
Chapter 10

Proof Nets for Multimodal Categorial
Grammars

RICHARD MOOT AND QUINTIJN PUITE

ABSTRACT. We presenta novel way of usingproof netsfor multimodalcategorial grammars,
which providesa generaltreatmentof both the unaryandbinary connectives. We also intro-
ducea correctnesscriterionwhich is valid for a largeclassof structuralrulesandsketchbasic
soundnessandcompletenessresults.

10.1 Introduction

Sincetheintroductionof proofnetsasanelegantprooftheoryfor themultiplicative
fragmentof linear logic in [Girard87] a numberof attemptshave beenmadeto
adaptthisproof theoryto avarietyof categorialgrammars,asshown by work from
e.g.[Roorda91], [Morrill 96] and[Moortgat97].

In thisarticlewewill presentanew wayof lookingatproofnetsfor multimodal
categorial grammars.We will show how we canuniformly handleboththeunary
and binary connectives and how we have a naturalcorrectnesscriterion for the
baselogic

�����
togetherwith a set� of structuralrulessubjectto someminimal

condition.
After presentingthe sequentcalculus,we will introduceproof structuresfor

our calculus. Thenwe will look at slightly moreabstractgraphs,calledhypoth-
esisstructures,on which we will formulatea correctnesscriterion in the form of
graphcontractions.Proofnetswill bethoseproof structuresof which thehypoth-
esisstructureconvertsto a tree. We will briefly sketchhow to prove our calculus
is soundandcompletewith respectto the sequentcalculusandconcludewith a
discussioncomparingour proof net calculusto otherapproachesandaddressing
someopenquestions.

10.2 Sequent Calculus

Thesequentcalculusfor our logic, asgivenin [Moortgat97], is thefollowing.
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In additionto the rulesabove, the calculusis allowed to have any numberof
structuralrules,schematicallyof theform

�� =?>�� �A@CB*D*D*D?B*�FEG�����
�
�� =�� �FHJI�B*D*D*D�B*�FHLK*���A�
� �

SR
�

where
=

and
=M>

aretreesbuilt from thestructuraloperators
&�NO'*)GNP,

and
��NP���

withQ structuralvariablesasleavesandwhereR is a permutationof theseleaves. As
a consequence,eachstructuralvariableoccursoncein thepremissandoncein the
conclusionof astructuralrule.

This restrictionguaranteesthe structuralrulesof contractionandweakening
will never be derivablein our logic andasa consequenceall our connectivesare
multiplicativesin thesenseof [DR 89].

Illustration: wh-extraction in English

To give an indicationof how we canusethecalculusdescribedabove to give an
accountof linguisticphenomena,wewill look atwhatisoftencalledwh-extraction.

Tokeepthecurrentdiscussionsimplewewill only lookatthewhword‘whom’,
whichweanalyseasanounmodifierselectingasentencefromwhichanounphrase
is missing.Therestriction‘whom’ imposesis thatthismissingnounphrasecannot
occurin subjectposition,asindicatedby thefollowing examples.

(10.1) S agentwhom
�T�U�VEXW

interrogatedNeo
�VY

(10.2) agentwhom
�
Trinity escaped

�U�VEXW��VY

(10.3) agentwhom
�
Morpheusconsidered

�U�VEXW
dangerous

�VY
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To modelthis behaviour, we give a very simplegrammarfragmentwith only
one binary and one unary mode. An extracted QM[ is marked as

�]\ # %\ QM[ . As� � #�%� �^�_�
is a theoremof the baselogic for all ` and

�
, this allows these

constituentsto functionasan QM[ . What is crucial is that theL
#�%� rule, readfrom

premissto conclusion,introducesunarybrackets,whichmakesthefollowing struc-
tural rulesavailablefor

��Na� \
.

�b� �;@c' \ &��ed]' \ ���efg� \ ,����!�
�b� &��;@c' \ �edL,?' \ ���efL� \ ���!� �

P1
�

�b� &��;@c' \ ���efg� \ ,?' \ �edU���!�
�b� &��;@c' \ �edL,?' \ ���efL� \ ���!� �

P2
�

It shouldbenoted,however, that theserulesallow a
����� \

constituentto move
only from a right branchof astructureto anotherright branch.As asubjectwould
appearona left branch,thispreventssubjectextractionasdesired.

