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Abstract. We investigate the expressive power of the quantifier alter-
nation hierarchy of first-order logic over words. This hierarchy includes
the classes X; (sentences having at most ¢ blocks of quantifiers starting
with an 3) and BX; (Boolean combinations of X; sentences). So far, this
expressive power has been effectively characterized for the lower levels
only. Recently, a breakthrough was made over finite words, and decidable
characterizations were obtained for BX> and X', by relying on a decision
problem called separation, and solving it for Xs.

The contribution of this paper is a generalization of these results to the
setting of infinite words: we solve separation for Y and X3, and obtain
decidable characterizations of BX> and X3 as consequences.

Regular word languages form a robust class, as they can be defined either by
operational, algebraic, or logical means: they are exactly those that can be defined
equivalently by finite state machines (operational view), morphisms into finite
algebras (algebraic view) and monadic second order (“MSO”) sentences [A27RI5]
(logical view). To understand the structure of this class in depth, it is natural
to classify its languages according to their descriptive complexity. The problem
is to determine how complicated a sentence has to be to describe a given input
language. This is a decision problem parametrized by a fragment of MSO: given
an input language, can it be expressed in the fragment? This problem is called
membership (is the language a member of the class defined by the fragment?).

The seminal result in this field is the membership algorithm for first-order
logic (FO) over finite words, which is arguably the most prominent fragment
of MSO. This algorithm was obtained in two steps. McNaughton and Papert [10]
observed that the languages definable in FO are exactly the star-free languages:
those that may be expressed by a regular expression in which complement is
allowed while the Kleene star is disallowed. Furthermore, an earlier result of
Schiitzenberger [23] shows that star-free languages are exactly the ones whose
syntactic monoid is aperiodic. The syntactic monoid is a finite algebra that can be
computed from any input regular language, and aperiodicity can be formulated
as an equation that has to be satisfied by all elements of this algebra. Therefore,
Schiitzenberger’s result makes it possible to decide whether a regular language is
star-free (and therefore definable in FO by McNaughton-Papert’s result).

Following this first result, the attention turned to a deeper question: given
an FO-definable language, find the “simplest” FO-sentences that define it. The
standard complexity measure for FO sentences is their quantifier alternation,
which counts the number of switches between blocks of 3 and V quantifiers. This



measure is justified not only because it is intuitively difficult to understand a
sentence with many alternations, but also because the nonelementary complexity
of standard problems for FO [25] (e.g, satisfiability) is tied to quantifier alternation.
In summary, we classify FO definable languages by counting the number of
quantifier alternations needed to define them and we want to be able to decide
the level of a given language (which amounts to solving membership for each level).
This leads to define the following fragments of FO: an FO sentence is X if
its prenex normal form has at most ¢ blocks of 3 or V quantifiers and starts with
a block of existential ones. Note that X; is not closed under complement (the
negation of a X; sentence is called a II; sentence). A sentence is BY; if it is a
Boolean combination of X; sentences (cf. figure). Clearly, we have X; C BY; C
Xi+1, and these inclusions are known to be strict [326]: X; C BY; C X;41.
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Solving membership for levels of this hierarchy is a longstanding open problem.
Following Schiitzenberger’s approach, it was first investigated for languages of
finite words. However, the question also makes sense for more complex structures,
in particular for the most natural extension: infinite words. Schiitzenberger’s
result was first generalized to infinite words by Perrin [I1], and a suitable algebraic
framework for languages of infinite words was set up by Wilke [28]. Since a regular
language of infinite words is determined by regular languages of finite words,
finding a membership algorithm for languages of infinite words does not usually
require to start over. Instead these algorithms are obtained by building on top of
the algorithms for finite words, adding new arguments, specific to infinite words.

Regarding the hierarchy, membership is easily seen to be decidable for ;.
For BX, the classical result of Simon [24] was generalized from finite to infinite
words by Perrin and Pin [I2]. For finite words, membership to X is known to be
decidable [I/I5], a result lifted to infinite words in [2[7]. Following these results,
the understanding of the hierarchy remained stuck for years until the framework
was extended to new and more general problems than membership.

Rather than asking whether a language is definable in a fragment F, these
problems ask what is the best F-definable “approximation” of this language (with
respect to specific criteria). The simplest example is F-separation, which takes
two regular languages as input and asks whether there exists a third language
definable in F that contains the first language and is disjoint from the second.
Separation is more general than membership: asking whether a regular language
is definable in F is the same as asking whether it can be F-separated from its
(also regular) complement. A consequence is that deciding these more general
problems is usually more challenging than deciding membership. However, their
investigation in the setting of finite words has also been very rewarding. A good
illustration is the transfer result of [I8], which states that for all 4, decidability of
separation for Y; entails decidability of membership for X; ;. Combined with an
algorithm for Xs-separation [I8], this proved that X3 has decidable membership.
This result was strengthened in [I6], which shows that Xs-separation is decidable



as well, thus obtaining decidability of membership for X;. Finally, in [Ig], it
was shown that BYs has decidable membership by using a generalization of
separation for Xy and analyzing an algorithm solving this generalization.

It remained open to know whether it was possible to generalize with the
same success this new approach to the setting of infinite words. This is the
investigation that we carry out in the paper. More precisely, we rely on the crucial
notion of X;-chains, designed in [I§] for presenting and proving membership and
separation algorithms for finite words. We generalize this concept to infinite
words and successfully use it to prove that the following problems are decidable:
Xo-separation, Ys3-separation, and BYs membership. This demonstrates that
X;-chains remain a suitable framework for presenting arguments in the setting of
infinite words. On the other hand, new issues specific to infinite words arise, for
example, we were not able to generalize the transfer result from X';-separation to
Yir1-membership (as a consequence, membership for ¥, remains open). Note
also that, for each problem, we pre-compute some information by using the
corresponding algorithm designed in [I8JI6] for finite words. This means that the
involved algorithms from [I8TI6] are used as subroutines of our algorithms.

It is worth noting that the decidability of the membership problem for BYs
over infinite words has been obtained independently in [9]. While the algorithm
is essentially the same as our own, its proof is completely different.

We now present the problems in depth in Section [I} and we solve them in the
rest of the paper. A detailed outline is provided at the end of Section[l] Due to
lack of space, some proofs are postponed to the full version of this paper, see [13].

1 Presentation of the Problem

In this section, we first define the quantifier alternation hierarchy of first-order
logic. Then, we present the membership problem and the separation problem.

1.1 The Quantifier Alternation Hierarchy of First-Order Logic

We fix a finite alphabet A. We denote by AT the set of all finite nonempty words,
and by A the set of all infinite words over A. We use the term “word” for
“finite word”. We call language (resp. language of infinite words) a subset of AT
(resp. of A®). If u is a word and v is a word (resp. an infinite word), we denote
by uv the word (resp. the infinite word) obtained by concatenating u to the left
of v. If v is a word, we denote by u> the infinite word uwuuu --- obtained as
the infinite concatenation of u with itself. If v is a word or an infinite word, we
denote by alph(u) the alphabet of u, i.e., the set of letters of w.

First-Order Logic. Any word or infinite word can be viewed as a logical
structure made of a linearly ordered sequence of positions (finite for words and
infinite for infinite words) labeled over alphabet A. In first-order logic “FO”, one
can quantify over these positions and use the following predicates.

— for each a € A, a unary predicate P, selecting all positions labeled with an a.
— a binary predicate '<’ interpreted as the (strict) linear order over the positions.



Since any FO sentence may be interpreted both on words and infinite words,
each sentence ¢ defines two objects: a language L, = {w € AT | w = ¢} and a
language of infinite words Lo, = {w € A® | w = ¢}. For example, the sentence
Jz3y (z < y A P,(y)) defines the language ATa U ATaA™ and the language of
infinite words A*taA°°. Thus, we may associate two classes of objects with FO:
a class of languages (we speak of FO over words) and a class of languages of
infinite words (we speak of FO over infinite words).

Quantifier Alternation. It is usual to classify FO sentences by counting the
quantifier alternations inside their prenex normal form. Let 7 € N, a sentence is
said to be X; (resp. II;) if its prenex normal form has either:

— ezactly i — 1 quantifier alternations (i.e., exactly 7 quantifier blocks) starting
with an 3 (resp. V), or

— strictly less than i — 1 quantifier alternations (i.e., strictly less than ¢ blocks).

For example, the sentence Jx1VxoVrsdry ¢, with ¢ quantifier-free, is X3. Note
that in general, the negation of a X; sentence is not a X; sentence — it is called
a II; sentence. Hence, it is also usual to define BY; sentences as those that are
Boolean combinations of X; and II; sentences.

As for full first-order logic, each level X;, II; or BXY; defines two classes of
objects: a class of languages and a class of languages of infinite words. Therefore,
we obtain two hierarchies: a hierarchy of classes of languages and a hierarchy of
classes of languages of infinite words, both of which are known to be strict [3I26].

1.2 Decision Problems

Our objective is to investigate the quantifier alternation hierarchy of first-order
logic over infinite words. We rely on two decision problems in order to carry out
this investigation: the membership problem and the separation problem.

The input of these problems are regular languages of finite and infinite words.
They are those languages that can be equivalently defined by monadic second-
order logic, finite Biichi automata or finite Wilke algebras. We will use Wilke
algebras, whose definition is recalled in Section 2} Both problems are parametrized
by a level in the hierarchy and come therefore in two versions: a ‘language’ one
and a ‘language of infinite words’ one. Let F be a level in the hierarchy.

Membership. The membership problem for level F is as follows:

For Finite Words} {For Infinite words

IN A regular language L || IN A regular language of infinite words L
OUT Is L F-definable ? OUT Is L F-definable 7

Separation. The separation problem is more general. Given three languages or
three languages of infinite words K, L1, Lo, we say that K separates L1 from Lo
if Ly C K and Ly N K = (). For F a level in the hierarchy, L; is said F-separable
from Lo if there exists an F-definable language or language of infinite words that
separates L from Lo. Note that when F is not closed under complement (e.g.,



for F = X)), the definition is not symmetrical: L1 may be F-separable from Lo
while Ly is not F-separable from L;. The separation problem for F is as follows:

For Finite Words}

{For Infinite words

IN  Two regular languages L1, Lo | | IN

OUT Is L, F-separable from Ly 7

Two regular languages
of infinite words L1, Lo

OUT Is L; F-separable from Lo 7

An important remark is that membership reduces to separation. A regular
language of words or infinite words is definable in F iff it is F-separable from its
(also regular) complement: separation is a more general problem than membership.

