.v.
(l(um) — £(um—1))’s are independent (conditionally on T); the variables £(u,) — ¢(up—1) will be

often called displacements.



Consider the array

Let T € T and u be anode of T. For any (k, j) € Ik, let A, 1 ;(T') be the number of strict ancestors
v of u (the nodes v € [&, u[]) such that ¢,(T) = k, and such that u is a descendant of vj, the jth
child of v (we write f,(u) = j). We say that v is an ancestor of type k,j of u, and we call the
vector Ay, = (Ayi)icr, the lineage of u (or the content of [@,u]). See Figure Bl

Figure 3: On this tree Au)171 =1, Au72)2 =1, Au)472 =1, Au)573 =1, the others Au,i are 0.

By (), conditionally on T, the label ¢(u) owns the following representations:

ukJ(T

=Y X

where the r.v. Yk(? are independent, and where for any [, Yk(l]) is vy, ; distributed. In order to make

more apparent the contribution of the means my, ;’s , and using that m = 0, write

Ak, (T)
(d) 1
w2 ST T g+ Y (A (T) — lul) m (2)
(kj)elkx =1 (k.j)elk

Assume that T is P, distributed, and that u = u(ns) for some s € (0,1). Conditionally on |u|, we
will see that both parts of the right hand side of [ divided by n'/% converge in distribution, and
the limit r.v. are asymptotically independent: in the first part, the fluctuations of A, j ; around
1k |u| are not important when they are crucial in the second sum.

We now concentrate on the r.v. (4,)’s under P,,. For any [ € [0,n], (k,j) € Ik, set

gEZ?j)(l) = Ak — alu()]-
(n)

For every (k,j) € I, the process [ — gk j)(l) encodes the evolution of the number of ancestors of

type k,j of u(l), when [ varies. Consider G = (G(")(s))se[m} the process taking its values in

R defined by: For any s, G("(s) = (G,(gnj) (S))(k Delx where s +— G,(fnj) (s) is the real continuous
(n)

process that interpolates g ; as follows:

") (1 ns nst (g™ (Ins _ o™ (Ins
G,(:])(s) gk](L J)+{ }(gk’;g/L4 +1J) gk,](L J))’ 86[0,1], (3)




where {z} stands for the rational part of z. The random process G encodes the lineage of all

the nodes of T its limiting behavior is described by the following theorem.

Theorem 2 Under (Hy) and (Hy) the following convergence in distribution holds in C(]0,1])#1x x
C[0,1] endowed with the topology of the uniform convergence

(G, h,) ‘% (G, h)

n

where h is defined as in Theorem [, and where conditionally on h, G = (Gy ;(5))(k,j)er,sel0,1]
a real centered Gaussian field with the following covariance function: for any (k,j) and (K',j") in

Ik, s and s' in [0,1],
cov (Gk,j(s), Gk/’j/(sl)) = (—uk,uk/ + Nk]l(k,j):(k’,j’)) fl(s, S,). (4)

1.3 Comments, examples and applications

1) Theorem P may be considered as the strongest result of this paper. It gives very precise infor-
mation on the asymptotic behavior of the process G(™ that encodes the lineage of all the nodes.
This gives a “global asymptotic” property reminiscent of the properties of the distinguished branch
in “a size biased GW tree” (see [I7, chap. 11]).

2) For any fixed (k,j) € Ik, knowing h, Gy, ; is a Gaussian process with covariance function
cov (G ;(s), Grj(s") = (=i + ) (s, s').

In other words, the processes (G j,h) has the same distribution as (y/—u2 + pyr,h), and then
up to some multiplicative constants, (G ;,h) is the head of a BSBE. As a simple consequence
of Theorem B, we have that (Gm,h)(k,j)g}{ is a sequence of heads of BSBE, and that for any
(k,7) € Ik,

n d
(G ha) 5 (G, ). (5)

The dependence between the different processes Gy, ; is ruled out by (). For any families of real

numbers (g ;) (k,j)er,, We have

n d
S MG | D (S G| (6)
(k.j)ElK k.j

3) Consider the case pu = %(50 +02), v2 = d(41,1), of binary trees in which the displacements are
not random: ¢(ul) —£(u) = +1 and £(u2) — £(u) = —1. We have m = 0 and 3? = (14 1) = 1 and
Theorems [l and Pl apply. Hence, the clear positive bias for R,,(t) for small values of ¢, disappears at
the limit. Note also that this normalizing factor is exactly the same as if vy = %(5(+1,_1) +0(—1,41))
(case where (£(ul) — £(u),l(u2) — €(u)) is equally likely (4+1,—1) or (—1,+1)) and as if vy =
(3(641 4 0-1))? (case where the £(ul) — £(u) and £(u2) — £(u) are ii.d., uniform on {—1,1}). The



question of the convergence of the discrete snake in the case vy = §(41,_1) appears first in Marckert
[18] in relation with some properties of the rotation correspondence, and the difference between left
and right depth in binary trees . The convergence of (r,) is not given in [I8], but the convergence
of the occupation measure of r,, “the discrete ISE”, to ISE is established. We refer also to Janson
[12] for recent developments concerning the same question.

Further, notice that in this model, the label ¢(u) of a vertex u is £(u) = Ay 2.1 — Ay 2,2, that is
the number of left steps minus the number of right steps necessary to climb from the root to w in

the binary tree. The convergence of (r,) can be seen directly via the one of (G(™):

(GSY, G 1) s (G0, G, ), (7)
and then r, = Gg"l) — Ggg % Go,1 — G2 which is, conditionally to h and according to @), a
centered Gaussian process with covariance function h(s,t). Here, the convergence of (r,) appears
to be a consequence of the convergence of Gg 1 and Gg o, encoding the right depth and the left
depth in binary trees.

We would like to stress on the following point: discrete snake are usually constructed with “two
levels of randomness”: the underlying trees are random and so are the displacements given the
underlying tree, and then BSBE appears to be a natural limit of these objects . Here, we provide
some objects with only “one level of randomness” that converge to the Brownian snake. The BSBE

appears as a kind of internal complexity measure in trees measuring the difference between the

number of ancestors of type k,j and some expected quantities.

2 Proofs

The proofs rely on a precise study of the lineage of the nodes under P,, and in particular on the
comparison of A, with a multinomial random variable. For this reason we first give some elements
on multinomial distributions and on their asymptotic behaviors. We then proceed to the proof of
Theorem B, showing first the convergence of the uni-dimensional distribution then the convergence
of the finite-dimensional distribution. The proof of Theorem [0 is given afterward. We think that
some points of view especially in the description of the distribution of the lineages in trees under

P,, should provide some new approaches to study the trees under P,,.

2.1 Prerequisite on multinomial distributions

The contents of this section is quite classical. Consider p = (p;)ier, the distribution on I, defined
by
Prj = for any (K, j) € Ik.



For any h > 1, let N/[h] be the set of elements ¢ = (¢;)icr,, of N#*/% such that Y ier, G = h. We

say that M® is a multinomial r.v. with parameter h and p, if, for any m = (Ms)icrg,
Qr({m}) :=PM™ =m) = ( > 11 2" Lyigpy(m
mz i€l iclx

where ((mi)};IK) = h!/(ILier, mi!). Recall that for any i € Ik, M™ is a binomial r.v. with

)

parameters n and p;.
In order to fit with further considerations, we introduce the #Ix dimensional real vector
G(n,h) = (Gi(n, h))icr, defined by
Gr.j(n,h) = n~1/4 (./\/l,(:j) — e k) for any (k,j) € Ik.
Let Goo = (Goo,, )ity be a centered Gaussian vector having as covariance function

coV(Gooir oo,it) = —DiDir + il for any i, € Ix. (8)

(
Proposition 3 Let (h(n)) be a sequence of positive integers s.t. h(n)/\/n — X € (0,+00). Under
d)
(Hy) we have g(n,h(n)) 9, VA Goo in R#Ix
Proof. This may be proved using classical tools. As pointed out by E. Rio in a personal discussion,
this is also a consequence of the convergence of the empirical process to the Brownian bridge. We
only sketch the proof (for A = 1): let (U;); be a sequence of i.i.d. r.v. uniform on [0,1]. Let F,
be the associated empirical distribution function and F' the distribution function of U. Denote by
d
gn = F,, — F. According to Donsker [8], v/ngy, , b where b is a normalized Brownian bridge.
n
Take q = (q;)ien a distribution on N and consider

=#{ge{lonh U €la+- -+ g g+ - + gl
Then (N, ]gn)) k>1 is a multinomial r.v. with parameters n and q and satisfies
(Nén) —qen) /v =vn(gn(a + -+ @er1) — gnlar + -+ qr)).