The lexicon, with which we can derive the well-formed expressionsgiven
above is thefollowing:

lex(agent) h Q
lex(dangerous) h Q 4 \ Q
lex(Neo) h QM[
lex(Trinity) h QM[
lex(Morpheus) h QM[
lex(escaped) h & QM[ 8 \gi ,�4 \ QM[
lex(interrogated) h & QM[ 8 \gi ,�4 \ QM[
lex(considered) h &�& QM[ 8 \gi ,�4 \ & Q 4 \ Q ,�,�4 \ QM[
lex(whom) h & Q 8 \ Q ,�4 \ & i 4 \G�]\ #�%\ QM[ ,

1 EXAMPLE Giventheabove lexicon andstructuralrules,we cangive a derivation
of expression10.2above, ‘agentwhichTrinity escaped’,asfollows.

QM[ � QM[ AX

QM[ � QM[ AX i � i AX

QM[ ' \ QM[ 8 \ji � i L
8 \

QM[ ' \ &�& QM[ 8 \gi ,�4 \ QM[ ' \ QM[ ,c� i L
4 \

QM[ ' \ &�& QM[ 8 \gi ,�4 \ QM[ ' \ �$#�%\ QM[ � \ ,2� i L
#�%\

& QM[ ' \ & QM[ 8 \Li ,�4 \ QM[ ,M' \ �$#�%\ QM[ � \ � i
�
P1
�

& QM[ ' \ & QM[ 8 \gi ,�4 \ QM[ ,+' \k�l\ # %\ QM[ � i L
� \

QM[ ' \ & QM[ 8 \gi ,�4 \ QM[ � i 4 \G�]\ #�%\ QM[ R
4 \ Q � Q AX Q � Q AX

Q ' \ Q 8 \ Q � Q L
8 \

Q ' \ &�& Q 8 \ Q ,�4 \ & i 4 \ � \ # %\ QM[ ,M' \ & QM[ ' \ & QM[ 8 \ i ,�4 \ QM[ ,�,2� Q L
4 \
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10.3 Proof Structures

Readersfamiliar with proof structuresas presentedin e.g. [Girard87] will note
thatwe follow [Puite98] in allowing a proof structureto have hypothesesin addi-
tion to conclusions.Doing someanswe will have two (symmetric)links for each
connective; onefor whenit occursasa premissandonefor whenit occursasa
conclusion.

1 DEFINITION A link is a sequenceof premissesand a sequenceof conclusions,
whereoneof either the premissesor conclusionsis the output or main formula
andthe otherpremissesandconclusionsarethe input or active formulas. When
theoutputformula is a premisswe will call the link a left link. Whentheoutput
formulais aconclusionwe will call thelink a right link.

Links aredisplayedas shown below, with the premissesabove the link and
the conclusionsbelow, both numberedaccordingto their linear order (when no
confusionis possiblewe will often omit the numberingandorder the premisses
andconclusionsfrom left to right).[ @ m*m*m [Tn

L

m*m*m [ EI o KI p
q @ m*m*m qsr

[ @ m*m*m [ EI KI o p
q @ m*m*m q<n

R

m*m*m qsr
We alsoneedto distinguishbetweentensorlinks andpar links. Conformtra-

dition, we representthisgraphicallyby drawing asolidhorizontalline for a tensor
link andadashedhorizontalline for aparlink.

2 DEFINITION A proofstructure
��t?B<ue�

consistsof afinite set
t

of formulastogether
with aset

u
of links in

t
of thefollowing forms,for eachbinarymodev andunary

modè :
� � �

L w/x�
�

� � �
R w*x

�3.*)y�
L z|{

I }
� �

� �I }
�3.*)0�

Rz~{
#�%� �

L ���x �
�

#�%� �
R �U�x

� �38*)+�
L �|{

I }
�

�I }
� �38*)+�

R�|{
�54*)+�

L ��{
�I }

�
�I }

�:4 ) �
R ��{

�
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suchthatthefollowing holds:.
every formulaof

t
is atmostonceaconclusionof a link..

every formulaof
t

is atmostonceapremissof a link.

