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e, Fran
eAbstra
t. In this paper, we 
ontinue the study of a
y
li
 improper 
olourings of graphs introdu
ed in aprevious work. An improper 
olouring of a graph G is a mapping 
 from the set of verti
es of G to a set of
olours su
h that for every 
olour i, the subgraph indu
ed by the verti
es with 
olour i satis�es some propertydepending on i. Su
h an improper 
olouring is a
y
li
 if for every two distin
t 
olours i and j, the subgraphindu
ed by all the edges linking a i-
oloured vertex and a j-
oloured vertex is a
y
li
.We 
onsider in this paper the 
ase of graphs with bounded degree. We prove some positive and negativeresults for graphs with maximum degree three and generalize some of the negative results to graphs withmaximum degree k.Keywords. A
y
li
 
olouring, Improper 
olouring, Bounded degree.1 Introdu
tionLet G be a graph. We denote by V (G) the vertex set of G and by E(G) the edge set of G. A (proper)k-
olouring of G is a mapping 
 from V (G) to a set of k 
olours su
h that 
(x) 6= 
(y) whenever xy isan edge in G. We say that G is k-
olourable if G admits a k-
olouring. The 
hromati
 number �(G)of G is de�ned as the minimum k su
h that G is k-
olourable. A k-
olouring of a graph G may beequivalently regarded as a partition V1; V2; : : : ; Vk of V (G) where for every i, 1 � i � k, Vi is the setof verti
es with 
olour i. Elements of su
h a partition are usually 
alled 
olour 
lasses.Many variations and extensions of graph 
olourings have been 
onsidered in the literature (see [8℄for a general overview). In parti
ular improper 
olourings (sometimes 
alled generalized, defe
tive orrelaxed 
olourings) have extensively been studied [6, 15, 16℄. A 
olouring of a graph G is said to beimproper whenever two adja
ent verti
es may be assigned the same 
olour. In su
h 
olourings, theadja
en
y 
onstraint is repla
ed by a 
onstraint on the stru
ture of mono
hromati
 subgraphs, that issubgraphs indu
ed by 
olour 
lasses.Following Borowie
ki and Mih�ok [4℄, improper 
olourings may be de�ned as follows. LetP1; P2; : : : ; Pk be graph properties. A (P1; P2; : : : ; Pk)-partition of a graph G is a partition(V1; V2; : : : ; Vk) of V (G) su
h that for every i, 1 � i � k, the subgraph of G indu
ed by Vi, de-noted by G[Vi℄, has property Pi. If a graph G has su
h a partition we say that G has propertyP1 Æ P2 Æ : : : Æ Pk. If P1 = P2 = : : : = Pk = P we will denote by P k the property P1 Æ P2 Æ : : : Æ Pk. IfD0 denotes the property to be without edges, then Dk0 is the property to be k-
olourable.In the following we will 
all (P1; P2; : : : ; Pk)-
olouring of a graph G a mapping 
 from V (G) tothe set of 
olours C = f1; 2; : : : ; kg su
h that the partition (V1; V2; : : : ; Vk) given by Vi = fx 2 V (G) :
(x) = ig, 1 � i � k, is a (P1; P2; : : : ; Pk)-partition of G. Moreover, for every graph property P wewill denote by F (P ) the family of all graphs satisfying P .A proper k-
olouring of a graph G is a
y
li
 if for every two 
olours i and j the subgraph indu
edby Vi [ Vj has no 
y
le [1, 3, 7℄. The a
y
li
 
hromati
 number of a graph G is then de�ned as the1Resear
h partially supported by the Barrande Grant no. 97137.1



2 A
y
li
 improper 
olourings of graphs with bounded degreeminimum k su
h that G has an a
y
li
 proper k-
olouring. This notion 
an be extended to the 
ase ofimproper 
olourings as follows. Let V1; V2; : : : ; Vk be a (P1; P2; : : : ; Pk)-partition of a graph G. Let us
all a (i; j)-edge an edge linking a vertex in Vi to a vertex in Vj . Su
h a partition is said to be a
y
li
if for every i; j, 1 � i < j � k, the subgraph indu
ed by all the (i; j)-edges has no 
y
le. The readershould note here that the subgraph indu
ed by any two 
olour 
lasses may 
ontain bi
hromati
 
