The height and width of simple trees

P. Chassaing^1, J.F. Marckert^1, M. Yor^2.

The limit law of the couple height-width for simple trees can be seen as a consequence of deep results of Aldous, Drmota and Gittenberger, and Jeulin. We give here an elementary proof in the case of binary trees.

1 Introduction

Let Z_i(t) denote the number of nodes at distance i from the root of a rooted tree t. The profile of the tree t is the sequence (Z_i(t))_{i≥0}. The width w(t) and height h(t) of the tree t are defined by:

w(t) = max_i {Z_i(t)}, h(t) = max{i|Z_i(t) > 0}. Let T^{(n)}_B denote the set of binary trees with n leaves (2n − 1 nodes), endowed with the uniform probability, and let H^{(n)}_B (resp. W^{(n)}_B ) be the restriction of h (resp. w) to T^{(n)}_B . One can also see H^{(n)}_B and W^{(n)}_B as the height and width of a Galton- Watson tree with offspring distribution 0 or 2 with probability 1/2, conditioned to have total progeny 2n − 1 (see [1, pp. 27-28]). Then, the limit law of the height [15, 23] and of the width [7, 13, 25] are given by:

H^{(n)}_B √ 2n law −−→ n→+∞ 2V, (1.1)

W^{(n)}_B √ 2n law −−→ n→+∞ V, (1.2)

where:

Pr(V ≤ x) = ∑ −∞<k<+∞ (1 − 4k^2x^2) exp ( −2k^2x^2 ) . (1.3)

Connections between the distribution of V on one hand, the Brownian motion and Jacobi’s Theta function on the other hand, are discussed in [5, 9, 20]. For instance, let ( e(s) ) 0≤s≤1 denote a standard normalized Brownian excursion (see

Subsection 3.1). Then, the random variables H = ∫_1 0 ds e(s) 1chassain,marckert@iecn.u-nancy.fr

Laboratoire de Mathématiques, Institut Elie Cartan BP 239 54 506 Vandoeuvre les Nancy Cedex 2Université Paris VI, Laboratoire de Probabilités et modèles aléatoires Tour 56 - 4, place Jussieu - 75252 Paris Cedex 05

and W = max_{0≤s≤1} e(s)

satisfy V^{law}= W^{law}= H 2 . (1.4)

The first identity is due to Chung [9], the second was first stressed in [4, p. 69]. The aim of this paper is to give a simple proof of the following theorem:

Theorem 1.1 ( H^{(n)}_B √ 2n , W^{(n)}_B √ 2n )_{law} −−→ n→+∞ (H, W ).

Note that the obvious negative correlation between height and width of a tree with given size n, is reflected in the dependence between

∫_1 0 ds e(s) and max0≤s≤1 e(s).

Previous results [15, 23] about height and width of simple trees belongs to the foundations of computer science. Surprisingly, Theorem 1.1 does not seem to be stated anywhere, though it can be deduced easily from deep results of Aldous on one hand (about the continuum random tree [1, 2]) and on the other hand of Drmota & Gittenberger [12], using a clever idea due to Aldous [3, Th. 3] again. We felt that this consequence of [3, Th. 3] deserved to be pointed out, and that the reader would welcome an ’elementary’ and direct proof.

Let Φ(α, γ, z) denote the confluent hypergeometric function, defined, for |z| < +∞, γ ≠ 0, −1, −2, · · · , by: Φ(α, γ, z) = +∞∑ k=0 (α)_k z^k (γ)_k k!

where (λ)_k = (λ)(λ+1) . . . (λ+k−1). The joint law of (H, W ) has been investigated recently by Catherine Donati-Martin [11]. With the help of the agreement formula for the Itô measure (see [4, 22] and [26]), she obtains the following results:

Theorem 1.2 For λ ≥ 0, α ≥ 0, E ( W exp ( − λ^2 2W^2 − α^2H 2W )) = √ π 2 exp(2λ) Φ^2(1 + α^2/(2λ), 2, 2λ) . As a consequence, for Re(s) > 1, Re(t) < 0 and Re(s + t) > 1:

E(W^sH^t) = √ π 2 2^{5+t−s2} Γ(−t)Γ(^{s+t−1}_2 ) ∫_{+∞} 0 ∫_{+∞} 0 λ^{s+t−2}α^{−(1+2t)} exp(2λ) Φ^2(1 + α^2/(2λ), 2, 2λ) dα d λ.

