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The Master-Slave Paradigm with
Heterogeneous Processors

Olivier Beaumont, Arnaud Legrand, and Yves Robert, Member, IEEE

Abstract—In this paper, we revisit the master-slave tasking paradigm in the context of heterogeneous processors. We assume that
communications are handled by a bus and, therefore, at most one communication can take place at a given time step. We present a
polynomial algorithm that gives the optimal solution when a single communication is needed before the execution of the tasks on the
slave processors. When communications are required both before and after the processing of the tasks, we show that the problem is
strongly NP-Complete. In this case, we present a guaranteed approximation algorithm. Finally, we present asymptotically optimal

algorithms when communications are required before the processing of each task, or both before and after the processing of each task.

Index Terms—Heterogeneous processors, master-slave tasking, communication, matching, complexity.

1 INTRODUCTION

MASTER—SLAVE tasking is a simple yet widely used
technique to execute independent tasks under the
centralized supervision of a control processor. In the
standard implementation of master-slave, the tasks are
executed by identical processors (the slaves). We revisit the
master-slave paradigm in the framework of heterogeneous
computing resources: Slave processors have different
computation speeds. We present several scenarios to model
the communication pattern between the master and the
slaves. In all cases, such communications will take place in
exclusive mode on a dedicated hardware resource (such as
a serial bus), i.e., at most one communication will take place
between the master and one slave at any time step.

To give a single motivation, this framework applies to
any Monte Carlo simulation where large numbers of
identical and independent simulations are run for different
values of the random number generator seed. Monte Carlo
simulations are widely used in various areas such as
cellular microphysiology [20], reactor simulations [21], or
studies on conformations of proteins [19].

The rest of the paper is organized as follows: In Section 2,
we state four different variants of the master-slave problem:
1) with communications only before dispatching the tasks,
2) with communications both before and after processing
the tasks, 3) with communication before each task proces-
sing, and 4) with communication both before and after each
task processing. We give, in Section 3, a polynomial time
algorithm that solves the first problem. The second problem
is intrinsically more difficult and we prove in Section 4 that
it is strongly NP-Complete; we also prove a guaranteed
approximation algorithm for the second problem in
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Section 4, and we report some simulation results. We
present asymptotically optimal algorithms when commu-
nications are required before each task (third problem) in
Section 5, and when communications are required both
before and after each task (fourth problem) in Section 6. We
briefly survey related work in Section 7. Finally, we give
some remarks and conclusions in Section 8.

2 PROBLEM STATEMENT

The target architectural platform is represented in Fig. 1.
The master M and the p slaves P, P, ..., P, communicate
through a shared medium, typically a bus, that can be
accessed only in exclusive mode. In this context, at a given
time-step, at most one slave processor can communicate
with the master, either to receive data or to send results
back.

We assume that there is a pool of independent tasks to be
processed by the p slaves. All tasks are of same-size, that is,
they represent the same amount of processing. Tasks are
considered to be atomic (execution cannot be preempted once
initiated). Processors are heterogeneous; more precisely,
slave P, requires ¢; units of time to process a single task. We
say that ¢; is the “cycle-time” of processor P;. Each P; will
execute ¢; tasks (where ¢; is to be determined) from the pool.
Regardless of the hypotheses concerning communication
costs, there are two (related) optimization problems:

MinTime(C). Given a total number of tasks C, determine the
best allocation of tasks to slaves, i.e., the allocation C =
{e1,¢,...,6} s.t. 37 | ¢; = C and which minimizes the
total execution time.

MaxTasks(T). Given a time bound T, determine the best
allocation of tasks to slaves, i.e., the allocation C =
{c1,¢2,...,¢p} s.t. all processors complete their execution
within T units of time and > 7, ¢; = C' is maximized.

In the paper, we concentrate on solving the second
problem MaxTasks(T). Given the solution to this problem,
we find a solution to MinTime(C) by using binary search on
T, calling MaxTasks(T) several times, and returning the
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Fig. 1. The target master-slave architecture.

smallest value of T" for which the answer is at least C. More
precisely, to solve MinTime(C), we first determine an upper
bound 7, for instance, by assigning all C' tasks to the fastest
processor, and by rounding up the execution time obtained
in this way to the closest power of 2. Next, we call
MaxTasks(T'/2): If the answer is greater than or equal to C,
we call MaxTasks with the value T'/4; otherwise, we call
MaxTasks with the value 37'/4, and we proceed recursively.

We now state some specific hypotheses for the commu-
nication costs. For each modeling of these communication
costs, we analytically formulate the MaxTasks(T) problem.

2.1

Assume first that there is no communication cost at all. The

Without Any Communication Cost

solution of problem MaxTasks(T) is straightforward. Because
each slave processor can work independently during 7" time-
steps, the only constraint for F; writes ¢;t; < T, or ¢; < tI

Because the ¢; must be integers, letting ¢; = tZJ for all +,

1 <i < p, clearly defines a feasible and optimal solution.

In this simple case, note that problem MinTime(C) can
also be solved directly, using the greedy algorithm
described in [3] to distribute independent tasks to hetero-
geneous processors.