Both problems have been extensively studied in the literature. Indeed, it has
been observed that obtaining an algorithm for the membership or separation
problem associated to a particular level F usually yields a deep insight on F.
This is well illustrated by the most famous result of this kind, Schiitzenberger’s
Theorem [23/10], which yields a membership algorithm for FO over words. The
result was later generalized to FO over infinite words by Perrin [II]. These results
and the techniques used to obtain them provide not only a way to decide whether
a regular language of finite or infinite words is FO-definable, but also a generic
method for constructing a defining FO sentence, when possible. Since these first
results, many efforts have been devoted for obtaining membership and separation
algorithms for each level in the hierarchy. An overview of the results is presented
in the following table (omitted levels are open in all cases).

Membership Problem Separation Problem

Words  |Infinite words Words Infinite words
FO |Solved [2310]| Solved [11] FO Solved [19] Solved [19]
21| Solved [1] | Solved [14I12] 21 |Solved (Folklore)|Solved (Folklore)
BX1| Solved [24] Solved [12] BX1| Solved [BI17] Solved [20]
25 | Solved [1I15] | Solved [72] Xy Solved [1§] This paper
BX5| Solved [18] This paper B, Open Open
X3 | Solved [18] | This paper X3 Solved [16] This paper
X4 | Solved [16] Open Xy Open Open

Our objective is to bridge the gap between the knownledge for languages and
that for languages of infinite words. More precisely, we want to extend the results
of [I8IT6] to the setting of infinite words, i.e., to obtain membership algorithms
for BY5, X5 and X, as well as separation algorithms for Xy and X3. We were
able to obtain these algorithms for Xy, X3 and BY as stated in the next theorem.
Note that the Y'3-membership algorithm follows from its separation algorithm.
We leave open the case of Yy-membership for languages of infinite words.

Theorem 1. The following properties hold:

a) the separation problem is decidable for Yo over infinite words.

b) the membership problem is decidable for BXy over infinite words.
¢) the separation problem is decidable for X5 over infinite words.

Our proof of Theorem [I] consists in three algorithms, one for each item in the
theorem. An important remark is that each of these three algorithms depends upon
an algorithm of [I8] or [I6] solving the corresponding problem for finite words:



— We present all algorithms in a specific framework which is adapted from the one
used in [I8]. In particular, we reuse the key notion of “X;-chain” (generalized
to infinite words in a straightforward way).

— We actually reuse the algorithms for finite words of [I8] and [16] as subproce-
dures in our algorithms for languages of infinite words.

The remainder of the paper is devoted to proving Theorem [I] In Section [2]
we recall classical notions required for our definitions and proofs: the algebraic
definition of regular languages of infinite words and logical preorders. In Section
we present the general framework that we use. In particular, we introduce a notion
that will be at the core of all our algorithms: “X;-chains” (which are adapted
and reused from [I8]). We then devote a section to each algorithm: Section {4 to
Xy-separation, Section [f] to BX5-membership and Section [6] to X5-separation.

2 Preliminaries

We recall some classical notions that we will need. First, we present the definition
of regular languages of infinite words in terms of Wilke algebras. Then, we define
the logical preorders that one may associate to each level X; in the hierarchy.

2.1 Semigroups and Wilke algebras

We briefly recall the definition of regular languages and languages of infinite
words in terms of semigroups and Wilke algebras. For details, see [12].

Semigroups. A semigroup is a set S equipped with an associative operation s -t
(often written st). In particular, AT equipped with concatenation is a semigroup.
Given a finite semigroup S, it is easy to see that there is an integer w(S) (denoted
by w when S is understood) such that for all s of S, s* is idempotent: s = s*s%.

Given a language L and a morphism « : AT — S, we say that L is recognized
by « if there exists ' C S such that L = o~ 1(F). It is well-known that a language
is regular if and only if it may be recognized by a finite semigroup.

Wilke algebras. A Wilke algebra is a pair (S4, S ), where Sy is a semigroup and
Soo is a set. Moreover, (S5, S ) is equipped with two additional products: a mized
product S; X Soo — Soo mapping s,t € Sy, So to an element st of S, and an
infinite product (S+)*° — Soo mapping an infinite sequence sy, 2, -+ € (54)> to
an element s1s9 - -+ of S,. We require these products to satisfy all possible forms
of associativity. For s € S, we let s> be the infinite product sss--- € S.. Note
that (AT, A>) is a Wilke algebra. See [12] for further details (we use a distinct
notation from [I2], where what we write s*, s> is noted s™, s, respectively).
We say that (S5, S«) is findte if both S; and S, are. Note that even if a
Wilke algebra is finite, it is not clear how to represent the infinite product, since
the set of infinite sequences of S is uncountable. However, it has been shown by
Wilke [28] that the infinite product is fully determined by the mapping s +— s*°.
This makes it possible to finitely represent any finite Wilke algebra.
Morphisms of Wilke algebras are defined in the natural way. In particular,
observe that any morphism of Wilke algebra o : (A", A®) — (S5, Ss) defines



two maps: a semigroup morphism ay : AT — S, and a map ae : A — S
(when there is no ambiguity, we shall write a(w) to mean oy (w) if w € AT
or aeo(w) if w € A*). Therefore, a morphism recognizes both languages (the
languages a;l(F+) for F; € Sy) and languages of infinite words (the languages
of infinite words a ! (Fu) for Faw C Soo). A language of infinite words is regular
iff it may be recognized by a morphism into a finite Wilke algebra.

Syntactic Morphisms. It is known that given any regular language (resp.
language of infinite words) L, there exists a canonical morphism ay, : AT — S
(resp. ay : (AT, A®) — (S4,S)) recognizing L. This object is called the
syntactic morphism of L. We refer the reader to [12] for the detailed definition of
this object. In the paper we only use two properties of the syntactic morphism.
The first is that given any regular language of infinite words L, one can compute its
syntactic morphism from any representation of L. We state the second one below.

Fact 2 Leti > 1 and let L be a reqular language of infinite words. Then L is
definable in BX; iff so are all languages of words and infinite words recognized by
its syntactic morphism.

The proof of Fact 2| may be found in [I2] (in fact, this holds for any class
of languages of infinite words which forms a “variety” of languages of infinite
words, not just for BY};). In view of this, the syntactic morphism is central for
membership questions: deciding if a language is definable in BY; amounts to
deciding a property of its syntactic morphism. This is the approach used in our
membership algorithm for BY5 (see Section .

Morphisms and Separation. When working on separation, we are given two
input languages or languages of infinite words. It is convenient to consider a
single recognizing object for both inputs rather than two separate objects. This
is not restrictive: given two languages (resp. two languages of infinite words)
and two associated recognizing morphisms, one can define and compute a single
morphism that recognizes them both. For example, if Ly C A is recognized by
ap : (AT, A®) — (S84, Sx) and Ly € A® by a; : (AT, A®) — (T}, Tx), then
Ly and L; are both recognized by « : (AT, A®) — (84 x Ty, Soo X Too) with
a(w) = (ao(w), ar(w)).

Alphabet Compatible Morphisms. It will be convenient to work with mor-
phisms that satisfy an additional property. A morphism a : (AT, A%) — (S, Ss)
is said to be alphabet compatible if for all u,v € AT U A, a(u) = a(v) implies
alph(u) = alph(v). Note that when « is alphabet compatible, for all s € S| U S,
alph(s) is well defined as the unique B C A such that for all u € a~1(s), we have
alph(u) = B (if s has no preimage then we simply set alph(s) = 0).

To any morphism a : (AT, A%°) — (S, S ), we associate a morphism f3,
called the alphabet completion of a. The morphism /3 recognizes all languages of
infinite words recognized by « and is alphabet compatible. If « is already alphabet
compatible, then 3 = a. Otherwise, observe that 24 is a semigroup with union as
the multiplication and (24,24) is therefore a Wilke algebra. Hence, we let 3 be
the morphism: 3 : (A1, A®) = (84 x 24, 5, x 24) with f(w) = (a(w), alph(w)).



2.2 Logical Preorders

To each level Y; in the hierarchy, one may associate preorders on the sets of
words and infinite words. The definition is based on the notion of quantifier rank.
The quantifier rank of a first-order formula is the length of the longest sequence
of nested quantifiers inside the formula. For example, the following sentence,

Jz Py(z) A=Cy (y <z A Pe(y)) A (VyFz 2 <y <2/ Py(y)))

has quantifier rank 3. It is well-known (and easy to show) that for a fixed k, there
is a finite number of non-equivalent first-order sentences of rank less than k.

We now define the preorders. Note that while we define two preorders for each
level X; (one on AT, one on A®), we actually use the same notation for both.
Let i > 1 be a level in the hierarchy and k£ > 1 as a quantifier rank. Given two
words w,w’ € A% (resp two infinite words w,w’ € A%), we write w <F w’ if and
only if any X; sentence of rank at most k satisfied by w is satisfied by w’ as well.
By contrapositive, since the negation of a Y; sentence is in I1;, we have w ,Sf w’
iff any II; sentence of rank at most k satisfied by w’ is also satisfied by w.

One may verify that <¥ is preorder. Moreover, it is immediate that the

~1
preorders get refined when k or ¢ increase: w Sf“ w’ or w §f+1 w’ imply
w <Fw'. Since a IT;4; sentence is in X, w <F,; w’ also implies w’ <F w.
Denote by %f the equivalence generated by Sf w %f w’ when w Sf w’ and
w' <Fw. That is, w =F w' if and only if w,w’ satisfy the same X; sentences (or
equivalently the same BY; sentences, which are nothing but Boolean combinations

of X; sentences). The following fact sums up what we just observed.

Fact 3 Let k,i > 1 and let u,v be two words or two infinite words, then
Nk

(1) u o= uho, (2) uhtly = yby (3)uF v=ulo

3

We finish the section with a few properties about the preorders <¥. The proofs
are easy and omitted (they are obtained with standard Ehrenfeucht-Fraissé
arguments). We start with decomposition and composition lemmas.

Lemma 4 (Decomposition Lemma). Let i,k > 1 and let u,v be two words
or two infinite words such that u <F v. Then for any decomposition u = ujusy
of u, there exist vy,vs such that v = v1vs, U f}ffl vy and ug gf*l vy .

Lemma 5 (Composition Lemma). Let i,k > 1, let uy,v1 be two words such
that uy <f v1, and ug,ve be either two words or two infinite words such that

~

uy SF vy, Then uyus SF vivg and ug® <P ofe.
The last composition that we state is specific to infinite words.

Lemma 6. Leti, k> 1, u € AT be a word and v € A% be an infinite word such
that v <Fu®. Then for any € > 2%, we have u™ <F, vbo.

In particular we will use the special case of Lemma [6] in which ¢ = 1. In this
case, one can verify that given v € AT and v € A, when alph(u) = alph(v), we
have v <F u™ for any k > 1. Hence we have the following corollary of Lemma

Corollary 7. Let k> 1, u € AT be a word and let v € A be an infinite word
such that alph(u) = alph(v). Then for any £ > 2%, we have u™® <5 u‘v.