2 First proof of Theorem 1.1

Aldous [3, Th. 3] proves that, suitably rescaled, the depth-first walk and the profile of a random rooted labeled tree with n nodes converges jointly to (2e, l/2), where l is the local time of the normalized Brownian excursion e, defined by: ∫_a 0 l(x) dx = ∫_1 0 I_{[0,a]} ( e(s) ) ds. Let H^{(n)}_L (resp. W^{(n)}_L ) denote the restriction of h (resp. w) to the set of rooted labeled trees with n nodes, endowed with the uniform probability. Invariance principle yields at once that: 1 √ n ( H^{(n)}_L , W^{(n)}_L )_{law} −→ ( 2 max 0≤t≤1 e(t), 1 2 max_{x≥0} l(x) ) . For a general class of simple trees with n leaves, the proof of [3, Th. 3] is still valid (see [2, Th. 23], and for binary trees, [17]), the limit being now (_{2e} σ ,^{σl}_2 ). Here

σ^2 denotes the variance of the offspring distribution of the corresponding critical Galton-Watson tree (see [1, p. 28, formula (8)] for the meaning of σ in term of simple trees). In the special case of binary trees with n − 1 internal nodes and n leaves, it yields: 1 √ 2n ( H^{(n)}_B , W^{(n)}_B )_{law} −→ ( 2 max 0≤t≤1 e(t), 1 2 max_{x≥0} l(x) ) . (2.5)

Theorem 1.1 is deduced from (2.5) through Jeulin’s description of the local time of Brownian excursion. Let ( e(s) ) 0≤s≤1 be a normalized Brownian excursion

with local time ( l(x) ) x≥0. Define L(y) = ∫_y 0 l(x) dx and ψ(t) = L^{−1}(t) = sup { y | | | ∫_y 0 l(x)dx < t } . Jeulin [18] proved that the process ( ẽ(s) ) 0≤s≤1 defined by:

ẽ(s) = 1 2 l(ψ(s)) (2.6)

is itself a normalized Brownian excursion (see also [4, p. 70] and interesting heuristic arguments [1, pp. 47-48]). Taking the derivative in ψ(t) = L^{−1}(t), we obtain ψ^′ =^1_{L′∘ψ} =^1_{2 ẽ} and ψ(t) = ∫_t 0 du 2 ẽ(u) , so Jeulin’s representation can be rewritten: l ( ∫ s 0 du 2 ẽ(u) ) = 2 ẽ(s). (2.7)

A direct consequence is the identity: ( 2 max 0≤t≤1 e(t), 1 2 max_{x≥0} l(x) ) = ( ∫ 1 0 ds ẽ(s) , max 0≤s≤1 ẽ(s) ) . (2.8)

The equality between first components of (2.8) follows from (2.7) because ∫_1 0 ds 2 ẽ(s) = ψ(1) = max_{0≤s≤1} e(s) , (2.9)

while the equality between second components follows by taking the maximum on each side of (2.7). Thus, (2.5) is equivalent to Theorem 1.1. □

Thus Theorem 1.1 is a direct consequence of Jeulin’s representation [18], and of [3, Theorem 3] which relies itself on two deep, but technical, papers [2, 12]. The line of the second proof of Theorem 1.1 is close to that of [7, 25]: the profile of the tree is seen as the breadth-first search random walk, changed of time, giving a discrete converse of Jeulin’s representation. That the change of time has precisely the form given by Jeulin, follows, in the discrete case, from a counting principle due to Odlyzko [8, 21].

3 Second proof of Theorem 1.1

3.1 Brownian excursion and Bernoulli excursion

Let us call Bernoulli excursion of size 2n, any 2n-steps random walk ω = ( S_k(ω) ) k=0,··· ,2n that satisfy:

S_0(ω) = 0 , S_{2n}(ω) = 0, S_{k+1}(ω) = S_k(ω) ± 1 and S_k(ω) > 0 for k ∈ {1, · · · , 2n − 1}. Let Es(2n) denote the set of Bernoulli excursions of size 2n, endowed with the uniform probability. It is well known that

#Es(2n) = #T^{(n)}_B = ( 2n − 1 n − 1 ) 1 2n − 1 , is the n − 1^{th} Catalan number: C_{n−1} (see [24, pp.220-221, and 256-257]). Note that there is an obvious one-to-one correspondence between Bernoulli excursions and Dyck paths.