2.2 With an Initial Scattering of Data

The formulation of this problem is taken from Andonie et al.
[1], who study the implementation of distributed back-
propagation neural networks on heterogeneous networks of
workstations, using the PVM library [11]. The training of the
neural network is divided into computational phases. Ateach
phase, the training pattern is distributed among the slaves,
which are different-speed processors. Before executing any
task, each slave must receive some data file from the master
processor. Because the communication medium is exclusive,
it is not relevant to distinguish whether the data file is the
same for all slaves (then, the master executes a broadcast
operation), or whether it is different (then, the master
executes a scatter operation): We only assume that each slave
mustreceive the same amount of data, and thateach reception
COStS teon, units of time. In the model of Andonie etal. [1], there
is no communication cost paid to send the results back to the
master. In general, when the slaves compute “yes/no”
results, the cost of returning the results may well be neglected
in front of the cost of the initial scatter and/or of the
computations. Note that we deal with another model,
including communication costs both before and after the
tasks, in Section 2.3.

Due to the constraint on the communication medium, the
p messages will be sent one after the other. Obviously, it
cannot hurt to send the messages as soon as possible, i.e., at
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Fig. 2. Delaying messages sent back to the host.

time steps 0, tecom, 2tcom, - - -, (D — 1)tcom- The problem is then
to determine the ordering of the p messages, ie., the
permutation o of {1,2, ..., p} such that slave P, receives the
message at time o(i)t,m. We are ready to state the
optimization problem analytically:

MaxTasks1(T). Given a time bound 7', determine the best
allocation order of tasks to slaves, i.e., a permutation o
and an allocation C = {¢j,cs,...,¢,} s.t. all processors
complete their execution within 7" units of time and the
total number of tasks is maximized:

max
P

Zci | o permutation and Vi € [1,p] : 0(4)tcom + citi < T .
i=1

=

Tosolve MinTime(C) in this context, we would compute the
execution time on the fastest processor as tom + C minlg,;gp ti,
and round this value up to thenext power of 2: This leads to the
value of T used in the dichotomic search.

2.3 With Initial and Final Communications

As pointed out above, it is natural to assume that, after the
processing of their tasks, slave processors will send some
data back to the master. Because this message may well
have a different size than the message initially sent by the
master, we model this situation by using two communica-
tion costs, t! = for the messages sent by the master to the
slaves, and ¢ for the messages sent by the slaves to the
master.

As shown above, we look for a permutation o; which
determines the ordering of the initial messages from the
host: The host sends data to slave P; at time oy (i)t . But,
we also look for a second permutation oy which determines
the ordering of the final messages sent back to the host:
Given a time bound T, slave P, sends data back to the host
at time T — o(i)t2 . Here, o5 corresponds to the reverse
order of the communications back to the host (see Fig. 2).
This formulation is without any loss of generality: Some
slave processor P, might send its message earlier than this
bound, but we can always shift the communication pattern
as stated, i.e., delay some messages, as illustrated in Fig. 2.
We are ready to state the optimization problem analytically:

MaxTasks2(T). Given a time bound 7', determine the best
allocation of tasks to slaves, i.e., two permutations o; and
09, and an allocation C = {ci, ¢y, ..., ¢} s.t. all processors
complete their execution within 7" units of time and the
total number of tasks is maximized:
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Fig. 3. Grouping some messages sent by the host to a given processor.

max

P
< E ¢; | o1, 09 permutations and
i=1

Vi€ [LM 101 (i)téom +citi + 02 (i)t(%om < T> :

2.4 With Communications Before Each Task
Processing

We also consider the case when communications are
required between the master and the slave before the
processing of each task. In this third model, we consider
that the cost of this communication is t.,,. This model is
quite natural: Some specific input data may well have to be
propagated from the master to the slave before computation
can start.

We look for three functions fsartcomm, Sfstartcomp, aNd fproc:
fstartcomm () represents the time-step at which the commu-
nication required by task i will begin; fstartcomp(?) represents
the time-step at which the processing of task ¢ will begin on
Processor firoc(i). The functions fsartcomm, fstartcomp, aNd fproc
must fulfill the following conditions:

L] VZ 2 17 fstarmomm(i + 1) - fsmrtconnn(i) 2 tcom/ Wthh
states that communications take place in exclusive
mode.

o VZ 2 ia fstartcomp (Z) 2 fstartcomm(i) + tconu Wthh states
that the processing of task i cannot start before the
end of the communication required by task i.

L4 v1 S i< j/ if fpr()(z(i) = fpr()(: (.7) = k/ then fstart(:omp(j) 2
Jstartcomp () + ¢, which states that tasks are processed
sequentially on each processor k.

o V1<i<j, if foroe(i) = foroc(j) = k,, then

[f startcomm (] ) ] f startcomm (.] ) + t(:om} N
[fstartcomp (74) ) fstartcomp (7') + tk] - ®a

which states that communications and computations
cannot be overlapped on processor k.

This formulation is quite general. Note that each
processor can perform several communications before
processing the corresponding tasks, as illustrated in Fig. 3.
We are ready to state the optimization problem analytically:

MaxTasks3(T). Given a time bound 7T, determine the best
allocation of tasks to slaves, i.e., three functions fiartcomm,

fstartcomp, and  fyroe, satisfying all the conditions stated
above, s.t. all processors complete their execution within
T units of time and the total number of tasks is
maximized:

HlaX(N ‘ \V/Z S Na fstartcomp(i) + tfpmc(i) S T)

2.5 With Communications Both Before and After
Each Task Processing

It is natural to assume that, after the processing of each task,
slave processors will send some data back to the master. As
seen previously, we model this situation by using two
different communication costs, ¢ = for the messages sent by
the master to the slaves, and 2 for the messages sent by
the slaves to the master.