3 Y;-Chains for Languages of infinite words

All algorithms for infinite words of this paper are strongly related to the finite
words algorithms of [I§] and [I6]. In particular, we adapt and reuse the key
notion of “X;-chain” which was introduced in [I8]. The section is devoted to the
presentation of this notion. First, we define X;-chains. We then detail the link
between X;-chains and our decision problems, first for X;, then for BY;.

X;-Chains were initially introduced in [I8] as a tool designed to investigate
the separation problem over finite words for the logics X; and BX;. A set of X;-
chains can be associated to any morphism « : AT — S into a finite semigroup S.
Intuitively, this set captures information about what X; and BX; can express
about the languages recognized by « (including which ones are separable with
Y; and BXY;). The definition is based on the following classical lemma.

Lemma 8. Let i,k > 1 and Ly, Ly be two languages or two languages of infinite
words. Then Ly is not X;-separable (resp. not BX;-separable) from Lo iff for all
k > 1, there exist wy € Ly and wo € Ly such that wy <F wo (resp. wy %f ws).

Lemma [§] states simple criteria equivalent to X;- and BX;-separability. How-
ever, both criteria involve a quantification over all natural numbers. Therefore, it
is not immediate that they can be decided. Indeed, since both AT and A> are
infinite sets, <F and %i?“ are endlessly refined as k gets larger.

2;-Chains are designed to deal with this issue. The separation problem takes
two regular languages or languages of infinite words as input. Therefore, we have
a single morphism that recognizes them both. For example, in the case of infinite
words, we have a: (AT, A%) — (S4,S), with (S4, S« ) a finite Wilke algebra,
that recognizes both inputs. Intuitively, S, and S, are finite abstractions of AT
and A>. Consequently, we may abstract the preorders <¥ on these two finite sets:
this is what X;-chains are. For example, we say that (s,t) € (Ss)? is a X;-chain
(of length 2) for « if for all k, there exist u,v € A* such that a(u) = s, a(v) =1
and u 55 v. For languages of infinite words recognized by «, it is then easy to
adapt the two criteria of Lemma [§ to work directly with the X;-chains associated
to «. In other words, we reduce separation to the (still difficult) problem of

computing the set of X;-chains associated to a given input morphism.

Chains. Let us now define chains. Given a finite set S, a chain over S is simply a
finite word over S (i.e., an element of ST). We shall only consider chains over S,
and over S, where Sy and S, are the two components of some Wilke algebra
(S+, S)- A remark about notation is in order: a word is usually denoted as the
concatenation of its letters. However, since S is a semigroup, this would be
ambiguous: when st € (S1)T, st could either mean a word with 2 letters s and ¢,
or the product of s and ¢ in Sy. To avoid confusion, we will write (s1,...,s,) for
a chain of length n. We denote chains by 3,%,... and sets of chains by S, T ,...

If (S4,S5+) is a Wilke algebra, then for all n € N, (S4)™ is a semigroup
when equipped with the componentwise multiplication (s1,...,8,)(t1,...,t,) =
(s1t1,. .., Sptn). Moreover, the pair ((S4)", (Sx)™) is a Wilke algebra (in which
the mixed and infinite products are defined componentwise as well).



XY;-Chains. Fix i > 1 and z € {4+, c0}. We associate a set of X;-chains to any
map 3 : A® — S where S is a finite set. The set C;[3] C ST of X;-chains for 3
is defined as follows. Let 5 = (s1,...,5,) € ST be a chain. We have 5 € C;[] if
and only if for all £ € N, there exist wy,...,w, € A* such that:

wy <Fwy <F - <P, and for all j, Blw;) = ;.
We let C; ,,[0] be the restriction of this set to chains of length n: C; ,[8] = C;[3]NS™.

J;-Chains associated to a morphism. It follows from the definition of X;-
chains that one may associate a set C;[@] to any semigroup morphism o : AT — S.
This set is exactly the set of X;-chains associated to « as defined in [I8].
Moreover, given a morphism «a : (AT, A>®) — (S, S ) into a finite Wilke
algebra (S1,S), one may associate two sets of X;-chains to «: one to the
morphism ay : AT — S, (Cilay] € (S+)T) and one to the map o : A — So
(Cilaoo] € (Soo)™). We may now link X;-chains to the separation problem.

3.1 JX;-Chains and Separation for X;

We now connect X;-chains to the separation problem. We begin with the simplest
connection, which is between Y;-chains of length 2 and separation for X;.

Theorem 9. Leti > 1, x € {+,00} and 8 : A* — S a map into a finite set S.
Given Fy, F, C S, L1 = B7Y(Fy) and Ly = B71(Fy), the following are equivalent
1. Ly is not X;-separable from Lo.

2. there exist s1 € Fy and sy € Fy such that (s1,s2) € C;2[f].

Theorem [J]is a straightforward consequence of the statement for X; in Lemma 3]

In view of the theorem, our approach for the X;-separation problem is as follows:

— for languages, we look for an algorithm computing C; 2[a] from an input
morphism « : AT — S into a finite semigroup S.

— for languages of infinite words, we look for an algorithm computing C; 2 [co]
from an input morphism « : (AT, A%®) — (S, S into a finite Wilke algebra
(S+, Soo). Typically, this algorithm involves computing C; o[cvy ] first, which can
be achieved by reusing the first item, i.e., the algorithm for word languages.

This approach is exactly the one used in [I816] to solve separation for X5 and

X3 over finite words: the following theorems are proven in these papers.

Theorem 10 (see [18]). Given as input a morphism «: AT — S into a finite
semigroup S, one can compute the set Cos[a] of Xo-chains of length 2 for c.

Theorem 11 (see [16]). Given as input a morphism «: AT — S into a finite
semigroup S, one can compute the set C3 2[a] of Xs-chains of length 2 for a.

We generalize these two theorems in Section [4] (for X) and Section [] (for X'3)
for infinite words by presenting two new algorithms. These algorithms both take
a morphism « : (AT, A*) — (54, Sw) as input and compute the sets Ca 2[vso)
and Cs 2[aso] respectively. The algorithms of Theorem [10| and Theorem [11] are
reused as sub-procedures in these new algorithms for languages of infinite words:
computing Ca 2[aeo] and Cs 2[aise] requires to first compute Ca o[y ] and Cs o[at].



Remark 12. The algorithms of Theorems [I0] and [IT] both work with objects that
are actually more general than Y;-chains: the X5 algorithm works with “X-
junctures” and the Y5 algorithm with an even more general notion: “X s-trees”.

We do not present these more general notions because we do not need them
outside of the algorithms of Theorems [I0] and [LI which we use as black boxes.

3.2 JX;-Chains and Separation for BX;

We finish by presenting the connection between the separation problem for BX;
and XY;-chains. This time, the connection depends on the whole set of X;-chains.
More precisely, it depends on yet another notion called alternation.

Let z € {+,00} and §: A — S be a map into a finite set S. We say that
a pair (s,t) € S% is Y;-alternating for 3 iff for all n > 1, we have (s,t)" € C;[f]
(where by (s,t)", we mean the chain (s,t,s,t,...,s,t) of length 2n).

Theorem 13. Leti > 1, z € {+,00} and §: A — S a map into a finite set S.
Given Fy,F, C S, Ly = B7Y(Fy) and Ly = B~1(Fy), the following are equivalent:

1. Ly is not BX);-separable from Lo.
2. there exist s1 € Fy and sy € Fy such that (s1,82) is X;-alternating.

The proof of Theorem [I3]is based on the second part of Lemma [§ In view of
the theorem, the separation problem for 5Y; reduces to the computation of the
XY;-alternating pairs, which is unfortunately open for i > 2, even on finite words.

Regarding membership however, Theorem [I3] yields an immediate corollary.
For z € {+,00} and 8 : A — S a map into a finite set S, we say that 8 has
bounded X;-alternation iff every ;-alternating pair (s, t) € S? for 3 satisfies s = ¢.

Corollary 14. Leti > 1, x € {+,00} and B : A* — S be a map into a finite
set S. Then all sets f~(F) for F C S are BX;-definable if and only if 3 has

bounded X;-alternation.

Combining Corollary [14] with Fact [2] yields a criterion for BX;-membership: a
regular language of finite or infinite words is definable in BY; iff its syntactic
morphism has bounded X;-alternation. This is used in [I8] to obtain a (language)
membership algorithm for BY5. More precisely, the following result is proved.

Theorem 15 (see [18]). Given as input a morphism «: AT — S into a finite
semigroup S, one can decide whether a has bounded Xs-alternation or not.

In Section [p| we obtain our algorithm for BX5-membership over infinite words
by proving that given a morphism « : (AT, A%®) — (S, S.) as input, one can
decide whether o, has bounded Ys-alternation or not. More precisely, we prove
that a having bounded Y'-alternation is equivalent to two decidable properties
of a. The first is that oy has bounded Xs-alternation (which we can decide by
Theorem . The second is a simple equation that (51, S ) needs to satisfy.



4 A Separation Algorithm for X,

In this section, we present an algorithm for the separation problem associated to
X5 over infinite words. As expected, this algorithm is based on the computation
of Y5-chains of length 2 (see Theorem @: we prove that given a morphism « into
a finite Wilke algebra, one can compute Ca a[coo].

For an alphabet compatible morphism « : (AT, A®) — (5S4, S4) into a finite
Wilke algebra, we denote by Calcy, («) the set of all pairs:

(r1(s1)%, r2(82)%t2) € Seo X Seo

with (ry,72) € Caalaq], (s1,82) € Caalat], ta € a(A>) and alph(sy) = alph(tz).
Note that this last condition is well defined since « is alphabet compatible. Recall
that s{° is the infinite product s1s; ..., and s§ the idempotent power of s in S,.

Proposition 16. Let a: (AT, A®) — (S1,Sx) be an alphabet compatible mor-
phism into o finite Wilke algebra (S, Soo). Then, Ca2[ass] = Calex, ().

A consequence of Proposition [16] is that the separation problem is decidable for
Y5 over infinite words. Indeed, recall that for any two regular languages of infinite
words, one may compute a single alphabet compatible Wilke algebra morphism
that recognizes them both. Therefore, it follows from Theorem [9] that deciding
Xy-separation amounts to having an algorithm that computes Cs 2[aoo] from c.
We obtain this algorithm from Proposition [L6|since Calcy, (o)) may be com-
puted, given « as input. Indeed, by Theorem [I0} we already know that the set
Ca2[ay] can be computed from «. Hence, we obtain the desired corollary.

Corollary 17. Qwver infinite words, the separation problem is decidable for Xs.

An important remark is that we use Theorem [10| as a black box: we do not
reprove that Cy o[y | may be computed from «. This is not an immediate result.
In fact, the proof of [I8] requires to use a framework that is more general than
Yo-chains (that of “Xs-junctures”) as well as arguments that are independent
from those that we are going to use to prove Proposition

It remains to prove Proposition We illustrate the algorithm by proving the
easier inclusion: Cs 2[as] 2 Calcy, (a) (this proves correctness: all computed
chains are indeed X5-chains). The converse inclusion (corresponding to complete-
ness: all Xy-chains are computed) is available in the long version of the paper.

