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1 Introduction

Since the introduction of proof nets as an elegant proof theory for the multiplicative fragment of linear
logic in [Girard 87], a number of attempts have been made to adapt this proof theory to a variety of
Lambek Calculi, as shown by work from e.g. [Roorda 91], [Morrill 96] and [Moortgat 97].

In this paper we will present a new way to look at proof nets for the multimodal Lambek Calculus.
We will show how we can uniformly handle both the unary and the binary connectives and how we
have a natural correctness criterion for the base logic NL<C together with a set R of structural rules
subject to a linearity condition.

First, we introduce proof structures for our calculus. Following [Puite 98] we will allow proof structures
to have hypotheses in addition to conclusions. Then we will look at slightly more abstract graphs,
which we will call hypothesis structures, on which we will formulate a correctness criterion in the
form of graph conversions. Proof nets will be those proof structures of which the hypothesis structure
converts to a tree.

As our main result we will prove our proof net calculus is sound and complete with respect to the
sequent calculus. In the following sections we will sketch a proof of cut elimination, show applications of
our calculus to automated deduction and look at how to adapt our correctness criterion to the Lambek
Calculus L, a special case of NLOg for which we formulate an alternative correctness criterion.

We will conclude with comparing our work to some related proposals and addressing a number of
open problems.






2 The calculus NLOg

Starting from a set of atoms {pi,pa, ...}, the formulas of the multimodal Lambek Calculus with <&
(NL©) are built up with the unary connectives ©; and O!; and with the binary connectives! o;, \;
and /;, where j and i vary over given fixed finite sets of modes J respectively I.

Structure trees are built up from formulas with unary constructors (—)7 and binary constructors
— o; —, where again j and ¢ vary over the modes. Derivable objects are sequents I' + C in which

the antecedent part is a structure tree and in which the succedent part is a formula.

An n-ary structural rule

is defined by a pair of formal trees? Z, Z’ of length n and a rearrangement of the variables 7 € &,,, the
symmetric group of degree n. Observe that every subtree I'y, occurs exactly once in both the upper

and lower sequent of the inference, whence any non-linear structural rule like

CONTRACTION; LWEAKENING ; RWEAKENING ;

AllM] = C A[Ty oy I''] F C A[Ty o; To] F C

does not conform to this definition. Neither does the following rule, though it is linear:

A[Fl] O; FQ H C
A[FQ] O; Fl H C

However, it may be admissible, depending on R.

Given a set R of structural rules, we define the sequent calculus NL<Oz by the inference rules of
figure 1. From each n-ary structural rule

A[E[T,....T]] F C

AlE[Tyy,...,Tx 11 F C
we can derive — for every n-tuple of formulas Aj,..., A, — the sequent Z'[ Aq,,..., A, |* F
E[ A1,..., A, ]°, where by I'* we mean the formula obtained from I' by replacing all ( }7- and o; -

occurrences by < ;- and e;-occurrences respectively. This means that the axiom rule

ElAn,. A, 1° F E[A,. AL

is admissible. In fact, adding the structural rule to the calculus is equivalent to adding (all instances
of) the corresponding axiom rule to the calculus.

Let Rumax be the following set of structural rules, where j,i and ¢’ vary over the modes:

IThe “working linear logician” may prefer the symbols ®;, —o; and o—; for the respective binary connectives.
2Precise definitions may be found in the appendix.



Identity rules

Ax

AF A

I'-A A4 FC
Al + C

Cur

Logical rules for the ®-like connectives

I[(A)] + C reAa
r[o;A FC (TY + ©,A
TAo B FC r-A AF+B
T[Ae;B| F C I'oy Al Ae;B

Logical rules for the %-like connectives

ABl - C (TY + B )
Lot; o = == = = = = = ROl
A[(OYBY] = C r + ohB
' A ABl + C . _A_o_i =B -
Al oy A\;B]FC I A\;B
r-A ABjkC ToAbB
AB/iA o T]FC ' B/;A

Structural rules (for all (=, =/ w) € R)

Figure 1: The sequent calculus NLO g




AT ] F C A[(I) ] F C©

- [LTriv;] [RTriv,]
A[(TW)Y ]+ C ATy F C
A[Ty o; (T2 o; T3)] F C A[(Ty 0y T'3) o; T3] F C
[LAss;] [RAss;]
A[ (Fl O; FQ) O; Fg] 'f C A[Fl O; (FQ O; Fg)] '7 C
A[Fl O; FQ] F C A[Fl O; FQ] H C
[Com,] (Ba; ;1]
A[FQ O; Fl] F C A[Fl Oy FQ] H C '
Lemma 2.1 Any possible structural rule is admissible in NLOg, . ¢

Let [—] be the following translation from NL< formulas to formulas of intuitionistic multiplica-
tive linear logic (iMLL), deleting the unary connectives and the mode indices and identifying both
implications:

[Pk = pr [Ae; B] :=[A] ® [B]
[O;A] = [A] [A\; B] := [A] — [B]
[o};A] = [A] [B /i Al :== [A] — [B]

For any structure tree I', let |I'| be the multiset of elements in I'. We write [|T'|] for the multiset
{[A]|A € |T|}. Let iMLL>" stand for the calculus iMLL restricted to the requirement that the
antecedent multiset of all sequents in a derivation be non-empty.

Corollary 2.2 The following maps between collections of sequents:

Seo(NLO) = Seo(NLOg) = Seo(NLox,.) "= Seo(iMLL>?) = Seo(iMLL)
restrict to the collections of derivable sequents:

Dseo(NLO) — Dseo(NLOg) — Dseo(NLOg,,.) =) Dseo(iMLL”") — Dsso(iMLL)

Moreover, Dseo(iMLL>") is the image of Dseo(NLOx,,..) under the map [|—[]. ¢

From the previous corollary we conclude that adding structural rules to NL<$ will never move us
outside MLL, whence CONTRACTION; or L/RWEAKENING; are never admissible.

Lemma 2.3 The left rules for the ®-like connectives (L<;, Le;) and the right rules for the %-like
connectives (ROY;, R\;, R/;) are reversible. ¢

This is proved by means of their respective counterparts and CuT. The reversibility of L and Le;
means that the role of ()7 and o; in the antecedent structure trees actually coincides with that
of ©; respectively o;. However, this does not mean we can forget about the constructors, since the
occurrence of a formula A as a leaf of a structure tree I'[A] guarantees A occurs positively (and not
negatively) in the formula I'[A]®, which is needed in order to have meaningful inference rules.

As an immediate consequence of the previous lemma we have

Lemma 2.4 This calculus satisfies the following adjunctions:

Ao, (=) 4 A\;(-) (for all formulas A)
(=)o, A 4 (-)/:A (for all formulas A)
Oj(=) A4 oY)

ie.



Ae;B F C Be;, A C o;B FC

We divide the logical rules in two parts:

e the tensor rules are the right rules for the ®-like connectives and the left rules for the 7-like
connectives (RO, Re;, LOY;, L\;, L/;);

e the par rules are the left rules for the ®-like connectives and the right rules for the %-like connectives
(L<>j7 L.i7 RDlj, R\i7 R/l)

In the derivations we will indicate par rules by dashed horizontal lines. Lemma 2.3 now can be
reformulated as: all par rules are reversible.

In the sequel we will introduce square bracketed abbreviations like [Q] for structural rules.

