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Alors que dans mes recherches d’avant 1970, mon attention systé-
matiquement était dirigée vers les objets de généralité maximale,
afin de dégager un language d’ensemble adéquat pour le monde de
la géométrie algébrique, et que je ne m’attardais sur les courbes
algébrique que dans la stricte mesure où cela s’avérait indispensable
(notamment en cohomologie étale) pour développer des techniques
et énoncés “pass–partout” valables en toutes dimensions et en tous
lieux (j’entends, sur tous schémas de base, voire tous topos annelés de
base . . . ), me voici donc ramené, par le truchement d’objets si simples
qu’un enfant peut les connâıtre en jouant, aux débuts et origines de
la géometrie algébrique, familiers à Riemann et à ses émules !

A. Grothendieck, Esquisse d’un programme ([129], page 8)

Whereas in my research before 1970, my attention was systematically
directed towards objects of maximal generality, in order to uncover
a general language adequate for the world of algebraic geometry, and
I never restricted myself to algebraic curves except when strictly neces-
sary (notably in etale cohomology), preferring to develop “pass-key”
techniques and statements valid in all dimensions and every place
(I mean, over all base scheme, or even based ringed topoi. . . ), here
I was brought back, via objects so simple that a child learns them
while playing, to the beginnings and origins of algebraic geometry,
familiar to Riemann and his followers!

A. Grothendieck, Sketch of a programme ([129], page 246)



Preface

Russian scientists have a long-standing tradition of working with high school
students. The work takes many forms: in circles, special mathematical schools,
olympiads, “scientifically oriented” summer camps. The subjects to discuss
with students are usually chosen with great care. They must be elementary
enough to be accessible to a beginner but at the same time sufficiently rich
to provide a kind of an opening to the world of real research. They are often
related to the researcher’s field of interest.

During one such summer camp, near the ancient city of Pereslavl not far
from Moscow, in the summer of 1989, we discussed in a company of friends
the programs of our respective circles. To our great amazement we discovered
that, while working on different subjects, we studied the same objects, namely,
embedded graphs. These objects were indeed elementary, and they were a
natural subject of interest for combinatorialists. But among us there were also
physicists, as well as specialists in algebraic number theory, and in singularity
theory. Thus began our cooperation; we tried to understand one another’s
works and language, which, at least for the two of us, has culminated in this
book. Luckily, at the beginning we largely underestimated the width and the
depth of the sea we intended to cross, otherwise we would not have dared to
start. But the world we discovered is really full of wonders.

While working on the book we encountered two main difficulties which
probably encounters every author trying to cover a quickly developing field.
First, the domain turned out to be vaster than we initially supposed. Second,
the progress of science was sometimes faster than we were able to follow it.
In the course of the last decade some entirely new branches of the subject
appeared “out of nowhere”. Sometimes we were compelled to stop writing
certain parts of the book only because at some moment one must stop anyway.
The reader will notice that every chapter starts as a play with a very intriguing
plot; but its end is often rather abrupt, and there is no epilogue. Well, finally,
it is only natural.

An overview of the content is given in the Introduction. The authors share
full responsibility for everything written in the book. All the chapters were



VIII Preface

discussed by both authors. However, we had to share the work in some way.
Chapters 4 and 6 are mainly written by Sergei Lando; Chapters 1 and 2, by
Alexander Zvonkin; in Chapters 3 and 5 each of us wrote certain sections and
we find it unnecessary to specify this in detail.
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0

Introduction: What is This Book About

0.1 New Life of an Old Theory

The theory of maps (sometimes also called embedded graphs, or ribbon graphs,
or fat graphs, or graphs with rotation), or, otherwise, the topological graph the-
ory, is an old and well established branch of combinatorics. It may justifiably
be proud of such classical results as the Euler formula (relating the number
of vertices, edges, and faces of a map with the genus of the corresponding
surface), and of such notably difficult modern achievements as the Four Color
Theorem. But the last two decades witnessed a kind of a volcanic activity in
this domain which would have been difficult to predict some 30 years ago.

The new trends do not lie in the mainstream of the preceding development
of the subject. Rather, they reflect the appearance of entirely new domains
of application, reaching so far as to Galois theory or to the quantum field
models. It seems incredible and sometimes even improbable that “the objects
so simple that a child learns them while playing” (A. Grothendieck, see the
epigraph) may have so large a variety of relations. But what is written above is
not just publicity. Probably it is sufficient to note that the relationships with
quantum physics were discovered (and developed) by quantum physicists (see
[143], [44], [146], [25] and many other papers), and those with Galois theory,
by the specialists in this theory ([21], [129], [257], etc.).

On a more technical level, the vision of the main object of study also has
changed. We now consider it as an entity having a kind of a triple nature.
It is not merely a topological object, a graph embedded into (or drawn on)
a two-dimensional surface. It is also a sequence of permutations (or, if you
prefer, it “is encoded by” a sequence of permutations), which provides a re-
lation to group theory. And it is at the same time a way of representing a
ramified covering of the sphere by a compact two-dimensional manifold. Con-
sidering the sphere as the Riemann complex sphere we obtain, on the covering
manifold, the structure of a Riemann surface. And Riemann surfaces rarely
walk by themselves. Usually they keep company with Galois theory, with al-
gebraic curves, moduli spaces and many other exciting subjects. It is exactly
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the interrelations between these three points of view that make the subject so
rich.

The goal of the book is to explain the above mentioned relations and to
expose the variety of new applications. The majority of the material discussed
here was not presented elsewhere in a book form.

0.2 Plan of the Book

In Chapter 1 we introduce carefully, and sometimes at great length, the objects
we deal with and their interrelations. These objects are: (1) constellations,
that is, finite sequences of permutations; (2) ramified coverings of the sphere;
(3) various species of embedded graphs (maps, hypermaps, trees, cacti, etc.);
and, finally, (4) Riemann surfaces.

Chapter 2 is dedicated to a very popular subject which is called, even
in the English language literature, by a French name of the theory of dessins
d’enfants (see, for example, the collection of papers [247]). The term itself was
coined by Grothendieck in his famous “Esquisse d’un programme” and means
“children’s drawings”. Although in principle a “dessin d’enfant” means just a
“map”, the term is used, as a rule, in the context of the action of the absolute
Galois group Γ = Aut(Q |Q) on maps. The existence of such an action may be
deduced from the theorems known already in the 19th century, though nobody
ever looked attentively in this direction. The fact that the action is faithful is
a recent discovery of G. Belyi (1979) [21], and it made a profound impression
on Grothendieck. The Belyi theorem relates Riemann surfaces defined over Q

with meromorphic functions having three critical values. Combinatorial and
geometric consequences of this fact constitute the main subject of Chapter 2.

Chapter 3 is an introduction to the method of matrix integrals in map
enumeration. One would naturally suppose that we speak of an application of
maps to quantum fields. The idea is wrong: it works in the opposite direction!
We speak of an application of quantum fields to the theory of maps. Certain
models of quantum fields (namely, when a field takes values in a space of
matrices) lead naturally to a presentation of the partition function of the
model as the generating function for a certain kind of maps. At the same
time, the maps in question may be interpreted as discrete approximations
to strings; this relates the whole construction to the string theory, which is
another branch of theoretical physics.

The subject of the matrix integrals has three aspects: (1) the physical
foundations of the models studied; (2) the methods of calculation of matrix
integrals; and (3) the interpretation of the matrix integrals in combinatorial
terms, as well as the “encoding” of a combinatorial problem in terms of a
matrix integral. Concerning the first aspect, we reduce its discussion to few
remarks; not only we don’t have enough space to develop the subject in this
book, but, at least in this particular case, we must admit that we also lack
a real understanding. The reader who wants to know more must address the
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specialized physical literature. Concerning the second aspect, we give several
guidelines but don’t dwell on it much. It is an exciting topic, but we would
need a separate monography in order to cover it to a reasonable depth. Mainly,
we concentrate here on the third aspect, thus providing an interested reader
with a sort of a bridge relating the two theories (matrix integrals and map
enumeration). Our feeling is that the physical literature often proposes not
a bridge but a ford, which is sometimes too deep, and this may prevent a
mathematically minded reader to make the most of it.

The method of matrix integrals was reinvented by mathematicians in 1986
[138] as a tool in a computation of the Euler characteristic of moduli spaces
of complex algebraic curves. The paper [138] was very influential and gave a
powerful incentive for an activity around this subject. The culmination point
of all that was Kontsevich’s proof of the Witten conjecture relating matrix
models to the intersection theory on the moduli spaces [178]. An account of
this range of ideas is given in Chapter 4.

In Chapter 5 we return to a general study of meromorphic functions, in
order to concentrate on two topics. The first one is the Lyashko–Looijenga
mapping, which relates, from yet another point of view, the enumerative ques-
tions with algebraic geometry and singularity theory. The second is the flexible
classification of meromorphic functions (often called topological classification),
which is related to a braid group action on constellations. The chapter fin-
ishes by an exposition of the so-called megamaps, a beautiful return of dessins
d’enfants for meromorphic functions with not three but four critical values,
using the above mentioned braid group action.

Finally, in Chapter 6 we explain the structure of the Hopf algebra on chord
diagrams, which originates in the Vassiliev knot invariants (or “finite order
invariants”). The relevance of maps here does not jump very easily to the eyes;
but finally one understands that the chord diagrams are just one-vertex maps
(which were by the way enumerated in the above mentioned paper [138]), and
arbitrary maps play the role of the chord diagrams for links.

The book finishes with an Appendix written by Don Zagier. It may be
considered as a crash-course in the representation and character theory of
finite groups, with applications to the enumeration of constellations. Certain
results used in the main body of the book are proved here in a very concise
and elegant manner.

The difficulty level in various parts of the book is very unequal; probably
we should have added “unfortunately”, if it were not inevitable. Sometimes
we explain in great detail rather simple things about graphs and maps; at
other places we use, with a strict minimum of explanations or even without
them, such things as, for example, the characters of group representations,
or the absolute Galois group, and so on. The main reason is that our book
is about graphs, and we must supply the reader with all the necessary infor-
mation in order to be clear and precise. Of course, the book is also about
applications; but, and this is the second reason, an attempt to give all the
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necessary prerequisites concerning groups, Riemann surfaces, Galois theory,
moduli spaces, quantum fields and knots would certainly lead to a disaster.
We do not pretend, by the way, to be experts in all the above mentioned fields
(and if we did, the reader would probably not believe us). Nevertheless when-
ever possible we try our best in explaining how to work concretely, by bare
hands or using a computer, with the above mentioned objects. This approach
is consistent with our pedagogical credo: we do not think that a profound
knowledge of a theory must necessarily precede a concrete use of the objects
under study. The two processes may very well go in parallel and enrich each
other.

It is clear that every chapter of our book could give rise to an entire book.
Probably, one day such a series of books will be written. But such a project
needs time. Our goal here is more modest: to give an introduction and a first
account of some of the spectacular developments we witnessed these years.

0.3 What You Will Not Find in this Book

If you request the Mathematical Reviews database for a list of publications
containing the subject 05C10 “Topological graph theory, imbeddings”1, you
will find more than 3000 publications. Certainly, the index 05C10 is not always
assigned to papers treating, say, ramified coverings or Feynman diagrams, so
one may suppose that the above list of 3000 publications is far from being
complete. The conclusion is obvious: today it is absolutely unthinkable for a
person (and for two persons as well) to follow the development of this branch
of combinatorics. We may be practically sure that we are not aware of some
important results and even entire directions of this development. Our book
shows only a certain number of facets of the subject. Several books on the
subject are already well-known: Ringel (1974) [241], Gross and Tucker (1987)
[128], Bonnington and Little (1995) [36], as well as two first editions of the
book of White [298]. It is worth noting that very recently, and almost simul-
taneously, several books dedicated to embedded graphs appeared: Liu [200],
Mohar and Thomassen [219], White [298], Jackson and Visentin [150]. The
intersection of all the above books with ours is almost inexistent.

Still, we would like to mention explicitly at least the most noticeable omis-
sions of our book.

First of all, such a classical topic as the map coloring, which may be
considered as one of the origins of map theory, is practically not touched
at all. The four-color theorem [9], the coloring of maps on surfaces of higher
genera [241], and many other ramifications of the subject, such as the coloring
of directed graphs, are completely omitted.

Second, we don’t treat either certain less classical but not less important
topics, and among them there are some that we want to mention, though very
1 The latter word possesses two correct spellings: ‘embedding’ and ‘imbedding’. We

use the first one.
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briefly. The spectral theory of graphs is one of them. In principle it studies
graphs, not maps; but, as in the case of coloring, the “genus aspect” turns
out to be very important: see [60]. The theory of graph minors has grown up
out of the theory of maps. More precisely, it is a very far-reaching generaliza-
tion of the Pontryagin–Kuratowski characterization of planar graphs. But we
don’t give an account of it here; see a long series of papers by Robertson and
Seymour, of which we cite only the latest one available to us at the moment of
writing this introduction: [244]. There also exists a multitude of algorithmic
problems concerning maps: planarity verification, random generation, least
genus embedding, and so on. They are not accounted. Finally, let us mention
the embedding problems for various series of graphs, such as the complete
graphs, the n-dimensional cubes, and so on.

Our relationship with the map enumeration is more complicated. It would
be wrong to say that we don’t do it at all. In Chapter 3 we show how to enu-
merate certain maps by computing matrix integrals. In Chapter 5 we enumer-
ate some classes of maps by computing the degree of the Lyashko–Looijenga
mapping. In the Appendix a number of enumerative results is obtained using
the character theory of finite groups. But the theory of map enumeration also
possesses a wealth of more traditional combinatorial methods, such as the
bijective method, the Lagrange inversion, Tutte’s quadratic method, the con-
jugation of trees, and so on. We do not explain all this: our goal is to explore
the new dimensions of map enumeration.

Among the omissions we regret the most, there are two topics that are
very close to the mainstream of our exposition. The first is the finite type
invariants of immersed curves. The second concerns complex dynamical sys-
tems, in particular the range of ideas around the postcritically finite systems
and Thurston’s obstructions.

We may but repeat what was already said before: each chapter of this
book, being exposed up to a sufficient depth, deserves an entire book. In fact,
there are also some publications that relate the topics of different chapters
among themselves. Thus, [263] is an attempt to apply the dessins d’enfants
to the quantum field models. In [164] an action of the absolute Galois group
on Vassiliev’s invariants is studied. Matrix integrals are used in enumerating
“tangles” (certain objects related to knots) in [306].

We stop here, being unable to embrace the unembraceable. It is clear that
a more appropriate title of our book should be “Certain Aspects of Graphs
on Surfaces, with Few Applications”.
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Constellations, Coverings, and Maps

We start with a combinatorial–group theoretic notion of constellation. Then
we pass on to topology and study ramified coverings of the sphere. Next we
introduce various types of “pictures”, or embedded graphs: maps, hypermaps,
trees, cacti and so on, and clarify their relation to the ramified coverings and
the constellations. Finally, at the end of the chapter we discuss Riemann
surfaces; they are constructed as ramified coverings of the complex Riemann
sphere.

The goal of this chapter is not only to introduce all these objects, but to
show that they are, in a way, different manifestations of the same object. The
possibility to look at it from different points of view, and to involve different
intuitions, is the main source of ideas forming the foundation of this book.

1.1 Constellations

Let Sn denote the symmetric group that acts on n points. We usually multiply
permutations from left to right: this is the rule adopted in all computer sys-
tems of symbolic calculations, which are now actively used in mathematical
research. Accordingly, our permutations act on the right; in particular, the
action by conjugation is gh = h−1gh, and gh1h2 = (gh1)h2 . We write sets in
curly brackets, sequences in square brackets, and group generators in angular
ones.

Definition 1.1.1 (Constellation). A sequence [g1, g2, . . . , gk], where gi ∈
Sn, is called a constellation (or a k-constellation) if the following two properties
are satisfied:

• the group G = 〈g1, g2, . . . , gk〉 acts transitively on the set of n points;
• the product of gi is the identity permutation: g1g2 . . . gk = id.

The integer n is called the degree of the constellation, and k is called its length.
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It is obvious that the constellations of length k ≤ 2 are of no interest
(for k = 2 they have the form [g, g−1] with g cyclic; for k = 1 the trivial
constellation [id] exists only if n = 1). The case k = 3, on the other hand, is
already of great interest and will be the subject of a large part of this book.

The motivation for the term “constellation” will become clear later (see
Remark 1.2.24). It is amazing to see how important such a simple object as a
constellation could be, and how many profound and non-trivial structures it
may possess.

Definition 1.1.2 (Cartographic group). The group G = 〈g1, . . . , gk〉 ≤ Sn
is called the cartographic group of the constellation [g1, . . . , gk].

It is important to note that the cartographic group is defined not up to
isomorphism, but by its action. In other words, it is not an abstract group
but a permutation group, a concrete subgroup of Sn. A cartographic group
is an object associated to a constellation, and as such it may be considered
as a group with a fixed set of generators. In the context of ramified coverings
of the sphere (see Sec. 1.2) the group G will also be called the monodromy
group.

According to the definition, the group G is a permutation group. In prin-
ciple, nothing prevents us from considering constellations inside an arbitrary
group (and probably Coxeter groups are the next candidates to study). But for
the moment there is no strong motivation for such a generalization. Whatever
will be the further development of the subject, in this book we will encounter
only finite permutation cartographic groups.

Definition 1.1.3 (Primitive and imprimitive group). Let G be a per-
mutation group of degree n. It is called imprimitive if the underlying set may
be split into disjoint subsets of equal size different from 1 and n, called blocks,
such that for any g ∈ G the image of a block is always a block. (In other
words, the action respects some non-trivial equivalence relation.) Otherwise
the group is called primitive.