Correctness Proof: Cz 2[ao] D Calcs, (o). Let (11,72) € Cao[a], (s1,52) €
Co 2]y ] and to € a(A™) such that alph(sy) = alph(t2). Our objective is to prove
that (r1(s1)%°,72(s2)¥t2) € Cao[aso]. Let k > 1. By definition, we need to find
two infinite words w; <5 ws such that a(w;) = r1(51)>° and a(ws) = ro(s2)“ts.

By hypothesis, we have four words x,z2,y1,y2 € AT such that 5’5 Ta,
y1 <K o, amy) = 71, a(xs) =72, a(y1) = s1 and a(yz) = so. Moreover, we have
an infinite word z € A% such «a(z) = t5 and alph(y1) = alph(2). Let wy = 21 (y1)*>
and wy = X9 (yg)gk“z. Observe that by definition, we have a(wy) = r1(s1)* and
a(wz) = ra(s2)“te. Therefore, it remains to prove that w; <5 ws.



By Corollary |7} we obtain thatiyl)oo <k (y1)2k‘“z. Moreover, using y; <& y2

and z <% 2 together with Lemma |5, we obtain (y1)2k‘*’z <k (y2)2k‘”z. Therefore,

by transitivity (y;)>° <4 (yg)zk“’z. Finally, we use the fact that z; <§ x5 and
Lemmato conclude that z(y;)> <k xg(yg)Qk“z, i.e., that w; <K w. O

5 A Membership Algorithm for BY,

We now present our membership algorithm for BY5 over infinite words. The
algorithm is stated as a decidable characterization of BX5 over infinite words.

Theorem 18. Let L C A™ be regular and let o : (AT, A®) — (S4,Sx) be the
alphabet completion of its syntactic morphism. The following are equivalent:

1. L is definable in BX;.
2. Qoo has bounded Xs-alternation.
3. ay has bounded Xs-alternation and « satisfies the following equation:

(s1“)>® = (st“)“st>™ for all s,t € a(A") such that alph(s) = alph(t) (1)

We know that Item [3]in Theorem [I§]is decidable. Indeed, Theorem [I5] states that
whether a; has bounded Ys-alternation is decidable (note however that this is
a difficult result of [18] whose proof is independent from that of Theorem [I8).
Moreover, verifying that is satisfied may be achieved by checking all possible
combinations. Therefore, we obtain the following corollary of Theorem

Corollary 19. The membership problem over infinite words is decidable for BXs.

It now remains to prove Theorem That 2) = 1) is immediate from
Corollary [14] The most difficult (and interesting) direction is 3) = 2). Due to lack
of space, it is proved in the long version of this paper. As we did in the previous
section, we illustrate the theorem by proving the easier 1) = 3) direction.

Proof of 1) = 3). Let L be BX-definable. In particular, this means that every
language of finite or infinite words recognized by « is definable in BY5 (we know
from Fact 2] that it is true for the syntactic morphism of L, so this is true as well
for its alphabet completion «, as one can test the alphabet of a word in BX5).
Since every language recognized by « is definable in BX5, Corollary [14] entails
that a4 has bounded Ys-alternation. It remains to establish Equation . For
s,t € a(A™1) such that alph(s) = alph(t), let us show that (st*)> = (st“)“st>.
Let k such that for any 7 € S,,, a~*(r) may be defined by a BX, sentence of
quantifier rank less than k (k exists since all these languages of infinite words
are definable in BY5). By choice of k, for any two infinite words u,v € A we

~

have u 25 v = a(u) = a(v). Therefore, in order to conclude, it suffices to find

two infinite words u, v of images (st*)> and (st*)“st> and such that u 2% v.
By definition of s,t, we have words z,y € AT such that a(z) = s, a(y) =t

and alph(x) = alph(y). Let u = (;vka‘“)‘X’ and v = (xygk“)zk“’acyoo. It is imedigte

that u and v have images (st*)> and (st*)“st>. It remains to prove that u =5 v.



We prove that u <5 v and v <§ u. Observe that aIph(acka“) = alpt(xyoo).
Hence, we get u <5 v from Corollary Conversely, we know that alph((zy? «)>) =
alph(y). Therefore, we may use Corollary [7|again to obtain y> <% ka‘“(mka“’)c’o.

That v <4 u is then immediate from this inequality by Lemma

6 A Separation Algorithm for Y5

We present our algorithm for the separation problem associated to X3 over infinite
words. As for X5, this algorithm is based on Theorem [0} we give a procedure
computing Cs 2] from an input morphism a : (A*, A*) — (S, Seo).

However, in this case, this computation requires a new ingredient. This new
ingredient is a generalization of X;-chains that we call mized chains.

Mixed Chains. Let z € {+,00} and 3 : A — S as a map into some finite
set S. We define a set M[3] C S3. Let 5 = (s1, s2,53) € S be a chain over S. We
have 5 € M[S] if and only if for all k € N, there exist wy, wq, w3 € A* such that,

B(wy) = s1, Blwz) = s2, B(ws) =s3 and wy 5wy < ws

Note the definition involves both the preorder “<5” associated to X5 and the
preorder “<5” associated to X3 (hence the name “mixed chains”). An important
remark is that we will not present any algorithm for computing mixed chains.
On the other hand, our algorithm for computing Cs a[@so] from a morphism « is
parametrized by the set of mixed chains M[a4]. That M[a] may be computed
from a4 is a very difficult result of [16], stated below.

Theorem 20 (see [16]). Given as input a morphism o : AT — S into a finite
semigroup S, one can compute the set M|a] of mized chains for c.

Remark 21. The presentation of Theorem [20|is different in [I6]. It is proved that
one can compute the set of “X5 3-trees” associated to a. Essentially X s-trees
are trees of depth 3 whose nodes are labeled by elements of a finite set S and
mixed chains are the special case when there is only a single branch in the tree.

We may now present our separation algorithm for X3 over infinite words. Let
a: (AT, A®) = (S, Sw) be an alphabet compatible morphism into a finite
Wilke algebra (S, Ss ). We define Calcs, () C (Ss)? as the set of all pairs

(r2(s2(t2))%, r3(s3(t3)”)“s1(t1)%)
with (7’2,7‘3) € 63,2[014_}, (81,52,83) € M[Q+], (tl,tg,tg) S M[Oq_} and alph(sl) =
alph(ty). Since we know from Theorem [20| that one may compute M[a4] from «,

it is immediate from the definition that one may compute Calcy,(«) from .

Proposition 22. Let a: (AT, A®) — (5S4, Sx) be an alphabet compatible mor-
phism into o finite Wilke algebra (S4, Soo). Then, C3 2[aso] = Caley, ().



As for Xy, Proposition 2] immediately yields an algorithm for X3-separation over
infinite words. Indeed, it provides an algorithm computing Cs s[aso] from any
alphabet compatible morphism «, which suffices to decide X'3-separation.

Corollary 23. The separation problem over infinite words is decidable for Xs.

It remains to prove Proposition We proceed as for Yy. Again, we only
prove the easier inclusion and postpone the other to the long version of this paper.

Proof of C3 2[aso] 2 Calcx, (). Let (r2,73) € Cs2[at], (51, S2,83) € M[a4]
and (t1,te,t3) € M[ay] be chains such that alph(s;) = alph(¢1). We have to
prove that (ra(s2(t2)”)>, ra(ss(t3)?)“s1(t1)°) € Cs2]as]. Let k > 1, we need to
find two infinite words wy <K w3 such that a(ws) = ra(sa(te)”)* and a(ws) =
r3(s3(t3)*)“s1(t1)>°. The definition gives words xs, x3, y1, Y2, Y3, 21, 22, 23 with:
- a(x;) =y, (yj) = 537 a(z) =t;
— my SEas, 1 S5 ye S5 ysand 21 <5 2o S 2
Moreover, as alph(s;) = alph(¢;), we have alph(yl) = alph(z1). We define
wy = l‘2(y2(22)2kw)00 and wz = arg(yg(zg)Qk‘*’)Qk“’ylzf". It is immediate from
this definition that a(ws) = ra(s2(t2)¥)> and that a(ws) = r3(ss(t3)?)*s1(¢1)>
It remains to prove that ’(1)2 <k ws.

We first prove y;2{° <5 (yg(zg) “)°°. Since alph(y;) = alph(z1), we may use
Corollary EI to obtain 29 <k (zl)zk“’(yl(zl)Qk‘”)O". By Lemma 5| and transitivity,

y125° <5 (11(20)% ) <5 (y2(22)2 @) (2)

We may now use together with Lemma |§| to obtain that (yg(zg)2k“’)°° <k
(y2(22)"%)2" g1 2°. Using Lemma [5| and transitivity again, we obtain that

k k k
2o (y2(22)” )™ < ws(ys(z3)® ) “yrz°

This exactly says that wy <k w3 which concludes the proof. a

7 Conclusion

We proved that for languages of infinite words, the separation problem is decidable
for X5 and X3 and that the membership problem is decidable for BY5. Note that
using a theorem of [2I], these results may be lifted to the variants of these logics
whose signature has been enriched with a predicate “+1”, that is interpreted as
the successor relation. This means that over infinite words, separation is decidable
for X5(<,+1) and X3(<,+1) and membership is decidable for BX5 (<, +1).

A gap remains between languages and languages of infinite words: we leave
open the case of X4-membership for languages of infinite words while it is known
to be decidable for languages [I6]. The language algorithm was based on two
ingredients: 1) the decidability of X3-separation [16] and 2) an effective reduction
of X;11-membership to X;-separation [18] (which is generic for all ¢ > 1). In the
setting of languages of infinite words, we are missing the second result and it is
not clear whether a similar reduction exists.
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A Appendix to Section (3} X;-Chains

In this section, we present the missing proofs from Section [3] More precisely,
we prove Lemma [§] and Theorem [[3] We begin with Lemma [§] which lays the
foundation for the definition of X;-chains.

A.1 Proof of Lemma

Lemma 8. Let i,k > 1 and let L1, Ly be two languages or two languages of
infinite words. Then the two following properties hold:

1. L is not X;-separable from Lo iff for all k > 1, there exist w1 € L1 and
wo € Lo such that w; ff Wy
2. Ly is not BXY;-separable from Lo iff for all k > 1, there exist wy € L1 and
wg € Lo such that wy §§ wWa.
Proof. We prove the first item, the second one is obtained similarly. Assume first
that Ly is not Y;-separable from Ls. Set £ > 1 and consider the language or
language of infinite words K = {w | 3v € Ly s.t. v <F w}. By definition, L; C K
and K may be defined by a X; sentence of rank k (this is because there are finitely
many nonequivalent sentences of rank k). Therefore, there exists wg € Lo N K
(otherwise K would separate L; from Lo, which is impossible by hypothesis). By
definition of K, we get some w; € Lq such that w, 5’; wo which terminates the
proof of this direction.