Formulaswhicharenota conclusionof somelink arethehypotheses� of the
proof structure,while thosethatarenot a premissof somelink areits conclusions�

.
Note that thereareno links correspondingto the axiomor cut rule in these-

quentcalculus. Insteadwe will have axiomaticandcut formulas. An axiomatic
formula is a formula which is not the main formula of any link, whereasa cut
formulais a formulawhich is themainformulaof two links.

2 EXAMPLE Theproofstructurecorrespondingto thesequentproofof example1 is
thefollowing.

& Q 8 \ Q ,�4 \ & i 4 \ � \ #�%\ QM[ ,
L ���

i 4 \ � \ #�%\ QM[
Q 8 \ QQ

L ���Q

i
R �V�

QM[ QM[ 8 \ji
L ���

& QM[ 8 \gi ,�4 \ QM[
L �V�

QM[
#�%\ QM[

L � ��

�l\ # %\ QM[
L w��

Therearefiveaxiomaticformulasin thisproofstructure:both Q formulas,bothQM[ formulasandthe
i

formula,eachcorrespondingto oneinstanceof theaxiom
rule in thesequentproof.

Note that the antecedentformulasof the end-sequentcorrespondto the hy-
pothesesof the proof structureand the succedentformula to its conclusion,and
that every logical link in the proof structurecorrespondsto a logical rule of the
samenamein thesequentproof.

We canshow by simpleinductionon the lengthof thesequentproof that it is
alwayspossibleto constructa proof structurehaving thepropertiesmentionedin
theexampleabovefor agivensequentproof. However, theconversedoesnothold:
thereareproof structureswhich do not correspondto any derivable sequent.A
correctnesscriterionallows usto distinguishproofstructureswhichdocorrespond
to derivablesequents,proof nets, from otherproofstructures.
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10.4 Hypothesis Structures

To formulateour correctnesscriterionwe needslightly moreabstractgraphsthan
proof structures.Wewill call thesestructureshypothesisstructures.

3 DEFINITION A hypothesisstructure
���AB<u��

consistsof a finite set
�

of vertices,
whereeachvertex is assigneda setof premissesanda setof conclusions,together
with aset

u
of links in

�
of thefollowing forms:

�
�
�$� x � �I }

�
� {

�
L w/x�

�
L z|{

I }
� �

�
�

R �U�x �I }
� �

R�~{ �I }
�

R ��{
�

suchthatthefollowing holds:.
every vertex of

�
is at mostonceaconclusionof a link..

every vertex of
�

is at mostonceapremissof a link.

Furthermore,we assignto eachvertex a setof premissesanda setof conclu-
sions,wherewe requirethateachvertex which is a hypothesis(resp.conclusion)
of thestructurehasa singleformulain its setof premisses(resp.conclusions)and
for all otherverticesthissetis empty.

Graphically, we will displaypremissesabove andconclusionsbelow their ver-
tex.

From a proof structurewe canconstructa uniquehypothesisstructureby re-
placing

�
L
4*)��

,
�
L
8*)��

and
�
R
.*)V�

links by
� '*)V�

links, replacing
�
L
#�%� � and

�
R
� � � link

by
����� � �

links anderasingall formulasexceptthosewhichareeitherapremissor a
conclusionof theproof structure.

4 DEFINITION A hypothesistreeis anacyclic, connectedhypothesisstructurecon-
tainingonly

� '*)��
and

�������|�
links.

A hypothesistree� with premisses
��@UB*D*D*D�B*��E

andconclusion
�

corresponds
to asequentwith antecedentformulas

��@CB*D*D*D�B*��E
andsuccedentformula

�
in the

obviousway.