Any Bernoulli excursion ω defines a random element

e_n(t) = S_{⌊2nt⌋} √ 2n , 0 ≤ t ≤ 1, of the set D([0, 1]) of right continuous left limit functions, endowed with the Skorohod topology. The weak limit of e_n is called the normalized Brownian excursion (see [16]). The normalized Brownian excursion e is usually defined by the following path transformation of the standard linear Brownian motion B = (B_t)_{t≥0}: let g (resp. d) be the last zero of B before 1 (resp. after 1), and set e(t) = B_{g+t(d−g)} √ d − g , 0 ≤ t ≤ 1. 3.2 Breadth-first search correspondence

Let S_k be the height of the queue at the k^{th} step of the breadth-first search of a rooted binary tree t ∈ T^{(n)}_B (see [10, Section 23.2], and Figure (3.1) for an example). Then ω = ( S_k ) k=0,··· ,2n belongs to Es(2n), and this is a one-to-one correspondence

(for instance, one can adapt [24, p. 256, 6.19.d]). We explain below how to obtain an expression of (h(t), w(t)) in term of functionals of the corresponding Bernoulli excursion ω.

Figure 3.1 : Excursion - Binary tree

The width

As already noted in [7, 19, 25], the profile of t can be read on ω: assuming S_k(ω) = 0 for k ≥ 2n + 1, we have Z_0(t) = S_1(ω) = 1 Z_1(t) = S_{1+Z0(t)}(ω) Z_2(t) = S_{1+Z0(t)+Z1 (t)}(ω) . . . Z_{k+1}(t) = S_{1+Z0(t)+···+Zk (t)}(ω). Set Λ(k) = 1 + Z_0(t) + · · · + Z_{k−1}(t), M_{2n}(ω) = max_k S_k(ω).

The triplet (S, Z, Λ) can be seen as the discrete version of (ẽ, l, L) appearing in Jeulin’s representation. Since W^{(n)}_B (t) = max_k S_{Λ(k)}(ω), we obtain:

M_{2n}(ω) ≥ W^{(n)}_B (ω), but, actually, moderate variation of S_k (see Lemma 3.3) yields that:

Lemma 3.1 E [ |W^{(n)}_B (t) − M_{2n}(ω)| ] = O(n^{1/4} √ log n).

The height Set Ψ(k) = 2k−1∑

j=1 1 S_j (ω) , Ψ̃(k) = −1 + inf{j | Λ(j) = 2k}.

We see easily that H^{(n)}_B (t) = Ψ̃(n). (3.10) The following Lemma can be seen as the discrete version of (2.9):

Lemma 3.2 E [ |H^{(n)}_B (t) − Ψ(n)| ] = o( √ n).

Remark. Obviously, if the speed of a traveller at point y of the line is s(y), then the duration t of the journey from point 0 to point x satisfies: t = ∫_x 0 dy s(y) . (3.11)

Lemma 3.2 can be seen as a stochastic analog of relation (3.11), as H^{(n)}_B (t) is the time needed to go from point 0 to point 2n, doing one step (from Λ(k) to by Λ(k + 1)) by time unit, so the speed at point Λ(k) is Λ(k + 1) − Λ(k) = S_{Λ(k)}. This counting principle was used in [8, Section 2] and [21] in order to study the average cost of some search algorithms.

3.3 Proofs of Lemmata 3.1 and 3.2

The proofs of Lemmata 3.1 and 3.2 rely on a property of moderate variation of Bernoulli excursions, inherited from the simple symmetric random walk. Let Ω̃_c(2n) denote the set of Bernoulli excursions ω = (S_k (ω))_{k=0,··· ,2n} such that for any l, k in the set { 0, 1, · · · , 2n } , |S_k(ω) − S_l(ω)| ≤ c √ |k − l| log n. Lemma 3.3 For every β > 0 there exist c > 0 such that, for n sufficiently large:

Pr(Ω̃_c(2n)) ≥ 1 − n^{−β}.