For the other direction, assume that for all k > 1, there exist wy € Ly and
wq € Lo such that w; Sf wy and let K O L; be a language or language of infinite
words that is defined by a X; sentence . We prove that K N Ly # (), i.e., that K
cannot be a separator. Let k be the rank of ¢, we obtain wy € Ly and ws € Lo
such that wq ,Sf wy from our hypothesis. Since L1 C K, we have w; € K, and
by definition of K, w; |= ¢. Since ¢ is of rank k, by definition of <¥ we must
have we | ¢, i.e., wy € Ly N K which terminates the proof. O

A.2 Proof of Theorem [13]

In this section, we prove Theorem which states our separation criterion
for BEI

Theorem 13. Leti > 1, let x € {4+,00}, L1,Ly C A* and 5 : A* — S a map
into a finite set S that recognizes both Ly and Lo. The two following properties
are equivalent,

1. Ly is not BX;-separable from L.

2. There exist s1 € (L1) and s € B(La) such that (s1, $2) is X;-alternating.

Proof. There are two directions to prove. Assume first that L; is not BX;-
separable from Ly. By Lemma [8] we know that for all £ > 1 we have w; € L;



and we € Ly such that w; %f ws. Hence, it follows that for all £ > 1, we have

wy € Ly and wy € Ly such that,

wi SF wo SFwn SFws SF -+

Note that wy,ws depend on k, but since S is finite, one can assume their images
to be constant for infinitely many values of k. Since w; 5?“ wWo = W1 §f”' wWa
(see Fact , we may assume that they are constant for all k, i.e., that there exist
s1 € B(L1) and sy € B(Lg) such that for all k > 1 the corresponding wq and ws
are mapped to s; and so respectively. This exactly means thats for all n > 1, the
chain (s1,s92)™ is a Y;-chain for . Therefore, (s1,s2) is X;-alternating, which
terminates the proof of this direction.

It remains to prove the other direction. Assume that there exist s; € 8(L1)
and so € 3(L2) such that (s1,s2) is X;-alternating. We have to prove that L; is
not BY;-separable from L;. We know from Lemma [§] that it suffices to prove
that for all £ > 1, there exist wy, € L1 and wy € Lo such that w, ’%f ws.

Set k > 1. Since there are only finitely many nonequivalent BY; formulas
of rank k, the relation =¥ has finite index. Let ¢ be the number of equivalence
classes of %i»“. Since (s1,s2) is Y;-alternating, we know that the chain (sq,s2)*
of length 2¢ is a X;-chain for 8. Hence, we have 2¢ words w1, ..., ugs such that
for all j > 1, ugj—1 € L1 and ug; € Lo, and uy <k g <E oo <Foug,. By

~1

choice of ¢, the pigeonhole principle gives j < h such that u; =~k yy,. Since
k [

wj <F i SFoup <F oy, it follows that u; 2F wjiq which terminates the proof
since either u; € Ly and ujy1 € Lo, or u; € Ly and w11 € L. O

B Appendix to Section [4: ¥ separation

In this section, we terminate the proof of our algorithm for Xs-separation of
languages of infinite words. More precisely we prove the second inclusion in
Proposition [16], which we recall below.

Proposition 16. Let a: (AT, A®) — (S1,Sx) be an alphabet compatible mor-
phism into a finite Wilke algebra (S4, Soo). Then, Caa[as] = Caley, ().

We already proved that Caso[as] 2 Cales,(«) in the main paper. In this
appendix, we prove that Cs 2[aee] C Calcy, («). Before we start the proof, we
require two additional results that we will use.

B.1 Preliminary Results

The first result that we need is a standard decomposition lemma, which may be
applied to infinite words. We state it in the lemma below.

Lemma 24. Lety: AY — S be a morphism into a finite semigroup S. Then for
every infinite word w € A%, there exists an idempotent e € S and a decomposition
w = uguiUaug - - of w into infinitely many factors ug,uy, us, - -- € AT satisfying
v(u;) = e for all j > 1 (there is no constraint on ug).



The proof of Lemma [24]is standard and is a consequence of Ramsey Theorem
over infinite graphs (see [28] for example).

In order to state the second result that we will need, we require some additional
terminology about X;-chains. Given i,k,n > 1, z € {+,00} and : A* - S a
map into a finite set S, we denote by Cf,n[ﬂ] the set of all chains (s1,...,s,) € S™
for which there exist wq,...,w, € A* satisfying

— for all j, B(w;) = s;.

—wy S wa SF -+ SF W

Note that by definition, C; »[8] = N>, CF,.[8]. We will use the following fact,
which may be verified from Fact [3| and finiteness of S.

Fact 25 Let i,n > 1, © € {+,00} and let B : A* — S be a map into a finite
set S. Then, for all k > 1,

In particular, there exists £ (depending on i,n and B) such C; ,[8] = Cfn[ﬂ}

Finally, let us mention the following closure properties of C;[3], which will be
used in the proof of the membership problem for BX5 (see Appendix : the set
Ci|f] is closed under subwords and duplication of letters. This is immediate that
the definition and the fact that for all k, <F is transitive and reflexive.

Fact 26 Set z € {+,00}, B : A* — S a map into a finite set S and let
(s1,.-.,8n) € Ci[B]. Then for all j < n,

(515'"asj—lasj-‘rlv-"asn) € Cl[ﬂ] and (517"'75j—175ja5j55j+17"'75n) € Cz[ﬂ]

Remark 27. A simple consequence of Fact [26]is that, by Higman’s lemma, C;[5]
is a regular language over the alphabet S (and is therefore finitely representable).
However, this fact is useless in the paper: whether an automata for this regular
language can be computed is open in the cases that we consider.

B.2 Proof of Proposition

We may now prove the inclusion Cs 2] € Caley, (o) in Proposition [16] We let
a: (A';A®) — (84, Ss) be an alphabet compatible morphism into a finite Wilke
algebra (S, So). We exhibit a number ¢ > 1 such that sz[am] C Calcy, ().
By the inclusions in Fact this will prove that Cs 2[aie] € Caley, ().

We begin with the choice of the number ¢ > 1. We know from Fact [25] that
there exists a number ¢4 such that Cos[a4] = CSE [ay]. We assume without loss
of generality that £ > 2 (by the inclusions in Fact [25| we may choose ¢ as large
as we want). Furthermore, we choose p = |S,| + 1 and we define £ = ¢, + p.

It now remains to prove that C§ [as] € Calex, (). Let (q,q) € C5 ylac],
we have to prove that (g, ¢’) € Calcs, («). By definition of Calcy, («), this means



that we have to find r1, 79, 51,2 € Sy and ta € S such that

(r1,72) € Ca [y ] _ -
(81, 52) € 02,2[&+] and q/ : :1E§1§wt (3)
ts € a(A™) with alph(s;) = alph(t,) 4 ="rais2)t2

We proceed as follows. First, we use the definition of Céyz[aoo] to obtain two
infinite words w and w’ of images q and ¢’ such that w <5 w’. We then use the
hypothesis w <§ w’ together with our decomposition lemma, Lemma [4] to split

w and w’ into factors. Finally, we use this decomposition to find the appropriate
71,792,581, S2 and t such that holds.

Decomposition of w and w’. Using Lemma [24] (with ay as the morphism ~)
we may decompose w as an infinite product w = uguiug -+ (ug,u1,us,... € AT)
such that a(u1) = a(uz) = a(uz) = --- is an idempotent e of S . Furthermore,
note that since « is alphabet compatible, w1, us,... all share the same alphabet.
Let B be this alphabet.

We now apply Lemma [4] p times to the infinite words w <4 w’. This yields a
decomposition w' = ugu} - - -up_qv (ug,ul, ..., u, € AT and v € A>) which
satisfies the following fact (recall that ¢ = £, + p),

Fact 28 Forallj <p—1, u, 5?’ ul; and uplpiq - §§+ v.

Construction of 71,79, 51, s2 and t;. We may now use the decomposition of w
and w’ to construct the appropriate r1, 72, s1, s2 and t5 such that holds.
Since p = |S4+| + 1, by the pigeonhole principle, we obtain i < 7 < p—1
such that oy (ug---up) = ay(up---u}) = ay(ug---uj)ay(ujy, - u}). Hence,
oy (ug -+ - u}) is stable by right multiplication by ay (uj,, ---u}). Iterating this

equality, we get

ay (g - ug) = ag (g - ug) (o (g -+ ).

Let 1 = ug---u; € AT, zo = uf---ul € AT, y1 = wjg1---u; € A" and
Y2 = uj,, ---uj € AT Moreover, we let 71 = ay(21), 72 = oy (22), 51 = ay (y1)
and sy = a4 (y2). Note that by the equality above, we have

T9 = 7’2(82)“}.

Finally, we let 2z = u},; - u,v and ty = oo (2).
It remains to prove that holds. By definition, s1 = a4 (ui41 - - - u ) is the
idempotent e, therefore
q = 0o (w) =r1(s1)>.

Moreover, we have w’ = x5z, therefore,
/ w
q' = raty = rao(s2)“ta.

To conclude that holds, it remains to prove that (r1,r2), (s1,82) € Co2[a]
and alph(sy) = alph(¢s). This is what we do now.



We know from Lemma |5| and Fact that z1 gﬁ* xo and g 52* 1jo. This
exactly says that (rq,rs2), (s1,82) € CSE[O‘H- Therefore, by choice of ¢, we have
(r1,72), (s1,52) € Cao[ay]. Finally, it is simple to find a Xy sentence of rank 2
that tests the alphabet of an infinite word. Since ¢ > 2 and w;{1u;42 - - - <+

2
(see Lemma [5| and Fact , we therefore have
alph(t2) = alph(z) = alph(uit1ui+2 ) = B = alph(y1) = alph(s1)

This terminates the proof of Proposition [16] O

C Appendix to Section [5; BYy membership

In this appendix, we prove the implication 3) = 2) in Theorem Let us first
recall the theorem.

Theorem 18. Let L. C A* be a regular language of infinite words and let
a: (AT, A%) = (S1,8) be the alphabet completion of its syntactic morphism.
The three following properties are equivalent:

1. L is definable in BXs.

2. s has bounded Xo-alternation.

3. ay has bounded Xs-alternation and o satisfies the following equation:

(5t)%° = (st*“)“st™ for all s,t € a(A") such that alph(s) = alph(t) ()

Before we prove that 3) = 2), we need to introduce a preliminary result that
we will use in the proof. This result is a generalized version of Proposition [I6]
which gives an effective description of the set of X5-chains of length n for all
n > 2 (whereas Proposition [16]is the specific case n = 2).