By Donsker, for any L > 0, ((./\/’Ign) - qkn)/\/ﬁ)KL converges in distribution to (bg,4..4q, ; —
by, +-4q.)k<r- The properties of b allow to conclude. [

The following Proposition will be used in the proof of the tightness of (G().
Proposition 4 Under (Hy), for any 3 > 1, there exists ¢ > 0 such that, for any h > 0, any n > 0,
2
E([[gmIf) < e (n/vi)™?.

Recall that all the norms are equivalent in R#/%. Here, we use || X||; = kel | Xkl
Proof. First, since HX||§3 < e | Xy ;|P for some ¢ > 0,

E(gmmIl) <e > B (ML) — wen) ).
(kJ)ElK

Since M]ghj) is a binomial random variable with parameter pj; and h, E(\(./\/llghj) — uxh)[P)
C (g, B)hB/? where the constant C(uy, 3) depends on py, and § (see Petrov [24], th. 2.10 p.62). O

IN
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2.2 Decomposition of trees using the lineages

A forest is a finite sequence of trees, that is an element of F := UkZOTk. For any k € N, a forest
with k roots is a k-tuple of planar trees f = (t',...,t*). The size |f| of f is [t'| 4+ ...[tF]. We
denote by f;, = (T',..., TF) a random forest in which the trees T', ..., TF are i.i.d. GW trees with
offspring distribution y. For any a = (am)(k’j)g}{ € R#1K | write

Ni@)= > (—Da; and No@)= > (k—jak,

Proposition 5 Let h be a non-negative integer. For any a € N'[h], and any m € [0,n]:

P (Ifxya =m0 = hy 4yl = n+1-m) o
P(IT| =n) ’

P (Ayony = a) = Qn(a)

where £ and £ are two independent forests.

Proof. To build a tree T' of 7,, such that A,.,) = a, we first build the branch b = [@,u(m)]:
Exactly a; ; ancestors v among the h strict ancestors of w satisfy (c,(7T'), fu(u)) = (k,j). Hence,
there are (Z) way to build b. Then, we complete b in grafting on its neighbors some subtrees
satisfying the following constraints. When A,,) = a, the number of subtrees rooted on the

neighbors of the branch [@, u(m)[ visited before u(m) (resp. after u(m)) are respectively

Ni(a) = #{w,d([[@,u(m)[[,w) =1,w~= u(m)},
14+ No(a) = # ({u(m)} U {w,dJu(m),2],w) =1,u(m) <w}).

See an illustration on Figure Bl The Nj(a) subtrees must contain exactly m — |u(m)| nodes (the

Figure 4: The two forests considered in the decomposition.

nodes, among the m + 1 first, not on [, u(m)]), and the 1 4+ Ny(a) subtrees must contain exactly
n+1—m nodes (the nodes visited after u(m), u(m) included). In other words, we need two forests
containing respectively m — h and n + 1 — m nodes. Hence, using simple considerations on the

probability distribution of GW trees we get the announced result. [

11



A consequence of this Proposition is

P(|f x| = m — h,|f/ ol =n+1-m
Polfum) =) = 3 Qoo P(r_'mjﬁ)“' I

xENT [h]

_ P (’le(MUL))\ =m — h, ’f/1+N2(M<h>)\ =n+1- m) (11)
P(|T| =n)

where M®™ is a multinomial random variable with parameters h and p.

2.2.1 Few fact concerning random forests and random trees

Let (W;)i>o0 be a random walk starting from 0 with i.i.d. increments with distribution (fig)g>—1 =
(k+1)k>—1 (that is with increment £ — 1, where £ is p-distributed). We have

Lemma 6 Assume (Hy) holds true.
) k
(i) (Otter [23]) For any k > 1 and n > k, P(|f x| = n) = —P(W,, = —k).
n
(i1) (Central local limit theorem (CLLT) )

NG 1 ( 12 >
su ~—PW, =1 — exp| ——=— || —— 0. 12
le—nEdN d ( ) V2moy, P 20’211 n (12)

(iii) sup,,>o sup,>o = P(W, =) < +oc.

(7) is often called “conjugation of tree principle” or “cyclical lemma”, and may be found in Pitman
[25, chap 5.1] and is usually attributed to Otter, Kemperman or Dvoretzky-Motzkin.

(44) is usually called the central local limit theorem (see Breuillard [6] for a state of the art). Recall
that d is the span of u. The support of W), is included in —n + dN = {u € Z,u = —n + di,i € N}.

A consequence of (i) and (i7) is that

(13)

the equivalent being taken along the subsequence where the left hand side is non-null.

Proof of (iii): sup,>qsup;>cmiz P(W, = )} is bounded by the Tchebichev inequality. By (i),
SUPg<c m VR P(Wy = ) a— ﬁ%, then sup,,>sup,<.,m VR P(W; = 7) is finite. O
The following Lemma controls the maximum increment in the process H under P,,.

Lemma 7 Assume (Hy). For any ¢ > 0 then exists p > 0 such that

Pn<mlax {|lu@+ 1) = |u@)||} = plogn> =0(n™°).

12



Proof. The proof deeply relies on the conjugation of tree principle. Take n + 1 ii.d. r.v.
X1,..., X1, p-distributed. Conditionally on Z?:Jrll(Xi — 1) = —1, among the n + 1 shifted se-
quences (X1,...,Xn41), (Xo, ..o, Xpp1, X1), ooy (Xg1, Xi, ..., X)), exactly one (X7,..., X7 )
corresponds to a sequence (¢,,u € T') for a tree T' € 7, (where the ¢, are sorted according the
depth first order), and (X7,..., X}, ) @ (cy,u € T) for T under P,.

The inequality ||u(l)] — |u(l + 1)|| = h > 1 implies that |u(l + 1)| < |u(])|, and the deepest
common ancestor v of u(l + 1) and u(l) has depth |u(l + 1)] — 1. Assume that the tree is visited
according to the reversed LO (the order on the alphabet N is reversed, but if z is a prefix of 2/,
z is still smaller than 2’ : this amounts to walk around the tree counterclockwise and rank the
nodes according to their first visit time). In the reversed LO, the nodes in Jv,u(l)[ are visited
consecutively, and each of them has at least one child. Under P, when traversing the tree in the LO
(or by symmetry in the reversed LO) the gap between two nodes having zero child is a geometrical
r.v. Geom(up). We work from now on on the LO order. Denote by Xi,..., X,,+1 i.i.d. random

variables p-distributed and by G1,Gs, ... the successive gaps between the zeros.

n+1
plogn plogn e
P (o= 257 S0 = ) <o (e (a2 2E)) <o,

for p large enough. Note that the first maximum is taken on a random number of terms, a.s.

bounded by n. By the conjugation of tree principle, we get the result. [

Remark 1 Using the same argument, one may control the depth of the last node u(n): for any
¢ > 0 then exists p > 0 such that

B, (Ju(n)] > plogn) = O(n"°). (14)

For u € T,1 € [0,|u]] and (k,j) € Ik, let A, 1 ; be the number of ancestors v € [, u[ such
that d(u,v) <, and for which ¢,(T) = k and f,(u) = j.

