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Abstract

In this paper, we review static data allocation and load balancing techniques for heteroge-
neous platforms. Data distribution techniques must obey a more refined model than standard
block-cyclic distributions to equally balance the load between processors of different speeds. We
show that deriving efficient distribution schemes is a rather simple task for linear networks but
turns out to be surprisingly difficult for multi-dimensional problems. We also discuss several
variants of the master-slave paradigm for different-speed processors.
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1 Introduction

Heterogeneous networks of workstations (HNOWSs) are ubiquitous in university departments and
companies. They represent the typical poor man’s parallel computer: running a large PVM [19]
or MPI [39] experiment (possibly all night long) is a cheap alternative to buying supercomputer
hours. The idea is to make use of all available resources, namely slower machines in addition to
more recent ones.

The major limitation to programming heterogeneous platforms arises from the additional diffi-
culty of balancing the load when using processors running at different speeds. This paper is devoted
to discussing static data allocation techniques that will enable to achieve this goal. With proces-
sors running at different speeds, block-cyclic distribution, as used in the ScaLAPACK library [8]
or in High Performance Fortran [29], is no longer enough; new data distribution schemes must be
determined and analyzed. We show that deriving efficient distribution schemes is a rather simple
task for linear networks but turns out to be surprisingly difficult for multi-dimensional problems.
We also discuss several variants of the master-slave paradigm for different-speed processors: for
some variants, simple solutions can be designed, while for some other variants the complexity is still
unknown (to the best of our knowledge).

The rest of the paper is organized as follows. In Section 2, we target heterogeneous networks of
workstations configured as linear arrays. We investigate data allocation schemes to evenly balance
the workload for several computational kernels on such platforms. Next, in Section 3, we discuss in
depth the matrix multiplication algorithm, and we show the intrinsic difficulty of static allocation
schemes for heterogeneous clusters. Then, in Section 4, we revisit the master-slave paradigm with
different-speed slaves. We discuss related work in Sections 3.2.6 and 4.5. Finally, we give some
remarks and conclusions in Section 5.

2 Static Data Allocation Strategies for Linear Arrays

In this section we target heterogeneous networks of workstations configured as linear arrays. We
investigate data allocation schemes to evenly balance the workload for several computational kernels
on such platforms. We start with an example (a simple image processing kernel) to explain why
classical block-cyclic distribution is not suited to different-speed processors (Section 2.1). Next,
we deal with the simple problem of distributing independent chunks of computations to linear
arrays of heterogeneous processors (Section 2.2). We use this result to design optimal allocation
schemes for finite-difference computations over a tiled iteration space (Section 2.3). Finally, we
tackle the implementation of dense linear solvers, for which we propose an optimal data distribution
in Section 2.4.

2.1 A Motivating Example

The main body of a “red sweep” in a distance transform [38] or path planning [7] algorithm is
expressed in Algorithm 1.

Algorithm 1 The main body of a “red sweep”.

Fori=1 Ton Do
For j=1 Ton Do

a’(iaj) = f(a'(Z - laj - l)aa(i - laj)aa(i - l,j + 1)7a(iaj - 1),a(iaj))




Figure 1: The updating mask in a forward sweep.

Each pixel (or position in path planning) (4,7) is updated using a mask made up with its north-
west, north, north-east and west neighbors (see Figure 1). Because of the dependences, all pixels
cannot be updated simultaneously; however there is some potential parallelism in the algorithm, as
illustrated by Figure 2, where time-steps for ASAP (as soon as possible) execution are reported.
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Figure 2: The first 9 time-steps for ASAP execution with 5 homogeneous processors of cycle-time
t = 1. No communication time is taken into account.

How should pixel rows be distributed to processors? Assume first that we have p homogeneous
processors. A good strategy is to use a cyclic allocation of rows to processors. As soon as a new
pixel (4, j) is computed by the processor that is assigned row 7, the new value is sent to the processor
that is assigned row 7 + 1. Computation progresses smoothly in parallel.

Assume now that we target a heterogeneous platform. Consider a toy example with 3 processors
Py, P, and P; of respective (normalized) cycle-times ¢t; = 1, to = 2 and ¢3 = 4. This means that P;
is twice as fast as P» and four times faster than Ps: one pixel is executed within 1 time-step by P,
within 2 time-steps by P, and within 4 time-steps by P3. Suppose that the same cyclic allocation
is used. Row 1 is assigned to P, which starts computing at time-step ¢t = 0. At ¢ = 2, P, has
updated the first two pixels of row 1, so P, can start executing row 2. It takes 4 time-steps to P to
update the first two pixels of row 2. At step t = 6, P5 starts updating its first pixel in row 3. But
processor P; will compute its row much faster than the others; when finished, it will start executing
row 4. But P; cannot execute this row any faster that Ps executes its own, because of the vertical
dependences. Very soon, both P, and P» will be forced to operate at the slower speed of Ps.

However, more sophisticated distributions can be chosen. For instance, we can allocate rows by
chunks of 7 consecutive rows. Out of each chunk, the first 4 rows go to P;, the next 2 go to P» and
the last row goes to Ps. The intuitive idea is to assign to each processor an amount of work that is
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Figure 3: Execution with the static periodic allocation, where ¢t} =1, to =2 and 3 =4

inversely proportional to its cycle-time. Note that this new distribution requires a new scheduling
to be efficient: processors should not progress row by row any longer; instead, they must give
priority to updating new pixels in their last row as soon as possible, as illustrated in Figure 3, where
the computational wavefront appears at time-step ¢ = 22: the computation progresses downwards
along a diagonal line, and the work is perfectly balanced amongst the three processors, despite their
different speeds.

To summarize, this simple example is intended to show the need to resort to more complicated
allocation strategies than the standard block-cyclic schemes advocated for homogeneous platforms.

2.2 Distributing Independent Chunks

Given B independent chunks of computations, each of equal size (i.e. each requiring the same
amount of work), how can we assign these chunks to p physical processors Py, P, ..., P, of
respective cycle-times t1, ta, ..., t,, so that the workload is best balanced? Here the execution time
is understood as the number of time units needed to perform one chunk of computation, i.e. each
processor P; executes each computation chunk within ¢; time units. Then how to distribute chunks
to processors? The intuition is that the load of P; should be inversely proportional to ¢;. Since the
loads (i.e. number of chunks) on each processor must be integers, we use the following algorithm
to solve the problem, where ¢; denotes the number of chunks allocated to processor P;. Thus, the
overall execution obtained with an allocation C = (c1,¢2,... ,¢p) is given by maxi<;<p ¢it;.

Algorithm 2 gives the optimal allocation [5]. It can be applied to simple load balancing problems
such as matrix product on a processor ring: indeed, such a program can be decomposed into
successive communication-free steps.

Each step consists of a bunch of independent chunks that can be distributed using Algorithm 2.
Consider a toy example with 3 processors of respective cycle-times t; = 3, to = 5 and t3 = 8. We
aim to compute the product C = A x B, where A and B are of size 2496 x 2496. The matrices can
be decomposed into 78 x 78 square blocks of size 32 x 32 (32 is a typical block size for cache-based
workstations [8]). Hence, B = 78 blocks of columns have to be distributed among the processors,
and B = 78 independent chunks will be computed at each step. Table 1 applies Algorithm 2 to this
load balancing problem.