y
lesbut that any su
h 
y
le has to 
ontain at least one mono
hromati
 edge. A bi
hromati
 
y
le withno mono
hromati
 edge will be 
alled an alternating bi
hromati
 
y
le. If a graph H has an a
y
li
(P1; P2; : : : ; Pk)-partition we say that G has property P1 � P2 � : : : � Pk. If P1 = P2 = : : : = Pk = Pwe will denote by P (k) the property P1 � P2 � : : : � Pk. Observe that D(k)0 is the property of beinga
y
li
ally (properly) k-
olourable in the usual sense.A
y
li
 improper 
olourings originally arose in the study of oriented 
olourings. An orientationof a graph G is a digraph obtained from G by giving to every edge of G one of the two possibleorientations. A digraph is 
alled an oriented graph if it is an orientation of some undire
ted graph. Anoriented k-
olouring of an oriented graph ~G is a mapping 
 from V ( ~G) to a set of k 
olours su
h that(i) for every ar
 ~xy in E( ~G), 
(x) 6= 
(y) (an oriented 
olouring is thus a proper 
olouring) and (ii) forevery two ar
s ~xy and ~zt in E( ~G), 
(x) = 
(t) =) 
(y) 6= 
(z). The oriented 
hromati
 number ~�( ~G)of an oriented graph ~G is then de�ned as the minimum k su
h that ~G has an oriented k-
olouring.Oriented 
hromati
 numbers have been studied in [9, 11, 12, 13℄. In [2℄ we have proved the followingresult whi
h gives a link between a
y
li
 improper 
olourings and oriented 
olourings:Theorem 1 Let P1; P2; : : : ; Pk be graph properties su
h that for every i, 1 � i � k, every orientationof every graph in the family F (Pi) has oriented 
hromati
 number at most �i. Then every orientationof every graph in F (P1 � P2 � : : :� Pk) has oriented 
hromati
 number at most 2k�1 �Pki=1 �i.A
y
li
 improper 
olourings of outerplanar and planar graphs have been 
onsidered in [2℄. We
ontinue here the study of a
y
li
 improper 
olourings by 
onsidering the 
ase of graphs with boundeddegree. We will denote by Dk the property of having degree at most k and by T1 the property of beinga forest. The main result 
on
erning improper 
olourings of graphs with bounded degree is due toLov�asz [10℄:Theorem 2 [Lov�asz, 1966℄ For every p; q � 0, F (Dp+q+1) � F (Dp Æ Dq).The problem of determining the a
y
li
 
hromati
 number of graphs with bounded degree appearsto be more diÆ
ult and it is still an open question [8℄. Alon et al. [1℄ proved the following result:Theorem 3 [Alon et al., 1991℄ For every k, there exist positive 
onstants ak and bk su
h that:1. Every graph with maximum degree k has a
y
li
 
hromati
 number at most ak � k4=3.2. There exist graphs with maximum degree k and a
y
li
 
hromati
 number at least bk � k4=3 �(log k)�1=3.For small values of k, Gr�unbaum proved in [7℄ that every graph with maximum degree three hasa
y
li
 
hromati
 number at most four (this result is optimal). In [5℄ Burstein proved that everygraph with maximum degree four has a
y
li
 
hromati
 number at most �ve (he also mentionnedthat this result was independently obtained by Kosto
hka). Using our notation we thus get thatF (D3) � F (D(4)0 ) and F (D4) � F (D(5)0 ).We will 
onsider a
y
li
 improper 
olourings of graphs with bounded degree whose 
olour 
lassesindu
e either forests or graphs with bounded degree. In the 
ase of graphs with maximum degreethree we know from Gr�unbaum's result that we only have to 
onsider a
y
li
 improper 
olouringsusing at most three 
olours. Moreover, sin
e there exist in�nitely many graphs with maximum degreethree and a
y
li
 