Proof : The lemma is easily proved for a simple symmetric random walk ω = (S_k(ω))_{k=0,··· ,2n}, using Chernoff bounds: ∀x ≥ 0, ∀k, Pr(|S_k (ω)| > x) ≤ 2 exp(− x^2 2k ) (see for instance [8]). But Pr(Ω̃_c(2n)) in Lemma 3.3 is just Pr(ω ∈ Ω̃_c(2n)| ω ∈ Es(2n)), and in the other hand the probability that a simple symmetric random walk ω belongs to Es(2n)) is Θ(n^{− 32} ). Finally, choose A = ∁Ω̃_c(2n) in: Pr(ω ∈ A | ω ∈ Es(2n)) ≤ Pr(ω ∈ A) Pr(ω ∈ Es(2n)) ≤ c_1n^{32} Pr(ω ∈ A). □

Proof of Lemma 3.1: We have 0 ≤ E ( M_{2n}(ω) − W^{(n)}_B (t) ) = E ( M_{2n}(ω) − max_k S_{Λ(k)}(ω) ) . We consider an index K(ω) such that M_{2n}(ω) = S_{K(ω)}(ω). There exists an integer i(ω) such that

Λ(i) ≤ K ≤ Λ(i + 1).

Then,

E(M_{2n} − max_k S_{l(k)}) ≤ E(S_K − S_{Λ(i)}) ≤ E ( I_{Ω̃c}c √ (K − Λ(i)) log(2n) + n I_{∁Ω̃c} ) ≤ E ( c √ M_{2n} log(2n) ) + n Pr(∁Ω̃_c) = O ( n^{1/4}(log n))^{3/4} ) ,

for c large enough. □

Proof of Lemma 3.2. For any positive integers l, k, such that k ≤ l ≤ 2n − k, we have

Pr(S_k = l) = n l^2 k(2n − k) ( k k−l 2 )( 2n − k 2n−k−l 2 ) (_{2n−2} n−1 ) I_{k≡l[2]}, (3.12)

since^l_k ( k k−l 2 ) is the number of positive paths from (0, 0) to (k, l), and^l_{2n−k} ( 2n − k 2n−k−l 2 ) is the number of positive paths from (k, l) to (2n, 0). We have

H^{(n)}_B = Ψ̃(n) =

Ψ̃(n)−1 ∑ i=0

Λ(i+1)−1 ∑ h=Λ(i) 1 Z(i) .

Let α be a real number in ]0, 1/2[. Then | | Ψ̃(n)−1 ∑ i=0

Λ(i+1)−1 ∑ h=Λ(i) 1 Z(i) − 2n−1∑

h=1 1 S_h | | ≤ 2n^{1/2−α} + An + Bn where A_n ≤ Ψ̃(n)−1 ∑ i=0

Λ(i+1)−1 ∑ h=Λ(i) | | 1 Z(i) − 1 S_h | | I_{Z(i)≥(log}1+ε_{n)} I_{[n}1/2−α_{,2n−n}1/2−α_](h),

B_n ≤ Ψ̃(n)−1 ∑ i=0

Λ(i+1)−1 ∑ h=Λ(i) | | 1 Z(i) − 1 S_h | | I_{Z(i)≤(log n)1+ε} I_{[n1/2−α,2n−n1/2−α]}(h).

First, E(B_n) ≤ E ( #{h|h ∈ [n^{1/2−α}, 2n − n^{1/2−a}], S_h ≤ (log n)^{1+ε}} )

≤ 2n−n^{1/2−α} ∑ h=n^{1/2−α}

[log^{1+ε} n] ∑ l=1 Pr(S_h = l)

= O(log^{3+3ε} n) where the last equality follows from (3.12), Stirling formula and (_k k/2 ) ≥ (_k (k−l)/2 ) . Clearly, I_{∁Ω̃c(2n)}(ω)A_n ≤ nI_{∁Ω̃c(2n)}(ω). Finally, using the moderate variation property to bound | | | 1 Z(i) − 1 S_h | | |, we obtain:

I_{Ω̃c(2n)}(ω)A_n ≤ (log^{−ε/2} n) Ψ(n).

Lemma 3.2 follows, for c large enough. □

3.4 Convergence of ( Ψ(n), M_{2n} ) Lemmata 3.1 and 3.2 together yields that: 1 √ n ‖ ‖(H (n)_B , W (n)_B ) − (Ψ(n), M_{2n}) ‖ ‖ 1 = o(1).

Thus, the proof of Theorem 1.1 reduces to the proof of

Proposition 3.4 1 √ 2n (Ψ(n), M_{2n})^{law}−→ ( ∫ 1 0 1 e(s) ds, max 0≤s≤1 e(s) ) .

