Chapter 10

Proof Netsfor Multimodal Categorial
Grammars

RICHARD MOOT AND QUINTIJN PUITE

ABSTRACT. We presenta novel way of usingproof netsfor multimodalcateyorial grammars,
which provides a generaltreatmentof both the unary andbinary connecties. We alsointro-
ducea correctnessriterionwhich is valid for a large classof structuralrulesandsketchbasic
soundnesandcompleteneseesults.

10.1 Introduction

Sincetheintroductionof proof netsasanelegantprooftheoryfor themultiplicative

fragmentof linear logic in [ ] a numberof attemptshave beenmadeto
adaptthis prooftheoryto avariety of categyorialgrammarsasshavn by work from
e.g.| N ] and[ .

In thisarticlewewill presentinew way of looking atproofnetsfor multimodal
catgorial grammars.We will shov how we canuniformly handleboththe unary
and binary connecties and howv we have a natural correctnes<riterion for the
baselogic NL<C togethewith asetR of structuralrulessubjectto someminimal
condition.

After presentinghe sequentcalculus,we will introduceproof structuresfor
our calculus. Thenwe will look at slightly more abstractgraphs,called hypoth-
esisstructurespn which we will formulatea correctnesgriterionin the form of
graphcontractions Proof netswill bethoseproof structuresof which the hypoth-
esisstructurecorvertsto atree. We will briefly sketchhow to prove our calculus
is soundand completewith respectto the sequentalculusand concludewith a
discussioncomparingour proof net calculusto otherapproachesnd addressing
someopenquestions.

10.2 Sequent Calculus

Thesequentalculusfor ourlogic, asgivenin [ ], is thefollowing.
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In additionto the rulesabove, the calculusis allowed to have ary numberof
structuralrules,schematicallyof theform

AE[Ty,... . Ty FC
AE[Cy,... .I4]JFC ISR

where= and=’ aretreesbuilt from thestructuraloperatorg— o; —) and(—)7 with
n structuralvariablesasleavesandwherer is a permutationof theseleaves. As
aconsequencesachstructuralvariableoccursoncein the premissandoncein the
conclusionof astructuralrule.

This restrictionguaranteeshe structuralrules of contractionand wealening
will never be dervablein our logic andasa consequencall our connectiesare
multiplicativesin the senseof [ ].

[llustration: wh-extraction in English

To give anindicationof how we canusethe calculusdescribedabove to give an
accounbf linguisticphenomenayewill look atwhatis oftencalledwh-extraction.

To keepthecurrentdiscussiorsimplewewill only look atthewhword ‘whom’,
whichwe analyseasanounmodifierselectingasentencérom whichanounphrase
is missing.Therestriction‘'whom’ imposesds thatthis missingnounphrasecannot
occurin subjectposition,asindicatedby thefollowing examples.

(10.1) = agentwhom| [ |,,,, interrogatedNeo |,
(10.2) agentwhom| Trinity escaped |, |5

(10.3) agentwhom| Morpheusconsidered |,,, dangerous;
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To modelthis behaiour, we give a very simplegrammarfragmentwith only
one binary and one unary mode. An extractednp is marked as <>0D(l)np. As
OJD]LA = A is a theoremof the baselogic for all j and A, this allows these
constituentgo functionasannp. Whatis crucialis thatthe LDjl. rule, readfrom

premisgo conclusionjntroducesinarybraclets,which makesthefollowing struc-
tural rulesavailablefor (—)°.

I[Ag op (Ag o (A3)Y)] F

L[(A1 09 Ag) o (A3)°] F [P:q

;{Eil %0 <AA3> ) o0 Ag] F [pa
100 Ag) o9 (A3)°] -

It shouldbe noted,however, thattheserulesallow a (A)Y constituento move
only from aright branchof a structureto anotheright branch.As a subjectwould
appeaion aleft branch this preventssubjectextractionasdesired.