C.1 Generalization of Proposition

Essentially, Proposition [L6| gives a description of the set Ca 2[ciso] of Xo-chains of
length 2 for a, as a function of the sets Co 2[a ] and a(A>). Here, we generalize
this to the set Ca n[0ieo] for an arbitrary fixed length n of Xs-chains. In order
to understand this generalization, an important observation is that «(A>) is
exactly the set Ca 1[io] Of Xa-chains of length 1. In other words, Proposition
describes the Y5-chains of length 2 for a,, as a function of the Xs-chains of
length 2 for ay and of the Xs-chains of length 1 for a.,. Our generalization
states that for all n > 2, the result still holds when replacing length 2 by length
n and length 1 by length n — 1.

Given any alphabet compatible morphism « : (AT, A®) — (S, So) into a
finite Wilke algebra and any n > 2, we denote by Calcy, , () the set of all pairs

(r1(s51)%°,m2(52) L2, - - ., T (5n)“tn) € (Soo)™

with (r1,...,7n) € Canlag], (51,---,8n) € Conlat], (to,....tn) € Capn_1lteo)
and alph(sy) = alph(tz).



Proposition 29. Let o : (AT, A4%°) — (S4,S) be an alphabet compatible
morphism into a finite Wilke algebra (S4,Ss) and n > 2. Then, Caplas] =
Calcx, n(a).

The proof of Proposition [29is a straightforward generalization of that of
Proposition [T6] and is left to the reader.

C.2 Proof of 3) = 2) in Theorem

We now have all the material we need to prove the implication 3) = 2) in
Theorem The proof is based on a new object that may be associated to any
alphabet compatible Wilke algebra morphism. We first present this object and
then explain why it may be used to prove that 3) = 2).

Graph associated to a morphism into a finite Wilke algebra. Let « :
(AT, A>®) — (5S4, Seo) be an alphabet compatible morphism into a finite Wilke
algebra (S, So). We explain how to associate a graph Gla] to a.

We denote by S} the monoid constructed from S, as follows. If Sy is already
a monoid (i.e., if it has a neutral element 1g,) then S} = S,. Otherwise
St = Sy U{ls,} where 1g, is defined as an artificial neutral element. We
associate to o a graph G[a] whose set of nodes is Si X Soo and whose edges
are labeled by subsets of the alphabet (i.e., elements of 24). Given two nodes
(54, 800) and (t;,ts) and B € 24, there is an edge,

(51 800) =5 (L4, too)

if and only if there exist (p1,p2),(q1,q2) € C2lay] and g € (A1) such that
alph(py) = alph(g1) = alph(q) = B and,

51p1(q1)% = 800 and 51p2(q2)q =ty

Observe that the definition of the edge relation does not depend on ¢, in the
destination node. Given any alphabet B C A, we call B-cycle of G[a] a cycle of
G[a] in which all edges are labeled by B. Finally, we say that G[a] is recursive if
and only if there exist B C A and a B-cycle such that this cycle contains two
nodes (84, So0) and (t4,teo) With See 7 teo-

Proof of the Theorem. Now that we have defined the graph G|a], the impli-
cation 3) = 2) in Theorem [18|is an immediate consequence of the two following
lemmas.

Lemma 30. Let a: (AT, A®) — (S.,S) as an alphabet compatible morphism
into a finite Wilke algebra (Sy,Sw) and assume that,

1. a4 has bounded Xs-alternation.
2. « satisfies Equation ,

Then Gla] is not recursive.



Lemma 31. Let a: (AT, A®) — (S.,S) as an alphabet compatible morphism
into a finite Wilke algebra (Sy,S~) and assume that,

1. a4 has bounded Xs-alternation.
2. Qoo has unbounded Xs-alternation.

Then Gla] is recursive.

Before we prove these two lemmas, we use them to conclude the proof
of Theorem Let L C A be a regular language of infinite words and let
a: (AT, A®) — (S4,S) be the alphabet completion of its syntactic mor-
phism. Assume that condition 3) holds in Theorem i.e., a4 has bounded
Yo-alternation and « satisfies . We have to prove that a., has bounded
Xy-alternation. We proceed by contradiction. Assume that as has unbounded
Yo-alternation. We now have three hypotheses:

(a) o satisfies ().

(b) a4 has bounded Xs-alternation.

(¢) s has unbounded Xs-alternation.
Therefore, it follows from Lemma [30|that G[c] is not recursive and from Lemmal[31]
that G[a] is recursive, which is a contradiction. We conclude that ao, has bounded
Xs-alternation which terminates the proof of Theorem

It now remains to prove Lemma [30] and Lemma [3I] We devote a subsection
to each proof.

C.3 Proof of Lemma

Let o : (A*,A®) — (S4,S«) be an alphabet compatible morphism into a
finite Wilke algebra (Sy, S« ) that satisfies and such that a4 has bounded
Yo-alternation. We have to prove that G[a] is not recursive. We begin with a
preliminary result which states a property of « that we will use.

Lemma 32. The morphism « satisfies the following equation:

(s2(t2)*)> = (s2(t2)*)“s185° (@)
for all (s1,82), (t1,t2) € Co2[at] such that alph(s1) = alph(t1)

Proof. We reuse an equation that was used in [I8] to characterize a larger class
than BXs: the Az languages. Since ay has bounded Ys-alternation, we know
from Corollary that all languages recognized by a4 are definable in BXs.
In particular, this means that they are all definable in both X3 and II3. Such
languages are called As languages. It follows from a theorem of [I8] that o,
satisfies the following equation,

(ro)® = (re)*r1(re)® for all (r1,r2) € Coalay] (5)

We now use together with to prove that holds. Let (s1, $2), (t1,t2) €
Ca2[a] such that alph(sy) = alph(t1). Set 71 = s1(¢1)“ and ro = s2(t2)“, by



definition of (s1, s2) and (¢1, t2), we have (r1,r2) € Ca2[cy]. Therefore, using ,
we obtain,

(52(t2)*) = (r2)>™ = ((r2)*)> = ((r2)*r1(r2)*)> = ((r2)r1)™

Since r1 = s1(t1)“, we may apply to obtain,

(s2(t2)“)> = ((1r2)¥s1(t1)*)*°
= ((r2)¥s1(t1)~)* (12)¥s1(t1)>
= ((r2)¥r1(r2)®)*s1(t1)>

Finally, we may use again to obtain the desired equality,

(52(t2)“)> = ((r2)“)“s1(t1)>
= (ro)¥s1(t1)>
= (s2(t2)”)“s1(t1)>
0

We may now prove that G[a] is not recursive. Consider a B-cycle in G[a] and
let (s4,S00) and (t4,ts) be two nodes in this B-cycle. We have to prove that
Soo = too. We first prove that we may actually assume that (s, seo) and (¢4, %)
are the only nodes in the cycle. This follows from the next fact.

Fact 33 Forall BC A, £> 1s transitive.

Proof. Let (r4,7x), (S4,800) and (t4,ts) be three nodes such that,

B B
(7”+,7’oo) - (S—i—asoo) — (t—i-vtoo)

By definition of the left edge, we have (p1,p2), (¢1,¢2) € Ca[ay] and ¢ € a(A™)
such that alph(p1) = alph(¢1) = alph(q) = B, r1p1(q1)®° = 7 and 74p2(g2)“q =
Sy.

Moreover, it follows from the definition of the right edge that we have ¢’
such that alph(¢’) = B and s ¢ = t;. Set ¢ = ¢q¢’, we now have alph(p;) =
alph(q1) = alph(¢”) = B, 71 p1(q1)®° = reo and r1pa(g2)“q" = t,. We conclude

that (ry,7e0) = (t1,teo). O

It is immediate from Fact [33] that,

(54 500) > (trtoo) and  (ts,too) 2 (54, 500)

By definition of B-labeled edges we have (p1,p2), (q1,42), (P}, D5), (¢}, d5) € Calay]
and ¢,q" € Sy such that,

a) alph(p1) = alph(q1) = alph(q) = alph(p}) = alph(q;) = alph(¢’) = B.

b) +p1(q1)> = Sco-

¢) s4p2(g2)“q = t4.

d) t4p1(q1)™ = tec-



€) t1p5(e2)“q = s+

We now use these equalities to prove that s, and to, are equal. Using|c)| and
we obtain sy = t1p5(q5)“q = s1p2(q2)”qps(gh)“q . Therefore, s, is stable
by right multiplication by p2(g2)“qph(g5)“q’, hence

I \w o/

s+ = s4+(p2(g2)qp5(95)“q")
= s ol e “

= 54 (p2(q2)“ qph

w

whence by @

Soo = S4(p2(g2)*aps(d5)“q")* T p1(q1)™®
= s4p2(q2)* - (qph(g5)“q'p2(q2)*)” - apy(a5)“d'p1(qr

)OO

Now, by closure of Ca[ay] under product and since (p1,p2) € Calay], we
obtain that (gph(¢5)“q’ p1,qph(gh)“qd'p2) € C2lay]. One can also verify that
alph(gp4(g5)“q’'p1) = B = alph(q1). Therefore, we may apply to obtain

Soo = 54P2(q2)* (ap(42)* ¢'2(g2)*)>
= 54 (p2(a2)“qp(42)“q')>
We now prove that to = s4(p2(g2)“qph(q5)*q’)> as well. By (6)) and Items

and [c), we get
w /)w+1

too = 54 (p2(q2)qp5(q5)“q p2(q2)“qp’ (q1)>
= 54P2(q2) a5 (q3)” - (¢'p2(q2) qp5(g5)*)* - ¢'p2(q2)“ qpy (¢1)>

Since by hypothesis, we have p},q¢; € Calai], we get by closure under
product that (¢'p2(g2)¥qp}, d'p2(q2)“qps) € Calay]. One can also verify that
alph(q'p2(g2)“qp}) = B = alph(q}). Therefore, we may apply to obtain,

oo

too = 5402(q2)" qp5(q3)* (¢'p2(q2)* a5 (q5))
= 54 (p2(q2)“apy(q5)¥q')™

We conclude that s, = ts, which terminates the proof. O

C.4 Proof of Lemma [31]

Let a: (AT, A®) — (5S4, Ss) be an alphabet compatible morphism into a finite
Wilke algebra (S5, S) such that,

1. a4 has bounded alternation.

2. (o has unbounded alternation.

We have to prove that G[a] is recursive. Let B C A. We say that a node (s, seo)
of Ga] is a B-generator if there exists a Ys-alternating pair (s1,52) € (Soo)? for
Qi such that so, = 5481 # 452 and alph(sy) = B.

Lemma 34. G[a] contains at least one B-generator for some B C A.



