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Exécution non séquentielle des réseaux de Petri et
preuves en logique linéaire partiellement commutative

Résumé : Nous décrivons I'exécution d’'un réseau de Petri dans la logique linéaire
partiellement commutative, une logique intuitionniste introduite par Ph. de Groote
qui contient et des connecteurs commutatifs et des connecteurs non commutatif-
s. Nous sommes ainsi capable de décrire fidélement I'exécution en paralléle d’'un
réseau de Petri, du moins tant que celle-ci reste un ordre série-parallele. Ce codage
s’inspire de la description des langages algébriques par les grammaires de Lambek.

Ce rapport est la version compléte (incluant toutes les démonstrations) d’'un
article a paraitre dans les actes du Logic Colloquium 1999 (Utrecht).

Mots-clé : Logigue linéaire; Réseaux de Petri; Grammaires Catégorielles; AMS:
03B47,03B60, 03B70, 03F05, 03F52, 68Q85
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This report is the complete version of an article [24]; it is similar
but it includes some extra material which is absent from the published
version:

¢ the proof of cut-elimination (appendix B),
¢ the counter example by Kiinzle (appendix C)
e the proofs of several propositions.

1 Presentation

Since the early days of linear logic, various representations of Petri nets have been
proposed — [27, 9, 13] include good surveys; nevertheless these codings are not
fully satisfactory. On the logical side the use of proper axioms is not pleasant, and
to avoid it the only solution is to include modalities while it is clearly a multiplica-
tive phenomenon; in particular as Petri net accessibility is decidable, it should be
encoded in a decidable fragment of linear logic, and it is not yet known whether
linear logic with modalities is decidable. On the concurrency side the absence of
any record of the execution in the sequent which is proved leaves out a number of
interesting questions, like Petri net synthesis or the search of efficient executions.
For instance, even the sophisticated treatment of Gehlot [10] only takes into account
structural parallelism, and fails to find an efficient execution due to the presence of
the marking as shown by Kiinzle [15, 22].

Here we propose a rather different representation which focuses on events and
executions. This is made possible by using the partially commutative calculus, here
denoted by PCLL, introduced by Philippe de Groote in 96 [7] — an extension of
the published version, to be precise. In this intuitionistic calculus one both have non
commutative connectives of the Lambek calculus [16] and the usual commutative
connectives of multiplicative linear logic [12]. This kind of calculus has then been
extended to a classical setting by Paul Ruet [25], and further studied by Michele
Abrusci and Paul Ruet [1], Akim Demaille [8].

Roughly speaking it is possible to combine the commutative and non commuta-
tive logical connectives by handling structured contexts. These contexts are series-
parallel partial orders, i.e. are generated by two kinds of commas: the commutative
comma, denoted by. .. , ...} corresponding to the disjoint sum of two contexts,
introducing no order between its components, and the non commutative comma
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6 Christian Retoré

(...;...) introducing order between its components: every formula in the first
component is before every formula in its second component. This structure allows
to take into account the relationship between the commutative and non commuta-
tive products and® respectively corresponding to context operatiéns , ... }
and(...;...). This relationship is simply the inclusion of series-parallel orders
axiomatized in [3]. It should be observed that this relation is more general than the
possibility to replace a commutative product by a non commutative one. Indeed,
inclusion of series-parallel orders is basically the distributive law of concurrency
viewed as a reduction and not as an equalfty; b), (a’; ')} — ({a,ad’};{b,V'})

thatis if one has to performbeforeb anda’ beforeb’ without any further constraint,

one can in particular performnanda’ simultaneously and perform thereaftesind

b’ simultaneously. This law cannot be derived by replacing commutative product(s)
with non commutative product(s). From a logical perspective it is worth noticing
that this relationship is only possible in an intuitionistic calculus as shown in [8,
Chapter 6]. For instance the classical calculus considered by [25, 1] only allows
for the replacement of commutative products with non commutative products but
not for the distributive law. It is also worth noticing that the logical system allows
for either relationship: a weaker order entails a stronger order, or the converse; of
course for a concurrency interpretation only the first system is relevant.

As usual a marking witm(P) tokens in the place® will be denoted by the
formula@® , P"") where® is thecommutative producand P* a short hand for
P ® ---® P k-times. An event consuming the markinBre[e] and producing the
marking Post[e] will be denoted by a formul&re[e] \ Post[e] with \ being a non
commutative implication: so it is not that far from the usual translaBesje] —o
Post[e], except that one ha®re[e]; Prefe] \ Post[e]) F Post[e], but not(Pre[e] \
Post[e]; Prele]) F Post/e].

We are given a patrtially ordered multiset of evepitand we can fire simultane-
ously any subset of minimal events, until all events iaxe fired. We will prove that
such an execution is possible from an initial markivigand yields the end marking
N if and only if the calculus PCLL proves\/; ¢) - N.

So in fact we are turning a universal statement into an existential every
sequence of step transitions@®fs possible fromV/ and yields taV is shown to be
equivalent withthere exists a proof ofM; ¢) = N. To be a bit more precise, our
coding and the proof of its correctness harekecutivesequents$’ - C' that are the
meaningful sequents:

INRIA



Petri nets and partially commutative linear logic 7

e ('isamarking

e formulae ofl" are either markingss{-only formulae) or events)( \ N with
M and N markings)

¢ the formulae of" are endowed with a series-parallel partial order

The provability of an executive sequent means that the concurrent execution of
the events i’ (endowed with the order induced by leads from the sum of the
markings inl" to the markingC'.

Provability corresponds to the possibility of executing the corresponding step
transitions, but what do proofs correspond to? They allow to trace every produced
or consumed token, which are distinguished in a given proof. Of course the ide-
al representation of proofs would be proof nets, which exactly identify all proofs
depicting the same consumption/production, but up to now proof nets for this cal-
culus do not exist (there is not a yet a sound and complete correctness criterion for
recognizing proofs from incorrect proof structures).

But as far as provability is concerned, tokens are not distinguished. Therefore
complete models as in [8] may be used instead of proofs to observe the behaviour
of Petri nets, since making a distinction between tokens is an artifact — that is
nevertheless useful as in [14, 4].

The kind of Petri net execution that we take into account is step transition, where
the steps are lower-closed subsets of the partial order of events which expresses the
causal constraints in the execution. Step transition are studied in [20] but they are
just multisets of events: they are not assumed to be the lower closed subsets of an
order on events. On the other hand, the occurrence nets of [14, 4] unfold the causal-
ity of a Petri net into a partial order (acyclic graph) where vertices are alternatively
events and places. The partial orders of events we consider here are sub-orders of
this general order, restricted to events. So our approach is mixed: we consider step
transitions, but these steps are lower closed subsets of this general partial orders.
We only can deal with series-parallel orders, and in this case we are able to replace
a complicated statement into the existence of a proof in a multiplicative system.
At first sight this work also share some ingredients with the algebraic approach of
[18] which describe Petri nets by monoidal categories, for instance the distributive
law which for us is a reduction and for them an equality, or transitions between
markings. This not so surprising, as models of multiplicative calculi are monoidal
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categories, but in fact the connection, if any, is far from obvious: we superimpose
a commutative and a non commutative structure, our objects are not only markings
but all executions, and our morphisms are proofs expressing that if an execution is
possible, so is another, while their morphisms are executions leading from a mark-
ing to a marking.

We first recall basic definition and results regarding step transition for Petri nets,
using the logical notation. The essential result we need is a substitution property for
step transition: although not difficult, it is bit tedious, so the proofis postponed to an
appendix. Next we introduce the PCLL calculus, and the properties needed for our
coding. After a small example we establish the faithfulness of the encoding in both
directions. We end with future prospects: indeed our logical description naturally
leads to high order Petri nets (mobile nets, where events can produce and consume
events, etc.), to Petri nets with credits (where one can assume that some tokens are
present provided they are consumed afterwards) and also suggest a new approach
to ordinary Petri net synthesis because of the connection between formal grammar
and Lambek calculus.

Set theoretic notation

A— B ={x € Alz ¢ B} isonlyused wheml D B. AW B denotes either multiset
union or the union of two disjoint sets.
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2 Petri nets and their concurrent firing

2.1 Petri nets: definition and notation

A Petri net is defined by a s&t of placesand a seE®\® of events In our view the
initial marking of a Petri net is not part of its definition.

2.1.1 Places and markings

Usually, a marking is defined as a function fr@o IN which expresses how many
tokens there are in each place. In order to get as close as possible to our coding, let
us define a marking as an element of the free commutative monoid over the places:
it is clearly an equivalent definition. Composition will be denotedsayand the

unit by 1 (the empty marking). As usuall™ with n € N andA € P is defined by:

A’ = 1andA™" = A® A". Due to the equations holding in the free commutative
monoid overP, there are many expressions denoting the same marking; for instance
1 ((A®B)®A), A22 B, A® (A® B) and(B® A) ® A all stand for the marking
containing two tokens in the placé and one in the plac8. Let us denote byI®

such marking expressions:

e =P |1|11° @I1%

Given an expression/ in TI® and a placed of P the expressiod/, denotes the
number of occurrences of in M, that is the number of tokens éf in A. This
number only depends on the marking and not on the expression, so it is definable
for a marking.

A marking M’ is said to contain a marking/, whenever for each placa,
M, > M,; in this case we writé//’ J M. If so, then there exists another unique
marking X such thatX ® M = M’; this markingX will be denoted byM’ @ M.

2.1.2 Events

Eache € £%\® is associated with a behavior, that is a pair of mBpge] and
Post[e] from places taN. These two maps may be viewed as a pair of markings,
indicating how many tokens, for each pladeare taken off and put il by the
evente; according to the previous notation, these two numbers will be denoted by
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10 Christian Retoré

Pre[e] , andPost[e] ,. The behavior of an eventwill be denoted byPre[e] \ Post|e]
where expressions &f® are allowed foPre[e] andPost[e].

Let us mention a classical distinction among Petri nets. A Petri net is said to be
unlabeled whenever no two events have the same behavior:

Vei, ey € EX\® (Prele;] = Prefes] A Postle;] = Post[es]) = €1 = ey

When a behavior makes use of expressionHfhequality is the equality of the
underlying markings, for instancéA ® B) \ (1® A) = (B® A) \ A. As it stands,

this work does not apply to labeled Petri nets, and this allows to identify an event
with its behavior?

Another classical property of Petri nets is purity: for each eveand for each
place A one hasPre[e;] ,.Post[e;] , = 0; that is an event never puts any token in a
place where he takes some. This distinction is not relevant to our study which works
no matter whether Petri nets are pure or not.