Lemma 8 (i) For every c > 0, there exists v > 0, such that for n large enough,
P, <E|(k:,j) €lx,uec T, |Ayk; — prlul| > v/ |u|log n) <n"¢
(i3) For every ¢ > 0, there exists v > 0 such that, for n large enough
Py (3(k,5) € Iicyu € T, L€ (0, ful, | i — il = vy/Tlogn) < n™".

Proof. (ii) clearly implies (7). But let us prove (i) first. Using (@) and (I3)), we have for some
constant ¢ > 0, for any m € [0,n], any h > 1, any a € N/[h],

]P)n(Au(m) = a) < cn3/2Qh(a)]lh§n. (15)
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Then P, (Elm € [0,n], (k, ) € Ixc, | Augmykj — ilu(m)]| > v+/Tulm)[Tog n) <

end/? Z ZP(H(k,j) € Iy, ‘M](:j) — /Lk|h|‘ >V thgn>'

m=0 h=0

This latter probability is smaller, for any m < n, h < n than #I w2 by Hoeffding. Hence
Py (3(k,5) € Iic,u € T, Ay — el = 7/ Tullogn) < en®/2n~27",

For (ii), assume that u(m) = h and for | < h, take vy,...,v; the ancestors of u(m) at depth
0<h <---<h <h, and set A;(m)’l’w = #{i,c;, = k, fu;(u(m)) = j}, the lineage of u(m)
restricted to the nodes v;’s. By ”symmetry“, (A;(m)’l’m)m and (Ay(m),ik,j)k,j have the same
distributions. Here “symmetry” means the following: let v; and vy be two ancestors of u(m).
Exchange in T', the two nodes v; and vy together with the subtrees rooted on their children not on
[0,u(m)], as on figure Bl We get T". First T and T has the same weight under P,,. Second, Ay
has the same value in T and T”, and the nodes u(m) in T and T” have the same depth (u(m) is by
definition the mth node).

Figure 5: Exchange of two nodes in a lineage

Now take v the ancestor of u(m) at depth . By symmetry, (Ay k. )k, and (Aym),ik,j)k,j have
the same distributions. And thus, by (i), for any m < n,l <n, P(3(k,j) € Ik, |Aumm)ik,; — uk\lH >
vy/llogn) is certainly smaller than en™2n=2" . As a direct consequence, cn’/ 242-29" ig 4 bound
for Py, (3(k,j) € Ix,u € T,1 € (0, |u]), |Auik; — mil| = vy/Tlogn). O

We end this section with a result concerning multinomial random variables. For any h > 0, set

2 2 )
Jy = {a € Nl[h], (N1(a), No(a)) € [%h — h2/3, %h—l- h2/3] } _

Lemma 9 For any h € N, Ny(M®™) and Na(M®) have the same law and there exists c¢; >
0,co > 0 such that
P <./\/l(h) ¢ Jh) < e1 exp(—cy hY/3).

14



Proof. The first assertion is easy. Writing {|N; (M) — #\ > n?3} C Ukj{]./\/l,(ghj) — hug| >
0.2

h2/3/#]K} (check that Zk,j(j — Dy = Ekj(k; — j)ur = =), by Hoeffding, one has IP’(|M,(€hJ) -

hpg| > h2/3 J#1k) < 2exp(—h'/3/(2#1f)). Summing this for (k,j) € I, the result is shown to

be true. O

2.2.2 A first comparison Lemma

In this section S denote a Polish space. For any r.v. X taking its values in S, we denote by Py
the distribution of X: that is Px(A) =P(X € A) for any A Borelian of S.

Definition 1 Let (Y1,Ys,...) and (X1, Xo,...) be two sequences of r.v. taking their values in S
such that Px, tis absolutely continuous with respect to Py, , we write Px, < Py, . Let f, be a non
negative measurable function fn such that Px, = fnPy, (in other words Px, (A) = [, fndPy, for
any Borelian A of S); the existence of f, is ensured by the Radon-Nikodym Theorem. For any
e >0, let A? .= {x,|fn(x) — 1| <e}. We say that Px, /Py, — 1, or X, )Y, — 1, if for any € > 0,

Py, (AZ) — 1 (this is a convergence of fy to 1 in a weak sense).

If X,,)Y, — 1 then Px, (A?) — 1, and for any B C AZ, |Py,(B) — Px, (B)| < €Py, (B), therefore
SUDPB Borelian | P X, (B) — Py, (B)|, the total variation distance between X,, and Y, goes to 0. Hence

the following Lemma is a straightforward consequence of the Portmanteau theorem:

Lemma 10 If X, /Yy — 1 and Y, "5 Y then X, 2 v.
n n

We end this Section by an argument of continuity

Lemma 11 Let (g,) be a sequence of continuous functions from S into a Polish space S’. If
Xn )Yy, — 1 then gn,(Xn) Jgn(Yn) — 1

Proof. If Px, <Py, thensodo P, (x,) <Py, (v,), and then there exists a non negative measurable
function h,, such that Py (x.y = hnPg, (v,). As above denote A7, := {x,|fn(2) — 1| < &'} where f,
satisfies Px, = f,Py, and Py, (A7) — 1 and set B, = gn(AL). We have Py (y,)(Bl) — 1. For
any A C B,

/(hn = 1D)dPy, (v,y| < g

A

the inequality follows that g, *(A) C A”. Let now ¢ > 0 be fixed and set A = {z, h,(z)—1 > e}NBY
(or A= {z,h,(x) =1 < —} N BL), we get Py (v,)({z,|hn(z) — 1| > €}) < 2¢'/e; choosing " > 0
small, one sees that this is arbitrary small for n large enough. [J

2.2.3 Proof of the convergence of the uni-dimensional distributions in Theorem

In this section we work under P,,. Let X, := (Ayumy, [u(m)|) and Y := (A}, |u(m)]) where the

distribution of A%, knowing |u(m)| = h is simply Q. The aim of this section is to compare X
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with Y and to deduce from the asymptotic behavior of Y, the one of X].. The proof of the
convergence of the finite-dimensional distributions will also use this strategy.
For M > 0, and n € N, consider

A = {(a,h),h € Vn[M~ M],a € J,}.
We have

Proposition 12 i) For any m,n, with m < n, we have Pxn < Pyn.
ii) For any s € (0,1), a > 0, there exists My s.t. for n large enough, P, (Y[;LSJ € An,Mo) >1—«
and for any M > 0,

PnlXfng = @M) ) (16)
sup . 1 —
(a‘7h)€An,]\{ ]P (Y\_nsj (a7 h‘)) n

iii) For any s € (0,1), ansj//yffwj —1

Proof. (iii) is a consequence of (i7). Let a € Ny[h]. Since {A,mm) = a} C {|u(m)| = h},
Pr((Ay(my, [u(m)]) = (a,h)) = Pp(Ay@m) = a). According to Proposition Bl and Formula ()

Py (X7, = (a,h)) _ (|fN1 | =m—h, | 1+Na(a | n+1-m) (17)
- <|fN1(M(h) | =m — h, |f1+N2 M) |l=n+1- )

Then (7) holds true. Assume now that s € (0,1) and o > 0 are fixed. There exists M such that for
n large enough, P, (|u(|ns|)| € v/n[M =1, M]) > 1 —a/2 (since h,, 9, %e and since P(e; = 0) =0
for any s € (0,1)). For such a M,
Po (Yl € Auar) = Pu (Vi) € Anrs [ullns))] € va[M~, M])
= > Pallullns))| = D (Va € Anar | fullns))] = 1)

ley/n[M—1,M)]
> P, (ju(lns))| € Va[M~,M]) min P (M(l) c Jl>
ley/n[M~-1,M]
This minimum goes to 1 thanks to Lemma [
Now, according to Lemma [l (7) and (ii), since f and f’ are independent, P(|fy, 5| = [ns] —

h, ‘1+N2(a’ n+1—|ns|) =

Nl(a)(l + Ng(a))
(lns] —h)(n+1— |ns]|)

and then for any M > 0,

]P)(WLnsJ—h = _Nl(a))]P)(Wn—LnsJ—i-l = _N2(a) - 1)