hromati
 number four we 
learly get that F (D3) �= F (T1�D0) (and thus F (D3) �= F (D1 �D0)). In addition, we will prove the following negative results:Theorem 41. F (D3) �= F (D0 �D2),2. F (D3) �= F (D1 �D1).
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(b) Cyclic arrangement of copies of K4-e(a) The circular grid T(2.n)
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yi+2Figure 1: Negative results for graphs with maximum degree threeOur se
ond theorem gives some positive results:Theorem 51. F (D3) n fK4g � F (T1 � T1),2. F (D3) � F (T1 �D2),3. F (D3) � F (D1 �D1 �D1).The general 
ase of graph with maximum degree k seems to be quite diÆ
ult to handle. Netherthe-less, we 
an prove the following negative results:Theorem 61. For every k � 2, F (Dk) �= F (Dk�2 �Dk�2),2. For every p; q, pq 6= 0, p+ q � 4, F (Dp+q) �= F (Dp �Dq).In the following se
tions we will prove our three theorems and we will end this paper by statingsome open problems.Drawing 
onventions. In all the forth
omming �gures, grey (resp. bla
k) verti
es will representverti
es with 
olour 1 (resp. 2). Un
oloured verti
es will be drawn as white verti
es.2 Negative results for graphs with maximum degree threeWe prove in this se
tion the negative statements of Theorem 4. In every 
ase we will exhibit in�nitelymany graphs having no 
orresponding a
y
li
 
olouring.Proof of �rst statement. Let T (2� n), n � 3, be the 
ir
ular grid of dimension two with 2 rowsof n verti
es ea
h (see Figure 1(a)). Let fx1; x2; : : : ; xng (resp. fy1; y2; : : : ; yng) denote the verti
es ofrow 1 (resp. of row 2). Sin
e every vertex has degree 3, at least one of them, say xi, must get 
olour 1.Verti
es xi�1; xi+1; yi then ne
essarily get 
olour 2. In order to avoid alternating bi
hromati
 
y
les,verti
es yi�1 and yi+1 must also get 
olour 2. Sin
e they both have two neighbours already 
olouredwith 
olour 2, verti
es yi�2 and yi+2 must get 
olour 1 and so on. It is not diÆ
ult to observe thatthe pattern ( 21222221 ) must be repeated all along the grid. Therefore, if n � 0 (mod 4), the 
olouringthus obtained is an a
y
li
 (D0;D2)-
olouring, if n � 1 (mod 4), the 
olour 1 does not indu
e a graphwith no edges, if n � 2 (mod 4), the 
olour 2 does not indu
e a graph with maximum degree twoand if n � 3 (mod 4), we get an alternating bi
hromati
 
y
le. 2Proof of se
ond statement. Observe �rst that the graph K4�e (that is K4 minus one edge) has aunique a
y
li
 (D1;D1)-
olouring. By arranging several 
opies of K4� e into a 
y
le (see Figure 1(b))we get in�netely many graphs having no a
y
li
 (D1;D1)-
olouring: if every 
olour indu
es a graphwith maximum degree one, we ne
essarily have an alternating bi
hromati
 
y
le (drawn in thi
k edges).2
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(a) Case 1 (b) Case 2

(e) Case 3.c.i

(c) Case 3.a

(f) Case 3.c.iiFigure 2: Deleting an alternating bi
hromati
 
y
le in a (T1;T1)-
olouring3 Positive results for graphs with maximum degree threeWe prove in this se
tion the positive statements of Theorem 5. Observe �rst that it is suÆ
ient toprove these statements for 3-regular graphs. From Lov�asz' Theorem, we know that F (D3) � F (T1ÆT1)and F (D3) � F (T1 Æ D2). In the following we will prove that we 
an modify any (not a
y
li
) su
himproper 
olouring in order to stri
tly de
rease the number of alternating bi
hromati
 
y
les. Byrepeating this step we will get in ea
h 
ase an a
y
li
 improper 
olouring.Let C = (x0; x1; : : : ; x2n�1) be an alternating bi
hromati
 
y
le. For every i, 0 � i � 2n� 1, let yibe the neighbour of xi not belonging to C. We say that C is of type I if there exists some i su
h thatyi and yi+1 have the same 
olour (the subs
ripts are always taken modulo 2n). We say that C is oftype II if it is not of type I and for every i, xi and yi have distin
t 
olours. Otherwise, we say that Cis of type III (in that 
ase, for every i, xi and yi have the same 
olour).Unless otherwise spe
i�ed, in the following pi
tures verti
es not belonging to the alternating bi
hro-mati
 