Example 2.5 Let R consist of

A[Fl Op (FQ Op F3)] H C
A[ (Fl Op FQ) Op Fg] FC

[LAssq]

Then we can derive:

B+ B crEC
AF A BOQCFB.QC

A Op (B Op C) F AO()(B.QC)

[LAssg]
(A Op B) Op C F A.O(B.OC)
(AeB) o CFAmBeaC)

AFA  BFB
CFC Aoy A\¢B F B
)

A Op ((A\OB /QC Op C) l_ B S
(A0 (ANoB) /oC) 20 CF B
AOO (A\OB)/QCI_B/OC

—~

A\oB) /oC F A\o (B /o O)

AFA CFC
B F B Aoy A\GC F C

A Op (B Op B\Q(A\QC)) F C

[LAssg]

B\o(A\C) F (AeyB)\oC



Illustration: wh-extraction in English

To give an indication of how we can use the calculus described in the previous section to give an
account of linguistic phenomena, we will look at what is often called wh-extraction.

We will, for the purpose of the current discussion look at only two wh words, ‘which’ and ‘whom’.
Both are noun modifiers which select a sentence from which a noun phrase is missing, the difference
being that with ‘whom’ the missing noun phrase cannot occur in subject position, as indicated by the
following examples. The * in example 4 denotes this sentence is ungrammatical.

(1) agent which [ [ ], read National Enquirer |5
(2) agent which [ Mulder liked [ ],,p |5

(3) agent which [ Skinner considered [ ], dangerous |,

(4) *agent whom [ [ ], read National Enquirer |,
(5) agent whom [ Mulder liked [ |np s

(6) agent whom [ Skinner considered [ ], dangerous |,

To account for this different behaviour, we give a very simple grammar fragment with one binary
mode 0 and two unary modes 0 and 1. An extracted np is marked as OODénp if subject extraction
is allowed and as <>1D%np if it isn’t. As ©; D?A F A is a theorem of the base logic for all j and A,

this allows these constituents to function as an np. What is crucial is that the LO ﬁ rule, read from

premiss to conclusion, introduces unary brackets, which makes the following structural rules available
for (—)°.

A[Ty og (T2 o9 (T'3)°)]

Al (F1 o Fg) o <F3>0] F

A[(Ty o0 (T2)0) op T3] F C

A[(Ty o9 T3) og (I'2)°] F C
A[(T1) o9 T2] F C
A[Ty og (T1)] F C

[Assg,0]

[MxComg o]

[Comyg o]

The [Assgo] and [MxComyg ] rules allow us to move out an embedded (I')? constituent, whereas
[Comg o] moves a (I')Y constituent from a left branch to a right branch after which any of the two
other structural rules can apply.

Formulas marked with <1, however, can only move from a right branch of a structure to another right
branch. As a subject would appear on a left branch, this prevents subject extraction as desired.

A[Ty o9 (Ty o9 (T3)')]

A[(T) oo rz) o <r3>1] - C
A[(T1 o9 (T2)t) o9 I's] + C
A[ (T o Fs) o (T2)'] F C

[Assg,1]

[MxComyg 1]



The lexicon, with which we can derive all well-formed example sentences given above is the following;:

lex(agent) =n
lex(dangerous) =n/on
lex(Mulder) =np
lex(Skully) =np
lex(Skinner) =np

(
(
(
(
(
lex(National Enquirer)=np
(
(
(
(
(

lex(liked) = (np\os)/onp

lex(read) = (np\os)/onp
lex(considered) =((np\os)/o(n/on))/onp
lex(which) = (n\on)/o(s/0C0T§np)
lex(whom) = (n\on)/o(s/o<>1ij%np)

We can, for example, derive sentence 2 as follows.

Ax Ax
np F np s ks
Ax L\o

np F np np op np\os k s

/0

np oo ((np\os)/onp oo np) + s

Lo

np oq ((np\os)/onp o (Dénp}o) F s

[Assg,0]
(np oo (np\os)/onp) oo (Ofnp)® s i
_______________________ .
(”P %0 (nP\OS)/OnP) 0 <>OD(l)”P Eos R/ nkFn M nkFn m
____________________________ 0 L\o
np oo (np\es)/onp + S/OOOD(%np n og n\on F n

L/o
n o ((n\on)/o(s/oOODénp) oo (np oo (np\es)/onp)) + n



3 Proof structures

Given a set S, we generally define a link L in S to be an ordered pair (P, C) _ of sequences of elements
of S (called the premisses and conclusions of L) labeled by a certain type 7. It will be represented by
a horizontal bar, also labeled by 7, together with the elements of P above it and the elements of C'
below it:

P1 Pn

L T

S M2
C1 Cm,

Let S be a multiset of formulas, i.e. a set of formula occurrences. We will restrict to links L where
one of the formulas (called the main formula or the output formula of L) is obtained as a connective
applied to the other formulas (called the active formulas or the input formulas of L). Depending on
whether the main formula is a premiss or a conclusion, and moreover on which connective is applied,
we distinguish 6 |I| + 4 |.J| types (where I and J are the sets of modes):

Definition 3.1 A proof structure (S, L) consists of a finite set .S of formulas together with a set £ of
links in S of the following forms:

A A
Oi
g8 3
A ;A
1 Re; )
A B Ae; B
o, B B
RDl]
f—i 3‘"3;
B ol;B
A A\; B B
1 > R\;
B A A\; B
B/ A A

L/; 31 %
A

such that the following holds:
e every formula of S is at most once a conclusion of a link;
e every formula of S is at most once a premiss of a link. ¢

Here we have ordered the premisses/conclusions of the links in the picture from left to right. However,
in general this is not always possible. E.g. in



the Reg link has first premiss B and second premiss A. Observe that the following two proof structures
are different as the first conclusion of the Leg link is the first respectively second premiss of the Reg
link:

A.OA A.OA
A A A A
f Reg A A Reg f
A.OA A.OA

The formulas which are not the conclusion of a link are the hypotheses Hy of S = (S, L), while those
that are not the premiss of a link are the conclusions Q; of S. This is also expressed by saying that
S is a proof structure from {Hy, Ha,...} to {Q1,Q2,...}.

We divide the links in two parts:

e the tensor links are the right links for the ®-like connectives and the left links for the 7-like
connectives (RO, Re;, LOY;, L\;, L/;);

e the par links are the left links for the ®-like connectives and the right links for the %-like connectives
(L<>j7 L.i7 RDlj, R\i7 R/l)

We graphically indicate tensor vs. par links by solid vs. dashed horizontal lines.

Note that there are no links corresponding to the identity rules. Instead, we will have axiomatic and
cut formulas. An axiomatic formula is a formula which is not the main formula of any link, whereas
a cut formula is a formula which is the main formula of two links.

Example 3.2 A proof structure corresponding to the sequent derivation on page 8 is shown below.