]P)(’le(a)’ = lnSJ h, ’ 14Na( ‘ =n+1-— {nsj)
Sup -1 —0
(a,h)EAR M qn,s,h n
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for
Uﬁh2

. O.Zh2 exXp (_ 8ns(1—s)>
nsh = 8mn3(s(1 — 5))3/2

Now, P <|fN1(M(h))| = |ns| — h,|f/ (M<h))| =1+4+n-— Lnsj) = Aj + Bj, where

1+ N>
Ay = P (1, aon] = 18] = B I8y gy | = 1+ = [ns), M®) ¢ )
Bp = P (’le(Mh))\ = [ns] — hy |}y, ooy = 1+ — [ns], MP) Jh)

Using again Lemma[d (i) and (i7), we get

By,
qn,s,h

sup

hey/n[M—1,M] n

—1‘—>0.

On the other hand, A4, < P(M®™ ¢ J,) < ¢ exp(—cah'/?) < 2exp(—cn'/®/M) for any h €
Vn[M~1, M]. To complete the proof of (i), check that SUphe mv—1,m] [An/Br| — 0. 0

We have now all the tools to conclude:

Corollary 13 For any s € (0,1), let s, = |ns]/n, we have

(G sn), n(50)) /(G (n, Vit hn(s0))  Bun(50)) — 1,

n

and the convergence of the uni-dimensional distributions holds in Theorem [A

(Recall that G is defined in Section 211)
Proof. Proposition [2 and Lemma [Tl yield the first assertion of the Corollary.

For the second assertion, we first examine s = 0 and s = 1. Since h,(0) = 0 and Remark [II
entails that h,, (1) probe., 0, the convergence of the uni-dimensional distributions holds in Theorem
fors:Oands:lé

For s € (0,1), since h, @, h in C[0, 1], by the Skorohod representation theorem [I4, Theorem
3.30], there exists a probabiyllity space on which this convergence is a.s.. On this space (or on an
augmented space on which the pair (G (n,v/nhy(sy)),h,(s,)) is defined

(G (n, Vi bu(s0))  Bn(s0) <2 (B ) (18)

where G is a Gaussian process which covariance function (see () allows to check that (G2, hy) @
(G(s),hs) for any s € (0,1). To prove that the convergence of the uni-dimensional distribution holds
in Theorem B it remains to control the distance between (G(")(sn), h,,(sn)) and (G(”)(s), h,,(s)).
Since hy, (—:L h in C[0, 1], [hn(sn) — hn(s)] 222

establish some bounds useful also for the proof of the tightness. Let

0. For G(™ this is more complex, and we will

0 = {7 € T maxJu(l +1)] - |u(D)| < plogn}.
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Let € > 0. According to Lemma[d for p large enough, P,,(2,) > 1 — ¢ for n large enough. We have
for s}, = [ns+1]/n,

IG™ (5,) =GO ()1 Lgy = n(s—sn) Y. Lop

i€l

G (sh) — G (s,)] - (19)

In Qf, for any k, j, the differences ]G,(an)(s%) — G]g")(sn)] are bounded by 2pn~'/*logn (which is a
bound on the number of non common ancestors of two consecutive nodes in the LO for a tree in

Of). Hence, since s — s, < 1/n, for any ¢ > 0, for n large enough

IG™ (s2) = G (s)[1 Ly < (s — 50)/* (20)
for some constant c. One concludes that |G (s,) — G (s)||; proba . 0
2.3 Convergence of the finite-dimensional distributions
In this Section, k > 2 is a fixed integer. We denote by s(®) the vector (81,...,85) where 0 < 81 <

- < 8, <1 are fixed. Let T € 7,,. For ¢ € [1,K], set u; = u(|ns;|), up = uxy1 = &, and
L(T) = {u;,i € [1,s]}.

We assume that n is large enough such that |nsi] > 1, and |ns;] # |ns;| for ¢ # j, so that the
u;’s are different nodes of T sorted according to the LO.

The aim of this section is to study the distribution of (Ay,);e ) under Py, and to deduce from
this the convergence of the finite dimensional distribution in Theorem Bl The ideas are of the same
type as in the case of the uni-dimensional distributions but the details are more involved since the
dependences between the r.v. A,,’s must be taken into account. For this, the shape of the tree
spanned by the u;’s we must be considered.

Denote by @; ; the deepest (i.e. youngest) common ancestor of u; and u;. Let Tyw) = Ui [9, u;]

be the subtree “spanned” by the u;’s,

Z(T) = {u;,1<i<j<k}={t41,%€ [1,r—1]},
ZXT) = Z(T)nL(T),

the set of branching nodes in Ty, and the nodes in L(T') that are ancestors of other nodes of L(T).

Definition 2 The shape function b(n) associates with Ty the smallest tree in T having the same
branching structure (that we call shape) together with a coding of the nodes of Z*(T) (see Figure
[@). Formally

b(n): 7, x[0,1]" — T x Pp(U)

(T, S(Ii)) — (Tb(n)’ I;(n))

where Pr(U) is the set of finite subsets of U and where T s characterized by:
i) T is a tree having #(Z(T)U L(T) U{@}) nodes,
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ii) there exists an increasing function ®p from Z(T)U L(T)U{@} in T*™ | preserving the descen-
dants: & (u) is an ancestor of 1 (v) in T iff u is an ancestor of v in T.
The set I;(n) is defined to be ®p(Z*(T)).

Figure 6: A tree T and the associated tree ®(T') = {@,1,11,111,112,12,121,122,1221, 123}.

On this example Z*(T') = u4, and then I;(n) = {122}

The tree %™ can be constructed in somehow squeezing the paths between the nodes of Z (THu
L(T) U {2} in unit length edge and in renaming the vertices in order to get a tree. The function
®7 is unique and for short for any u € Z(T) U L(T) U {@}, we write u®(™ instead of ®7(u). The
set I:bp(") encodes the images of the nodes of Z*(T'). Notice that #I:l;(n) = k — #0T"™ | and when
I:bp(n) is not empty the tree 7% alone is not sufficient in general to guess I:bp(n).

In what follows, we will often write b instead of b(n).

A pair (u,v) (with u,v € L(T) U Z(T){@}) such that u® = fa(v’) is the father of v* in T° will
be called a spanned branch. The contents of the spanned branches will be carefully handled since
they contribute in general to several A,,’s. The set of spanned branches can naturally be indexed
by the edges (u®,v?) of T?, but also by the nodes v® of T?\ {@} using the bijection between the
edges of T? and T\ {@} that associates with the edge (u’,v") the node v°.

Using this labeling, we define A+ the content of the spanned edge (u,v) by

A(vb),k,j = # {w E]]u, ’U[[, Cy =k, fw(v) = ,7} .

The extremities of the spanned branches are not counted in the Ay ;’s in order to simplify the

decompositions (& was counted in the unidimensional case). It is easy to check that

Ay g = Aoy = Auteg) = Liey puy (k. 9)- (21)

We also introduce the “ordered content” of the edges. For any v* € T%\ {@}, define z(vb)(T), the
ordered content of the edge (u,v) by

—

A(vb)(T) = ((Cwafw(v))’w E]]U,U[D,

the nodes of Ju, v[ being sorted according to the LO.
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We write simply Z(T) = <Z(vb) (T)) BTN (D) the list of ordered contents of the spanned edges.