The lexicon, with which we can derive the well-formed expressionsgiven
aboveis thefollowing:

lex(agen? =n
lex(dangrouy =n/on
lex(Ne0 =np
lex(Trinity) =np
lex(Morpheuy =np
lex(escapell = (np\os)/onp

lex(interrogated = (np\os)/onp
lex(consideed) = ((np\os)/o(n/on)) /onp
lex(whom) = (n\on)/o(s/0<o04np)

1 EXAMPLE Giventheabore lexicon andstructuralrules,we cangive a derivation
of expressionl0.2above, ‘agentwhich Trinity escaped’asfollows.

A
np Fnp X sl—s

L
np oo ((np\os)/onp oo np) - s /ODl

np og ((np\os) /onp oo (Ognp)°) F s [P]}O
(np op (np\os)/onp) oo (Ofnp)° + s Loy
(np 09 (np\os) /onp) o0 Cognp - s R T A ﬁ<
np oo (np\os)/onp - 5/0Co0np nog n\on - n L/s 0
n o9 (n\on)/o(s/o©0gnp) 0 (np o0 (np\os) /onp)) - n

A
np F np X np op np\os b s
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10.3 Proof Structures

Readergamiliar with proof structuresas presentedn e.g. [ ] will note
thatwe follow [ ] in allowing a proof structureto have hypothese# addi-
tion to conclusions.Doing someanswe will have two (symmetric)links for each
connectie; onefor whenit occursasa premissandonefor whenit occursasa
conclusion.

DerINITION A link is a sequenceof premissesand a sequencef conclusions,
whereone of eitherthe premissesr conclusionss the outputor main formula
andthe otherpremissesnd conclusionsarethe input or active formulas. When
the outputformulais a premisswe will call thelink aleft link. Whenthe output
formulais aconclusiorwe will call thelink aright link.

Links are displayedas shavn below, with the premissesabore the link and
the conclusionsbelow, both numberedaccordingto their linear order (when no
confusionis possiblewe will often omit the numberingand orderthe premisses
andconclusiondrom left to right).

Pr---Pk---Pn P1...-Pn
1 k n 1 R n
1 L™ 1 k m)
Cl...Cnp Cl...Ct...Cmp
We alsoneedto distinguishbetweertensorlinks andpar links. Conformtra-

dition, we representhis graphicallyby drawing a solid horizontalline for atensor
link anda dashedhorizontalline for aparlink.

DEFINITION A proofstructue (S, £) consistof afinite setS of formulastogether
with asetL of links in S of thefollowing forms, for eachbinarymode: andunary
modej:

;A A
RO
A ;A
A.iB A . B
1 o, 2
li'“&'“i
A B Ae; B
olB :
RO
! ;g;
B 0;B
A A\; B g N
1 2 i
A D G/
B A A\; B
B/; A A ) B
1 q
3
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suchthatthefollowing holds:
e every formulaof S is at mostoncea conclusionof alink.
¢ everyformulaof S is atmostoncea premissof alink.

Formulaswhich arenota conclusionof somelink arethe hypotheseg{ of the
proof structure while thosethatarenot a premissof somelink areits conclusions
Q.

Note thatthereareno links correspondindo the axiomor cutrule in the se-
gquentcalculus. Insteadwe will have axiomaticand cut formulas An axiomatic
formulais a formula which is not the main formula of ary link, whereasa cut
formulais aformulawhichis the mainformulaof two links.

ExaMPLE Theproofstructurecorrespondingo thesequenproof of examplel is
thefollowing.

A

<o D(l)np

Log
Donp

(np\os) jomp t_nip
n)z_) e np\os
L\o

S

Rio____g____?
(n\on>/o<s/o<>3ménp> $/0000knp N
L/o
n n\on
L\o
n

Therearefive axiomaticformulasin this proof structure:bothn formulas,both
np formulasandthe s formula, eachcorrespondindo oneinstanceof the axiom
rulein the sequenproof.

Note that the antecedenformulasof the end-sequentorrespondo the hy-
pothese®f the proof structureand the succedenformulato its conclusion,and
that every logical link in the proof structurecorrespondgo a logical rule of the
samenamein the sequenproof.