10



h

<>0Dln

i Log
Ognp

(np\os) /onp

m_i_z

np\os

i L\o

S
R/o
SN

1

J
(n\on)/o(s/0C004np)  5/0O00;
1 2
L/o
n n\on

1 2

L\o
n

Definition 3.3 A correction structure (N, L) consists of a finite set N of nodes together with a set
L of links in N of the following forms:

such that the following holds:
e every node of S is at most once a conclusion of a link;
e every node of S is at most once a premiss of a link. ¢

Definition 3.4 A hypothesis structure (N, L, ) consist of a correction structure (N, £) and a labeling
A of its nodes: to every node there are assigned a (perhaps empty) upper label and a lower label

upper label
lower label

each one consisting of zero or one formulas. This labeling is such that exactly each hypothesis node h
has a non-empty upper label {H}}, and exactly each conclusion node ¢ has a non-empty lower label
{Qq}, and we say that (N, £, \) is a hypothesis structure from {H, Ha,...} to {Q1,Q2,...}. ¢

Next we will define conversion steps on hypothesis structures. One easily checks that these conversion
steps preserve the labels: if H = (N, L, \) is a hypothesis structure from {Hy, Ha, ...} to {Q1,Q2,. ..},

11



then so is H’ which is obtained from M by applying a conversion step. There are two kinds of
conversion steps: contractions and structural conversions. Every conversion step works on a number
of links, constituting the so called redex, which is a correction structure itself. Below, all nodes of
each depictured redex are distinct. Hence the redex of a contraction has one hypothesis node and one
conclusion node, while the redex of an n-ary structural conversion has n hypothesis nodes and one
conclusion node.

By a contraction we mean the replacement of one of the following pairs of links by a single node, which
will be labeled as indicated (H and @ are labels, so each of them consists of zero or one formulas).
The contraction will be named after the par link (L<;, Le;, ROY;, R\, R/;).

- Le; H
i 0; 8 — .
Q
Q
H
g ()7
. RDlj

12



By a structural conversion we mean the following: for an n-ary structural rule

—~
o
g
3
~

both formal trees = and Z' may be represented by a correction structure with n hypotheses and one
conclusion. Ordering the premisses of all our R o; links in the picture from left to right, yields an
order on the hypotheses of both correction structures. Now, if Z is part of H — the hypothesis

nodes being 1, ..., z, (in this order) — the structural conversion consists of replacing = by Z’ and
permuting the nodes to get them in the order z,,,..., 2, . The conversion is denoted by
E[xl,...,zn] - E/[zﬂ‘15"'7$7\'n ]

Example 3.5 Let us consider the structural rule [Q]:

A[T1 oq (I'y 0oy I'3)] F C
A[ (T3 og (T1)¢) o T2] = C

Q]

where a, b, ¢, d are binary modes and e is a unary mode. The corresponding structural conversion
e
Ty o4 (x2 0p x3) — (23 0og (1)) oc T2

consists in the replacement of

by

3 3
o<
[
e

<92

(G
o
0
G
(V]
-
o
0
(V]

13



Observe that a structural conversion is a local operation; it does not influence the other links of L,
nor the other nodes of N. The last example shows how to see this in our graphical representation: we
need not permute the hypothesis nodes, if we represent =’ in the appropriate way.

Example 3.6 The structural rules for our English fragment correspond to the following structural
conversions, where j ranges over {0,1}.

Z3
$ )7
i) . X1 i) I3
1 °0 2 [Asso, ;] 1 o0 2 )7
— g—i
T . . .

Z1 Z1 Zs3 Z2
1 00 2 [MxComo ;] Ya 20 2 )7
—
. T3 . .
1 00 2 é 00 X2
Z1 Z1
E OO E 0
[Comyg,o]
. x2 — x2 .
1 00 2 1 20 2

To any proof structure S from {H;, Ha, ...} to {@Q1,Q2, ...} we assign a hypothesis structure S from
{H1,Ha,...} to {Q1,Q2,...} by a replacement of the link types R¢; and LO}; by the new link type
()7, and by a replacement of the link types Re;, L\; and L/; by the new link type o; . The formulas
A become the nodes (A) of S, and the label H (resp. Q) of a node

()

14



is chosen A precisely if A is a hypothesis (resp. conclusion), and empty otherwise. S is called the
underlying hypothesis structure of S.

g ()i
O;A _ g ()7 _ (©;4)

ol,;B . (0!,B) j

3

: ’: ()
B )
A B (A4) (B)
Ae; B (Ae; B)

A A\; B (4) (A\; B)
1 L\j — 1 3 2 — 1 3 2
B (B)

B/ A A (B /i A) (4)
L/i 2 1 3 2
B (B)

For any structure tree I' and formula C, let || be the multiset of elements in T'; let {T')) be the
sequence of elements in I' obtained by left to right traversal of the tree; let I'c be the obvious
hypothesis structure from |I'| to {C} with conclusion node (lower) labeled by C. Any hypothesis
structure of this form will be called a hypothesis tree. Let —»x be the transitive, reflexive closure of
—7, by which we mean the contractions as well as the structural conversions belonging to R.

In the next sections we will prove our main theorem:

Theorem 3.7
I' b C is derivable in NLOg if and only if there is a proof structure S (from |T'| to {C}) such that
8 PR Fc. ’

Note that any proof structure S such that & —x T'¢ is automatically from || to {C}.

Definition 3.8 Let S be a proof structure.

1. (8, p) is a R-conversion sequence of T' = C' iff S —p»n Tc;

2. Sis a R-proof net of I' + C' iff S —»x [, ie. iff S —p»R T'¢ for some p;

3. Let ¥ be a multiset of formulas. We say S is a R-proof net from X to {C} iff S —»gr ¢ for
some I" such that |T'| = X, or equivalently: iff S is a proof structure from ¥ to {C'} on which all
contractions can be applied (together with the necessary structural conversions) such that we
end with a hypothesis tree.

15



With this definition theorem 3.7 can be reformulated as:
There is a NLOg derivation of I' B C' if and only if there is a R-proof net of T" - C.

For many applications one is interested in derivability of I' F C for some structure tree I' subject to
certain constraints. Instead of checking the RHS condition for each I', we get the witnessing I' as a
result of the conversion steps, as stated in the following corollary. This fact shows the computational
strength of our condition (see section 7).

Corollary 3.9 (Abstraction of T")

1. Let us call a sequence X of formulas a C-sequence if, for some I" such that {I')) = ¥, the sequent
I' b C is derivable. Then ¥ is a C-sequence iff there is a proof structure from || to {C}, on
which all contractions can be applied (together with the necessary structural conversions) such
that we end with a hypothesis tree in which the order of the hypotheses equals X.

2. Let us call a multiset ¥ of formulas a C-multiset if, for some I' such that |I'| = X, the sequent
I' + C is derivable. Then ¥ is a C-multiset iff there is a proof structure from 3 to {C}, on
which all contractions can be applied (together with the necessary structural conversions) such
that we end with a hypothesis tree, i.e. iff there is a proof net from ¥ to {C}.

Example 3.10 The following proof structure

A.OB
A B B\o(A\o C)
1 B
A\o C
: 2 b
C
R\o
SR S
(AegB)\oC



has hypothesis structure

B\o (A\o O)

(A e 1.3) \o C

17



R\o B\o (A\o C)
— R
X -~ (Aey B)\o C
(R A 2
(A e é) \o C

Example 3.11 The hypothesis structure corresponding to the proof structure of example 3.2 is the
following:

1.

(np\os)/onp

. .
1 00 2
np
. .
00 2
.

1

R/o____g____
(n\on)/o(s/0C00§np) } l
1 0 2

We can convert this hypothesis structure to a hypothesis tree using the following conversions. From
the initial hypothesis structure, we have two choices: we can apply either the L contraction or the
[Assg o] conversion. The L& contraction gives us the following hypothesis structure:

18



(np\os)/onp /:

1 20 2

R/o g
(n\on)/o(s/0®o0gnp)
2

1 00

3

At this stage, none of the conversions apply and we still have to remove the R/ link to get a hypothesis
tree. This does not mean our proof structure is not a proof net, however, as we can try the other
possibility:

np (np\os)/onp i Log

(n\on)/o(s/0000¢np) 31____ ____%_/
OO A

1

after which we apply the L contraction.



