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by first-order logic without quantifier alternation
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—— Abstract

We look at classes of languages associated to the fragment of first-order logic BX1, in which quantifier

alternations are disallowed. Each class is defined by choosing the set of predicates on positions that
may be used. Two key such fragments are those equipped with the linear ordering and possibly the
successor relation. Simon and Knast proved that these two variants have decidable membership:
“does an input regular language belong to the class ?”. We rely on a characterization of BX; by the
operator BPol: given an input class C, it outputs a class BPol(C) that corresponds to a variant of
B> equipped with special predicates associated to C. We extend the above results in two orthogonal
directions. First, we use two kinds of inputs: classes G of group languages (i.e., recognized by a DFA
in which each letter induces a permutation of the states) and extensions thereof, written G*. The
classes BPol(G) and BPol(G') capture many natural variants of BX1 which use predicates such as
the linear ordering, the successor, the modular predicates or the alphabetic modular predicates.
Second, instead of membership, we explore the more general separation problem: decide if two
regular languages can be separated by a language from the class under study. We show that separation
is decidable for BPol(G) and BPol(G') when this is the case for G. This was known for BPol(G)
and for two particular classes of the form BPol(G"). Yet, the algorithms were indirect and relied on
involved frameworks, yielding poor upper complexity bounds. In contrast, the approach of the paper
is direct. We work only with elementary concepts (mainly, finite automata). Our main contribution
consists in polynomial time Turing reductions from both BPol(G)- and BPol(G")-separation to
G-separation. This yields polynomial algorithms for many key variants of BX, including those
equipped with the linear ordering and possibly the successor and/or the modular predicates.
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A generic polynomial time approach to separation by alternation-free first-order logic

1 Introduction

An important question in automata theory is to precisely understand the prominent classes
of regular languages of finite words. We are interested in the classes associated to a piece
of syntax (such as regular expressions or logic), whose purpose is to specify the languages
of such classes. In the paper, we formalize the goal of “understanding a given class C” by
looking at a decision problem: C-separation. It takes two regular languages L, Lo as input
and asks whether there exists K € C such that L; € K and K N Ly = (. The key idea is
that obtaining an algorithm for C-separation requires a solid understanding of C.

We investigate a family of classes associated to a fragment of first-order logic written 5.
The sentences of BY; are Boolean combinations of existential formulas, i.e., whose prenex
normal form has the shape Jxy3xs---Jzpp, with ¢ quantifier-free. Several classes are
associated to BY;, each determined by the predicates on positions that we allow. In the
literature, standard examples of predicates include the linear order “<” [27], the successor
relation “41” [9] or modular predicates “MOD” [5]. Thus, a generic approach is desirable.

We tackle languages associated to BY; through the operator C — BPol(C) defined on
classes of languages. It is the composition of the polynomial closure C — Pol(C) and the
Boolean closure C — Bool(C) operators: BPol(C) = Bool(Pol(C)). Recall that the polynomial
closure of a class C consists of all finite unions of languages of the form Lgai L1 - - a, Ly,
where n > 0, each a; is a letter and each L; belongs to C. Indeed, many classes associated
to BY, are of the form BPol(C) [34, 20]. In this paper, we look at specific input classes C.

The group languages are those recognized by a finite group, or equivalently by a permuta-
tion automaton [33] (é.e., which is complete, deterministic and co-deterministic). We consider
input classes that are either a class G consisting of group languages, or a well-suited extension
thereof, G* (roughly, G is the least Boolean algebra containing G and the singleton {c}).
It is known [20] that if G is a class of group languages, then BPol(G) = BX1(<,Pg) and
BPol(G") = BX1(<,+1,Pg). Here, Pg is a set of predicates associated to G: each language L
in G gives rise to a predicate Pr,(x), which selects all positions z in a word w such that the
prefix of w up to position z (excluded) belongs to L. This captures most of the natural
examples. In particular, we get signatures including the aforementioned predicates, such as
{<} {<,+1}, {<, MOD} and {<,+1, MOD} (we provide some more examples in the paper).

State of the art. Historically, BPol(G) and BPol(GT) were first investigated for particular
input classes. A prominent example is the class of piecewise testable languages [27], i.e., the
class BPol(ST) = BX1(<) where ST = {0, A*}. It was shown that BPol(ST)-separation is
decidable in [1] using technical algebraic arguments. Simpler polynomial time algorithms were
discovered later [17, 6]. There also exists an involved specialized separation algorithm [36] for
BPol(MOD) = BX; (<, MOD), where MOD is the class of modulo languages. Decidability
can be lifted to BPol(ST') = BX;(<,+1) (the languages of dot-depth one [9]) and to
BPol(MOD™) = BX1(<, +1, MOD) via transfer results [22, 16]. Unfortunately, this approach
yields an exponential complexity blow-up. Recently, a generic approach was developed for
BPol(G). It is proved in [21] that if G is a class of group languages with mild hypotheses,
BPol(G)-separation is decidable when G-separation is decidable. Yet, this generic approach
is indirect and considers a more general problem: covering. Because of this, the algorithms
and their proofs are complex and rely on an intricate framework [19], yielding poor upper
complexity bounds. This contrasts with the simple polynomial time procedures presented
n [17, 6] for BPol(ST). No generic result of this kind is known for the classes BPol(G™").

Contributions. We give generic polynomial time Turing reductions from BPol(G)- and
BPol(GT)-separation to G-separation, where G is a class of group languages with mild prop-



81

82

83

84

85

86

87

88

89

90

91

92

93

94

95

96

97

98

99

100

101

102

103

104

105

106

107

108

109

110

111

112

113

114

115

116

117

118

119

120

121

122

123

124

125

126

127

128

T. Place and M. Zeitoun

erties. We present them as greatest fixpoint procedures which use an oracle for G-separation
at each step and run in polynomial time (for input languages represented by nondeterministic
finite automata). While the proofs are involved, they are self-contained and based exclusively
on elementary concepts from automata theory. No particular knowledge on group theory is
required to follow them: we only use immediate consequences of the definition of a group.
For BPol(G), this new approach is a significant improvement on the results of [21]. While
we do reuse some ideas of [21], we complement them with new ones and the presentation is
independent. We get a simpler algorithm, which requires only basic notions from automata
theory. In particular, one direction of the proof describes a generic construction for building
separators in BPol(G) (when they exist). This serves our main objective: understanding
classes of languages. In addition, we obtain much better complexity upper bounds on
BPol(G)-separation. Finally, our techniques can handle BPol(G") as well. This was not the

case in [21]: the generic reduction from BPol(G™T)-separation to G-separation is a new result.

These results apply to several key classes. Separation is decidable in polynomial time
for ST = {0, A*}, for the class MOD of modulo languages and for the class GR of all group
languages [26]. Hence, the problem is also decidable in polynomial time for BPol(ST) (i.e.,
BY1(<)), BPol(ST™) (i.e., BY1(<,+1)), BPol(MOD) (i.e., BY1(<, MOD)), BPol(MOD™)
(i.e., BE1(<,+1, MOD)), BPol(GR) and BPol(GR™) (the logical characterization of the last
two classes is not standard, yet they are quite prominent as well [11, 8]). This reproves a known
result for BPol(ST) (in fact, we essentially reprove the algorithm of [6]). The polynomial time
upper bounds are new for all other classes. Another application is the class AMT of alphabet
modulo testable languages (which are recognized by commutative groups): BPol(AMT) and
BPol(AMT™) correspond to BX{(<, AMOD) and BX:(<,+1, AMOD) where “AMOD” is
the set of alphabetic modular predicates. We obtain the decidability of separation for these
classes (this is a new result for BPol(AMT™)). However, we do not get a polynomial time
upper bound: this is because AMT-separation is co-NP-complete (see [26]).

Important remark. Eilenberg’s theorem [7] connects some classes of regular languages (the
“varieties of languages”) with varieties of finite monoids. It raised the hope to solve decision
problems on languages (such as membership) by translating them in terms of monoids and
solving the resulting purely algebraic questions—without referring to languages anymore. In
particular, Margolis and Pin [11, 13] characterized the algebraic counterpart of BPol(G) in
Eilenberg’s correspondence (when G is a variety) as the “semidirect product” J * G, where J
is the variety of monoids corresponding to BY;(<) and G is the one corresponding to G. The
new purely algebraic question is then: “decide membership of a monoid in J * G”. Tilson [35]
developed an involved framework to reformulate membership in semidirect products in terms
of categories, which was successfully exploited to handle (J % G)-membership [8, 28].

Our results are completely independent from this algebraic approach. To clarify, we do
use combinatorics on monoids. Yet, our motivations and techniques are disconnected from the
theory of varieties of monoids, which is a distinct field. We avoid it by choice: while the above
approach highlights an interesting connection between two fields, it is not necessarily desirable
when looking back at our primary goal, understanding classes of languages. Indeed, a detour
via varieties of monoids would obfuscate the intuition at the language level. Fortunately,
this paper shows that this detour can be bypassed, while getting stronger results. First, our
results are more general: they apply to separation, and not only membership. It is not clear
at all that this can be obtained in the context of monoid varieties, as we rely strongly on the
definition of BPol: we work with languages of the form Lgai L, - - an,Ly,, for L; € G. Second,
we can handle BPol(GT), thus capturing the successor relation on the logical side. As far as
we know, the only class of this kind captured by the above framework is BPol(ST™) (these
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are the well-known dot-depth one languages [30]). Third, using the above approach requires
varieties of languages as input classes. This, for example, excludes the class BPol(MOD).
This does not mean that this class cannot be handled by algebraic techniques: this was
actually done by Straubing [31, 15], who rebuilt the whole theory to be able to handle such
classes. In contrast, our result applies uniformly to MOD.

Organization of the paper. We present the objects that we investigate and terminology in
Section 2. We introduce separation and the techniques that we use to handle it in Section 3.
Finally, we present our results for BPol(G)- and BPol(G")-separation in Section 4. Due to
space limitations, some proofs are only available in the full version of the paper [25].