A, B and C share the same layout: P; owns the first ¢; blocks of columns (i.e. M[*,1: bc1]), Po
owns the following cg blocks (i.e. M[*,bc; + 1 : b(c1 + ¢2)]), and P3 owns the remaining c3 blocks
of columns (i.e. M[*,b(c1 + c2) + 1 : b(cr + c2 + ¢3)]). At step 0 < ¢ < §, the processor P; that
owns the t** bloc of columns of A broadcasts it to all the other processors. Thus, each processor
owns a block of columns (A[*,bt + 1 : b(t + 1)]) and some parts of the #** block of rows of B (resp.
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Algorithm 2 Optimal distribution for B independent chunks, over p processors of cycle-times
i1, 5 p.

DISTRIBUTE(B, t1, 2, .., tp)
{Initialization: Approximate the c; so that c¢; x t; = Constante and }
{Cl+02+...+cp SB}
1: Fori=1 Top Do

1
2: C; = pti 1 X B
=11

{Iteratively increment some c; that minimize the execution time until 3% _, ¢; < B}
3: While Y™ , ¢; < B Do
4: 4 =argming;,(t;(c; +1))
5
6

cj=cj+1
: Return (c1,co,...,ck)
Steps c1 | 2 | c3 | max;(cit;)
> ¢; = 76 (initialization) || 39 | 23 | 14 117
e =17 40 |1 23 | 14 120
> ¢ =78=B 40 |24 | 14 120

Table 1: Steps of Algorithm 2 for 3 processors with ¢; =3, to =5 and ¢3 = 8, and B = 78.

B[bt+1:b(t+1),1:bc1], Blbt+1:b(t+1),bc1 +1:b(c1+c2)] and B[bt+1:b(t+1),b(c1 +c2)+1:
b(c1 + ¢c2 + ¢3)]). Each processor P, updates independently its C' submatrix with these blocks of
columns and of rows. A few different steps for matrix multiplication are represented in Figure 4.
The previous computation being has a cost proportional to cxtr for each processor P, hence the
whole processing is optimally load-balanced.

2.3 Finite-Difference Computations

Consider the two-dimensional rectangular iteration space represented in Figure 5. Tiles are rectan-
gular, and their edges are parallel to the axes. All tiles have the same fixed size. The size of the
tiled iteration space is N1 X Na. Dependences between tiles are summarized by the vector pair

o) (1))

In other words, the computation of a tile cannot be started before both its left and lower neighbor
tiles have been executed. Such computations are representative of finite-difference methods [44].
Assume that there are p different-speed processors P; of cycle-time ¢, 1 < ¢ < p. Assume
also that columns of tiles are assigned to processors, so as to increase both the locality and the
granularity of the computations. When targeting a homogeneous array, a natural way to allocate
tile columns to physical processors is to use a pure cyclic allocation [37, 25, 3|. For heterogeneous
arrays, we use a periodic allocation derived from Algorithm 2. More precisely, blocks of contiguous
columns are cyclically allocated to the processors. The period is a parameter B given by the user
(for instance B = Ny, the total number of columns). We use Algorithm 2 to determine the number
¢; of columns associated to P;, and we sort the quantities ¢;t;. At the price of some index changes,
let c1t1 < eotg < ... cptp. Then we assign the first ¢; columns to P;, the next ¢y columns to
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Figure 4: Different steps (21 and 51) of matrix multiplication on a platform made of 3 heterogeneous
processors of respective cycle-times t; = 3, to = 5 and t3 = 8. All indices in the Figure are block
numbers.

P>, and so on, until B columns are assigned. If needed, we iterate the process for the remaining
columns. This allocation is illustrated in Figure 6, again using 3 processors such that {1 = 3, t2 =5
and t3 = 8. For B = 10, Algorithm 2 returns ¢; = 5, co = 3 and c3 = 2.

As in the motivating example (for which the same allocation would be used), the scheduling must
not be the same as for homogeneous processors: rather than computing its tile columns one after
the other, each processor processes tiles horizontally, so as not to delay the next processors. Owing
to the condition e¢1t; < ecotg < ...... cplp, processors will be kept fully active after the initialization
phase: while, say, P; is computing the third row of its ¢; columns, P» is computing the second row
of its cg columns, and Pj is computing the first row of its c3 columns.

In a word, our solution consists in allocating panels of B tile columns to the p processors in a
periodic fashion. Inside each panel, processors receive an amount of columns inversely proportional
to their speed. Within each panel, the work is well-balanced, and dependences do not slow down
the execution.

2.4 Linear System Solvers

The previous data allocation technique is not adapted for LU and QR decompositions, as explained
below. Roughly speaking, the LU decomposition algorithm works as follows on a homogeneous
linear array [13|. The preferred distribution is a CYCLIC(b) distribution of columns. At each step,
the processor that owns the pivot panel factors it and broadcasts it to all the processors, which
update their remaining column blocks. At the next step, the next block of b columns becomes the
pivot panel, and the computation progresses.

Because the largest fraction of the work takes place in the update, we would like to load-balance
the work so that the update is best balanced. Consider the first step. After the factorization of
the first block, all updates are independent chunks: here a chunk consists of the update of a single
block of b columns. If the matrix size is n = B x b, there remains B — 1 chunks to be updated. We
can use Algorithm 2 to distribute these independent chunks. But the size of the matrix shrinks as
the computation goes on. At the second step, the number of blocks to update is only B — 2. If we
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Figure 5: A tiled iteration space with horizontal and vertical dependences.

Figure 6: The periodic allocation for 3 processors with ¢t; = 3, to =5 and t3 = 8, and B = 10.

want to distribute these chunks independently of the first step, redistribution of data will have to
take place between the two steps, and this will incur a lot of communications. Rather, we search
for a static allocation of column blocks to processors that will remain the same throughout the
computations, as the decomposition progresses. We aim at balancing the updates of all steps with
the same allocation. As illustrated in Figure 7, we need a distribution that is kind of repetitive
(because the matrix shrinks) but not fully cyclic (because processors have different speeds).

Looking closer at the successive updates, we see that only column blocks of index ¢+ 1 to B are
updated at step 7. Hence our objective is to find a distribution such that for each 7 € {2,... , B}, the
amount of blocks in {7,... , B} owned by a given processor is approximately inversely proportional
to its cycle-time (proportional to its speed). To derive such a distribution, we use the Algorithm 2
without the initialization phase of lines 1-2. This algorithm was introduced in [10] and is best
explained using the former toy example.

2.4.1 A Dynamic Programming Algorithm

Consider an example with 3 processors of (relative) cycle-times t; = 3, to = 5, and t3 = 8. In
Figure 8, we report the allocations found by the algorithm up to B = 10. The entry “Selected
processor” denotes the rank of the processor chosen to build the next allocation. At each step,
“Selected processor” is computed so that the cost of the allocation is minimized. The cost of the
allocation is computed as follows: let us denote by ¢; the number of chunks allocated to processor P;,
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Figure 7: 3374 step of LU decomposition (indices are block numbers): with the former distribution,
the computation becomes less balanced. Here, after factoring block 33, processor 1 has 7 updates
and works for 7 x 3 = 21 units of time, while processor 2 works 24 x 5 = 120 units of time.

then the execution time for an allocation C = (c1, ¢, ... , ¢p) is maxi<i<p ¢;t; (the maximum is taken

. . - .5 maxi<;<p Citi

over all processor execution times). So, the average cost to execute one chunk is C = —1%15’;—”
i=1"?
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Figure 8: Running the dynamic programming algorithm with 3 processors: #; = 3, to = 5, and
t3 =8.