The ordered content of any edge belongs to U;>o(Ix)". The canonical surjection 7 from (J;~o(Ir)*
into N5 associates with the ordered content B = ((ki,ji),i=1,...,1) the content B:

Biy = (x(B)), = #{i. (ki) = (k. 5)).

The application 7 can be extended to the list of ordered contents, and we set

AT) == ((Z(”b)(T)»vbeT"\{z} B <7T <z(”b)(T))>vbeT”\{®} '

The definition of Vi and N2 (given in Section E22) are extended to (J;>q (1 k)" we set,
— — — —
N (B) =N <7T(B)) and Ny (B) = N, (W(B)) .
We denote by H, the cardinality #]u, v] where u® = fa(v?). We set

Hp = (Hvb)vbeTb\{Q}v

the ordered list of the spanned branches lengths.

The nodes of Z(T) U {@} are the “hinge nodes” laying between the spanned edges, and they
also contribute to the A,,’s. For any u in Z(T')U{@}, the set f,(L(T)) is a subset of [1,...,¢c,(T)]
with ¢, (T?) elements: the set of the ranks of the children of u, that are ancestors of the nodes of
L(T). We encode the contribution of Z(T') U {@} to the lineage thanks to the sequence Orp:

Or = (C(ub), R(u1),. .. ,R(ubC(ub)))

ubeTo\aT?’
where C(u®) = ¢,(T) and R(u’1) < --- < R(u’C(uP)) is the sorted list of the elements of f,(L(T)).
Note that u’1,...,u’C(ub) are the children of «® in T® and then the arguments of R are unam-

biguous.

The idea now is the following. If (Tb("),fg(n), Z(T), ©Or) is known, to end the description of
T using T, it remains to describe the fringe subtrees rooted in the neighborhood of T (the
fringe subtree of T rooted at uis T, = {v € U : uv € T'}). We pack these subtrees into forests that
are, up to some border effects, rooted on the neighbors of T,y between u; and ;4.

For any simple path I in T', we denote by N (I) the neighborhood of I:

N() :={ueT,dr(u,I)=1}.

We now build the set of roots of the forest we consider (see Figure [):

So = {veN(g,ul),o <v=<u},

5, — { {ve N(us, wis1]),ui < v < wp1 } U {w;} if w; € L(T) \ Z*(T),
{v e N([us, uig1]),us <v < uip1} ifu; € Z2*(T),

S = {veN(ux,2]),us < v}U{ug}

i€l k—1],
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Figure 7: The forests considered in the decomposition are surrendered. Notice that the node
u; belongs to a forest only if it is a leaf in T, (x). Observe also the contribution of the neighbors
of the “hinge nodes”, the nodes z;'s on the picture.

The forests we consider are
$i(T) .= (Ty,u € S;);

we denote by §(T") = (§i(T"))i=o,... x the (ordered) sequence of forests.
Let [ € [0,k — 1] be fixed. Let u? =, b, .. 0, = uﬁ’H, the shortest path in T between uﬁ’
and ué’ 11 Let v = ué’ \Y% ué’ 11 be the deepest (youngest) common ancestor of uf’ and uf’ 11+ Since

b

vy < vh, two cases arise, v? = v} or 0 < i < m. We have

— —
# Sl(Tb7 I%“? Ar, @(T)) = '/\[l,l-i-l(Tbv I%“? A (T)) + yl,l+1(Tb7 [%7 G(T)) (22)
where for any 1, Nj41(T°, 1%, X(T)) counts the number of subtrees rooted on the neighbors of the

spanned branches visited between u; and u;41, according that these subtrees are on the right or on

the left of these spanned branches:

i—1 m
— — —
Ny (TP I A(T) =Y No(A,) + > Ni(Ag,)),
p=0 p=i+1

and Yy 41 (T b,I:l},@T) counts the number of subtrees rooted on the neighbors of the nodes of
Z(T)U{o}:

i—1 m—1
Pr (T, 15,07) = Lypeort ROob)—REP ) Liso— 14> [Coh) = REbC@p)]+ Y [R(h) —1].
p=1 p=i+1
Indeed, R(v! ;)—R(v!_;)1;50—1 is the number of children of v¥ in &y, the sum Z;_:ll [C(v]) — R(vjC
counts the number of children of o, ..., v? | in S;, and Zz:ii_l [R(fug) — 1] the children of v, ..., v}
in 5.
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For | =k, let ub = v§,v%,... 05 = ul | = @. Since v? is an ancestor of v?_,, we have
— m—l —
M7l+1(Tb’I§“v A(T) = N2(A(vp))’
p=0
m
Mt (T8 14, 07) = 37 [Ch) = RbCwh))]
p=1
notice that the term p = m concerns the root.
The cardinalities F(T) = #5;(T) satisfy
Fy(Hr, T%) = (s — [nsi) +1) = (Juga| = lagal) = Lopgore, (23)
since the visit times of the nodes u; are |ns;] and since |uj11| — |G 4+1] + 1 nodes visited during

[ns;,nsi+1] are not in Uyes, Ty
For any tree ¢t having n nodes, P(T =t) = [, De,(t)- Hence, if t has n nodes, putting together
the contribution of the forests and of the ordered edge contents, we get

l u .
P (T = t) = <H]P (f#S(tb,A(t),G(t)) = &(t))) H Hp:(A(vb)(t))k,J H pC(zb) (24)

1=0 vbeth\{o} k,j 2betb\otb
where f, is a random forest with z roots (see Section EZ2).

Comments 1 A few points worth mentioning:

= Let A= (Ayj)kjrer wWith Y e Ai = h. The number of ordered content having A as content
18

g = (). (25)

i)icly
and thus _
> A7 = (), )TT =, (20
Ber1(A) ki Vel

This is simply due to the fact that all permutations of the “symbols” (k,j)’s are possible in the
ordered contents B ’s such that 7T(§) = A.

— The size of the forests §; as well as their number of trees, is a function of the contents (it
does not depends on the order of the content).

We are now able to express the probability to observe a shape together with the (ordered) contents

in term of the probability that some forests have some prescribed sizes.

The probability to observe some contents will be obtained by summing on all corresponding ordered
contents thanks to (26]). We won’t do this job on all possible shapes since asymptotically only “the

simplest shapes” eventually happen. We first state a result in this direction.
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2.3.1 Decomposition of a tree T given A and T°

Let .8 | = {T € Tan_1,deg(@) = 1,Vu € T\ @,deg(u) € {0,2}} be the set of trees with 2x — 1
edges, with binary branching points (except the root that has only one child). Denote by

Apy ={T €T, T € TB |, V(u,v°) € T®,u = fa(v?), d(u,v) € V/n[M~1, M], }.

A tree in A, ) has its shape in 752, and all its spanned branches lengths in /n[M~1, M]. By a

counting argument, I% = ) which means that the nodes u; are sent on the leaves of 7% by ®7.

Lemma 14 For any € > 0, there exists M > 0 such that for n large enough

]P)n(An,M) Z 1-— g.

d
Proof. This is a consequence of h,, Q h = 2e/0,, and of the properties of e: e is a.s. non null on
n

(0,1) and the local minima of e are a.s. all different (the continuum random tree is a.s. a binary
tree). O

For any T' € A,, s, ®7 sends the nodes of L(T') on the leaves of T® and the nodes of Z(T') on the
internal nodes of 7%\ {@}. The branching points are distinct #Z(T) = x —1 and L(T)NZ(T) = 0.
Therefore ©7 belongs to D’ = Dy x D5~ ! where Dy = {(c,x),1 < z < ¢} and D3 = {(c,z,y),1 <
r <y < c}. Note that under (Hy), D? is a subset of [1, K]~

2.3.2 A second comparison result

The idea is to compare (A(T), Hr, O, T?) under P,, with some simplest random variables. Thanks
to the previous Lemma, we will somehow consider only the case I% = Q.