2 Preliminaries

2.1 Words, regular languages and classes

We fix a finite alphabet A for the paper. As usual, A* denotes the set of all finite words
over A, including the empty word . We let AT = A* \ {e}. For u,v € A*, we let uv be
the word obtained by concatenating v and v. A language is a subset of A*. We denote
the singleton language {u} by u. We lift concatenation to languages: for K, L C A*, we
let KL = {uv | v € K and v € L}. We shall consider marked products: given languages
Lg,...,L, C A*, a marked product of Ly, ..., L, is a product of the form Loa1L1---a,L,
where aq,...,a, € A (note that “Ly” is a marked product: this is the case n = 0).

Regular languages. In the paper, we consider reqular languages. A nondeterministic finite
automaton (NFA) is a pair A = (Q, ) where @ is a finite set of states, and 6 C Q x A X Q is a
set of transitions. We now define the languages recognized by A. Given ¢, € @ and w € A*,
we say that there exists a run labeled by w from q to r (in A) if there exist qo,...,qn € Q
and aq,...,a, € A such that w = ay---an, g0 = ¢, ¢ = and (g;—1, a;,q;) € J for every
1 <i<mn. Given two sets I, F C Q, we write L4(I, F) C A* for the language of all words
w € A* such that there exist ¢ € I, » € F, and a run labeled by w from ¢ to r in A. We
say that a language L C A* is recognized by A if and only if there exist I, F' C @) such that
L =L(I,F). The regular languages are those which can be recognized by an NFA.

We also use NFAs with e-transitions. In such an NFA A = (Q,0), a transition may also
be labeled by the empty word “e” (that is, § C @ x (AU {e}) x Q). We use the standard
semantics: an e-transition can be taken without consuming an input letter. Note that unless
otherwise specified, the NFAs that we consider are assumed to be without e-transitions.

Classes. A class of languages is a set of languages. A lattice is a class containing () and
A* and closed under both union and intersection. Moreover, a Boolean algebra is a lattice
closed under complement. Finally, a class C is quotient-closed when for all L € C and all
v € A*, the languages v 'L = {w € A* | vw € L} and Lv~! = {w € A* | wv € L} both
belong to C as well. A positive prevariety (resp. a prevariety) is a quotient-closed lattice
(resp. a quotient-closed Boolean algebra) containing regular languages only.

Group languages. A monoid is a set M equipped with a multiplication s, ¢ — st, which
is associative and has a neutral element denoted by “1;;”. Observe that A* endowed with
concatenation is a monoid (¢ is the neutral element). It is well-known that a language L is
regular if and only if it is recognized by a morphism « : A* — M into a finite monoid M, i.e.,
there exists ' C M such that L = a~1(F). We now restrict this definition: a monoid G is a

1

group if every element g € G has an inverse g~* € G, i.e., such that gg~' =g~ lg=1g. A

“group language” is a language recognized by a morphism into a finite group.
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We consider classes G that are group prevarieties (i.e., containing group languages only).

We let GR be the class of all group languages. Another important example is the class
AMT of alphabet modulo testable languages. For every w € A* and every a € A, we write
#4(w) € N for the number of occurrences of “a” in w. The class AMT consists in all finite
Boolean combinations of languages {w € A* | #,(w) = k mod m} where a € A and k,m € N
are such that & < m. One may verify that these are exactly the languages recognized by
commutative groups. We also consider the class MOD, which consists in all finite Boolean

combinations of languages {w € A* | |w| = k mod m} with k,m € N such that k < m.

Finally, we write ST for the trivial class ST = {0, A*}. One may verify that GR, AMT,
MOD and ST are all group prevarieties.

One may verify that {¢} and AT are not group languages. This motivates the next
definition: the well-suited extension of a class C, denoted by CT, consists of all languages of
the form LN A" or LU {e} where L € C. The next lemma follows from the definition.

» Lemma 1. Let C be a prevariety. Then, C* is a prevariety containing {e} and A™.

2.2 Polynomial and Boolean closure

We investigate two operators that one may apply to a class C. The Boolean closure of C,
written Bool(C), is the least Boolean algebra containing C. The polynomial closure of C,
denoted by Pol(C), consists of all finite unions of marked products LoaiLs - - - ay L, where
Lo,...,L, € C and ay,...,a, € A. Finally, we write BPol(C) for Bool(Pol(C)). If C is a
prevariety, then Pol(C) is a positive prevariety and BPol(C) is a prevariety. Proving that
Pol(C) is closed under intersection is not immediate. It was shown by Arfi [2] (see also [14, 20]).

» Theorem 2. If C is a prevariety, Pol(C) is a positive prevariety and BPol(C) is a prevariety.

The two operators Pol and Bool induce standard classifications called concatenation
hierarchies: for a prevariety C, the concatenation hierarchy of basis C is built from C by
alternatively applying the operators Pol and Bool. We are interested in BPol(C), which is
level one in the concatenation hierarchy of basis C. We look at bases that are either a group
prevariety G or its well-suited extension GT. Most of the prominent concatenation hierarchies
in the literature use such bases. This is in part motivated by the logical characterization of
concatenation hierarchies, due to Thomas [34]. We briefly recall it for the level one.

Consider a word w = ay --- ajy| € A*. We view w as a linearly ordered set of |w| + 2
positions {0, 1,...,|w]|, |w|+1} such that each position 1 < i < |w] carries the label a; € A (on
the other hand, 0 and |w|+1 are artificial unlabeled leftmost and rightmost positions). We use
first-order logic to describe properties of words: a sentence can quantify over the positions of
a word and use a predetermined set of predicates to test properties of these positions. We also
allow two constants “min” and “maz” interpreted as the artificial unlabeled positions 0 and
|w|+1 in a given word w. A first-order sentence ¢ defines the language of all words satisfying
the property stated by ¢. We use several kinds of predicates. For each a € A, we associate a
unary predicate (also denoted by a), which selects the positions labeled by “a”. We also use
two binary predicates: the (strict) linear order “<” and the successor relation “+1”. Finally,
we associate a set of predicates Pg to each group prevariety G. Every L € G yields a unary
predicate P in Pg, which is interpreted as follows. Let w = a;---aj, € A*. The unary
predicate Py, selects all positions i € {0, ..., |w|+ 1} such that ¢ # 0 and a; ---a;—1 € L.

» Example 3. The sentence “JxTy (v < y)Aa(x)Ab(y)” defines the language A*aA*bA*. The
sentence “JxIy a(z) A c(y) A (y + 1 = max)” defines A*aA*c. Finally, if L = (AA)* € MOD
(the words of even length), the sentence “3x a(x) A Pr(x)” defines the language (AA)*aA*.
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The fragment of first-order logic containing exactly the Boolean combinations of existential
first-order sentences is denoted by “BY.;”. Let G be a group prevariety. We write B, (<, Pg)
for the class of all languages defined by a sentence of BY; using only the label predicates,
the linear order “<” and those in Pg. Moreover, we write BX1(<, +1,Pg) for the class of all
languages defined by a sentence of BY;, which additionally allows the successor predicate
“4+17. The following proposition follows from the results of [20, 24].

» Proposition 4. Let G be a group prevariety. We have BPol(G) = BX1(<,Pg) and
BPOl(ng) = le(<, +1,Pg).

Key examples. The basis ST = {0, A*} yields the Straubing-Thérien hierarchy [29, 32]
(hence the notation of this basis). Its level one is the class of piecewise testable languages [27].
Its well-suited extension ST induces the dot-depth hierarchy [3]. In particular, BPol(ST) and
BPol(ST™) correspond to BY; (<) and B (<, +1), as all predicates in Pgy are trivial. The
hierarchies of bases MOD and MOD™ are also prominent (see for example [5, 10, 36]). The
classes BPol(MOD) and BPol(MOD™) correspond to BX; (<, MOD) and BX:(<,+1, MOD)
where “MOD?” is the set of modular predicates (for all r,q € N such that r < g, it contains a
unary predicate M, , selecting the positions ¢ such that ¢ = r mod ¢). Similarly, BPol(AMT)
and BPol(AMT™") correspond to BX (<, AMOD) and BY;(<,+1, AMOD) where “AMOD”
is the set of alphabetic modular predicates (for all a € A and r,q € N such that r < ¢, it
contains a unary predicate M selecting the positions ¢ such the that number of positions
j < i with label a is congruent to r modulo ¢). Finally, the group hierarchy, whose basis is
GR is also prominent [11, 8], though its logical characterization is not standard.

Properties. We present a key ingredient [23, Lemma 3.6]. It describes a concatenation
principle for the classes BPol(C) based on the notion of “cover”. Given a language L, a cover
of L is a finite set K of languages satisfying L C (i K. If D is a class, a D-cover of L is
a cover K of L such that K C D.

» Proposition 5. Let C be a prevariety, n € N, Ly, ..., L, € Pol(C) and ay,...,a, € A. If
H, is a BPol(C)-cover of L; for alli < n, then there is a BPol(C)-cover K of Loa1 Ly - - - an Ly,
such that for all K € K, there exists H; € H; for each i < n satisfying K C Hoa1Hy - - an Hy,.

For applying Proposition 5, we need a language Loa1 L1 - - - @y Ly, with Lo, ..., L, € Pol(C).
The next tailored statements build such languages when C = G or GT for a group prevariety G.
While simple, these results are central: this is the unique place where we use the fact that
G contains only group languages. Let L C A*. With every word w = a1 ---a, € A*, we
associate the language t;w = LayL---a,L C A* (we let T, = L). We first present the
statement for the case C = G, which can also be found in [4, Prop. 3.11].

» Proposition 6. Let H C A* be a language and L C A* be a group language containing €.
There ezists a cover K of H such that every K € K is of the form K =T w for some w € H.

The next statement, useful for the case C = G, is a corollary of Proposition 6. Let
A = (Q,9) be an NFA. Moreover, let w,z € A*. We say that z is a left A-loop for w if for
every ¢,r € @ such that w € L4(q,r), there exists s € @ such that z € L4(q,s) N La(s,s)
and zw € L4(s,r) (in particular, zz*zw C La(q,r)). Symmetrically, we say that z is a
right A-loop for w if for every ¢, € @Q such that w € L 4(q,r), there exists s € @ such that
wz € La(q,s) and z € L a(s,s) N La(s,r) (in particular, wzz*z C L a(q,r)).