The “majority” of the permutation groups are imprimitive. For example,
there exist 301 transitive permutation groups of degree 12, but only 6 of them
are primitive (see [245]), including Sn and An. On the other hand, according
to a classical result of Dixon [85], a randomly chosen set of permutations
almost always generates either Sn or An. Therefore a primitive cartographic
group different from Sn and An is a rare guest.

Definition 1.1.4 (Special group). We call a permutation group special if
it is primitive and does not coincide with Sn or An.

See further discussion of the imprimitive case in Sec. 1.7.2.

Definition 1.1.5. Two constellations C = [g1, . . . , gk] and C′ = [g′1, . . . , g
′
k]

acting on two sets E and E′ of the same cardinality are isomorphic if there
exists a bijection h : E → E′ such that g′i = h−1gih for i = 1, . . . , k. The
constellations C and C ′ are conjugate if E = E′ and h ∈ G = 〈g1, . . . , gk〉.
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For a permutation g ∈ Sn its cycle structure is the partition λ � n which
consists of the lengths of the cycles of g. For example, if n = 12 and g =
(1, 3, 5, 7)(2, 4, 6)(8, 9, 12), then g contains one cycle of length 4, two cycles of
length 3 and two cycles of length 1 (that is, fixed points, namely 10 and 11).

Notation 1.1.6. There exist various conventions to denote partitions. We
permit ourselves the freedom of using any comprehensible notation accord-
ingly to its convenience. Taking the partition of the above example, that is,
12 = 4 + 3 + 3 + 1 + 1, it may be denoted as (4, 3, 3, 1, 1), or as 43311, or as
43212. If one of the parts of a partition is a number with two or more digits,
the two last methods may lead to an ambiguity. Therefore in this case we shall
use only the notation of the type (21, 1, 1, 1) or (21, 13).

For the group Sn, to fix the cycle structure of a permutation means to
fix its conjugacy class. For an arbitrary permutation group H ≤ Sn, distinct
conjugacy classes may have the same cycle structure.

Definition 1.1.7 (Passport). Let C = [g1, . . . , gk] be a constellation. The
sequence [λ1, . . . , λk] of partitions of n, where each λi is the cycle structure of
the permutation gi, i = 1, . . . , k, is called the passport of C. If all gi belong to
a subgroup H , G ≤ H ≤ Sn, then the sequence [K1, . . . ,Kk] of the conjugacy
classes of the permutations gi in H is called the refined passport of C with
respect to H .

According to this definition, the same constellation may have several dif-
ferent refined passports, depending on the choice of the group H . However,
we usually omit the part of the phrase “with respect to H”.

Example 1.1.8. In Example 1.1.14 below we will meet a constellation with
the passport [3616, 212, (21, 3)].

Everybody who has ever worked with permutations knows that the fol-
lowing parameter of a permutation is very important: its degree minus the
number of its cycles. For example, a permutation is even if and only if this
parameter is even. In terms of partitions, if λ � n, λ = (d1, . . . , dp), with all
di > 0, we have this parameter equal to n− p.

Notation 1.1.9. If λ � n is the cycle structure of a permutation g ∈ Sn, then
we denote by v(g) = v(λ) the difference n− p, where p is the number of parts
in λ, or the number of cycles in g. The number of cycles in g will be denoted
by c(g).

For example, for the partition λ = 43212 � 12 we have v(λ) = 12 − 5 =
7. If the sequence [v(g1), . . . , v(gk)] consists only of even numbers, then the
cartographic group is even: G ≤ An. In the future, the partition λi will play
the role of the set of multiplicities of the preimages of a critical value yi; then
the corresponding number v(λi) may be considered as the multiplicity of the
critical value itself.

Two problems often arise in relation to constellations:
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Problem 1.1.10. Having fixed a group G ≤ Sn and a passport [K1, . . . ,Kk],
all the Ki being conjugacy classes in G, find all the constellations with the
cartographic group G and with the refined passport [K1, . . . ,Kk] with respect
to G.

Problem 1.1.11. Compute the number of solutions of Problem 1.1.10.

Problem 1.1.10 is in general very difficult: we know of no efficient methods
of solving it. Concerning Problem 1.1.11, the following classical formula which
goes back to Frobenius answers not exactly this question but a very close one,
and thus provides us with a valuable and often indispensable tool in working
with constellations. The proof may be found in Sec. A.1.3.

Theorem 1.1.12 (Frobenius’s formula). Let G be a finite group, and let
a sequence [K1, . . . ,Kk] of (not necessarily distinct) conjugacy classes in G be
given. Then the number of solutions of the equation

g1g2 . . . gk = id such that gi ∈ Ki, i = 1, . . . , k

is equal to
|K1| · . . . · |Kk|

|G|
∑
χ

χ(K1) · . . . · χ(Kk)
χ(id)k−2

,

where | · | denotes the size of the corresponding set, and χ ranges over all
irreducible complex characters of G.

The mnemonic rule behind this formula is as follows. The number of poten-
tial candidates [g1, . . . , gk] for being a solution is |K1|·. . .·|Kk|. If the distribu-
tion of the products g1g2 . . . gk inside G were uniform, then |K1| · . . . · |Kk|/|G|
times we would obtain id ∈ G. However, this distribution is not uniform; the
sum over the characters provides the correcting term.

(Possibly you have never studied group representation theory, and don’t
know what an irreducible character is. Never mind: the goal of the examples
given below is to show that you may get some useful information even without
a profound knowledge of the subject. Another possibility is to thoroughly
study Appendix A.)

Remark 1.1.13. The reason why Frobenius’s formula does not reply exactly
to the question posed in Problem 1.1.11 is that among the k-tuples [g1, . . . , gk]
counted by it there are also those that generate not the group G but some
of its subgroups H < G. A particular (and very nasty) case of this situation
is the case when the group H = 〈g1, . . . , gk〉 does not act transitively on the
underlying set of n elements. Sometimes the question of the transitivity can
be easily overcome: when, for example, one of the permutations is circular.
In general, however, one must use a kind of an inclusion-exclusion procedure
inside the lattice of subgroups of G, which may not be an easy thing to do. A
complete account of this approach is contained in [215].
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Example 1.1.14. Let us start with a non-trivial example and take as a group
to consider the Mathieu group M24. To define it properly would take us too
much time and place; therefore we will not dwell on the definition here. We
just ascertain that it is a very important finite group, which is a member of the
famous list of 26 sporadic simple groups, and which is, according to Conway,
“the most remarkable among all finite groups”. In its presentation of minimal
degree (which is also called the “natural representation”) it is a permutation
group of degree 24. Its order is equal to N = 244823040 = 210 ·33 ·5 ·7 ·11 ·23.
The character table of M24 is to be found in the Atlas of Finite Groups [62],
page 96. In M24, there are only 26 conjugacy classes, and hence 26 irreducible
characters. The columns of the table correspond to the conjugacy classes, the
rows correspond to the irreducible characters, and on their intersection the
value of the character on an element of the class is given.

Suppose we want to know the number of constellations with the refined
passport [3A, 2B, 21A] (here we use the Atlas notation of conjugacy classes).
Concerning the cycle structures, the class 3A contains all g ∈ M24 with the
cycle structure 3616; the class 2B, all g with the structure 212; and the class
21A is one of the two mutually inverse classes with the cycle structure (21, 3).

What are we to do? The idea to undertake an exhaustive search of all
the possible N3 ≈ 14.7× 1024 constellations must certainly be avoided. Then
let us use Frobenius’s formula! The sum over the characters contains only
26 summands; also from time to time a character is equal to zero, and then
the whole product of the three characters is equal to zero.

Table 1.1. Non-zero values of irreducible characters on conjugacy classes in M24

1080 7680 21

id 3A 2B 21A

χ1 1 1 1 1

χ2 23 5 −1 −1

χ8 253 10 −11 1

χ17 1265 5 −15 1

χ19 2024 −1 24 1

In Table 1.1 we reproduce only the part of the character table of M24

we really need: the four columns out of 26, which correspond to the three
conjugacy classes 3A, 2B and 21A and to the identity; and the five characters,
also out of 26, that are non-zero on all the three classes. The first row gives
the orders Z(K) of the centralizers of the corresponding conjugacy classes K.
We have |K| = N/Z(K); therefore,
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|3A| = 226688 = 27 · 7 · 11 · 23,
|2B| = 31878 = 2 · 32 · 7 · 11 · 23,
|21A| = 11658240 = 210 · 32 · 5 · 11 · 23.

Now we are able to apply the formula:

226688 · 31878 · 11658240
244823040

(
1 +

5
23
− 110

253
− 75

1265
− 24

2024

)
=

28 · 3 · 7 · 112 · 232

(
1 +

5
23
− 10

23
− 15

253
− 3

253

)
= 244823040 = |M24|.

Note that if a triple [g1, g2, g3] generates the whole group M24, then all its
conjugates [h−1g1h, h

−1g2h, h
−1g3h], h ∈ M24 are pairwise distinct. Indeed,

otherwise there would exist an h that would commute with g1, g2 and g3 and
therefore it would commute with all the elements of M24. Thus, the group M24

would have a non-trivial center, which contradicts the fact that the group is
simple. Later we will see that in our example the triples [g1, g2, g3] indeed
generate the whole group. Therefore the fact that the number of solutions is
equal to the order of the group means that in fact the solution is unique up
to conjugacy. The solution will be given explicitly in Example 1.4.1.

We see that Frobenius’s formula may sometimes be remarkably efficient.

Remark 1.1.15. Not all the entries of character tables are as simple as in
the above example. From time to time we may encounter something like, say,
(−1 +

√
−23)/2. But anyway the final answer given by the formula should be

an integer, and therefore all the square roots and other irrationalities should
eventually disappear.

Exercise 1.1.16 ([5]). If the Atlas [62] is available to you, carry out sim-
ilar computations for the Mathieu group M23 and the refined passport
[2A, 4A, 23A]. In the natural representation of this group (of degree 23) the
cycle structures of these classes are [2817, 442213, 23].

For the group Sn, the number of classes and characters very soon be-
comes too big, and a “character table” in paper form becomes impossible.
On the contrary, for this case there exists an elaborated combinatorial theory
of characters, which permitted to develop many software packages computing
them. In certain cases a study of more profound properties of characters al-
lows one to find the result without using the software. Also there exist some
enumerative formulas that give the desired result without having to resort to
the characters at all. We do not discuss this topic in the present section, be-
cause the formulas in question often depend on certain geometric (or, rather,
topological) characteristics of the constellations, such as their genus, and a
topological interpretation of constellations will be given in the next section.

Construction 1.1.17 (Braid group action). Sometimes it would be desir-
able to transpose two neighboring permutations gi and gi+1, thus obtaining a
new “constellation”
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[g1, . . . , gi−1, gi+1, gi, gi+2, . . . , gk].

Alas, usually this is impossible: the product of permutations is not commuta-
tive, and therefore the new object in general will not be a constellation (the
product

∏
gi will be different from id). In order to overcome this obstacle, let

us introduce the following operations σ1, . . . , σk−1 that act on k-constellations:

σi : gi 
→ g′i = gi+1,
gi+1 
→ g′i+1 = g−1

i+1gigi+1, and
gj 
→ g′j = gj for j �= i, i + 1.

Now it is easily seen that the result of this operation is also a constellation,
because the product

∏
g′i =

∏
gi is preserved, and the groups generated by

the gi and by the g′i coincide. The relation

σiσj = σjσi for |i− j| > 1

is trivial.

Exercise 1.1.18. Verify the relation

σiσi+1σi = σi+1σiσi+1.

Thus the operations σi, i = 1, . . . , k− 1, generate an action of the braid group
Bk (see [33] or Sec. 5.4) on k-constellations. The following invariants of the
action are obvious:

• the cartographic group G (as a concrete subgroup of Sn);
• the unordered refined passport of the constellation: in fact, the conjugacy

classes Ki and Ki+1 are transposed by σi.

If two constellations are isomorphic, then their images under σi are also iso-
morphic. Therefore, we may consider the action also on the isomorphism
classes of constellations. It will play an important role in Chapter 5 because
it is responsible for what we call the flexible classification of meromorphic
functions (as opposed to their rigid classification).

1.2 Ramified Coverings of the Sphere

1.2.1 First Definitions

Definition 1.2.1 (Unramified covering). Let X and Y be two path con-
nected topological spaces, and let f : X → Y be a continuous mapping. The
triple (X,Y, f) is called an unramified covering, or simply a covering, of Y by
X if for any y ∈ Y there exists a neighborhood V of y such that the preimage
f−1(V ) ⊂ X is homeomorphic to V × S, where S is a discrete set.
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The function f is called the projection from X to Y ; by abuse of language
it is often this function which is called a covering (when X and Y are specified
by the context).

The connected components of the preimage f−1(V ) are called the sheets
of the covering over V . The preimage f−1(y) is called the fiber over y. The
cardinality of S is called the degree of the covering and is denoted by deg f . If
deg f = n, then the covering f is called n-sheeted, and if n < ∞, it is called
finite-sheeted.

Two unramified coverings f1 : X1 → Y and f2 : X2 → Y are isomorphic if
there exists a homeomorphism u : X1 → X2 such that the following diagram
is commutative:

�
�

�
��

�
�

��

X1 X2

Y

u

f1 f2

We will be mainly interested in finite-sheeted coverings.

Example 1.2.2. Let both X and Y be the unit circle S1. For a point in S1,
take as the coordinate the angle ϕ measured mod 2π. Then the mapping

f : ϕ 
→ nϕ mod 2π

is an unramified covering of degree n. In Fig. 1.1 we show on the left n points
belonging to X = S1 which are the preimages of a single point in Y = S1

(shown on the right).

Fig. 1.1. An unramified covering of the circle by itself: f : ϕ �→ nϕ mod 2π;
n different preimages of a point are shown

We may also choose as the coordinate of a point in S1 the complex number
z having |z| = 1; then the same function f may be expressed as f : z 
→ zn.

It is interesting to note that in this example X and Y are homeomor-
phic to each other. The same is obviously true for the covering of an annulus
{(r, ϕ)|0 ≤ rn1 < r < rn2 } by the annulus {(r, ϕ)|0 ≤ r1 < r < r2} correspond-
ing to the function
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f : (r, ϕ) 
→ (rn, nϕ),

where nϕ, as before, is taken mod 2π. In the complex coordinate z this covering
has the form f : z 
→ zn. The preimage of the horizontal segment under this
covering is shown in Fig. 1.2.

Fig. 1.2. An unramified covering of an annulus: f : (r, ϕ) �→ (rn, nϕ); n different
preimages of a segment are shown

When r1 = 0, the annulus becomes an open disk punctured at the center.
Adding the central point to both X and Y we obtain a ramified covering of an
open disk by an open disk: the mapping remains continuous, and all the points
of Y except one have the same number n of preimages, while the center of Y
has a single preimage. In such a case we say that this preimage (the center of
X) is a critical point and has multiplicity n, or order n, while the center of Y
is a critical value. Quite often critical values are called ramification points.

Ramified coverings of the sphere S2 will be considered a little later, when
we prepare everything we need to introduce them.

Remark 1.2.3. The usage of the two terms is slightly different. If the term
“covering” is used without any adjective, then it usually means “unramified
covering”. While speaking of a ramified covering, one must specify that it is
“ramified”. However, we will not always respect this rule.

1.2.2 Coverings and Fundamental Groups

Unramified coverings of a topological space Y admit a very convenient al-
gebraic description. Namely, taken up to isomorphism, they are in bijection
with the subgroups of the fundamental group of Y , taken up to conjugacy.
The degree of the covering is equal to the index of the subgroup; thus, the
finite-sheeted coverings are classified by the finite index subgroups of the fun-
damental group. An important construction involved in this correspondence
is that of monodromy.

It is hardly possible to find a topology textbook that does not contain the
definition of the fundamental group, and the reader may choose any of them
to find all the necessary details. Nevertheless we give here the main points of
this definition.
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Definition 1.2.4 (Fundamental group). Let us fix a point y0 ∈ Y . A loop
in Y with the base point y0 is a continuous mapping γ : [0, 1]→ Y such that
γ(0) = γ(1) = y0. The image γ([0, 1]) is an oriented path in Y that starts at
y0 and returns to y0; by abuse of language this path is also called a loop.

Two loops γ0 and γ1 are homotopic if there exists a continuous mapping
(a homotopy) ϕ : [0, 1]2 → Y such that ϕ(0, t) = γ0(t), ϕ(1, t) = γ1(t), and
ϕ(s, 0) = ϕ(s, 1) = y0 for all s. (Intuitively, this means that the oriented
path γ0 may be continuously transformed to γ1, without moving its ends.)
Homotopy is an equivalence relation on loops.

The product γ = γ0γ1 of two loops γ0 and γ1 is the loop that follows
first γ0 and then γ1. More formally: γ(t) = γ0(2t) for 0 ≤ t ≤ 1/2; and
γ(t) = γ1(2t− 1) for 1/2 ≤ t ≤ 1.

The homotopy classes of loops, with the above operation of a product,
form a group which is called the fundamental group of Y with the base point
y0, and is denoted by π1(Y, y0).

Exercise 1.2.5. Show that if γ(t) and γ′(t) are two different reparametriza-
tions of the same path, then they are homotopic. Verify that the product of
loops is well-defined, that is, if γ0 is homotopic to γ′

0, and γ1 is homotopic to
γ′
1, then γ0γ1 is homotopic to γ′

0γ
′
1. Verify the group properties for π1(Y, y0).