We canshawv by simpleinductionon the lengthof the sequenproof thatit is
always possibleto constructa proof structurehaving the propertiesmentionedn
theexampleabore for agivensequenproof. However, the corversedoesnot hold:
thereare proof structureswhich do not correspondo ary derivable sequent. A
correctnessriterionallows usto distinguishproof structuresvhich do correspond
to derivablesequentsproof nets from otherproof structures.
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10.4 Hypothesis Structures

To formulateour correctnessriterion we needslightly moreabstracigraphsthan
proof structuresWe will call thesestructureypothesistructues

DEFINITION A hypothesisstructue (V, £) consistsof a finite setV” of vertices,
whereeachvertex is assigned setof premissesnda setof conclusionstogether
with asetL of links in V' of thefollowing forms:

od gy Pod g e

suchthatthefollowing holds:
e every vertex of V' is at mostoncea conclusionof alink.
e every vertex of V is at mostoncea premissof alink.

Furthermorewe assignto eachvertex a setof premissesanda setof conclu-
sions,wherewe requirethateachvertex which is a hypothesigresp.conclusion)
of the structurehasa singleformulain its setof premissegresp.conclusionsand
for all otherverticesthis setis empty

Graphically we will displaypremissesbove andconclusiongelow theirver
tex.

From a proof structurewe canconstructa uniquehypothesisstructureby re-
placing[L/;], [L\;] and[Re;] links by [o;] links, repIacing[LDJl.] and [R<;] link
by [()7] links anderasingall formulasexceptthosewhich areeithera premissor a
conclusionof the proof structure.

DEFINITION A hypothesigreeis anagyclic, connectechypothesisstructurecon-
tainingonly [o;] and[{ )7] links.

A hypothesidree’H with premissesi;, ... , A,, andconclusionC' corresponds
to asequentvith antecedenfiormulasAy, . .. , A, andsuccedentormulaC' in the
obviousway.

ExAamPLE Thehypothesistructurecorrespondindo the proof structureof exam-
ple 2 is thefollowing
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Y
|
|
<
|
|
)

The hypothesisstructureof the exampleabove is not a hypothesidree. This
doesnot meanit is not a proof net, of course. We will definea numberof con-
versionson hypothesisstructures:contractionswhich arevalid in the baselogic,
andstructuralcorversionswhich correspondo the structuralrulesin the sequent
calculus.

By acontractionwe will meanthereplacemenof oneof thefollowing pairsof
links by a singlenode. Contractionswill be namedafterthe parlink. We require
thatall verticesinvolvedin thecontractionsaredistinct. The contractedrertex has
aspremissegresp.conclusions}he union of all premissegresp.conclusions)f
thecontractedrertices.

X. §>j Lo T 1:'; 2:'; [Ley]
RDL___g _)[R‘:‘]l-]
A L
1 > 2 1 o; 2 v
R\ T . —
R\; , [R/i]
1?___5"__2i 1R£L“"E'“'2?
_J . v
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In additionto thesecontractionstepsa grammarfragmentcanhave a set’R
of structual corversions Theseconversionsoperateon treesof tensorlinks only,
with theconditionthatbothtreesin theconversionhave thesamesetof leaves. This
is areflectionof the samerestrictionon structuralrulesin the sequentalculus.

4 ExampLE Thefollowing structuralkconversioncorrespondso sequentule [P1] of
our examples.

10.5 Proof Nets

5 DEFINITION A proofstructures a proof netif andonly if its hypothesistructure
corvertsto ahypothesidree.

5 EXAMPLE The hypothesisstructureof example 3 contractsto a tree given the
structuralcorversion [P1], makingit a proof netfor ary grammarfragmentwith
this structuralrule. Without the structuralrule, we will not be ableto apply the
[R/o] contractionwhichis whatwe expectgiventhatthe baselogic NL < is non-
associatie.

After applyingthe [P1] conversion,the hypothesistrl.)ffdfel‘ooks asfollows.

n.p (np\Of)/onp i T _L<>0
X io g X ﬁo
p4 $ X

R/o

Now we canapply the [L<g] contraction,which resultsin the following hy-
pothesisstructure.
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np (np\os)/onp

et o

! 0 I

R/o
(m\om)/o(s/000p) i
.
E :>0 E

$<-
o

Finally, we canapplythe [R/y| contractionandtheresultwill bethe hypothe-
sistreecorrespondingo the end-sequent og ((n\on)/o(s/oooﬂénp) og (np og
(np\os)/onp)) F n of examplel.

np (np\o f)/ onp

(n\on)/o(s/0C005mp) 3

Notethatwe have computedhestructureof theantecedennsteadof assuming
it asgiven andthatwe have performedthe corversionsin the exact sameorderas

the correspondingulesin the sequenproof whenreadfrom premisseso conclu-
sions.