We look for four functions: f1, .. f2 @ @ s ftartcomps
and foroe: [hartcomm (4) TEPrEsents the time-step at which the
communication from the host required before task i will
begin (just as fitartcomm (¢) in the previous section); similarly,
12 vicomm (1) TEpresents the time-step at which the commu-
nication back to the host after task ¢ will begin. Finally,
fstartcomp and  fproc(?) are defined as before: fiartcomp(t)
represents the time-step at which the processing of task ¢
will begin on processor fu(i). The functions fl . comms

2 artcomms Jstartcomps, aNd fore have to fulfill the following
conditions:

o Vi>1 Vj>1, V(kI) €{1,2}, if k#lori+# jthen

[ startcomm (7’)7 startcomm(l) + tC()nJm

l - l - J
[ startcomm (j)7 fstartconun (j) + t'éom] = ®7

which states that communications take place in
exclusive mode.

° \V/Z 2 17 fsmrtcomp (Z) 2 fstartcomm (Z) + tiom' Wthh states
that the processing of task ¢ cannot start before the end
of the communication from the host required by task .

L4 VZ 2 1/ fstartcomp(i) + tfpmc(i) S fs2tartcomm(i)/ Wthh states
that the communication back to the host required after
task ¢ cannot start before the end of the processing of
task 7.

o VI<i<y, if fproc(i) = fproc(j) =k, fstartcomp(j) >
fstartcomp (2) + ¢, which states that tasks are processed
sequentially on each processor k.

o V1 <i<j,if fooc(i) = fproc(j) =k, then

1 . 1 .
[ startcomm (-])’ fstartcomm (-]) + twm] N
[fstartcomp (1)7 fstartcomp (l) + tk} = @

and

2 - 2 -
[ startcomm(z)’ startcomm(l) + tCUHI]m

[.ﬁ%‘tartcomp (j)a fstartcomp (J) + tk] = ®7

which states that communications and computations
cannot be overlapped on processor k.

Again, this formulation is quite general. Note that each
processor can perform several communications from the
host before processing the corresponding tasks, as well as
delaying several communications back to the host: this is
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Fig. 4. Grouping some messages sent by and to the host.

illustrated in Fig. 4. We are ready to state the optimization
problem analytically:

MaxTasks4(T). Given a time bound 7', determine the best

allocation of tasks to slaves, i.e., four functions f:

tartcomm”

2 tcomme Jstartcomp, and firoe satisfying all the conditions

stated above, s.t. all processors complete their execution

within 7" units of time and the total number of tasks is
maximized:

max (N | Vi < N, fa (i) +¢2

startcomm com

<T).

3 SOLUTION WITH AN INITIAL SCATTERING OF DATA

3.1 Restricted Search

To (partially) solve the MaxTasks1(T) problem of Section 2.2,
Andonie et al. [1] restrict the search to allocations where the
fastest processors start computing first. They use a dynamic
programming algorithm to solve the optimization problem
MinTime(C). With our setting for problem MaxTasks1(T), this
amounts tosorting the cycle-timesast; <t < ... <¢,,andto
letting o(i) = i for 1 < i < p. The intuition is that since fastest
processors execute tasks more rapidly than the others, they
should work longer.

However, the intuition is misleading in some cases.
Assume, for instance, two slave processors (p = 2) with ¢; =
5and t» = 9, and let ¢.,, = 1. For the time bound T' = 28, it
is better to start the slow processor P, first: P» can then
execute three tasks: teom + 3t = 28 < T; the fast processor,
although started at time-step 2t.,m =2, can execute five
tasks: 2tcom + 5t =27 < T. If we start the fast processor
first, it cannot execute more than five tasks, while the
second processor can execute only two.

3.2 Matching Techniques

The optimal solution to the MaxTasks1(T) problem can be
found using a weighted-matching algorithm. The idea is to
draw a complete bipartite graph with 2p vertices, as shown
in Fig. 5. Vertices on the left represent processors, while
vertices on the right represent possible values for the
permutation 0. The edge from vertex P, to vertex S; is
weighted with the maximum number of tasks that P, can
execute if o(i) = j, namely, {T*f—fJ It is easy to see that
there is a one-to-one correspondence between matchings in

this complete bipartite graph and permutations. Because

SEPTEMBER 2003

P = Si
P= - S
BE S

Fig. 5. Bipartite graph for MaxTasks1(7).

the total weight of a given matching is the total number of
tasks that can be executed for the corresponding choice of
the permutation, our problem reduces to finding the
maximum weighted matching in the bipartite graph.
Efficient (polynomial) algorithms exist to solve this pro-
blem, see [12], [22]. More precisely, the complexity of
finding a maximum weighted matching in a bipartite graph
with 2p vertices is of order O(p?) [15]. We formally state our
result:

Proposition 1. An optimal solution to the MaxTasks1(T)

problem with p processors can be found in O(p?) time using a
maximum weighted matching algorithm.

Note that the overhead induced by the search for an
optimal task allocation with the matching algorithm does
depend on p, the number of processors, but not on > %_; ¢;,
the total number of tasks to be processed. Therefore, this
overhead becomes negligible when the number of tasks
becomes large.

To conclude this section, we work out the example
given in Section 3.1: With two processors, t; =5, ¢, =9,
teom =1, and T =28, we obtain the weighted graph of
Fig. 6. For instance, the weight of the edge (P;,5:) is
{%J = 5. The maximum weighted matching is com-
posed of the two edges, (P1,S:) and (P,,S5:1), and has
total weight 8, which is indeed the maximum number of
tasks that can be executed within 28 time-steps.