("P\Oé)/onp

S
z_z_z;

("\0”)/0(5/0<>oﬂlnp) T ____ l

Finally, we can apply the R/( contraction to obtain the following hypothesis tree:

np (np\os)/onp

1 20 >

(n\on)/o(s/00004np)

1 00 >

20



4 Soundness

Theorem 4.1 ([—] part of theorem 3.7)
If ' - C is derivable in NLOg, then there is a proof structure S (from |I'| to {C}) such that

:S\*»R T'e. ¢

Proof: We apply induction on the derivation of I' = C'. By ‘applying a conversion step to a proof
structure’ we will mean ‘applying a conversion step to its underlying hypothesis structure’.

The identity rules
For an axiom

Ax

AFA

take the trivial proof structure consisting of one formula A and no links. Its hypothesis structure M

converts into A 4 in zero steps.
For a CuT inference

I'cA  AAFC
Al + C

Cur

by induction hypothesis we know that there are proof structures Sy from |T'|| to {A} such that Si —x
T a:

(]

S1 7R

:L.ﬁ
) °:

and Sy from |A| U {A} to {C} such that Sy —»x AlAlc:
s,

So 7R

>
Q
s

N e
S

Pasting S; and S; in A yields a proof structure from |I'| U |A| to {C'} which converts into I' 4 pasted
to A[A]¢, i.e. it converts into A[l']¢, as desired:

(]

S1 Ia|

S

>
Q|

:B.ﬁ
a- | B

.°S

21



The tensor rules

For a Re; rule

assuming the appropriate induction hypothesis, we find:

Il 1Al

T A . ‘e
)
A B R . .
;1 Re; ;2 ;1 04 ;2
A o, B .
Ae; B
The unary version
_rraA .
(TY O;A

is proved similarly.

For a L/; rule

r-A ABJFC

L/;

assuming the appropriate induction hypothesis, we find:




is proved analogously by deleting Ss in the diagram above.
The par rules

For a Le; rule

we know by induction hypothesis that
A B
oA B '
1 % 2
Il
S 7R *
)
C .
c
whence
Ae; B
A o, B .
-9 222
I A B ' '
Iy Il Ae; B
S1 >R R :
(. ) C
C .
c c
The unary version
J
VO
I[C;A] F C

is proved analogously, by an extension of the original conversion sequence by a L contraction.

For a R/; rule

we know by induction hypothesis that

23



I A
I A ces .
S1 —R
B .
B
whence
£ I
I A .
8 >R %17?, .

B
351

B/ A

B/ A

The R\; case is the symmetric counterpart, while the unary version

is proved analogously, by an extension of the original conversion sequence by a RO!; contraction.
The structural rules

For a structural rule

belonging to R, assuming that 3’; —r Al E[ T,...,T% ] o, we can start with the same proof
structure S; and extend this conversion sequence by

ITs ] ITx I (Y ITen |
“A"C =y —] ) EE "AHC == —] )
C s D

C C

1

I

24



Given a derivation D, the construction in this proof yields exactly one proof structure and at least
one conversion sequence. Actually it yields a non-empty collection of conversion sequences, in the
following way.

Observe that for every structural rule and for every par rule we have to extend an inductively obtained
conversion sequence by the corresponding conversion, whereas no other inference rule induces a new
conversion. Hence for every conversion sequence there is a bijective correspondence between the set
of structural rules and par rules on the one hand, and the set of conversion steps on the other hand.

A priori there is no unique order of executing these conversions. For a binary tensor rule (Re;, L\;,
L/;) as well as for a CUT inference, the conversion steps in the components S; and S may be executed
in a parallel way; i.e. independently of each other. Now we define the collection of conversion sequences
of D by all possible ways of interleaving a conversion sequence of Dy and a conversion sequence of Ds.

This yields
k+1
o= (")) il

conversion sequences, where k is the number of structural rules and par rules in Dy, [ is the number
of structural rules and par rules in D, and |—| counts the number of conversion sequences in the
inductively defined collection.

Example 4.2 1. Let D be the following derivation:

AF A BI—BL\1 D+ D EFER.1
CkFC AOIA\lBl_BL/ F+F Do EFDeaE
0 1
A o1 ((A \1 B) /0 C Op C) F B D o1 (F o1 F \1 E) F D L1 E
Reg
(A o1 ((A \1 B) /0 C Op C)) Op (D o1 (F o1 F\1 E)) F B L20) (D o] E)
The proof structure of this derivation reads:
A (A\1 B) /o C C D F F\1E
1 2 1 2
L/o L\1
A\1 B E
1 A 12 1 Req ¥2
X L\1
B D.lE
& + &

Bey(De E)

and we find only one conversion sequence: the empty one.

2. The last derivation in example 2.5 has the proof structure shown in example 3.10. The conversion
sequence given there is again the only one our procedure yields. ¢
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5 Sequentialisation

Lemma 5.1 If S is a non-trivial proof structure such that the underlying hypothesis structure S is
actually a hypothesis tree I'¢ (for some structure tree I' and formula C'), then at least one of the
leaves (conclusion and hypotheses) of S is the main formula of its link. ¢

Proof: As S is not trivial (i.e. a singleton), it is clear that every leaf is connected to exactly one link,
so the formulation of the lemma is well-defined.

To prove: if every hypothesis is an active formula of its link, then the conclusion is the main formula
of its link. We proceed by induction on I'.

A
The trivial case I' = = can not occur.

In case I' = T'; o; I's, assume every hypothesis is an active formula of its link. We write L for the
final o; link, connecting I'y and I's. If I’y is trivial, the assumption entails that the corresponding
formula in S is an active formula of L. If 'y is non-trivial, by induction hypothesis we know that its
conclusion is the main formula of the link above, whence of the form <;A or Ae; B. This implies that
it is not the main formula of L, which would be O; B, A\; B or B /; A. Hence it is an active formula
of L. The same holds for the second premiss of L. As both premisses are active, the conclusion of L
must be main, as desired.

The case I' = (I'; )7 is proved analogously. [ |

Alternatively, we can obtain this result as a corollary of the following lemma.

Lemma 5.2 If S is a proof structure such that the underlying hypothesis structure S is actually a
hypothesis tree, then A = a, where A denotes the number of hypotheses of S, and a the number of
axiomatic formulas of S. ¢

Proof: By induction on I'.

A
IfT' = «, then S is singleton A, which has one hypothesis (A = 1) and contains one axiomatic formula

(a=1).
In case I' =T'7 o; I's we have A = A1 + X\o. In order to calculate « we differentiate on the following
subcases:

e S =381 Re; Sy In this case @ = a1 + as + 0;

e § =5 L\;S2: Now @ = a1 + (g — 1) + 1, since the second premiss of the final o; link L
becomes non-axiomatic, whereas the conclusion of L is a new axiomatic formula;

e §=38;L/; So: Similarly we find o = (o7 — 1) + a2 + 1.