Denote by (An, Hn, On, T?) the r.v. (A(T), H, O, T®) under P,,. Hence A, = (A%)i=1. Kk
is the sequence of contents, H, = (HL,...,HE) the sequence of spanned edge lengths, ©,, the
sequence of branching properties of the hinge nodes where K is then the number of spanned
branches (the number of edges of T?). These sequences were labeled by the nodes of the tree T?,
but, we may and will consider that they are labeled by integers (the LO is a total order). This is
equivalent knowing the shape and allows one to work also when the shape is not known.

We define now the 4-tuple (A%, H,, ©%, T?) as follows: H,, and T? have the same law as above,
and A% and O} are described conditionally on H,, and T?. Conditionally on H,, = (HL, ..., HX)
where K is then the number of spanned branches (the number of edges of T%), we have A% =
(Aii*)i:17,,,, k where the r.v. Ai;*s are independent with respective distribution QH%. The ran-
dom variable ©} = (0%(i))i=1...» has k coordinates that are independent of (H,,.A%, T%) and

distributed as follows :

P(05(1) = (°,5") = nyo for any (5°,5') € Da
P(04(i) = (°,5',5%) = 2ujp/o, for any (5°,5',5°%) € Ds,i > 2.
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Since the mean and the variance under p are respectively 1 and ai, these formulas define indeed
two distributions. In the following O stands for the vector (Oy,...,0;). Let

Do = {(a 00,00, T0) i € VRlM Y M) a5 € g, TP € T )
Nsupp (A5, Ho, ;T )
The following Proposition generalizes to finite-dimensional distributions the Proposition B
Proposition 15 (i) For any € > 0, there exists M such that, for n large enough
P, ((A;;,Hn,@;,'rg) € rn7M> >1—e
(i)
P, ((An,Hn,Gn,Tg) = (a,x,H,Tb))

-1
Py (A5, Ha, O3, T3) = (a,%,0,7°))

sup
(2%,0,7)€L M

— 0. (27)

n

In general P4, 7, 0, 10) A P4z #,,0z 10) since supp(0y,) is strictly included in supp(©,,) when
@[3, 4+00) > 0 (the variable ©* mimics the coding of binary branchings on T%). In that case,
moreover P, (T% ¢ T2 ) > 0 for n large enough, and no control of (A, Hy, O,, T%) is provided
on CTQi_l. But an analogous of Lemma [0 and [ can be written by weakening slightly the
condition Py, < Py, of Definition [

Definition 3 Let (Y1,Y2,...) and (X1,Xs,...) be two sequences of r.v. taking their values in
a Polish space S. We say that Px, /Py, = 1 or X,/ Yn — 1 if for any € > 0 there exists a

measurable set A:, and a measurable function f: : A5 — R satisfying Px, = f:Py, on A

s, such

that sup,c 4= |f5(x) — 1| — 0 and such that Py, (A}) > 1 — ¢ for n large enough.
n n

Lemma 16 Assume that X,, /), Y, — 1 then:
e 1Y, Ly then x, ‘L v
n n
e Let (gn) be a sequence of continuous functions from S into a Polish space S'. If X, ), Y, — 1

then gn(Xn)/, gn(Yn) — 1

The proof is the same as those of Lemma [ and [l and is left to the reader.

Proof of Proposition (i) Let ¢ > 0 be fixed. By Lemma [[4] there exists M such that
P(Ap ) > 1—¢/2. Now conditionally on T € A, 5, the HY’s belongs to [v/n/M,/nM], and then
the multinomial random variables A%* by Lemma [ satisfy together AL* € Jp(HE) with probability
arbitrary close to 1 (for any M, when n is large enough).
We examine now (i4). Let (a,x,0,7%) € T, s for 6 = ((Y,41), (459, 43.93), -, (32, 4L, 52)) -
Using ([Z4) and Comment [, P ((.An,Hn, 0,,T) = (a,x, 9,Tb))

2k—1 K
( H Qxi (az)> (H M]?) P (’fg)‘s‘(q—b’@@’g)’ = E(X, Tb)70 S l S ﬁ)
1=1 i=1

- T E=w W
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where the f()’s are independent forests.
On the other hand, P ((A;,Hn, 01, T?) = (a,x, H,Tb))

= P((4;,00) = (3,0)| (a0, Th) = (x,7) ) P ((Has Th) = (x,7") )

() (fbr) (2) 2 0em =)

summing formula (Z8)) on all possible values of the a;’s and the ’s leads to

2
(%)n—lp |f(l)5 75.0.m.d | :F‘l(x77b)70§l§/€
P (10, TH) = (7)) = (s = ) (29)

where m = (m;);=1,..  is a vector of x multinomial independent r.v. (the parameters of m; are x;

and p), and where 6 = (é(i))’ie[[Lnﬂ @ O and is independent of m. Hence, for (a,x,#,7%) € T, ar,

1
P (A, Hn, On, T) = (a,x,0,70)) P (‘fy(#)sw,@,a,e)‘ = R 7),0<1< “) (30)
* * b — b B l ’
PR LTIkt~ B,y 102 129

It is easy to check that for any (a,x,7%,6) in 'y ar, any [, for n large enough

2
o
|E(X7 Tb) - n(SH_l - Sl)| < 7’L2/3, |#Sl(7b7 07 379) - ?‘ud(ulvul-ﬁ-l” < ’I’L5/12,

since (1/2)%3 < 5/12. This allows to approximate on one hand F(x, 7°) by n(s;11 — s;), and on the
0_2

other hand # S;(7°,a,6) by =-d(ug, uj41) on I'y py since nb/12 = o(n'/?), the order of d(u,ui41).

By Otter and the central local limit theorem and thanks also a decomposition of the denominator

along {m € [] Jy, } or in its complements (as in the proof of Proposition [[2), we get

P, (I£ | = Fi(x7"),0<1<x
s ( #S(r".0.,2,0) ) —1—o0. O (31)

l
(@ax,0,7)€ln i | Py, <|fqié)8(7-b7(2),m,§)| = F(x,7°),0 <1 < Ii) "

2.3.3 Proof of the convergence of the finite-dimensional distribution in Theorem

We now show that Proposition [[H and Lemma [[6] imply the convergence of the finite-dimensional
distributions in Theorem Bl The proof is similar to that of Corollary
Thanks to the Skorohod representation theorem [T4, Theorem 3.30], there exists a probability

space ) on which the convergence of h,, to h is a.s.. On €2, the vector

Vi = (hy(s1), hy(s1, 52), hy(s2), hy(s2, 83), ..., hy(sk)),

which determines T? as well as the length of the spanned branches, converges a.s. to

Voo = (h(Sl), l71(317 82)7 h(32)7 fl(327 33)7 s 7h(8:‘€))7
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which determines 75 the ordered discrete subtree of the continuum random tree 7o, with contour
process h, spanned by the root and the nodes visited at times si,...,s,. The edge lengths of 75
are given by the normalized Brownian excursion (see Aldous [Il 2]). The coordinates of V,, are
distinct and non zero a.s., and then 74 has only binary branching points, and its shape 7° belongs
to 7T;2_, (we call here shape the tree 75 where the edge lengths are somehow fixed to 1). Let
Hoo = (Hoo,i)ie1,26—1] e the lengths of the (sorted) spanned branches in 7. By the property of
the Brownian excursion, a.s. the coordinate of H,, are almost surely all positive and finite, and
then there exists M such that all the Hoo; belongs to [M !, M] (for a M depending on 7). On
Q,

Tb 25 70, (32)

n
n
and therefore for n large enough, T,, € I';, 2ps.
Denote by (qu)ie[[l,zn—l]] the (sorted) corresponding contents of the spanned branches of T,,
and by (H%)ieﬂl,gﬁ_lﬂ their lengths. The normalized contents are then given by