4 SOLUTION WITH INITIAL AND FINAL
COMMUNICATIONS

The solution to the MaxTasks2(T) problem with initial and
final messages turns out to be surprisingly difficult. In fact,
we prove that this problem is strongly NP-Complete in
Section 4.1. Nevertheless, we present an efficient guaran-
teed approximation using matching techniques, as ex-
plained in Section 4.2.

Fig. 6. Working out the example of Section 3.1.
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4.1 Strong NP-Completeness of MaxTasks2(T)

In this section, we prove the strong NP-Completeness of

MaxTasks2(T). The decision problem associated to Max-

Tasks2(T) is the following:

MaxTasks2-Dec(T, K). Given a time bound T and a bound
K, determine an allocation order of tasks to slave, i.e.,
two permutations ¢; and oy, and an allocation C =
{c1,¢2,..., ¢} s.t. all processors complete their execution
within 7" units of time and the total number of tasks is at
least K:

Find o1, 09 permutations, ¢y, co, . .

Vie[l,p]:o

<5 Cpy E ¢ =K,

( ) com + clt +02( ) zom S T.

In order to prove the strong NP-Completeness of Max-
Tasks2-Dec(T, K), we use a reduction to RN-3DM, a special
instance of Numerical 3-Dimensional Matching that has
been proved to be strongly NP-Complete by Yu [23]. A
general instance of RN-3DM is as follows:

RN-3DM: Let U = (uy, ug, ..., u,) and esuch that > 7_; u; =
pe + p(p + 1). Are there two permutations \; and )y, such that

Al (Z) + )\2(2) +u; = e?
We can now prove the following theorem:

Theorem 1. MaxTasks2-Dec(T, K) is strongly NP-Complete.

Proof. We consider the following instance of MaxTasks2-

DeC(T K) Let tcom = tgom =1, m= maxj<i<p Ui, t; =
ui+e+mforl <i<p T =2e+m,and K = p. Clearly,
the size of this instance of MaxTasks2-Dec(T, K) is
polynomial (and even linear) in the size of the original
instance of RN-3DM. We prove that the above instance of
MaxTasks2-Dec(T, K) has a solution if and only if the
general instance of RN-3DM has a solution.

Let us first suppose that the general instance of RN-
3DM has a solution. Then, there exist two permutations,
A1 and Ay, such that

Vl<i<p,

Vi<i<p, M@ +(E)+u=e

We let 01 = \; and o9 = A\9. Then,

V1<i<p, MN(@)+XMG)+u=e = o1(i) +w+et
m+ o9(i) =2e+m
- 0'1(1')+t1;+0'2(l')
=T.

Therefore, each slave can perform exactly one task in
time T, and we have built a solution to our instance of
MaxTasks2-Dec(T, K). Reciprocally, suppose that we
have built a solution to our instance of MaxTasks2-
Dec(T, K), ie., two permutations ¢; and o3, and an
allocation C = {c1,¢s,...,¢,} s.t. D0 ¢; = p and

Vi€ [L,p]: 01(i) +citi + 02(i) < T.

Then,

V1<i<p, o01(i)+ 02(i) + ci(u; + e + m) < 2e + max ;.

First, let us remark that necessarily, Vi, ¢; < 2. Indeed, if
Ji, ¢; > 2, then

// A // : \\

Fig. 7. Bipartite graph with initial and final communications.

> 2u; + 2e + 2maxu;
> 2e+mazru; =1,

¢i(u; + e + max uy;)

which is clearly impossible since the tasks assigned to
processor ¢ would not be processed within 7" units of
time. Thus, since Y7 ¢ =p and Vi, ¢; <2, then
Vi, ¢; = 1. Therefore, if we set A\ = o1 and Ay = 09, then

V1<i<p, o1(i) +u; +e+m+o02(i) <2e+m =
)\1(Z)+)\2(Z)+117 S €.

By summing all the inequalities above, we obtain p(p +
1) +>"  u; <pe and, since p(p+1) + > 7, u; = pe, all
the inequalities above are in fact tight. Hence, we have
built a solution to the general instance of RN-3DM.
This achieves the proof of the strong NP-Complete-
ness of MaxTasks2-Dec(T, K). O

4.2 Matching Techniques

To take both permutations ¢, and o3 into account, we build
a bipartite graph G = (V, E) with 3p vertices (i.e., |V| = 3p),
as shown Fig. 7. The p leftmost vertices F; correspond to the
first permutation oy, the p center vertices P, correspond to
processors, and the p rightmost vertices S; correspond to the
second permutation oy. Rather than a matching, we extract
from the graph a subset E’ of 2p edges so that, in the graph
G = (V, E'), each vertex F; or S; is exactly of degree 1, and
each vertex P; is exactly of degree 2. The complexity of
extracting such a spanning subgraph from the graph with
3p vertices is of order O(p?) again since we can solve
independently the maximum weighted matching in both
bipartite graphs with 2p vertices (on the left-hand size and
on the right-hand size in Fig. 7) in time of order O(p?).