In order not to be too formal, from now on we will not distinguish between
a homotopy class of oriented loops or paths, and its concrete representative.

If Y is path connected, the groups π1(Y, y1) and π1(Y, y2) with two differ-
ent base points are isomorphic. Indeed, take an arbitrary oriented path α from
y1 to y2; then to any γ ∈ π1(Y, y1) we may associate a loop α−1γα ∈ π1(Y, y2)
(the path α−1γα goes along α−1 from y2 to y1; then along γ from y1 back
to y1; then along α from y1 to y2). It is an easy exercise to show that this
correspondence is an isomorphism. This isomorphism is not canonical: choos-
ing a path β not homotopic to α we obtain another isomorphism γ 
→ β−1γβ.
However, the freedom is not total: the latter isomorphism may be obtained by
making first an inner automorphism of π1(Y, y1), namely, the conjugation by
βα−1, and making the initial isomorphism γ 
→ α−1γα after that. Thus, the
fundamental group without a base point may be considered as a well defined
group up to inner automorphism. We may speak of its general properties (we
may say that it is free, or finite, or commutative), though we cannot speak
of its concrete elements. The fundamental group of Y with a base point not
specified will be denoted by π1(Y ).

The reader is advised to compute fundamental groups for several examples,
or to see them in the textbooks.

Consider a covering f : X → Y . Let E ⊂ X be the preimage of the base
point: E = f−1(y0). Obviously, E is in bijection with the discrete set S of
Def. 1.2.4. The monodromy is the following action of the group π1(Y, y0) on E.

Construction 1.2.6 (Monodromy). Let γ ∈ π1(Y, y0) be an arbitrary ele-
ment of the fundamental group. Any such γ induces a bijection g : E → E.
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Indeed: (i) γ is a closed oriented curve in Y ; therefore f−1(γ) consists of |S|
oriented curves in X ; (ii) γ leads from y0 to y0; therefore each of the curves
of f−1(γ) leads from a point of E to a point of E, which gives a mapping
g : E → E; (iii) finally, this mapping g is invertible because γ is invertible in
π1(Y, y0).

It is easy to see that the correspondence γ 
→ g gives a group homomor-
phism from π1(Y, y0) to the group of bijections on E: the product of the paths
in π1(Y, y0) corresponds to the composition of these bijections. The image G
of this homomorphism is called the monodromy group of the covering.

The covering space X often inherits some important structures from the
covered space Y . For example, if Y is oriented, we may construct the corre-
sponding orientation of X . The process of reconstruction of a structure on X
from the corresponding structure on Y is often called the lifting.

Construction 1.2.7 (From a covering to a subgroup). We have seen
that the fundamental group π1(Y, y0) acts on E. Let us fix x0 ∈ E, and
consider the subgroup M of π1(Y, y0) which is the stabilizer of x0. The choice
of M obviously depends on the choice of x0; but the stablizers of different
points are conjugate. Now, the right cosets of M are in bijection with E:
indeed, for α, β ∈ π1(Y, y0) the cosets Mα and Mβ coincide if and only if
αβ−1 ∈ M , which is true if and only if both α and β send x0 to the same
element x ∈ E. Therefore the index of M in π1(Y, y0) is equal to the cardinality
of E.

Incidentally, M is isomorphic to the fundamental group of X with the base
point x0, because it consists of loops in π1(Y, y0) whose liftings to X starting
at x0 always return to x0.

Construction 1.2.8 (From a subgroup to a covering). In the opposite
direction, let a subgroup M ≤ π1(Y, y0) be given. Consider the set of oriented
paths in Y , with the starting point y0 and with an arbitrary end point y ∈ Y .
We will call two such paths α and β equivalent if (i) they have the common
end y; and (ii) the loop αβ−1 belongs to M . Take as the space X the set of
equivalence classes of such paths. The projection f : X → Y associates to
each set of equivalent paths their common end.

We leave it to the reader to verify all the properties of an unramified
covering, and the fact that the choice of a subgroup M ′ conjugate to M leads
to an isomorphic covering.

Example 1.2.9. The fundamental group of the circle, or of an annulus, is the
infinite cyclic group Z. All the finite index subgroups of this group are of the
form nZ, n ∈ Z+, with their factors being finite cyclic groups Cn

∼= Z/nZ.
Therefore all the possible unramified coverings of the annulus are those that
we have already described in Example 1.2.2. One more subgroup contained
in Z is {0} ⊂ Z. It determines the infinite-sheeted covering f : R → S1,
f : t 
→ eit.
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We have finished our general exposition of the relations between the fun-
damental groups and the coverings. It was a little hasty, but it contains all
the necessary information and can be worked through in order to acquire a
better understanding of the subject. Let us add two more notions to our list:

Definition 1.2.10. A covering is called regular (or Galois) if the correspond-
ing subgroup M � π1(Y, y0) is normal. In this case the monodromy group is
isomorphic to the quotient group π1(Y, y0)/M .

A covering is called universal if M = {id}, that is, if the covering space X
is simply connected. It is, in a way, the “biggest” possible covering of Y .

1.2.3 Ramified Coverings of the Sphere and Constellations

We turn now to a particular case of finite-sheeted coverings of a two-dimen-
sional sphere S2 punctured at k points y1, . . . , yk. Set R = {y1, . . . , yk}; thus
Y = S2 \R. We consider this sphere endowed with an orientation. This means
that when we turn around any of its points, we know if we turn in the positive
(that is, counter-clockwise) or negative (clockwise) direction. The fundamental
group of Y is well known: it is the free group Fk−1 with k − 1 generators
(whatever the base point y0). However, it will be more convenient for us
to choose k generators subject to one relation: in this way we will be able
to associate a generator to each puncture, and thus preserve the symmetry
among the punctures.

Convention 1.2.11. We construct the generators of the fundamental group
of Y in the following way. We will consider the order of the punctures y1, . . . , yk
fixed once and for all. Choose, as usual, a base point y0 ∈ Y , and connect
it with all the points yi, i = 1, . . . , k, by oriented simple non-selfintersecting
curves ci which intersect one another only at y0. The union of the paths ci
forms a star graph on S2, i.e., a tree in which one central vertex is connected
to all other vertices. Now, we transform every ci in a loop γi ∈ π1(Y, y0) in
the following way: γi follows ci until it comes to a small vicinity of yi; then
it makes a complete turn around yi in the counter-clockwise direction; and
finally it returns back to y0 along c−1

i ; see Fig. 1.3.

Fig. 1.3. The loop γi in the fundamental group π1(S
2 \R, y0)
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Finally, we impose one more condition on the loops γi, which is a condition
on their order around y0: in a vicinity of y0 the order of γ1, γ2, . . . , γk must
be counter-clockwise. Note that this condition still does not guarantee the
unicity (up to homotopy, with the points y0 and y1, . . . , yk being fixed) of
such a system of loops: see Fig. 1.4.

Fig. 1.4. The order of the loops γ1, . . . , γk around y0 is counter-clockwise

Definition 1.2.12 (Base star). A star graph in the target sphere with
marked points, constructed as in the convention above, is called a base star
of the covering.

With this convention, the product ι = γ1 . . . γk ∈ π1(S2 \ R, y0) is a loop
that goes around all the points y1, . . . , yk; see Fig. 1.5. Taking into account
that this takes place on the sphere, the above product is retractable to y0,
and thus is equal to the identity in π1(S2 \R, y0).

� � . . . � . . . �
�

y1 y2 yi yk

y0

Fig. 1.5. The product ι = γ1 . . . γk goes around all the points y1, . . . , yk, and
therefore it is retractable on the sphere to y0

We may now apply to our case the general construction of Sec. 1.2.2.

Construction 1.2.13 (Getting a constellation). (a) Let f : X → S2 \ R
be a finite-sheeted covering of degree n of a punctured sphere. Then to each
γi ∈ π1(S2 \R, y0) we may associate a permutation gi ∈ Sn acting on the set
E = f−1(y0).

(b) The permutations g1, . . . , gk generate a permutation group G ≤ Sn,
which is the monodromy group of the covering. The mapping γi 
→ gi, i =
1, . . . , k, extends to a group homomorphism π1(S2 \R, y0)→ G.
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(c) The equality γ1 . . . γk = id in the fundamental group of S2 \R implies
the equality g1 . . . gk = id in the monodromy group G.

(d) X is path connected, therefore the permutation group G is transitive.

We summarize the above construction in the following

Proposition 1.2.14. The sequence of permutations [g1, . . . , gk] is a constel-
lation.

What is probably more important is the fact that this construction also
works in the opposite direction.

Proposition 1.2.15. For any constellation C = [g1, . . . , gk] there exists an
unramified covering of the punctured sphere corresponding to C.

Proof. Let E be the underlying set of the constellation C. Consider the
mapping π1(S2 \ R, y0) → G taking each generator γi to gi. Since the only
restriction γ1 . . . γk = id is also valid for their images g1, . . . , gk in G, this
mapping admits a unique extension to a group homomorphism. For a point
x ∈ E let Mx ⊂ π1(S2 \ R, y0) denote the preimage of the stabilizer of x in
G. Then Mx determines a finite-sheeted covering of S2 \ R. Since the group
G = 〈g1, . . . , gk〉 acts transitively on E, the covering is connected.

A final stroke, to finish with the unramified coverings of the punctured
sphere:

Proposition 1.2.16. A sequence of generators γ1, . . . , γk ∈ π1(S2 \ R, y0)
being fixed, two unramified coverings of the punctured sphere S2 \ R are iso-
morphic if and only if the corresponding constellations are isomorphic.

Proof. Indeed, an isomorphism of coverings induces an isomorphism of the
corresponding constellations. The permutation h : E → E′ is the restriction
of the homeomorphism from Definition 1.2.1 to the fiber over y0.

In the opposite direction, the composition of the monodromy (considered
as an action of the group π1(S2\R, y0) on E) with an isomorphism h : G→ G′

of two constellations is a group homomorphism π1(S2 \ R, y0) → G′. The
preimage of the stabilizer of h(x) in G′ coincides with Mx, and stabilizers
corresponding to distinct points are conjugate.

We may at last pass on to the ramified coverings of the sphere. We are now
going to construct from a covering of a punctured sphere a ramified covering
of the sphere.

Construction 1.2.17 (Ramified covering). First of all let us compactify
the punctured sphere by adding to it the missing points y1, . . . , yk. The topo-
logical space Y thus becomes S2; but now some of its points (namely, the
points y1, . . . , yk) do not have preimages in X . Then let us add these preim-
ages!
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For every yi ∈ Y , i = 1, . . . , k we add as many points to X as there are
cycles in the permutation gi. We declare them the preimages of yi, and assign
to them multiplicities equal to the lengths of the corresponding cycles.

Let us fix yi and a cycle of length d in gi. The construction coincides
“locally” with that of Example 1.2.2 (the parameter n of the example be-
ing replaced with d). Before the compactification, a small vicinity of yi in
the punctured sphere is a punctured disk V ⊂ Y ; there is a punctured disk
U ⊂ X which corresponds to the chosen cycle, and which covers V with de-
gree d. What we have done is, we added a “central point” to both annuli, thus
transforming them to disks.

We preserve the old notation X , Y and f : X → Y for the new objects
constructed as above.

Note that the mapping extended to the new, enlarged space X remains
continuous. Note also that the multiplicity of a point x ∈ X may be defined
purely topologically: x is of multiplicity d if for any y′ ∈ Y close to y = f(x),
y′ �= y, among the n points in f−1(y′) there exist exactly d points close to x.

The result of the above construction deserves a bit of examination. First
of all, the topological space X remains a manifold. Indeed, before the point
adding procedure it was a manifold (though non-compact) by Def. 1.2.1. Now,
by Construction 1.2.17 the neighborhoods of the new, added points are also
homeomorphic to open disks. What is even more important, the manifold X
is now compact. Finally, X is orientable; it is even oriented if the sphere S2

is. Indeed, the orientation in a neighborhood U ⊂ X may be lifted from the
orientation in V = f(U) on the sphere, and the monodromy process does not
lead to a contradiction in this definition.

Definition 1.2.18 (Ramified covering of the sphere). Let X be an orien-
table compact two-dimensional manifold, and let S2 be the two-dimensional
sphere. A continuous mapping f : X → S2 is called a ramified covering of S2

by X if there is a finite set of points R = {y1, . . . , yk} ⊂ S2 such that f is
obtained from an unramified covering of S2 \R by Construction 1.2.17.

The degree n of the initial unramified covering is called the degree of the
ramified covering f and is denoted by deg f . The minimal set R satisfying
the assumptions of the definition is the ramification locus of the covering. Its
elements y1, . . . , yk are the critical values of f . The points x ∈ f−1(R) of
multiplicity greater than one are the critical points. Critical values may also
be called ramification points of the covering.

Two ramified coverings f1 : X1 → S2 and f2 : X2 → S2 are isomorphic
if there exists an orientation preserving homeomorphism u : X1 → X2 such
that the following diagram is commutative:

�
�

�
��

�
�

��

X1 X2

Y

u

f1 f2
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The critical values of f are those points y ∈ S2 for which |f−1(y)| < n.
Sometimes, by abuse of language, it is convenient to add to the minimal set
R certain generic, that is, non-critical values y ∈ S2 (the minimal set R is the
ramification locus, while, with some generic points being added, it becomes
a ramification locus). Also, it may sometimes be convenient to speak of all
the points in f−1(R), both critical and non-critical ones, as of critical points
(thus some of them are considered as “critical points of multiplicity one”).

1.2.4 Surfaces

We have already touched on two-dimensional manifolds. An accurate expo-
sition of their theory may be found in many books on topology. The reader
may look, for example, in [241] or [267]. In fact, we don’t need such an expo-
sition here, as the purely combinatorial approach developed in this book will
be equivalent to it. Also, we will work mainly with orientable manifolds. The
classification of two-dimensional orientable compact topological manifolds is
well known. They are classified according to one integral parameter, their
genus, usually denoted by the letter g. This classification is shown in Fig. 1.6.

Fig. 1.6. Orientable two-dimensional manifolds of genus g = 0 (sphere), g = 1
(torus), g = 2, etc.

In order not to use too cumbersome terminology we introduce the following
definition:

Definition 1.2.19 (Surface). A compact oriented two-dimensional topolog-
ical manifold X will be called a surface.

Let us note that the surfaces will be considered not only orientable but
oriented, that is, already endowed with a fixed orientation.

The next question to ask is, how to compute the genus of X in a ramified
covering f : X → S2? The answer is given by the Riemann–Hurwitz formula.
Though it is mainly used in the context of Riemann surfaces, it is purely
topological in nature.

Construction 1.2.20 (Riemann–Hurwitz formula). The formula itself
is rather difficult to memorize. Instead of giving the final result we prefer
to explain first how it works. Though we will return to maps, and to the
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Euler formula in particular, later, we will use them here. We know that for
a map drawn on the sphere, with v vertices, e edges, and f faces, we have
v− e + f = 2. Let us draw an arbitrary map on the sphere S2, taking the set
of critical values R as the set of its vertices (thus v = k). Now consider the
lifting (that is, the preimage) of this map. It is also a map which is drawn
on X ; it obviously has E = ne edges and F = nf faces, because every edge
drawn on S2 is “repeated” n times on X , and the same is true for the faces.
But this reasoning is not valid for the vertices of the map on X , because the
vertices are the preimages of the critical values. Their number is the number
of the points in f−1(R), which is equal to the total number of the cycles in
the permutations gi, i = 1, . . . , k. Denoting this latter number by V we obtain

V − E + F = V − ne + nf = 2− 2g.

Remark 1.2.21. The only information we really need in order to determine
the genus of X is the constellation (in fact, even its passport suffices). Indeed,
the map “below”, on S2, may be fixed once and for all. For example, we
may always take as such a map a closed Jordan curve that passes through
y1, . . . , yk; then e = k and f = 2, and everything depends on V alone, namely:

V − nk + 2n = 2− 2g =⇒ g = 1 +
(k − 2)n− V

2
. (1.1)

Any other map on S2 which “involves” in some or another way the points
y1, . . . , yk will give the same result. Therefore we may speak of the genus of
a constellation.

Another form of this formula may be obtained if we recall the parame-
ter v(g) introduced in Notation 1.1.9. Taking into account that kn − V =∑k

i=1 v(gk) we get

g = 1− n +
1
2

k∑
i=1

v(gi), (1.2)

or, if you like,

2− 2g = 2n−
k∑

i=1

v(gi),

where 2− 2g is the Euler characteristic of the surface of genus g.

Exercise 1.2.22. Take the star graph on the sphere, which consists of the
center y0 and of k segments that connect the center to the vertices y1, . . . , yk
(it is the graph we used in the monodromy construction). The map thus
obtained has k +1 vertices, k edges, and 1 face. Apply Construction 1.2.20 to
this map and compare the result to the formula (1.1). [Hint: The point y0 is
generic and thus gives rise to n vertices.]
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Exercise 1.2.23. Show that both constellations considered in Example 1.1.14
and Exercise 1.1.16 are planar, that is, their genus is equal to zero. Therefore
they define ramified coverings of the sphere by itself.

Remark 1.2.24. We may now explain the motivation behind the term con-
stellation. The total preimage of the star drawn on S2 is a collection of
stars drawn on X and connected to each other at the critical points. A
combinatorial-geometric study of this object will be one of our main tools
throughout the book. Historically, the term “constellation” was first used by
Jacques in [151] to denote a pair of permutations; then it was supplanted by
“map” and “hypermap” (see later), and recently reanimated in the meaning
we use here.