y
le may be identi�ed with verti
es of the 
y
le provided they have the same 
olor.Proof of �rst statement. Let G be a 3-regular graph, 
 a (not a
y
li
) (T1;T1)-
olouring of G andC an alternating bi
hromati
 
y
le of smallest type in G. We have three 
ases to 
onsider:1. C is of type I. Let i be su
h that yi and yi+1 have the same 
olour. If xi and yi have the same
olour it suÆ
es to 
hange the 
olour of xi, otherwise it suÆ
es to 
hange the 
olour of xi+1 (seeFigure 2(a)).2. C is of type II. It suÆ
es to 
hange the 
olour of any of the x0is (see Figure 2(b)).
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(a) Case 1 (b) Case 2

(c) Case 3Figure 3: Deleting an alternating bi
hromati
 
y
le in a (T1;D2)-
olouring3. C is of type III. We have three sub
ases to 
onsider:(a) if there exits an index i su
h that xi and xi+2 does not belong to the same tree (indu
edby their 
olour), it suÆ
es to 
hange the 
olour of xi+1 (see Figure 2(
)).(b) Otherwise, if there exists a vertex yi with the same 
olour as its three neighbours, it suÆ
esto 
hange the 
olour of xi and xi+1 (see Figure 2(d)).(
) if none of the previous sub
ases happens, we still have two 
ases to 
onsider:i. if none of the yi's belongs to C it suÆ
es to 
hange the 
olour of verti
es x2i, i � 0,and of verti
es y2j+1, j � 1 (see Figure 2(e)).ii. if there exists yi su
h that yi belongs to C then verti
es xi and yi belong to the sametree (indu
ed by their 
olour) and this tree is of order two. If the length of C is atleast 6, we are in the sub
ase 3(a). If C has length 4, sin
e G is not K4, we ne
essarilyhave the 
on�guration depi
ted in Figure 2(f) and it suÆ
es to 
hange the 
olour oftwo 
onse
utive verti
es of C. 2The reader should observe that K4 is thus the only 3-regular graph having no a
y
li
 (T1;T1)-
olouring.Proof of se
ond statement. Let G be a 3-regular graph, 
 a (not a
y
li
) (T1;D2)-
olouring of Gand C an alternating bi
hromati
 
y
le of smallest type in G. We have three 
ases to 
onsider:1. C is of type I. Let i be su
h that yi and yi+1 have the same 
olour. If xi and yi have the same
olour it suÆ
es to 
hange the 
olour of xi, otherwise it suÆ
es to 
hange the 
olour of xi+1 (seeFigure 3(a)).2. C is of type II. It suÆ
es to 
hange the 
olour of any of the x0is having 
olour 1 (see Figure 3(b)).3. C is of type III. It suÆ
es to 
hange the 
olour of any of the x0is having 
olour 2 (see Figure 3(
)).2Proof of third statement. This statement 
an be proved by indu
tion on the number of verti
esof the graph. Due to the la
k of spa
e, we will not report the proof here. The 
omplete proof 
an befound in [14℄. 2



6 A
y
li
 improper 
olourings of graphs with bounded degree4 Negative results for graphs with maximum degree kWe prove in this se
tion the negative statements of Theorem 6. In every 
ase we will exhibit in�nitelymany graphs having no 
orresponding a
y
li
 
olouring.Proof of �rst statement. Let us show that the graph Gk = Kk+1 � e does not have any a
y
li
(Dk�2;Dk�2)-
olouring. Denote by u and v the two non-adja
ent verti
es of Gk and let 
 be any(Dk�2;Dk�2)-
olouring of Gk (we know by Lov�asz' Theorem that su
h a 
olouring exists). Sin
e
olours 1 and 2 both indu
e a graph of degree at most k � 2 both of them must be used at leasttwo times on V (Gk) n fug and therefore 
 