B, = (A ).
Proposition [0 and Lemma [I8 entail that

(& ier.2e-11:Ha/v/R) ) (G (1 M) ie 2011 Ha/ VA1) — 1,
where the r.v. G (n, H.)’s are independent, and conditionally on H?, =1, (G® (n, H%)) @ G(n,l)
(these variables were introduced in Section EII). On Q, H,/\/n =25 Heo. Conditionally on Hee,

by Proposition B, (G (n,H%))ie[[l,%z—l]] converges in distribution to (gé?)ie[m,{_l]] where the géi’

are independent, and Qéo) is a centered Gaussian vector having as covariance function

cov (G, (G jr) = (— s + b L (g jy=rr o)) Hoosi- (33)

In order to check that this implies the convergence of the finite-dimensional distributions in Theorem
B it suffices to reconstitute the contents of the branches [&, u;]’s by summing the contents of the
spanned branches they contain, and to use that asymptotically, conditionally on H,, these contents
are independent (and that the shape is fixed by [B2) for n large enough). Hence, by (B3), one easily
gets the fact that each Gk,j(si) is Gaussian with the law described in Theorem Pl Knowing V., the
limiting G(s;)’s are obtained as sums of independent Gaussian vectors. To compute the covariance
between Gy, ;(s;) and Gy j/(si7) (for s; < si7), we use that the nodes in [, u; /[ are the common
ancestors of u; and u;. The contents of the branches Ju; 7, u;[ and Ju; #,u}[ are asymptotically
independent. By (B3), one then checks that, knowing Va, the covariance cov (( éé)) ks (Qég ))k’,j’) is
ruled by the common ancestors, and then equals (—pup + Mk]l(m):(k/,j/)) min{h(s), s € [s;, sy#]}.
O
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2.4 Tightness in Theorem

We only prove the tightness of the family (G(), since one already knows that (h,) is tight (since
h, 9, h). In this section, we assume (H;) and (Hs).

We collect in the set Q%’é’%p , the trees with n edges having some suitable properties:
QTP = {T € 7T,,Vt,s € 0,1], |hy(s) — h,(t)| < |t — s\a,mlax lJu(l+ 1) = [u(l)|| < plogn,

lu(n)| < plogn,V(k,j) € Ix,l € (0,|ul], | Auk,; — pl] < ’y\/llogn}.

Lemma 17 For any e > 0, a < 1/2, there exists § >0, v >0, p > 0, s.t. P(Q%’é’%p) >1—c.

According to Lemmas [ and B, and Remark [[ only the condition on the Holderienity of H has
to be checked. We refer to Marckert & Miermont [19, Section 5.2] for a proof of this result.

Let € > 0 be fixed. Set a = 2/5 and choose § > 0, v > 0, p > 0 s.t. P(Q2*7F) > 1 —¢ for n

large enough. For these choices, write 2. instead of QIO

We will establish the following Proposition.

Proposition 18 For any a > 0, there exist 3 > 0, ¢ > 0 s.t. for any sufficiently large n,
E (|ng"> - G§">Hf1lgg) <clt—s"T  for any s,t € [0,1]. (34)

This implies that for any a > 0 the (1 + a)/3-Holder norm of the family (G() is tight, and then
that (G™) is tight in C([0,1])#!5 (recall that G(()") is the null vector of R#/x).

We first point out that using (20), we get that for any a > 0 there exists § > 0 such that for n
large enough E(||G™ (s,,) — G(n)(S)Hf]].QZ) < ¢(s — s,)' 7% Hence, we can restrict ourself to prove
B2) only for s and t such that ns and nt are integer (this is classical). From now on, we assume
that s,t are in [0, 1],, := [0,1] N N/n, and s # t.

We set u; = u(|ns]),us = u(|[nt]), i 2 their deepest common ancestor and D, (s,t) = d(u1, uz).
There exists ' > 0, such that for T' € €., any s,t € [0,1],,, s # t,

Dy(s,t) <2+ Hy(nt) + Hy(ns) —2 min  H,(k) < 2ynd|t — s|*° +2 < &'/nlt — s|*/°.

ke[ns,nt]

Lemma 19 For any o > 0,a > 0, there exist 3 > 0,¢ > 0 s.t. for any s,t € [0,1] such that
|s —t| < (logn)~3, for n large enough,

E(IG" - G"|{ Ta.) < dt— st (35)

Proof. Let s,t € [0,1],, s # t. We use a deterministic bound valid for all trees T in Q.. Let
(k,j) € Ik fixed. As in the proof of Proposition B, it suffices to show that

0P Ay g — | = Aug kg + pluzl|” < cls —¢1te (36)
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Passing via 4 2, the left hand side of (BH]) is smaller than

Cln_6/4 <|14u1,h17 k.j /~“<:|h‘1||ﬁ + |Au27h2k2,j /Lk)|h2||ﬁ =+ 213)

where hy = d(uj,%12) — 1 and hg = d(ug,12) — 1 (the contribution of 1,2 is bounded by the
term 2). Using that |A, ;x; — prl| < v/llogn for any [ and [ < Dy, (s,t) < §'nt/2|t — s5|?/°, we find

0P Ay g — mlun]]® 4 [ Aug o — pnluzll? < ea(t — 5)7/° (log n) /2

and since |t — s| < (logn) =3, |t — 5|%/6(logn)?/? < 1 and then cy(t — 5)%/°(log n)?/? is smaller than
[t — s|'T@ for B and n large enough. OJ

Lemma 20 For any a > 0, there exist >0, ¢ > 0 s.t. for anyt € [0,1], for any n large enough,
E (61 1o.) < ettt (37)
Proof. First, consider the case t = 1. In ., we have |u(n)| < plogn and then
E(|G [/ Ta.) < ca(plogn)’n /"

and this is smaller than c1'*® for any a > 0, ¢ > 0, 3 > 0 for n large enough. By the previous
Lemma and a simple computation (using that max |[u(l 4+ 1)| — |u(l)|| < plogn) one sees that (B1)
is true if ¢ ¢ V,, where

Vi == [(logn)™3,1 — (logn) 7).

Assume now that ¢t € V,,. In Qc, the Holder property of h, and the inequality |u(n)| < plogn,
implies that for t € V,,
u(Lnt))| < Tn(t) := con?[E A (1= 1)) (38)

For any real number a, we denote by a.u the vector (auy)k j)er,- Using @) and (L3)), there
exists ¢z > 0 such that for ¢t € V}, and n large enough, E (HGE") ||f ]195) <

Ha holly
Z Z Qn( Yz 3/21 P <|fN1(a)| = [nt] = h, |f} @l =n+1- LntJ)

thn( ECA
and by Otter than

o = hupallf N (@)(1+ Na(@)P(W it = N1 (@) P(Wirnej1 = 1+ No(@))
Z Z @h(a nﬁ/4_3/21 ({ntj —hh)(n - I_TltJ + 1) - ’

T I
h<In(t)aeN,,

where (W}) is the random walk described in the beginning of Section ZZZIl In order to bound

these two last probabilities, we use a classical concentration property valid for any non-degenerate
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random walk (W} ), (trivial consequence of Petrov [24, Theo. 2.22 p.76]): there exists a constant
c5 such that for any n > 0,

sup P(Wn =y) < c5/vn. (39)

Now, for any a € N[h} Ni(a) and Ny(a) are smaller than Kh, and for any h < L,(t), t € V,, and n
large enough, nt — h > nt/2. We then get

B 12
s Qu(a)lla = hpll{ A
E(IG" I La.) < e Y > nBIA=32([nt] — h)32(n — |nt] + 1)3/2°
h<Ln(t )aENI]