2.2 Firing a Petri net according to a partially ordered multiset
of events

Given a Petri neR which will remain implicit, we are to define a relation
M2
where
e ¢ is a partially ordered multiset of eventsBf(the definition follows)

e )M is a markingR

The meaning of this relation is that the Petri det provided with the initial
marking M allows the execution of the partially ordered multiset of eventSuch
an execution according to consists in firing simultaneously any set of minimal
events until all events are fired. Let us define this precisely.

!Nevertheless our coding could be adapted by using a lexicon as in a Lambek grammar (events
are provided with a finite number of formulae by the lexicon). The case of rigid Lambek gram-
mars (one formula per event), would correspond to labeled Petri nets (there can be two events with
the same behavior, but each event has a single behavior) while general Lambek grammars would
correspond to the extended case in which an event may have several behaviors.

INRIA
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2.2.1 Partially ordered multisets (pomsets) and substitution

An ordered enumeration of elemerd$ £ is a triple (X, <, f) where X is a set,
< is a partial strict order otX and f a map fromX to E. A partially ordered
multiset (pomse)f elements of is an equivalence class of ordered enumerations
where the equivalendeX, <, ) ~ (X', <, f') is defined by: there exists an order
isomorphismi from (X, <) to (X', <’) such thatf'(h(z)) = f(z) forall z € X.
We only consider finite pomsets ovEr i.e. X is always finite. Wher< is a linear
order a pomset ovel is a finite sequence ovéf and when< is empty a pomset
over E is a multiset ovelZ. We often say “le{ X, <, f) be a pomset ovek”, as
our definitions or constructions do not depend on the ordered enumeration which
represents the pomset.

Let (X, <) and(Y, <) be two partially ordered sets, withe X andX NY = 0.
The orderX[a := Y] is the order over (X — {a}) WY defined by:

® dx_{a} =< |x—{a}»

o dly =<,

Vee X —{a}VyeY zayer<a

Vee X —{a}Vy €Y y<dx<sa<u.

Let o = (X, <, f) andy = (Y, <, g) be two partially ordered enumerations
witha € X, X NY = (). Thesubstitutionp[a := 1] of a by ¢ in ¢ is the ordered
enumeration(X — {a}) WY, <, h) where< is defined as above and and where
h(z) = f(z) forzin (X — {a}) andh(y) = g(y) fory € Y.

Given two ordered enumerationX’, <, f) ~ (X', <’, f'), the order isomor-
phism beingh : X+~ X’ and two ordered enumeratiofis, <, g) ~ (Y’, </, ¢') we
have(X, <, f)la :== (Y, =<,9)] ~ (X', <, f))[h(a) = (Y',<',¢')]. Consequently
when it is clear which occurrence efe E is substituted we will write the abusive
notationg[e := 1)]. 2

2In case there are several twin occurrencesiofe, the corresponding partially ordered multiset

does not depend on which occurrence ¢fas been substituted by, [Two elements: andy of an
order are said to be twins whenever they cannotbe comparedand< y < zetz <z < 2z <y

forall z & {z,y}.]
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12 Christian Retoré

2.2.2 Concurrent execution of a partially ordered multiset of events

Letp = (X, <, f) be an ordered enumeration representing a partially ordered mul-
tiset of events of a Petri n&.

Let Y be a subset ok; let us extendPre[] andPost|[] to a set of events in the
simplest wayPre[Y] = @,y Pre[f(y)] and Post]Y] = ®,ey Post[f(y)]

Definition 1 The relationV/ —2— holds whenever for all lower-clos@dubsets”
of (X, <) one has:

(M ® Post[Y]) @ Pre[Y] O Pre[F,(Y)]
whereF,(Y) is thefrontier of Y defined by
FoY)={r e X -YV:eXz<ax=2€Y}

Let us explain the intuitive meaning of this definition. The partial order depicts
time constraints on the firing of the occurrences of event¥ inAs the firing re-
spects the time constraints, any set of events that have been fired is a lower-closed
subset ofX. The events inF,(Y) are the minimal elements of the complement
of Y in X (the order onY” being< |5), hence the events in the frontier Bf are
the ones that can be fired next. Consequently the above definition simply says that
whatever possible (i.e. lower-closed) p&Eriof X has been fired there are enough
tokens left to fire simultaneously all the events that come next.

Firstly let us observe that this definition makes sense for pomsets of events:

Proposition 2 If ¢ and are two partially ordered enumerations describing the
same partially ordered multiset of events i@.~ v; then M —2 if and only if
M —“—: so we can speak of the execution of a partially ordered multiset of events.

Here are some remarks on this definition:

e The notation» assumes thatV/ @ Post[Y]) O Pre[Y]; if this did not hold,
then there would exist a small&r for which this expression would be mean-
ingful, such that thé&l fails.

3Y is said to be a lower-closed subsetofwheneveliz € X (JyeY 2 <y)=z2€Y

INRIA
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e One can also defind/ —2— by: for each anti-chaid/ letting 7" = {z|Vu €
U —=(x > u)}, one hasM ® Post[T'| © Pre[T] O Pre[U]

e Self concurrency is allowed: indeed the frontier of a lower-closed subset
may contain several occurrences of the same event.

Wheneverl/ —— the end-marking is uniquely determined:

Proposition 3 If M —2—, then there is a unique markind such that the final
marking obtained by firing from the initial marking) is N. This marking is
defined byV = M ® Post[X] @ Pre[X] — the® makes sense: také = X in the
definition. In this case we write:

M -5 N
Proposition 4 let ¢ = (X, <, f) be a partially ordered enumeration of events.

1. If M -2 M and if¢ = (X, <, f) is an order extension af (Vz,2’ €
X z<a2 =x<2)thenM — M.

2. In particular whenM —— M’ holds, so does/ —*— M’ for each lin-
earizationy of ¢ .

Remark 5 The converse of this latter point fails, as can be observed from the Petri
netR defined by:

e One placed
e Twoeventsu=A\Aandb=A® A\A® A

Consider the (multi)set with a single occurrence of each ewertd b, and let
us consider the three possible pomsets of events on this (multi)set of events:

e {a,b} (empty strict order)
e (a;b) (first linearization,a < b)

e (b;a) (second linearizatiory < «a)

RR n°0123456789



14 Christian Retoré

SinceA® A 2 (A® A) ® A, one doesiothaveA ® A —=" but both the two
possible linearizations of this partially ordered set of events can be fired:

A A Y Ao AdandA® A "2 Ax A

Let us define the minimum markiny ¢ of a partially ordered multiset of events
¢. Letting L(¢) be the set of the lower-closed subsetg dffis defined by:

M?, = Yrgg(;;) Pre[F(Y)] , — Post[Y] , + Pre[Y] ,

Observe thaf\/¢, > 0, because of the cagé = (). The name minimum marking
is justified by the following fairly obvious proposition:

Proposition 6 One has\/¢ —*—, and if M —— thenM 3 M?
PROOF : For each lower closed subsétof ¢ and for each placd one has:
M? 4 + Post[Y] , — Pre[Y] , > Pre[F(Y)] ,

and therefore\/? @ Post[Y] @ Pre[Y] O Pre[F(Y)]

If N 2 M¢ then there exists a placésuch thatN, < M?, —asN, > 0
this yieldsM? 4, > 0. Becausel/?, > 0 and by definition of\/¢ there exists
a lower closed subséf, of ¢ such that

M?, = Pre[]—"(Yo)]A — Post[YO]A + Pre[YO]A
and thus we would have

Ny + Post[Yp] , — Pre[Yy] , < Pre[F(Yy)] ,

2.2.3 Substitution in an execution

Proposition 7 (substitution property) Let

e ¢ = (X, <, f) be a partially ordered enumeration of events containing an
occurrencer of P\ @ (i.e. f(z) = P\ Q)

INRIA



Petri nets and partially commutative linear logic 15

e ¢ = (Y, <, g) be apartially ordered enumeration of events, such ihaty =
¢ and such tha” —— Q

then one has:

1.
(a) : (Mo L) = (Mo M) : (b)

2. If moreoverP is the minimum marking fap, then the converse also holds:

(b) : <MO M>) — <MO L) : ()

In both cases whefu) and (b) hold, the final markings are equal.

PROOF : The equality of the final markings is obvious. The proof of the main part
is rather tedious and postponed to the appendix A. o

Here is a rather obvious proposition which will allow for the logic to mix events
and markings; indeed in the logical model, events are constructed out of markings,
and this proposition will be needed for events to appear at the right places in the
order on events.

Proposition 8 Lety[1 \ M| = (X, <, f) be a pomset of events containing an oc-
currencer of the eventl \ M (i.e. f(z) =1\ M) and lety[] = (X — {z}, <, )
be the partially ordered multiset obtained by suppressing this occurrente o1,
and taking the induced order on the remaining occurrences of evehts{ | x_(,;
andf/ =f Xf{x})'

If x

%YthenX@ML[UY

PROOF : Letus use the alternative definition with antichains. Zdte an antichain
of ¢[|, and letT be the subset af[| defined by

T={zxed]]|VuelU—(z>u)}

As U alsois an antichain af[1\ M| and lettingl” be the lower closed subset
of ¢[1 \ M] defined by

T'={z €[l \ M||Vu e U =(z > u)}
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16 Christian Retoré

we have:

X ® Post[T"] @ Pre[T"] 3 Pre[U]

Now observe that as a sét is eitherT or TU {1 \ M}. Indeed ifz is not
the suppressed occurrencelof M then the statemeitu € U —(z > u) is
either true inp[] and in¢[1 \ M] or false in both, because the ordg} is the
restriction of the ordep[1 \ M]. In the first case, we immediately have

X ® M 3 X ® Post[T'] @ Post[T] O Pre[U]

and in the second case, sinee[T| = Pre[T’] (becausePre[1 \ M| = 1)
andPost[T] = Post[T"] ® M, we have:

X ® M @ Post[T] @ Pre[T| 2 Pre[U]

2.2.4 Series or parallel composition of executions

Although we shall come back more precisely on these notions for the logical cal-
culus (in paragraph 3.2) we need a few properties of these operations on partial
orders.

Given two partially ordered enumeratiofs, <, f) and(Y, <, g) with X NY =
0 we definet

e theirparallel-composition X WY, < W <, f W g)
e theirseries-compositioflX WY, < W < (X x Y), f W g)

Observe that these operations are well defined for any two partially ordered
multisets. Let us denote respectively by, 1)} and(¢; ) the parallel and series
composition of two partially ordered multisets of eveptand).

