
Static Mapping by Dual Recursive Bipartitioning of Process andArchitecture Graphs�Fran�cois PellegriniLaBRI, URA CNRS 1304Universit�e Bordeaux I351 Cours de la Lib�eration, 33405 TALENCE CEDEX, FRANCEpelegrin@labri.u-bordeaux.frAbstractThe combinatorial optimization problem of assign-ing the communicating processes of a parallel programonto a parallel machine so as to minimize its overallexecution time is referred to as static mapping. Thisproblem is NP-complete in general.In this paper, we introduce a mapping algorithm basedon the recursive bipartitioning of both the source pro-cess graph and the target architecture graph, whose di-vide & conquer and modular approach allows the han-dling of many topologies and bipartitioning heuristics.Mapping results on hypercube, binary de Buijn, andbidimensional mesh graphs are presented in order toillustrate this feature.1 IntroductionThe e�cient execution of a parallel program on aparallel machine requires that the communicating pro-cesses of the program be placed so as to minimize itsoverall execution time. This operation, referred to asmapping, can be either static, if the mapping occursprior to the execution of the program and is nevermodi�ed, or dynamic, when processes may be movedbetween processors at run time.Static mapping has been proven to be NP-completein the general case [9]. Therefore, many studies havebeen carried out in order to �nd sub-optimal solutionsin reasonable time [3, 4, 7, 13, 14, 15].In this paper, we present a mapping algorithm,based on the recursive bipartitioning of both the graphof processes and the graph that represents the paral-lel machine, which proceeds by recursive allocation of�This work was supported by the French GDR C3

subsets of processes to subsets of processors.After some important de�nitions in section 2, wegive in section 3 the frame of our algorithm. Section 4is devoted to graph bipartitioning algorithms, and par-ticularly to our extension of the Fiduccia-Mattheysesalgorithm. Some experimental results are then givenin section 5 to show the speed and e�ciency of ourmapper, after which we discuss parallel aspects of ouralgorithms.2 Static mapping and cost functions2.1 Standard de�nitionsThe computation graph which represents the paral-lel program to map onto the target architecture, alsocalled the source graph S, is a valuated undirectedgraph whose vertices represent the processes of theparallel program, and whose edges represent commu-nication channels between communicating processes.Vertex- and edge- valuations associate with every ver-tex vS and every edge eS of S integer numbers cS(vS)and cS(eS ) which represent estimations of the com-putation cost of the corresponding process and theamount of communication to be transmitted on thechannel, respectively.The architecture graph, also referred to as the tar-get graph T , represents the topology of the target ma-chine. We assume that the machine is homogeneous,so the target graph is not valuated.A mapping from S to T consists of two applica-tions ' : V (S) �! V (T ) and  : E(S) �! fE(T )g,such that '(vS) = vT if process vS is mapped ontoprocessor vT , and  (eS ) = fe1T ; e2T ; : : : ; enTg if commu-nication channel eS is routed through communication



links e1T , e2T , : : : , enT . j (eS )j denotes the dilation ofedge eS , i.e. the number of edges of E(T ) used toroute edge eS .2.2 Cost functionsThe goal of a mapping is to minimize the overallexecution time of a parallel program on the parallelmachine onto which it is mapped. The prediction ofthe quality of a given mapping with respect to thisperformance goal is usually achieved by means of acost function, which may account for parameters suchas load balancing on the target processors, communi-cation load balancing on communication links, mini-mization of inter-processor communication, minimiza-tion of the dilation of the source graph edges, etc.Static mapping heuristics are algorithms designedto �nd mappings which minimize this cost function.However, due to the variety of parallel machines, it isdi�cult to compute a uni�ed cost function. In partic-ular, the trade-o� between computation load balanceand communication cost is hard to tune, and dependson the technologies used in these machines.For given source and target graphs, the averageoverall computation load to be distributed can be com-puted, as opposed to the amount of inter-processorcommunication for which no estimation is available.Thus, we use a cost function whose goal is to minimizecommunication cost on the target links while keepingthe load balance within a prede�ned tolerance. Sev-eral graph bipartitioning methods, such as Kernighan-Lin [11], Fiduccia-Mattheyses [8], and Pothen-Simon-Liou [16], use this approach; for others, such as geneticalgorithms, the balance constraint must be accountedfor as a strong penalty term in a unique cost function,as it is done in [6].The minimization of our cost function implies thatintensively inter-communicating processes should bemapped onto as close to each other as possible proces-sors. Therefore, when given some bipartition of thetarget architecture, we tend to prefer mappings whichminimize the resulting edge cut function fc, which ac-counts for communication costs as well as edge dila-tion: fc(';  ) = PeS2cut(E(S)) (c(eS) � j (eS )j) ,where cut(E(S)) represents the set of the edges ofE(S) whose ends are mapped to processors belongingto the two subsets of the bipartition.