Remark 1.2.25. The genus of a two-dimensional manifold cannot be nega-
tive. This simple observation leads to certain constraints on the numbers used
in Eq. (1.1). The following exercise is based on this idea.

Exercise 1.2.26 ([238]). If permutations g1, . . . , gk−1 ∈ Sn generate a tran-
sitive subgroup of Sn, and if v(g1)+ . . .+ v(gk−1) = n−1, then every product
gi1 . . . gik−1 , where i1, . . . , ik−1 is a permutation of the indices 1, . . . , k − 1, is
a cycle of length n.

In [238] Ree remarks that he had been unable to give a direct proof of
this statement even when all gi, i = 1, . . . , k − 1 are cycles of length 3. Thus
certain topological considerations may lead to rather non-trivial consequences
for permutations.

In Chapter 5 we will study two kinds of equivalencies of ramified coverings.
Unfortunately, in the literature both of them are called “topological equiva-
lence”. In order to avoid confusion, we introduce two terms: rigid equivalence
(which means “up to isomorphism”, where the isomorphism is meant that of
Definition 1.2.18) and flexible equivalence. The latter one is defined below.

Definition 1.2.27 (Flexible equivalence of coverings). Let f1 : X1 → S2

and f2 : X2 → S2 be two ramified coverings of the sphere. They are called
flexibly equivalent if there exist two orientation preserving homeomorphisms
u : X1 → X2 and v : S2 → S2 taking the set of points {y1, . . . , yk} to itself
such that the following diagram is commutative:

�

� �
�

X1 X2

S2 S2

u

v

f1 f2

Compare this notion with that of isomorphism introduced in Definition
1.2.18. The new element here is the possibility to make a homeomorphism
also on the lower level, between the two copies of S2. What does it change?
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By making a homeomorphism, and even an isotopy of the sphere, we may
exchange the positions of the points, say, yi and yi+1. Then the loops γi and
γi+1 will take the form shown in Fig. 1.7, and nothing will happen with the
constellation.

Fig. 1.7. (a) yi and yi+1 exchange their places; (b) the new form of the loops γi

and γi+1; (c) the new loops γ′
i and γ′

i+1 that we would like to use.

But now we would probably like to change the numbering of the ramifica-
tion points, declaring y′i = yi+1 and y′i+1 = yi. Then the loops must also be
changed. For γi this is simple: γ′

i = γi+1, while for γi+1 it is more complicated.
The new loop γ′

i+1 is shown in Fig. 1.7(c), and its expression in terms of the
old generators of π1(S2 \R) is shown in Fig. 1.8.

Fig. 1.8. Expression of γ′
i+1 in terms of γi and γi+1.
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We see that γ′
i+1 = γ−1

i+1γiγi+1. Taking into account that the mapping
π1(S2 \ R) → Sn : γi 
→ gi is a group homomorphism, we get the following
transformation of the monodromy data:

g′i = gi+1, and g′i+1 = g−1
i+1gigi+1,

while the other gj, for j �= i, i + 1, don’t change.
What we have found is the operation σi of the braid group action on the

constellations introduced in Construction 1.1.17. We may conclude that this
action respects the flexible classification of ramified coverings. This fact was
established by Hurwitz in 1891 [144]. (He thus implicitly introduced the braid
group, which was introduced explicitly by E. Artin 34 years later [14].) The
opposite statement, that the flexible equivalence of ramified coverings of the
sphere implies the equivalence of the corresponding constellations under the
braid group action, was proved by Smilka Zdravkovska in 1970 [304]. We thus
have the following theorem:

Theorem 1.2.28. Two ramified coverings of the sphere are flexibly equivalent
if and only if the corresponding constellations belong to the same orbit of the
braid group action of Construction 1.1.17.

A proof of this theorem, as well as numerous other details concerning the
flexible equivalence, will be given in Sec. 5.4.

1.3 Maps

We have seen in the previous section that maps, that is, graphs drawn on
two-dimensional manifolds, may provide a very efficient tool in solving various
questions. We have even used this notion, and the Euler formula, before their
proper introduction. In this section we start the accurate (and sometimes
slow) presentation of all these objects and statements.

1.3.1 Graphs Versus Maps

1.3.1.1 What Do We Do When We Draw a Graph

When we work with graphs, we often draw them on a piece of paper. But
we very seldom get aware of the fact that this operation of drawing adds to
an “abstract” graph a supplementary structure. Loosely speaking, a graph
with this additional structure is what we call a map. Look at Fig. 1.9. We
see here the same graph drawn twice; but the two maps shown in this picture
are different. The set of the vertices, and that of the edges, and the incidence
and adjacency relations are the same for both pictures. But if we consider the
faces, that is, the pieces into which our graph cuts the plane (or the sphere),
they are different. In the left-hand side picture the faces are of “degree” 1 and
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Fig. 1.9. One graph, but two maps

5, while in the right-hand side they are of “degree” 3 and 3. The notion of
degree of a face will be defined below; here we just note that a graph does not
have faces at all: it only has vertices and edges.

After a closer inspection of the above example we see that, combinatorially
speaking, the two pictures differ in the way their edges are “arranged” around
the vertex of degree 4. Namely, they have there different cyclic order. This
suggests the idea to encode somehow this additional information. Here per-
mutations are of a great help. The idea to use permutations in order to encode
a map goes back to the works of Dyck and Heffter in the late 19th century
[88], [140], [141], or probably even to Hamilton [132], and was revived in the
20th century by J. R. Edmonds [90]. Later on this approach was thoroughly
developed by combinatorialists, see [63], [65].

We start with graphs, then pass on to two-dimensional manifolds, after
that give a topological definition of a map, and then continue with its combi-
natorial definition using permutations.

1.3.1.2 Graphs

Except for very few explicitly stipulated cases, we will consider only connected
graphs. On the other hand, we accept loops and multiple edges. No restrictions
on vertices of degree 1 or 2 are imposed either. A graph will usually be denoted
by a capital Γ .

Definition 1.3.1 (Graph). A graph Γ = (V,E, I) is a triple consisting of a
set of vertices V , a set of edges E, and an incidence relation I between the
elements of V and the elements of E such that any edge e ∈ E is incident
either to two different vertices v1, v2 ∈ V , or is incident “twice” to the same
vertex v ∈ V (in the latter case the edge is called a loop).

If several edges are incident to the same pair of vertices v1, v2, then they are
called multiple edges. A path in a graph is a sequence v0, e1, v1, e2, . . . , en, vn
(certain vertices and/or edges may be repeated) such that ei is incident to
vi−1 and vi, i = 1, . . . , n. We say that such a path connects v0 to vn. A path
having v0 = vn is called a cycle.

Definition 1.3.2. We say that a graph Γ is connected if any two of its vertices
may be connected by a path.
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Definition 1.3.3. The degree, or the valency, deg(v) of a vertex v is the
number of edges incident to it (any loop incident to the vertex is counted
twice).

Each edge is incident to two vertices; hence:

Proposition 1.3.4.
∑

v∈V deg(v) = 2|E|.

e

e

e
fv

u

w
1

2

3

Fig. 1.10. A graph containing multiple edges e1, e2, e3 and a loop f

Example 1.3.5. In the graph shown in Fig. 1.10, the edges e1, e2, e3 are mul-
tiple; the edge f is a loop; the degree of the vertex v is 6; the degrees of the
vertices u and w are 1 and 2 respectively; the number of edges is 10, and the
sum of the degrees of the vertices is 20.

1.3.2 Maps: Topological Definition

1.3.2.1 What Is a Map?

A map is a graph drawn on a surface, or embedded into it:

Definition 1.3.6 (Topological map). A map M is a graph Γ embedded
into a surface X (that is, considered as a subset Γ ⊂ X) in such a way that

• the vertices are represented as distinct points of the surface;
• the edges are represented as curves on the surface that intersect only at

the vertices;
• if we cut the surface along the graph thus drawn, what remains (that is,

the set X \ Γ ) is a disjoint union of connected components, called faces,
each homeomorphic to an open disk.

By abuse of language, we speak of the genus of the map M , meaning the genus
of the underlying surface X (cf. Theorem 1.3.10).

Following the last definition, the maps shown in Fig. 1.9 should be regarded
as drawn not on the plane but on the sphere, which is obtained from the plane
by adding a point at infinity; after this operation the “outer face” becomes
also homeomorphic to an open disk.
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1.3.2.2 Some Comments on the Above Definition

Definition 1.3.6 seems obvious and very easy to digest. However, we must
clarify certain points that may lead to confusion. First, look at Fig. 1.11.
What is drawn here is not a map at all, because the “outer face” is not
homeomorphic to an open disk but contains a handle instead.

Fig. 1.11. This is not a map

It also becomes clear why we consider only connected graphs: any attempt
to draw a disconnected graph on a surface will lead to a “face” not homeo-
morphic to a disk. However, in the rare occasions when non-connected maps
will be treated, they will be considered as drawn not on a single surface but
on a number of surfaces equal to the number of the graph components; see
Fig. 1.12.

(a) (b)

Fig. 1.12. A “disconnected map” is a disjoint union of several maps: the image (a)
is wrong while the image (b) is correct

Finally, we must answer a rather tricky question: which maps we would
like to consider as being isomorphic.
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Definition 1.3.7. Two maps M1 ⊂ X1 and M2 ⊂ X2 are isomorphic if there
exists an orientation preserving homeomorphism u : X1 → X2 such that the
restriction of u on Γ1 is a graph isomorphism between Γ1 and Γ2.

Be careful: this seemingly harmless definition contains a trap. The diffi-
culty is related to homeomorphisms (existing for g ≥ 1) that realize non-trivial
elements of the mapping class group (see [33]). The so-called Dehn twists form
a set of generators of this group. A Dehn twist is constructed as follows: we
cut the surface along a closed curve which does not bound a topological disk;
then we “twist” one of the borders thus obtained through 2π; and then we
glue the two things together again. The result that this operation produces
on a map is shown in Fig. 1.13.

Fig. 1.13. These two pictures represent the same map

We will consider the resulting map as being the same as the initial one
(or isomorphic to it), and this point of view will be coherent with the combi-
natorial definitions given below. Note that it is impossible to obtain one map
from the other by “changing it slowly and continuously little by little”, that
is, by an isotopy of the surface.

Note also that a reflection symmetry of a surface does not preserve the
orientation, and therefore the maps that are mirror symmetric to each other
are, generally speaking, not isomorphic.

1.3.2.3 Faces and Euler’s Formula

An edge is incident to a face if it belongs to the boundary of this face. If both
“banks” of the edge belong to the same face, then such an edge is called an
isthmus; we say that an isthmus is incident to the corresponding face twice.

Definition 1.3.8. The degree, or the valency deg(f) of a face f is the number
of edges incident to this face (isthmuses being counted twice).

The notion of face degree is illustrated in Fig. 1.14. If we go around the
boundary of a face slightly inside the face, then the number of times we pass
along an edge is exactly the degree of the face.

The following proposition is similar to Proposition 1.3.4.
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7

12

4

Fig. 1.14. The degrees of the faces of this map are written inside the faces

Proposition 1.3.9.
∑

f∈F deg(f) = 2|E|, where the sum is taken over the
set F of the faces of the map.

Theorem 1.3.10 (Euler characteristic). Let us associate to a map M the
number

χ(M) = |V | − |E|+ |F |,

which is called its Euler characteristic. Then χ(M) does not depend on the
map M itself but only on its genus g and is equal to 2− 2g.

For the genus zero case this theorem was already observed by Descartes,
and was proved by Euler in 1752 [96]. For genera g ≥ 1, the theorem appeared
for the first time in 1812 in a paper by Simon Lhuilier [196], or, more exactly,
in its “extended abstract” prepared by Gergonne, the original manuscript by
Lhuilier being too long.

(The polyhedra with holes are considered in this paper as the second of
three possible types of “exceptions” to the usual Euler formula: “La sec-
onde sorte d’exception a lieu, lorsque le polyèdre est annulaire ; c’est-à-dire,
lorsqu’étant d’ailleurs compris sous une surface unique, il a une ouverture qui
le traverse de part en part.” On page 186 Gergonne writes: “J’avais, depuis
long-temps, remarqué les deux premières sortes d’exceptions.” Therefore the
formula should probably be attributed to both authors.)

A careful proof of the theorem needs some attention, but the idea is simple.
We introduce operations of the kind “add/erase a vertex”, or “add/erase an
edge”, as many of them as we are able to invent. Now we observe that any
such operation preserves χ(M). For example, if we add a new vertex in the
middle of an edge, then both |V | and |E| increase by 1, while |F | does not
change. What remains to be proved is the transitivity of these operations on
the maps of a given genus.

Note that for non-connected maps (defined as graphs embedded into non-
connected surfaces) the genus is not additive, but the Euler charactersitic is,
because the numbers of vertices, edges and faces are additive.
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=

Fig. 1.15. A genus 1 embedding of the graph of the tetrahedron. In the right-hand
side picture the torus is shown as a square, whose opposite sides should be identified.

1.3.2.4 Graph Embeddings

For somebody not familiar with the theory we develop here, it often comes as
a refreshing surprise to learn that the graph itself not only does not determine
the map (as we have already seen before), but does not even determine its
genus. Let us take the graph of a tetrahedron. We have the habit to see it as
the one-dimensional skeleton of a polytope; this image is very close to that
of a map drawn on the sphere, which has 4 triangular faces. Thus according
to Euler’s formula χ(M) = 4 − 6 + 4 = 2 = 2 − 2g =⇒ g = 0. And now
look at Fig. 1.15: it is probably not immediate to recognize the same graph,
but after some time we see that this graph indeed has 4 vertices and 6 edges,
and every pair of vertices is joined by an edge. This time there are only
two faces (one of degree 4 and the other one of degree 8), and therefore
χ(M) = 4− 6 + 2 = 0 = 2− 2g =⇒ g = 1.

Definition 1.3.11 (Plane vs. planar). A map of genus zero is called plane.
A graph which can be embedded into the sphere and thus give rise to a plane
map is called planar.

The graph of the tetrahedron is planar, but only some of its embeddings
are plane.

The cube is usually considered as a map of genus 0 having 6 faces of
degree 4.

Exercise 1.3.12. Embed the graph of the cube into a torus in such a way
that the corresponding map would have 4 faces of degree 6.

The icosahedron is usually considered as a map of genus 0 having 12 ver-
tices of degree 5, 30 edges, and 20 triangular faces.

Exercise 1.3.13. Embed the graph of the icosahedron into a surface of
genus 4 in such a way that the corresponding map would have 12 faces of
degree 5.
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This exercise already exceeds our capacity to proceed by drawing pictures.
We need a tool which would permit us not to draw maps but to calculate them.
Such a tool will be introduced in Sec. 1.3.3 below. There the reader will also
find a solution to the above exercise (see Example 1.3.29).

In general, the problem of finding, for a given graph, the lowest genus
of a surface into which this graph can be embedded is NP-complete [278].
For particular cases, the problem may be manageable but very difficult. For
example, the whole book [241] is dedicated to the proof of the following state-
ment: for the complete graph Kn this lowest genus is equal to the number
�(n − 3)(n − 4)/12� (the notation �x� means min{m ∈ Z|m ≥ x}; the com-
plete graph Kn is the graph with n vertices, whose every pair of vertices is
joined by an edge).

1.3.3 Maps: Permutational Model

Consider a neighborhood of a vertex of a map, see the left-hand side of
Fig. 1.16. We will call the small pieces of the edges that go out of the vertex the
darts. (In other publications they are also called “half-edges”, or “1-flags”.)
We will also say that these darts are incident to the vertex. Taking into ac-
count that our surface is oriented, a cyclic order on the darts incident to each
vertex is specified: we take them one after another in the counter-clockwise
direction; see the right-hand side of Fig. 1.16.

Fig. 1.16. A neighborhood of a vertex

Denote the set of all the darts of edges by D; its size is twice the number
of edges, |D| = 2|E|, that is, |D| is equal to the sum of degrees of all the
vertices, and also to the sum of degrees of all the faces. The collection of the
described above cyclic orders on the darts corresponding to all the vertices
gives us a permutation on D; we denote this permutation by σ.

There is also another permutation, which represents rather the structure
of the underlying graph of the map. It shows how the darts couple to each
other in order to form an edge. We denote this permutation by α: all its cycles
are of length 2, or, in other words, this permutation is an involution without
fixed points.

Example 1.3.14. Returning to the example of Fig. 1.9, we label the darts,
for example, in the way shown in Fig. 1.17. Then α is the same for both maps,
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α = (1, 2)(3, 4)(5, 6),

while σ for the map on the left is equal to

σ = (1, 3, 5, 6)(2)(4),

and for the map on the right, to

σ = (1, 5, 3, 6)(2)(4)

(we have shown on purpose the fixed points of σ in order to see how our rule
works for vertices of degree 1).

1

2

45

6

1

2

4
5

6

3

3

Fig. 1.17. A labelling of the darts of the maps given in Fig. 1.9

It turns out that the two permutations σ and α together permit to com-
pletely recover the structure of the map. But first we must clarify what the
latter phrase means. In fact, the only thing we need to “recover” is the set of
faces.

The surface is oriented; therefore we can distinguish between left and right
while moving along a line. Let us set up the following convention:

Convention 1.3.15. If we start at a vertex and move along a dart, then we
write the label of the corresponding dart on its left-hand bank. A dart is said
to be incident to a face if its label is inside this face.