Proof. This is because ay has unbounded Xs-alternation. By definition this
means that there exists at least one X;-alternating pair (s1, s2) € Soo for ae, such
that s; # sy. It is then immediate that (1s,,s1) is an alph(s;)-generator. O

Set B as a minimal alphabet (with respect to inclusion) such that there exists
a B-generator. That GJa] is recursive is a consequence of the next lemma.

Lemma 35. Let (54, Soo) be any B-generator of G[a]. Then, there exists a node
(ts+,teo) such that

1. Soo #too-
2. (ty,t) is a B-generator.
3. there is a B-labeled edge from (si,S00) 10 (t4,t00)-

Since G[a] is a finite graph it is immediate from Lemma [35| and our choice
of B that it must contain a B-cycle in which there are two nodes (s, soo) and
(t4,te0) such that se # teo. We conclude that G[a] is recursive. It now remains
to prove Lemma [35] In particular, this is where we use Proposition 29 We devote
the remainder of this appendix to this proof.

Let (s4,85) be a B-generator of G[a] and let (s1,52) € (Sx)? be the Ya-
alternating pair such that s, = sis1 # sys2. We have to construct (t4,te0)
satisfying the conditions of Lemma We proceed as follows. First we choose
an integer ¢ > 1 and use the fact that (s1, s2) is Xa-alternating to conclude that
(51, 82)" € Caar[cveo]. We then use this result together with Proposition [29] to
construct the desired node (¢4 ,tx).

Let us begin with the choice of £. This choice is based on the two following
facts.

Fact 36 There exists ny > 1 such that for any ti1,ts € S1 and any n > ny, if
(t1,t2)™ € Coay], then (t1,ta) is Xo-alternating.

Fact 37 There exists noo = 1 such that for any t1,t2 € Soo and any n = neo, if
(t1,t2)™ € Caolaso], then (t1,t2) is Xo-alternating.

The two facts share identical proofs. We show the first one (it suffices to
replace oy by ase and Ca[ay] by Ca[ae] to obtain the second one). If for all
ti1,t2 € S; and n > 1, we have (t1,t2)™ € Caa], then choose ny = 1. Otherwise,
since Coa4] is closed under subwords (Fact , if (t;,t2)* ¢ Cylay], then for
all j > k, we have (t1,t2)7 ¢ Ca[ay] as well. Therefore, one can define n as the
largest integer k such that there exist t1,ty € Sy with (t1,t2)¥~1 € Ca[ay] but
(t1,t2)* & Cafay] (with the convention that (t1,2)° € Ca[a]).

We now set h = max(n,no) and we choose ¢ = [S;|* x |Sx|? x h. Since
(s1,52) is Yo-alternating, we have in particular (s, s2)" € Ca,2¢[0ts0]. We now use
this fact together with Proposition [29| to construct (¢4, ts).

Since (s1,52)" € Ca,20[0e0], We may use Propositionto obtain (p1,...,pa) €
Caorlat], (q1,---,q20) € Cooelay] and (ta, ..., t2e) € Ca20—1[0iso] such that:

— alph(t2) = alph(q1)



— p1(q1)™ = s1.
— for all 4 2 1, pzi(q%)wtgi = So.
— fOI‘ all ’L 2 ]., p2i+1(q%+1)wt2i+1 = S1.

We set C = alph(p;) and D = alph(¢q1) = alph(¢z). Observe that since
p1(q1)™ = s1, we have C U D = alph(s;) = B.

Using the pigeonhole principle and our choice of ¢, we obtain a set of h indices
I ={i1,...,in} such that for all i,j € I,

D2 = P2y Q2 = q2j to; = to;
D2it1 = D2j+1 q2i+1 = Q2541 tojr1 = toj41

We define, ph = pai, p3 = D2i+1, @5 = G2i, 43 = G2i+1, t5 = to; and t3 = to; 1 (for
i € I). Since Xs-chains are closed under subwords (see Fact and [ is of size
h, we know that

(1,5, P, - - -, D3, D3) € Cangn o]

(91,4, G5, - 45, q3) € Caanta[ay]

( /2’ E’)""’ /Z’té) 66272}1[0400]

In particular, this means that (ph,p5)" € Caonlas], (g5, q4)" € Caon[ay] and
(th, t4)" € Ca.9n[eo]- By choice of h, it follows that (ph, ph), (db,q4) and (th,t5)
are Xy-alternating for oy and as. Furthermore, since a4 has bounded Xs-
alternation, it follows that p), = p4 and ¢4 = ¢4. Let us summarize what we
have so far. We have (p1,p5), (q1,¢5) € Calag] and (t5,t5) € Calas] which is
Ys-alternating for ai, such that

L s1=pi(q)>.

2. sy = phqa)“ts-

3. 51 = ph(qa)“ts.

We may now define the node (t1,t). Set t1 = siph(gh)® and to, =
s4+p5(g5)“th. We prove that this node satisfies the conditions of Lemma
We have to, = s4 82, which is different from s;s1 = so, by definition of (s1, s2).
Hence, we have s # too. Moreover, we have (t5,t5) € Ca[aoo] which is Y-
alternating and,

taty = 54p5(q) th = 5452 = too

it = s4py(ga)°ls = 5481 = seo
and we already know that s., # too. Therefore, (t4,to) is an alph(t})-generator.
Furthermore, is it simple to verify that as an element of the Xs-chain, (ta,...,t),
t, has the same alphabet as t, i.e., alph(t}) = D C B. It follows that (t4,%c) is
a D-generator and by minimality of B that D = B.

Finally we prove that there is a B-labeled edge from (s4,Sc0) t0 (t4,t00)-
Observe that

= s4(p1(q1)?)(q1)> = Soo-

= 51:(pa(92)°)(92)” (42)” =t

Therefore, since we already know that (p1(q1)%,p5(¢5)“), (¢1,¢%) € Calay], it
suffices to prove that alph(p;(q1)*) = alph(q1) = alph((¢4)¥) = B to conclude
that there is a B-labeled edge from (si,85) t0 (t4,ts0). By definition, we



have alph(p1(q1)¥) = C U D = B. Similarly, we have alph(qg;) = D and we
have already established that D = B. Finally, since (q1,q5) € Ca[a], we have
alph(g4) = alph(¢q1) = B and alph((¢4)“) = B, which terminates the proof. O

D Appendix to Section [6; X5 separation

In this section, we finish the proof of our algorithm for X3-separation of languages
of infinite words. More precisely, we prove the second inclusion in Proposition [22]
which we restate below. Recall first that we defined Calcy,(a) C (S )? as the
set of all pairs

(ra(s2(t2)”)>, 73(s3(t3)*)“s1(t1)>)

with (7’2,7’3) S C3$2[OZ+L (51,52753) € M[Ot+], (tl,tg,tg) S M[Ol+] and a|ph(51) =
alph(t1).

Proposition 22. Let a: (AT, A®) — (S1,Sx) be an alphabet compatible mor-
phism into a finite Wilke algebra (S4, Soo). Then, C3 2[aso] = Caley, ().

We already proved that Csz]aee] 2 Calex, (a) in the main paper. In this
appendix, we prove that Csa[a] C Calcy,(a). Note that the proof relies on
Lemma [24] and Fact [25] that we presented in Appendix [B] for the proof of the
Y5 algorithm. We will also need an additional result about mixed chains (it is
essentially the ‘mixed chains’ version of Fact .

D.1 Preliminary Result

Given z € {+,00} and § : A* — S a map into a finite set S, for all & > 1,
we denote by MF¥[] the set of all chains (sy, s2, s3) € S such that there exist
w1, we, w3 € A” satisfying,

— for all j, B(w;) = s;.

— w1 <5 we < ws.

Note that by definition, M[f] = (5, M"[3]. Moreover, the following fact may
be verified from the definition (this uses Fact [3| and the fact that S is finite).

Fact 38 Let x € {+,00} and let §: A® — S be a map into a finite set S. Then,
forallk > 1,
M(B] € MM € M [

Moreover, there exists { (depending on () such that M[B] = M*[3].

D.2 Proof of Proposition

We now prove that Cszlas] C Calcyg, (o) in Proposition We follow a
proof template which is similar to the one we used to prove Proposition
in Appendix Let a : (AT, A*) — (S4,S) be an alphabet compatible
morphism into a finite Wilke algebra (S5, Ss). We exhibit a number ¢ > 1



such that C§ yoee] C Caley, (a) (by Fact [25(in Appendix B this suffices since
Cs,2[0to0] € C§ 5[reo] for any £).

We begin by choosing the number ¢£. We know from Fact 25| and Fact [38] that
there exists £, such that M[a,] = M*[ay] and C32[ay] = C§’+2 [ae4]. Moreover,
we may assume without loss of generality that £, > 2 (we may choose ¢, as
large as we want). Set p = |S;| + 1. We define ¢/ = ¢, + p? and £ = ¢' + p.

We have to prove that C§,[as] C Cales,(a). Set (¢,¢') € C5las], we
prove that (¢,q") € Calcy,(a ) By definition, of Calcy,(a), we have to find
T9,T3, S1, S2, S3,t1,t2 and t3 in S; such that,

(r2,73) € C32[ay]
(51, 52, 83) € Mlay] and q/ = 72(s2(t2)*)> (7)

(t1,t2,t3) € Mlay] q =r3(s3(ts)”)s1(t1)>
alph(s1) = alph(t1)

The existence of rq, 173,51, S2, 53,t1,t2 and t3 in S; is a consequence of the
following lemma.

Lemma 39. There exist words us, us, T2, T3,Y1,Y2, Y3, 21, 22 and z3 in AT such
that

1. xo ,Sg* z3, Y1 52 Y2 S3toys, 2 52 zo S b 23 and us <3 us.

2. alph(ugyr) = a/ph(zl).

8. q = a(za(y2(22)u2)™) and ¢’ = a(w3(ys(23)“us)*y1(21)>).

Before proving Lemma [39] let us explain how we use it to conclude the proof
of Proposition We set

ro = a(z2(y2(22)“u)* Lya(22)*) 51 i a(usyr) t1 i a(z)
rs = o(ws(ys(23)“us)* " ys(23)”) : _ Z‘Eﬁig Z _ 3223

We have to prove that these choices satisfy the conditions in (7). That (rs,r3) €
Cs2loy], (s1,82,83) € Mlat] and (t1,t2,t3) € M[ay] is a simple consequence
of the first item in Lemma [39| and our choice of ¢, . Let us detail the case of
(s1, 52, 83) (other cases are handled Similarly). By the first item in Lemma (39} we

know that y; Y2 S b y3 and us Sq bt ug. Also notice the second inequality

/\J2

means that ug <2 us < <é+ ug (this is comes from the last item in Fact . We
may now apply Lemma

to obtain that usy; Ng Uslo S 3 ugysz. By definition
of s1, $2, 83, this exactly says that (s1, s2,3) € C372[o¢+] and we chose ¢, so that

ng;[oq_] = C32[a4]. We conclude that (s1, s2, s3) € M[aL].