3 Frame of the mapping algorithm3.1 Sketch of the algorithmThe method we describe is based on a divide & con-quer approach. It proceeds by recursive allocation ofsubsets of processes to subsets of processors, till theprocessor subsets are restricted to one element or theprocess subsets are empty. At each step, the algorithmperforms the bipartitioning of the subset of processors,also called domain, into two disjoint subdomains, andcalls a graph bipartitioning algorithm to map the sub-set of processes onto the two subdomains, with respectto our cost function, as written in the following sketch.mapping (D, P)Set_Of_Processors D;Set_Of_Processes P;{ Set_Of_Processors D0, D1;Set_Of_Processes P0, P1;if (|P| == 0) return; /* If nothing to do. */if (|D| == 1) { /* If one processor in D */result (D, P); /* P is mapped onto it. */return;}(D0, D1) = processor_bipartition (D);(P0, P1) = process_bipartition (P, D0, D1);mapping (D0, P0); /* Perform recursion. */mapping (D1, P1);} The above algorithm relies on the ability to de�nefour main objects:� A domain structure, which represents a set of pro-cessors.� A domain bipartitioning function, which, given adomain, bipartitions it into two disjoint subdo-mains.� A process bipartitioning function, which, given adomain and its two subdomains, and a processset, bipartitions it into two disjoint process setsto be mapped onto each subdomain. Process bi-partitioning functions are studied in section 4.� A domain distance function, which gives, in thetarget graph, a measure of the distance betweentwo disjoint domains. Since domains may not beconvex nor connected, this distance may be esti-mated. However, it must respect certain homo-geneity properties, such as giving more accurateresults as domain sizes diminish.The domain distance function is used in the pro-cess bipartitioning algorithms to compute the



communication function to minimize, since it al-lows us to estimate the dilation of the edges link-ing vertices which belong to di�erent domains.Using such a distance function amounts to con-sidering in our computations that all routingswill use shortest paths on the target architec-ture. This is not unreasonable to assume, as newgenerations of parallel machines tend to handlerouting dynamically with shortest-path routings(for instance, the Intel Paragon uses Manhattan-style routing on its bidimensionalmesh topology).We have thus chosen that our program would notprovide routings for the communication channels,leaving their handling to the communication sys-tem of the target machine.All these routines are seen as black-boxes by the map-ping program, which can thus accept any kind of tar-get architecture and process bipartitioning function.As a matter of fact, according to the topology of thetarget architecture, the results of the domain functionscan be algorithmically computed at run-time, or be ex-tracted from precomputed tables, which allows us touse exotic topologies such as Butter
y and de Bruijngraphs [12].For instance, for the two-dimensional mesh targetarchitecture, we have implemented domains as rect-angular areas, the domain bipartitioning function asthe function which splits a domain along its smallestdimension into two parts of equivalent sizes (withinone row or column), and the distance function as thesmallest distance between the centers of the two do-mains.For the hypercube target architecture, domains aresub-hypercubes, the domain bipartitioning functionsplits a hypercube into two sub-hypercubes, and thedomain distance function returns the number of dif-ferent bits in the labeling of sub-hypercubes.The domain decomposition of binary de Bruijn graphslies on the fact that an undirected binary de Bruijngraph of diameter D, denoted UB(2; D), contains twocopies of a spanning subgraph of UB(2; D � 1). Theleftmost bit of any D-digit vertex label word indicatesthe copy to which it belongs, and the (D � 1)-digitlabel of the vertex within this copy is built by xor-ingpairwise the D digits of the original label. For ex-ample, vertex 01100 of UB(2; 5) belongs to the �rstinstance of subgraph of UB(2,4), within which it haslabel 1010. This decomposition is recursively appliedto build the graph decomposition used by our algo-rithm.