The faces may now be represented by a permutation ϕ on D, in which
every face is represented as a cycle of the darts incident to it and taken in the
counter-clockwise direction.

Proposition 1.3.16. The permutation ϕ representing the faces of a map is
computed by the formula

ϕ = α−1σ−1,

where σ and α are the permutations representing the vertices and the edges of
the map respectively.

The proof is obvious and may be seen in Fig. 1.18.

Example 1.3.17. For the maps of Fig. 1.17 one computes ϕ = (1, 2, 6, 3, 4)(5)
(for the left map), and ϕ = (1, 2, 6)(3, 4, 5) (for the right one).
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i

j

k

Fig. 1.18. To go around a face in the positive direction, repeat α−1σ−1

Remark 1.3.18. (1) Historically, the Greek letters that are used to denote
our three permutations are taken to resemble the first letters of the French
words: σ as ‘sommet’ (vertex), α as ‘arête’ (edge), and ϕ like ‘face’ (face).

(2) One may wonder why we have written α−1: is it not an involution, and
therefore α−1 = α? In fact, this form of the formula is a preparation for the
future: in a hypermap, see Sec. 1.5, the permutation α will be arbitrary.

(3) For the outer face of a plane map, one may have the impression that
the dart labels are read in the negative direction. The impression is wrong:
the face should be looked at from the “opposite side” of the sphere.

(4) The reader will easily find how to label the “two” maps of Fig. 1.13 in
such a way as to get the same permutations σ, α, and ϕ.

Remark 1.3.19. The equality ϕ = α−1σ−1 may be rewritten as

σαϕ = id.

The condition of transitivity of the group G = 〈σ, α, ϕ〉 action on the set
of darts D is equivalent to the condition of connectedness of the underlying
graph. Thus, the triple [σ, α, ϕ] is a particular case of 3-constellation, in which
α is an involution without fixed points.

We have seen that to any map we may associate such a 3-constellation.
Now we must see that the procedure is invertible, and to any 3-constellation
[σ, α, ϕ] in which α is an involution without fixed points there corresponds a
map. Indeed, the data consisting of the three permutations σ, α, ϕ allows one
to reconstruct entirely both the surface and the graph drawn on it.

Construction 1.3.20 (From a 3-constellation to a map). The usual way
of constructing a two-dimensional manifold is to glue it from a number of
polygons (see, for example, [267]). Therefore, our starting point will not be σ
but ϕ.

1. Associate to each cycle of ϕ of length m a polygon with m sides (consid-
ered as a two-dimensional figure) and with a border oriented in the positive
direction. The sides of the polygons may be identified with darts.
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2. Glue the sides of the polygons according to the permutation α in such
a way that the orientation of the sides glued together is always opposite; this
condition guarantees that the resulting surface will be oriented, see Fig. 1.19.

3. At each vertex, the darts will be automatically glued in a cyclic order
according to the permutation σ = ϕ−1α−1.

It remains to verify that in the topological space thus obtained, a neigh-
borhood of every point is homeomorphic to an open disk in R2. For points
inside the polygons it is true because they are parts of the plane. For points
on edges it is true because we glue together exactly two polygons. Finally, for
vertices it is true exactly because of the cyclic order on the “angles” of the
polygons. See Fig. 1.19.

Fig. 1.19. Various stages of gluing a surface out of polygons

Remark 1.3.21. Let us return once more to the example shown in Fig. 1.11.
There is no problem in labelling the darts. The permutation α is determined
by the graph structure. We may even introduce σ: the cyclic order of the
darts at each vertex is determined by the fact that the graph is drawn on an
oriented surface. (In fact, in this example there is only one vertex of degree
greater than 2, where such an order is significant.) Then why have we said
that this figure does not represent a map? What exactly does not work here?

The answer is as follows. Having found α and σ, compute ϕ. You will get
a face of degree 1 inside the loop, and an “outer face” of degree 5. Now apply
the procedure of Construction 1.3.20. What you will find is not the torus but
the sphere. If we insist on considering this figure as a map, we must consider
it as a plane map. It is drawn on the sphere, and the handle of the torus stole
in illegally.

Construction 1.3.22 (From a covering to a map). Let us give one more
construction, which is probably even more efficient than the previous one.
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According to Proposition 1.2.15, for any constellation there exists a ramified
covering of the sphere determined by this constellation. Take the constellation
[σ, α, ϕ], and let y1, y2, y3 ∈ S2 be the corresponding ramification points on the
sphere. Then the map in question is obtained as the preimage of the following
“degenerate map” on S2, shown in Fig. 1.20: it does not have even a single
edge but only a half-edge, or a dart, represented by a segment connecting y1

to y2.

* y

y
y

1

2

3

Fig. 1.20. A half-edge drawn on S2; its preimage under the ramified covering cor-
responding to a constellation [σ, α, ϕ] is the map corresponding to the same constel-
lation.

The preimages of y2 are often called the midpoints of the edges, and the
preimages of y3 are often called the centers of the faces.

All the above considerations lead us to the following definition:

Definition 1.3.23 (Combinatorial map). A combinatorial map is a 3-con-
stellation [σ, α, ϕ] in which α is an involution without fixed points. Two com-
binatorial maps are isomorphic if the corresponding constellations are isomor-
phic.

Remark 1.3.24. Many authors give an equivalent definition, in which they
consider only the pair [σ, α] instead of the triple [σ, α, ϕ], because ϕ is deter-
mined by σ and α.

The correspondence between topological maps and combinatorial maps is
one to many, because each topological map may be labelled in many different
ways. But if two topological maps are isomorphic, then the corresponding
combinatorial maps are also isomorphic.

A dictionary may easily be established between the two notions. For the
vertices it looks like this:

a vertex of a map a cycle of σ
vertex degree length of the cycle
number of vertices number of cycles in σ
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and the same for the edges and α and for the faces and ϕ. On a more profound
level, the following definition may be given:

Definition 1.3.25 (Automorphism group). The automorphism group of
a map M , denoted by Aut(M), is the centralizer of its cartographic group G
in Sn, that is, the set of the permutations which commute with all the elements
of G:

Aut(M) = {h | h−1gh = g ∀g ∈ G}.

Of course, in order to verify that a permutation h belongs to this set, it is
sufficient to verify that h commutes with σ and α.

Remark 1.3.26. Here the reader should make a pause and meditate a little
upon the difference between the notions of isomorphism and that of auto-
morphism. The permutation model possesses many advantages, but there is
also a disadvantage with which we will often struggle in the future. Namely,
it is the possibility to label the same topological object in too many ways
(in the “generic” case, in n! ways), and thus obtain yet more and more new
triples [σ, α, ϕ]. All of them are isomorphic. (In the future we will try to re-
duce the number of labellings by imposing various restrictions on them.) But
for the notion of automorphism the corresponding difficulty does not exist.
In the above definition, the triple [σ, α, ϕ] is chosen arbitrarily at first, but is
fixed afterwards; therefore, a permutation commuting with it is a “true” au-
tomorphism whose existence is not due to a relabelling. For the overwhelming
majority of maps the automorphism group is trivial: Aut(M) = {id}.

Exercise 1.3.27. Verify on examples that if a map is mirror symmetric, then
the permutation expressing this mirror symmetry is not an automorphism.

Remark 1.3.28. There exists one more subtle point hidden in Definition
1.3.25. In general, the centralizer is an object associated not to a group but
to a pair consisting of a group and of its subgroup (it is the centralizer of the
subgroup inside a given group). A cartographic group is a permutation group,
and as such is embedded into Sn. But the same “abstract” group may act
on different number n of points, and thus be embedded into different Sn. For
example, the group A5 acting on 5 points has trivial centralizer, while “the
same” group A5 acting on 60 points has as a centralizer a group isomorphic to
A5 (it is the automorphism group of the icosahedron). In this latter case both
groups A5 are embedded into S60, but they are embedded differently. Geomet-
rically this becomes clear if we note that the automorphism group respects the
incidence of darts to vertices, edges and faces, while the cartographic group
does not respect these relations. See also the discussion in Sec. 1.7.3.

Recalling the notation c(g) for the number of cycles of a permutation g
(see Notation 1.1.9) we may rewrite the Euler formula:

χ(M) = c(σ)− c(α) + c(ϕ) = 2− 2g. (1.3)
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It is very important to understand that we may choose any cyclic order
on the darts incident to a vertex, and we may do this independently at each
vertex; the result will always be a map. The number of cyclic orderings of the
darts at a vertex of degree d is (d − 1)! . Therefore, the number of possible
embeddings of a graph with vertices of degrees d1, . . . , dm is a priori given by
the formula

m∏
i=1

(di − 1)! .

Of course, many of these embeddings may turn out to be isomorphic.

Now at last we have a powerful tool for working with maps which does
not depend on our drawing capacities.

Example 1.3.29. In order to construct a genus 4 embedding of the graph of
the icosahedron (see Exercise 1.3.13), take the “ordinary” icosahedron (that
is, the one of genus 0); write the corresponding permutations σ and α; and
replace σ with σ2.

Remark 1.3.30. Let us make one more remark concerning the difference be-
tween graphs and maps. The problem of graph isomorphism is one of the most
difficult algorithmic problems. From the practical point of view, no polyno-
mial algorithm has ever been found. From the theoretical point of view, the
NP-completeness of this problem has not been proved either. On the con-
trary, the problem of map isomorphism is polynomial in time (more exactly,
quadratic), and this assertion is very simple. Indeed, suppose that a putative
isomorphism h sends the label 1 of the map [σ, α, ϕ] to the label i of the map
[σ′, α′, ϕ′]. Then it must also send σ(1) to σ′(i), α(1) to α′(i), and so on.
Therefore the verification of the fact that h is indeed an isomorphism requires
time proportional to n. Now we must repeat this procedure for i = 1, . . . , n.

1.4 Cartographic Groups

Our colleagues have often expressed to us a kind of astonishment at the fact
that such a seemingly simple combinatorial structure as a pair of permutations
[σ, α] possesses a rather non-trivial geometric counterpart, namely, a map,
and such an interesting invariant as its genus. In fact, this is only a small
part of the whole picture, because, as we shall see later, in Chapter 2, there
are many other structures that are related to this pair of permutations, for
example: a number field, its Galois group, a Riemann surface with its complex
structure, and so on. But in this short section we propose to our reader to
be “astonished in the opposite direction”. Namely, isn’t it astonishing that to
any map we may associate a group? We mean here the cartographic group
of the corresponding constellation, that is, G = 〈σ, α, ϕ〉. Just imagine: you
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draw an arbitrary sketch on a piece of paper, and what you get in addition is a
group. (In fact, this was our motivation in calling this group “cartographic”.)

Of course, in the majority of cases the group you get is either Sn or An,
because in general the probability of generating one of these two groups tends
to 1 as n→∞, see [85], [17], [204]. But in certain (rare) cases you may have
a nice surprise.
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Fig. 1.21. A map with cartographic group M24

Example 1.4.1. Let us consider the map shown in Fig. 1.21. We affirm that
its cartographic group is the Mathieu group M24.

In order to prove this assertion, we label the darts, for example in the
way shown in the figure, and use the Maple package group (and also the fact
that the group M24 is the only permutation group of degree 24 and of order
244823040). The computation is shown in Fig. 1.22.

The function permgroup generates the permutation group G of degree 24
with generators α and σ; the function grouporder computes the order of this
group. The last but one line of the print-out shows that “the proof takes a
quarter of a second”.

The cycle structure of σ in this example is 3616; the cycle structure of
α is 212; that of ϕ is (21, 3). These three cycle structures correspond to the
conjugacy classes 3A, 2B, and to 21A or to its inverse in M24 which we denote
(21A)−1. Because of the complete symmetry between 21A and its inverse we
may suppose that ϕ ∈ 21A. Therefore we have found a solution of the equation

g1g2g3 = id, g1 ∈ 3A, g2 ∈ 2B, g3 ∈ 21A
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bixeon:/.automount/raid3/export/home/zvonkin$ maple
|\^/| Maple V Release 5 (Universite Bordeaux I)

._|\| |/|_. Copyright (c) 1981-1997 by Waterloo Maple Inc. All rights
\ MAPLE / reserved. Maple and Maple V are registered trademarks of
<____ ____> Waterloo Maple Inc.

| Type ? for help.
> with(group);
[DerivedS, LCS, NormalClosure, RandElement, Sylow, areconjugate, center,

centralizer, core, cosets, cosrep, derived, groupmember, grouporder, inter,

invperm, isabelian, isnormal, issubgroup, mulperms, normalizer, orbit,

permrep, pres]

> alpha:=[[1,2],[3,4],[5,6],[7,8],[9,10],[11,12],[13,14],[15,16],[17,18],
> [19,20],[21,22],[23,24]];
alpha := [[1, 2], [3, 4], [5, 6], [7, 8], [9, 10], [11, 12], [13, 14],

[15, 16], [17, 18], [19, 20], [21, 22], [23, 24]]

> sigma:=[[1,6,11],[2,7,3],[4,9,5],[12,13,15],[14,17,19],[20,21,23]];
sigma := [

[1, 6, 11], [2, 7, 3], [4, 9, 5], [12, 13, 15], [14, 17, 19], [20, 21, 23]

]

> G:=permgroup(24,{alpha,sigma});
G := permgroup(24, {[[1, 2], [3, 4], [5, 6], [7, 8], [9, 10], [11, 12],

[13, 14], [15, 16], [17, 18], [19, 20], [21, 22], [23, 24]], [

[1, 6, 11], [2, 7, 3], [4, 9, 5], [12, 13, 15], [14, 17, 19], [20, 21, 23]

]})

> grouporder(G);
bytes used=1000360, alloc=917336, time=0.13

244823040

> quit;
bytes used=1938768, alloc=1179432, time=0.25
bixeon:/.automount/raid3/export/home/zvonkin$

Fig. 1.22. A computer-assisted proof that 〈α, σ〉 = M24

we have looked for in Example 1.1.14 and, furthermore, we have shown that
our triple of permutations generates the whole group M24. Thus, this triple is
unique up to conjugacy.

(We may also take the mirror image of our map. In terms of permutations
this would mean taking the same α but replacing σ with σ−1. Then α ∈ 2B,
σ−1 ∈ 3A, and the new ϕ′ = α−1σ ∈ (21A)−1: it is not exactly equal to
ϕ−1 = σα but it is conjugate to it: ϕ′ = α−1(σα)α.)
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This example permits us to compare the two ways of data representation:
the geometric one and the algebraic one. The geometric method is less precise
but more concise. We have only two maps, namely, the above picture and
its mirror image, and they represent 2 × 24! triples of permutations with
the cycle structures given above which generate the group M24. All these
triples correspond to the different ways of labelling the darts. The “economy of
thought” thus obtained is very impressive. On the contrary, some information
in the picture is lost: it concerns the particular choice of the embedding of
M24 into S24, and of the choice between the classes 21A and (21A)−1.

One more remark is in order. We have already pointed out the difficulty of
searching for constellations with a given (refined) passport. The combinatorial
approach, at least in certain cases, gives us a tool: the maps with the above
passport [3616, 212, (21, 3)] can be drawn by hand by attaching three trivalent
trees to the three vertices on a circle. See also Exercise 1.4.4 below.

Definition 1.4.2. A plane map is called special if its cartographic group is
special (cf. Definition 1.1.4).

Conjecture 1.4.3. (See also [131]) The set of special plane maps is finite.

For further examples see [5], [307], [3], [135].

Exercise 1.4.4. Represent the group M24 as the cartographic group of a map
with the passport [3616, 212, (23, 1)].

Exercise 1.4.5. (a) Show that the maps in Fig. 1.23 represent the Mathieu
group M12. (Use the fact that it is the only group of degree 12 and of order
95040.)

(b) Find all the 18 maps with 6 edges and with the passport [6321, 26, 6321].
Verify that for 8 of them the cartographic group is M12, for 6 more the group
is A12, and for the remaining 4 the cartographic group is imprimitive.

Fig. 1.23. Two maps with the cartographic group M12
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1.5 Hypermaps

1.5.1 Hypermaps and Bipartite Maps

Definition 1.5.1 (Hypermap). A hypermap is a 3-constellation.

The notions of isomorphism, automorphism, and cartographic group ex-
tend trivially to hypermaps. As before, we denote a hypermap by [σ, α, ϕ].

So, now α is not necessarily an involution without fixed points but an
arbitrary permutation. What does this mean?

A graph is called bipartite if its vertices may be colored in two colors, say,
black and white, in such a way that any edge connects vertices of different
colors. A bipartite graph with one of the two possible colorings specified is
called bicolored.

Take a map. Of course, not every graph that underlies a map is bipartite.
In order to make it such, let us make the following operation of subdivi-
sion: besides the already existing vertices, which we color in black (vertices of
type •), put a new white vertex (of type ◦) inside each edge (see Fig. 1.24).
The object we thus get is a bicolored map. The number of edges is multiplied
by two, because the darts of the original map become the edges of the new
one. The bicolored map may be described by the same triple of permutations
[σ, α, ϕ]. But now these permutations act not on the darts but on the edges.
Each edge connects a black vertex with a white one; σ is the rotation of the
edges around black vertices, and α, around the white ones. Concerning the
faces, if we want to be coherent with the previous definitions, then we must
declare an edge to be incident to a face if, moving inside the face along the
edge in the positive direction, we move from its black end to the white one.

Fig. 1.24. We put a white vertex inside each edge

This image still bears an imprint of the fact that it was produced from a
map: all its white vertices are of degree 2. If we get rid of this last restriction,
then we get a hypermap: see Fig. 1.25. Therefore, the following definition is
equivalent to the previous one.