4The partial ordersc and< are viewed as subset 6f x X andY x Y, and the mapg andg
are viewed as subsets &f x E andY x E.

INRIA
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Proposition 9 The minimal marking/{?:-¢2} of {¢,, ¢,} is the sum of the minimal
markings forg, and ¢, that is M @ M?2.

PROOF : M{¢1.%2} , is defined by

A Pre[F(Y)] , — Post[Y] , + Pre[Y
A YGLI(I«%gfqﬁz}) re[F( )]A ost| ]A+ re| ]A

whereL(X) stands for the lower-closed subsets\of
Observe that” € L({¢1, ¢2}) means that” = Y; U Y; with Y; € L(¢;) and

Yy € L(¢), and thatF(Y) = F,, (Y1) U Fy,(Y2) — whereF,,(Z) denotes
the frontierwith respect ta) of the lower closed subsét of .

M {9192},
= maxyer({ey)) Pre[F(Y)], — Post[Y], + Pre[Y] ,

Pre[f;bl (Yi) U f¢2 (}/2)],4
= IMaXy eL(¢1),Y2€L(¢2) _POSt[Yl U Y'Q]A
+Pre[Y1 U )/'Q]A

B Pre[Fy, (Y1)] , — Post[Y1] , + Pre[Y1] ,
= MaXy;el(¢1),Ya€L(42) < +Pre[Fy,(Y2)] , — Post[Y3] , + Pre[Ys]
(maxYleL(¢l) Pre[]—"¢1()/1)]A — Post[Y1] , + Pre[Yl]A)

-+ (maXYQGL(¢2) Pre[.7:¢2 (Y2 ]A — POSt[YrQ]A + Pre[Yz]A)

— M¢1A+M¢2A

Proposition 10 (step transitions and series or parallel composition )

1. If My —2— Ny and M, —2~ N, thenM; @ My —2221 5 Ny @ N,. In
particular, letting ¢, be the empty partially ordered multiset of events (so
M, = N,) which is the unit for parallel composition we have:if —2 N
thenM @ P - N @ P, for any markingP.
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2. 1f M 2?22, N then there exists markingd,, Ms, N1, N, P such that:
@ M =M ®M P
(b) N=N, @ N, ® P
(c) My -2 N,
(d) My —2 N,

3. If M —222, N then there exists a marking such that:

o M 25 Q
QQLN

PROOF: 1 By proposition 6 we hava/, J M, and therefore\l; @ M, J
M?* ® M?. Because of the proposition 9 we havéf;, @ M, J

Mi#1¢2} and therefore there exisé such thatV/, @ M, —2220 ., x,

X = M ® Post[¢] @ Pre[¢]

M; ® My ® (Post[p] @ Post|[pa]) @ (Pre[¢1] ® Pre[¢ps])
M; ® Post[¢1] @ Pre[¢1] @ My ® Post[ps] @ Pre[¢ps]

= Ni®N,

2 Leti be eitherl or 2. Because,; is a lower-closed subset of one has

M .

() LetM; = Mf; because of proposition 6 which express the mini-
mality of minimal markings, and of the proposition 9 which says
that the minimal marking of a parallel composition is the sums
of the minimal markings of its components, we know tiét 3
M; ® M, so there exist® such thatP = M © (M; ® M) — SO
the results holds.

(c) and (d) Now letV; be the final marking of the execution of from the
initial marking M;: we havel/; —% 5 N;, S0 (c) and (d) hold.
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(b) From M, M, Ny and M, 2 N, by the previous item 1 we
have: M; @ My —222", N, ® N,. Still by the previous item 1 we
deduce thatM = M, @ My, @ P —") , N, @ N, @ P
Therefore by the unicity of the end marking, (b) holds.

3 The last point is an obvious computation.

Let @ = M ® Post[¢;] @ Pre[¢;] — this expression is well defined

because); is a lower closed subset gfand M —2—. Then one has

M -2 Q.

Now let Z be a lower closed subset ¢f, and letZ’ = Z U ¢; Z' is a

lower closed subset af, andF,,(Z) = F4(Z’). So one has

M®@Post|Z]|@Post[¢p1] @ (Pre[Z]@Pre[¢1]) 3 Pre[F4(Z")] = Pre[Fy,(Z)]

that is:
Q) ® Pre[Z] @ Post[Z] O Pre[F,,(Z)]

3 The PCLL calculus: sequent calculus

In this section we present the calculus PCLL. Actually our version slightly extends
the published version, [7] but clearly was the author’s project. Indeed, when his
paper was printed he did not yet know the rules axiomatizing the inclusion of series-
parallel partial orders [3] but this calculus was designed to incorporate such rules.

3.1 Formulae

Given a set of atomic formulae or propositional variabResthat correspond to
places from the Petri net viewpoint, formulae are defined by:

Fu=P|1|FQF|FOF|F—oF|F\F|F|F
So this calculus contains the following connectives:

e two multiplicative conjunctions:
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® the non commutative conjunction of the Lambek calculus.
® the commutative multiplicative conjunction of linear logic.

e the associated implications:

\ associated wittb by: A® (A\ B) F B.
/ associated witlb by (B / A) © A+ B.
—o associated witlv by A ® (A —o B) - Band(A — B) ® A+ B.
As we are going to see, either one can chose that the commutative conjunction en-
tails the non commutative conjunction or the converse: of course this is determined

by the structural rules managing the context. Here we use the version according to
whichA® B+ A® B.

3.2 Contexts

Contexts, that are usually multisets or sequences of formulae, are here structured by
series-parallel (partial) orders: they are partially ordered multisets of formulae (in
the sense of section 2.2). The need for structured contexts is easily explained: the
comma on the left-hand side of a sequent is an implicit conjunction. If we wish to
have two kinds of conjunctions then we also need two kinds of "commas".

3.2.1 Reminder on series-parallel partial orders $p-orders)

Series-parallel orderssp-orders for short are the smallest class of finite strict partial
orders containing all (empty) orders over a single point, and closed under series and
parallel compositions already used in paragraph 2.2.4.

These binary operations are defined for any two orgeand« with respective
domainsX andY with X N'Y = (), and both yield an order with domai w Y.

e series composition or ordinal sum

(¢:0) = oWy (X XY) C(XwY)x (XwY)

e parallel composition or disjoint sum

{p.0}=0wy  C(XWY)x (XWY)
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The reader interested gr-orders will find much more details in [19]. Here we
just recall the basic properties that we need:

Proposition 11 Two terms correspond to the sammeorder if and only if they are
equal up to the algebraic properties of series and parallel compositions:
{...,...} is associative and commutative
(...;...)Is associative

Let us mention their famous characterization [28, 23]:

Proposition 12 A finite order isspif and only if its restriction to four points, b, ¢
andd never is{(a,b), (¢,b), (c,d)}.

which clearly entails:

Proposition 13 Let¢ be ansr-order of domainX and letX’ be a subset ak’. The
restriction¢’ = ¢ N (X’ x X') is ansp-order as well. Ift is ansrterm denoting
¢ one obtains a term denoting from¢ by replacing eachr € (X — X’) bye and
reducing the term by applying the following equaliti¢s:e) = (¢;t) = {t,c}.5

Finally we have found in [3] a complete axiomatization for the inclusion of
SsP-orders as a rewriting system ov&r-terms:

Proposition 14 Let¢ and¢’ be twosr-orders with the same domain, and leand
s’ two spterms denoting them. One hasC ¢’ if and only ifs —* s’ where—*
is the reflexive and transitive closure of the following rewriting rules, wi¢xe

SActually ¢ is the order on an empty domain, which is usually excluded from the class- of
orders, although it is the unit for both series and parallel composition.
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denotes arsP-term containing an occurrence of the subterm

sp-order inclusion
(s u)} — s[({t. '} {u,w'})]
{(; | — st {u,u'})]
{,<t’;u’>}} — s[g{t,t’};u’ﬂ

—  s[(t;u)]

sp-order equalities

(...;...) associativity

0)] — sl((Gw);v)]

Jiv)] — sl (wv)]

{on } associativity

sl{t. {u,v}}] — s[{{t, u},v}]

si{{tub,v}] — sl{t {u,v})]
{...,...} commutativity

si{t,u}] — sl{u, 1]

3.2.2 Contexts:sp-terms or sp-pomsets of formulae

Series composition, denoted fy . ;... ) corresponds to the non commutative con-
junction ®, while parallel composition, denoted Hy.. ,...} corresponds to the
commutative conjunctiom.

There are two ways to describe contexts depending on the precision we want,
e.g. for proof search. Either they are viewedsagderms over formulae, or &>
pomsets of formulae. The first description is better suited for writing down them
and for implementing proof search, while the second is more abstract and consists
in working with equivalence classes of terms.

Contexts as termare defined as the following set of expressions in wiftcis
the set of formulae:

C:=F|{C,C}|(C;C)

Contexts asp-orderson multisets of formulae are described by greterms
denoting them which are the easiest way to write them down, but because of propo-
sition 11 they are considered as equal exactly when they only differ up to the com-
mutativity of {... ,...} and to the associativity df... ,... }and(... ;...).
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Denoting byw multiset union, the domain of a context is the multiset defined

by:
[Fl={F} {I A = [(5A)] = M w A

Thesppartial order"s” associated with a contektis the subset off'| x |I'| defined
by:

FP=0 {T,A}F=TSWA® ([;A)P=T"wAy (|T] x |A])

3.3 The rules of the calculus PCLL
3.3.1 Axioms

Axioms are identities:

X.

a
AR A
As usual, axioms can be limited to the case whéiie a propositional variable.

3.3.2 Structural rules: which variant?

There are two variants of this calculus depending on whether we want the com-
mutative conjunction to imply the non commutative one, or the converse, and both
equally work from a formal point of view. This is set in the choice of the structural
rules. Here, regarding that we have in mind executions of Petri nets, we chose to
have theaugmenting contextariant which entailsA © B + A ® B. The corre-
sponding structural rule i$:

r-cC
I'-C
This rule is not as non deterministic as it may seem. Indeed, because of the

rewrite rules axiomatizing the inclusion of series-parallel orders given in proposi-
tion 14, aug. is equivalent to the following rules on contexts sisterms, where

aug(mentation) |if || = |T'| andT’®"” D 'SP

The variantiminishing contextvhich entailsA ® B - A ® B correspond to the structural rule:

r=c

entropy |if || = |T’| andI*" C 'SP

I'-cC
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U[P] stands for a context containidgas a sub-context:

SP-equalities Skinclusions
v[(T;A);0) FC (ass017) T T, (A AN FEC (rewd)
U[(T;(A;0)] FC ’ U[{T, A} A{T, A - C
U[(T;(A;0) FC uss0:) UL, (A A O (rews3l)
v[(T;A);0) FC ’ U[({T, A} AN = C
U[{{T,A}, 0} FC s50.1) U{(T;T), A FC (T w3r)
VI {A 0 FC W[5 {A, T} F
YT, {A, 0} C (as50,1) VT, AN+ C ,
v[{{T.A}.01FC V(T A - C (rew?)

