
Adjaent vertex-distinguishing edge oloring of graphs withbounded maximum degreeMarthe Bonamy 1, Niolas Bousquet 1, and Hervé Hoquard 21 LIRMM, Université Montpellier 2, Frane2 LaBRI, University of Bordeaux, FraneExtended AbstratIn the following we only onsider simple graphs with no isolated edges. A proper edgeoloring of a graph G = (V,E) is an assignment of olors to the edges of the graph suhthat two adjaent edges do not use the same olor. An adjaent vertex-distinguishing k-edgeoloring, or k-avd-oloring for short, of a graph G is a proper edge oloring of G using atmost k olors suh that, for every pair of adjaent verties u, v, the set of olors of theedges inident to u di�ers from the set of olors of the edges inident to v. Adjaent vertex-distinguishing olorings are also known as adjaent strong edge oloring and 1-strong edgeoloring. We denote by χ′
avd

(G) the avd-hromati number of G, whih is the smallest integer
k suh that G an be k-avd-olored.Zhang et al. ompletely determined the avd-hromati number for paths, yles, trees,omplete graphs, and omplete bipartite graphs [5℄. Moreover, they proposed the followingonjeture [5℄, where ∆(G) denotes the maximum degree of G:Conjeture 1 If G is a onneted graph with at least 6 verties, then χ′

avd
(G) ≤ ∆(G) + 2.Balister et al. [1℄ proved Conjeture 1 for graphs with maximum degree three and forbipartite graphs.Let mad(G) = max

{

2|E(H)|
|V (H)| , H ⊆ G

} be the maximum average degree of the graph G,where V (H) and E(H) are the sets of verties and edges of H , respetively.Wang and Wang [3℄ linked maximum average degree and avd-olorings , and their resultswere further improved by Hoquard and Montassier [2℄:Theorem 2 [3, 2℄ Let G be a graph with maximum degree ∆(G).1. If ∆(G) ≥ 3 and mad(G) < 3, then χ′
avd

(G) ≤ ∆(G) + 2.2. If ∆(G) ≥ 3 and mad(G) < 3− 2
∆(G) , then χ′

avd
(G) ≤ ∆(G) + 1.Two main questions arise from these partial results: an this threshold of 3 as an upper-bound on mad(G) be reahed with a su�iently large lower-bound on ∆(G) in the ase ofTheorem 2.2, and broken in the ase of Theorem 2.1?We answer positively to these questions with Theorem 3.1, and prove more preiselythat there is no threshold in the ase of Theorem 2.2 (and thus in the ase of Theorem 2.1).Theorem 3.2-3 are re�nements of it for small upper-bounds on mad(G).Theorem 3 Let G be a graph with maximum degree ∆(G) and maximum average degree

mad(G).1. For all m ≥ 5
2 , if ∆(G) ≥ 16m2 and mad(G) < m, then χ′

avd
(G) ≤ ∆(G) + 1.2. If ∆(G) ≥ 7 and mad(G) < 3, then χ′

avd
(G) ≤ ∆(G) + 1.3. If ∆(G) ≥ 3 and mad(G) < 3− 1

∆(G)−1 , then χ′
avd

(G) ≤ ∆(G) + 1.
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Theorem 3 is proved using disharging methods. The proof of Theorem 3.1 is heavilyinspired from a beautiful proof by Woodall [4℄ for a similar statement in the ase of list edgeoloring with ∆ olors. Note that list edge oloring is similarly onjetured to be alwayspossible with ∆ + 1 olors. The main idea in the proof of Theorem 3.2 is that a minimal(minimal in the lexio-graphi order) ounter-example ontains no yle in whih every edgeis inident to at least one vertex of degree 2. In the proof of Theorem 3.3, we onsidera tree-like on�guration of unbounded size that ontains all the loally problemati ases,and we prove that it annot be problemati on the whole graph if the upper-bound on themaximum average degree is respeted.Referenes[1℄ P. N. Balister, E. Gy®ri, J. Lehel, and R. H. Shelp. Adjaent vertex distinguishingedge-olorings. SIAM J. Disrete Math., 21:237�250, 2007.[2℄ H. Hoquard and M. Montassier. Adjaent vertex distinguishing edge oloring ofgraphs with maximum degree ∆. J. Comb. Optim., aepted for publiation DOI:10.1007/s10878-011-9444-9, 2012.[3℄ W. Wang and Y. Wang. Adjaent vertex distinguishing edge-olorings of graphs withsmaller maximum average degree. J. Comb. Optim., 19:471�485, 2010.[4℄ R. Woodall. The average degree of a multigraph ritial with respet to edge or totalhoosability. Disrete Math., 310:1167�1171, 2010.[5℄ Z. Zhang, L. Liu, and J. Wang. Adjaent strong edge oloring of graphs. Appl. Math.Lett., 15:623�626, 2002.
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