Definition 1.5.2 (Hypermap). A hypermap is a map whose vertices are
colored in black and white in such a way that each edge connects two vertices
of different colors.

Thus, according to our personal preferences, we may consider hypermaps
either as a generalization of maps (3-constellations with an arbitrary α), or
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Fig. 1.25. An example of a plane hypermap; the passport is equal to [3222, 3231, 532]

as their particular case (bipartite maps with a fixed coloring). Whatever the
choice, the permutations σ, α, and ϕ act now on the set of the edges E. We
keep writing the labels on the left side of the edges while moving along the
edges from black to white.

Historically, hypermaps were first invented as a generalization of maps,
see [63], and the equivalence of the two approaches was remarked in [291].
Mathematically, a hypermap is a much more fundamental structure than that
of a map, and the fact that we got rid of the rather artificial condition of α
being an involution without fixed points is only one manifestation of this phe-
nomenon. The main argument for this fundamental nature of hypermaps will
be developed in Chapter 2, where we will see that they naturally correspond
to Belyi functions.

Proposition 1.5.3. Let H be a hypermap with n edges. Then its Euler char-
acteristic is computed by the formula

χ(H) = c(σ) + c(α) + c(ϕ)− n = 2− 2g. (1.4)

Proof. The number of vertices (black and white together) is equal to c(σ) +
c(α). The number of edges is equal to n. The number of faces is equal to c(ϕ).

Exercise 1.5.4. Show that for the case in which a hypermap is the result of
a subdivision of a map, formulas (1.3) and (1.4) coincide.

Exercise 1.5.5. Compare the above formula (1.4) with the Riemann–Hurwitz
formula (1.1); note that for hypermaps we have k = 3.

Construction 1.5.6 (From a covering to a hypermap). It is now almost
obvious that every hypermap is the preimage, via the covering determined by
[σ, α, ϕ], of the elementary hypermap shown in Fig. 1.26. This is indeed the
simplest hypermap possible: it contains one edge, one black and one white
vertex (both of degree 1), and one face of degree 1. In the language of per-
mutations it is described by the triple of permutations, all acting on the set
containing a single point, and all equal to the identity.
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Fig. 1.26. The elementary hypermap

1.5.2 Trees

A simple and important example of a hypermap is a bicolored plane tree. A
tree is a connected graph without cycles. Every tree is planar, but we remind
our reader that the word “plane” means that a particular embedding is chosen.
Every tree is bipartite. Choosing one of the two possible colorings we obtain
a particular case of a hypermap, namely, of genus 0 and with a single face,
see Fig. 1.27. Quite often we will omit the tiresome adjectives “plane” and
“bicolored”.

Fig. 1.27. All the bicolored plane trees with the passport [3212, 2312, 8]

A trivial induction shows that a tree with n edges has n + 1 vertices.
Therefore, if p of them are black and q are white, then we have

p + q = n + 1,

which imposes the corresponding condition on the number of cycles in σ and
α and, what is the same, on the number of parts in the partitions belonging
to the passport. The reader may compare the latter equality to the planarity
condition (1.4). A triple of partitions of n of the form [λ, μ, n], for which the
total number of parts in λ and μ is equal to n + 1, is called a valuable tree
passport.

Trees are a convenient object of study because, among many other advan-
tages, there exist enumerative formulas for them. Before presenting them, we
introduce some notions that make sense not only for trees but also for arbi-
trary hypermaps (and in fact for arbitrary constellations). Every enumerative
combinatorialist knows that there are always some troubles with symmetric
objects, and therefore one must “kill out” the symmetry. Hence, the following
definition:
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Definition 1.5.7 (Rooted hypermap). A rooted hypermap is a hypermap
with a distinguished edge e ∈ E; the distinguished edge is called the root.
While labelling a hypermap in order to represent it as a 3-constellation, we
always label the root by 1.

Exercise 1.5.8. Show that the automorphism group of a rooted hypermap
is always trivial. [Hint: By definition, an automorphism h must send 1 to 1.
Then use the fact that h commutes with σ and α, and the transitivity of their
action.]

Let us return to trees. Our next step is to reduce the number of their
possible labellings. To do that we use the fact that ϕ is a circular permutation,
and fix its value. Denote c = (1, 2, 3, . . . , n). For practical work with trees, it
is more convenient to take ϕ equal not to c but to c−1, thus having σα = c.
Note that if we consider a rooted tree, that is, if the edge number 1 is already
chosen, and if in addition σα = c, then the labels of all the edges become fixed;
there remains no more ambiguity in edge labelling. We call such a rooted tree
canonically labelled.

Exercise 1.5.9. Show that the automorphism group of a (non-rooted) plane
tree is always cyclic. [Hint: An automorphism must commute with c.]

Remark 1.5.10. Certain trees are symmetric with respect to a midpoint of
an edge; they always have a passport of the type [λ, λ, n] (with n odd) and the
symmetry takes white vertices to black ones and vice versa. But our model
“does not see” such a symmetry, because it cannot be represented by a permu-
tation commuting with c. Therefore, we consider these trees as asymmetric.
An automorphism of a tree is always a rotation around a symmetry center
which is necessarily a vertex. Nevertheless, there remains a subtle point. For
trees with a passport of the type [λ, λ, n] we may try to change colors: black
to white, and white to black. Then a tree that does not possess any symmetry
at all will give us two different trees, while for a tree which is “symmetric”
with respect to a midpoint of an edge this operation will produce the same
tree. See Exercise 1.5.17 below.

Notation 1.5.11. Let λ = (λ1, . . . , λp) � n be a partition of n with p parts.
Represent it in the form λ = 1d12d2 . . . ndn , where di is the number of parts
equal to i,

n∑
i=1

di = p,

n∑
i=1

idi = n.

Set

N(λ) =
(p− 1)!

d1!d2! . . . dn!
=

1
p

(
p

d1 d2 . . . dn

)
.

Note that N(λ) is not necessarily an integer. The following formula, as well
as its generalization to cacti (see Theorem 1.6.6) is proved in Goulden and
Jackson (1992) [114]; it will also be proved by another method in Chapter 5.
For trees, an essentially equivalent formula was already found in [280].
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Theorem 1.5.12. Given a valuable tree passport [λ, μ, n], the number of iso-
morphism classes of rooted canonically labelled trees with this passport is equal
to

nN(λ)N(μ).

Taking into account that the above number is always positive we get the
following

Corollary 1.5.13. For any valuable tree passport there exists at least one tree.

Exercise 1.5.14. Prove Corollary 1.5.13 by induction, by successively cutting
off the leaves of the tree.

Any edge of a tree T may be chosen as the root. If T has no automorphisms,
this gives rise to n pairwise distinct rooted trees. If it does have a non-trivial
automorphism group, then the number of the corresponding rooted trees is
equal to n/|Aut(T )|. Therefore, dividing the previous formula by n, we obtain
the following equivalent formulation of the Goulden–Jackson theorem:

Theorem 1.5.15. Given a valuable tree passport π = [λ, μ, n], we have∑
T

1
|Aut(T )| = N(λ)N(μ), (1.5)

where the sum is taken over all non-isomorphic non-rooted trees T with the
passport π.

We will quite often encounter enumerative formulas where the objects are
not counted one by one but a weight is assigned to each object, and this
weight is equal to 1/|Aut|, where the denominator means the order of the
automorphism group of the object. Formulas of this kind are often called
mass-formulas1. Sometimes they are more convenient for practical use.

Example 1.5.16. (1) Applying formula (1.5) to the passport [3212, 2312, 8]
we get 3 as the result. At the same time we may see in Fig. 1.27 that there
are 4 trees with this passport. The reason is that two of them are symmetric,
with the symmetry of order 2; therefore the left-hand side of the formula is
equal to 1 + 1 + 1

2 + 1
2 . Of course, much more complicated examples of that

sort may be invented. In [184] certain methods are given to count separately
the trees with a given passport and with different orders of symmetry.

(2) Let us take the passport [2817, 442213, 23]. The number 23 is prime,
therefore no symmetry is possible, and the formula (1.5) gives directly the
number of different (that is, non isomorphic) trees with this passport. This
number is

14!
8!7!
× 8!

4!2!3!
= 60060.

1 The first mass-formula was proposed by H. J. S. Smith in 1867. Mass-formulas
are also called Siegel–Minkowski formulas.
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Exercise 1.5.17. For the passport [3212, 3212, 7] the formula (1.5) gives 9
trees (the number 7 being a prime, there are no non-trivial automorphisms).
Draw these 9 trees and verify that the counting of trees that have and that
do not have a symmetry with respect to a midpoint of an edge was carried
out correctly; cf. Remark 1.5.10.

Example 1.5.18. The passport π = [2817, 442213, 23] treated above has al-
ready been encountered before: in Exercise 1.1.16. The partition 2817 is the
cycle structure of the class 2A in M23, the partition 442213, that of the class
4A, and 23, that of the two mutually inverse classes 23A and 23A−1. There-
fore, the result obtained in Exercise 1.1.16 (two constellations) gives us a hope
that among 60060 trees with the passport π there may exist 2 × 2 = 4 trees
with the cartographic group M23. What should be done is (a) to find them,
and (b) to verify that they do generate the whole group M23. The reader may
verify that this is indeed the case for the two trees shown in Fig. 1.28; the two
other trees are their mirror images.

Fig. 1.28. Two of the four trees with the cartographic group M23. The other two
are their mirror images

Definition 1.5.19 (Special tree). A bicolored plane tree is called special if
its cartographic group is special.

A remarkable result was obtained in [6]: there one may find the complete
list of all special trees. Previously it was proved that their number is finite: see
[221] and [3]. The above M23 trees belong to the list: this example has appeared
in [5]. Brute force does not work here: for example, the total number of plane
trees with 23 edges (without bicoloring) is 7457847082 (see [183]), but only
4 of them are special, namely, those that represent the Mathieu group M23.
A summary of the results on special trees is presented in Table 1.2; one may
obtain 48 more such trees by exchanging the colors. See also Theorems 5.4.17
and 5.4.27.
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Table 1.2. Special trees: a summary (see [6])

degree passport group # of special trees

6 [412, 2212, 6] PGL2(5) � S5 1

7 [421, 2213, 7] PGL3(2) � PSL2(7) 2

7 [321, 2213, 7] PGL3(2) � PSL2(7) 2

8 [3212, 2312, 8] PGL2(7) 2

9 [3213, 241, 9] PΓL2(8) 2

9 [3213, 3213, 9] PΓL2(8) 4

10 [4212, 2314, 10] PΓL2(9) 1

11 [3312, 2413, 11] PSL2(11) 2

11 [4213, 2413, 11] M11 2

13 [42221, 2415, 13] PGL3(3) 4

13 [341, 2415, 13] PGL3(3) 4

13 [63212, 2415, 13] PGL3(3) 4

15 [63221, 2417, 15] PGL4(2) � A8 2

15 [4321, 2417, 15] PGL4(2) � A8 2

15 [422213, 2613, 15] PGL4(2) � A8 2

21 [44213, 2717, 21] PΓL3(4) 2

23 [442213, 2817, 23] M23 4

31 [442613, 21217, 31] PGL5(2) 6

Total 48

1.5.3 Appendix: Finite Linear Groups

The reader may find it useful to have a concise summary of definitions and
notation concerning finite linear groups. Let p be a prime, and q = pe, e ≥ 1.
Denote by Fq the finite field with q elements. The letter d will denote the
dimension.

• GLd(q) is the general linear group, that is, the group of non-degenerate
linear transformations of the d-dimensional vector space Fd

q over Fq, or,
equivalently, the group of d× d matrices with the elements in Fq.

• AGLd(q) is the affine linear group, that is, the group of affine transforma-
tions

{x 
→ ax + b | a ∈ GLd(q), b ∈ Fd
q}.

• PGLd(q) is the projective linear group, that is, the quotient of GLd(q) by
the subgroup of scalar matrices a · Id, a ∈ Fq, Id ∈ GLd(q).

• SLd(q) is the special linear group, that is, the subgroup of GLd(q) contain-
ing all the matrices with the determinant equal to 1.

• PSLd(q) is the projective special group, that is, the group of projective
linear transformations (i.e., elements of PGLd(q)) having a representative
with the determinant equal to 1. These groups are often denoted Ld(q).
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The automorphism group of the field Fq is a cyclic group Ce of order e (we
remind that q = pe), generated by the automorphism of Frobenius a 
→ ap

for a ∈ Fq. (To verify that this is indeed an automorphism, one may use
the binomial formula and show that (a + b)p = ap + bp in Fq.) A semilinear
transformation of the d-dimensional vector space over Fq is a transformation
f : Fd

q → Fd
q satisfying the conditions

f(x + y) = f(x) + f(y), f(λx) = λσf(x),

where σ is an automorphism of Fq.

• ΓLd(q) is the group of all the semilinear transformations.
• PΓLd(q) is the quotient of ΓLd(q) by the subgroup of scalar matrices.

The groups PΓLd(q), PGLd(q) and PSLd(q) act on the projective space of
dimension d over Fq, containing the “projective points” (x0 : x1 : . . . : xd−1)
(the number of points in this space is (qd− 1)/(q− 1)). The group PΓLd(q) is
the full automorphism group of the corresponding projective geometry (that
is, it is the biggest group which sends lines to lines, planes to planes, etc.).

The group PGLd(q) is a normal subgroup in PΓLd(q), with the quotient
group isomorphic to Aut(Fq) � Ce. Thus, if q itself is prime, the two groups
coincide.

The group PSLd(q) is a normal subgroup in PGLd(q), with the quotient
group isomorphic to the quotient F∗

q/{ad | a ∈ F∗
q}, where F∗

q = Fq \ {0} is
the cyclic multiplicative group of the non-zero elements of Fq. The size of the
latter quotient depends on number-theoretic properties of q and d; in certain
cases the groups PSLd(q) and PGLd(q) may coincide as well.

A detailed definition of the five Mathieu groups M11, M12, M22, M23, and
M24 would lead us too far. Anyway, even when we work with these groups,
we use non-standard generators. Therefore, we omit the definitions and refer
the reader to the group-theoretic literature.

1.5.4 Canonical Triangulation

1.5.4.1 Positive and Negative Triangles

By introducing white vertices in order to better visualize the cycles of α, we
have made only one step; but it was a step in a good direction. In this section
we propose to make the similar operation with ϕ.

Construction 1.5.20 (Canonical triangulation). Let us take an arbitrary
hypermap, and put a new vertex inside each face; we will mark such a vertex
by the sign ∗. Then connect it with all the vertices that lie on the border of
the face: we connect it with the vertices of type ◦ by a dashed line, and with
the vertices of type •, by a dotted line. Now the whole surface is subdivided
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*

Fig. 1.29. The canonical triangulation of a face of a map

into triangles. Each triangle has three types of vertices: •, ◦ and ∗; each has
three types of sides: •−−−−−−◦, ◦ − − − ∗ and ∗ · · · · · · •. Still, there are two
sorts of triangles. Suppose that we look turn by turn, from the inside of a
triangle, at its vertices •, ◦, ∗, • (in this order!). If while doing this we turn
to the positive direction, then we call the triangle positive. Otherwise we call
it negative. In Fig. 1.29 the positive triangles are shaded.

The result of this construction is what is called the canonical triangulation
of the hypermap.

The canonical triangulation of a hypermap may be rather cumbersome
and therefore difficult to draw. In Fig. 1.29 we show it only for one face. The
fact that the surface is oriented ensures that the “signs” (i.e., orientations)
of the triangles in different faces are coherent: any positive triangle has three
negative neighbors, and vice versa.

The positive triangles of the triangulation are in bijection with the edges of
the hypermap. Our previous convention, which consisted in writing the edge
labels to the left of the edges while moving along them from • to ◦, is now
equivalent to the new one:

Convention 1.5.21. We write the labels of edges of a hypermap inside the
positive triangles. The same labels serve as the labels of the positive triangles
themselves.

The action of the permutations σ, α, and ϕ becomes very transparent: they
send each positive triangle to the next positive one, in the counter-clockwise
direction, around the vertices of the type •, ◦, and ∗ respectively.

1.5.4.2 Three Involutions

The set of all triangles, both positive and negative, has 2n elements (where
n is the number of edges of the hypermap). Denote by a, b, c the following
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three involutions without fixed points that act on this set: a associates to each
triangle its neighbor across the side of the type ∗ · · · · · · •; b does the same
thing but across the side of the type •−−−−−−◦; finally, c does the same for
◦ − −− ∗; see Fig. 1.30.

* *

*

*
* *

a

b

c

ab

Fig. 1.30. Three involutions without fixed points that act on the set of all triangles;
the right-most figure illustrates the equality σ = ab

It is easy to verify that σ = ab. If we introduce the new permutation
σ̄ which acts on the negative triangles by sending each of them to the next
negative one around • in the counter-clockwise direction, then σ̄ = ba. In the
same way we have α = bc and ᾱ = cb, and also ϕ = ca and ϕ̄ = ac. The
verification of the identity σαϕ = id now becomes trivial.

Remark 1.5.22. In our previous notation, the action of σ is defined only on
the set of positive triangles. Now the equality σ = ab allows us to extend the
action of σ to all triangles, both positive and negative. The same is true for
σ̄ = ba. We may then observe that σ̄ = σ−1 (since a and b are involutions).
And, indeed, this new extended σ turns the negative triangles in the clockwise
direction.

The canonical triangulation together with the triple of involutions without
fixed points a, b, c often represents a more convenient model for the study of
the corresponding objects. Certain arguments of the same order will also be
given in the next section.