For instance at step 4, i.e. to allocate the fourth chunk, we start from the solution for three
chunks, i.e. (e1,c2,c3) = (2,1,0). Which processor P; should receive the fourth chunk, i.e. which
¢; should be incremented? There are three possibilities (¢; + 1, ¢2,¢3) = (3,1,0), (c1,¢2 + 1,¢3) =
(2,2,0) and (c1,c2,c3 + 1) = (2,1,1) of respective average costs % (P is the slowest), % (P
is the slowest), and 2 (P; is the slowest). Hence we select i = 3 and we retain the solution
(c1,c2,e3) = (2,1,1).

Of course, if we are to allocate 10 chunks, we can use Algorithm 2 and find that 5 chunks should
be given to processor P;, 3 to P» and 2 to P3. But the dynamic programming algorithm returns
the optimal allocation for any subset of chunks [1, s], where s < B (see [10] for the proof). Note
that the cost of the allocations is not a decreasing function of B.



2.4.2 Application to LU Decomposition

For LU decomposition we allocate slices of B blocks of width b to processors, as illustrated in
Figure 9. B is a parameter to be discussed below. For a matrix of size nb X nb, we can simply let
B =n, i.e. define a single slice.

Within each slice, we use the dynamic programming algorithm in a “reverse” order. In other
words, the k-th chunk (for 1 < k£ < B) is allocated to processor (B — k + 1). Consider the toy
example in Table 1 with 3 processors of relative speed t; = 3, to = 5 and t3 = 8. The dynamic
programming algorithm allocates chunks to processors as shown in Table 8. Hence, the obtained
pattern is (P3P, Py Py P, Py P3P, P, P;) (see Figure 10 for the detailed allocation within a slice). As
illustrated in Figure 9, at a given step there are several slices of at most B chunks, and the number
of chunks in the first slice decreases as the computation progresses (the leftmost chunk in a slice is
computed first and then there only remains B — 1 chunks in the slice, and so on). In the example,
the reversed allocation best balances the updates in the first slice at each step: at the first step
when there are the initial 10 chunks and 9 updates (the first chunk is not updated), but also at
the second step when only 8 updates remain, and so on. The updating of the other slices remains
well-balanced by construction, since their size does not change, and we keep the best allocation
for B = 10. See Figure 10 for the detailed allocation within a slice, together with the cost of the
updates.

done

Figure 9: Allocating slices of B chunks.

This periodic data allocation scheme is at the heart of the extension of the ScaLAPACK library
devoted to dense linear solvers such as LU or QR factorizations, as proposed in [5]. Note that a
major advantage of a fully static distribution with a fixed parameter B is that we can use the current
ScalLAPACK release with little programming effort. In the homogeneous case with p processors, we
use a CYCLIC(b) distribution for the matrix data, and we define p processes. In the heterogeneous
case, we still use a CYCLIC(b) distribution for the data, but we define B processes which we allocate
to the p physical processors according to the load-balancing strategy.

3 Static Data Allocation Strategies for Geometric Problems

Contrarily to the uni-dimensional case, static strategies turn out to be surprisingly difficult for multi-
dimensional problems. To illustrate this difficulty, we take the example of matrix multiplication
(MM) problem.

3.1 MM Algorithms

In this section we briefly describe how to implement a parallel (or distributed) MM algorithm on
a heterogeneous platform. We adopt an abstract view by assuming that we have a collection of p
heterogeneous computing resources Py, P, ... , P,. If each computing resource P; reduces to a single
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Figure 10: Comparison of two different distributions for the LU-decomposition algorithm on a
heterogeneous platform made of 3 processors of relative cycle-time 3, 5 and 8. The first distribution
is the one given by our algorithm, the second one is the cyclic distribution. The total number of
chunks is B = 10.

processor, we are dealing with a heterogeneous network of workstations or PCs (HNOW). When
each computing resource P; is itself a heterogeneous cluster or a parallel machine, we are targeting
a metacomputing environment, made up from a collection of clusters. The high-level algorithmic
description is the same for all target machines. However, our model will have to cope with different
hypotheses on communication issues. We come back to the impact of communication modeling in
Section 3.2.2. Before dealing with heterogeneous resources, we briefly summarize existing algorithms
for homogeneous machines.

3.1.1 Homogeneous Grids

We start by briefly recalling the MM algorithm implemented in the ScaLAPACK library [8] on
2D homogeneous grids. For the sake of simplicity we restrict to the multiplication C' = AB of
two square n X n matrices A and B. In that case, ScaLAPACK uses the outer product algorithm
described in [1, 17, 33]. Consider a 2D processor grid of size p x ¢, and assume for a while that
n = p = ¢. In that case, the three matrices share the same layout over the 2D grid: processor F; ;
stores a; j, b; j and ¢; ;. Then at each step &,

e each processor P, (for all i € {1,..,p}) horizontally broadcasts a;j to processors P; 1.4.
e each processor P ; (for all j € {1,..,q}) vertically broadcasts by ; to processors Py.p ;.
e so that each processor F; ; can independently update ¢; j = ¢; j + a; kbg ;.

This current version of the ScaLAPACK library uses a blocked version of this algorithm to
squeeze the most out state-of-the-art processors with pipelined arithmetic units and multilevel
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memory hierarchy [16, 12]. Each matrix coefficient in the description above is replaced by a b x b
square block, where optimal values of b depend on the memory hierarchy and on the communication-
to-computation ratio of the target computer. Hence from now, a matrix of size nb X nb is virtually
considered as a n X n matrix where atoms are b x b blocks. Finally, a level of virtualization is added:
usually, the number of blocks n? is much greater than the number of processors pg. Thus blocks
are scattered in a cyclic fashion along both grid dimensions, so that each processor is responsible
for updating several blocks at each step of the algorithm.

To prepare for the description of the heterogeneous version, we introduce another “logical”
description of the algorithm:

e We take a macroscopic view and concentrate on allocating (and operating on) matrix blocks
to processors: each element in A, B and C is a square b X b block, and the unit of computation
is the updating of one block, i.e. a matrix multiplication of size b.

e At each step, a column of blocks (the pivot column) is communicated (broadcast) horizontally,
and a row of blocks (the pivot row) is communicated (broadcast) vertically.

e The C matrix is partitioned into p X g rectangles. There is a one-to-one mapping between
these rectangles and the processors. Fach processor is responsible for updating its rectangle:
more precisely, it updates each block in its rectangle with one block from the pivot row and
one block form the pivot column, as illustrated in Figure 11. For square p x p homogeneous
2D-grids, and when the number of blocks in each dimension n is a multiple of p (the actual
matrix size is nb X nb), it turns out that all rectangles are identical squares of % X % blocks.

S
i N

\v

nl_—
iy |
.y

Figure 11: One step of the MM algorithm on a 4 x 4 homogeneous 2D-grid.

On Figure 11, we see that the total amount of communications performed by the MM algorithm
is proportional to the sum of the half-perimeters of the rectangles allocated to the processors:
more precisely, at each step each processor responsible for a rectangle of A x v blocks must receive
(vertically) h blocks of matrix B and (horizontally) v blocks of matrix A. This explains why
the allocated rectangles are identical squares for p X p homogeneous 2D-grids: because the (half)-
perimeter of a rectangle of fixed area is minimized when it is a square, this choice does minimize
the communication volume.
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There are other homogeneous MM algorithms: for instance Cannon’s algorithm [33] (whose
main drawback is to require an initial permutation of matrices A and B) replaces all the horizontal
and vertical broadcasts by nearest-neighbor shifts. The total communication volume at each step
is the same, but the communications are different. Still, all processors independently update their
rectangle of C blocks at each step.