Hence in all subcases a@ = a1 + a2. Using the induction hypothesis we find

A=+t =0mt+a=a

27



In case I' = (I'1 )7, we have A = A, while & = a3 + 0 (in the subcase that S = R<O;S;) or o =
(a1 — 1) + 1 (in the subcase that & = LOY;S;). So by induction hypothesis A = a. |

Now suppose S is as in lemma 5.1. Besides the hypotheses there is one other leaf: the conclusion.
This yields
the number of leaves = the number of axiomatic formulas + 1.

Since a leaf is active exactly if it is an axiomatic formula of S, substracting the number of active leaves
at both sides of this equation gives:

the number of main leaves = the number of internal axiomatic formulas + 1.

This implies that there is at least one main leaf, reproving lemma 5.1.

Example 5.3 The proof structure in example 4.2.1 has A = 6 hypotheses and o = 6 axiomatic
formulas. Neglecting the axiomatic leaves, we count 3 main leaves and 2 internal axiomatic formulas.

¢

Theorem 5.4 ([<] part of theorem 3.7)

If there is a proof structure S (from |T'| to {C}) such that & —»x I¢, then I' + C is derivable in
NLOR. ¢

Proof: We apply induction on the length [ of the conversion sequence S —r Lo

In case | = 0 we have 8§ = I'c. We proceed by induction on the size of T'.

A
If I' = -, then A equals C, since they originate from the same formula constituting the whole proof

structure S. Now A F A is derivable by AX.

If T is not trivial, by lemma 5.1 we know S has at least one main leaf D. In the subcase that D is the
main formula of a L/; link, D is of the form B /; A and must be the first premisse of this link. Now
S and T are of the form

IT2]|

By induction hypothesis there are derivations Dy of 'y F A and D; of T'1[B] + C, which may be
combined into

DQ Dl
Iy A I4B]FC
Fl[B/ZA O; FQ] F C

L/;

28



which is a derivation of T + C.

The remaining subcases that D is the main formula of a R<$j, Rey, LDij or L\; link are proved
similarly.

Now assume [ > 0.

If the last conversion step is a structural conversion
E[xl,...,:pn] - = [:L'ﬂ'u---van ]
our conversion sequence is

It 1T (e 1T
S - < 7l'> =/
7R N H[fa---vf] R IN] —*[77---77]

1

I

By induction hypothesis we know there is a derivation Dy of A[E[T'q,...,T, |] F C, yielding

Dy
[Ty,...,T,]] F C
11+ C

[1]

Al
A[Z[Th,....Tx

(

m
U]

’
o)

n

which is a derivation of I' + C.

If the last conversion step is a Le; contraction, we can split I' in the node by which the pair of links
is replaced. This yields two trees I'y and I's[ ], satisfying T' = TI'a[T'].

I
I, -

A.iB

e QL hd '3.' L I |

ICof A B

IT2] —$— IT2|
S5 g . . Lo s .
[ ) GEETTID E G
C

C C

Reading this sequence from right to left, the Le; link (L) serves as a boundary: any structural rule
that is applied is strictly above L or below L. Obviously also each point that is blown up is above or
below L, whence our proof structure S splits as indicated. We can partition the conversion sequence
into two conversion sequences for both of the substructures:
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T

I'y
-
A.iB .
Ae; B
and
A B
T2 A B .
T2
So R .
w0
C .
C

Now the total length of both sequences is [ — 1, whence each sequence is at most of length [ — 1, and
applying the induction hypothesis we find derivations Dy of 'y - Ae; B and Dy of I'3[A o; B] F C.
These may be combined into

Do
Dl FQ [A O B] FC
—————————— Le
Fl "A.iB FQ[A.lB] F C
Cur
Il F C
which is a derivation of I' - C, as desired.
The other four contractions are treated similarly. |

Given § and p : S —»r ', we might find different derivations of I' + C' by this proof. This
non-uniqueness lies in the possible several main leaves in the case where [ = 0 and I" is non-trivial.

However, any such derivation D satisfies the property that there is a bijective correspondence between
the links of § and the logical rules of D. Observe that each par link of S also corresponds to a
contraction in p. The remaining conversions, i.e. the structural conversions, correspond to structural
rules of D. What about the identity rules of D?

We claim that is it possible to adapt the proof of theorem 5.4 in such a way that all derivations D of
I' F C we find satisfy the following in addition to the above property:

e there is a bijective correspondence between axiomatic formulas and AX rules, such that
A

A

%
corresponds with an AX rule on A;

e there is a bijective correspondence between cut formulas and CUT rules, such that

R

A

—

corresponds with a CUT rule on A.



For this purpose we first state the following lemma.

Lemma 5.5 (Substitution) Let D; be a derivation of I'y F C and D3 be a derivation of T's[Cy] F Cs.
1. If Cy + (4 is an axiom of Dy, the succedent formula of which coincides with the succedent for-
mula of T'; F C4, then we can substitute Do into D in order to get a derivation D;[Ds] of To[I'1] F Cs.

Dy
C, F ¢ Ia[Ci] F Co
D, VR Dy becomes D, oo
-G Do[Gh] F G2 T2[l1] - Cy
To[0y] F Co

2. If C4y F C7 is an axiom of Dy, the antecedent formula of which coincides with the occurrence in
Io[Cy] F O3, then we can substitute D; into Do in order to get a derivation Dy[D;] of T'x[I'1] F Cs.

D1
Ci - G U e

D, becomes T a Dy

r, - o IL[Ch] F Cy ] F Co

Proof: In general every leaf of a tree determines a branch to the root. In particular every axiom rule
of a derivation determines a branch of sequents from that axiom to the conclusion of the derivation.
Let ' A and IV F A’ be two successive sequents in a certain branch 3, i.e. IV = A’ is the conclusion
of an inference rule with I' F A among its hypotheses. For a binary inference rule R we say that
passes R via the left (right) hypothesis if I' F A is the first (second) hypothesis of R.

1. As the occurrence C} is preserved in the branch § in D; between C; + Cp and I'y + Cf, the
possible inference rules  passes are CUT (via the right hypothesis), the left logical rules (if binary,
then via the right hypothesis), or a structural rule. Each of these rules have the property that if

(ToFCo ) TiFG
Iy - C

is an instance, then so is

(( ToF Cy ) Tolh] F Co
To[ls] F Co

2. As the occurrence Ci is preserved in the branch § in Dy between Cy F Cp and T'2[Ch] F Oy, it
will never be an active formula in any inference rule § passes. Hence if

( FO - CO ) FQ[Cl] H CQ
[5[Ch] F Cs
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is an instance of a rule, then so is

(ToF Co ) Toly] F Gy
[3l1] F Cs

Now extend the proof of theorem 5.4 by simultaniously showing that every axiomatic formula corre-
sponds to an AX rule, and moreover that every axiomatic conclusion corresponds to an axiom as in
lemma 5.5.1 and every axiomatic hypothesis corresponds to an axiom as in lemma 5.5.2. We adapt
the proof in the case that [ > 0 and the last conversion step is a contraction: If the main formula of
L (say: D) is a cut formula of S we proceed as described earlier. However, if D is not a cut formula,
then D is an axiomatic leaf of one of the two substructures, whence we can apply the par rule followed
by the appropriate substitution.
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6 Cut elimination

Remember that a cut formula is a formula which is the main formula of two dual links. A cut
reduction step is defined by deleting these links and the cut formula, while pairwise identifying the
active formulas in case they are different (as occurrence of the same formula), or deleting them if they
are identical.