Construction 1.5.23 (Triangulation via a covering). In order to obtain
the canonical triangulation of a hypermap as the preimage via a ramified cov-
ering, we must canonically triangulate the elementary hypermap of Construc-
tion 1.5.6. The result, which we call the elementary triangulation, is shown in
Fig. 1.31 (on the plane representing the sphere, and on the sphere itself).

1.5.4.3 Duality and Related Phenomena

Returning briefly to maps, let us recall what is the dual map. We put a new
vertex inside each face of the original map (the “center” of the face). Then,
for any edge of the original map, we draw a new edge which intersects it in



1.5 Hypermaps 53

Fig. 1.31. The elementary triangulation of the sphere

its midpoint, and which connects the centers of the two faces adjacent to this
original edge; see Fig. 1.32. (If these two faces coincide, the new edge thus
obtained is a loop.)

* **

Fig. 1.32. A pair of mutually dual spherical maps

It is easy to see that the dual to the dual of a map is the original map
itself. The faces of the original map are in bijection with the vertices of the
dual map, and even the degrees of the new vertices are equal to the degrees of
the old faces. The same may be said about the new faces and the old vertices.

In fact, this construction may also be carried out for hypermaps (see [66];
our version is slightly different). What is more, the dual hypermap may be
easily seen on the canonical triangulation: it is the hypermap drawn by the
dashed lines. It has two types of vertices: ∗ and ◦, while the points of type
• play the role of the face centers. It is clear that if we want to draw the
canonical triangulation of this new hypermap, we must preserve the same
picture but only change its marking: exchange the point marks • and ∗ (the
marks ◦ are preserved); exchange the line marks •−−−−−−◦ and ◦ −−−∗ (the
lines of the type ∗ · · · · · · •, which connect the points • and ∗ are preserved);
and finally do not forget to declare the old negative triangles positive, and
vice versa.

The type of the line exchange between •−−−−−−◦ and ◦ − − − ∗ shows
also that we must take b′ = c and c′ = b, while a is preserved. Therefore, in
the language of triples of involutions without fixed points, the new object is
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represented by the triple (a, c, b), and this finishes our construction. Duality
is the transposition of the second and the third involutions in the triple. The
fact that the dual of dual is the original hypermap is more than clear now.

If we want to return to the permutations acting not on all the triangles
but only on the triangles of the same sign, then we must take, as before, the
three permutations ac, cb, and ba, and recall that they act on the triangles
that previously were negative. Therefore ac = ϕ̄, cb = ᾱ and ba = σ̄; thus,
the dual hypermap is the constellation [σ′, α′, ϕ′] = [ϕ̄, ᾱ, σ̄] = [ϕ−1, α−1, σ−1]
acting on the set of negative triangles.

Exercise 1.5.24 ([66]). Let us call reciprocal hypermap the result of the
exchange of the black and white colors of vertices of a given hypermap.

(1) Represent the reciprocal hypermap in the form of a triple of involutions
without fixed points, and in the form of a constellation.

(2) Show that the operation “dual of reciprocal of dual” gives the same
result as the operation “reciprocal of dual of reciprocal”.

(3) The result of the latter operation is called the hyperdual hypermap.
What is its geometric meaning?

(4) Using the operations of duality and reciprocity construct a diagram
consisting of six hypermaps, and show the relations between them.

Exercise 1.5.25. Recall the braid group action of Construction 1.1.17 on
3-constellations. Show that the operation σ1, being applied to the [σ, α, ϕ],
gives a constellation isomorphic to [ᾱ, σ̄, ϕ̄], and the operation σ2 gives a
constellation isomorphic to [σ̄, ϕ̄, ᾱ].

Remark 1.5.26. The above exercise shows that the action of the braid group
B3 on 3-constellations is of no interest. If 3-constellations are considered up
to isomorphism, then any orbit consists of six elements (or, possibly, three,
or two, or one, if some of them are isomorphic). It is only for k > 3 that this
action gives something significant.

Remark 1.5.27. While working “in practice” with all the above permuta-
tions, involutions etc., we must not forget that the set of positive triangles
and that of negative triangles are two different sets. If we label, for example,
the positive triangles by 1, 2, . . . , n, then we must not label negative triangles
by the same labels. Otherwise not only may confusion occur, but we may
also overlook some interesting phenomena. For example: what does it mean
to say that a map is self-dual? Obviously, this means that there exists an
isomorphism between the map itself and its dual map. The square of this
isomorphism “returns” to the original map. But it is not necessarily equal to
the identity! It may be a non-trivial automorphism of the original map: see
[153], [213] and Example 1.5.28 below.

The case when a map M is self-dual and also possesses non-trivial au-
tomorphisms is very interesting. Geometrically, the fact that M is self-dual
means that if we draw both M and its dual in the same figure, we obtain a
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“double” map N which has an additional automorphism. Algebraically this
means that the group Aut(N) is an index 2 extension of the group Aut(M).
The list of possible pairs of such groups, for the planar case (but for the
groups which include orientation reversing automorphisms) is given in [255].
This problem still awaits its extension to higher genera and to constellations
with k > 3.

Fig. 1.33. We draw a map and its dual in the same figure

Example 1.5.28 ([254]). In Fig. 1.33 we see on the left a map which is
both self-dual and symmetric, with a symmetry of order 2 (the horizontal
line represents the “equator” on the sphere). Let us draw both the map itself
and its dual in the same figure. The result may be seen on the right. By
the way, here the midpoints of the edges acquire degree 4, and therefore we
must introduce them explicitly. (One of the white vertices, which is “on the
opposite side of the sphere”, is not shown in the picture.) Now we see that
the permutation that used to be an isomorphism between the map and its
dual, becomes an automorphism of the “double”, but this automorphism is of
order 4.

1.6 More Than Three Permutations

Sections 1.3 and 1.5 were entirely dedicated to graphical representations of
3-constellations. Our next goal is to introduce adequate graphical images for
k-constellations with k > 3. The reader will easily understand that there are
too many possibilities, so we need a sort of guideline in order to be able to
grasp the main idea. The general principle is as follows:

Principle 1.6.1 (Types of pictures). All graphical representations of k-
constellations are constructed as the preimages, via the corresponding cov-
erings, of a “very simple” picture on the sphere, which “involves” all the
ramification points.



56 1 Constellations, Coverings, and Maps

1

2

3 1

23

4 1

2

3

4

5

1

2

3 1

23

4 1

2

3

4

5

Fig. 1.34. Building blocks for drawing constellations: here k = 4, 5, and 6

A “principle” is neither a theorem nor an axiom: it is a vague expression
of an idea, which must be clarified and specified in each particular case.

In all the illustrations given below the constellations are plane, but in the
majority of cases the only reason for this is the difficulty to draw non-plane
constellations.

1.6.1 Preimages of a Star or of a Polygon

Previously, maps and hypermaps were constructed as the preimages of a seg-
ment joining two of the three critical values. Now we have more than three
critical values; if their number is k, then let us take k − 1 of them and draw
either the polygon with k − 1 sides and with vertices at these critical values,
or the star-tree with its center at a generic point and with its leaves at the
critical values: see Fig. 1.34. Note that the star and the polygon can be super-
imposed: then the central (black) vertex of the star is placed at the center of
the polygon, and its rays go to the polygon’s vertices. The preimage of such a
“building block” gives us one of possible graphical images of a constellation.

An example of a drawn constellation is given in Fig. 1.35. For this example
we used the star-tree as a building block. One may note that all black vertices
are of degree 4. This means that k = 5 (hence k − 1 = 4). The fifth critical
value is placed “at infinity”. Its preimages play the same role as the face
centers for maps and hypermaps: there is one preimage inside each face, and
its multiplicity is equal to the face degree. Note also that the four “marked”
(or “colored”) vertices around each black vertex always go in the same cyclic
order (1, 2, 3, 4). The vertices marked by 1 are the preimages of the critical
value marked by 1, the same for 2, 3 and 4. The constellation is of degree 7:
indeed, there are 7 black vertices. The vertices of color 1 are of degrees 3, 1,
1, 1, 1; therefore, the first partition in the passport is 314; the same procedure
works for the other colors. It is not that easy to “see” the face degrees; it
would be better to compute them. In order to do that, one must first mark
the black vertices; then compute the permutations g1, . . . , g4 (gi shows how
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Fig. 1.35. A constellation of degree n = 7 (while k = 5)

the black vertices are rotated around each vertex of color i); and then compute
g5 in such a way as to have the product g1 . . . g5 = id. Then one will find that
the face degrees are 3, 2, 1, 1. An explicit correspondence between pictures
and permutations will be illustrated below for the case of cacti which are a
particular case of plane constellations.

1.6.2 Cacti

Cacti will be important objects in Chapter 5, where we will study, among other
things, the problem of their enumeration (or, equivalently, rigid classification)
and of their flexible classification (or, equivalently, the braid group action on
cacti).

A cactus is a plane constellation in which one of the permutations is cyclic
and fixed once and for all. Therefore, it is convenient to change slightly our
previous convention concerning the usage of the letter k:

Convention 1.6.2. While working with cacti, we consider the constellations
of lenght k + 1 instead of k, the (k + 1)-st permutation being fixed.

Definition 1.6.3 (Cactus). A cactus is a plane constellation [g1, . . . , gk, c
−1],

where c is the fixed cyclic permutation c = (1, 2, . . . , n); thus g1 . . . gk−1gk = c.
Two cacti are isomorphic if they are isomorphic as constellations, with the
additional condition that the product g1 . . . gk = c is fixed.

Example 1.6.4. In Fig. 1.36 the same cactus is represented in two graph-
ical forms. If we superimpose both images, then each black vertex will be
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Fig. 1.36. Two graphical images of the same cactus

inside the corresponding triangle, while the “colored” vertices of both figures
will coincide. In this example, the degree n = 9 (there are 9 triangles, and,
equivalently, 9 stars), while k = 3 because of the new convention above.

We will use one of the two ways of drawing cacti, whichever will fit the
best. For k = 2, the reader is advised to compare the “tree-like” presentation
given here with that of Sec. 1.5.2: they differ in some insignificant details. By
the way, the condition of the cyclic permutation c being fixed also corresponds
to the notion of canonical labelling of trees, cf. Sec. 1.5.2.

In Fig. 1.37 the triangles of the above cactus are marked by numbers from
1 to 9. The corresponding permutations which show how the triangles are
rotated around the vertices of color 1, 2, 3 are as follows:

g1 = (1, 5, 6)(2, 3, 4)(7)(8)(9),
g2 = (1, 8)(2, 5)(3)(4)(6)(7)(9),
g3 = (1, 9)(2)(3)(4)(5)(6)(7, 8).

We have chosen the marking in such a way as to have g1g2g3 = (1, 2, . . . , 9).
The passport of this cactus is [3213, 2215, 2215, 9]. If it is clear from the
context that we consider a cactus, the same passport may be written as
[3213, 2215, 2215], the last entry being omitted.

In the same way as for trees, we say that a cactus is rooted if one of the
polygons is distinguished and marked by 1. An equivalence class of isomorphic
rooted cacti is called a non-rooted cactus. An isomorphism of cacti, or, equiv-
alently, an automorphism of a non-rooted cactus, must preserve the cyclic

Fig. 1.37. Marking of the triangles of the above cactus
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Fig. 1.38. This cactus is not symmetric

permutation c = (1, 2, . . . , n), and is therefore a power of c. Thus the isomor-
phism group of a non-rooted cactus is a cyclic group generated by a power of c.
Geometrically, this group is that of rotations around a vertex which serves as
a center. We also say that a cactus having a non-trivial automorphism group
is symmetric, and the order of its symmetry is the order of the automorphism
group. On the contrary, a rooted cactus does not have non-trivial automor-
phisms, since any automorphism must send the distinguished polygon to itself
(and the label 1 to 1).

Remark 1.6.5. Even this seemingly trivial notion of cactus symmetry may
have traps. For example, the cactus shown in Fig. 1.38 is not symmetric.
Indeed, a cyclic permutation of order 4 cannot have a symmetry of order 3.
Geometrically, only a vertex, and not a center of a polygon, has a right to be
a symmetry center. (If we represent a cactus as a tree by gluing stars, then
we must say: only a non-black vertex may be a symmetry center.)

According to Definition 1.6.3 a cactus is a plane figure. This imposes a con-
dition on the number of its vertices. Let us take a “polygonal” representation
of a cactus, and let us forget all the colors and consider the resulting picture as
a plane map. Then this map has kn edges and n+1 faces (n polygons plus the
outer face). Denoting by V the number of vertices, we get V −kn+n+1 = 2,
hence

V = (k − 1)n + 1.

Recall that V is also the total number of cycles in the permutations g1, . . . , gk,
or, equivalently, the total number of parts in the partitions λ1, . . . , λk of the
passport π = [λ1, . . . , λk, n]. Thus the planarity condition may also be repre-
sented by the equality

k∑
i=1

v(λi) = n− 1,

where v(λ), as before, denotes n−#(parts in λ). We call a passport satisfying
this condition valuable cactus passport, or polynomial passport (the reasons of
calling it polynomial will become clear later). When it is clear from the context
that we discuss cacti, we will speak simply of valuable passports.

A feature that makes cacti very convenient objects of study is the existence
of a formula that enumerates them for any given valuable passport (Goulden
and Jackson 1992 [114]; see also Sec. A.2.4).
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Theorem 1.6.6. Given a valuable passport π = [λ1, . . . , λk] of degree n, the
number of rooted cacti with this passport is equal to

nk−1
k∏

i=1

N(λi), (1.6)

where we have used Notation 1.5.11 for N(λ). Equivalently,

∑
C

1
|Aut(C)| = nk−2

k∏
i=1

N(λi), (1.7)

where the sum is taken over all non-isomorphic non-rooted cacti C with the
passport π.

If the number on the right-hand side of (1.6) is not an integer, then one
may be sure that symmetric cacti do exist. However, a seemingly innocent
integral result may also conceal their existence.

Example 1.6.7. For the passport π = [2616, 2616, 6112, 18] formula (1.7)
gives 106722. In fact, for this passport there are 106668 asymmetric cacti,
99 cacti having symmetry of order 2, 12 cacti having symmetry of order 3,
and 3 cacti having symmetry of order 6. Being assembled by the mass-formula,
these numbers give indeed

106668 +
1
2
× 99 +

1
3
× 12 +

1
6
× 3 = 106722.

In [35] a method is given to count separately cacti of different symmetry
orders.

Remark 1.6.8. Having a valuable passport, we may add to it the trivial
partition 1n; the new passport remains valuable, and Eq. (1.6) will give the
same result. Indeed, nk−1 will be replaced with nk, but N(1n) = (n−1)!/n! =
1/n. In the same way, if by chance the passport contains the partition 1n, it
may be eliminated without any problem.

Corollary 1.6.9. For any valuable passport there exists at least one cactus.

Proof. Whatever the passport, Eq. (1.6) gives a non-zero result.

This corollary was first proved by R. Thom [277] (with a minor error), and
then reproved in [89] and [169]. We would like to give a purely combinatorial
proof which does not use the enumerative formula. The intuitive idea consists
in “cutting off a leaf”; see Fig. 1.39. A leaf, in the polygonal model, is a
polygon whose all vertices except one are of degree 1. We affirm that in a
valuable passport all the partitions except possibly one contain a part equal
to 1. Indeed, if all the parts in a partition are ≥ 2, then the number of parts
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Fig. 1.39. Cutting off a leaf

is ≤ n/2, and the existence of more than one such partition contradicts the
planarity. Let us remove the parts equal to 1 from k − 1 partitions, and also
diminish by 1 a part bigger than 1 in the remaining partition. The result is a
valuable passport of degree n− 1. (If it contains the trivial partition 1n−1, we
may remove it.) Supposing by induction that there exists a cactus with this
passport of degree n− 1, we may “glue back” the leaf that we have cut off.

This example shows how useful pictures can be. For somebody working
only with permutations to find an idea of a proof would not be an easy task.

Remark 1.6.10. For general constellations, and even for maps, similar results
are not valid. Imagine a plane map with n edges, and n vertices of degree 2. It
is immediately obvious that such a map is unique: it is a circle with n points
on it. Thus, there are two faces of degree n, and it is impossible to have a map
with the same vertex degrees and with two faces of degrees, say, n − 1 and
n+1. In Chapter 11 of [150] one may find a list of all impossible pairs of vertex
and face partitions up to eight “edges”. A simple existence criterion has not
been found so far; therefore the above result for cacti should be considered as
a kind of a miracle.

Exercise 1.6.11. If k = n − 1, the only valuable passport consists of n − 1
partitions of the type 21n−2. In this case the formula (1.6) gives nn−2, that
is, the same result as in Cayley’s formula enumerating labelled trees with n
vertices (and without any planar structure). Find a bijection between Cayley
trees and cacti with k = n− 1 colors.

1.6.3 Preimages of a Jordan Curve

The reader must be already tired of the numerous ways to draw constella-
tions. Nevertheless below we discuss, though very briefly, one more such way.
It is a generalization, for more than three critical values, of the canonical
triangulation of hypermaps.
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y y ..... y1 2 k

Fig. 1.40. A Jordan curve that passes through all k critical values and divides the
sphere in two polygons with k sides each

Let us return to the notation k for the total number of critical values,
denoted, as usual, y1, . . . , yk. Let us draw a Jordan curve on the sphere that
passes through the points y1, . . . , yk in this specific order. In Fig. 1.40 this
Jordan curve is shown as a straight line (an equator on the sphere), but it
might as well be a curve of an arbitrary form. This curve divides the sphere
in two polygons with k sides each, which we call positive and negative (the
positive polygon is shaded). If we turn inside the positive polygon in the
positive direction, we see its vertices in the order y1, y2, . . . , yk, while in the
negative polygon we see them in the opposite order yk, yk−1, . . . , y1.