3.1.2 Heterogeneous Platforms

How to modify the previous MM algorithms for a heterogeneous platform? The idea is to keep
the same framework: at each step, one pivot column and one pivot row are communicated to
all processors, and independent updates take place. However, with different-speed processors, we
cannot distribute same size rectangles from the C matrix to the processors. Intuitively, we want
to balance the computing load so that each processor receives an amount of work in accordance
to its computing power. Because all C' blocks require the same amount of arithmetic operations,
each processor executes an amount of work which is proportional to the number of blocks that are
allocated to it, hence proportional to the area of its rectangle. To parallelize the matrix product
C = A x B, we have to tile the C' matrix into p non-overlapping rectangles, each rectangle being
assigned to one processor. Figure 12 shows an example with 13 different-speed computing resources.

Figure 12: The MM algorithm on a heterogeneous platform.

The question is: how to compute the area and shape of these p rectangles so as to minimize the
total execution time? As usual with parallel algorithms, there are two non-independent and maybe
conflicting goals: (i) load-balancing computations; (ii) minimizing communication overhead. Goal
(i) is related to the area of the rectangles that are allocated to the processors, while goal (ii) is
related to their shapes. We discuss areas and shapes in the next section, in order to formally state
(and try to solve) this difficult optimization problem.

3.2 The Heterogeneous MM Optimization Problem

Consider a matrix product C = AB, where A, B and C are square matrices of n X n square
blocks of size b. Assume that we have p computing resources P;, P, ... , P, of (relative) cycle-times
t1,t2,... ,tp. We start with load-balancing issues before dealing with communication overhead.

3.2.1 Load Balancing

To perfectly load-balance the computation, each processor should receive an amount of work in
accordance to its computing power. If, say, P» is twice faster than P; (1 = 2t9), then P, should
be assigned twice as many elements as P;. In other words, the area of its rectangle should be the
double of that of P;. Let s; be the area of the rectangle R; = h; X v; allocated to processor P;.
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Obviously, the first equation is Y b s; = n?, in order to obtain a true partition of the C' matrix.
Next, since P; processes its rectangle within s;¢; time-steps, we have

81t1 = 8oty = ... = Spip.

The last constraint is to write s; as s; = h;v;, where h; and v; are the number of rows and columns of
R;. These equations do not always have integer solutions, which means that a perfect load balancing
of the computations is not always possible.

However, we are not really interested in an exact solution. A more concrete and interesting
question is the following: given the p computing resources, how to compute the respective area of
the rectangles R; so that the workload is asymptotically optimally balanced: the larger the matrix
size (expressed in blocks), the more accurate the tiling into rectangles. This question translates into
the following system: given t1,... ,1,, search for real unknowns s;, h; and v;, 1 <7 < p, such that:

(1) sit1 =sata = ... = Sptp

(2)  Xigsi=1

(3)  The p rectangles of size h; x v; (where h;v; = s;) tile the unit square

Condition (1) ensures that the area of the rectangle R; allocated to processor P is inversely propor-
tional to its cycle-time. Condition (2) is for normalization: the sum of the areas of the p rectangles
is that of the unit square, a necessary condition for condition (3) to hold. Note that, as expected,
conditions (1) and (2) allow to compute the s;: we obtain

1
i
P 1
i=1t;

S; =

We see that s; is computed from the harmonic mean of the ¢;, and it is not an integer (0 < s; < 1
as soon as p > 2).

There are always solutions to the normalized problem. For instance we fulfill condition (3) by
choosing to tile the unit square into p horizontal slices of height v; = s; (and width h; = 1), or into
p vertical slices of width h; = s; (and height v; = 1). This degree of freedom comes from the fact
that load balancing imposes constraints on the area of the rectangles R;, but not on their shapes.
Shapes come into the story when discussing communication issues, as explained below.

Finally, note that it is straightforward to retrieve a solution of the original problem (tiling a
matrix of n x n blocks) from the solution of the normalized problem: we simply multiply by n all
the h; and the v;, getting h;(n) = nh; and v;(n) = nv;; then we round up values to integers h/(n)
and v}(n) while preserving the constraint > *_, hl(n) = >-F_, vi(n) = n (there are many possible
variations). Therefore we derive a generic solution to the original problem, which is valid for all
values of the parameter n.

3.2.2 Communication Overhead

At each step of the MM algorithm, communications take place between processors: the total volume
of data exchanged is proportional to the sum € = 3P (ki + v;) of the half-perimeters of the p
rectangles R;. In fact, this is not exactly true: because the pivot row and columns are not sent to
the processors that own them, we should subtract 2 from C , 1 for the horizontal communications
and 1 for the vertical ones. Since minimizing CorC—2is equivalent, so we keep the value of C as
stated.
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Sequential communications Minimizing C seems to be a very natural goal, because it represents
the total volume of communications. For instance it is natural to assume that communications
will be mostly sequential on a HNOW where processors are linked by a simple Ethernet network;
also, there will be little or none computation/communication overlap on such a platform. In that
context, minimizing the total communication volume is the main objective: it is proportional to
the communication time needed at each step of the MM algorithm, with the underlying hypothesis
that the network is homogeneous. In this section, we do not investigate further the situation where
different-speed links are available between the processors (see Section 3.2.5 for a pointer).

Parallel communications Conversely, some communications can occur in parallel, or some effi-
cient broadcast mechanisms can be used, if the computing resources are linked through a dedicated
high-speed network, and if parallel communication links are provided. In that context, we may want
to use a column-based allocation as depicted in Figure 13: vertical communications are performed
in parallel in all columns, and broadcasts or at least scatters can be performed horizontally.

Figure 13: Tiling the unit square into columns of rectangles.

Collections of clusters Finally, in a metacomputing context, inter-cluster communications are
typically one order of magnitude slower than intra-cluster communications, so we may want to
adopt a two-level scheme: we assign rectangles to clusters as described in Figure 14, while inside
each cluster some master-slave mechanism could be provided.

Optimization criteria It seems that minimizing the total communication volume is the most im-
portant optimization problem, because of its wide potential applicability. Also, forgetting about MM
algorithms for a while, consider the implementation of any application (such as a finite-difference
scheme) where heterogeneous processors communicate boundary elements at each step (the commu-
nication scheme need not be nearest-neighbor, it can be anything): minimizing the total commu-
nication volume while load-balancing the work amounts to solving exactly the same optimization
problem.

The rest of the paper is devoted to solving the MM optimization problem using the total commu-
nication volume C as the objective function to be minimized. We formally state this optimization
problem in Section 3.2.3. For the sake of completeness, we discuss some extensions of the problem
in Section 3.2.5.
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Figure 14: Two level allocation scheme for a collection of clusters; in this example, one processor
within each cluster, namely P, is dedicated to inter-cluster communications.

3.2.3 The MM Optimization Problem

This section is devoted to solving the MM optimization problem using the total communication
volume C as the objective function to be minimized. We have p computing resources P, 1 <1 < p.
Each P; is assigned a rectangle R; of prescribed area s;, where Zle s; = 1. The shape of each R;
is the degree of freedom: we want to tile the unit square so as to minimize the total communication
volume C. The abstract optimization problem is the following:

Definition 1 (MM-OPT(s)) Given p real positive numbers s1,...,sp s.t. >0 1 8; =1, find a
partition of the unit square into p rectangles R; of area s; and of size h; Xv;, so that C = Ele(hi+vi)
is minimized.