3.2 Execution schemeFrom an algorithmic point of view, our mapper be-haves as a greedy algorithm (the mapping of a processto a subdomain is de�nitive), at each step of whichiterative algorithms can be applied.The double recursive call performed at each step in-duces a recursion scheme in the shape of a binary tree,each vertex of which corresponds to a bipartitioningjob, i.e. the bipartitioning of both the current domainand process set.In the case of a depth-�rst sequencing, as programmedin the above sketch, bipartitioning jobs called in theleft branches have no information on the distance ofvertices to be processed by the right branches.On the contrary, sequencing the jobs according to aby-level (breadth-�rst) travel of the tree allows that,at any level, any bipartitioning job may have informa-tion on the subdomains to which all the processes havebeen allocated during the previous level. Thus, whendeciding in which subdomain to put a given process,a bipartitioning job can account for the communica-tion costs induced by the neighbor processes, whetherthey are handled by the job itself or not, since it canestimate the dilation of the corresponding edges. Thisresults in an interesting feed-back e�ect: once an edgehas been kept in a cut between two subdomains, thedistance between its end vertices will be accounted forin the communication cost function to be minimized,and following jobs will thus be more likely to keepthese vertices close to each other, as illustrated in �g-ure 1.Moreover, since all domains are split at each level,they all have equivalent sizes, which respects the dis-tance homogeneity and gives the algorithm more co-herence.For all what precedes, we have implemented the sec-ond approach in our mapper: bipartitioning jobs arestored into a queue, the execution of a job resultingin the creation of at most two new jobs, which are inturn enqueued.One can notice that, by using the hypercube as tar-get topology and depth-�rst execution, our mappingprogram is identical in behavior to the one of [7]. Inthat sense, our work, by formalizing the concepts ofdomain, distance, and execution scheme, can be seenas a generalization of their work which handles manytarget topologies and graph bipartitioning methods.
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C.L. 1Figure 1: The job which maps the processes of domainD to subdomains D0 and D1 accounts in its commu-nication cost function for the estimated distance fromvertices which were mapped toD0 at the previous level(C.L. stands for Cut Level).4 Process bipartitioning methods4.1 General considerationsIn the by-level implementationof the mapping algo-rithm, bipartitioning jobs are fed with the set of pro-cesses to bipartition, the two subdomains into whichto put them, and the domain mapping computed atthe previous level for all the source processes. On com-pletion, they return two subsets of processes, one foreach subdomain.The recursive mapping algorithm uses process bi-partitioning methods as black boxes. It allows us torun any type of graph bipartitioning method whichaccepts our cost function, such as Kernighan-Lin-typealgorithms [11], simulated annealing [4], quadratic as-signment [17], genetic algorithms [15, and included ref-erences], etc. Moreover, mapping strategies can be de-�ned by letting each job select the graph bipartitioningmethod that it will use, according to local propertiesof its input (size of the mapping domain, distributionof the processes weights, etc).4.2 An improvement of the Fiduccia-Mattheyses heuristicsThe �rst bipartitioningmethod that we have imple-mented is an improvement of the Fiduccia-Mattheysesalgorithm which enables us to handle huge gains andnon-unity vertex loads. The Fiduccia-Mattheysesgraph bipartitioning heuristics [8] is an almost-linear