U[{T, A} FC
V(AT FC (com,)

3.3.3 Other rules: connective introductions, and cut

Implication rules
T[B]FC AF A [AT}FC
[{AA B FC " | TrAwC
T[B]FC AF A (AT C
r[(A; A\ B)FC " FI—A\(J\i
T[B]FC AFA ([; A) - C
F[(B/A;A)]I—C/h FI—O/A/i
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Product/conjunction rules

I[(A;B)] - C AFA THB

L) O

MAe@BFC " | (AT)FAGB

T'[{A, B} FC AFA TFB

@i
MA®B|FC " | {AT}FA®B
Unit rules Cut rule
r-c 'HA A[A]+-B

— 1 — 1, cut
{r,1}+cC -1 AT+ B

3.3.4 Several remarks on PCLL calculus

Remark 15 (modus ponens)The modus ponens provided by the calculus without
the aug. rule are: (B / A;A) + B, (A;A\ B) - Band{A, A — B} + B, and

{A — B, A} + B. But in this augmenting version of the calculus, where orders
are allowed to augment, in addition to these expected modus ponens, we also have
(A;A — B) + B and (A — B;A) = B — but neither{A, A\ B} + B nor
{A,B/ A} + B.

Remark 16 (1: unit for ® and ®) The rules forl show thatl is a unit for ®

and ® and the corresponding operations on contexts, respectively;...) and
{...,...}. Inthe rulesl, we could have decided to insdrianywhere in the con-
text. However this alternative rule is not needed, since it is derivable using the rule
which augments the context.

Here is an obvious proposition which is useful to the main result:
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Proposition 17 Let M € T1%; thenPCLL provesI'[M]| + C if and only if PCLL
proves'[1\ M|+ C

PROOF : Here are the proof trees:

IMFC F1
T\ M+ C

7

h

M+ M

EE—

{1,M}|—M

—  aug.

(1;M)|—M S

Ml—l\M F[I\M]I—C’
cut

F[M]I—C

The second proof is not normal i.e. contains a cut, but when the prisof
known it reduces to a cut-free proof. o

The following essential property will be needed as well:

Theorem 18 (Cut-elimination and subformula property) The cut-rule is redun-
dant, and in a cut-free proof every formula of every sequent is a subformula of some
formula of the conclusion sequent.

PROOF : A semantical proof can be found in [8] and a syntactic one in appendix
B. The proof is absolutely standard, the only novelty w.r.t. multiplicative
linear logic or Lambek calculus being the commutatioraf andaug.. It
results from the trivial monotonicity of order substitution w.r.t. inclusion:
A" CA=T[A] CTA]andl”[X] CT'[X] = I"[A] C T[A]. o

The property below allows us to freely denote a formula by one of its equivalent
formulations:

Proposition 19 (Algebraic properties of the connectives)f I' - C' is a provable
sequent, and if one replaces each formula with an equivalent formula up to the
commutativity and associativity of and the associativity ab, one obtains again

a provable sequent the proof of which is essentially similar.
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4 Encoding Petri nets

Although it is always easy to criticize previous work, let us nevertheless point out
some drawbacks of previous coding of Petri nets into linear logic — for these pre-
vious codings, the reader is referred to the surveys [27, 9, 13]. There are objections
both from the logic and concurrency viewpoints.

Events and initial state are encodedpygper axioms, which are logically not
well behaved: cut-elimination and the subformula properties are not as pleasant as
in a plain logical calculus — although trstandardderivations of [27], which do
correspond to the usual encoding of Petri nets in linear logic have such properties.
Nevertheless still the coding suffers from the following mismatch: proper axiom-

s (events) are reusable, so while Petri nets are a multiplicative phenomenon, we
are not in the multiplicative calculus (I)MLL but in the multiplicative-exponential
calculus ()MELL, a system the decidability of which is yet unknofvn.

What is more worrying from a concurrency viewpoint is the absence of the
events from the sequent to be proved. Their occurrences during the firing is encoded
by the proof, as well as their order of execution. The absence of some traces of
events in the conclusion sequents prevents to study questions like the language of
a net or net synthesis. Moreover even the sophisticated work of [10], also dealing
with series-parallel executions via a subtle notion of normal proof, does not capture
maximally concurrent execution as soon as parallelism is not only due to the events
but also to the marking as shown in [15, 22], see appendix C.

Here we propose a coding which is inspired by the coding of context-free lan-
guages by Lambek grammars, see e.g. [16, 5]. In this well-known approach,
there is a lexicon mapping terminals to formulae, and the provability of a sequent
Ty,...,T, = U inlogical system (Lambek calculus) means that any sequences of
terminalsa, . .. , a,, whose respective types drg, . .. , 7, is produced by the non-
terminalU. Our coding of Petri nets makes use of three kinds of formulae; we of
course find again the notations introduced in the section 2.

Places Propositional variables, elements7f

In any case, proper axioms are not closed under the substitution of a propositional variable with
a formula, so there is no possibility to move to second order, if, for example, quantification over
places is needed for specifying the Petri-net behavior.
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Markings Formulae with® as only connective. A marking with, tokens in each
placep of a set) of places, is denoted by the formul®,., p"” — regard-
ing this part of the coding, there is no difference with previous work.

Events An event denoted b¥re[z] \ Post[z] in section 2 is represented by this
expression viewed as a formula of PCLL. Thus, the set of formulae denoting
events is€®\® = [1% \ T1®,

We can now state our main result precisely:

Theorem 20 Given ansr-pomsetp of events (or of formulae i8®\®) and two
markingsM and N (or formulae inII®) the following propositions are equivalent:

1. PCLL proves(M;¢) - N

2. M 25 N

The(2) = (1) is precisely proposition 23, which follows in section 6.

The (1) = (2) results from a slightly more general result, proposition 27 of
section 7, which concerns executive sequents — the ones that make sense w.r.t. to
Petri nets:

Definition 21 A sequent’ - C'is said to beexecutivewhenever:

e all formulae ofl" are either markings&-only formulae) or eventsi{( \ N
with M and N markings).

e (C'is a marking.

The proposition 27 shows that whenever an executive sefuerdt is provable,
one has\/ —— C, where

e ¢ is the restriction of thepr-orderTI to the events of 8

e )M is the sum ) of all the markings irt".

One of the key points is that executive sequents are well behaved w.r.t. prov-
ability (proposition 24): normal proofs of executive sequents only contain executive
sequents. The other is the substitution property on Petri net execution, proposition
7.

Before proving this, let us consider a small example.

8As seen in proposition 13 the restriction of arorder is also arsp-order.
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5 A small example

Let us a consider a Petri net with two placeandb, and two events = « \ b and

y = b\ a — each of them moving one token from place to the other. If the initial
marking is one token in each place, there are two different ways to exeartd

y. either simultaneously and in this case the token usegd {rgsp. x) cannot be

the one produced by (resp. x), or sequentially and in this latter case, the token
consumed by the second event can either be the one produced by the first event or
the one that was already there.

Intuitively, how does our model take this difference into account? A given proof
completely describes an execution: one can actually trace the consumption and
production of tokens. Tokens are introduced by pairs in axioms, one being positive
and the other negative — the usual notion of polarity, see any logic text book. They
can be followed in each rule of a cut free proof, so in a sequent one can see by
which events a token is produced and consumed. We indicate this by labeling the
propositional variables with the number of the axiom they come from.

A proof net representation would provide a much clearer representation, since
the tracing of the tokens corresponds to paths in proof nets. Unfortunately up to
now there does not exists a proof net formalism for this calculus. Indeed, we could
present proofs as proof structures of [1] but up to now there does not exists a sound
and complete correctness criterion for recognizing proofs among them when the
augmenting rule is allowed (their notion of proof net only allows fopdo be
relaced by am.)

Series composition corresponds to sequential composition of two executions,
while parallel composition corresponds to the concurrent composition of two exe-
cutions, so let us analyze the possible proofs of the sequents corresponding respec-
tively to both ways to execute the Petri net:

{a,b};(a\ b;b\ a) - a® b There are two essentially different proofs. In the first
proof the second event consumes the token produced by the first event, and in the
other proof, the second event consumes the token that was there since the initial
marking.
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bl " b1 a9 I— a9
h
(bl, bl \CLQ) ~ a9 as F as
h
((ag;ag \ b1>, bl \CLQ) l_ a9 b4 l_ b4
{b4, ((az; a3z \ b1);01 \ a2)} F as @ by
as
{bs, (az; (a3 \ b1;b1 \ a2))} F as ® by
aug.(rew3l)
{{bs, a3}, (a3 \ b1;b1 \ az))} F as ® by
({as, ba}; (az \ b1;b1 \ az)) Faxs @by
({as @ bs}; (ag \ b1; b1\ az)) Fas @by

1

s50;7T

aug.(rew?)

h

biEb axb as astFas by by
(biiby \as) Fas " (asas\by) by
{(b1; 01\ a2), (az;as \ by)} Fas @ by i
({asg, b1 }; {as \ by, b1 \ as}) F as @ by
({as,b1}; (ag \ ba; 01 \ a2)) F as @ by
(a3 @by (a3 \ ba; by \ az)) Faz @ by

{a,b};{a\ b,b\ a} F a ® b In this case there is a proof as well, similar to the sec-
ond one above (skipping the final.g.(rew?2) rule); but there is no proof which
would correspond to the first proof. It is indeed impossible (both intuitively and
formally) that the token consumed by, « is the one produced hy\ b, since these
two events take place simultaneously. So it mandatory that there is no proof yield-
ing (%)  ({as,bs};{as \ b1,b1 \ ax}) F ax ® by where the tokem, is consumed
and produced simultaneously — indeed simultaneously is even stronger than to fire
events in both orders, as explained in proposition 4 and remark 5.

Let us explain this a bit. Every axiom introduces two occurrences of the same
propositional variable, a positive opeand a negative ong that can be traced in
the proof down to the conclusion sequént- C. Token consumption corresponds
to the conjunction of the two following prop-erties:

aug.(rewd)

aug.(rew?)

h
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e The negative occurrengeoccurs in a marking formula df (token present at
some moment) or in thd part of an event formuld/ \ N (token produced
by this event at some moment)

e The positive occurrencgeoccurs in theP part of an evenP \ Q.