Moreover, that alph(s;) = alph(¢1) is immediate from the definitions of s;
and t; since we have alph(uzy;) = alph(z1) in Lemma [39}
Finally, we prove that ¢ = ra(s2(t2)¥)> and ¢’ = r3(s3(t3)“)“s1(t1)°°. We have:

T2(s2(t2)”)* = « vt

x Yo (22)% (uay2(22)*))

= (ya(22) u2)™)

(y2(22)“u2)
(y2(22)“u2)
(y2(22)%u2)>)

y the third item in Lemma [39]

2
2

TS



and

Tg(Sg(tg)w)wsl(tl)oc = Oég
(
(

w—

(y3(23)“u3)“ tys(23)” (usys(23)”)“usy1 (21)>)
(y3(2z3)“us)*~ (ys(z3)“us)“ y1(21)>)
(y3(23)“u3)*y1(21)>)
(y3(23)“u3)“y1(21)>)

y the third item in Lemma

=«
=

on

=4q

Therefore, our choices of ro, 73, s1, $2, 83,1, t2 and t3 satisfy the conditions
of (7)), which exactly means that (¢,¢’) € Calcy, (o) and we are finished with the
proof of Proposition

It now remains to prove Lemma We proceed in two steps. We first prove
the existence of a set of words and infinite words that satisfy weaker properties
than the desired words us, us, T2, 23, Y1, Y2, Y3, 21, 22 and z3 in Lemma [39] We
then use this first set of words and infinite words to construct the desired words
Uz, U3, T2, T3, Y1, Y2, Y3, 21, 22 and z3. We devote a subsection to each step.

D.3 First Step in the Proof of Lemma

As explained, this first step consists in the construction of a set of words and
infinite words that we will then use in the second step to construct the words
Ug, U3, T2, T3, Y1, Y2, Y3, 21, 22 and z3 of Lemma [39] We state the construction in
the lemma below. Recall that we have chosen p = |Sy |+ 1, ¢/ = p? + £, and
¢ =p+ ¢, and that (q,q") € C§ 5[]

Lemma 40. There exist words wy, wy,w), wj € AT and an infinite word wl €
A such that:
1. wo <t wo and w, <§ w).

3 q = a(wy(w,)*) and ¢' = a(wy(w))“wl,).

We devote the subsection to the proof of Lemma By definition, (¢,q’) €
s, 2[0400} which means that there exist two infinite words w,w’ € A* of images
q,q under « such that w <3 w’. We construct wg, w, wy, w; € AT and w/, € A®
by decomposing w and w’. Our first move is to decompose w as an infinite product
using Lemma [24] However, if we use oy only as the morphism for making the
decomposition, we will not have a strong enough link between the factors to
prove the desired result. For this reason, we apply the lemma for a morphism
carrying more information than o does. Let us define this morphism.

We know since Lemma [5| that over AT, the equivalence %’gl is a congruence
for concatenation, hence the quotient A™/ %fi)' is a semigroup. Moreover, since
there are only finitely many non equivalent BX'3 sentences of quantifier rank ¢,
this semigroup is finite. We write

v At = S x (At) =)
u  — (a(u), [u]gg/)



where [u]ggr denotes the §§/—equivalence class of u. We now apply Lemma [24] to
w € A% with v as the morphism. We obtain a decomposition w = uguiusg - - -
(up, 1, ug, -~ € AT) such that y(u1) = y(uz) = y(uz) = --- is an idempotent of
Sy x (At/ %g/). In other words, the decompositions satisfies the two following
properties:

— there exists an idempotent e € S such that all factors of the form w;u;4q - - - u;
with 1 <7 < j have image e under a.

— all factors of the form w;u;11---u; with 1 < ¢ < j are %g—equivalent.

We now use this decomposition of w and the hypothesis w <4 w’ to decompose
w’ as well. Since w <3 w', we may apply Lemma I 4| p times to the w and w’
to obtain a decomposition w’ = ug - - uj,_jul, of w' (up,u},...,u, ; € AT and

ul, € A%) which satisfies the following fact (recall that £ = ¢’ + p).

!
00"

Fact 41 Forallj <p—1, u; <§/ uj

~ J and upup"l'l e Sg/ u

Since we chose p = |S;| + 1, we may now use the pigeonhole principle to
obtain 7 < j < p — 1 such that a(ug---u;) = alug---uj - ujyy---uj), that is,
a(ug -+ - uj) is stable by right multiplication by a(uj, -+~ u}). This gives us the

following fact.

Fact 42 We have a(uf -+~ u}) = a(uy - wj(ujyy - uj)®).

We may now define the words wo, wy,w), w; € AT and the infinite word
wl, € A% in the lemma. We let

Wh— o e Ve = Ui
It now remains to verify that these choices satisfies the conditions of the lemma.
That wy < <€ w( and w1 < <Z w} is immediate from Fact |41f and Lemma

We now prove that w’, <4 (w;)>. We know from Fact 41| and Lemma
that w;p1uis... <5 wl,. Moreover, we know by construction and the choice
of the morphlsm ¥ that Wy = Wjg1 - Uy _g/ uy, for all h > 1. In particular,
this means that w; §§/ up, for all o > 1. Using Lemma [5| again, we obtain

that (wy)®° <§/ Uiy1Uiyz -+ and by transitivity that (wy)>® <§ w_. Finally, we

~

obtain that w’_ <5 (w1)> using the last item in Fact
It remains to prove that ¢ = a(wy(wi)*>) and ¢ = a(wj(w))?w.,). By
definition, a(wg(w1)®) = a(wp)e® = a(upuiug---) = a(w) = q. Moreover,

wiwl, = w' by definition. Therefore, a(wjwl,) = a(w’) =
a(wf) = a(w)(w))®) (this is Fact [42)), we obtain that a(wf(w}])*w
terminates the proof of Lemma [10]

This finishes the first step in the proof of Lemma, We present the second
and last step in the next subsection.

q. F1 ally, since
“w! ) = ¢’ which



D.4 Second Step in the Proof of Lemma

We finish the proof of Lemma [39] by using the words and infinite words obtained
from Lemma [40] to construct the desired words us, us, x2, T3, Y1, Y2, Y3, 21, 22 and
Z3.

Let wq,wy,w),w; € AT and wl, € A™ that satisfy the conditions of
Lemma We begin by using the hypothesis w’, <4 (w1)™ to decompose

oo ~I2
wl, and (wy)*°. We apply Lemma [24] to w/_ (with a; as the morphism) to
construct a decomposition w., = vjvjvh- -+ such that a(v]) = a(vh) =--- is an

idempotent f of 5.

Fact 43 For any h > 0, a(vy---v},) f = a(wl).
An other property that we will use is that since « is alphabet compatible, for
all h > 1 the v;, have the same alphabet. We call B this alphabet.

We now use this decomposition of w’ together with the fact that w/ f/g
(w1)* to decompose (w1)>° as well. We apply Lemmap2 times to the infinite
words w, and (w;)*°. This yields a decomposition (w;)* = vg - vp2_10s0 Of
(w1)® (v, v1,...,0p2_1 € AT and vy € A™) which satisfies the following fact

(recall that ¢/ = £, + p?).

Fact 44 For all h < p® — 1, v}, 5@* O and VU g v 52* Voo

Observe that since vg - - - v,2_1 is a finite prefix of (w;)>°, there exists a number
n > 1 such that it is a prefix of (wq)". Therefore, there exists v,2 € A" such
that vg---vp2_1vp2 = (wy)". Furthermore, we know from the second item in
Lemma, [40] and Lemma [] that,

Vo Upr_10p2 = (w1)" <§ (w))"

Therefore, we may apply Lemma [4] p? times to obtain a decomposition (w})" =

VG - vpe v of (wh)™ that satisfies the following fact (recall that £/ = £ + p?).

Fact 45 For all h < p?, vy, §§+ e

Finally, since p = |S;| + 1, we have p? > |Sy|? + 1. Therefore, we may
apply the pigeonhole principle to obtain 4,j such that 0 < i < j < p? — 1,
afvg - v;) = a(vg - -v;) and a(vy - --vf') = a(vg - --v¥). In particular, we obtain

the following fact.
Fact 46 We have

a(’l}ononvl) :a(vo"'vz(vz+l"'vj)w)
aluf vy = alul ! Wy o))



We are now ready to construct the words uy,us, x2, 3, Y1, Y2, Y3, 21, 22 and 23 in
AT from Lemma [39 We let

/ ’ / /

1:'0 BN ) ZIZ’U. B )
To = Wo Yy B 0 1 B i+1 J U2:Uz‘+1""Up2
- Y2 = Vo754 22 = Uiyl V5 oot
T3 = Wy 1 o 7 U3z = Vi1 Up2

ys = vll 0! Z =00
It remains to verify that these words satisfy the conditions of the lemma. We
begin with the inequalities. That xo fjg* x3 is immediate by choice of wy, wy in
Lemma The inequalities y; 5?’ Y2 5?’ Y3, 21 5?’ 29 5?’ 23 and ug 5?“ us3
are immediate from Fact [44] Fact [45] and Lemma [f]

Let us now prove that alph(usy;) = alph(z1) = B (recall that B is the
shared alphabet of all v} for h > 1). Since y; is a product of v} for h > 1,
it is immediate that alph(y;) = B. Furthermore, using the same argument,
it is also immediate that alph(z;) = B. Therefore, it suffices to prove that
alph(us) C B to conclude that alph(ugy;) = B = alph(z1). We know that
U ng us, therefore alph(us) = alph(uz) (¢4 > 2 and the alphabet may be tested
with a X3 sentence of rank 2). Moreover, by definition, us is a suffix of (wq)P.
Therefore, alph(uz) C alph((w1)?) = alph(w;). Finally, we know from Fact
that vp2vp211 -+ Sy Vse. Since vo is a suffix of (wq)>, we have alph(v) =
alph(wy) = B and alph(us) = alph(us) C B.

We finish with the proof of the last item in Lemma 3%} ¢ = a(w2(y2(22)“uz)>)
and ¢ = a(z3(ys(z3)“u2)“y1(21)). First, by definition, we have x5 = wy and
x3 = w(. Furthermore, we know from Fact [46| that

a(y2(22)%u2) = ayauz) = a((w1)") and  a(ys(z3)?us) = a(ysuz) = a((w;)")

Finally, we obtain from Fact [43| that a(y1(21)*) = a(w’,). By combining all of
this, we obtain,

(w2 (y2(22)“u2)>) awo((w1)™)>)
a(w3(ys(23)“u2)y1(21)>) = a(wy((wy)"™)“wl)

wy)™)

W) wee)

We conclude that ¢ = a(z2(y2(22)“u2)™) and ¢ = a(zs(ys(z3)“u2)?y1(21)>°)
from the third item in Lemma [#0] This terminates the proof of Lemma O
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