The problem is that edge weights cannot be determined
fully accurately; the inequality oq(i)tl , + cit; + o2(i)t2,,, <
T translates into

¢ < \‘T - Ul( )tcom —

)

t;

g2 (i)tgomJ

and we need to know both o1(i) and o4(7) to compute ¢;.
Instead, we use the approximation

{T/Q — o (i )t}mJ n {Tﬂ — o(i)t me.

t t;

This approximation enables us to weight the edges as
follows: The edge between F; and P, is weighted as

T/ 2- com
tq; ’
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while the edge between P, and S;; is weighted as
\‘T/Q - ktzomJ

ti
Theorem 2. The previous approximation leads to tasks alloca-

tions that differs at most by p from the optimal solution.
Proof. First, note that

Va,b:0< la+b] - [a] — [b] < 1. (1)

Therefore, for any allocation (oy,09,c) built using the
previous approximation, we have
— o (D — oo (i)i2
VZ‘, Cl S \‘T/2 jl(z)tCOIHJ + \‘T/Q j (Z)tCOHIJ

< T -0y (i)ttlzom —
= ti

UQ(i)t?,omJ

)

and (o1, 09, c) is then a solution of the initial problem.
Let us note by

P T/2 — ) tl T/2 — ; t2
Capp(o'l,o'g) — Z\‘ / (tf'l(l) comJ + \‘ / (Z’Q(Z) ComJ7

1=1

the approximative cost of two permutations and

17,64 7") = argmax Copp (o1, 02),

01,02

Oapp = (0

the permutations built by our algorithm.
Let

Com(al, 0’2) — zp: \‘T — 0] (l)tio;;l — 09 (i)tzomJ
T ;

=1

denote the real cost of two permutations and let

(opt) (OPf))

oopt(07", 0y = argmax Cyp (01, 02)

01,02

be some permutations that are optimal solutions to the

original problem.
By definition,

C()pt(g[zpp) S Copt (Jopt) (2)
and
Capp(Topt) < Capp(Tapp)- (3)
Using (1), we find that
V0 : Cupt(9) ~ p < Cup(0) < Copa(0) (4)

and, therefore,

Copt(Topt) =P < Capp(Topt) (using (4))
< Capp(Tapp) (using (3))
< Copt(Tapp) (using (4))
Copt(aupt) -p< Cupt(aupp) < Capt (gopt) (using (2))7

which means that our approximation leads to tasks
allocations that differs at most by p from the optimal

solution. O

4.3 Simulations

In this section, we compare solutions given by the
approximation algorithm proposed in Section 4, with the
optimal ones. For a given instance of the problem, we
compute the difference between number of tasks processed
using the optimal permutations (found with an exhaustive
search), and the number of tasks processed using the
approximation algorithm proposed in Section 4. Fig. 8
depicts the mean value of this error for several tests when
the number of processors varies:

1. In Fig. 8a, cycle times are moderately heterogeneous
(numbers at random between 15 and 25) and
communication times can be large compared to
cycle times (numbers at random between 10 and 90).

2. In Fig. 8b, cycle times are moderately heterogeneous
(numbers at random between 15 and 25), but
communication times are rather small compared to
cycle times (between 1 and 9).

3. In Fig. 8¢, cycle times are strongly heterogeneous
(numbers at random between between 5 and 35) and
communication times can be large compared to cycle
times (two numbers at random between 10 and 90).

4. In Fig. 8d, cycle times are strongly heterogeneous
(numbers at random between between 5 and 35) and
communication times are rather small compared to
cycle times (twonumbers at random between 1 and 9).

In all cases, the matching gives very satisfying results

since the difference between the optimal number of tasks
that may be processed and the number of tasks processed
using the matching algorithm is quite small. As we could
expect, this difference grows with p, but does not strongly
depend upon the degree of heterogeneity.

5 SoLuTIoN WITH COMMUNICATIONS BEFORE
EACH TASK

In this section, we present an asymptotically optimal
algorithm for MaxTasks3(T): When T' becomes large, the
ratio of the number of tasks processed by this algorithm
over the number of tasks executed by the optimal solution
tends to one.

5.1 Theoretical Bounds

In order to prove the asymptotic optimality of our
algorithm, we need to determine the optimal number of
tasks that can be performed if the cost of a communication
between the master and the slave is ¢, and the cycle times
of slaves processors are t; <ty < ... < t,. Consider a valid
communication and computation scheme, i.e., three func-
tions fitartcomm, fstartcomp, @aNd foroe, satisfying the conditions
given in Section 2.4. Let T' be the time bound and let N
denote the maximal number of tasks that can be processed
within 7" units of time:

N = max{n, Vi < n, fstartcomp(i) + Tfpm(i) < T}
Moreover, let

it i<, 0y - Qo So) =)t
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Mean error
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Matching ——

Mean error
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Processors

(b)

25

Matching —+—

Mean error

Processors

(d)

Fig. 8. A few simulations. (a) comp 20 + 5; comm 50 + 40, (b) comp 20 £ 5; comm 5 + 4, (c) comp 20 + 15; comm 50 + 40, and (d) comp 20 + 15;

comm 5 £ 4.

be the ratio of the time spent by the master to perform
communications with slave P, over the time bound T.

Lemma 1. With the above notations, we have

T

N < _ 5
N Z teom + i ( )

T
V= (6)

t(f()Hl

Proof.
1. Since V1<i<p, « _ Card{j, fonoe()=i} fmm’ then
Zj.: = Card{jv fploc( = Z} and
T El-)ﬂ a;

= Card{j, fu — i —N. 7
teom Z {.7 p oc( ) } ( )

2. Let us determine the maximal number of tasks
that can be performed by slave P, V1 <i<p.
Since the overall cost of a task on slave P; is
teom + t;, we have

T . tcom
—, L.e., &; < — .
t(‘,om + t7 tcom + t7

(®)

Card{j, foroc(j) =i} <

3. Let us determine the number of communications
that can be performed by the master. The cost of a
communication is f.m, so that Nt.m <71 and,
then, using (7), we deduce

4. Using (7) and (8), we have

N P

- i tcom + ti

5. Using (7) and (9), we deduce
T

tcom

N<

a

In order to determine the optimal number of tasks that
can be performed during 7 time steps, we need to
distinguish two different cases, according to the value of
> s Indeed,

network is not the limiting resource if Y7 e T

it turns out that the communication
<1, butit

becomes the limiting resource otherwise.
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w

Drocesso:
P4 IL

P3 {——

Pl It - I 1L it

time

Fig. 9. Example when Y7, ;e < 1.

