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Abstract. A homomorphism of an oriented graph G to an oriented graph H is a mapping ¢ from the vertex
set of G to the vertex set of H such that ¢(u)p(v) is an arc in H whenever uv is an arc in G. The oriented
chromatic number of an oriented graph G is the minimum number of vertices in an oriented graph H such that
there exists a homomorphism of G to H. We prove in this short note that every oriented graph with maximum
degree 3 has oriented chromatic number at most 11.
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1 Introduction

An oriented graph is a digraph having no opposite arcs. Let G and H be two oriented graphs. A
homomorphism of G to H is a mapping ¢ from the vertex set of G to the vertex set of H such that
¢(u)p(v) is an arc in H whenever uv is an arc in G. If G has a homomorphism to H we say that
G is H-colorable. Such a homomorphism is called a H-coloring of G and the vertices of H are called
colors. The oriented chromatic number of an oriented graph G is the minimum number of vertices in
an oriented graph H such that G is H-colorable.

Homomorphisms and oriented chromatic numbers of oriented graphs have been studied in [1, 3, 4,
5, 6]. In particular, it was proved in [6] that every oriented graph with maximum degree 3 has oriented
chromatic number at most 16. It was also conjectured that the tight value of this bound is 7. The aim
of this short note is to decrease this upper bound to 11. In Section 2 we introduce the tournament
QR11 on 11 vertices and prove in Section 3 that every oriented graph with maximum degree three is
@ Ry1-colorable.

2 The tournament Q)R

Let QR11 be the tournament build from the non-zero quadratic residues of 11, that is the tournament
with vertex set {0,1,...,10} and such that 45 is an arc if and only if j —7=1,3,4,5 0or 9 (mod 11).
It is not difficult to check that this tournament is arc-transitive [2] (for every two arcs zy and zt there
exists an automorphism of (QR;; which maps zy to zt).

Let G be an oriented graph. If zy is an arc in G we say that y is a successor of x and x a predecessor
of y. Let us call an orientation vector of length n any sequence a = (aq, g, ...,qy) in {0,1}". Let
X = (x1,9,...,x,) be a sequence of pairwise distinct vertices of G. A vertex y of G is said to be an
a-successor of X if for every 4, 1 <14 < n, yz; is an arc in G if a; = 1 and x;y is an arc in G otherwise.
The following easy observations will be useful in the next Section.

Observation 1 For every two distinct vertices x and y in QR11, (x,y) has two a-successors for
a=(0,0),(0,1),(1,1) and three a-successors for a = (1,0).
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Since QR1; is arc-transitive, it is sufficient to consider one arc, say 01. It is then easy to check
that the (0,0)-successors are 4 and 5, the (0,1)-successors are 3 and 9, the (1,1)-successors are 7 and
8 and the (1,0)-successors are 2, 6 and 10. Observe that in this latter case vertices 0, 1 and 2, 6 or 10
induce a circuit in QR;;.

Observation 2 For every orientation vector « of length 3, every circuit zyz in QRy1 has an «-
successor.

As before we may fix x = 0 and y = 1. We then have three cases to consider, namely z = 2,6 or
10. The corresponding a-successors are given in the following table:
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This notion of a-successor will be used in the next Section as follows: suppose that an oriented
graph G has a homomorphism ¢ to an oriented graph H. Let G’ be the graph obtained from G
by adding a new vertex z together with some arcs linking x to vertices zi,x2,...,z,. Let o =
(a1, a9, ..., ay) be the orientation vector defined by a; = 1 (resp. «; = 0) if z;z (resp. zx;) is an arc
in G' for every i, 1 <1i < mn. If the sequence (¢(z1), (x2),...,9p(z,)) has an a-successor v in H then
we can extend ¢ to a homomorphism of G’ to H by assigning the color u to z (we say that the color
u is compatible with the colors of z1,z9,...,zy).

3 (@ R;i-coloring of graphs with maximum degree three

We prove in that section that every oriented graph with maximum degree three is () R1;-colorable and
thus has oriented chromatic number at most 11.

Theorem 3 Every graph G with mazimum degree three is QQRy1-colorable.

Proof. W.l.o.g. we may assume that G is connected. We proceed by induction on the number of
vertices n of G. If n = 1 the result is obvious. Otherwise, let z be a vertex with minimum degree in
G. We have three cases to consider:

1. x has degree one in G.

Let G denotes the graph obtained from G by deleting the vertex x. Since every vertex in
QR11 has b successors and 5 predecessors, every (QRji-coloring of G can be extended to a
QR;11-coloring of G.

2. x has degree two in G.

Let y, z denote the neighbours of z in G and G2 be the graph obtained from G by deleting the
vertex = and adding the arc yz if y and z are not already linked. Every (QRi;-coloring of Go
assigns two distinct colors to y and z. By Observation 1, such a coloring can then be extended
to a QRyi-coloring of G.
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3. x has degree three in G.

Let y, z,t denote the neighbours of z in G and G35 be the graph obtained from G by deleting
the vertices z,vy, z,t and adding an arc between the two remaining neighbours of y (resp. z, t)
if they are not already linked. We know by Observation 1 that at least two distinct colors may
be assigned to y, z,t. Let a1, ay (resp. by, be/c1, ) denote two colors that may be assigned to y
(resp. z/t) and such that ajas (resp. biba/cico) is an arc in QRy;.

If there exist 41, %2, ¢3 such that a; ,b;,,c;; induce a circuit in QR11, we know by Observation 2
that if we assign those colors to y, z,t then we can extend the QR;;-coloring of G5 to a QRy;-
coloring of G.

Otherwise it is not difficult to check that no more than four distinct colors can appear in
{a1,a9,b1,b9,c1,co}. We then have two cases to consider:

(a) All the arcs linking x to y, z,t have the same direction.
We can then color y, z,t by using at most two distinct colors. By Observation 1 we can
then find a color for z and thus extend the QQR;i-coloring of G5 to a (QRy1-coloring of G.

(b) Only two arcs linking = to y, z,t have the same direction.
W.l.o.g. we can suppose that the arcs linking x to y, z have the same direction. We then
have the two following sub-cases:

1. {al,ag} N {bl, bQ} #* 0.
Let d be any color in {aj, a2} N {by,ba}. We color y, z with color d and ¢ with a color
distinct from d. By Observation 1 we can then find a color for # and thus extend the
QR;1:1-coloring of G5 to a QQRy;-coloring of G.

1. {al,ag} N {bl, bQ} =0Q.
In that case we necessarily have {c1,c2} C {a1,a2}U{b1,bo}. Suppose that xt is an arc
in G. We color t and y (or t and z) in such a way that there is an arc in QR;; from
the color assigned to t to the color assigned to y (or z). It is not difficult to check that
this is always possible. By Observation 1 there exist 3 colors that can be assigned to
x in a way that is compatible with the colors of ¢ and y (or z). By Observation 1 at
most two of them are not compatible with by, by (or ai,as). Thus we can color z and
z (or y) and extend the QRqi-coloring of G5 to a QQRy1-coloring of G.
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