For our coding to make sense, it is mandatory that the logical system makes sure
that the event consuming the token takes place once the token is present or has been
produced — preventing, for instance, the existence of a proof yieldingbove,
because; \ by £ by \ azin ({as, bs};{as\b1,b1\ az}). Fortunately, this is the case:

Proposition 22 Let ) be a cut-free proof of an executive sequent C' where the
two occurrencep andp of the same propositional variables introduced by the same
axiom ofé occur as follows:

e pin a marking formulaF'[p] = N[p] € II® of " or in N{[p] the target part of
an event formuld[p] = M \ N[p] € £2\®

e pin P[p]\ Q € E2\® of T

We then havé’[p] < P[p] \ @ in thesp-orderTI".
Intuitively, a token is present or already produced before it is consumed by an-
other event.

PROOF : Using the fact that only executive sequents appear in a proof of an exec-
utive sequent (proposition 24) the proposition 25 will establish precisely this
property. o

6 From Petri nets to proofsin PCLL

Proposition 23 Let ¢ be ansp-pomset of events of a Petri net, which can also be
viewed as a context whose formulae are events.

If M —2— N thenPCLL proves(M;¢) - N
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PROOF : We proceed by induction on tlse-term ¢.

¢ = P\ Q (¢ is asingle eventfince M — "9, N, there exist markings

P,Q,RsuchthatM = P® RandN = Q ® R.

PHP QFQ
(P:P\Q)FQ " RFR
{(PiP\Q), R} F QoR
(P, REP\Q)FQ®R
(PRR,P\Q)FQ®R
o = {1, 92} We know from 2 of proposition 10 that there exist markings
M, ,M5,N{,Ny, and R such that:

1

ug.

o M =M QMy® R

e N=NR®N,®R

o M, -2 N,

o M, %2, Ny
By induction hypothesis we know that PCLL prove¥;¢,) - N; and
(MQ; ¢2) F Na.

(My;¢1) B Ny (Ma; ¢p) B Ny
{(My;¢1), (Ma; ¢2)} = N1 ® Ny
(M) M) {61, 02) F N © N, N
{({M1, Mo} {61, 602}), R}F Ny @ Ny @ R
(M, Mo, Ry {on, 62D F M@ N @ R
({M1, My ® R};{¢1,¢2}) F N1 @ No ® R
(My® My @ Ri{¢1,02}) F N1 @ Na @ R
¢ = (¢1; ¢2) We know from 3 of proposition 10 that there exists a marking
Q such that¥ —2— @Q and@Q —2— N therefore, by induction hypothesis

ug

"RFR

Qn

h
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v

PCLL provesM; ¢, - Q andQ; ¢, = N.
(M;¢1) FQ (Q;¢2) E N

(M;¢1);¢2) = N

(M; (15 ¢02)) = N

This yields a non cut-free proof but when the whole proof is built, we can
eliminate them, and thus obtain a cut-free proof. o

cut

7.7 associative

From proofs in PCLL to Petri net execution

7.1 A property of the PCLL calculus on executive sequents

Recall from definition 21 that executive sequents of PCLL are the ones whose right-
hand side is a marking, and whose left hand-side only consists in markings or events.
Although it is more than a mere language restriction, executive sequents are closed
under provability in PCLL calculus in the following sense:

Proposition 24 Let) be a cut free proof of an executive sequent; then each sequent
in J is itself an executive sequent. Consequently the only rulésuaf

aug-., 1h7 \h7 ®i7 ®h

and its axioms are either 1 (1,) or M = M (ax.) with M € TI®.

PROOF : Because of the subformula property (proposition 18) only formulae of

£%\® w I1® can appear in. Soé does not contain any of the rules,, ©;,

/ny /i» —on, OF —o; since all these rules introduce a connective which does not
appear in the conclusion sequent. To complete the proof, let us show that if
the right-hand side of a sequentiofontains a formula of®\?, then so does

the right hand side of the sequent below it.

So assume there is a formuké containing the symba\ in the right-hand

side of a sequent @f— a cut free proof of an executive sequérit C. Now

let us see that whatever the rule having this sequent as one of its premises
we obtain an\ symbol in the right-hand side of the conclusion sequent of the
rule.
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aug., 1, Assume there is a formula @®\® in the right hand-side of the
premise of either of these two rules; then there is one in the right hand side of
the conclusion sequent of either rule.

\; This rule would create in the right-hand side of the conclusion sequent a
formula with two symbols\’s, that is a formula which is not a subformula

of the conclusion sequent 6f— this rule is not used below the problematic
sequent.

\n

e eitherH is keptin the right hand-side of the sequent, so there is a symbol
\ in the right hand-side of the conclusion sequent of the rule,

e or aformulaHd \ X is created in the left-hand side of the conclusion se-
quent; this formula has at least two symbp|so it is a formula which
is not a subformula of the conclusion sequent ofhis subcase is im-
possible.

®; This would create a formul# © U which is not a subformula of the
conclusion sequent @f this case is impossible.

®y H is kept in the right-hand side of the conclusion sequent.

The presence of & symbol in the right hand-side of a sequentjofvould
entail the presence of such a symbolinthe right hand-side of the sequent
[' - C proved bys, and this conflicts with' - C being an executive sequent.

As we have shown thatonly contains executive sequents, that is contains no
\ symbol in the right-hand side of any sequent, it is clear that the\rugenot
used: indeed, it introduces\asymbol in the right-hand side of its conclusion
sequent.

Since the proof only contains executive sequents the axioms can onfytbe
M with M € TI® or - 1. o

We can now come back to the properties discussed at the end of section 5 which

lead us to proposition 22, that we can now prove formally. Given a provable ex-
ecutive sequent + C, remember from section 5 that the consumption of a token
corresponds to the two occurrences of the same propositional variable introduced
by the same axiom, such that:
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e the negative occurrengeis either in a marking\/ of I" (the token is present
at some moment in the order) or in the paof an eventV/ \ N (the token is
produced by this event at some moment in the order)

e the positive occurrenceis in a formulaP of an eventP \ ) of T’

Although this is only needed to understand our our logical model represents the con-
sumption of tokens, let us show the following property which shows that a token is
only consumed after it is present or produced — the ¢@g¢ = C correspond-

ing to tokens which are present or produced at some moment but which are not
consumed.

Proposition 25 LetI" - C' be an executive sequent provableARLL, and leto

be a cut-free proof of' - C with only atomic axiomp + p. Letp andp be the
two occurrences of + C' coming from the same axiom- p — p is the negative
occurrence op in the sequent, and the corresponding positive occurrence of the
same propositional variable. Ldf[p] and G[p] be the formulae of* - C which
respectively contain the occurrenceandp. Then

F[p] is a formula ofl" and if F'[p|] is an eventt'[p]| = M \ N then the occurrence
pisin N.

G|p] is eitherC or an event[p] = P \ @ of I', and in this latter case, the occur-
rencep is in P andwe haveF'[p] < G[p] in thesp-orderT".

PROOF : In a multiplicative calculus, no two propositional variables can be identi-
fied, so the we can easily trace propositional variables in a proof. In any rule,
each occurrence of a propositional variable in the conclusion sequent corre-
sponds to a single occurrence of the same variable in one of the premise se-
guent, and conversely each occurrence of a propositional variable in a premise
sequent corresponds to one occurrence of the same propositional variable in
the conclusion sequent.

Because of the polarity of andp, and becausé' € TI® and every formula
of I is either inII® or [1® \ II® we necessarily have:

e F[p]is a formula ofl" and if F[p] is an eventF'[p] = M \ N then the
occurrence op isin N
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e ([p] is eitherC or an eventG[p] = P \ @ of I', and in this latter case,
the occurrence gfis in P

So the only thing left to be proved i8[p] < G|[p] in thesp-order onl".

We proceed by induction on the cut-free proof, using proposition 24, noticing
that the proof cannot be reduced to a single axiom

ax The axiom i F p soG[p] = C and the result holds.

aug. The formulae of the conclusion sequent and the premise sequent are the
same. IfG[p] = C, then the result holds. {[p] = P[p]\ @, we already
haveG|[p] < F[p] in the premise sequent, and, as thg. rule increases
the order we also hav@[p] < F[p] in the conclusion sequent.

1, The formulae of the conclusion sequent and the premise sequent are the
same, except thein the conclusion sequent, which can neithettjg]
nor G[p|. If G[p] = C, then the result holds. I[p] = P[p] \ @, we
already have=[p] < F[p] in the premise sequent, and, as the the order
among formulae different from the new occurrencelak preserved
under this rule, we also have[p| < F'[p] in the conclusion sequent.

®; Let A + AandA’ - B be the two premise sequents — herite=
{A,A’} andC = A ® B. The two occurrences andp belong to the
same premise sequent. Assume this premise sequritid, the other
case being symmetrical. If in the premise sequeit A the occurence
pisin A, then in the conclusion sequdnt- C' the occurrencg is in C
(G[p] = A® B = () and there is nothing to prove. If in the premise
sequentA - A the occurence is not in A then it lies in the formula
G|[p] wich is not modified by this this rule, and the occurrencg afso is
in the formulaF'[p] which is also not modifed by this rule. By induction
hypothesis we havé'[p] < G[p] in A, hence we havé’[p] < G[p] in
{A A"} =T.

®n Let A[{A, B}]  C be the premise sequent. Observe that the formu-
la of this sequent which contaigscan neither bed nor B, because
fo the subformula property, so in the premise sequeotcurs in the
same formulaZ[p| as in the conclusion sequent.dfp] is C, then the
results holds. Otherwise let us cdll[p] the formula of A[{ A, B}]
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wich contains the occurrenge — it can be A, B or any other for-
mula of A[{A, B}] By induction hypothesis we hav€'[p] < G[p] in
A[{A, B}], andI is obtained fromA[{ 4, B}] by identifying the two
twin (w.r.t. the order) formulael and B and callingA ® B the result. If
F'[p] = Aor F'[p] = BthenF[p| = A® B and we have"'[p| < G[p]
iNnA[A® B] =T. If F'[p] # Aor F'[p] # BthenF[p] = F'[p] and we
haveF[p] < G[p] in A[A® B] =T.

\» Letus recall the rule:
T[BJFC AF A
T[(A;A\B)FC "
orc

Let F'(p) and G'(p) be the two formulae containing the occurrences
p and p in the premisses sequents which necessarily are in the same
premise sequent. There are several prossibilities:

F'lp]inT[Bjand G'[p] = C  In this cas&Z'[p] = G[p| = C, and the
result holds.

