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I—The results
I—Context

Context

A map f: X* — Y* has level k > 2 iff it is a (k — 1)-fold
composition of maps of level 2.
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I—The results
L Main theorem

Theorem
Let X, Y be two finite alphabets, f : X* — Y* a mapping. The
following conditions are equivalent :

1- f belongs to Sp(X*, Y*) i.e. is computed by some strongly
deterministic pushdown of pushdown automaton

2-f isa HDTOL

3- f fulfills a system of catenative recurrent equations
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I—The results

I—'I'hree applications

Al: skimmimg theorem for rational series

New proof + extension to HDTOL's.

A2: rational subsets of HOM(A*, A*) are not closed under
intersection

A3: the set of solutions of a quadratic equation, over words, is an
index language.
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L Preliminaries

I—Pushclown automata of order 2

Formalism:
The set of pushdown stores of level 2 over I is:

2 — pds() == (F["])*

Function:
topsyms : 2 — pds(I') — =2
Operations:
POpy, POpy, pushy, pushs
Examples:

pops (Ao[xyy]Ai[xyylAile]) = Arlxyy]Aile]

popa (Aolxyy]Ar[xyy]Aile]) = Aolyy]Ai[xyy]Ai[e].

pushy (A1) (Ao[xyy]Ai[xyy]Aile]) = Ailxyy]Aolxyy]A1lxyy]Ai[e])
push,(y)(Ao[xyy]A1[xyy]A1le]) = Aolyyy]A1[xyy]Arle])

pushy (xy)(Ao[xyy]A1[xyy]Ai[e]) = Aolxyyy]Ai[xyy]Aile])
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I—Preliminaries

I—Pushdown automata of order 2

strong determinism

Let A =(Q, X,T,0,q0,Ao) be a 2-pda.
A will be said strongly deterministic if :
Vg € Q,¥y € TOPSYMB(I),

> Card(d(q,3,7)) <1
aeXx<1

Note: very close to a pushdown transducer of level 2 from strings
to strings; just see ' as the input alphabet, X as the output
alphabet.
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I—Preliminaries

I—Computable sequences of order 2

Definition (2-computable sequences)

A mapping f : X* — Y* is called a 2-computable mapping (or
sequence) iff there exists a 2-sdpda A, over a pushdown-alphabet
I © X, with terminal alphabet Y, such that, for every u € X*:

(g0, f(u), Aolu])Fa (qo, &, €)-

We denote by Sy(X*, Y*) the set of all 2-computable sequences
mappings from X* to Y*.
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I—Preliminaries

L Catenative recurrences

Definition (catenative recurrent relations)

Given a finite set / and a family of mappings indexed by /,
fi : X* — Y* (for i € 1), we call system of catenative recurrent
relations over the family (f;);c; a system of the form

L(i,x)
fi(xw) = H fa(ixjy(w) forallie l,x € X,w € X*
j=1

where ¢(x,i) € N, a(i, x,j) € I.
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I—Preliminaries

L Lindenmayer systems

Definition (HDTOL, [Karhumaki and alii Handbook, 1997])

Let f: X* — Y*. The mapping f is called a HDTOL mapping (or
sequence) iff there exists a finite alphabet A, a homomorphism

H : X* — Hom(A*, A*), an homomorphism h € Hom(A*, Y*) and
a letter a € A such that, for every w € X*

F(w) = h(H"(a)).
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L Characterization theorem

CHARACTERIZATION
THEOREM
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L Characterization theorem

Main theorem

Theorem

Let X, Y be two finite alphabets, f : X* — Y* a mapping. The
following conditions are equivalent :

1- f belongs to Sp(X*, Y*) i.e. is computed by some strongly
deterministic pushdown of pushdown automaton

2-fisa HDTOL

3- f fulfills a system of catenative recurrent equations
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L Characterization theorem

Example: automaton

A= (Q7 {37 b}a r757 QO7A0)3

Q= {q07 d1,90,x; q1,x, 90,y ql,y}

r.= {Ao, A1,x,y,a, b}
0(qo, e, Aiz) == (gi.z, Pop,) for i €{0,1},z € {x,y
3(qox, €, Aod) 1= (qo, push;(AoA1)) for 3 € {x,y,¢c}
3(qo,y, e, Aod) := (g0, push{(A1)) for 3 € {x,y,c}
0(q1.x,€,A13) 1= (qo, push;(A1A)) for a € {x,y,¢c}
3qry,e,A13) = (qo, push{(A1A)) for a € {x,y,¢c}

5((]0,3,/40) = (q07pop1)
5(q07b7 Al) = (q07pop1)
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L Characterization theorem

Example: derivations

Basic derivations:

qo, Ao[xu], qo
do, Aolyul, qo
qo, A1[xul, qo
q0, A1y ul, qo
(go, Aole], g0
(go, A1le], qo

—_~ o~ o~~~
~— N N N

(90, Ao[u], 90)(q0, A1[u], qo)
(90, A1[u], qo)
(90, A1[u]; g0)(q0, Ao[u], qo)

q0, A1[u], g0)(qo, Aolu], qo)

b.
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L Characterization theorem

Example: fy(x3)

(g0, Ao[xul, q0) —% (g0, Aolu], 90)(q0, A1[u], qo)
(g0, Aolyul,q0) —% (qo,Ar[u], q0)

(qo; A1[xul,q0) —% (g0, A1[u], 90)(q0, Ao[u], qo)
(g0, A1lyul, q0) —% (g0, A1[u], 90)(qo, Ao[u], qo)

Therefore we get:

(qO;AO[XXX]aqO) _>1*§ q07A0[XX]7qO)(qO:Al[XX]uqO)

o, Ao[x], 90)(qo, A1[x], 90)(q0, A1[x], g0) (g0, Ao
g0, Aole], q0)(qo, A1le], 90)* (g0, Aole]. qo) -

40, A1[€], 90)(q0, Aolel, 90)%(qo, A1 [e], qo)
—7 abbabaab.