We use the following Lemma [6, Th.4.2 p.25]:

Lemma 3.5 Let (X_n)_n and (X^{(a)}_n )_{n,a} be two families of R^2 valued r.v., defined on the same probability space, such that: (X^{(a)}_n )_n^{law}−→_{n−→+∞} X^{(a)} and X^{(a) law}−→_{a−→0} X. Assume that lim_{a−→0} [ lim sup n−→+∞ P (‖X_n − X^{(a)}_n ‖_1 ≥ ϵ) ] = 0 for each positive ϵ. Then X_n^{law}−→ X.

Proof of Proposition 3.4 : We have M_{2n}/ √ 2n = max_{0≤t≤1} e_n(t) and Ψ(n) √ 2n = 1 2n 2n−1∑

k=1 1 e_n(k/2n) .

Define Ψ^{(a)}(n) by

Ψ^{(a)}(n) = 1 2n 2n−1∑

k=1 I_{{en≥a}} e_n(k/2n) . Set X_n = 1 √ 2n ( Ψ(n), M_{2n} ) , X^{(a)}_n = 1 √ 2n ( Ψ^{(a)}(n), M_{2n} ) , X = ( ∫ 1 0 1 e(s) ds, max 0≤s≤1 e(s) ) , X^{(a)} = ( ∫ 1 0 I_{{e(s)≥a}} e(s) ds, max 0≤s≤1 e(s) ) . Proposition 3.4 is equivalent to X_n^{law}−→ X. The convergence of X^{(a)}n to X^{(a)} when n goes to ∞ results from the continuity of the functional. To conclude, it suffices to prove the two following lemmas:

Lemma 3.6 There exists a positive constant C_1 such that, for any a > 0,

‖X_n − X^{(a)}_n ‖_1 = 1 √ 2n E (^{2n−1}∑ k=1 I_{Sk ≤a}^√_{2n} S_k ) ≤ C_1 a.

Lemma 3.7 There exists a positive constant C_2 such that, for any a > 0,

‖X − X^{(a)}‖_1 = E ( ∫ 1 0 I_{e(s)≤a} e(s) ds ) ≤ C_2 a.

Proof of Lemma 3.6 : Using Formula (3.12), we have 1 √ 2n E (^{2n−1}∑ k=1 I_{Sk ≤a}^√_{2n} S_k ) = 1 √ 2n 2n−1∑

k=1 a √ 2n∑ l=1 P̃(S_k = l) l ≤ c_1. n √ n (_{2n−2} n−1 ) n∑ k=1 a √ 2n∑ l=1 l (_{kk−l} 2 )(_{2n−k2n−k} 2 ) k(2n − k) I_{k≡l[2]}

≤ c_2 1 √ n a √ 2n∑ l=1 n∑ k=1 l (_{kk−l} 2 ) 2^kk I_{k≡l[2]}.

Note that l (_{kk−l} 2 ) 2^kk

I_{k≡l[2]} = P(S_k = l) l k P(S_k = l) l k = l k 1 2π ∫_{2π} 0 cos^k(t) cos(lt)dt = 2 π ∫_{π/2} 0 sin(lt) cos^{k−1}(t) sin t dt for k ≥ 1.

Thus, 1 √ 2n E (^{2n−1}∑ k=1 I_{Sk ≤a}^√_{2n} S_k ) ≤ c_3 √ n a √ 2n∑ l=1 ∫_{π/2} 0 sin(lt) sin t

1 − cos^n t 1 − cos t dt

= c_3 √ n a √ 2n∑ l=1 ∫_{π/2} 0 sin(lt)

(1 + cos t)(1 − cos^n t) sin t dt.(3.13) Let us expand this sum and bound its terms. Set

I_l = ∫_{π/2} 0 sin(lt) cos t

sin t dt, J_l = ∫_{π/2} 0 sin(lt) sin t dt. We notice that

J_l = I_{l−1} + sin((l − 1)^π_2 ) l − 1 and I_l = J_{l−1} + sin(^{πl}_2 ) l . So J_l and I_l are uniformly bounded. We have | | ∫_{π/2} 0 sin(lt) sin t cos^n t dt | | ≤ ∫_{π/2} 0 | | sin(lt) sin t | | cos_n t dt

≤ l ∫_{π/2} 0 cos^n t dt = √ π 2 l Γ (_{n+1} 2 ) Γ(n/2 + 1)

Due to Stirling formula, this last term is uniformly bounded for l ∈ {1, · · · , a √ 2n}, so the terms of the sum in (3.13) are uniformly bounded and the proof is complete. □ Proof of Lemma 3.7 : According to [14, Prop. 3.4], E ( ∫ 1 0 I_{e(s)≤a} ds ) = 1 − 2e^{−2a2} ,

we have: E ( ∫ 1 0 I_{e(s)≤a} e(s) ds ) = ∫_a 0 8e^{−2a2} da ≤ 8 a. □

References

[1] D. Aldous, (1991) The continuum random tree II: An overview, Stochastic analysis, Proc. Symp., Durham. UK 1990, Lond. Math. Soc. Lect. Note Ser. 167, 23-70.