Given the solution (or an approximation of the solution) of MM-OPT(s), we scale and round
up the values to the nearest integers so as to derive a concrete solution for matrices of given size
n. As stated above, the integer solution will be asymptotically optimal. There is an obvious lower
bound for MM-OPT(s):

Lemma 1 For all solutions of MM-OPT(s), C > 23 Vs

Proof The half-perimeter of each rectangle R; will be always larger that 2,/s;, the value when it
is a square. Of course, tiling the unit square into p squares of area s; is not always possible (think
of the problem of tiling the unit square into two squares of same area 0.5), so this lower bound is
not always tight. [ |

As already mentioned, it is easy to solve MM-OPT(s) when using a square two-dimensional grid
of homogeneous processors (s;; = 1 /p? for 1 <i,j < p); Even if the set of homogeneous processors
(si = s for 1 < i < p) cannot be arranged as a perfect square (/p € N) the problem is intuitively
polynomial [9]. However, with heterogeneous processors, the MM-OPT(s) optimization problem
turns out to be difficult: indeed, the decision problem associated to MM-OPT is NP-complete [6].
More important than the proof, this result itself clearly demonstrates the intrinsic difficulty of static
load-balancing on heterogeneous platforms while minimizing communication cost.
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3.2.4 Column-Based Heuristics

In this section we introduce a polynomial heuristic to solve the MM-OPT problem. We consider
the more constrained problem MM-COL(s) where we impose that the tiling is made up of processor
columns, as illustrated in Figure 15. In other words, MM-COL(s) is the restriction of MM-OPT(s)
to column-based partitions.

jd Cl V. 62 . 63 v
S
S S
Ss
S.
S1o ®
Ss3 1
S
Se ’
SIZ
S St
d 1 d

Figure 15: Column-based partitioning of the unit square: C = 3, k1 = 5, ko = 3 and k3 = 4.

Framework We describe the MM-COL(s) problem more formally: we aim at tiling the unit

square into C columns (where C is yet to be determined) of width ci,...,cc. Each column Cj is
partitioned itself into k; rows (to be determined too) of respective area So(i,1) -+ » Sa(ik;)- Of course,
the final partitioning has Zic:1 k; = p rectangles, and all the areas s1,...,s, are represented once

and only once. The goal is to build such a partitioning, subject to the minimization of the sum of
the rectangle perimeters.

Algorithm We describe our algorithm which is based upon the dynamic programming paradigm.
The main points are the following;:

1. Re-index the variables s1,... ,sp, such that 51 <so < ... <5,

2. Iteratively build the function fgerimemr, by incrementing the value of C from 1 to the desired

value. For q € {1,...,p}, fge”m“”(q) represents the total perimeter of an optimal column-
based partitioning of a rectangle of height 1 and width (3.7 ; s;) into g rectangles of respective
area si,... ,Sq, using C columns.

To help understand the derivation, we apply the algorithm on the following example: we have p =
8 areas of values (0.05,0.05,0.08,0.1,0.1,0.12,0.2,0.3). The results of the algorithm are described
in Table 2 and the resulting partitioning is depicted in Figure 16. Each column C; contributes to
the sum of the half-perimeters as follows: 1 for the vertical line, and k;c; for the k; horizontal lines
of length ¢;.
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q=1 q=2 q=3 q=4 q=>5 q=6 q="7 q=38
C=1]105/0]12[0|1.564[0]212[0] 29[0 | 4]0 | 59[0] 9]0
C=2 911 228|2 | 2562 [294|3|3.5|3 |438]4]|576]5
C=3 3182 | 3383 (366|4| 4|4 |458|5]|5.5]6
C=4 4283 | 4484|478 |5 | 526 | 5.88|7
C=5 538 4| 565 | 5986 657
C=6 65|5 | 686 | 7.28|7
c=1 7716 | 817
C=8 97

Table 2: Table containing the values of fé’e”meter(q) and a separated by |. é’mmet”(q) =

[Cmin ]<1 + (Lacicgsi) X (@—a) + fgirfmeter(a)> and a is the value minimizing the previous
ac[C—1,q—1 -

expression. Bold entries correspond to the optimal solution.

In the example, the optimal partitioning is obtained for 3 columns (f§ erimeter 9y — 5.5, smallest
entry of the column ¢ = 8 in Table 2). The first column of width c3 = s7 + sg = 0.5 is composed of
2 elements. The second column of width co = s4 + s5 + s¢ = 0.32 is composed of 3 elements. Then
the last column of width ¢; = s1 + s2 + s3 = 0.18 is made up with the smallest 3 elements (see
Figure 16).

0.5 0.32 0.18
0.12
0.08
0.3
! 0.1
0.05
0.2 0.1 0.05
perimeter perimeter perimeter final partitioning
0.5x2+4+1 032x3+1 0.18x3+1
f3(8) =5.5 f2(6) =3.5  fi1(3) = 1.54

Figure 16: Optimal column-based partitioning for the example. Thicker lines correspond to the
sum of the half-perimeters. We obtain C' = 5.5.

The worst-case complexity of the algorithm is O(p3). Note that in practice the complexity will be

lower than the worst-case analysis shows, because fé’erimeter (p) is a function that is first decreasing

and then increasing as C varies. All the functions fé’mmet” will not be built, the expected cost will
be pQCOPt ~ p2o. _ .

The final partitioning corresponding to the function fé’:::meter(p) = minj<c<p fge”meter(p) is
found using a simple algorithm which corresponds to tracking (backwards) the bold entries in
Table 2. The unit square is partitioned into Cyp¢ columns. The ith column contains the rectangles

Sdi41s--- 2 8di+k; With d; = k1 + ko + ... + ki_1:
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Algorithm 3 Construction of functions f% erimeter (f§(gq) corresponds to the total number of blocs
in the first C — 1 columns). So that, there remains ¢ — f§*(¢) blocs in the column C.

PARTITION(s1, ..., Sp)
1: §=0
2: Forqg=1 Top Do
3: S=58+s4
4 perzmeter( ) =14+ S x q
5. f1q) =
6: For C =2 T0p Do
72 Forg=C Top Do
i perimeter _ . pemmete'r
8: 12 (@)= oin 1+ > silg—a)+ f2 (a)
g—a<i<qg
9: fE%(q) = q — aopt {where a,p; reaches the minimum in the previous expression }

10:Return (f&ut)

Algorithm 4 Construction of the optimal solution from functions f§*

RE-BUILD(f£*, Copt)
l.g=p

2: For C =C,: DownTo 2 Do

3 ke=q— ")

4 q=fg"(q)

5

6

k1 =q
. Return (ky,...,kc,,,)
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Optimality This algorithm leads to the optimal column-based partitioning, as shown in [6]. Also,
the following guarantee can be established (again, see [6] for a proof): let r = ﬁi’l‘j:, and let C

denote the sum of the half-perimeters of the rectangles obtained with the optimal column-based
partitioning. Then,

~

C 1
NG <Vr(l+ \/ﬁ)
Hence, if r = 1, i.e. all the processors have the same speed, the column-based partitioning is
asymptotically optimal. On the other hand, if r is large, i.e. one processor is much faster than
another, the bound is very pessimistic. For all practical purposes, we believe that the column-based
algorithm is the best trade-off between efficiency and simplicity.

3.2.5 Extensions of the Model

As pointed out in Section 3.2.2, minimizing the total volume of communications C seems to be a very
natural goal. However, other objective functions could be selected, because the target computing
platform may influence the way communications are implemented.