1 THEOREM A sequent’ F C'is dervablein NL O if andonly if thereis a proof
structurewhich corvertsto the hypothesidreeof I" - C', usingonly the contrac-
tionsandthe structuralcorversionsin R.

Wewill briefly sketchthe proof.

[=] From sequentdo proof nets,we proceedby inductionon the lengthof the
sequenfproof. We extendthe corversionsequencavith a contractionor a

structuralcorversionevery wheneer we encountetthe correspondingule
in the sequenproof.

[«<] The sequentialisatiopart of the proof proceedsn a way analogougo the
‘splitting par’ sequentialisatioproof of [ ]. We proceedby induc-
tion onthe numbern of corversionsin the corversionsequence.



ProofNetsfor Multimodal CGs RichardMoot andQuintijn Puite /112

[n = 0] If thereareno cornversionsn thesequenceyurhypothesistructure
is alreadya hypothesidree,which we candecomposdy inductionon
thenumberof tensorinks in it.

[n > 0] We look at the last corversionin the sequence.lf it is a struc-
tural corversion,theinductionhypothesigjivesusa sequentervation
which we canextendby applyingthe appropriatestructuralrule.

If thelastcorversionis a [Le;| contractionwe areschematicallyn the
following situation

283 2-3-2
7R 1 ' 0; 2 _>[|-°i] Hl2
H1
#, H,
c c c

Reasoningbackwards from the hypothesistree, we can seethat the
[Le;] link senes asa boundaryand that every corversionin the se-
guences eitherappliedstrictly above or strictly belowv it. Sowe can
split our initial conversion sequenceR into a corversion sequence
which converts H; to a hypothesistree and a corversion sequence
which corvertsHs into a hypothesigreeasfollows

Now letI'; betheantecedentermcorrespondingo 7} andI's thean-
tecedenterm correspondindo /. As bothreductionsequencesare
strictly smallerthanour initial reductionsequencethe induction hy-
pothesisgivesusaderivationD; endingin I'; - A eo; B andaderiva-
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tion Dy endingin I';[(A o; B)] F C'. We cancombinethesederivations
asshaowvn belov

D,
D, I'1[(Ao; B)]FC

: Le;

- AeB DA BIFC *

T1[o] F C VT
Theothercontractionsaresimilar, O

10.6 Discussion

We have presentec proof netcalculusfor multimodalcateyorial grammarsvhich
is new, elegantandvery general.

Theformalismwe have presentedhereis relatedto a numberof otherpropos-
als, notablyto Danos’ graphcontractiony ], of which our contractions
are a specialcase. As a result, agyclicity and connectednessf the underlying
correctiongraphsarea consequencef our correctnessriterion.

Our approachis alsorelatedto the labeledproof netsof | 1. Our
hypothesisstructurescorrespondlosely to the labelsMoortgatassignsto proof
nets. Advantagef our formalismarethatwe have a very directcorrespondence
betweenproof structuresand their hypothesisstructuresand that we canhandle
cyclic or disconnectegroof structuresunproblematicallywhereasonly agyclic
andconnectegroof structuresanbe assigned meaningfullabel.

Someinterestingquestionsremainopen. It seemspossible,for instance,to
formulatea classicalversionof our proof net calculus,thoughit is unclearto us
atthemomentwhatkind of sequentalculusa classicakateyorial grammamwould
have. A possiblesolutionis suggestedy currentresearchfrom [ ], who
proposea sequentandproof netcalculusfor classicahon-associatke linearlogic.

We would alsolike to have somenaturalnotion of equalityon corversionse-
quences. As definednow, a numberof uninterestingpermutationsare possible
in the conversionsequencewhich is somavhat againstthe spirit of proof nets.
Computationallywe could exploit sucha notionto prunethe searchspacewhile
maintainingequivalence.
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