Now, given an arbitrary word w € A*, an A-guarded decomposition of w is a tuple
(w1, ..., wpe1) for some n € N where wy € A* and w; € AT for 2 < i < n+ 1, and such that
w=wi - Wnpt1 and, if n > 1, then for every 7 satisfying 1 < ¢ < n, there exists a nonempty
word z; € AT which is a right A-loop for w; and a left A-loop for w; 1.
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» Proposition 7. Let H C A* be a language, A be an NFA and L C A* be a group language
containing €. There exists a cover K of H such that for each K € K, there exist a word

w € H and an A-guarded decomposition (w1,...,wnt1) of w for some n € N such that
K=uw L - - w,Lwp41 (if n=0, then K = {w;}).

3 Separation framework

In order to investigate a given class C, we rely on a generic decision problem that one may
associate to it: C-separation. We first define it and then present a variant, “tuple separation”,
that we shall require as a proof ingredient.

3.1 The separation problem

Consider two languages Lo, L7 C A*. We say that a third language K C A* separates Lg
from L; when Ly C K and K N Ly = (). Then, given an arbitrary class C, we say that Lg is
C-separable from L, when there exists K € C that separates Lo from L;. For every class C,
the C-separation problem takes two regular languages Lo and Ly as input (in the paper, they
are represented by NFAs) and asks whether Ly is C-separable from L;. We complete the
definition with a useful result, which holds when C is a positive prevariety.

» Lemma 8. Let C be a positive prevariety and Lo, L1, Hy, Hy C A*. If Ly is not C-separable
from Ly and Hy is not C-separable from Hy then LoHg is not C-separable from LiH;.

In the paper, we look at C-separation when C = BPol(G) or BPol(G") for a group
prevariety G. We prove that in these two cases, there are polynomial time (Turing) reductions

to G-separation. We now introduce terminology that we shall use to present the algorithms.

Framework. Consider a class C and an NFA A = (Q, ). We associate a set Zc[A] C Q*:
the inseparable C-quadruples associated to A. We define,

Ic[Al = {(q,r, s,t) € Q* | La(g,r) is not C-separable from LA(s,t)}.
The next easy result connects C-separation to this set, for input languages given by NFAs.

» Proposition 9. Let C be a lattice. Consider an NFA A = (Q,0) and four sets of states
I, F1, 15, F5 C Q. The two following conditions are equivalent:

1. La(I1, F1) is C-separable from L (I3, Fs).

2. (Il X F1 X IQ X FQ) ﬂIC[A] = (Z)

Clearly, given as input two regular languages recognized by NFAs, one may compute in
polynomial time a single NFA recognizing both languages. Hence, Proposition 9 yields a
polynomial time reduction from C-separation to the problem of computing Z¢[A] from an
input NFA. Naturally, this does not necessarily mean that there exists a polynomial time
algorithm for C-separation: depending on C, computing Z¢[.A] may or may not be costly.

We introduce a key definition for manipulating Z¢[A], for an NFA A = (Q, 6). Let S C Q*
and K be a finite set of languages. We say that K is separating for S when for every (g, r, s,t) €
Q* and every K € K, if K intersects both La(q,7) and L(s,t), then (g,r,s,t) € S. Then,
Zc[A] is the smallest set of 4-tuples admitting a C-cover of A* which is separating for it.

» Lemma 10. Let C be a Boolean algebra and A = (Q, ) be an NFA. Then the following holds:
There exists a C-cover K of A* which is separating for Zc[A].
Let S C Q*. If there exists a C-cover K of A* which is separating for S, then Zc[A] C S.
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Controlled separation. We present additional terminology tailored to the classes built
from a group prevariety. Consider two classes C and D (in practice, D will be a group
prevariety G and C will be either BPol(G) or BPol(GT)). Let Ly, L1 C A*. We say that Lo
is C-separable from L1 under D-control if there exists H € D such that e € H and Lo N H is
C-separable from L; N H. Given an NFA A = (Q, §), we associate a set Zc[D, A] C Q*:

Ze[D, Al = {(q,r,5,t) € Q" | La(g,r) is not C-separable from L 4(s,t) under D-control}.

Clearly, we have Z¢[D, A] C Z¢[A]. Let us connect this new definition to the notion of
separating cover presented above. In this case as well, this will be useful in proof arguments.

» Lemma 11. Let C and D be Boolean algebras such that D C C and let A= (Q,0) be an
NFA. The following properties hold:

There exists L € D with € € L, and a C-cover K of L which is separating for Zc[D, Al.

Let S C Q*. If there exist L € D with € € L, and a C-cover K of L which is separating

for S, then Zc[D, Al C S.

This notion is only useful if {e} ¢ D. If {¢} € D, then Ly is C-separable from L; under
D-control if and only if either € € Lo or € € Ly. This is why the notion is designed for group
prevarieties: if G is such a class, then {e} ¢ G. In this case, if C € {G,GT}, then the set
Ipoi(c)|G, A carries more information than Zgpecy[A]. This is useful for the computation:
rather than computing Zgp,(c)[A] directly, our procedures first compute Zppoyc)[G, A]. The
proof is based on Propositions 5 and 6 (the latter requires G to consist of group languages).

» Proposition 12. Let G be a group prevariety, let C be a prevariety such that G C C and let
A =(Q,0) be an NFA. Then, Lgpoic)|A] is the least set S C Q* that contains Lppoic)|G, Al
and satisfies the two following conditions:

1. For all q,r,s,t € Q and a € A, if (¢,a,7),(s,a,t) € 8, then (q,r,s,t) € S.

2. For all (q1,71,81,t1), (g2, 72, 82,t2) € S, if r1 = q2 and t; = sq, then (q1,72, 81,12) € S.

Proof. Let S C Q* be the least set containing Zpzpoyc)[G, A] and satisfying both conditions.
We prove that S = IBPoZ(C) [A]. For S C IBPol(C)[AL since IBpOl(C)[g,.A] - IBPol(C) [A] by
definition, it suffices to prove that Zgp,c)[A] satisfies both conditions in the proposition.
First, consider a € A and ¢, r, s,t € Q such that (q,a,r),(s,a,t) € 6. We have a € L 4(q,r)
and a € Ly(s,t). Hence, they are not BPol(C)-separable and (q,r,s,t) € Zgpoyc)[Al-
Now, let (q1,71,51,t1),(q2,72,52,t2) € Ippoyc)[A] such that 1 = ¢z and t; = s2. For
i € {1,2}, we know that L 4(qg;,r;) is not BPol(C)-separable from L 4(s;,t;). Since BPol(C)
is a prevariety by Theorem 2, it follows from Lemma 8 that L4(q1,71)La(g2,72) is not
BPol(C) separable from L 4(s1,t1)L a(s2,t2). Since 11 = g2 and t1 = s9, it is immediate that
La(qr;m1)La(g2;m2) © La(qr,r2) and La(s1,t1)La(s2,t2) € La(s1,t2). Hence, La(q1,72)
is not BPol(C)-separable from L 4(s1,t2) and we get (q1,72,51,t2) € Tppoyc)[ A as desired.

We turn to the inclusion Zpp,i(c) [A] € S. By Lemma 11, there exists L € G such that
€ € L and a BPol(C)-cover V of L which is separating for Zgp,yc)[G,.A]. By hypothesis, L
is a group language and € € L. Hence, Proposition 6 yields a cover P of A* such that every
P € P is of the form P =1, wp for some word wp € A*. Let P € P and a4,...,a, € A be
the letters such that wp = a1 ---a,. We have P = LajL---a,L by definition (if wp = ¢,
then P = L). By definition, L € G C Pol(C). Hence, since V is a BPol(C)-cover of L,
Proposition 5 yields a BPol(C)-cover Kp of P such that for every K € Kp, there are
Vo,...,V, € Vsuch that K C Voa,Vy---a,V,. Welet K = UPeP Kp. Since P is a cover of
A* and Kp is a BPol(C)-cover of P for each P € P, K is a BPol(C)-cover of A*. We show
that K is separating for S which implies that Zppec)[A] € S by Lemma 10.
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Let (q,7,5,t) € Q* and K € K such that we have 7 € KN LA(q,r) and y € K N L (s, ).
We show that (¢, r,s,t) € S. We have K € Kp for some P € P. Let ay,...,a, € A such
that wp = a1 - - - ay,. By definition, there are Vj,...,V,, € V such that K C Vha1Vi - a,V,.
Since z,y € K, we get x;,y; € V; for 0 < i < n such that x = xpa121---a,z, and
Y = YoQ1yY1 - - GnYn. Since x € L (g, 1), we get ¢;,r; € Q for 0 < i < n such that g9 = ¢,
rn =7, ; € La(g,ri) for 0 < i < n and (r,-1,a;,¢;) € 6 for 1 < i < n. Finally, since
y € La(s,t), we get s;,t; € Q for 0 < ¢ < n such that sg = s, t, = t, y; € La(si,t;)
for 0 < i < nand (t;—1,a;,8;) € § for 1 < i < n. Since S satisfies Condition 1 in the
proposition, we get (r;_1, ¢, ti—1,8;) € S for 1 <i < n. Since V; € V which is separating for
Teproyc)|9, A] and x;,y; € V;, we also get (qi,74, Gis ti) € Lppoic)lG, Al for 0 < i <n. Thus,
Condition 2 in the proposition yields (qo, 70, $n,tn) € S, i.e. (¢,7,8,t) € S as desired. <

Proposition 12 provides a least fixpoint algorithm for computing the set Zgpyc) [A] from
Tpoi(c)F, A]. Combined with Proposition 9, this yields a polynomial time reduction from
BPol(C)-separation to computing Zgp,ic)[G,.A] from an NFA. We shall prove that when
C € {G,G"}, there are polynomial time reductions of the latter problem to G-separation.

3.2 Tuple separation

This generalized variant of separation is taken from [18]. We shall use it as a proof ingredient:
for every lattice C, it is connected to the classical separation problem for Bool(C). For every
n > 1, we call “n-tuple” a tuple of n languages (L1,...,Ly). In the sequel, given another
language K, we shall write (L1, ..., L,) N K for the n-tuple (L; N K, ..., L, N K). Let C be
a lattice, we use induction on n to define the C-separable n-tuples:

If n =1, a 1-tuple (L) is C-separable when L; = {).