Objective function for parallel communications If all communications could be performed
in parallel, the bottleneck would come from the processor which sends/receives the largest messages.
To model such a situation, a possible objective function would be to minimize M = max?_, (h; +v;)
instead of C' = >_F | (h; +v;). Unfortunately, the problem remains NP-complete with this objective
function [4].

Objective function for heterogeneous networks Another extension of the model could come
from the modeling of the network. It is natural to consider the case of a heterogeneous network,
where processors communicate through different-speed links. This problem is difficult too: it is
obviously NP-complete if we use different-speed processors, and if we weight the cost of each com-
munication with a factor proportional to the bandwidth of the communication link (because it
is more complicated than MM-OPT). But interestingly, the problem remains NP-complete, even
when using homogeneous processors, i.e. a heterogeneous network linking processors computing
at the same speed [35]. Still, we believe that it is possible to modify the column-based heuristics
presented in Section 3.2.4 to design a MM algorithm targeted to a heterogeneous network linking
different-speed processors.

3.2.6 Related Work

We survey related papers from the literature in this section. They range into two categories: papers
dealing with linear algebra on heterogeneous platforms on one hand, and papers covering geometric
optimization problems similar to MM-OPT(s) on the other hand.

Linear Algebra on Heterogeneous Platforms Several authors have dealt with the static
implementation of MM algorithms on heterogeneous platforms. One simple approach is given by
Kalinov and Lastovetky [27]. Their idea is to achieve a perfect load-balance as follows: first they
take a fixed layout of processors arranged as a collection of processor columns; then the load is evenly
balanced within each processor column independently; next the load is balanced between columns;
this is the “heterogeneous block cyclic distribution” of [27], which we illustrate in Figure 17, where
we have p = 8 areas of values (0.05,0.05,0.08,0.1,0.1,0.12,0.2,0.3). This simple scheme is likely to
give better results than a straightforward partitioning into horizontal slices.

19



0.5 0.5

0.12 0.24
0.6 0.30 0.10 0.20

0.10 0.20

0.08 0.16
0.4 0.20

0.05 0.10

0.05 0.10

Figure 17: The distribution of Kalinov and Lastovetky. Both columns are partitioned independently.
Then the final partition is made according to the total column weights: 0.5 versus 0.5. The total
cost is C' = 6, to be compared to the cost C' = 8 of a partitioning into 8 horizontal slices.

Figure 18: Ilustrating contiguous block allocation. The cost is as high as C =82.

20



Another approach is proposed by Crandall and Quinn [14]. First they compare a contiguous
block allocation (see Figure 18) to horizontal slicing; next they introduce a better processor ar-
rangement: they introduce a recursive algorithm to tile the iteration space (i.e. partitioning the
unit square) into p rectangles of prescribed area si,s2,...,s, with Zle s; = 1, so that the to-
tal communication volume is kept small. The algorithm works recursively as follows: if at some
stage their remains some rectangle R of size h.v to partition into g rectangles of prescribed area
Si1ySiyy -+ 5 8iy, Where 2321 si; = h X v, then partition R along its shortest dimension into two

q

rectangles Ry and Rs, where R; contains the largest |'§'| rectangles and Rs the other ones. For

instance if h < v and s;; > s;, > ... > s;,, we obtain a rectangle Ry, for the [4] largest rectangles,
4,
Eé;ljl_f X v; rectangle Ry is for the remaining rectangles and of area
3=1%%;
h x vy, where vo = v — v (see Figure 19 for an illustration).

of area h x w1, where v; =

0.72 0.28 0.432 0.288 0.28
0.08 |1]0.285
25 0.10 9 %
— 0.3+0.2 — 0.3 0.2
36 * + g 30
0.08 0.1 0.357
0.05
11 5 11 0.05 []0.179
— 0.12+0.10 + — — 0.1 0.12
3 0.05 || 14 36 0.05 ||0.179
(a) First two steps (b) Final partitioning : C' = 5.56

Figure 19: Illustrating the recursive partitioning of Crandall and Quinn (obtained in three steps in
this example).

Kaddoura, Ranka and Wang [26] refine the previous recursive algorithm and provide several
variations. They report several numerical simulations.

Problems Similar to MM-OPT(s) There are several problems related to MM-OPT(s) in the
literature:

e The most similar problem is the restriction of MM-OPT(s) to an homogeneous set of pro-
cessors: how to cut a square into p equal-area pieces using glass cuts. Bose et al. [9] show
that the optimal solution consists of orthogonal cuts. Then let m = |\/p], and ¢ = m + 1 if
r > m(m + 1), ¢ = m or-else. Bose et al. conjecture that the optimal solution is a column-
based partitioning made up of ¢ columns; & mod ¢ columns would contain L%J + 1 rectangles
and ¢ — k mod ¢ columns would contain L%J rectangles. However, the authors provide a

guaranted bound that proves the asymptotical optimality of this partitioning.

e An other related problem is the following: how to tile the unit square into p rectangles of
same area so as to minimize the maximum perimeter of these rectangles? This problem is
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shown to be polynomial by Kong et al. [31, 30]: the optimal solution is one of the following
two arrangements: let either m = [/p| or m = [,/p], and use m columns composed of | £ |
or [%] rectangles. This problem is motivated by a data-allocation problem which is related to
ours in the following sense: assume that we have p equal-speed processors and that we aim at
minimizing the largest amount of communications made by one processor. Because the above
arrangements are optimal, we have a polynomial solution to this problem.

The heterogeneous counterpart of this problem is the following: given p different-speed pro-
cessors, how to allocate data so that the length of the largest communication is optimized? in
terms of tiling, how to tile the unit square into p non-overlapping rectangles of prescribed area
81,...,5p whose sum is 1 so that the largest perimeter is minimized? This interesting problem
is NP-complete too [4], which again shows the intrinsic difficulty of designing heterogeneous
parallel algorithms!

e Another related problem is to find the minimum partition of a rectangle with interior points:
given a rectangle R and a finite set P of points located inside R, find a set of line segments that
partition R into rectangles such that every point in P is on the boundary of some rectangle.
The goal is to minimize the total length of the introduced line segments. This problem is
shown NP-complete in [36, 21, 22|, where approximation algorithms are given. The link with
our problem is that the objective function is the same, but the original motivation in [21, 22]
was a VLSI routing problem (and the constraints are quite different).

e There are several NP-complete geometric optimization problems that are listed in [15]. One
example is the minimum rectangle tiling problem [28]: given an n X n array A of non-negative
numbers, and a positive integer p, find a partition of A into p non-overlapping rectangular
subarrays, such that the maximum weight of any rectangle in the partition is minimized (the
weight of a rectangle is the sum of its elements).

4 Master-Slave Tasking

Master-slave tasking is a simple yet widely used technique to execute independent tasks under the
centralized supervision of a control processor. In the standard implementation of master-slave, the
tasks are executed by identical processors (the slaves). We revisit the master-slave paradigm in
the framework of heterogeneous computing resources: slave processors have different computation
speeds. We present several scenarios to model the communication pattern between the master and
the slaves: In all cases, such communications will take place in exclusive mode on a dedicated
hardware resource (such as a serial bus). To give a single motivation, this framework applies to
any Monte Carlo simulation since one must run large numbers of identical, independent simulations
for different values of the random number generator seed. Monte Carlo simulations are widely
used in various areas such as cellular microphysiology [41], reactor simulations [42] or studies on
conformations of proteins [40].