ontains an alternating bi
hromati
 
y
le. Sin
e Gk is notk-regular there are in�nitely many graphs with maximum degree k 
ontaining Gk as a subgraph andthus having no a
y
li
 (Dk�2;Dk�2)-
olouring. 2Proof of se
ond statement. Let H2k , k � 4, be the graph obtained by 
y
li
ally 
onne
ting two
opies of Kk�1;k�1, as depi
ted by Figure 4(a). Let us denote by x10; : : : ; x1k and x20; : : : ; x2k (resp. byx30; : : : ; x3k and x40; : : : ; x4k) the verti
es of the �rst (resp. the se
ond) 
opy of Kk�1;k�1. A vertex xijwill be said to be of type i. Let 
 be any (Dp;Dq)-
olouring of H2k (we know by Lov�asz' Theorem thatsu
h a 
olouring exists).We �rst 
laim that ea
h 
opy of Kk�1;k�1 
ontains at least two verti
es of ea
h 
olour. If allverti
es of a given 
opy have the same 
olour, say 1, then p = k� 1. All their neighbours in the other
opy are thus 2-
oloured and we get p + q = 2k � 2 > k, a 
ontradi
tion sin
e k � 4. If all verti
esbut one, say x10, in the �rst 
opy, have the same 
olour, say 1, then p = k� 1 (all the x1j 's, j 6= 0, havek� 1 neighbours of type 2 with the same 
olour) and thus q = 1. But in that 
ase, verti
es x41; : : : ; x4kmust have 
olour 2 and thus all the x3j 's must have 
olour 1. It is not diÆ
ult to 
he
k that we thenne
essarily have an alternating bi
hromati
 
y
le.Our se
ond 
laim is that for every type of vertex, one 
olour is used at most on
e. This is obviousif k = 4. If k > 4, suppose on the 
ontrary that two verti
es of type 1 are 1-
oloured and two verti
esof type 1 are 2-
oloured. In that 
ase, no two verti
es of type 2 may have the same 
olour in order toavoid alternating bi
hromati
 
y
les. We thus get k = 3, a 
ontradi
tion.From these two 
laims we get that ea
h 
opy of Kk�1;k�1 
ontains exa
tly two verti
es of one
olour, say 1. Colour 2 thus indu
es a graph of degree at least k � 2. We have two 
ases to 
onsider:1. p = 2 and q = k � 2. The subgraph indu
ed by the 2-
oloured verti
es in the �rst 
opy ofKk�1;k�1 has degree k � 2. The neighbours of these verti
es in the se
ond 
opy are thus 1-
oloured and we get p = q = 2 and thus k = 4. In that 
ase, we ne
essarily have an alternatingbi
hromati
 
y
le (see Figure 4(b)).2. p = 1 and q = k � 1. Every 1-
oloured vertex in a 
opy of Kk�1;k�1 is adja
ent to a 2-
olouredvertex in the se
ond 
opy and we also get an alternating bi
hromati
 
y
le (see Figure 4(
)).Thus H2k has no a
y
li
 (Dp;Dq)-
olouring. It is not so diÆ
ult to 
he
k that this is also the 
ase forthe graphs Hpk obtained by 
y
li
ally 
onne
ting p 
opies of Kk�1;k�1. 25 Dis
ussion and open problemsNone of the positive results given in Theorem 5 improves the best known upper bound for the oriented
hromati
 number of oriented graphs with maximum degree three (this bound has been settled to 11in [14℄ and it has been 
onje
tured in [13℄ that every 
onne
ted oriented graph with maximum degreethree has oriented 
hromati
 number at most 7).We do not know whether every (or almost every) graph with maximum degree three admits ana
y
li
 (D0;D0;D1)-, (D0;D1;D1)-, (D1;D2)- or (T1;D1)-
olouring. In the answer of this last question
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(a) The graph Hk

(b) The case p = q = 2 (c) The case p = 1, q = k-1Figure 4: Constru
tion for statement 2 of Theorem 6is YES, this would de
rease to 10 the upper bound for the oriented 
hromati
 number of orientedgraphs with maximum degree three. We know that at least three graphs do not admit an a
y
li
(T1;D1)-
olouring, namely the Petersen graph and the 
y
li
 grids T (2�3) and T (2�4). We know byLov�asz' Theorem that every graph in D3 admits a (D2;D2)-
olouring. Con
erning a
y
li
 
olourings,we have the following 
onje
ture:Conje
ture 7 F (D3) � F (D2 �D2).The problem of a
y
li
 improper 
olourings of graphs with degree at most k seems really diÆ
ultto handle. We have no idea of whether there exist or not su
h 
olourings whose 
olour 
lasses indu
egraphs with bounded degree or forests.Referen
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