If n > 2, an n-tuple (Ly,...,L,) is C-separable when there exists K € C such that

Ly C K and (Ls,...,L,) N K is C-separable. We call K a separator of (Ly,...,Ly).
One may verify that classical separation is the special case n = 2. We generalize D-controlled
separation to this setting. For a class D, we say that an n-tuple (Lq,..., L,) is C-separable
under D-control if there exists H € D such that € € H and (Ly,...,L,) N H is C-separable.

We complete the definition with two simple properties of tuple separation. The second
one is based on closure under quotients and generalizes Lemma 8.

» Lemma 13. Let C be a lattice and let (Ly,...,Ly),(Hy,...,Hy) be two n-tuples. If
Lin---NL, #0, then (Ly,...,Ly,) is not C-separable. Moreover, if L; C H; for everyi <mn
and (Lq,...,Ly) is not C-separable, then (Hy,...,H,) is not C-separable either.

» Lemma 14. Let C be a positive prevariety, n > 1 and let (L1,...,L,),(H,...,H,) be
two n-tuples, which are not C-separable. Then, (L1Hy,...,L,H,) is not C-separable either.

A theorem of [18] connects tuple C-separation for a lattice C to Bool(C)-separation: Lg
is Bool(C)-separable from L, if and only if (Lo, L1)P is C-separable for some p > 1. Here,
(Lo, L1)P denotes the 2p-tuple obtained by concatenating p copies of (Lo, L1). For example,
(Lo, L1)* = (Lo, L1, Lo, L1, Lo, L1). We use a corollary applying to D-controlled separation.

» Corollary 15. Let C and D be two lattices such that D C C and let Lo, L1 C A*. The
following properties are equivalent:

1. Lg is Bool(C)-separable from Ly under D-control.

2. There exists p > 1 such that (Lo, L1)? is C-separable under D-control.
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We only use the contrapositive of 1) = 2) in Corollary 15. We complete the presentation
with two important lemmas about tuple separation for Pol(D) and Pol(D'). We use them
to prove that tuples are not separable. Note that in practice, D will be a group prevariety G.
Yet, the results are true regardless of this hypothesis.

» Lemma 16. Let D be a prevariety and (Ly,...,L,) an n-tuple which is not Pol(D)-
separable under D-control. Then, ({e}, L1, ..., Ly) is not Pol(D)-separable.

Proof. We prove the contrapositive. Assume that ({e}, L1, ..., L) is Pol(D)-separable: we
get K € Pol(D) such that ¢ € K and (Ly,...,L,) N K is Pol(D)-separable. By definition,
K is a finite union of marked product of languages in D. Hence, since € € K, there exists a
marked product involving a single language H € D such that € € H in the union defining K.
In particular, H C K and Lemma 13 implies that (L1, ..., L,)NH is Pol(D)-separable. Since
H € D and ¢ € H, it follows that (Ly,..., Ly) is Pol(D)-separable under D-control. <

» Lemma 17. Let D be a prevariety and w € AY. If (Ly,..., Ly) is not Pol(D")-separable
under D-control, then (wt, w Liyw™, ..., wT Lyw™) is not Pol(DV)-separable.

Proof. We prove the contrapositive. Assuming that (w, wtLiw™, ... wtL,w™)is Pol(DT)-
separable, we show that (Li,...,Ly) is Pol(DT)-separable under D-control. There exists
K € Pol(D") such that w™ C K, and (w™ Lyw™, ..., w L,w")NK is Pol(D")-separable. By
definition, K is a finite union of marked products Kga1 K7 - - - ap K, With aq, ..., a, € A and
Ky,...,K,, € DT. Let k € N such that m < k for every product Kopa1K; - - - anK,, in this
union. Since wt C K, we have w2+ e K This yields a marked product Koa1 K7 -« - am Koy,
such that w2 +t) ¢ Koga1 Ki -+ am K € K, m < k and Ko, ..., K,, € Dt. Therefore, we
get u; € K; for each i < m such that w2+ = yoaqu - A ti. Moreover, since m < k,
there exists 4 < m such that ww is an infix of u;. Thus, we get x,y € A* and ¢1, {5 € N such
that u; = vwwy, upaiuy - - - a;x = W, Y 1Uis1 - Ay, = w2 and £ + 2+ by = 2(k + 1)

By definition K; € DT which yields H € D such that either K; = HU{e} or K; = HNA™.
Hence, since u; € K; and u; € At (recall that w € AT), we have zwwy = u; € H. Let
H' = (zw)~'H(wy)~!. By closure under quotients, we have H’ € D and it is clear that ¢ € H’
since rwwy € H. Hence, it remains to prove that (Li,...,L,) N H' is Pol(D™)-separable.
This will imply as desired that (L1,...,L,) is Pol(D%)-separable under D-control.

We know that (wtLiw™, ..., wtL,w") N K is Pol(DT)-separable. One may verify from
the definitions that w+1(L; N H )w’*! C wtLjwt N K for all j < n. Thus, Lemma 13
implies that w1(Ly N Hw*! ... whtY(L, N H)w’*!) is Pol(D%)-separable. Finally,
since (wa Tl ... wh Ty and (w2 tl, ... w’T!) are not Pol(DT)-separable, it follows from
Lemma 14 that ((L; N H'),...,(L, N H")) is Pol(D")-separable as desired. <

4  Separation Algorithms for BPol(G) and BPol(G")

For a group prevariety G, we now consider BPol(G)- and BPol(G™")-separation. We rely on the
notions of Section 3: given an arbitrary NFA A = (Q, §), we present a generic characterization
of the inseparable BPol(G)- and BPol(G")-quadruples under G control associated to A, i.e.,
of the subsets Zgpoig)[G, Al and Zpp,ig+)|G, A] of Q@*. Thanks to Proposition 12, this
also yields characterizations of Zpp,yg)[A] and of Zgpyyg+)[A], which in turn, in view of
Proposition 9, yield reductions from both BPol(G)- and BPol(GT)-separation to G-separation.
These polynomial time reductions are therefore effective when G-separation is decidable.
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4.1 Statements

Let G be a group prevariety and let A = (@, ) be an NFA. We present characterizations of
Troig)|9, Al and Tppoyg+)[G, Al. They follow the same pattern, but each of them depends

on a specific function from 29" to 2Q4, which we first describe.

Characterization of Zgpyg)[G, A]. We use a function 74, : 20" — 29" For S C Q*, we
define the set 74.g(5) C Q*. The definition is based on an auxiliary NFA Bg = (Q3,vs)
with e-transitions, which depends on S. Its states are triples in Q®. The set v5 C Q3 x (AU
{e}) x @3 includes two kinds of transitions. First, given a € A and s1, s2, 83, t1,t2,t3 € Q, We
let ((51,52,33),a, (tl,tg,tg)) € 7g if and only if (s1,a,t1) € §, (s2,a,t2) € 6 and (s3,a,t3) € 4.
Second, for every state ¢; € @ and every (ga,72,¢3,73) € S, we add the following e-transition:
((q1,92,q3), 8, (q1,72,73)) € vs. We represent this construction process graphically in Figure 1.

[Slﬂ)tl 82i>t2 S3i>t3]=)[(81752,83)L(tl,tzyt?,)]

Transitions in A Produced transition in Bg
€
[ @1 €Q and (g2,72,¢3,73) €S )‘ R (1,42, q3) — (Q1,T2,7’3)]
Single state and quadruple in S Produced e-transition in Bg

Figure 1 Construction of the transitions in the auxiliary automaton Bg

» Remark 18. The NFA Bg and its counterpart B;T (which we define below as a means to
handle BPol(GT)) are the only NFAs with e-transitions considered in the paper. In particular,
the original input NFA A is assumed to be without e-transitions.

We are ready to define 7.4 g(S) C Q*. For every (q,r, s,t) € Q*, welet (q,7,s,t) € T4,6(95)
if and only if the two following conditions hold:

{e} is not G-separable from Lz, ((s,q,s), (t,r,t)), and (1)
{e} is not G-separable from Lz, ((q, s, q), (r,t,1)).

A set S C Q* is (BPol,*)-sound for G and A if it is a fixpoint for 74.g, i.e. T4,g(S) = S.
We have the following simple lemma which can be verified from the definition. It states
that 74,6 : 2Q" 5 29" is increasing (for inclusion). In particular, this implies that it has a
greatest fixpoint, i.e., there is a greatest (BPol, *)-sound set.

» Lemma 19. Let G be a group prevariety and let A = (Q,0) be an NFA. For every
S, 58" C Q*, we have S C 5" = 146(S) C 145(5).

We may now state the first key theorem of the paper. It applies to BPol(G)-separation.

» Theorem 20. Let G be a group prevariety and A = (Q,9) an NFA. Then, Tppoyg)[G, Al
is the greatest (BPol, x)-sound subset of Q* for G and A.

Characterization of Tgp,g+)[F, A]. The characterization of Zgp,yg+)[G, A] is analog-
ous. Roughly, the only difference is that we modify the definition of the auxiliary auto-
maton Bs Let G be a group prevariety and A = (Q 0) be an NFA. We define a new
function 773 AG :2Q" 529" For S C Q*, we define 7 A, g( ) € Q* using another auxiliary
NFA Bf = (Q?’,’ys) with e-transitions. Its states are triples in @® and 7§ C Q® x (AU
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{e}) x @3 contains two kinds of transitions. First, for a € A and sy, 82, 83,t1,t2,t3 € Q,
we let ((51,32,83),(1, (tl,tg,tg)) € & if and only if (s1,a,t1) € 6, (s2,a,t2) € & and
(s3,a,t3) € . Second, for all ¢ € Q and all (g2,72,q3,73) € S, if AT N La(q1,q1) N
L a(g2,92) N La(gs,qs) N La(ra,re) N La(rs,r3) # 0, then we add the following e-transition:
((q1,92,93), &, (q1,72,73)) € v&. We represent this construction in Figure 2.

(" 4
S1 i)?fl S2 i)tg S3 i)tg,]% (81,82783) i) (tl,tg,tg)]

\ .