*
—~ ~ ~~
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L Characterization theorem

Example: morphisms

The corresponding HDTOL:
X ={x,y},Y :={a,b},®: X* - HOM(Y™, Y*) is defined by

®*(a) := ab, ®*(b) := ba, ®¥(a):=b, ®Y(b) := ba.
We obtain the family (f)icf0,13 of HDTOL maps:
fo(u) :== ®Y(a), fi(u):= dY(b).

(Note that n— fy(x") is the Thue-Morse sequence and
n— fo(y") is the Fibonacci sequence).
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L Characterization theorem

Example:catenative recurrence

These maps fulfill the system of catenative relations:

fo(xu) = fo(u)fi(u)
folyu) = f(uv)

filxu) = f(u)fo(u)
filyu) = f(u)fo(v)
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L Skimming theorem

SKIMMING
THEOREM
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L Skimming theorem

L Classical skimmimg theorem

rational series:recall

Definition

Let X be a finite alphabet and f : X* — N be some map. The
map f is a rational series iff, f belongs to some finitely generated
N-submodule M of N << X >>, which is closed under
left-residual.
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L Skimming theorem

L Classical skimmimg theorem

Theorem

Let X be a finite alphabet, f : Y* — N be some map and
f' . Y* — N be defined by:

f'(u) := max{0, f(u) — 1}
If f is a N-rational series, then f' is N-rational too.

First proof:
Other proof:
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L Skimming theorem

L FREC-definition of HDTOL's

Definition

Let X, Y be finite alphabets and f : X* — Y™ be some map. The
map f is a HDTOL iff, f belongs to some finitely generated
submonoid M of (MAP(X™*, Y*),-, w > €), which is closed under
left-residual by pairs (x, &) (for x € X).
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L Skimming theorem

L Skimming HDTOL's

Let X, Y be finite alphabets. The set of HDTOL's from X* to Y*
is closed under left-residual by pairs (¢,y) (fory € Y)
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I—Skimming theorem

I—More general version

Theorem

Let X,Y,Z, T be four finite alphabets and
. X*—=>Y*"g:Y"=>Z" h:Z*— T* be some maps. If f h
are rational maps and g is an HDTOL, then f ogoh isan HDTOL.



Pushdown automata of order 2 and applications to recognizability

L Skimming theorem

I—More general version

Sketch of proof:

Case 1: fis a gsm

use the (standard) definition of HDTOL's

Case 2: his a r-to-l gsm

use catenative recurrences

Case 3: his a |-to-r gsm

use sdpda of level 2.

Principle: direct product of the spda with the gsm. ¢



RATIONAL SETS
of
ENDOMORPHISMS
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L Rational sets of endomorphisms

I—'I'he monoid of endomorphisms

Question: |s the set of rational subsets of (HOM(A*, A*), 0,1d)
closed under intersection ?
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L Rational sets of endomorphisms

I—'I'he monoid of endomorphisms

Notation: w o f means f(w).

Lemma

For every rational subset R of HOM(A*, A*) and every w € A*,
the set {w o f | f € R} is an indexed-language.

Sketch of proof:
There exists some finite alphabet X, a monoid homomorphism
H : X* — HOM(A*, A*) and a rational subset Rx C X* such that

R={H"|u€ Rx}.
The language L can be rewritten as
L={woH"|ue Rx}.

L is recognized by an adaptation of the 2-dpda computing
ur (woH") . O
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L Rational sets of endomorphisms

I—An example

A:={x,y,z,t}

hy : X > XY, Yy =y, Z— z, t—t,
hs : X — X, Y =YX, Z+> 2z, t—>t,
hs : X — X, y =y, zZ +— zt, t—t,

Let
R = (hl o h3)>'< o h;, S = hT o (h2 o h3)>|<
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L Rational sets of endomorphisms

I—An example

hy : X > Xy, Y=y, Z+> 2z, t—>t,
hy : X — X, Y =YX, Z+— z, t—t,
hs : X — X, Y=y, Z > zt, t—>t,

We observe that h; o h3 = h3 o hy and hy o h3 = hz o hy.
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L Rational sets of endomorphisms

I—An example

RNS = {AhZh7 | n > 0}.

It follows that
{xoh|he RNS}={x(yx")"|n>0}.

But this last language has been shown to do not be an
indexed-language in:

By Lemma 6: RN S is not rational.
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[ Quadratic word equations

QUADRATIC
WORD EQUATIONS
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[ Quadratic word equations

I—An example

Equation:
S uuv = ww
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[ Quadratic word equations

I—An example

The automaton:

w»—kﬂv u— wu

u—# wu
W uw U e
v = wuu Vi e
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[ Quadratic word equations

I—Set of hom-solutions

SOLy(S) = (f + g o h* o k) o HOM(U™,UL™).

where
f: u— w, Vi e, w = w,
g: U u, Vi, W= uw,
h: u— wu, Vi, W= w,
k: U u, v — wuuw, w o uw.
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[ Quadratic word equations

I—Set of words-solutions

SOLw(S) = {p(u)#e(v)#e(w) | ¢ € SOL,}
SOL,(S) = {wi#e#w|welU}U
{(aw)"o#wiPw#(aw)" "a(aw) | o, v, w € U*}.
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[ Quadratic word equations

I—Set of words-solutions

Theorem

For every finite quadratic system of word equations S, the set of
hom-solutions SOLp(S) is rational.

(almost true)
follows from

Theorem

For every finite quadratic system of word equations S, the set of
word-solutions SOL,,(S) is an indexed-language.

(perfectly true)
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