improvement of the Kernighan-Lin algorithm [11]. Itsgoal is to minimize the cut between two vertex subsets,while maintaining the balance of their cardinals withina limited user-speci�ed tolerance. Starting from aninitially balanced solution of any cut value, it proceedsiteratively by trying, at each stage, to reduce the cutof the current solution.The algorithmmaintains, for all the vertices of bothsubsets, a gain value, which represents the value bywhich the current cut would decrease if the vertexwere moved to the other subset (gains may thus benegative). Vertices of identical gain are linked intolinked gain lists which are stored as entries of a gainarray.At each stage, the algorithm builds an ordering ofas many vertices as it can, by repeating the followingprocess: it chooses from the two subsets the vertexwith the highest current gain (which may be nega-tive) and whose move will not set the balance out ofthe user-speci�ed tolerance. When a vertex is chosen,the algorithm pretends to move it and updates thegains of its neighboring vertices accordingly. This isrepeated till all vertices have been chosen or no moveof yet unprocessed vertices would keep the load bal-ance. Once the ordering is complete, the new solutionis built from the current one by moving as many ver-tices of the ordering as necessary to get the maximumaccumulated gain. Thus, by considering the accumu-lated gain, the algorithm allows hill-climbing from lo-cal minima of the cut cost function.The almost-linearity of this algorithm is based ontwo limitations. First, it is supposed that the vertexdegrees are small and all edges have unity weight, sothe range of the gain values is small, and thus thesearch in the gain array for vertices of best gain isassumed to take an almost-constant time. Second, allvertices are supposed to have equal (unity) weights,so moving the head of a given gain list is equivalent inbalance to moving any vertex in this list.Unfortunately, the above is no longer true whenvertices and edges have non-unity weights and whenthe gain accounts for the distance between the edgeends.First, it results in huge vertex gains, whose handlingrequires new data structures. We have tried severalmethods, and have consequently chosen to index thegain table with a logarithmic scale, assuming that ver-tices whose real gains di�er at most by a factor twowould have almost equivalent behaviors if they weremoved.Second, because of the non-unity vertex gains, mov-



ing the head of a gain list may not result in the bestload balance, compared to other vertices in the samelist. As no data structure could easily avoid the eval-uation of vertices whose load would cause imbalanceif they were moved, and since we did not want to scanthe whole lists for the vertex of best load balance, wehave chosen to scan the gain list of best logarithmicgain till a vertex whose move would not cause imbal-ance is found.4.3 Handling of imbalanced graphsThe handling of imbalanced process graphs, i.e.graphs within which some processes have weightsmuch bigger than the average, leads to several prob-lems.Let us consider for instance a complete processgraph such that all vertices have weight one, exceptfor one sole vertex whose weight is equal to the num-ber of vertices of the graph. If the bipartitioning al-gorithm were run on this graph, the heaviest vertexwould be put in one subdomain, and all the others inthe other, leaving all processors of the �rst subdomainidle, except for only one.To prevent this behavior, we have implemented anadaptative weight limitation procedure. At the be-ginning of every job, it computes the e�ective weightsof all the processes, which are the minimumof the realweights of the processes and a multiple of the averagereal weight of the processes mapped to the currentdomain. The multiplicative factor, which is alwaysgreater than one, evolves with respect to domain sizeso that e�ective weights tend to match real weights asdomain size diminishes. The use of e�ective weightsby the bipartitioning algorithms amounts, in the �rstlevels, to computing the load balance more in terms ofprocess numbers than in terms of process loads, whichreduces the impact of pathological cases such as theone described above.5 Performance evaluations5.1 Test graphsOur program has been tested with several kinds ofsource graphs, two of which are presented here.We �rst studied the valuated interprocess communi-cation graphs issued from a parallel implementationof a sparse block Cholesky factorization solver. Pro-cess graph rcInit represents the partition of the un-knowns of a matrix induced by a nested dissection