Transitions in A Produced transition in Bg
(" ("
€

q1 € Q,(q2,72,q3,73) € S and z € AT (q1,q2,93) — (ql,Tz,T?,)]

2 z z z =z -
[T A T AT A ] Produced e-transition in Bg

such that q1 q2 12 q3 73

Single state and quadruple in S

Figure 2 Construction of the transitions in the auxiliary automaton B;

We are ready to define TXQ(S) C @Q*. Forevery (q,7,5,t) € Q*, welet (¢q,7,5,t) € TIQ(S)
if and only if the two following conditions hold:

{€} is not G-separable from ng((s,q, s), (t,r,t)), and

2

{e} is not G-separable from LB;((q7 $,q), (r,t,1)). 2)
A set S C Q*is (BPol,+)-sound for G and A if it is a fixpoint for ng, ie. TI,Q(S) =S.
The following monotonicity lemma implies that there is a greatest (BPol, +)-sound set.

» Lemma 21. Let G be a group prevariety and A = (Q,5) an NFA. For every S, S’ C Q*4,
we have S C S = TIQ(S) C TXQ(S').

We may now state our second key theorem. It applies to BPol(G™)-separation.

» Theorem 22. Let G be a group prevariety and A = (Q,0) an NFA. Then, Tpp,yg+)[G, Al
is the greatest (BPol,+)-sound subset of Q* for G and A.

Let us discuss the consequences of Theorems 20 and 22. Since Bg and B; can be computed
from A and S, one can compute 74,g(5) and TX’Q(S) from S provided that G-separation
is decidable. Hence, if G-separation is decidable, Theorem 20 (resp. Theorem 22) yields
a greatest fixpoint procedure for computing Zgpog)[G, Al (resp. Tppoyg+)[G,Al). Indeed,
consider the sequence of subsets defined by Sy = Q*, and S,, = Ta,6(Sn—1) for n > 1. By
definition, computing S, from S,_; boils down to deciding G-separation. Since 74 is
increasing by Lemma 19, we get a decreasing sequence Q* = Sy 2 S; 2 S5 ---. Moreover,
since @* is finite, this sequence stabilizes at some point: there exists n € N such that
S, =S, for all j > n. One may verify that S, is the greatest (BPol, x)-sound subset of Q*.
By Theorem 20, it follows that S,, = Zpp,yg)[F,A]. Likewise, the sequence T, defined by
To=Q*and T, = ng (T,,—1) is computable when G-separation is decidable, and, since it is
decreasing, it stabilizes. By Theorem 22, its stabilization value is Zgpog+)[G, Al.

By Proposition 12, Zgp,g)[A] (resp. Zpoig+)[A]) can be computed from Zpp,g)[G, Al
(resp. Tppoyg+)[9,Al]) via a least fixpoint procedure. Altogether, by Proposition 9, we get
reductions from BPol(G)- and BPol(G")-separation to G-separation. One may verify that
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these are polynomial time reductions (we mean “reduction” in the Turing sense: BPol(G)- and
BPol(G™)-separation can be decided in polynomial time using an oracle for G-separation).

Now, it is known that separation can be decided in polynomial time for the classes ST,
MOD and GR (this is trivial for ST, see [26] for MOD and GR). Hence, we obtain from
Theorem 20 that separation is decidable in polynomial time for BPol(ST) (i.e., BX1(<)),
BPol(MOD) (i.e., BX1(<, MOD)) and BPol(GR). This was well-know for BPol(ST) (the
class of piecewise testable languages, see [6, 17]). For the other two, decidability was
known [36, 21] but not the polynomial time upper bound. Using Theorem 22, we also obtain
that separation is decidable in polynomial time for BPol(ST™) (i.e., the languages of dot-depth
one or equivalently BY;(<,+1)), BPol(MOD™) (i.e., BY1(<,+1, MOD)) and BPol(GR™).
Decidability was already known for BPol(ST") and BPol(MOD™): the results can be
obtained indirectly by reduction to BPol(ST)-separation using transfer theorems [22, 16].
Yet, the polynomial time upper bounds are new as the transfer theorems have a built-in
exponential blow-up. Moreover, decidability of separation is a new result for BPol(GR™).

Finally, the statement applies to BPol(AMT) and BPol(AMT™) (i.e., BE;(<, AMOD)
and BX (<, +1, AMOD)). This is a new result for BPol(AMT™). Yet, since AMT-separation
is co-NP-complete when the alphabet is part of the input [26] (the problem being in P for
a fixed alphabet), the complexity analysis is not entirely immediate. However, one may
verify that the procedures yield co-NP algorithms for both BPol(AMT)- and BPol(AMT™)-
separation. We summarize the upper bounds in Figure 3.

Input class G ST MOD AMT GR

BPol(G)- and BPol(G")-separation P P co-NP P

Figure 3 Complexity of separation (for input languages represented by NFAs).

4.2 Proof of Theorem 20

We now concentrate on the proof of Theorem 20. The key ingredients in this argument are
Proposition 6 and Lemma 16. The proof of Theorem 22 is available in the appendix. It is
based on similar ideas. Roughly, we replace Proposition 6 and Lemma 16 (which are tailored
to classes BPol(G)) by their counterparts for BPol(G"): Proposition 7 and Lemma 17.
However, note that proving Theorem 22 is technically more involved as manipulating the
automaton B;r in the definition of Tj,g requires more work.

We fix a group prevariety G and an NFA A = (Q,5). Let S C Q* be the greatest
(BPol, *)-sound subset for G and A. We prove that S = Tgp,g)[G, A].

First part: S C Tppoyg)[G,Al. We use tuple separation and Lemma 16. Let us start
with some terminology. For every n > 1 and (q1,71,q2,72) € Q*, we associate an n-tuple
of languages, written T,,(q1,71, ¢2,72). We use induction on n and tuple concatenation to
present the definition. If n = 1 then, T1(q1,71,¢2,72) = (LA((]Q,T‘Q)). If n > 1, then,

(La(gz.72)) - Tn—1(q1,m1,q2,72) if n is odd
Tn ? ) ) = i i
(q1,71,42,72) { (La(q1,71)) - Th—1(q1,71,q2,72) if n is even.

For example, we have T5(q1,71,42,72) = (La(g2,72), La(q1,71), L a(g2,72)).
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» Proposition 23. For every n > 1 and (q1,71,q2,72) € S, the n-tuple T,,(q1,71, 2, 12) 18
not Pol(G)-separable under G-control.

By definition, Proposition 23 implies that for all p > 1 and (q1,71,q2,72) € S, the
2p-tuple (L A(q1,71), L a(g2,72))P is not Pol(G)-separable under G-control. By Corollary 15,
it follows that L 4(g1,71) is not BPol(G)-separable from L 4(g2,r2) under G-control, i.e., that
(91,71, 42,72) € Ippoiq)G, Al We get S C Ippoyg)|F, Al as desired.

We prove Proposition 23 by induction on n. We fix n > 1 for the proof. In order to exploit
the hypothesis that S is (BPol, x)-sound, we need a property of the NFA Bg = (Q3,vs) used
to define 74, g. When n > 2, this is where we use induction on n and Lemma 16.

> Lemma 24 Let (81,52,83), (tl,tg,tg) S QS and w e LBS((Sl,SQ,Sg), (t17t27t3)). Then,
w € La(s1,t1) and, if n > 2, the n-tuple ({w}) - Tr—1(S2, t2, $3,t3) is not Pol(G)-separable.

Proof. Since w € Lg,((s1, $2,83), (t1,t2,t3)), there exists a run labeled by w from (s1, s2, $3)
to (t1,t2,t3) in Bg. We use a sub-induction on the number of transitions involved in that run.
First, assume that no transitions are used: we have w = ¢ and (s1, $2, $3) = (1, t2,t3). Clearly,
€ € La(s1,s1) and, if n > 2, the n-tuple ({e}) - T,,—1(s2, 2, s3, s3) is not Pol(G)-separable by
Lemma 13 since € € L 4(s2,$2) N La(s3, s3). We now assume that at least one transition is
used and consider the last one: we have (q1,q2,q3) € Q3, w’ € A* and x € AU {e} such that
w=wz, w € Lgs((s1,52,53), (q1,92,q3)) and ((q1, g2, ¢3), x, (t1,t2,t3)) € 5. By induction,
we have w’ € L a(s1,q1) and, if n > 2, the n-tuple ({w’}) - T,—1(s2, 2, 83, ¢3) is not Pol(G)-
separable. We prove that « € L4(q1,t1) and, if n > 2, the n-tuple ({z}) - T\,—1(q2, t2, g3, t3)
is not Pol(G)-separable. It will then be immediate that w = w'z € L 4(s1,t1) and, if n > 2,
Lemma 14 implies that ({w}) - T,—1(s2, t2, s3,t3) is not Pol(G)-separable.

We consider two cases depending on whether z € A or x = ¢. First, if x = a € A, then
(¢i,a,t;) € 6 for i = {1,2,3}. Clearly, this implies that a € L4(q1,¢1) and, if n > 2, then
({a})-Th—1(q2, 2, g3, t3) is not Pol(G)-separable by Lemma 13 since a € L a(qz,t2)NL a(gs,t3).
Assume now that = = e: we are dealing with an e-transition. By definition of vg, we have
q1 = t1 and (g2, t2,4q3,t3) € S. The former yields € € La(q1,t1). Moreover, if n > 2, since
(g2,t2,q3,t3) € S, it follows from induction on n in Proposition 23 that the (n — 1)-tuple
T-1(q2,t2, s, t3) is not Pol(G)-separable under G-control. Combined with Lemma 16, this
yields that ({e}) - Th—1(q2, t2, g3, t3) is not Pol(G)-separable, as desired. <

We may now complete the proof of Proposition 23. By symmetry, we only treat the
case when n is odd and leave the case when it is even to the reader. Let (¢1,71,¢2,72) € S,
we have to prove that T,,(g1,71, g2, 72) is not Pol(G)-separable under G-control. Hence, we
fix H € G such that € € H and prove H NT,(q1,71,q2,72) is not Pol(G)-separable. Since
S is (BPol, *)-sound, we have 7.4,g(S) = S, which implies that (q1,71,¢2,72) € T.4,6(S5).
Hence, it follows from (1) that {e} is not G-separable from Lg,((¢2,491,G2), (r2,71,72)). Since
H e Gand ¢ € H, we get a word w € H N Lg,((q2,41,92), (r2,71,72)). By Lemma 24,
we have w € H N La(g2,72). This completes the proof when n = 1. Indeed, in that
case we have T1(q1,71,q2,72) = (La(ge,72)) and since H N L 4(g2,72) # 0, it follows that
HNTi(q1,71,G2,72) is not Pol(G)-separable, as desired. If n > 2, then Lemma 24 also
implies that ({w}) - Th,—1(q1,71, G2, 72) is not Pol(G)-separable. Since w € H N L 4(qa,72),
Lemma 13 yields that (HNL 4(g2,72)) Th-1(q1,71, g2, 72) is not Pol(G)-separable. Thus, since
H € G C Pol(G), one may verify that the n-tuple (H N L4(ga2,72)) - (HNTp-1(q1,71,G2,72))
is not Pol(G)-separable. By definition, this exactly says that H N T, (q1,71,¢2,72) is not
Pol(G)-separable, completing the proof.