3 EXAMPLE Thehypothesisstructurecorrespondingto theproofstructureof exam-
ple 2 is thefollowing
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� E��<��EJ���C� � Y9�C�����~�F�� E�W��� �
�
� �E

�
�E
� �

�
R ���

E�W
� �� �

� E�W��<��YU���C��EXW� �� �

� �$� �

�
L wU�

The hypothesisstructureof the exampleabove is not a hypothesistree. This
doesnot meanit is not a proof net, of course. We will definea numberof con-
versionson hypothesisstructures:contractions,which arevalid in thebaselogic,
andstructuralconversions,which correspondto thestructuralrulesin thesequent
calculus.

By acontractionwewill meanthereplacementof oneof thefollowing pairsof
links by a singlenode.Contractionswill benamedafter thepar link. We require
thatall verticesinvolvedin thecontractionsaredistinct.Thecontractedvertex has
aspremisses(resp.conclusions)theunionof all premisses(resp.conclusions)of
thecontractedvertices.

�
L w*x��
�
�$� xa ¢¡ L �?£�¤ �

�
L z|{1 2� �

1 2

�
� {  ¢¡ L ¥<¦ ¤ �

�
�
�$� x

�
R � � x   ¡ R �y�£ ¤ �

�
1 2 �

R�|{

� �
1 2

�
� {

 	¡ R� ¦ ¤ � �
1 2�
R ��{

� �
1 2

�
� {

  ¡ R� ¦ ¤ �
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In addition to thesecontractionstepsa grammarfragmentcanhave a set �
of structural conversions. Theseconversionsoperateon treesof tensorlinks only,
with theconditionthatbothtreesin theconversionhavethesamesetof leaves.This
is a reflectionof thesamerestrictiononstructuralrulesin thesequentcalculus.

4 EXAMPLE Thefollowing structuralconversioncorrespondsto sequentrule
�
P1
�
of

ourexamples.

§ @ �I }
�
� �

§ d �I }
�
� �

§ f
�
�$� �

 ¢¡ P1
¤

�I }
�
� �

§ @ § dI }
�
� � § f

�
�$� �

10.5 Proof Nets

5 DEFINITION A proofstructureis a proofnet if andonly if its hypothesisstructure
convertsto ahypothesistree.

5 EXAMPLE The hypothesisstructureof example3 contractsto a tree given the
structuralconversion

�
P1
�
, makingit a proof net for any grammarfragmentwith

this structuralrule. Without the structuralrule, we will not be ableto apply the�
R
4 \ �

contraction,which is whatwe expectgiventhat thebaselogic NL
�

is non-
associative.

After applyingthe
�
P1
�

conversion,thehypothesisstructurelooksasfollows.

E � �
�E
� �

� E��<��EJ���C� � Y9�C�������F�� E�W��� �� �

�
R ���

�
L wU��
�
� � �

E�W
� � EXW�� � YC��� � E�W�

�
� �
�

�
� �

Now we canapply the
�
L
�]\ �

contraction,which resultsin the following hy-
pothesisstructure.
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E
� �

�E
� �

� EJ�<��E����C� � Y<�C�����~� �� EXW��� �� �

�
R ���

E�W
� � E�W��<��YC���C��E�W�

�
� �
� �

�
� �

Finally, we canapplythe
�
R
4 \ �

contractionandtheresultwill bethehypothe-
sis treecorrespondingto theend-sequentQ ' \ &�& Q 8 \ Q ,�4 \ & i 4 \G�]\ #�%\ QM[ ,�' \ & QM[ ' \& QM[ 8 \Li ,�4 \ QM[ ,�,2� Q of example1.

� EJ� � EJ��� � � Y<� � � � � �� EXWX�� �
�
� �E �

�E
� �

EXW
� � E�W��<��YU���C��EXW�� �

Notethatwehavecomputedthestructureof theantecedentinsteadof assuming
it asgivenandthatwe have performedtheconversionsin theexactsameorderas
thecorrespondingrulesin thesequentproof whenreadfrom premissesto conclu-
sions.

1 THEOREM A sequent
�¨�©�

is derivablein NL
�lª

if andonly if thereis a proof
structurewhich convertsto thehypothesistreeof

�«�(�
, usingonly thecontrac-

tionsandthestructuralconversionsin � .