Let D be a cut formula and L the corresponding par link. We will show that if (S, p) is a conversion
sequence of I'  C, then so is (§’, p’), where S ~» &’ and p’ consist of the same set of conversion steps
as p, except the contraction a of L, in a sense to be made precise shortly.

Theorem 6.1 (Cut elimination) If S is a proof net of I' - C, and S ~» §’ by a cut reduction step,
then S8’ is a proof net of I' + C as well. ¢

Example 6.2 1. In order to get an idea of the proof, let us consider the following conversion sequence
in which we assume L; remains untouched during .

I'c

>0
I
l
5?9
i
>
~
=
"

i
+>
i
>
~
le
¢

\_ o L Y,

Executing a cut reduction step yields a proof structure to which we can apply the same conversion
steps as before and in the same order, except the contraction a:
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|
1=
!
Q

Observe that Lo plays the role of Ly in .

2. If Ly does not remain untouched, we can not in general transform an arbitrary conversion sequence

o B [} . by ﬁ/ .. . .
§ - Hi1 — HintoS — H. This is shown by the following proof net in the calculus NLOq3,

where [Q] may be read off from the conversion step below.

( X
B

B\o B
k i L\o
A B
;1 Rej IQ
A o B

— "]

-

This proof structure may be converted as follows:

but after cut elimination we obtain

and no conversion step applies anymore, whence we cannot arrive at the same hypothesis structure
as before. ¢

Let (S, p) be a conversion sequence of I' + C"
S 5Hr T
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For each par link L with main formula D and active formula(s) A (and B) we will define a substructure
Sy, of S (called the block of L in & w.r.t. p) and a subsequence py, satisfying the following properties:

4 N N

o < J -

St does not contain D. Consequently it does not contain L either;

e S;, has A (and B) among its leaves.

The conversion sequence pr, acts completely within Sy, and this restriction to Sy, yields a nice
hypothesis tree with respect to Lj; i.e. attaching L enables its contraction «.

e Qur original conversion sequence may be replaced by

8—»727‘( - H/p—gRFC

We will only sketch the idea; the formal definition and proof may be given simultaniously by induction
on the length [ of p.

First of all, deleting all p par links (but not their nodes) yield p + 1 hypothesis trees, called the
components of §. This even holds for all intermediate hypothesis structures between S and T'c:
Reasoning backwards from the hypothesis tree, we start with one component (p = 0). After a number
of structural conversions, a contraction H — I splits this component I into two parts and replaces
one node by a redex. The par link L of this redex now serves as a boundary between the two new
components I'; (attached to A (and B)) and I'y (attached to D), while (at this moment) I'; is a nice
hypothesis tree w.r.t. L. All next structural conversions take place completely within one of the two
components, and the next contraction takes place in exactly one of the two components as well. In
this way every par link replaces one component by two new components, yielding p + 1 components
in each hypothesis structure, and 2p + 1 distinct components in the whole conversion sequence so far
(read from rigth to left).

The block of a par link L is I'; at stage H, and further on it grows with the remaining conversions
in p; it is clear that every conversion is completely inside the block, or completely outside the block,
which proves our properties.

This shows we can reorder our original conversion sequence p by p; in which L; remains untouched

until « (cf. example 6.2.1). Executing a cut reduction step yields a proof structure to which p; applies
until «, and further on ater a.
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7 Automated deduction

One of the attractive aspects of our formalism is that it lends itself well to automated proof search.
First of all, in the previous section we saw that we could eliminate cut formulas from proof nets, making
it unnecessary to consider cut formulas in our proof search. Secondly, we can restrict ourselves to
proof nets where all our axiomatic formulas are atomic, as indicated by the following lemma:

Lemma 7.1 Given a proof structure S we can construct a proof structure S” with the same hypotheses
and conclusions where all axiomatic formulas are atomic and where &’ —x S, for an arbitrary set of
structural conversions R. We will call such a proof structure eta-expanded. ¢

Proof: By induction on the total complexity of the axiomatic formulas.

If there are no complex axiomatic formulas in the proof structure, we take S’ = S and an empty
conversion sequence.

If we have a proof structure Sy where the axiomatic formulas have n + 1 total connectives, we can
expand a complex axiomatic A e; B formula in the following way (the other connectives are treated
similarly):

The resulting proof structure &; will have two new axiomatic formulas and the total number of
connectives of axiomatic formulas will be n.

By induction hypothesis we know that §{ SR <SA'1, so we can suffix a Le; conversion producing

§{ >R §1 Loy go. As we use only contractions, the theorem holds regardless of the structural rules.
|

As an immediate consequence of cut elimination and lemma 7.1 we get the following corollary:

Corollary 7.2 For every R-proof net P of I' F C there exists a R-proof net P’ also of T' - C,
which is cut-free and eta-expanded. ¢

So we can, without loss of generality, restrict ourselves to proof structures where all complex formulas
are neither axiomatic nor cut formulas. A simple algorithm for the enumeration of cut-free, eta-
expanded proof nets is the following.

Input — sequence ws,...,w, of words
— lexicon [, which assigns formulas to words
— goal formula Q
— set R of structural rules
Output set of cut-free, eta-expanded proof nets from {l(w1),...,I(w,)} to {Q}
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Usually, we want to restrict this set of proof nets to those satisfying some additional constraints, like
that left to right traversal of the hypothesis tree yields the formulas in the order indicated by the
input sequence.

1. For each of the words w; in the input sequence, select one of the formulas assigned to this word
from the lexicon.

2. Decompose the formulas according to the links of definition 3.1 until we reach the atomic sub-
formulas. The disjoint union of these proof structures is itself a proof structure, though it will
have several hypotheses in addition to those from the lexicon and several conclusions in addition
to the goal formula.

3. Identify each atomic premiss with an atomic conclusion to produce a proof structure from

{l(wr), ..., (wn)} to {Q}.

4. Convert the hypothesis structure corresponding to this proof structure to a hypothesis tree using
only the structural conversions of R and the contractions.

5. Check if this hypothesis tree satisfies our constraints.

We assume computation is nondeterministic, i.e. the steps of our algorithm can produce a number of
solutions: the lexicon can produce different formulas for each word, there can be many different ways
of identifying the atomic formulas and many hypothesis trees to which we can convert our hypothesis
structure. When one step in our algorithm fails to produce a solution, we backtrack to a previous
step and try the next solution there until we have found all solutions.

As the connecting of step 3 and the conversions of step 4 are computationally expensive it is desirable
to do some static tests on the set of proof structures we get from the lexical formulas after step 2 of
the algorithm to make sure we at least have a chance of ultimately converting to a hypothesis tree.
The following are two quick tests to reject proof structures which can never satisfy our correctness
criterion.

First, by our definition of hypotheses and conclusions of proof structures, all atomic formulas other
than lexical formulas or the conclusion ) must be both a premiss and a conclusion of some link in
a proof structure from {l(w1),...,l(w,)} to {@}. So we can count if each of these atomic formulas
occurs as many times as a conclusion as it occurs as a premiss.

Secondly, the following lemma gives us a condition on the number of binary links occurring in a proof

net.