F'[pland G’[p] in T'[B]  Observe that for polarity reaso6[p| # B.
It F'[p] # BJ, by induction hypothesis, we havé€[p] < G'[p] in
['[B] and F'[p] = FIp|, G'[p] = G|[p] and consequently’[p] <
Glp] in ©. If F'[p] = B thenF[p] = A\ B, and by induction
hypothesis we havé’[p] < B < G’'[p] = G]p| in I'[B]. But then
we haveF'[p] = A\ B < G'[p] = G[p] in ©.

F'[p]and G’[p] in A By induction hypothesis, we havé&[p|] < G'[p]
in A andF’[p] = F[p|, G'[p] = G[p] and consequentl§f'[p] < G[p]
in ©.

F'lplin Aand G’[p] = A In this caseF’[p| = Fp|, A\ B = G[p]
and we have"[p| < A\ B = G[p]in ©.
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7.2 From PCLL proofs to concurrent executions

LetT" - C be an executive sequent. We denoteﬁ%/w the context obtained by
replacing each marking/ of I' by the eventl \ M. Notice that from proposition

17 we know that PCLL proves - C'if and only if PCLL provesfl\M FC.

Proposition 26 If PCLL proves an executive sequént- C' thenl D C.

PROOF : We proceed by induction on the height of a normal (cut-free) probftof
C'. Because of 24, we know the only possible rules'\grd ,, ®;, ®;, aug.
and the only possible axioms drel (1;) or M = M (ax.) with M € TI%.
The last rule is an axiorso it is either- 1, or M = M with M e II®. Noth-

1\M

ing to say:1 —— 1 and1 ——— M hold.

The last rule isl;,

r-c
S
(L1} +C

FI\M

By induction hypothesis we have C,andl —*- 1 by proposi-

TI\M 414 _
tion10.1wehava =191 —"" . Cg1=C and{Fl\M, 1\1} =
m ™

The last rule isiug.

r=c
I'+C

aug(mentation) |if |T| = |T’] and['*" D 'SP

FI\M

By induction hypothesis we have ¢ and sincd™ "™ is a suborder

—1\M M L
of I we havel ——— C' by proposition 4.
The last rule is®;

A+A T+B
{AT}FA®B

i
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By induction hypothesis we have bolhﬂ Aandl S, B. Thus
by 1 of proposition 10 we have

@t Mo @h M EM,

1=1®1 A®B

The last rule isg),

T[{A, B} C
IA® B]F C

T Mp1\a,1\B}] C

By induction hypothesis we havé:

{1\A,1\B}

Sincel A® B we can use the proposition 7.2 with= {1\ A, 1\

B} andz = 1\ A® B—indeedl is the minimum marking of1\ A, 1\ B}.
.

We thus obtairl C'thatis:1 I

TI\M 1\ agB] T[A®B
The last rule is,;,

T[B]-C AFA
T[(A;A\B)| - C

WM\ B

h

1\A;A\B

By induction hypothesis we have T L, ¢ and we know that

B holds.
So we can apply proposition 7.1 with= 1\ B andy = (1\ A; A\ B). This

I M\ 4;4\B)]

yields: 1 C.
. RI\M : " .
Sincel B A, we can again apply proposition 7.1 with= 1 \ A and
__ . =1\ M ;<1\ M . w1\ M
b = A" We thus obtain. —— &AL o thatis:] @A
C, o

Proposition 27 If PCLL proves(M; ¢) = C where¢ is an sSrpomset of events,
thenM — C.

FI\M

PROOF : From proposition 26 we have C. Becausey is ansppomset
C'. Applying propo-

M , s M
of events[’ = (1\ M; ¢), and thusl
sition 8 witht[1 \ M] = (1 \ M; ¢) we obtain\/ —— C. o

RR n°0123456789



40 Christian Retoré

8 Future prospects

8.1 Petri net synthesis

The synthesis of Petri nets from formal languages is the following question:

Given a set of eventd and a language. C A*, does there exists a
Petri netR with a markingM such that the sequences of events of the
possible firings ofR with M as its initial marking are precisely the
words inL? If so, how carR be constructed from?

This question has been solved for deterministic context-free languages by Daron-
deau in [6]. Our encoding allows a logical formulation of this question — which
has not yet been investigated, and possibly leads nowhere. Our logical approachcan
be undertaken because the kind of logical systems we are using can be viewed as
formal grammars, describing context-free languages.

Introduced by Lambek in his pioneering article [16] for natural language anal-
ysis via categorial grammars, Lambek-grammars reduce parsing to provability in
a non commutative logic known as Lambek calculus. This calculus is exactly the
non commutative part of PCLL: connectives are restricteq, {0 © and context
only allows(... ;...), and the only structural rule is associativity — contexts are
sequences of formulae. A lexicon associates each termimal with a finite sets
of formulaeL(a). Aworda; ... a, of A* belongs to the language generated by the
Lambek grammars (i.e. the lexicon, they are lexicalized grammars) whenever for
each: there exists a formulg € £(a;) such that the Lambek calculus proves

t, .t S

Lambek grammars describe all context-free languages [2, 5] (even if\asly
allowed)® and only them [21, 5].

Assume the context-free language that we want to obtain as the language of a
Petri net is defined by a Lambek grammar with oRlyWe wish to obtain a Petri
net whose sequences of events aredhe .a,’s such thatt;;... ;t, = S with

9Given a context-free grammaét, put it into Greibach normal formd’. For each non terminal
a, the lexicon’ is defined byX; \ X3 \ ... X,, \ X € L(a) whenevelG’ contains the ruleX —
X, ... X1a. The Lambek grammar generates the same languaGéasd so the same language as
G.
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a; € L(a;). So the question is to find/ = M; ® - -- ® M,, and to associate with
eacha; one formulag; of the shape’, ® --- P, \ @1 ® - - - @, such that (1) and (2)
are equivalent:

1. There existgV of the shapeV; ® N, ® --- ® N,, such that PCLL proves

M;ay;as; ... ;a, E N

2. for alli there exist$; € L(a;) such that

ty;...5t, FS

We are rather optimistic for this approach: indeed, there is a strong similarity
between the terminal-type (the formula associated witccording to the lexicon)
and the event-type (the formula corresponding to the evgnt

G = P® -+ ®F, \ Qi®---®Q,
This suggests to use formula unification for solving net-synthesis questions.

8.2 Petri nets with credits

Our coding does not use the backward implicatiorThe meaning of such a con-
nective is interesting from a computational viewpoint. Intuitively, an ewgnt N
consumes a marking that will appear later d@Z / N; N) = M. This should
correspond to the possibility to have a credlithat ought to be consumed later on.
This first application that come to the idea is to use this for protocols: one can
specify that a token has to be received by an event.
The second one is computational linguistics, since the diminishing context ver-
sion of this calculus restricted to first order formulde\ N / P is the one we
used in [17] to describe minimalist grammars of Stabler [26] which describe mildly
context-sensitive languages. Although the connection is yet unclear, our hope is to
extract a Petri net model for parsing, as for instance pushdown automata correspond
to context-free languages.
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8.3 High order Petri nets

Our coding of Petri nets only makes use of first order implication. The PCLL
calculus naturally enables the definition of high order Petri nets, where events could
consume and produce markings or events (second order nets), or even higher order
events. From the logical view point this is quite natural and should cause no trouble.
For instance a higher order eveiit @ (N \ M)) \ (P \ @) ® S) consumes the
marking R and the evendv \ M and produces a new eveht\  and a marking.

Clearly it is mandatory to bound the order (implication nesting) of formulae (e.g.

to order at mos2, whever event can be consumed); indeed the whole PCLL logic
leads to hardly interpretable or at least irrealistic mobile systems, too far away from
actual computational processes. Most properties are preserved since the subformula
property 18 guaranties that no formula of order more th&needed for proving
formulae of ordep. So this approach suggests a neat treatment of mobile processes.
This could also be combined with the notion of credit of the previous paragraph.
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A Proof of the substitution property in concurrent
executions (proposition 7)

In this section we prove the two parts of proposition 7. It should be observed that
this proposition holds for any pomset of events, and not justsftepomsets of
events.

Before proving it we need to know, how the lower closed subsets and their fron-
tiers behave with respect to substitution.

A.1 Lower closed subsets, frontiers and substitution

Notation 28 We are given a pomsetwith an occurrence of, another pomset
and a lower closed subsgt of ¢[z := ¢]:

e \We consider multisets as sets, that is we index the elements, and no two ele-
ments have the same index.

e Recall we only usel — B whenA D B.

e C=AwBmean’ = AUBandANB =1
e X the domain of)

e min(X) the set of the minimal elements.af
o O =gz =1yl

e W the domain ofp

e W' the domain ofy soW'’' = (W — X)) w {z})

e S(z) is the set of all the immediate successors of ¢, which is also the set
of all the immediate successors of any of the maximal elemetitgod.

e P(x) is the set of all the immediate predecessors of ¢, which is also the
set of all the immediate predecessors of any of the minimal elementsof
o.
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Proposition 29 Let Z be a lower closed subset &f and letX’ = Z N X.
Then exactly one of the following cases holds:

1. X'=X
In this caseFs(Z) = Fu(Z')with Z' = (Z — X) W {x}.

2.0C X' CX
In this caseFo(Z) = Fy(X') W (Fp(Z') — {x}) with Z’ = Z — X’. Observe
that F(Z) can contain elements afin(X), whenF,(X’) does.

3. X'=0andZ D> P(x)
In this caseFs(Z) = (Fy(Z) — {z}) ¥ min(X)

4. X' =PandZ 5 P(X)
In this caseFq(Z) = F4(Z)

PROOF : The list is clearly an exhaustive one and all cases are disjoint. We have
to check that the equalities for the frontiers hold.