In Section 4.1 we state two different variants of the master-slave problem: (i) with communica-
tions only before the dispatching of the tasks, and (ii) with communications both before and after
the processing of the tasks. We give in Section 4.3 a polynomial time algorithm that solves the first
problem. The second problem seems intrinsically more difficult and we prove in Section 4.4.2 that
it is at least as difficult as a problem known to be open. We also prove a guaranteed approximation
algorithm for the real problem in Section 4.4. and we briefly survey related work in Section 4.5.
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4.1 Problem statement

The target architectural platform is represented in Figure 20. The master M and the p slaves
P, P,...,P, communicate through a shared medium, typically a bus, that can be accessed only
in exclusive mode. At a given time-step, at most one processor can communicate with the master,
either to receive data from the master or to send results back to the master.

Figure 20: The target master-slave architecture.

We assume that the master holds a pool of independent tasks to be processed by the p slaves.
All tasks are of same-size, i.e. they represent the same amount of processing. Tasks are considered
to be atomic (execution cannot be preempted once initiated). Processors are heterogeneous; more
precisely, slave F; requires t; units of time to process a single task. We say that ¢; is the “cycle-
time” of processor P;. Each P; will execute ¢; tasks (where ¢; is to be determined) from the pool.
Regardless of the hypotheses concerning communication costs, there are two (related) optimization
problems:

Definition 2 (MinTime(C)) Given a total number of tasks C, determine the best allocation of
tasks to slaves, i.e. the allocation C = {c1,cz,... ,¢p} s.t. > b ¢; = C which minimizes the total
evecution time.

Definition 3 (MaxTasks(T)) Given a time bound T, determine the best allocation of tasks to
slaves, i.e. the allocation C = {c1,¢2,... ,cp} s.t. all processors complete their execution within T
units of time and ) F_, ¢; = C' is mazimized.

In the paper, we concentrate on solving the second problem MaxTasks(T). Given the solution to
this problem, we find a solution to MinTime(C) by using binary search on T, calling MaxTasks(T)
several times, and returning the smallest value of T' for which the answer is at least C.

We now state some specific hypotheses for the communication costs. For each modeling of these
communication costs, we analytically formulate the MaxTasks(T) problem.

4.1.1 Without any communication cost

Assume first that there is no communication cost at all. It is not difficult to solve both previous
problems using a greedy algorithm. The solution of problem MaxTasks(T) is straightforward: we

let ¢; = [g—:J for all 2, 1 <4 < p, which obviously defines the optimal solution.

4.1.2 With an initial scattering of data

The formulation of this problem is taken from Andonie et al. [2|, who study the implementation of
distributed backpropagation neural networks on heterogeneous networks of workstations, using the
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PVM library [19]. The training of the neural network is divided into computational phases. At each
phase, the training pattern is distributed among the slaves, which are different-speed processors.
Before executing any task, each slave must receive some data file from the master processor. Because
the communication medium is exclusive, it it not relevant to distinguish whether the data file is the
same for all slaves (then the master executes a broadcast operation) or whether it is different (then
the master executes a scatter operation): we only assume that each slave must receive the same
amount of data, and that each reception costs tcom units of time. In the model of Andonie et al. [2],
there is no communication cost paid to send the results back to the master. In general, when the
slaves compute “yes/no” results, the cost of returning the results may well be neglected in front of
the cost of the initial scatter and/or of the computations. Note that we deal with another model,
including communication costs both before and after the tasks, in Section 4.2.

Due to the constraint on the communication medium, the p messages will be sent one after the
other. Obviously, it cannot hurt to send the messages as soon as possible, i.e. at time steps 0, tcom,
2tecoms -+ - 5 (P — 1)tcom- The problem is then to determine the ordering of the p messages, i.e. the
permutation o of {1,2,...,p} such that slave P; receives the message at time o(i)tcom. We are
ready to state the optimization problem analytically:

Definition 4 (MaxTasks1(T)) Given a time bound T, determine the best allocation of tasks to
slaves, i.e. a permutation o and an allocation C = {c1,¢ca,... ,¢p} s.t. all processors complete their
execution within T units of time and the total number of tasks is maximized:

p
max E C;
1=1

Vi€ [1,p]: 0(i)tcom + citi <T

o permutation and )

4.2 With initial and final communications

As pointed out above, it is natural to assume that after the processing of their tasks, slave processors
will send some data back to the master. Because this message may well have a different size than
the message initially sent by the master, we model this situation by using two communication costs,
tl m for the messages sent by the master to the slaves, and 2, for the messages sent by the slaves
to the master.

As above, we look for a permutation o1 which determines the ordering of the initial messages
from the host: the host sends data to slave P; at time o (4)tl,,,. But we also look for a second
permutation oo which determines the ordering of the final messages sent back to the host: given
a time bound T, slave P; sends data back to the host at time T — o9(i)t,,. This formulation is
without any loss of generality: some slave processor P; might send its message earlier than this
bound, but we can always shift the communication pattern as stated, i.e. delay some messages, as

illustrated Figure 21. We are ready to state the optimization problem analytically:

Definition 5 (MaxTasks2(T)) Given a time bound T, determine the best allocation of tasks to
slaves, i.e. two permutations o1 and o2, and an allocation C = {ci,ca,... ,cp} s.t. all processors
complete their execution within T units of time and the total number of tasks is mazimized:

p
max E C;
i=1

01,09 permutations and )

Vi € [1,p] : 01(8)ttom + Citi + 02(i)t2,,, < T
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Figure 21: Delaying messages sent back to the host.

4.3 Solution with an initial scattering of data
4.3.1 Restricted search

To (partially) solve the MaxTasksl(T) problem of Section 4.1.2, Andonie et al. [2] restrict the
search to allocations where the fastest processors start computing first. They use a dynamic pro-
gramming algorithm to solve the optimization problem MinTime(C). With our setting for problem
MaxTasks1(T), this amount to sort the cycle-times as ¢; < to < ... < ¢, and to let o(i) = 7 for
1 <4 < p. The intuition is that fastest processors execute tasks more rapidly than the others, hence
should work longer.

However, the intuition is misleading in some cases. Assume for instance two slave processors
(p=2) with ¢t; =5 and to = 9 and let tcom = 1. For the time bound 7" = 28, it is better to start the
slow processor P first: P, can then execute three tasks: t.om + 3to = 28 < T'; the fast processor,
although started at time-step 2t.om = 2, can execute five tasks: 2tcom + 51 = 27 < T'. If we start
the fast processor first, it cannot execute more than 5 tasks, while the second processor can execute
only 2.

4.3.2 Matching techniques

The optimal solution to the MaxTasks1(T) problem can be found using a weighted-matching algo-
rithm. The idea is to draw a complete bipartite graph with 2p vertices, as shown in Figure 22.
Vertices on the left represent processors, while vertices on the right represent possible values for
the permutation o. The edge from vertex P; to vertex S; is weighted with the maximum number
T*J;comJ

of tasks that P; can execute if o() = j, namely [ . Extracting a matching from the graph

enables to assign a different value of o for each processor, thereby guaranteeing that o is indeed a
permutation. In fact, there is a one-to-one correspondence between matchings and permutations.
Because the total weight of a given matching is the total number of tasks that can be executed
for the corresponding choice of the permutation, our problem reduces to finding the maximum
weighted matching in the bipartite graph. Efficient (polynomial) algorithms exist to solve this
problem, see [20, 43]. More precisely, the complexity of finding the maximum weighted matching
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P S

Figure 22: Bipartite graph for MaxTasks1(T).

in a bipartite graph with 2p vertices is of order O(p?).