Lemma 7.3 Suppose we have a proof structure S with h hypotheses, ¢ binary tensor links, p binary
par links and a single conclusion. Then the following holds if S is a proof net:

t+l=p+h

Proof: Reasoning backwards from the hypothesis tree to the initial hypothesis structure we see that it
holds for the hypothesis tree (with p = 0), that the structural conversions and the unary contractions
preserve t, p and h and that the contractions for the binary links increase ¢t and p simultaneously. W

Example 7.4 The proof structure we would get after lexical lookup and formula decomposition of
‘agent whom Mulder liked’ is the following:
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S

n (n\on)/o(s/oC10in s/0<>1D np 104 np

(np\os)/onp n
PR
np\os

We have marked the lexical hypotheses (resp. the conclusion) with an arrow leaving the formula from
above (resp. below). This is just a reminder they should not be used as the conclusion (resp. premiss)
of a link.

Now, we count the atomic premisses and conclusions which are available. We have two formulas n as
premisses and two as conclusions, we have one formula s as a premiss and one as a conclusion and we
have two formulas np as premisses and two as conclusions. So it should at least be possible to find
a way to identify these and produce a proof structure from {n, (n\on)/o(s/onp), np, (np\os)/onp} to

{n}.

Next we count 4 lexical hypotheses, 4 binary tensor links and 1 binary par link, satisfying our equation
t+ 1 =p+ h and proceed to the identification phase.

The proof structure for ‘*agent whom Mulder liked Skully’” would fail both tests. There would be one
more np occurrence as a conclusion and there would be one hypothesis too many. ¢

For the identification of the atomic formulas, we will generally have a number of possible choices.
Given a proof structure where an atomic formula A occurs k times as a premiss (and k times as a
conclusion, according to our count check), there will be k! ways of performing these identifications.
In the proof structure above we count 1 formula s, 2 formulas np and 2 formulas n, giving us a total
of 1! x 2! x 2! = 4 proof structures we have to consider. For larger examples, this will quickly lead to
an unacceptably long computation time. However, we will see that a smart algorithm can in many
cases perform better than the worst case complexity might suggest, by exploiting the different kinds
of information present in the proof structure.

Example 7.5 As a first step, we identify the premiss s with the conclusion, resulting in the following
proof structure:



‘ agent ‘ ‘ Mulder ‘
A A

n np (np\os)/onp np n
1 2
——

np\os

X_i_i

R/;____g____i

(n\on)/o(s 0<>1D np) s/0<>1D np <>15 np

t—i—g -- —Lgl
n Dl inp
Lot i
np
Next, we decide to identify the np formulas. Here we have two choices, either the lexical np formula is

a premiss of the L\ link or it is a premiss of the L/ link. We choose to explore the second possibility
first, and get the following proof structure:

( \
n <>1Elinp n
- lik d Muld
D%np (np\os)/onp
1 2
Ln{ L/o
np np\os
1 2
L\o
S
by
1 2

(n\on)/o(s/0©10{np) s/0<10{np

1 2
L/o
n n\on
1 2
L\o
n

Now, when we look at the hypothesis structure of this proof structure, we see that no structural
conversions apply to this hypothesis structure and that the only contraction we can apply is the one
for Lo, after which we will be unable to contract the R/¢ link or apply any structural conversion.
Furthermore, this will apply to any hypothesis structure we get after identifying more formulas of the
proof structure, because the R/ link remains splitting in the sense of our sequentialization theorem,
regardless of which additional formulas we identify in this proof structure.

Observe also that if we would have used ‘which’ instead of ‘whom’ for this example, we could have
applied the [Comg o] conversion at this point and continued to produce a proof net of ‘agent which

liked Mulder’.

We return to the other way of identifying the np formulas, resulting in the following proof structure:
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(np\os)/onp
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1 2
L\o
n

Applying the same reasoning as before, we see that at this point we can contract the R/ link after
the [Assg,1] structural conversion and the L1 contraction, so continuing is warranted.

For the n formulas, we again have two choices: we either identify the n hypothesis with the conclusion
of the proof structure or with the conclusion of the L\ link. Selecting the first option will give us the
following proof structure:

012#"1?
t -
-~
n D%np
liked
2
(np\os)/onp np
1 2
L/o
np np\os
1 2
L\o
s
gk
1 2
l l

(n\on)/o(s/01801np)  s/0C101np

1 2
L/o
n n\on
1 2
L\o



Now, we can immediately see we will be unable to contract the hypothesis structure of this proof
structure to a tree, as none of our conversions allow us to connect the two separate components of the
hypothesis structure and therefore we can never convert to a tree.

Fortunately, the final proof structure of this sequent

[

Olﬂ%np

g4
Dinp
=

(np\os)/onp

e

np\os

i L\o
S

(n\on)/o(s/0<10{np) s/0<10{np

T S ¢

L/o
n n\gn
1 >
L\o
n
Goal

can be converted to a hypothesis tree (almost) as shown in example 3.11. We can also see that this
hypothesis tree has all formulas in the desired order.

Given our small example fragment, this completes the enumeration of all possible cut-free, eta-
expanded proof nets from {n, (n\on)/o(s/oO10np), np, (np\os)/onp} to {n}. ¢
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8 Lambek Calculus

Lambek Calculus (L) as introduced in [Lambek 58] is defined by the inference rules of figure 2, where
the antecedent part of each sequent is a sequence rather than a structure tree. It is related to the
following special case of NLOR;

e zero unary modes (J = @), implying no unary connectives;
e only one binary mode (I = {*}; we will henceforth delete the unique subscript);

e the structural rules® [LAss] and [RAss], mimicking the fact that each sequent has a sequence
instead of a structure tree as antecedent part;

e 1o other structural rules.

This calculus is equivalent to L>°, by which we mean L restricted to the requirement that the an-
tecedent sequence of all sequents in a derivation be non-empty. In this way theorem 3.7 provides us
with a correctness criterium for L>9.

However, a much more attractive correctness criterion is obtained when we adapt our theory in such a
way that the structural rules become part of the theory and are not present explicitly anymore. This
is done by a generalization of the links in the definition of correction structure.

Definition 8.1 An L-proof structure (S, L) consists of a finite set S of (O- and O'-free and unimodal)
formulas together with a set £ of links in S of the following forms:

AeB A B
1 Re >
——
B AeB
A\ B B
1 > o _g_ __n
b h¢ N
B A A\ B
B/ A A B
1 2 R/
B B/A A
such that the following holds:
e every formula of S is at most once a conclusion of a link;
e every formula of S is at most once a premiss of a link. ¢

Definition 8.2 An L-correction structure (N, L) consists of a finite set N of nodes together with a
set £ of links in N of the following forms (where n varies over n = 0 or n > 2):

3See page 5 for the definition of the mentioned structural rules.
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Identity rules

Ax

AF A

TFA  ALAAFC
AT, Ay F C

Cur

Logical rules for the ®-like connectives

I1,A,B Ty - C '-A AFB

___________ Le Re

I'i,AeB Iy  C I''AF AeB

Logical rules for the %-like connectives

Fr-A  AMBMAEC ALEB
AT, A\B,A; - C T+ A\B
r-A A1737A2|_C L/ _F’_A_l___B___R/
ALB/AT, Ay - C Ir'-B/A

Figure 2: The sequent calculus L
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such that the following holds:
e every node of S is at most once a conclusion of a link;
e every node of S is at most once a premiss of a link. ¢

The generalized tensor link will be called an n-comb. Note that we admit n = 0. We define a 1-comb
to be a single node:

if ' and 2" are distinct nodes, and empty otherwise.