method. Process graph rcRefn is obtained from rcInitby a graph re�nement phase, where heavily loaded ver-tices are split into subgraphs of lightly loaded vertices,in order to obtain a better granularity of the problem,at the expense of vertex and edge creations. See [5]for a complete description of the method.A second class of test graphs, obtained from [10], rep-resents �nite-element-type triangular and quadrilat-eral grids, linked to problems of 
uid dynamics orstructural mechanics. Process graph ha4elt is a de-composition of the area around a multi-elements air-foil, and haBrack is the geometrical description of abracket. These two graphs have unity vertex and edgeloads.5.2 Performance criteriaThe quality of our mappings is evaluated with sev-eral parameters, whose expressions are given below.minmap, maxmap, and �map are the minimum, maxi-mum, and average process loads mapped onto targetprocessors, respectively. �dil represents the averagedilation of the source graph channels with respect tothe target topology, �exp the average cost-weighteddilation (both of them are computed by the means ofshortest paths), and �com the average communicationload of the source graph.�dil = PeS2E(S) j (eS)jjE(S)j �exp = PeS2E(S)(c(eS)�j (eS)j)PeS2E(S) c(eS)�com = PeS2E(S) c(eS)jE(S)jIn addition to the above, we have de�ned the syntheticparameters "map and "exp."map = 1� PvT2V (T ) jc(vT )��map j�map �jV (T )j"exp = 1� �exp�dil"map, in the range [1;�1[, is equal to 1 if the map-ping is ideally balanced, and tends towards negativenumbers when the mapping gets imbalanced. "exp, inthe range [1;�1[, is positive if the mapping strategyhas succeded into putting heavily communicating pro-cesses closer to each other than it has done for lightlycommunicating processes; it is therefore equal to 0 ifall edges have same weights.5.3 Mapping resultsAll the results presented were obtained with ourmapper being con�gured so that all the bipartition-



Target H(8)Graph rcInit rcRefn ha4elt haBrackVertices 2047 3470 15606 62631Edges 7750 135148 45878 366559minmap 6544 58380 58 234maxmap 686298 61332 64 252�map 59639 59639 61 245�dil 2.265 2.915 0.347 0.485�exp 2.553 2.846 0.347 0.485"map 0.004 0.992 0.987 0.990"exp -0.127 0.024 0.000 0.000Sequential time 11.70 93.80 138.09 1069.84Table 1: Mapping results on H(8).Target UB(2,8)Graph rcInit rcRefn ha4elt haBrackVertices 2047 3470 15606 62631Edges 7750 135148 45878 366559minmap 7178 57812 58 237maxmap 686298 61628 64 251�map 59639 59639 61 245�dil 3.483 4.613 0.622 0.715�exp 3.670 4.581 0.622 0.715"map 0.004 0.991 0.986 0.991"exp -0.053 0.007 0.000 0.000Sequential time 12.17 93.60 137.34 1138.44Table 2: Mapping results on UB(2; 8).ing jobs ran our Improved Fiduccia-Mattheyses graphbipartitioning method, with the load balance toler-ance of the algorithm being set, for every job, to0:005�max(ideal load average on domain processors,load of e�ective heaviest process in subset). The testmachine is a SUN 4/460 with 32 Mb of main memoryand 64 Mb of disk swap.The test graphs described above were all mapped ona hypercube of dimension 8, denoted H(8), a binaryde Bruijn graph of diameter 8, and a 16 � 16 bidi-mensional mesh, which all have 256 nodes. Resultsare given in tables 1, 2, and 3, with all user times inseconds.Pleasantly, it seems from all our experiments thatTarget M2(16,16)Graph rcInit rcRefn ha4elt haBrackVertices 2047 3470 15606 62631Edges 7750 135148 45878 366559minmap 211 57969 58 237maxmap 686298 61748 64 253�map 59639 59639 61 245�dil 4.574 5.611 0.606 0.819�exp 5.782 5.462 0.606 0.819"map 0.004 0.991 0.987 0.990"exp -0.264 0.027 0.000 0.000Sequential time 11.87 91.06 134.14 1083.89Table 3: Mapping results on M2(16; 16).