Wewill briefly sketchtheproof.

� ¬O�
From sequentsto proof nets,we proceedby inductionon the lengthof the
sequentproof. We extendthe conversionsequencewith a contractionor a
structuralconversionevery whenever we encounterthe correspondingrule
in thesequentproof.

� O�
The sequentialisationpart of the proof proceedsin a way analogousto the
‘splitting par’ sequentialisationproof of [Danos90]. We proceedby induc-
tion on thenumberQ of conversionsin theconversionsequence.
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� Q h1® � If therearenoconversionsin thesequence,ourhypothesisstructure
is alreadya hypothesistree,which we candecomposeby inductionon
thenumberof tensorlinks in it.� Q°¯ ® � We look at the last conversionin the sequence.If it is a struc-
turalconversion,theinductionhypothesisgivesusasequentderivation
whichwe canextendby applyingtheappropriatestructuralrule.

If thelastconversionis a
�
L
.*)��

contractionwe areschematicallyin the
following situation

�
L z~{

I }
� �

�
L z~{

I }
� �I }
�
� {

�
± ª   ¡ L ¥<¦ ¤

� @

� d

� > @

� >d

� > @

� >d

�²�²�²
Reasoningbackwards from the hypothesistree, we can seethat the�
L
.*)��

link serves as a boundaryand that every conversion in the se-
quenceis eitherappliedstrictly above or strictly below it. So we can
split our initial conversion sequence� into a conversion sequence
which converts � @ to a hypothesistree and a conversion sequence
whichconverts � d into ahypothesistreeasfollows

³ � ´ �I }
�
� {

�³ ¥<¦ ´
�³ ¥<¦ ´

�²�²

± ª

± ª

� @

� d

� > @

� >d

Now let
��@

betheantecedenttermcorrespondingto � > @ and
��d

thean-
tecedentterm correspondingto � >d . As both reductionsequencesare
strictly smallerthanour initial reductionsequence,the inductionhy-
pothesisgivesusa derivation µ @ endingin

��d-�O�«.*)M�
anda deriva-
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tion µ d endingin
�A@j� &��!'*)G�¶,��A�
�

. Wecancombinethesederivations
asshown below

.... µ d� d ���(. ) �
.... µ @��@g� &��3'*)+�-,����
�

� @ � �3. ) �����!� L
.*)

�A@g� ��dU���!� CUT

Theothercontractionsaresimilar.
#

10.6 Discussion

Wehavepresentedaproofnetcalculusfor multimodalcategorial grammarswhich
is new, elegantandvery general.

Theformalismwe have presentedhereis relatedto a numberof otherpropos-
als, notably to Danos’graphcontractions[Danos90], of which our contractions
are a specialcase. As a result, acyclicity and connectednessof the underlying
correctiongraphsareaconsequenceof ourcorrectnesscriterion.

Our approachis alsorelatedto the labeledproof netsof [Moortgat97]. Our
hypothesisstructurescorrespondclosely to the labelsMoortgatassignsto proof
nets.Advantagesof our formalismarethatwe have a very directcorrespondence
betweenproof structuresand their hypothesisstructuresand that we canhandle
cyclic or disconnectedproof structuresunproblematically, whereasonly acyclic
andconnectedproof structurescanbeassignedameaningfullabel.

Someinterestingquestionsremainopen. It seemspossible,for instance,to
formulatea classicalversionof our proof net calculus,thoughit is unclearto us
at themomentwhatkind of sequentcalculusaclassicalcategorial grammarwould
have. A possiblesolution is suggestedby current researchfrom [GL 99], who
proposeasequentandproofnetcalculusfor classicalnon-associative linearlogic.

We would alsolike to have somenaturalnotionof equalityon conversionse-
quences.As definednow, a numberof uninterestingpermutationsare possible
in the conversionsequence,which is somewhat againstthe spirit of proof nets.
Computationally, we could exploit sucha notion to prunethesearchspacewhile
maintainingequivalence.
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