Second part: Zgpyg)[G, A] C S. In the sequel, we say that an arbitrary set R C Q* is
good if there exists L € G such € € L and a BPol(G)-cover K of L which is separating for R.
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» Proposition 25. Let R C Q*. If R is good, then T4 g(R) is good as well.

We use Proposition 25 to complete the proof. Let So = Q* and S; = 7.4,6(S;—1) for i > 1.
By Lemma 19, we have Sy O S7 C S5 D --- and there is n € N such that .S, is the greatest
(BPol, x)-sound subset for G and A, i.e., such that S,, = S. Since Sy is good ({A*} is a
BPol(G)-cover of A* € G which is separating for Sy = Q*), Proposition 25 implies that S; is
good for all 4 € N. Thus, S = S, is good. We get L € G such that e € L and a BPol(G)-cover
K of L which is separating for S. Lemma 11 then yields Zgpyg)[G,A] € S as desired.

» Remark 26. The proof of Proposition 25 actually provides a construction for building L € G
such that € € L and a BPol(G)-cover K of L which is separating for S (yet, this involves
building separators in G, see Lemma 27). As we have now established that S = Zgpoyg)[G, Al,
one may then follow the proof of Proposition 12 to build a BPol(G)-cover H of A* which is
separating for Zgpyg)[A]. Finally, H encodes separators for all pairs of languages recognized
by A which are BPol(G)-separable (roughly, this is the proof of Lemma 10). Altogether, we
get a way to build separators in BPol(G), when they exist.

We now prove Proposition 25. Let R C Q* be good. We have to build L € G with e € L
and a BPol(G)-cover K of L which is separating for 74 ¢(R) (which will prove that 74 g(R)
is good as well). We first build L (this part is independent from our hypothesis on R).

» Lemma 27. There exists L € G such that ¢ € L and for every (q,r,s,t) € Q*, if
LBR((‘L S, Q)v (T,t,'l’)) nL 7é 0 and LBR(($7Q7 3)7 (t,T’, t)) nL 7é Q)’ then (‘Lra Sat) € TA,Q(R)'

Proof. Let H be the finite set of all languages recognized by Bg such that {e} is G-separable
from H. For every H € H, there exists Ly € G such that ¢ € Ly and Ly N H = (. We
define L = (e Lu € G. It is clear that ¢ € L. Moreover, given (q,7,s,t) € Q4 if
Lz, ((q,5,q),(r,t,7))NL # 0 and Lg,((s,q,s), (t,r,t)) N L # 0, it follows from the definition
of L that {e} is not G-separable from both Lg,((g,s,q), (r,t,7)) and Lg,((s,q,s), (t,7,t)).
It follows from (1) in the definition of 7.4 ¢ that (q,7,s,t) € T4,6(R). <

We fix L € G as described in Lemma 27 for the remainder of the proof. We now build
the BPol(G)-cover K of L using the hypothesis that R is good and Proposition 6.

» Lemma 28. For all (q,7) € Q?, there is H,, € BPol(G) such that La(q,v)NL C H,,
and for all pairs (s,t) € Q2, if La(s,t) N Hy, # 0 then Lg,((q,s,q), (r,t,r)) N L # 0.

Proof. Since R is good, there are U € G such that ¢ € U and a BPol(G)-cover V of
U which is separating for R. We use them to build H,,. Since U is a group language
and € € U, Proposition 6 yields a cover P of L4(g,7) N L such that every P € P is of
the form P = 1, ,wp where wp € La(q,7) N L. For every P € P, we build a BPol(G)-
cover Kp of P. Let ay,...,a, € A be the letters such that wp = ay---a,. We have
P=UaqU---a,U. Since U € G C Pol(G) and V is a BPol(G)-cover of U, Proposition 5
yields a BPol(G)-cover Kp of P such that for every K € Kp, there exist Vp,...,V,, € V
satisfying K C Voa1 Vi -+ -a,V,,. We define H, , as the union of all languages K such that
K € Kp for some P € P and La(¢,7) N K # 0. Clearly, H,, € BPol(G). Moreover,
since P is a cover of L4(q,r) N L, and Kp is a cover of P for each P € P, it is clear that
La(g,r)NL C H,,. We now fix (s,t) € Q* such that L(s,t) N H,, # 0 and show that
Lg,((q,8,9),(r,t,r)) N L # 0. By definition of H,,, we get P € P and K € Kp such that
La(g,r)NK # 0 and L(s,t) N K # (). By definition, P = tywp with wp € L4(q,7) N L.
Hence, it suffices to prove that wp € Lg,((q,s,q), (r,t,7)).

We fix x € Lg(s,t) N K and y € La(q,7) N K. Recall that wp = a1 ---a, (if n = 0,
then wp = €). Since wp € L4(q,r), we may consider the corresponding run in A4: we get
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Do, - -+, Pn € @ such that pg = ¢, p, = and (p;_1, a;,p;) € § for 1 < i < n. Moreover, since
K € Kp and wp = ay -+ ay, we have K C Voa Vi ---a,V, for Vp,...,V,, € V (if n = 0,
then K C V). Since x,y € K, we get x;,y; € V; for 0 < i < n such that z = xga121 - - - apxy
and y = Yoa1y1 -+ AnYn. Since x € L4(s,t), we get Sg,%0, ..., Sn,tn € @ such that sg = s,
tn =t, x; € La(s,t;) for 0 < i < n, and (t;—1,0a;,8;) € ¢ for 1 < i < n. Symmetrically,
since y € L a(q,7), we get qo,70,.--,qn,"n € Q such that qo = ¢, rn, = 7, y; € La(qgi, ;)
for 0 < i < n, and (r;,-1,a;,q;) € 6 for 1 < i < n. By definition of vg, it is immediate
that ((pi—1,ti—1,7i-1), a4, (Di, Siyqi)) € Yr for 1 <i < n. Since V; € V and V is separating
for R, the fact that z;,y; € V; implies that (s;,t;,q;,7;) € R for 0 < i < n. Hence,
((pss 8i,Gi), €, (Pis tiy ;) € YR by definition. Thus, we get a run labeled by wp from (po, S0, qo)
t0 (P, tn, ™) in Bg, i.e., wp € Lp,((q,$,q), (r,t,7)) as desired. <

We may now build K. Let H= {H,, | (¢,7) € Q?}. Consider the following equivalence
~ defined on L: given u,v € L, we let v ~ v if and only if v € H,, & v € Hy, for
every (q,7) € Q2. We let K as the partition of L into ~-classes. Clearly, each K € K is a
Boolean combination involving the languages in H (which belong to BPol(G)) and L € G.
Hence, K is a BPol(G)-cover of L. We now prove that it is separating for 7.4 g(R). Let
q,r,8,t € Q and K € K such that there are u € L4(q,7)NK and v € L4(s,t) N K. We show
that (¢,7,s,t) € T4,6(R). By definition of K, we have u,v € L and u ~ v. In particular,
u € La(g,7) N L which yields u € H,, by definition in Lemma 28. Together with u ~ v, this
yieldsv € H, . Hence, L A(s,t)NH, , # 0 and Lemma 28 yields Lz, ((¢, s, q), (r,t,7))NL # 0.
One may now use a symmetrical argument to obtain Lz, ((s,q,s), (t,r,t)) N L # 0. By
definition of L in Lemma 27, this yields (¢,7,s,t) € 7.4,g(R), completing the proof.

5 Conclusion

In this paper, we proved that for every group prevariety G, there exist generic polynomial
time Turing reductions from BPol(G)- and BPol(G")-separation to G-separation, for input
languages represented by NFAs. While a generic reduction from BPol(G)-separation to
G-separation was already developed in [21], it relied on an involved machinery, which required
to dig into a more general problem than BPol(G)-separation, namely “ BPol(G)-covering”. In
particular, the techniques from [21] do not provide any way to build separators in BPol(G)
(when they exist). They also yield poor upper complexity bounds. At last, the results of [21]
do not apply to BPol(GT). In this case, even the existence of a generic reduction is new. It
would be interesting to unify ideas of the present paper with the techniques of [21], to lift
them to the setting of BPol(G)- and BPol(GT)-covering. We leave this for further work.

Our results imply that separation is decidable in polynomial time for a number of
standard classes: the piecewise testable languages (i.e., BPol(ST) or equivalently BX;(<)),
the languages of dot-depth one (i.e., BPol(ST™) or equivalently BX;(<,41)), the classes
BPol(MOD) and BPol(MOD™") (i.e., BE1(<, MOD) and B, (<, +1, MOD)) and the classes
BPol(GR) and BPol(GR™). While this was well-known for the piecewise testable lan-
guages [17, 6], all other results are new—mnot only regarding the complexity, but even
regarding the decidability. Actually, it is shown in [12] that BPol(ST)-separation is P-
complete. It turns out that the reduction of [12], from the circuit value problem, adapts to
prove the P-completeness of separation for all of the above classes (we leave the details for
further work). Finally, our results also apply to the classes BPol(AMT) and BPol(AMT™)
(i.e., BX1(<, AMOD) and BX;(<,+1, AMOD)): we obtain that separation is in co-NP.
While this is currently unknown, we conjecture that this is a tight upper bound. Indeed, it is
known that AMT-separation is co-NP-complete [26].
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Appendix

In this appendix, we present the proof of Theorem 22. Let us first recall the statement.

» Theorem 22. Let G be a group prevariety and A = (Q,d) an NFA. Then, Tppoyg+)[G, Al
is the greatest (BPol,+)-sound subset of Q* for G and A.