5.2 Solution of MaxTasks3(7) if > 7 len_ <1

=1 oo +t; —
To solve MaxTasks3(T), we propose an algorithm that
consists in determining a pattern for communications and
computations, that will be reproduced periodically
throughout the execution.

Let te; = teom + ¢, for 1 < i < p, denote the overall cost of
the processing of a task on slave P; since we cannot overlap
communications and computations. Let 7' be the least
common multiple of these p values t¢;: TP determines
the length of the pattern. Let nb}""*™ = """ be the number
of tasks processed by processor P, durmg the execution of
the pattern.

Consider the following example: t,m =1 and p =4
slave processors with ¢} =2, to =3, t3 =3, and t, = 5. We
have tc; =3, tca =4, tc3 =4, and tcy = 6. In this case,
bpattern _ 3,

p teom pattern __ pattern __
iy =1.LT =12, and nb} =4, nbj

nby™™ = 3, and b = 2.

To formally build the pattern, we need some complicated
notations. We advise the reader to follow the construction
for the example, using Fig. 9. First, we define time-steps and
processors within the pattern, using three new functions
fhattern - gpattern - and fratten ywhich we define as follows

startcomm~ Jstartcomp’ proc

(initially, nbg‘dttern —0):

e Determine which processor executes task number i:

p
V1 S i S anzattern . fpattern(i) —

proc

Jj—1
min{j | &> angmem}.

k=0

e Determine the beginning of the communication and
of the computation for task number i:

j—1
pattern N pattern
ftartcomm Z) =1+ E nbk (tcom + tk)+
k=0
j—1
. pattern
(i—1- E nby Vtcom,
k=0
t J tt & tt
pattern A pattern pattern
fstartcomp(l) =1+ E nbk teom + § nbk tr+
k=0 k=0

j—1
(Z 1 Z nbzattern)t]
k=0

The important fact about this pattern is that V2 <i < p,

16 19 22

i
pattern pattern
fstartcomp E nbk + ti -
k=0
i—1
pattern 2 : pattern
fstartcomp nbk + tifl
k=0
i—1
_ pattern pattern
- stdrt(()mm nbk +1 -
k=0
i—2
pattern pattern
fstartcomm § : nbk‘ +1 .
k=0

This condition states that the difference between the date
of the end of the processing of the last task on slave P, and the
date of the end of the processing of the last task on slave P;_; is
equal to the difference between the beginning of the
communication required by the first task processed by slave
P; and the beginning of the communication required by the
first task processed by processor P,_;. This is the key-
condition that ensures the periodicity of the whole computa-
tion and communication scheme from one pattern to the next
one: It is possible to execute the pattern defined above every
Trattern time steps, as illustrated in Fig. 9. During the execution
of one pattern, we process Y7 nb?*"“™ tasks.

We are now able to define the functions fsartcomm(n),
fstartcomp (1), and firoc(n) corresponding to our algorithm.
Let k s.t. k30 nbP" ™ < n < (k+1) 30, nb?™™™ and let
i=n—kY"_ nbP™" " Then,

.f startcomm (n) = kTpattern
fstartcomp (n) = kTPattern
f proc( ) flljr‘lot(tcrn ( )

One can easily check that the functions fsartcomm, fstartcomp,
and f,oc satisfy all the conditions stated in Section 2.4.

5.3 Solution of MaxTasks3(7) if Z

i=1 toom+t; m+f >1
To solve MaxTasks3(T) when > P | ten

i ltm.\ n-> 1, we slightly
modify the algorithm proposed in the previous section.
Indeed, in this case, the network is the limiting resource.
The algorithm consists of determining a communication
and computation pattern so that the communication net-
work is always in use. Some slower processors will be kept
idle at some periods, or even will never be used.

First of all, we sort the cycle-times of the slave processors

and assume that

pattern )
f startcomm

tt .
f spt:d t(gg;np ( )

t1 <t <. <

lp-



BEAUMONT ET AL.: THE MASTER-SLAVE PARADIGM WITH HETEROGENEOUS PROCESSORS 905

processors

P5 idle

idlg

Py

P
P,

P1 [

time

Do
o
[
[
&1
o
(=23
o

P fm
i=1 s >1

Fig. 10. Example when

Let tc; be defined as previously and let

k
Leom

Prmaz = Max< k —_—
'mazx { ‘ £ teom + i

< 1}.
Dmaz 1S the index of the last processor whose computation
power will be fully used in the pattern.

Let TP be the least common multiple of ¢, and of

the tc;, 1 < i < Pae. Moreover, define nbpmem as follows:
) ) Tpattcrn
vV1<i< Pmaz bl‘)dttem = s
tCi
tte pnmz pattern
pattern __ rearen — tcom b
Pmaztl t ?
com

and let

AP = 0, Vi > prge + 1.

We see that processor number pj,,, + 1 is not fully used,
while other processors are not used at all.