1. X' = X LetZ = (Z - X)W {z}. We haved|y_; = élw—z.
ThereforeFq(Z) = Fu(Z').

2.0C X' CXLetZ =27 X

o F4(Z')is well defined. We have to show that’ is a lower closed
subset o without elements o, hence a lower closed subset of
¢. Observe that as soon as an elemegt X is above one element
of X then it is above every element &f. Consequently if there
would exists arx € X below an element of Z’ then all elements
of X would be belowz, and this would conflicts witkk” # X (that
isX ¢ 7).

e 7' D P(X) IndeedZ is lower closed and contains an element of
X while any element oP (X)) is below any element ok .

e v € F,(Z') Letzbe an elementsuch that< x in ¢. Then there
existsp € P(X) suchthat < p, hence: € Z’, becaus¢’’ is lower
closed and contairnB(.X) (previous item).
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o If z€ Fo(Z)and3w € X' w < zthenz € F,(X’) Firstly let
us showthat € X. If 2 ¢ X sincedw € X' w < z, we would
havez > w for all w € X, conflicting with X" # X. Secondly,
considerz’ € X such thaty’ < z w.r.t. 0. Then we have’ € 7,
hencer’ € X' = Z N X. Consequently; € F,(X').

o If 2 € Fo(Z)and—3z € X' x < zthenz € Fy(Z') — {x}
Observe that # x sincex ¢ W. Consideru < z w.r.t. ¢. As
u # x andz # z this amounts ta: < z in ®, henceu € Z and as
u ¢ X we haveu € Z'. Hencez € F,(Z') — {z}.

o If z € Fy(Z') — {x} thenz € F4(Z) Notice thatz € W — X.
Considen, < zw.r.t. ®. If u € X then for every elemeritof X we
would havel < z w.r.t. @, andz < z w.r.t. ¢; with z € F,(Z’) this
would entailz € Z’, and this is impossible becausec F,(Z’).
Sinceu ¢ X andz # x the relationu < z w.r.t. ® meansu < z
w.r.t. ¢, and therefore: € Z’' henceu € Z.

o If z € Fy(X') thenz € Fo(Z) Letu < zwrt. @. If u € X,
thenu € X' C Z. If u ¢ X,asz € X, thendp € P(X) u < p. As
Z O P(X)andZ is lower closed/ > w.

e ConsequentlyFq(Z) = Fy (X)W (Fs(Z') — {z}).

3. X'=0andZ D> P(z)

o v € Fy(Z) Indeedr ¢ ZandVu <z dp € P(X) u < p,
and agp € Z andZ is lower closed we have € Z.

e min(X) C Fo(Z) Indeed letm € min(X) thenVu < m3p €
P(X) u < p,and asm € Z and Z is lower closed we have
ueE .

o If 2 ¢ Xandz € Fo(Z)thenz € Fy(Z) Letze Fo(Z2),2 ¢ X,
soz € W'. Letu < zw.rt. ¢. Thenu € Z, and therefore, # x.
Hencez € F4(Z).

o If z£xandz € Fy(Z) thenz € Fo(Z) Letz e Fu(2), 2z # z,
soz € W. Letu < zw.rt. . Thenu € Z, and therefore: ¢ X.
Hencez € F4(Z).

e ConsequentlyFs(Z) — min(X)) = (Fp(Z) — {z}).

4. X' =0andZ p P(X)
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o If z € Fo(Z) thenz € Fy(Z) We havez ¢ X; otherwise as
Vp € P(X) p < z one would haveP(X) C Z. Therefore
z € W' Letu < zw.r.t. ¢; thenu # z (otherwiseP(X) C Z). So
u e W andu € Z,hencer € F,(Z).

o If z € Fy(Z) thenz € Fy(Z) We havez # z; otherwise as
Vp e P(X) p <z onewould hav®(X) C Z. Letu < z w.r.t.
o thenu ¢ X, v € W, and thusu < z w.r.t. ¢; sou € Z. Hence
z € ./T.:p(Z)

A.2 Proof of proposition 7

To facilitate the computation we will extend the operation on markings to elements
of the free abelian group over places and this corresponds to a negative number of
tokens in a placel® It is harmless to compute markings using such expressions
provided the result is a real a marking (all places have a positive or null exponent).

For simplification, we drop the» product. As we deal with element of the
free abelian group over places, the expresdibm N is always defined and means
MN!,

The partial orded extends to elements of the free abelian group over places:
M 2 N if for every placeA the exponent ofl in M is bigger than the exponent of
Ain N.

Observe thalre| A W B] = Pre[A]Pre[B] andPost[A W B] = Post[A]Post[B] (¢)
and thatPre[A — B] = Pre[A]Pre[B]”' andPost[A — B] = Post[A]Post[B] " s-
ince A — B presupposes that D B.

Proposition 30 (substitution property — 7.1 expansion)Let

e ¢ = (X, <, f) be a partially ordered enumeration of events containing an
occurrencer of P\ @ (i.e. f(z) = P\ Q)

0L inear logic notationg, oblige us to a “multiplicative” notation, while an additive one would
be more intuitive. We would have vectors of integers, indicating how many tokens are present or
missing in each place. It is nevertheless absolutely equivalent, since a free abelian group is the same
as aZ-module.
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e ¢ = (Y, <, g) be apartially ordered enumeration of events, such ihaty =
¢ and such tha” —— Q

then one has:
(a) : <MO L) — <M0 M)  (b)

PROOF : Observe thaPost[z] (Pre[z])™' = Q P! = Post[X] Pre[X]™" (o).

We use the notation 28. Léf be a lower closed subset @ and letX’ =
X N Z, we have to show that/, Post[Z]Pre[Z]"' 3 Fy(Z). We follow the
cases of proposition 29.

1. X'=X
In this caseFq(Z) = Fy(Z') with Z' = (Z — X) W {x}.

Pre[Z] = Pre[Z'] P Pre[X]™!
Post[Z] = Post[Z'] @Q Post[X] "'

Therefore one has the following equalities where the last one is due to

(0):

21"
— M, Post[Z'] Q Post[X]' (Pre[Z’] P Pre[X] ')
— M, Post[Z']
= M, Post[Z'] Pre[Z/]"!

Becausell, —— andZ’ is lower closed subset af. we know that
M, Post[Z'|Pre[Z'| " 2 Pre[F,(Z")] = Pre[Fo(Z)]
2.0C X' CX

In this caseFs(Z) = Fy (X)W (Fy(Z') —{z}) with Z = Z — X'. Let
us callU = Fy(Z') — {z}.

BecauseZ’ is a lower closed subset efand M/, —— we have:
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My Post[Z'] Pre[Z') "' 2 Pre[F4(Z')] = Pre[U] Pre[z] = Pre[U] P (%)
Because®? —— and.X’ is a lower closed subset gfwe have:
P Post[X'] Pre[X']"" 3 Pre[F (X")] (%)

M, Post[Z] Pre[Z]™

M, Post[Z'] Post[X'] Pre[X']”" Pre[Z/]”"
Pre[U] P Post[X'] Pre[X']”" because ofx)
Pre[U] Pre[Fy(X')] because ofxx)
Pre[fq>(Z)]

3. X'=0andZ D> P(x)
In this caseFs(Z) = (Fy(Z) — {z}) ¥ min(X) Let U be the multiset
of events such that,(Z) = {z} W U andF4(Z) = U & (min(X)).

Becausell, —— andZ is lower closed subset @f we know that

[y [

M, Post[Z] Pre[Z]™" 3 Pre[F,(Z)] = Pre[z] Pre[U]

BecauseP ——, considering theé) which is lower closed and whose
frontier in+ is min(X) we have we havé J Pre[min(X)].
Therefore

M, Post[Z] Pre[Z]" 3 Pre[x] Pre[U] 3 Pre[min(X)] Pre[U] = Pre[Fy(Z)]

4. X' =(andZ p P(X)
In this caseFy(Z) = Fy4(Z). Becausell, —— andZ is lower closed
subset ofp, we know that

M, Post[Z] Pre[Z]™" 3 Pre[Fy(Z)] = Pre[Fo(Z)]

Proposition 31 (substitution property — 7.2 contraction) Let
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e ¢ = (X, <, f) be a partially ordered enumeration of events containing an
occurrencer of P\ @ (i.e. f(z) = P\ Q)

e ¢ = (Y, <, g) be apartially ordered enumeration of events, such ihaty =
0 and such tha” —— @ with P being the minimum marking af.

tehn one has:
(b) : (MO M>) — <M0 L>) : (a)

PROOF : We still use notation 28. Lef’ be a lower closed subset of We have
to show thatM, Pre[Z']™" Post[Z'] 3 Pre[F,(Z")].

1. =z ¢ f¢(Z/)
Let Z be the lower closed subset éfdefined byZ = 7' if + ¢ Z’ and
by Z = (Z' — {z})w X if x € Z'. Observe thaPost[Z]Pre[Z] ' =
Post[Z/|Pre[Z'] " (%).
We haveF,(Z') = Fo(Z). Because ofx) we have:

M,y Post[Z'] Pre[Z'| "' = M, Post|Z] Pre[Z]™"
and sincel/, —— we have
M,y Post[Z] Pre[Z]' 2 Pre[Fy(Z)] = Pre[Fy(Z)]
2. x € Fy(Z')
Let us callU = F,(Z) — {z}. Let X’ be any lower closed subset of

. ThenZ = Z'w X' is a lower closed subset df and F4(Z) =
U Fy(X'). SinceM, ——, we have:

M, Post[Z'] Post|X'] Pre[Z']”" Pre[X']”" 3 Pre[U] Pre[F,(X')]

that is:

(My Pre[U] ™" Post[Z'] Pre[Z'] ') Post|X'] Pre[X'] " 3 Pre[F,(X")]

RR n°0123456789



50

Christian Retoré

Because this holds for any lower closed subsebf ¢, and becaus®
is the minimum marking o), we have

(Mo Pre[U]™" Post[Z] Pre[Z'] ") 2 P
and therefore
(My Post[Z'] Pre[Z']”") 3 Pre[U] P = Pre[U]Pre[z] = Pre[F4(Z")]

<
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B Cut-elimination for the PCLL calculus

In the original paper [7], de Groote give a semantical proof of cut-elimination for
a calculus which is the one we used, except that he only consider the following
context rewrite rule :

I'{A, B}] — I'l(4; B)]

Indeed the totality of rewriting rules for series parallel orders was not known by
the moment he wrote the article.

So here we have to provide the reader with a proof of cut-elimination since our
coding strongly relies on this result and its corollary: the subformula property. We
give a syntactic proof of the result: it is lengthy, tedious and without surprise. The
only point that needs to be looked at is whethey. commutes with cuts. The rest
is given for sake of completeness.

We proceed by induction ofid, p), h) whereh is the height of the proof] the
maximal degree of a cut, andhe number ofi-cuts. The degree of a formula is the
height of the formula tree, and the degree of a cut is the degree of the cut-formula.

Proofs of heightl are axioms, which are clearly cut-free.

If the last ruleR of a proof is not a cut of maximal degree -can be a cut
of a lower degree — the transformation is rather obvious. The proof(s) obtained by
suppressing? have a smaller height; by induction hypothesis, they can be turned
into cut-free proofs; applying to these cut-free proofs yields a proof withas the
only possible cut, and aB was not a maximal cut, the induction hypothesis also
applies to this proof.