The proof argument is based on the same outline as the one presented for Theorem 20 in
the main paper. We fix a group prevariety G and an NFA A = (Q,6). Let S C Q* be the
greatest (BPol,+)-sound subset for G and A. We prove that S = Tgpyg+)[G, Al

First part: S C Tpp,yg+)[F,A]. We use tuple separation and Lemma 17. Let us start with

terminology. For every n > 1and (q1,71,q2,72) € Q*, we associate an n-tuple T}, (q1, 71, q2,72).

We use induction on n and tuple concatenation to present the definition. If n = 1 then,
T1(q1,71,92,72) = (La(g2,72)). If n > 1, then,

(L_A(QQ,’I"Q)) . Tn—1<q17r17qQ7T2) if n is odd
Tn i ) ) = i i
(q1,71,42,72) { (La(q1,71)) - Th—1(q1,71,q2,72) if n is even.

We use induction on n to prove the following proposition.

» Proposition 29. For every n > 1 and (q1,71,q2,72) € S, the n-tuple T,,(q1,71,q2,72) is
not Pol(GT)-separable under G-control.

By definition, Proposition 29 implies that for every p > 1 and every (q1,71, g2, 72) € S, the
2p-tuple (L a(q1,71), L.a(g2,72))P is not Pol(G*)-separable under G-control. By Corollary 15,
it follows that L4(q1,71) is not BPol(GT)-separable from L 4(gs,r2) under G-control, i.e.
that (q1,71,¢2,72) € Tppoig+)|G,Al. We get S C Zgpyg+)[G, Al as desired.

We prove Proposition 29 using induction on n. We fix n > 1 for the proof. In order to
exploit the fact that S is (BPol, +)-sound, we need a property of the NFA Bg = (Q3,7s)
used to define T;{g. When n > 2, this is where we use induction on n and Lemma 17.

» Lemma 30. Consider (s1,s2,53), (t1,t2,t3) € Q3 and a group language H C A*. Assume
that H N LBg((51752v53)’ (t1,t2,t3)) # 0. Then, HN La(s1,t1) # 0 and, if n > 2, then the
n-tuple (H N L a(s1,t1)) - Tr_1(82, 12, 83,t3) is not Pol(GT)-separable.

Proof. By hypothesis, there exists w € HN LB;((sh 89, 83), (t1,t2,t3)). Hence, the NFA B;f
contains some run labeled by w from (s1, s, $3) to (t1,t2,t3). We use a sub-induction on the
number of transitions involved in that run. When no transitions are used: we have w = ¢
and (81, 82, 83) = (t1,1t2,t3). It follows that w =& € H N L 4(s1,t1). Moreover, if n > 2, the
n-tuple (H N L4(s1,t1)) - Tru—1(s2, 82, 83, 83) is not Pol(G")-separable by Lemma 13 since
€ € L a(s2,82) N La(ss,s3). We now assume that at least one transition is used. We get a
triple (q1,42,q3) € Q3, a word w’ € A* and z € AU {e} such that we have w = w'z, w' €
ng;((sl, $2,53), (q1,92,g3)) and ((q1,q2,q3), @, (t1,t2,t3)) € v&. Since H is a group language,

it is recognized by a morphism « : A* — G into a finite group G. Let H' = a~(a(w’)).

Clearly, H' is a group language and w’ € H' N LBg((Slv s2,83), (q1,42,q3)). Thus, induction
yields that H'NL 4(s1,q1) # 0 and, if n > 2, the n-tuple (H'NL4(s1,¢1)) - Tr-1(82, 92, $3,73)
is not Pol(G")-separable. We now consider two cases depending on 2z € A U {e}.

Assume first that = a € A: we have ((¢1,¢2,3),a, (t1,t2,t3)) € 4. By definition, it

follows that (g;,a,t;) € § for i = {1,2,3}. Observe that (H' N L4(s1,q1))a C HN L4(s1,t1).

Indeed, if w € (H' N L4(s1,q1))a, then v = w'a where v € H' and v’ € L4(s1,q1). Since
H' = a~(a(w")), the hypothesis that u’ € H' yields a(u) = a(u'a) = a(w'a) = a(w) which
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implies that u € H since w € H and H is recognized by a. Moreover, since u’ € L 4(s1,q1)
and (q1,a,t1) € §, we get u = u'a € L4(s1,t1). Altogether, this yields u € H N L 4(s1,t1) as
desired. Since we already know that H'NL 4(s1,q1) # 0, we get HN L 4(s1,t1) # 0. Moreover,
if n > 2, since (g2, a,t2), (g3, a,t3) € §, Lemma 13 yields that ({a}) - Tr—1(g2, t2, g3, t3) is not
Pol(G")-separable. Hence, since we already know that (H' N L4(s1,q1)) - Tn—1(52,q2, 83,q3)
is not Pol(G™)-separable and (H' N LA(s1,q1))a € H N L4(s1,t1), it follows from Lemma 14
that (H N L4(s1,t1)) - Tn—1(82,t2, 83,t3) is not Pol(G")-separable.

Finally, assume that @ = e: we have ((q1,q2,q3), ¢, (t1,t2,t3)) € v&. By definition, it
follows that g1 = t1, (q2,t2,q3,t3) € S and there exists a nonempty word y € A" which
belongs to La(q1,q1), La(qz2,q2), La(qs,q3), La(te,ta) and L4(ts,t3). Since z = &, we have
w = w'. Hence, since w € H and H is recognized by o, we obtain that H = a(a=(w')) C H.
Since H' N L4(s1,q1) # 0 and ¢1 = #1, we get H N L4(s1,t1) # 0. We now assume that
n > 2. Since G is a finite group, there exists & > 1 such that a(y*) = 1. We write z = y*.
By hypothesis on y, we also have z € L 4(q1,q1). It follows that 2™ C a1 (1g) N La(q1,q1).
Additionally, since z belongs to La(qz,q2), La(gs,q3), La(te,ta) and L4(ts,t3), we know
that 2T La(q2,t2)2" € La(qa,t2) and 27 La(gs,t3)2" € La(gs,t3). Since (g2,t2,q3,t3) € S,
it follows from induction on n in Proposition 29 that the (n—1)-tuple T},_1 (g, t2, g3, t3) is not
Pol(G™T)-separable under G-control. Altogether, we obtain from Lemma 17 that the n-tuple
(oY1) N La(qi,q1)) - Trn_1(qgo,t2,q3,t3) is not Pol(GT)-separable. Finally, since q; = t;
and H' C H, one may verify that (H' N L4(s1,q1))(a " (1) N La(q1,q1)) € (HNLa(s1,t1))-
Since we already know that (H' N L4(s1,q1)) - Th-1(52,q2, 53,q3) is not Pol(GT)-separable,
Lemma 14 yields that (H N L4(s1,t1)) - Tn—1(s2,t2, s3,t3) is not Pol(G")-separable. <

We may now complete the proof of Proposition 29. By symmetry, we only treat the
case when n is odd and leave the even case to the reader. Let (q1,71,q2,72) € S, we have
to prove that T),(q1,71,q2,72) is not Pol(G")-separable under G-control. Hence, we fix
H € G such that ¢ € H and prove H NT,(q1,71,q2,72) is not Pol(G")-separable. Since
S is (BPol,+)-sound, we have TI,Q(S) = S which implies that (g1,71,q2,72) € TI,Q(S).
Hence, it follows from (2) that {e} is not G-separable from LB;((q%ql,qQ), (ra,r1,72)).
Since H € G and ¢ € H, it follows that H N LB;((qg,ql,qg),(rg,rl,rg)) £ 0. If n =1,
Lemma 30 yields H N L A(g2,72) # 0. Since T1(q1,71,92,72) = (La(g2,72)), we get that
HNTi(q1,71,q2,72) is not Pol(GT)-separable as desired. If n > 2, then Lemma 30 implies that
(HNLA(s1,t1)) Tn_1(s2,t2, 83, t3) is not Pol(G")-separable. Thus, since H € G C Pol(G™T),
one may verify that the n-tuple (H N La(q2,72)) - (H N Ty-1(q1,71,42,72)) is not Pol(G")-
separable. By definition, this exactly says that H 1T, (q1,71, g2, r2) is not Pol(G1)-separable,
completing the proof.

Second part: Zgpyg+)[G, A] C S. Consider an arbitrary set R C Q*. We say that R is
multiplication-closed to indicate that for every (¢,r,s,t) € R and (¢',r',s',t') € R, if r = ¢
and t = s, then (q,7’, s,t') € R. Moreover, we say that an arbitrary set R C Q* is good if it
is multiplication-closed and there are L € G such € € L and a BPol(G")-cover K of L which
is separating for R.

» Proposition 31. Let R C Q*. If R is good, then ijg(R) is good as well.

We use Proposition 31 to complete the proof. Let Sy = Q* and S; = Tz,g(Si_l) for
i > 1. By Lemma 21, we have Sy O 51 € S5 D --- and the is n € N such that S,, is the
greatest (BPol,+)-sound subset for G and A, i.e. such that S, = S. Since Sy is good (it is
clearly multiplication-closed and {A*} is a BPol(G")-cover of A* € G which is separating for
So = Q%), Proposition 31 implies that S; is good for all i € N. Hence, S = S,, is good. We
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get L € G such e € L and a BPol(G")-cover K of L which is separating for S. By Lemma 11,
this yields Zgpoyg+)[G, A] € S as desired.

We turn to Proposition 25. Let R C Q* be a good set. We have to prove that T;{’g(R)
is multiplication-closed and build L € G such € € L and a BPol(G")-cover K of L which is
separating for TI)Q(R). This proves that Tig (R) is good as desired. Let us first prove that
ng (R) is multiplication-closed (we use the hypothesis that R is good).

» Lemma 32. The set TI’Q(R) C Q* is multiplication-closed.