With these notations, we define fh\t ., fharcomps and

fpdttern
proc

difference is that slaves P, i > ppq. + 1 are kept idle all

as in the previous section. Again, the only

the time, while slave P, .1 is kept idle during the last

<Tpattern nbpaLLern

A time steps.

p,,,(,;,;+1>

The construction of the pattern is illustrated in Fig. 10,
with teom = 1, and p = 5 processors s.t. t; =2, ¢, =3, t3 =3,
ty=4, and #;=6. In this case, Y, > 1, ppa =3,
Teatem — 60, and nbp™*™ = 20, nbym = 15,

att
nbgn ern __ =15,
_ 60—(204+15+15)%1 pattern __ .
=——7——=10, and nb; = 0. Slave P; is

not used at all, while slave P, stays idle the last (60 — 10 =

5) = 10 time-steps of the pattern.

pattern pattern

We extend the definition of fi icomms Jstartcompr and
tt

fp:oc(‘m to fstartcommr fstartcompz and fproc eX&Cﬂy as before.

Again, one can easily check that the functions fartcomm,

fitartcomp, and  firoo satisfy all the conditions stated in

Section 2.4.

n bgattern

5.4 Asymptotic Optimality
In this section, we show that the algorithm presented in
Sections 5.2 and 5.3 is asymptotically optimal.

e Consider first the case ZZ 1 tif:it < 1. Let N be the
number of tasks that can be performed using our

algorithm. We define k such that

30 95 110 120

p—1

2 : pattern
LO]II nb

pattern

kTpattcrn S T — k + 1)prttcrn

In this expression, tcom ZZ’ ! nb; represents the
delay before slave P, begins to receive its first
message, as illustrated in Fig. 11, and k represents
the number of patterns that can be entirely com-
pleted before time bound 7. Then,

p—1 pattern
ks> L Xanh

— Tpattern Tpdttern -1

Therefore,

p
§ : nbp%ttom

Tpatt01 n

=1 teom + t

| \/

M@

—1 pattern p pattern
)N
"T'pattern Tpattcrn tcom + ti

i=1

p p—1

> _ nbpattem + ppattern
’ <Z Wt) (S

( =1 teom + ¢ >

Lemma 1 ((5)) states that the optimal number of

Mﬁ

tasks N, that can be performed within 7" units of
time satisfies

- T
N Z t(‘om + t

=1

Then, we have

processors
P . T
P, : .
P3 il
P; 2 i —
P y
time
0
T
k=2

Fig. 11. Several consecutive patterns.
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N 1
1> >14+0 (—)7
Nopt T
which achieves the proof of the asymptotic optim-
ality of our algorithm in the case ) 7 | len_ < 1.

=1 Teom+ti =
e Now, consider the case Zp f con_ > 1, Let NV be the
number of tasks that can be performed using our

algorithm. We define & such that

Pmazx
atte tter
TP < T — g, Y mbPH <
=1

(ki + 1)Tpattern.

p,,,m bpatt(‘m

In this expression, teom represents the
delay before slave P, 1 begms to receive its first
message, and k represents the number of patterns
that can be entirely completed before time bound T

Then,
T t me(]m' nbpattern
_ “ecom i= A _
k2 Tpattern Tpattern L.
Therefore,
Pmax "
pattern
N =k Z"bi + by, 1
i=1
Tpattcrn
>k
tCOIII
D attern
( ) Emm bpattcm Tp
com tcom

Lemma 1 ((6)) states that the optimal number of
tasks N, that can be performed within 7" units of
time satisfies

Then, we have

1> N >1+0 !
= Nopt el T )
which achieves the proof of the asymptotic optim-

ality of our algorithm in the case Y7 e > 1.

We formally state this important result:

Theorem 3. Let N, (T) be the optimal number of tasks that can be
executed within T time-steps. Let N(T') be the number of tasks

executed by the algorithm of Section 5.2 zf 27 1 tcff,(,)itl <1,and
by the algorithm of Section 5.2 if 377, ;*u- > 1. Then,
. N
lim =1
T—o0 Nopt (T)

5.5 Comparison with a Greedy Algorithm

In this section, we compare the results obtained with the
algorithm presented in Sections 5.2 and 5.3 against the
results obtained with a greedy algorithm, which works as
follows: At each time step, if k slaves with respective cycle
times t;, <t;, <...<t;, are waiting for a communication
from the master, and if the communication network is free
during the next t.,, time steps, then a communication is
performed between the master and the fastest slave P;,. In

Processors
Py : =

Py

Pyt
P il s I 1 I o

time

0

Fig. 12. Execution with the greedy algorithm.

Fig. 12, we display the solution obtained with ¢, = 1 and
p = 4 slave processors with t; =2,t, = 3,t3 =3, and t; = 5.
These results are to be compared with those obtained by our
algorithm (here, we have >, ttT = 1), and displayed in
Fig. 9.

The greedy algorithm also leads to a periodic allocation
(the time period is 9); it is able to process eight tasks every
nine time steps, but neither the computing resources nor the
communication medium are saturated. Our algorithm is
able to process 12 tasks every 12 time steps, thus leading to
an improvement of order 2.

6 SoOLUTION WITH COMMUNICATIONS BOTH
BEFORE AND AFTER EACH TASK

In this section, we present an asymptotically optimal
algorithm for MaxTasks4(T). The algorithm is very similar
to the one presented in Section 5, so we only outline the
sketch of the algorithm, and describe it through an example,
without detailing the proofs.