the mapper has an almost-linear behavior with respectto the number of channels of the source graphs, evenfor graphs with non-unity vertex and edge loads.At constant number of processors, the density andthe diameter of the target graphs have a direct impacton the "map and "exp coe�cients: their values for theunbounded-degree hypercube are smaller that thosefor the bounded-degree de Bruijn and mesh graphs,and the values for the de Bruijn graph of diameter 8are smaller than the ones for the mesh of diameter 30.As one might expect, the mapper handled thealmost-balanced rcRefn graph much better than theimbalanced rcInit (whose heaviest process load is686298), which is shown by "map and "exp. The re-sults issued by our mapper for all graphs of this kindare equivalent to the ones computed with a two-phaseBokhari algorithm, but in a time orders of magnitudesmaller: a few tens of seconds compared to severaltens of minutes (see [5]).Results for the ha* graphs show the ability of themapper to handle large graphs, providing good map-pings in a reasonable time.In [10, table 3.2] are summarized mapping results ob-tained for a hypercube of diameter 8 with the CyclicPairwise Exchange heuristics, which allow us to com-pute the equivalent �exp parameter for these map-pings. It is equal to 0:526 for the ha4elt case, and 0:489for the haBrack case, which are slightly greater thanthe 0:347 and 0:485 values obtained with our DualRecursive Bipartitioning algorithm. The average edgeexpansion of our mappings is thus slightly better thanthe one obtained by CPE. In the same way, our dila-tion distributions are also slightly better, since moreprocesses are placed at smaller distances from theirneighbors by our DRB than by the CPE heuristics.6 Parallel aspects of the methodAlthough the mapping program runs sequentiallyat this time, its divide & conquer approach and itsdesign make it suitable for parallel execution. In par-ticular, the by-level sequencing of the bipartitioningjobs tree has several interesting consequences.First, it requires a by-level synchronization of thejobs, which is compatible with parallelism: if the jobsof a same level are processed on di�erent host proces-sors, the synchronization amounts to a gossiping phaseduring which host processors inform each other of the



subdomain allocation they have performed. Thesedata will be used by the jobs of the next level to com-pute the communication cost function.Second, the number of bipartitioning jobs doublesat each level. A good host topology for o�-line ex-ecution of the mapper could thus be the hypercube,as there is a direct link, on yet unused dimensions,between any active processor and the processor usedin the next job level to run the second subjob it hascomputed.However, this approach does not use the host machinee�ciently, since the �rst (and biggest) bipartitioningjob runs on a single processor. Here appears the in-terest of mapping strategies: �rst jobs can be handledwith parallel graph bipartioning methods distributedon many, unused yet, host processors (such as parallelversions of genetic algorithms [15] and simulated an-nealing [2, and included references]), till jobs becomenumerous and small enough to be distributed and runsequentially on distinct host processors.Last, if the host machine on which the mapping isrun is the target machine, then every host processorgets at the last level the list of the processes that aremapped onto it, and can load and run them, resultingin an on-line mapper and loader.7 ConclusionIn this paper, we have described the frame ofa static mapper using dual recursive bipartitioningof both the process and architecture graphs which,thanks to its divide & conquer approach, allows par-allelization. Several experimental results have beenpresented, which show its e�ciency.Current work includes the porting of the code to theIntel Paragon parallel machine, as well as its integra-tion into the ADAM programming environment [1].The mapper is also being used to quickly computemappings of the data partitions of matrices, whichserve as initial data distributions for the dynamic loadbalancer of the sparse parallel block Cholesky solverbeing developed at the LaBRI.AcknowledgementsI thank Jean Roman very much for his thought-ful comments and remarks. Also, many thanks toJohny Bond for the de Bruijn decomposition method,to Steve Warren Hammond who kindly gave me histest graphs, and to Robert Strandh who carefully readthis article and puri�ed its English.
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