Using Proposition @l we obtain that for any ¢t € V,,

(Za() ™ (LA (1= 1)+

E(|G"|I{ Lq.) < e TR S

Remark 2 The last formula implies that for any a > 0, there exist § > 0, ¢ > 0 s.t. for any
t € V,,, for any n large enough,

E(|GM(111a.) < et A (1 —t)'Fe (40)

This allows to prove a part of Proposition [I8: since E(HGE") - ng)Hf]lQE) < CE(]].QE(Hng)Hl? +
||G H )) when s,t € V,, and s <'t,

—if s <t—s (in this case t < 2(t — s)) then E(HGEH) — Gg")Hf]lgs) < c(t —s)tte,
—if1—t<t—s (in this case 1 — s < 2(t — s)) then

(|G — G|V L) < e((1 =) + (1 )7 < eaft — )+
Thanks to this remarks, only the case s,t € V,,, s < ¢, and
[sA(1—=s)]>t—sand tA(l—t)]>t—s (41)

remains to be checked. So assume that s and ¢ satisfy these constraints.
Consider A, = (A}, A2, A%) = (4

spanned branches in T2 (some of these spanned branches may be empty). We have

)s Ay 2,u2)) A(2,3,..)) the contents of the “three”

U1,2,U1

P, (AL = a;,i = 1,2,3) |[lar — ha.p]|? + |ag — ho-pl|?

E(IGY -G Ile) < > 3 7 (42)

hi,h2,hs3 a1,a2,a3

where the first sum is taken on hy +hz < Ly, (8), ho+hz < L, (t), h1+hy < Dy (s,t) := 5’n1/2]t—s]°‘
where L, () is given in ([B). By 24)), Comment [l and the Otter formula, h1, ha, h3, a1, az, az fixed,

)P(Wr, = Si(0))
F,

Py (Al =a;,i=1,2,3) < en® supH@h (43)
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where the supremum is taken on § = (01,65, 03) € [0, K]®, and where F} = ns + 1 — |u(|ns])| — 1,
Fy =n(t—s)+1— (Ju(|nt])] — |t1z2]), F5 = n(l —t) +1, S = Ni(as) + Ni(a1) + 61, S2 =
Ns(a1) + Ni(az) + 02, S3 = Na(az) + Na(az) + 0s.

We plug this bounds in ([@Z), and bound the left hand side using the following ingredient:
— the probabilities in ([3)) involving the random walks are bounded using ([B9).
—forae N{h}, N;(a) < Kh and then for a constant ¢ > 0,

S1 Klu([ns])] + 61 < cLn(s),
52 < C|D_n(87t)|7

S3 < Klu(|nt])| + 63 < cLy ().

IA

The denominator are bounded using [t—s| > (logn) =3, [tA(1—t)] > (logn)~3, [sA(1—s)] > (logn)~3,

and then for n large enough,
Fiy >ns/2, Fy>n(t—1)/2, F3>n(l-t)/2.
Finally we get that the left hand side of ([@2)) is smaller than

La(8) Ta(t)Dn(5,1) Yy o Soms mmis 1ot Qs (a2) [lla1 — Aapll{ + llaz — ho.pal)?
nB/A=312 [n3(s A (1 — ))(EA (1 — 1)) (t — )]/

Cc

The double sum is smaller than

S BP0 < (Da(s, )22 T (s)
h1,h2,h3

this last factor L, (s) being a bound of hs. Finally,

(Ln(3))° L (1) (D (5, 1) />4
M3(s A (1—3s))tA(1—1t)(t— s)]3/2

E (16 - G{I{Ta, ) < en*2"
By 1), it suffices to take 3 large enough. O

2.5 Proof of Theorem [

Consider the representation of ¢(u) given in (2l). For any s such that ns is an integer,
ra(s) = 1) (s) + 1 (s) (44)

where

Au(ns) kg

rVs) = 23 Y (Y —my),

rng) (3) = n_1/4 Z (Au(ns),k,j - :u’k‘u(ns)’) mg =< G(n) (8)7 77_1) >,
(kvj)elK
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where i = (my ;)1 jyer, and < a,b >= 2 (k. j)elx Oh,jbr,j. For s in [i/n, (i +1)/,n], rsll)(s) and

rg) (s) are defined by linear interpolation. Since h,, ), h in C|0, 1], by the Skorohod representation

theorem [I4, Theorem 3.30], there exists a probability space 2 on which this convergence is a.s..
On this space by Theorem B, G converges in distribution in C([0,1))#/% to GP, where G has
the distribution of G knowing h. Now, since the application

U CO([0,1)#x  — (C[0,1])
(s—g(s) +— (s—<g(s),m>)

is continuous, on {2 we have
d
<gWms Y0 _oghm> (45)
n
in C([0,1]). On Q, r® is a centered Gaussian process with covariance function

cov (x®(s),x®@ (1)) =h(s,t) D Y (—pwpw + g py=qw ) e .
(k‘,])EIK (k/7j/)EIK

(1)

On € (or on an enlarged space), ry’ is the standard head of a discrete snake associated with
independent centered displacements. As shown in [T9], under (H;) and (Hz),

L D) (46)

n

in C([0,1],R) where r(") given h is a centered Gaussian process with covariance function

cov (r(l)(s),r(l)(t)) = h(s,t) Z ,uka,%’j.

It remains to prove that given h, the finite-dimensional distributions of rM and r®@ are in-
dependent. We establish the “asymptotic independence” between the two processes rg) and rg)
knowing h. The arguments are quite straightforward; we just explicit the uni-dimensional case.
Let

1) = {T €T,,V(k,j) € Ix,ueT, !Au,m — ,uk\uH < n1/4+”} )

According to Lemma 9 in [T9], for any v > 0, ¢ > 0, if n is large enough P,(7,Y) > 1 —e. Let

s € ]0,1] (such that ns is an integer), one may compare

Lklu(lns])|—nt/*H ]

rh(s) =n0 Y > (g

with r,gl)(s), where the same r.v. Yk(ly) are involved in both r] and rd. Knowing |u(|ns])|,

(s) is independent of rg)(s) since r;,(s) is a function of the Y} ;’s when rl?) is a function

’s.  We will prove that |rg)(s) — 1, (s)]

/
n

Of the Au(ns),k

r

proba.
=

y 0 which is sufficient to deduce
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that r() and r® are independent given h (in the uni-dimensional case): indeed the distance
in R? between (rﬁl(s),rg)(s),hn(s)) and (rgll)(s),r,(f)(s),hn(s)) goes to 0 in probability; hence
(rﬁl(s),rg)(s),hn(s)) 9, (M (s),r?(s),h(s)) and then (r(V)(s),r?(s)) are independent given
h(s) since (rg(s),rf)(s)) are independent given (hy(s)).

We have

Po(lrr(s) —x)| 2 ) < Bl (s) —rl)| = 2, TY) + Pu(To \ TY)-

n

The last term goes to 0 for any v > 0. The Rosenthal inequality [24,, Theorem 2.11] asserts that if

(X)) is a sequence of centered r.v. and ¢ > 2, then

B(13°X:07) < ela) (3B + (3 var(x)™) (47)
i=1 i=1 i=1
where ¢(q) is a positive constant depending only on ¢. For p satisfying (Hs), we have
P([r,(s) — x| > 2, 7)) <E (m‘p\r;(s) - r%”!p]lzz)
Conditioning at first by the A, s)), and using (), we get P(|r},(s) — rg)\ >ux,T7) <
w( Z 2n1/4+”E(]Yk,j —my;[P) + ( Z 2n1/4+”a,%’j)>p/2)

np/4

and then for v < 1/4, for any > 0 the bound goes to 0.
Hence r is a centered Gaussian process with covariance function sum of the ones of r and
r(®. Using that 2 (k) Bem,; = m = 0, we get cov(r(s),r(t)) = h(s,t) > (ko) ukE(Yﬁj). 0.
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