Proof. Let (g,7,s,t) € ijg(R) and (¢',r',¢',t') € ijg(R) such that r = ¢ and t = s’. We
need to prove that (¢,7’,s,t') € ijg(R). By (2) in the definition, this boils down to proving
that {e} is not G-separable from LB;((s, q,s),(t',r',t)) and LB;((q, s,q), (r',t',r")). By sym-
metry, we only prove the former. By hypothesis on (g,, s,t) and (¢, r’, s',t’), we get from (2)
that {e} is not G-separable from both Ll@;((s,q,s)7 (t,r,t)) and I/B;((s’,q',s’)7 ', r' ).
Since G is a prevariety it then follows from Lemma 14 that {e} is not G-separable from the con-
catenation LB;((S, q,8), (t,r, t))LBE((s’, q,s),(t,r t')). Finally, since (t,r,t) = (s',¢,5),
we know that LB;((s,q,s), (t,r, t))LB;((s’,q’,s’), ', r',t)) C LB;((s,q,s), (', r',t)). We
conclude that {e} is not G-separable from both LB;((S, q,8),(t',r,t')) as desired. <

We now build L € G such that ¢ € L (this part is independent from our hypothesis on R).

» Lemma 33. There exists L € G such that € € L and for every (q,r,s,t) € Q*, if
LB;((q, $,q), (r,t,7)) N L #D and LB;((s,q, s), (¢, t)) N L #£ 0, then (q,7,5,t) € ng(R).

Proof. Let H be the finite set of all languages recognized by BE such that {e} is G-separable
from H. For every H € H, there exists Ly € G such that ¢ € Ly and Ly N H = (. We
define L = ey Lu € G. It is clear that ¢ € L. Moreover, given (q,7,s,t) € Q4 if
LB;((q, $,q), (r,t,7))N L # () and LBE((S, q,8), (t,r,t))N L # 0, it follows from the definition
of L that {e} is not G-separable from both LB;((q, s,q), (r,t,7)) and LBE((S, q,$), (t,r,t)).
It then follows from (2) in the definition of Tj,g that (¢,7,s,t) € Tj’g(R). <

We fix L € G as described in Lemma 33 for the remainder of the proof. We now build
the BPol(GT)-cover K of L using the hypothesis that R is good and Proposition 7.

» Lemma 34. For all (¢,7) € Q?, there is H,, € BPol(G") such that La(q,v)NL C H,,
and for all pairs (s,t) € Q?, if La(s,t) N Hy, # 0 then LB;((q, s,q), (r,t,r)) N L # 0.

Proof. Since R is good, there are U € G such that ¢ € U and a BPol(Q“‘)—cover V of
U which is separating for R. We use them to build H,,. Since U € G and ¢ € U
Proposition 7 yields a cover P of L 4(q,r) N L such that for each P € P, there exists a word
wp € La(g,r)N L and an A-guarded decomposition (wy, ..., w,+1) of wp for some n € N
such that P = w U - - w,Uwy41 (if n =0, then P = {w;}). Now, for every P € P, we build
a BPol(G")-cover Kp of P from the cover V of U. Let (w,...,w,+1) be the A-guarded
decomposition of wp such that P = wyU -+ w,Uwp41 (in particular, this means that P
is of the form UpaU; - - - amU,y, where ay -+ ay, = wy -+ w, and U; = U or U; = {e} for
each i < m). By definition, V is a BPol(G")-cover of U € G C Pol(G"). Moreover, we
have {e} € GT C Pol(G") by definition of G and {{e}} is a BPol(G")-cover of {e}. Hence,
Proposition 5 yields a BPol(GT)-cover Kp of P = wiU - - w,Uw, 1 such that for every
K € Kp, there exist Vi,...,V, € V such that K C w1V} - w,Vywy41. We define H .
as the union of all languages K such that K € Kp for some P € P and L4(q,7) N K # 0.
Clearly, H, , € BPol(G"). Moreover, since P is a cover of L4(g,r) N L, and Kp is a cover
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of P for each P € P, it is clear that La(q,7) N L C H,,. We now fix (s,t) € Q2 such
that La(s,t) N Hy, # 0 and show that LB;((q,s,q)7 (r,t,r)) N L # (. By definition of
H,,, we get P € P and K € Kp such that La(q,r) N K # 0 and L4(s,t) N K # 0. By
definition, P = w1 U - - - w,Uwy4+1 where (wq, ..., wy41) is an A-guarded decomposition of
wp € La(q,7) N L. We use wp to build a new word w’ € LB;((q, $,q), (ryt,7)) N L.

We fix x € L(s,t)NK andy € La(g,r)NK. Since wp = wy - - wp41 and wp € L a(g,r),
we may decompose the corresponding run in A: we get po, ..., pnt1 € @ such that pg = ¢,
Pntr1 = r and w; € La(pi—1,p;) for 1 < i < n+ 1. Moreover, since K € Kp, we have
K CwVi-w,Vywpyq for Vi,...,V,, € V (if n =0, then K C {w;}). Since z,y € K, we
get x;,y; € V; for 1 <i < msuch that x = wyxy - wpxpwp41 and y = wiy1 -+ - WnYnpWpt1-
Since x € L A(s,t), we get $1,t1,...,8n+1,tnt1 € Q where s1 = s, tpp1 =1, w; € La(s, ;)
for 1 <i<mn+1and z; € Lg(t;,8:41) for 1 < i < n. Symmetrically, since y € L4(q,7),
we get q1,71, -, qnt1, Tne1 € Q with g1 = ¢q, a1 =7, w; € La(gs,m;) for 1 <i<n+1,
and y; € L a(r,qiv1) for 1 <4 < n. First, note that when n = 0, we have wp = w; and the
above implies that wp € L4(g,7) and wp € L4(s,t). Thus, wp € LB;((q,s,q), (r,t,r)) by
definition of the labeled transition in BE. This concludes the proof since we also know that
wp € L. We now assume that n > 1.

By hypothesis, (wi, ..., wy4+1) is an A-guarded decomposition. Hence, for 1 < i < n, we
get z; € AT which is a right A-loop for w; and a left A-loop for w; 1. Let o : A* — G be a
morphism into a finite group G recognizing both L and U (recall that L and U are group
languages). Since g is a finite group, there exists k > 1 such that for each 1 <14 < n, we have
a(zF) =1g. We let u; = zF for 1 < < n. One may verify that u; remains a right A-loop for
w; and a left A-loop for w;11. Moreover, since a(u;) = 1g, we know that u; € U (recall that
¢ € U and U is recognized by o). We let w] = wyuy, w;_‘_l = UpWpy1 and w; = u;_qw;u, for
2 <i < n. Finally, we let v’ = w} - - wj,w), . ; and show that w' € LN LB;((q7 $,q), (r,t, 1))
which completes the proof. First, since a(u;) = 1g for 1 < ¢ < n, it is immediate that
a(w') = a(w;y - - wpwpe1) = a(wp). Since wp € L which is recognized by «, we get w’ € L.

We now concentrate on proving that w’ € LB;((q, $,q), (ryt,r)). For 1 <i<mn+1, we
know that w; belongs to La(pi—1,pi), La(si,t;) and L 4(g;, ;). Hence, one may verify from
the definition of left /right .A-loops that there are py,...,p, 1 € Q, s1,th,..., s, 1, th 1 €Q
and ¢1,71, ..., @11, 741 € Q such that,

PO =1D0 =, Dpi1 = Pnt1 =7, W, € La(p;_y,p}) for 1 <i<n+1andu; €Lap,,p,)

for1 <i<n.

50 = 80 = 8, thy = tpyr = t, wj € La(sj,t;) for 1 < i < n+ 1 and we have

wi € La(t;, ;) N La(ti,ti) N La(sit1,8541) N La(siyq,854,) for 1 <i <n.

W =q = ¢ Thyy = Tne1 = 1, w; € La(gj,r;) for 1 < i < n+ 1 and we have

ui € La(ri,ri) N La(ri,ri) N La(gis1, aiv1) N La(@ipy, @iqq) for 1 < i <m.

By definition of the labeled transitions in the NFA BE, it is straightforward to verify that we
have w} € LB;((p;_l, shyql), (P}, t,rl)) for 1 <4 <n+ 1. We now prove the following fact.

i
» Fact 35. For 1 <i <mn, we have ((p},t;,v}), e, (D}, S\ 11,d/11)) € V-

Proof. We fix i for the proof. Since we know that u; € AT belongs to L4(p},p}), La(t},t}),
La(ri,ry), La(siyq,s; 1) and La(qj,1,q},,), it suffices to prove that (t],s;, ,,77,q;,,) € R.
This will imply that ((p},t},7}),, (P}, Si41,d/41)) € 7 by definition of . Recall that
i € La(ti, Siv1), yi € La(ri,qiv1) and z;,y; € V;. Since V; € V which is separating for R,
it follows that (¢;, 811,74, ¢i+1) € R. Moreover, u; € U which yields V' € V such that u; € V
since V is a cover of U. Hence, since u; € L4(t},t;) and u; € L a(r},7;). The hypothesis that

V is separating for R also yields (¢, ¢;,r},r;) € R. Symmetrically, one may use the hypotheses
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that u; € La(siy1,5;,1) and u; € La(qiy1,q;,1) to verify that (siy1,87,1,¢i+1,4¢41) € R.

Altogether, since R is multiplication-closed, we get (i, s, 1,7}, ¢;,1) € R as desired. <
In view of Fact 35, we obtain w’ = wi - - wjw}, | € LBE((%’ $1,01), (Pt b 1s Thg1))-
This exactly says that w' € LB;((q, $,q), (r,t,r)) which completes the proof. <

We may now build K. Let H = {H,, | (¢,7) € Q*}. Consider the following equivalence
~ defined on L: given u,v € L, we let u ~ v if and only if v € H,, & v € H,, for every
(g,7) € Q%. We let K as the partition of L into ~-classes. Clearly, each K € K is a Boolean
combination involving the languages in H (which belong to BPol(G")) and L € G. Hence,
K is a BPol(G")-cover of L. It remains to prove that it is separating for TX,Q(R). Let
q,7, 8t € Q and K € K such that there are u € La(q,7) N K and v € Ly(s,t) N K. By
definition of K, we have u,v € L and u ~ v. In particular, we have u € L 4(¢,) N L which
yields u € H, , by definition in Lemma 34. Together with u ~ v, this yields v € H,,. Hence,
Ly(s,t)N Hy, # 0 and Lemma 34 yields LB;((q,s,q), (r,t,7)) N L # . One may now
use a symmetrical argument to obtain LBE((S, q,5), (t,r,t)) N L # (. By definition of L in
Lemma 33, this yields (q,r,s,t) € 74,6(R), completing the proof.
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