We work out the following example: assume p = 3 processors of cycle-times t; = 4, 3 = 5 and
t3 = 9. Let tcom = 1, and consider the time bound 7" = 118. The weighted bipartite graph is shown
Figure 23. The maximum weighted matching is unique, it corresponds to the permutation (1) = 2,
0(2) = 3 and o(3) = 1. The total number of tasks is 29 + 23 + 13 = 65.

29
P1 1
29
28
23
Py 93 2
23
13
12
P S
3 12 3

Figure 23: Bipartite graph with p =3, {1 =4, 12 =5,1t3 =9, tcom = 1, and T = 118.
To conclude this section, we formally state our result:

Proposition 1 The optimal solution to the MaxTasksl(T) problem with initial messages and p
processors can be found in time O(p3) using the above weighted-matching algorithm.
4.4 Solution with initial and final communications

The solution to the MaxTasks2(T) problem with initial and final messages turns out to be surprisingly
difficult. In fact, we do not know of any polynomial algorithm for the general case. We can give
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an efficient guaranteed approximation using matching techniques, as explained in Section 4.4.1. In
Section 4.4.2, we give some remarks about the complexity of MaxTasks2(T).

4.4.1 Matching techniques

F = P = S1
F = \\\\\ P SO \\\\\\ Sa
F, = p, S,

Figure 24: Bipartite graph with initial and final communications.

To take both permutations o1 and o into account, we build a bipartite graph G = (V, E) with
3p vertices (i.e. |V| = 3p), as shown Figure 24. The p leftmost vertices F; correspond to the first
permutation o1, the p center vertices P; correspond to processors, and the p rightmost vertices S;
correspond to the second permutation ¢o. Rather than a matching, we extract a 2-factor from the
graph [20, 43]: more precisely, we select a subset E’ of 2p edges so that in the graph G = (V, E')
each vertex F; or S; is exactly of degree 1, and each vertex P; is exactly of degree 2. The complexity
of extracting 2-factor from the graph with 3p vertices is of order O(p?) again, since we can solve
independently the maximum weighted matching in both bipartite graph with 2p vertices (on the
left-hand size and on the right-hand size in Figure 24) in time of order O(p?).

The problem is that edge weights cannot be determined fully accurately; the inequality o1 (i)tl,,+
citi + 09(i)t2,, < T translates into

¢ < [T — 01 (i)téOQn — UZ(i)tgomJ ’
7

and we need to know both o1(i) and o3(2) to compute ¢;. Instead, we use the approximation

[T/Q - Ul(i)téomJ N [T/Q - UQ(i)tgomJ _

ti 12
This approximation enables us to weight the edges as follows: the edge between F; and P; is weighted

as [%J while the edge between P; and Sy is weighted as [%J

Theorem 1 The previous approximation leads to tasks allocations that differs at most by p tasks
from the optimal solution.
4.4.2 Some remarks about the complexity of MaxTasks2(T)

We have not found any polynomial algorithm for the general case, and we have not been able to
prove the NP-completeness of MaxTasks2(T). Nevertheless, we can formulate a few remarks about
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the intrinsic difficulty of MaxTasks2(T). First, an exhaustive search of all possible permutations
would have a complexity of order O((p!)?), which is impossible in practice as soon as p > 9 (about
44 minutes on a Pentium IIT 550 MHz for p = 9 and more than one day for p = 10). Moreover,
the problem seems to be difficult even for very simple instances of MaxTasks2(T), as shown be-
low. Indeed, let us consider the following open problem (polynomial vs. NP-complete) problem in
combinatorial optimization (see [24]):

Permutation Sums:
Instance: Let a1 < ap < ... < a, be p positive integers satisfying EZ 16 =pp+1).
Question: Are there two permutatlons o1 and o9 of {1,2,... ,n} such that Vi € [1,p] : 01(i)+02(i) =
a;.

Let us build the following instance of MaxTasks2(T):

Instance: Let T' = 3max;aj, tcom = 1 and let ¢; = T — a;, Vi € [1,p] denote the cycle time of
processor F;.
Question: Is it possible to perform p tasks within 7" units of time?

Let us consider the above instance of MaxTasks2(T). Since t; = T — a; and T = 3 max; a;,
2t; > T, it is impossible to execute more than one task with a given processor within 7" units of
time. Thus, our instance of MaxTasks2(T) is very simple (with respect to the general formulation)
since Vi, ¢; < 1. Indeed, the question can be stated as follows:

Is it possible to find two permutations o1 and o9 such that Vi € [1,p] : 01(3) + 02(4) +t; < T.

Nevertheless, this instance of MaxTasks2(T) is as difficult as Permutation Sums. More precisely,
if Permutation Sums is proved to be NP-complete then MaxTasks2(T) is also NP-complete and if
MaxTasks2(T) can be solved in polynomial time, then it proves that Permutation Sums can also be
solved in polynomial time. Indeed, let us suppose that

Jdo1,09 such that V1 <i<p, o1(i) +02(i) +t; <T.

Then, V1 <i <p, 01(i) + 02() < a;.
Moreover, let us suppose that
Ji, 01(i) + 02(2) < a,

then
P

p(p+1):Z( 1(2) + o2 <Zal— (p+1),
=1
which is absurd. Thus, finally
Vi € [1,p] : 01(i) + 02(i) = a;.

Thus, we can expect that the general instance of MaxTasks2(T) is intrinsically difficult.

4.5 Related Work

Several theoretical papers deal with complexity results for parallel machine problems with a server,
establishing complexity (NP-completeness) results [23, 32, 11] and providing guaranteed approxi-
mations [34]. Before processing, each job must be loaded on a machine, which takes a certain setup
time. All these setups have to be done by a single server which can handle at most one job at a
time. Our first problem (with initial messages only) is a very special instance of this class of server
problems.

Our second problem (with initial and final messages) is a special instance of the job-shop schedul-
ing problem (see problem SS18 in [18]) where each job consists of only three tasks, the first and last
of which having to be executed by the two machines dedicated to communications. Because this
instance is very specific, we do not know its complexity (polynomial versus NP-complete).
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5 Conclusion

In this paper, we have discussed how to extend static strategies for the distribution of regular
computations and data in the framework on heterogeneous computations. We have showed that
deriving efficient distribution schemes is a rather simple task for linear networks but turns out to
be surprisingly difficult for multi-dimensional problems. We have discussed several variants of the
master-slave paradigms, which also demonstrate the complexity of load balancing with different-
speed processor, even in the simple framework presented here.

In the context of heterogeneous computations, static strategies have several drawbacks. Indeed,
the network may be non-dedicated in some situations, and possible variations in the processor
speeds have to be taken into account. Nevertheless, the solution may well not involve fully dynamic
strategies, but rather to consider mixed strategies. We believe that the problems due to variations in
processor speeds can be addressed by remapping data and computations from time to time between
well identified static phases.

In conclusion, we believe that the design of efficient data allocation techniques for regular prob-
lems, similar to the ScaLAPACK library on homogeneous platforms, relies both on the design of
efficient static distribution schemes (to cope with heterogeneity) and on the design of efficient remap-
ping strategies (to cope with speed variations during the computations). However, the difficulty of
algorithmic issues is not to be underestimated. Data decomposition, scheduling heuristics, and load
balancing were known to be difficult problems in the context of classical parallel architectures. They
become extremely difficult in the context of heterogeneous clusters, not to mention metacomputing
platforms.
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