As previously shown, we define a pattern for commu-
nications and computations that will be reproduced
periodically. The pattern consists in two main phases:

e The first phase consists of both backward and
forward communications between the master and

the slaves.

e The second phase consists in task processing by the
slaves.

Lett!  be the Communication cost for the messages from

the master to the slaves, t2  the communication cost for the
messages from the slaves to the master, ¢;, 1 <i < p the
cycle times of the slaves, and T the time bound. Basically,
the pattern of communications and computations is the

same as those defined in Section 5, with teom =t} + 2.
The construction of the patternis illustrated in Fig. 13, with
th,=2t2 =1, and p =3 processors: t; =8, t, =8, and

t3 = 9. In this case, teom = 3, 37 775 < 1, TP = 132, and
—12 nbpattern _
= 12, pppetem —

12, and nby™"*™ = 11.

Of course, the first pattern is not executed entirely since
no backward communication is required between the slaves
and the master at the beginning of the execution. Similarly,
the processing of tasks during the last pattern may be
useless since corresponding backward messages from the
slaves to the master may well not have been completed.

Nevertheless, this does not impact the asymptotic
optimality of this algorithm:

n bfl)attern

Theorem 4. Let N, (T') be the optimal number of tasks that can
be executed within T' time-steps, and let N(T') be the number
of tasks executed by our algorithm. Then,
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=5 backward comm.
— forward comm.

time

»+ Processors
5
F,
P
2 . S
j 2 I S —
0 36 72 105 132 168 204 9237

Fig. 13. Pattern when communications are required both before and after each task.

N(T)

lim =1.
T—oo Nopt (T)

7 RELATED WORK

To the best of our knowledge, the most related work
concerning both the application and the architecture model
is presented in the paper of Andonie et al. [1], which we
have already quoted in Section 3. A continuation of this
work has been recently published by Chronopoulos and
Jagannathan [9].

Several theoretical papers deal with complexity results
for parallel machine problems with a server, establishing
complexity (NP-completeness) results [13], [16], [7] and
providing guaranteed approximations [17]. Before proces-
sing, each job must be loaded on a machine, which takes a
certain setup time. All these setups have to be done by a
single server which can handle at most one job at a time.
Our first problem (with initial messages only) is a very
special instance of this class of server problems.

Our second problem (with initial and final messages) is a
special instance of the job-shop scheduling problem (see
problem SS18 in [10]), where each job consists of only three
tasks, the first and last of which having to be executed by
the two machines dedicated to communications. Although
this instance is very specific, we have shown that it
remained NP-complete.

Generally speaking, note that our four problems differ
from those cited above with a server and start-up times in
that 1) all tasks are identical and independent and
2) communication times (the counterpart of the set-up
times) are identical too. The difficulty lies solely in the
heterogeneity of the computing resources.

Several papers by Robertazzi et al. [5], [2], [18], [8] have
dealt with the distribution of a single task that can be
arbitrarily partitioned in a linear fashion and then can be
distributed to more than one processor to achieve better
completion time. Optimal solutions have been derived
when the target architecture is either a bus with hetero-
geneous processors (i.e., the architecture considered in this
paper) or a tree. In this context, the main difference is that
the cost of a communication depends on the amount of
processing assigned to a processor, contrarily to the
assumption made in Sections 3 and 4. Surprisingly, in this
case, on a homogeneous bus, the overall completion time
does not depend on the order of the communications
between the master and the slaves, while it has been proven
to be the main issue with our application model. The
modeling of an application by the divisible load approach is

also different from the one considered in Section 5. Indeed,
in the context of divisible loads, one single communication
is performed with each slave at the beginning, and this
communication involves entirely the data needed for the
entire processing. On the contrary, we allow several
communications between the master and the slaves and,
therefore, we can obtain a better overall completion time by
enabling a fastest start, hence a better overlapping, for the
whole set of processors.

In [14], Hedetniemi presents an interesting algorithm for
polling in a tree network of processors that can be simplified
for a bus of processors. The polling operation consists in two
phases: First, the same message is sent to all the nodes by the
master and, then, processors send back individual results to
the master. This problem is close to the one considered in
Section 4, but the polling operation does not require any
processing by slave processors. Interestingly, we point out
that this last operation is the clue of the complexity stated in
Theorem 1; indeed, an optimal polynomial-time algorithm
can be derived for polling in tree networks, whereas our
problem is strongly NP-Complete.

8 CONCLUSION

In this paper, we have shown that deriving efficient
algorithms for the master-slave paradigm, in the framework
of heterogeneous computing resources and communication
links used in exclusive mode, turns out to be surprisingly
difficult. More precisely, we have designed an optimal
polynomial algorithm in the case of an initial scattering of
data and provided a guaranteed polynomial approximation
algorithm in the case of initial and final communications. This
last problem has been proven to be strongly NP-Complete,
even on (intuitively) simple instances. Finally, we have
presented asymptotically optimal algorithms for the case
where each task processing must be preceded (and possibly
followed) by a communication from (back to) the master.

The different variants of the master-slave problem that
we have addressed in this paper seem quite representative
of a large class of regular problems that exhibit a simple
solution in the context of homogeneous processors, but turn
out to raise several algorithmic difficulties in the context of
heterogeneous resources [4], [6]. Data decomposition,
scheduling heuristics, and load balancing were known to
be hard problems in the context of classical parallel
architectures. They become extremely difficult in the
context of heterogeneous clusters, not to speak about
metacomputing platforms.
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