So we can assume thAtis a cut of maximal degree.

Sy X

- R N
'=X AX|FC
cutd

Al F C

We are going to explore all possible values fer and R/, and whatever these
rules are, at least one of the following case transformation apply:

1. One ofR® or R/ is an axiom: the cut is suppressed.
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2. R® does not create the cut-formula, — 88 # ©;, ®;, ®;, \s, /i, —0; — IN
this case it is possible to appR® after the cut. So we apply the induction
hypothesis to the proof minug®; its height is smaller, while the number of
cut of degreel is strictly smaller or unchanged; so, by induction hyptohesis
it can be turned into a cut-free proof. ReapplyiR@we obtain a proof which
contains strictly less cut of degrée hence, by induction hypothesis we are
done.

3. If R/ does not create the cut formula, we proceed symmetrically.

4. If both R* and R’ create the cut formula, then this cut of degeds replaced
with two cut of degree strictly smaller. Hence, we have less cut of defjyree
and by induction hypothesis we are done.

The main difference from related calculi (like MLL or the Lambek calculus) is
the presence of the structural rules. Wheh= aug. observe that\’ C A entails
['[A’] € T[A], and this allows to permuteug. and R*. Symmetrically, wher?’ is
aug. observe that'[X] c I"[X] entailsI'[A] C I[A]: this allows to permuté’
andaug.

1 R® or R/ is an axiomThe final cut can be supressed.
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2 R*does not createX, the cut formula

R Before reduction After reduction
X X X
A+ X : ANFX  TX]FC
aug. aug.(A" C A) Y cut d
AFX I[X]+C r[A - C
cut d — aug.(T[A'] C T[A])
rjaAj-cC rAl - X
%! %! X
r[(4;B)+FX L5 I[(4;B)+FX AX]FC
Op (O] . cut d
Ao BlFX AX]|+C A[l[(4;B)]| - C
cut d Op
AT[A® B]]+ C Al[A® B|JFC
X X X
I'{A, B} F X L5 I'{A,B}]F X A[X]FC
®h EE—— ®h . cut d
NA® B F X AX]FC A[TH{A, B} - C
cut d ®n
AT[A® B]] - C Al[A® B|]+-C
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0 Xl X X
ABIFX A'FA : AB|F X T[X]+C s
\n h Y cutd .
A[(A; A\ B)F X I[X]FC L[A[B]]F C A'-A
cutd
TIA[(A; A\ B)]| F X SNV S
X X 5 -
ABIFX A'FA : AB|[FX T[X]FC oY
/n /n Y cutd .
A(B /] A;A) X I[X]FC L[A[B]| - C A A
cutd
LA[(B /A AN]FX : LA[(B/ A AN] FX r
5o 5o
ABIFX A'FA - A[B|F X T[X]+C . Y
—0 —0 . cut .
" A[{A",A—- B} F X " I[X]FC T[A[B]]F C A A
cutd —o
I[A{A",A - B}]]F X T[A[{A, A - B}]]F X "
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3 R/ does not createX, the cut formula
R/ Before reduction After reduction
-y Lo -y
5 I'[X]FC AFX T[X]FC
aug. : — aug.(I"[X] C T[X]) cut d
AFX TX]FC I'A] - C
cut d —— aug.(I"[A] C T[A])
T[A] - C L[AJFC
X X X!
5 I[(4;B)[X|+C A+ X T[4 B)X|FC

Ohn . On cut d

AFX T[AoB]X|FC [(4; B)][A] - C
cut d On
TA® BJ[A]FC I'A® B]J[A] - C
X 0 X
s T'{A, B} [X]FC AFX T[H{A B}[X]FC

Qhn : Qp cut d

AFX T[A®B|X|FC I'[{A, B}|[A] - C
cut d ®}L

INA® B]J[A] - C INA® B][A] - C
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RS Before reduction After reduction
Ly -y -6 -y
-5 TBIX]FC T'HA A+ X T[B][X]FC -
\h : h cut d 2
AFX T[I;A\B)X]+C I[B][A] - C '+ A
cutd )
P A\ B)J[A] - C I
X R X X
5 TIBIIX]FC T'HA A+ X T[B][X|FC -
/n . h cut d T
A+X T[(B/AT)X]FC I[B][A] - C I'+A
cut d )
LB/ AT)A] - C NE ATar e
X! R 5 X!
- [[B]X]FC I'F A AFX T[B|X]+C L
—op, . g -0 cut d 7
A+ X TH{A—-oBT}[X]|FC I'[B][A]FC '+ A
cut d —oy,
I'{A— B,T'}|[A]FC I'{A— B,T'}|[A]+C }
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RS Before reduction After reduction
Ly % %) %
5 TBIFC I'[X]FA AFX TI'[X]FA
) . . cutd
v AFX F[(F’[X];A\B)]I—C\} T[B]FC I'[A] - A
cut d
[[(T'[A]; A\ B)| - C LA A\ B)| - C
X - X
15 TIBIFC TX]EA AFX T/[X|FA
/h . /h . cutd
A+X T[(B/ATX]))FC I'[B] - C I'[A] - A
cut d
T[(B/ AT'[A]]F C B Aara e
X -y 5 -y
s TBIFC I'[X]FA AFX TX|FA
—op, . —op . cut d
} A+ X THI'[X],A—-B}|+-C } I'[B] - C I'[A]F A
cutd —Op
I'[{T'[A],A — B} +C I'[{T'[A],A — B} FC }
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RS Before reduction After reduction
X a X 7
: IX]-FA T'FB AFX TX]FA S
) Y
®;i . ®; cut d .
A+-X {TX],T'}FA®B T[A] - A I'+B
cutd ®;
{T[A],T'}FAGB {TIAL,T'}FAG®B
X X X X
s TIX]FA I'FB AFX T[X]FA Ly
@i . ®'i cut d .
AFX (TXLET)FAGOB T[A]F A I'+B
cut d ©®;

(ALY AGB

(TALIMYFAGB
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RS Before reduction After reduction
X! X -y
s (ATX)EB AFX (AT[X)+B
\i : —\i cutd
AFX T[X]-A\B (A;T[A]) - B
cut d —_
r[Al - A\ B F[A]FA\B\
X 6 -
L5 (T[X]); A+ B AFX (T[X];A)F B
/i /i cut d
AFX T[X]FB/A (T[A; A) - B
cut d /i
Al B/ A ! F[A]I—B/A/
-y X -y
s (ATX)EB AFX {AT[X]}+B
O : R — cut d
AFX T[X]FA-—oB {A,T[A]} F B
cut d AEE——
[[Al-A—-B I[A]FA\B
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4 Both R* and R’ create the cut-formula

Before reduction After reduction
S 5 y 5 -
AFU ANFV T(U; V) EC LS ARV ru;kEc
O] ©; Ohn . cut < d
A AN UGV rvov]kcC ARU r[(U; AN FC
cut d cut < d
I[(A; AN = C r[(A; AN+ C
X Xl Sy Xl oy
AFU ANFV r{u, v}k C s AV Tr{u, v}k C
® ®i n . cut < d
{AAY UV rveVv]kEC AFRU T{U, A"} - C
cut d cut < d
r{A A} FC T{A A} FC
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Before reduction After reduction
L o v h
(U;A) -V T[V]FC T'FU I'-U (U;A)FV :
\ \i \n cut < d Y
AFU\V F[(F’;U\V)]FC (F’;A)FV rViEC
cut d cut < d
T[(I";A)] - C LI A)FC
X 7 a i X
(AUVFV T[V]FEC T'FU I'-U (AU)VFV :
/ /i /n cut <d 2
AFV/U  T(V/UTIHFC (AT FV L[V]+C
cutd cut < d
r[(A;T)) +=C r[(Aa;1)) =C
L SIS IR
{UAYFV rViFc T'FU I'FU {UA}V :
—o —0; —op, cut < d Y
AFU—oV LI, U -V} FC ' A}V rV]FcC
cut d cut < d
{T", A} FC C{T", A} FC
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C

A counter example by Kinzle to Gehlot notion of
reduced proofs as maximally concurrent firing

In his thesis and paper, Gehlot [11, 10] offers an encoding of Petri nets in Multiplica-
tive Linear Logic (MLL, that is the commutative part of PCLL) and a technique of
proof reduction which is a candidate for obtaining a maximally concurrent firing of
a Petri net. In [11] it is said that:

Following these intuitions, it is desirable to provide a set of rewrite
rules which will take proofs such as 1 and 2 and convert them to a
"maximally concurrent” proof such as 3. This process resembles the
cut elimination results from proof theory, but must differ in some ways
since the cut elimination is being carried out in a theory in which cut
elimination is impossible. [.. ] For the purposes of the current paper
we offer a set of rewrite rules below which work for interesting cases
we have studied, including the example of this section.

Let us briefly describe his encoding:
e the markings are encoded as we do here by formuldE’of

e an event: corresponds to a proper axidire[z| - Post[z]| with Pre[z], Post[z] €
H®

e as there are only formulae ii® the proofs of MLL can be made with only
two rules, which areeq (sequential compositioryt) andsync (®; followed
by ®):

M+FN MEN
S
Me@M+N®N'

ync

e the execution is described by the pros§nc corresponds to the parallel com-
position andseqg to sequential composition.

His notion of proof reduction generalises cut-elimination for a system with prop-

er axioms: it also includes rule permutations. It is claimed to provide a maximally

INRIA



Petri nets and partially commutative linear logic 63

concurrent firing (among series-parallel executions, since the model does not depict
others).

Unfortunately, in his thesis Kiinzle [15] has given a counter example to this
claim, see also [22] Consider the Petri net, with three placés: and two events
xz: (aFb)andy : (b c) as proper axioms. Assume there is one tokem and
one inb. The following proof, corresponding to firingtheny (i.e. thespr-order)
(z;y) is normal according to Gehlot’s definition:

akFb blc
— 56q
alkc bbb

a®RbFb®ec

Nevertheless itis not a maximally concurrent firing, even in the restricted classes
of series-parallel executions. Indeed, the following proof shows that firing simulta-
neouslyxr andy (i.e. thesp-order{z, y}) is possible as well and more parallel:

sync

akFb blc

a®bFb®c
The reason why is the presence of tokens in the initial marking, that can be
added withsync. This kind of parallelism due to the initial marking is not taken into
account by the proof reduction of Gehlot which only handles structural parallelism,
I.e. the parallelism which only depends on the event structure of the Petri net.

sync
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