[2] D. Aldous, (1993) The continuum random tree III, Ann. of Probab. 21, No.1, 248-289.

[3] D. Aldous, (1998) Brownian excursion conditionned on its local time, Elect.

Comm. in Probab., 3 , 79-90.

[4] P. Biane, M. Yor, (1987) Valeurs principales associées aux temps locaux browniens, Bull. Sci. Maths 111, 23-101.

[5] P. Biane, J. Pitman, M. Yor, (1999) Probability laws related to the Jacobi theta and Riemann zeta functions, and Brownian excursions, (see http://www.stat.berkeley.edu/∼pitman/)

[6] P. Billingsley, (1968) Convergence of Probability Measures. John Wiley & Sons, Inc., New York-London-Sydney.

[7] P. Chassaing, J.F. Marckert, (1999) Parking functions, empirical processes and the width of rooted labeled trees, preprint Elie Cartan, Université Nancy I. [8] P. Chassaing, J.F. Marckert, M. Yor, (1999) A Stochastically Quasi-Optimal Search Algorithm for the Maximum of the Simple Random Walk, to appear in Ann. of App. Prob.

[9] K.L. Chung, (1976) Excursions in Brownian motion, Ark. för Math., 14, 155- 177.

[10] T. H. Cormen, C. E. Leiserson, & R. L. Rivest, (1990) Introduction to algorithms, MIT Press, Cambridge, MA; McGraw-Hill Book Co., New York.

[11] C. Donati-Martin, (1999) Some remarks about the identity in law for the Bessel

bridge

∫_1 0 ds r(s) (law) = 2 sup_{s≤1} r(s), prepub. Toulouse.

[12] M. Drmota, B. Gittenberger, (1997) On the profile of random trees, Random Structures Algorithms 10, no. 4, 421–451.

[13] M. Drmota, B. Gittenberger, (2000) The width of Galton-Watson trees, preprint.

[14] R.T. Durrett, D.L. Iglehart, (1977) Functionals of Brownian meander and Brownian excursion, Ann. Probab. 5, 130-135.

[15] P. Flajolet, A. Odlyzko, (1982) The average height of binary trees and other simple trees, J. Comp. and Sys. Sci., Vol. 25, No.2.

[16] I.I. Gikhman, A.V.Skorohod, (1969) Introduction to the theory of random processes, W.B. Saunders, Philadelphia.

[17] W. Gutjahr, G. Ch. Pflug, (1992) The asymptotic contour process of a binary tree is Brownian excursion, Stochastic Proc. Appl. 41, 69-90.

[18] Th. Jeulin, (1980) Semi-martingales et grossissement d’une filtration, Lecture Notes in Mathematics, 833, Springer-Verlag.

[19] D.G. Kendall, (1951) Some problems in the theory of queues, J. of the Roy.

Stat. Soc. B 13, 151-185.

[20] G. Louchard, (1984) Kac’s formula, Levy’s local time and Brownian excursion, J. Appl. Prob. 21 , 479-499.

[21] A.M. Odlyzko, (1995) Search for the maximum of a random walk, Ran. Struct.

Alg., Vol. 6, p. 275-295.

[22] J. Pitman, M. Yor, (1996) Decomposition at the maximum for excursions and bridges of one-dimensional diffusions, Ito’s stochastic calculus and probability theory. Springer. 293-310.

[23] A. Renyi, G. Szekeres, (1967) On the height of trees, J. Aust. Math. Soc. 7, 497-507.

[24] R. P. Stanley, (1999) Enumerative combinatorics. Vol. 2., Cambridge Studies in Advanced Mathematics, 62. Cambridge University Press, Cambridge.

[25] L. Takács, (1993) Limit distributions for queues and random rooted trees, J.

Appl. Math. Stoch. Ana., 6 , No.3, p.189 - 216.

[26] D. Williams, (1990) Brownian motion and the Riemann zeta-function, Disorder in physical systems, Clarendon press, Oxford, 361-372.