An L-hypothesis structure is the same as in definition 3.4, but now w.r.t. an L-correction structure.
Henceforth we will omit the prefix L.

The redex of a contraction consists of a par link and an n+1-comb, as depictured below (where we
require — as usual — all nodes to be distinct). Observe that in any case the par link is attached to
two successive formulas of the n+1-comb, when we order them in a cyclic way. It is replaced by an
n-comb, and all nodes keep their labels, which for n = 1 has to be interpreted as

The contraction will be named after the par link (Le, R\, R/). A Le contraction only applies if
n+12>2.

‘rl DY L] DY wn L. ‘rl DY xk] DY xn
é XV prl Xn+1 - é m Xn
Zo Zo
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Ry
Zo
R/
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1 e Tp—1 Tn
) N ¢
$ 7
Zo
T €2 Tn
3
Zo
Ty 0 Tk - Tktm-—1 © Tntm
Xl mc k—+m-1 n—+m
7
Zo

Now, starting with a proof structure S, we can form the underlying hypothesis structure S in the
usual way (which — besides nodes — consists of par links and 2-combs only):

A
1 Re
AeB
A
B
B/A
L/
B

N

S

. .
1 2
—
.

For any (possible empty) sequence I' and formula C, let |T'| be the multiset of elements in T'; let I'x
be the obvious hypothesis structure (consisting of one n-comb) from |T'| to {C'} with conclusion node
(lower) labeled by C. Any hypothesis structure of this form will be called a hypothesis comb. Let —
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be the transitive, reflexive closure of —, by which we mean the contractions as well as the structural
conversions.

Theorem 8.3 R
I' F C is derivable in L if and only if there is a proof structure S (from |I'| to {C}) such that S — I'c.
¢

The proof is similar to that of theorem 3.7.

Example 8.4 The following proof structure converts to a point, showing that B\C' F B\ ((4\ A)e()
is derivable in L. This example illustrates the degenerate instances of n-combs, where n equals 0 or 1.
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9 Discussion

We have presented a proof net calculus for the multimodal Lambek Calculus which is new, elegant
and very general.

The formalism we have presented here is related to a number of other proposals, notably to Danos’
graph contractions [Danos 90], of which our contractions are a special case. As a result, acyclicity and
connectedness are a consequence of our correctness criterion.

Our approach is also related to the labeled proof nets of [Moortgat 97]. Our hypothesis structures
correspond closely to the labels Moortgat assigns to proof nets. Advantages of our formalism are that
we have a very direct correspondence between proof structures and their hypothesis structures and
that we can handle cyclic or disconnected proof structures unproblematically, whereas only acylic and
connected proof structures can be assigned a meaningful label.

Some interesting questions remain open. It seems possible, for instance, to formulate a classical version
of our proof net calculus, though it is unclear to us at the moment what kind of sequent calculus a
(multimodal) classical Lambek Calculus would have.

We would also like to have some natural notion of equality on conversion sequences. As defined now, a

number of uninteresting permutations are possible in conversion sequences, which is somewhat against
the spirit of proof nets as ‘sequent proofs modulo permutations of inferences’.
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A Structure Trees

Given sets J and I of unary respectively binary modes, we define the set of structure trees with holes
over a set S as follows:

trees :=SU{[]}
| (trees)’

| trees oj trees

The length A(E) and the number of holes k(Z) of such a tree = is defined by

A4):=1 (AeS) k(A):=0 (AeS)
Al =1 s([]) =1
M(E1)) = A=) K((E1)7) := K(E1)
AME1 0; E2) = A(E1) + M(E2) k(21 0; Eg) :=k(Z1) + k(E2)

Let treeé"€ be the subset of trees consisting of trees with length A and number of holes k. Observe
that S C treeé’o.

For every =2 € treeg""i there is a multiset |Z| of A — k elements of S which equals = modulo structural
information and holes. Moreover, we define (E)) to be the order in which the elements of |Z| occur
in =.
[Al =14} (A€S) (A)=A  (Aes)
I == 0 (=0
(1) | = 1Z4] (B =

|21 0i Eaf :=[E1| U |Z] (E1 oi E2)) :=(Er)), (E2))

Example A.1
(A1 o1 (As)')! o3 (Ay o1 []) € treeg”
[(AL o1 (A2)")t 0n (A1 o1 [])] = {A1, A1, A2}
(I o ({1 o1 (([1)F o2 []) € treeg™

{5 € treel” | Zis ( >j-free}‘ =132 |I/°

There is a substitution operation

)‘_"H‘Z;:l UR Z;:1 kj

A
i — treeg

l1,k1
treeS

L kx
X treeS

X ... X treeg
(E,@l,...,@,{)HE[el,...,@,{]

which can be defined by induction on =:

e if Z €S, then A =1;k =0, and we define the image of = to be Z itself;

e if = =], then A = 1;k = 1, and we define the image of (Z,01) to be E[ O, | := Oy;
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e if == (=;)7, then A = \; and k = k1. By induction hypothesis we know that Z1[ O1,...,0,, ]

1—H1+Z;i1 lj, Z;i1 k;

is defined and in tree;\ . Now we define the image of (E, O1,..., @,@u) to be

5[617---7@/{]::<El[®1;---7®n1]>j

which is in . .
tree;\ﬂHZj:1 b2 kja
as desired.
o if = =51 o; Zg, then A = A\ + Ay and Kk = k1 + k2. By induction hypothesis we know that

- . . Rl TE D DY IR DI
Z1[ ©1,...,0,, | is defined and in treeg J=LE =L

. Ne—ro+ L2 0y T2 Ky
defined and in treeg e

while 25 Oy 41, -+, Onypry | 18

. Now we define the image of (E, O1,..., 95) to

be
E[@l,...,Gn] = 51[61,...,®,€1 ] O; EQ[@K1+1,...7®K1+K2 ]
which is in
+ + P P
tree IR ARt DT b DI AR A sl D ks
S - S )
as desired.
Example A.2 e Restricting our attention to the case where A = k (formal trees), this map is

A A
tree™? x tree'! x ... x tree!™ I s treedei=i b K=l
where we have deleted the subscript S since these sets do not depend on it.

e Restricting our attention to substitution of elements of S, this map is

A A
treeg”” x S¥ — trees’0

e Restricting our attention to the case where k = 0 (S-trees), the substitution map is the identity

treeg"0 — treeg"0 (proof by induction); there is nothing to substitute.

Lemma A.3 Given (E, O1,..., @H) € treeé’“ X treelsl’k1 X ... X treels’“k“, the following holds:

IE[©1,....0: 1= [EIU | I8l
j=1

Proof: By induction on =.

We study sequents in which the antecedent part is a structure tree of formulas rather than a sequence
or a multiset of formulas.

seq := {F FCln>1T¢€ tree%’r?n;C’ € form}

Atoms will be denoted by p,q,...; modes by i,j,...; formulas by A, B,C,...; and form-trees by
T, A,.... Observe that all sequents have non-empty antecedent part, since there are no empty trees.
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n,2 . n1,0

Convention Writing down a sequent like A[T'y,I's | F C implies that A € treeg ; 'y € treei " and
Iy e treez)fr’r?, yielding A[Ty,T3 ] € treeg:n?rnﬁnz’o

. 0 . ;
There is a map tree(  — form, which replaces all ( )7- and o, -occurrences by < ;- and e;-occurrences.

The image of I under this map will be denoted by I"®.

(A). =A (A € form)
<
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