The preimage of this picture via a covering of degree n with critical values
at y1, . . . , yk consists of n positive and n negative polygons. All the neighbors
of each positive polygon are negative, and vice versa. In the same way as for
the canonical triangulation of a hypermap, we may introduce k involutions
without fixed points a1, . . . , ak: here ai sends each polygon to its neighbor
across the side marked (i− 1)–i (the indices are taken mod k). Permutations
g1, . . . , gk act on the set of positive polygons and may be represented as gi =
aiai+1.

The only problem with this representation is that “in real life” such a
picture can be rather difficult to draw.

Exercise 1.6.12. Show that there exist 4 non-isomorphic (plane) constella-
tions with the passport π = [21, 21, 21, 21]. Draw them in the form of preim-
ages of a Jordan curve.

However, this representation may be very useful. One of the situations in
which it becomes practically indispensable is the drawing of a composition of
constellations. Imagine a ramified covering h : X → Z which is a composition
h : X

f−→ Y
g−→ Z; here Y = Z = S2. Topologically this means that on

the y-plane, besides the image of Fig. 1.40, another image is drawn, which
represents a constellation obtained via a ramified covering Y

g−→ Z. The
question is how to obtain the corresponding picture on X? In order to do that
we must just take the part of the picture corresponding to g which is inside
the positive polygon on the y-plane, and repeat it in each positive polygon



1.7 Further Discussion 63

on X , and then do the same for negative polygons (we must also take care to
glue them correctly on the border). Though there remain some algorithmic
problems, the general idea of the construction thus becomes clear.

1.7 Further Discussion

1.7.1 Coverings of Surfaces of Higher Genera

In this section we will briefly discuss how to construct coverings f : X → Y
where Y is a surface of a genus greater than zero. We will temporarily denote
the genera of different surfaces by the letters p, q, r.

First of all note that there exist non-trivial unramified coverings of Y . The
reason is that its fundamental group π1(Y ) is not trivial. In order to find a
set of generators of this group let us take an arbitrary one-vertex and one-face
map on Y . This map has 2q edges, where q is the genus of Y , and all of these
edges are loops. We may choose the vertex of our map as the base point, orient
the loops in an arbitrary way, and then they will serve as the generators of
the fundamental group. There is also one relation on the generators: if we go
along the border of our unique face, we obtain a closed path which can be
retracted to the base point inside the face. (The usual convention is to go
around the face in the positive direction.)

Example 1.7.1. In Fig. 1.41 we show two one-vertex and one-face maps
of genus 2 (the thin lines show which sides of the 8-gon must be identi-
fied). These maps correspond to two different choices of generators. The re-
lation for the first choice is aba−1b−1cdc−1d−1 = id, and for the second one,
abcda−1b−1c−1d−1 = id. Of course, there exist many other possibilities. How-
ever, in practically all topology textbooks they choose our first representation
as the “canonical” one. Note that our convention to glue together the oriented
sides with the opposite orientations (see Construction 1.3.20 and Fig. 1.19) is
coherent with the fact that the closed path goes first, say, along a generator
a, and then along its inverse a−1.

In order to represent an n-sheeted unramified covering of a surface Y of
genus q we must construct a homomorphism of π1(Y ) to Sn, or, in other
words, give 2q permutations hi, acting transitively on n sheets, each one cor-
responding to a generator of π1(Y ), and which satisfy the same relation as the
generators of π1(Y ). Thus, a covering of Y is also represented by a sequence
of permutations, but this sequence does not form a constellation, since its el-
ements satisfy a relation of a different kind. For example, if we choose the left
gluing of Fig. 1.41, then an unramified covering of degree n is represented by
a sequence of 4 permutations [h1, h2, h3, h4], hi ∈ Sn, satisfying the relation
h1h2h

−1
1 h−1

2 h3h4h
−1
3 h−1

4 = id.
If X and Y are surfaces of genus p and q respectively, and f : X → Y is

an unramified covering of degree n, then the Euler characteristic of X is equal
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Fig. 1.41. Two choices of generators for the fundamental group of the surface of
genus 2

to the Euler characteristic of Y multiplied by n:

2− 2p = n(2− 2q).

The proof is obvious: for any map on Y its preimage on X has n times more
vertices, edges, and faces. A trivial consequence of this formula is the fact that
if Y is a torus, then X is also a torus.

Now suppose that Y contains k ramification points y1, . . . , yk. Then we
must take a one-vertex and one-face hypermap (denote its single vertex by y0),
adding to the above map k half-edges which go from y0 to yi, i = 1, . . . , k. (We
suppose that the edges of the hypermap do not pass through the ramification
points.) The hypermap thus constructed has 2q edges and k half-edges, one
vertex of degree 2q + k, and one face of the same degree. To each half-edge
we associate a loop which goes first from y0 to yi along this half-edge, then
goes counter-clockwise around yi, and then returns along the same half-edge
in the opposite direction. In this way we obtain 2q + k loops which generate
the fundamental group of Y \ {y1, . . . , yk}. As before, these loops satisfy one
relation: we obtain it by going along the border of the face of our hypermap.
Note that for every edge both the corresponding generator and its inverse
appear in the relation, while every generator corresponding to a half-edge
appears only once.

Now, a representation of an n-sheeted ramified covering of Y with k ram-
ification points is a sequence of 2q + k permutations of degree n acting tran-
sitively on n sheets, each permutation being associated to a generator of the
fundamental group, and these permutations must satisfy the same relation
that satisfy the generators. It is reasonable to fix a concrete choice of the
“base hypermap” and to give the following definition.

Definition 1.7.2 (Generalized constellation). A generalized constellation
is a sequence of 2q+k permutations [h1, . . . , h2q, g1, . . . , gk], hi, gj ∈ Sn, acting
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transitively on n points and satisfying the relation

h1h2h
−1
1 h−1

2 . . . h2q−1h2qh
−1
2q−1h

−1
2q g1g2 . . . gk = id. (1.8)

The cartographic group of this generalized constellation is the permutation
group

G = 〈h1, . . . , h2q, g1, . . . , gk〉 ≤ Sn.

Exercise 1.7.3. Draw a base hypermap which corresponds to the above def-
inition.

Exercise 1.7.4. Find an analogue of the Riemann–Hurwitz formula for cov-
erings of surfaces of higher genera.

1.7.2 Ritt’s Theorem

Definition 1.7.5 (Decomposable covering). Let h : X → Z be a covering
(ramified or not). We say that h is decomposable if it can be represented as

h : X
f−→ Y

g−→ Z, (1.9)

where f and g are coverings of degrees greater than 1.

The following very important theorem was proved in 1922 by Ritt [243]
for the planar case, but it remains valid also in the general case.

Theorem 1.7.6 (Ritt’s theorem). A covering is decomposable if and only
if its cartographic group is imprimitive.

Proof. In one direction the proof is obvious. Suppose that h is decomposable
as in formula (1.9). Denote deg f = m, deg g = n and deg h = mn. Denote
by z0 a base point of h in Z; by yj , j = 1, . . . , n, the n points of the g-
preimage of z0 in Y ; and by xij , i = 1, . . . ,m, j = 1, . . . , n, the mn points
of the f -preimage of the set y1, . . . , yn. Then the n sets f−1(y1), . . . , f−1(yn)
form blocks.

Suppose now that we have a covering h of degree mn with an imprimitive
cartographic group having n blocks of size m. Let h be represented by a
generalized constellation [h1, . . . , h2r, g1, . . . , gk], where r is the genus of Z.
These permutations also act on blocks, thus creating 2r + k permutations
h′

1, . . . , h
′
2r, g

′
1, . . . , g

′
k of degree n. The new permutations obviously satisfy

the relation similar to (1.8) for the genus r instead of q (since the initial
permutations of degree mn satisfy it), and they obviously act transitively
on n blocks (since the initial permutations act transitively). Therefore, the
sequence [h′

1, . . . , h
′
2r, g

′
1, . . . , g

′
k] is a generalized constellation. It describes a

ramified covering g : Y → Z (for this covering, we take the same k ramification
points as for h).
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It remains to construct a covering f : X → Y which will complete the
composition (1.9). Let the set of points y1, . . . , yn be the g-preimage of the
base point z0. By construction, the “points” yj are nothing else but blocks,
each of them containing m points on X . Let us denote these sets by B1, . . . , Bn.
Choose the point, say, y1 as the base point for the covering f : X → Y we are
looking for. We must construct certain permutations acting on the set B1.

The covering h : X → Z has k ramification points on Z (k may well
be equal to zero). We declare all their g-preimages in Y ramification points
of f (if some of these points are in fact not “true” ramification points, the
permutations corresponding to them will be identities.) Let their number be
l. As in the preceding section, we prepare a one-vertex and one-face hypermap
on Y , with its single vertex at y1, with 2q edges if the genus of Y is q, and
with l half-edges. Next we find the 2q + l corresponding generators of the
fundamental group of Y \ {the ramification points}. We must associate to
each such generator a permutation acting on B1.

In order to do that we draw the g-images of each of the above 2q + l
loops on the surface Z. Next, we represent them in terms of the generators of
the fundamental group of the surface Z minus k points. Finally, we replace
each generator in this representation with the corresponding permutation hi
or gj, i = 1, . . . , 2r, j = 1, . . . , k. In this way we obtain 2q + l permutations of
degree mn acting on the mn preimages of z0 on X . But all these permutations
preserve the block B1, since they all stabilize the point y1 on Y . Taking their
restriction on B1 we obtain the permutations we need.

Finally, we note that the relation which the above constructed permuta-
tions on B1 must satisfy is indeed valid. It corresponds to a closed path which
is retractable in Y ; and the image under g of such a path is retractable in Z.
Therefore the corresponding permutation is the identity.

The theorem is proved.

There exists a quadratic algorithm [16] which verifies if a given permuta-
tion group is imprimitive, and if so the algorithm finds the blocks. However,
there remain many other algorithmic problems which are related to the com-
position and which are not yet studied, even in the planar case. In vague terms,
the problem is as follows. On the “intermediate” surface Y , two pictures co-
exist: one of them represents the constellation corresponding to g : Y → Z,
while the other one represents the one-vertex and one-face base hypermap we
have used in representing the covering f : X → Y . What we need is a reason-
able description of their mutual disposition, and an algorithm which would
find this description for a given imprimitive (generalized) constellation.

The notion of wreath product of groups helps one to better understand the
structure of imprimitive groups.

Definition 1.7.7 (Semidirect product). Let K and G be two groups, and
suppose that G acts on K by automorphisms of K. Then their semidirect
product, denoted by K � G, is the set
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K � G = {(a, b) | a ∈ K, b ∈ G}
with the following multiplication operation:

(a, b) · (c, d) = (a · cb−1
, bd).

Exercise 1.7.8. Verify the following statements.
1. The above multiplication operation is associative.
2. The identity element in K � G is (id, id), and the inverse is

(a, b)−1 = ((ab)−1, b−1).

3. The subgroup K ′ = {(a, id) | a ∈ K} is isomorphic to K and is normal
in K �G. (Sometimes by abuse of language they say that K itself is a normal
subgroup in K � G.)

4. The subgroup G′ = {(id, b) | b ∈ G} is isomorphic to G, and its action
on K ′ by conjugation reflects the original action of G on K, namely,

(id, b)−1(a, id)(id, b) = (ab, id).

5. The mapping (a, b) 
→ b is a surjective homomorphism from K � G to
G with kernel K ′.

Definition 1.7.9 (Wreath product). Let F and G be permutation groups
of degrees m and n respectively. Let us take K = Fn = F × . . .×F (n times),
and let G act on K by permuting the factors. Then the wreath product of F
and G, denoted by F �G, is the semidirect product

F �G = Fn � G.

It is convenient to think of the group F �G as of the permutation group per-
muting mn elements of a rectangular matrix with columns of size m and rows
of size n: the factors of the group Fn permute elements inside the columns,
while the group G permutes the columns themselves. Obviously, such an ac-
tion is imprimitive, the columns of the matrix being its blocks.

The elements of F �G may be represented as

[f1, f2, . . . , fn; g], fi ∈ F, g ∈ G.

The above element acts as follows: first each fi permutes the elements of the
ith column; then the columns themselves are permuted by g−1.

The order of the group F �G is |F �G| = |F |n · |G|.
Proposition 1.7.10. 1. Every imprimitive group of degree mn with blocks of
size m is a subgroup of Sm � Sn.

2. If the cartographic group of a covering f : X → Y is F , and the carto-
graphic group of a covering g : Y → Z is G, then the cartographic group H of
their composition h = X → Z can be represented as a subgroup of the wreath
product F �G.

Our cautious formulation “can be represented as”, instead of just “is”,
is explained by the necessity of a certain procedure of identifying points of
different blocks.
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1.7.3 Symmetric and Regular Constellations

Definition 1.7.11 (Automorphism group). The automorphism group of a
constellation C = [g1, . . . , gk] is the group

A = Aut(C) = {h ∈ Sn | h−1gih = gi, i = 1, . . . , k}.

In other words, A is the centralizer of the cartographic group G of C in Sn.

The reader is advised to consult once more Remark 1.3.28.
The existence of non-trivial automorphisms gives rise to a procedure which

is called factorization, or quotiening, and which, taking into account the pre-
vious discussion, becomes simple:

Proposition 1.7.12. If a constellation has a non-trivial automorphism group,
then its cartographic group acts imprimitively, the orbits of the action of the
automorphism group being the corresponding blocks. The same statement is
true for any subgroup of the full automorphism group.

A constellation whose darts are the above orbits of the action of a group
acting by automorphisms is called a quotient constellation.

Exercise 1.7.13. Take the plane map corresponding to the 3-prism. Its au-
tomorphism group is the dihedral group D6 of order 6. This group contains
as subgroups the cyclic groups C3 and C2. Find the quotients of the 3-prism
corresponding to the groups D6, C3 and C2. We may note that the factoriza-
tion by C3 preserves the C2-symmetry, while the result of the factorization by
C2 does not have any symmetry at all. What is the reason for this difference?

Lemma 1.7.14. Let a group G of order N act on itself by multiplication on
the right: an element x ∈ G acts by sending a ∈ G to ax. Then the centralizer
of G in SN is obtained by the action of G on itself by multiplication on the
left: an element y ∈ G acts by sending a ∈ G to y−1a.

We multiply by y−1 on the left in order to have the action first of y1 and
then of y2 be equal to the action of y1y2.

Proof. The commutation of the two actions is obvious: acting first by x on
the right, and then by y on the left we obtain y−1(ax), while acting in the
opposite order we obtain (y−1a)x.

Now suppose that a mapping p : G → G commutes with the right multi-
plication by x, that is, p(ax) = p(a)x for any a, x ∈ G. Denoting p(id) = y−1

we obtain p(a) = p(id · a) = p(id)a = y−1a.

Proposition 1.7.15. The following two properties of a constellation are
equivalent:

1. The automorphism group acts transitively on the darts.
2. The automorphism group is isomorphic to the cartographic group.
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If a constellation possesses either (and then both) of these properties, then
its darts are in bijection with the elements of the cartographic group, and the
group acts on itself by multiplication on the right, while the automorphism
group acts by multiplication on the left, as in Lemma 1.7.14.

In the situation of the above lemma and proposition the roles of the carto-
graphic group and of the automorphism group are symmetric: we might just
as well declare the action on the left to be cartographic, and that on the right
to be the action of the automorphisms.

Proof of Proposition 1.7.15. The cartographic group G is a transitive
permutation group of degree n, therefore |G| ≥ n. On the other hand, an
automorphism is entirely determined by fixing a dart and its image under
this automorphism. Therefore, |A| ≤ n, where A denotes the automorphism
group. Thus, if A ∼= G then |A| = |G| = n and A acts transitively.

Now suppose that A acts transitively. Take an arbitrary dart and mark it
by the identity of the automorphism group. The inequality |A| ≤ n implies
that for any other dart an element y ∈ A which sends the identity element to
this dart is unique. We mark this dart by y−1. Now the action of A on darts
becomes equivalent to its action on itself by left multiplications. Therefore, as
we have seen in Lemma 1.7.14, the cartographic group G is isomorphic to A
and acts on itself by right multiplications.

Definition 1.7.16 (Regular constellation). A constellation having the
properties of Proposition 1.7.15 is called regular.

The quotient of a regular constellation by its automorphism group consists
of a single dart.

The above construction permits us to affirm the following:

Proposition 1.7.17. Every finite group is the automorphism group of a reg-
ular constellation.

In [64] it is proved that every finite group is the automorphism group
of a map. Our construction implies this fact only for the groups which can
be generated by two generators, one of which is an involution without fixed
points. Note however that the latter property is true for all simple groups: see
in this respect [209].

We finish this section with the following statement, quite surprising from
the geometric point of view in spite of an entirely trivial proof.

Proposition 1.7.18. A constellation with the cartographic group G can be
covered by a regular constellation for which the group G serves as the auto-
morphism group.

Proof. Let C be a constellation with the cartographic group G. The regular
constellation is constructed by the action of the group G on itself by right
multiplications. Now take as imprimitivity blocks the subgroups of G which
are stabilizers of the darts of C, and apply the construction of Ritt’s theorem.
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1.8 Review of Riemann Surfaces

This section is a kind of an interlude between the main part of Chapter 1, in
which only combinatorial and topological structures played a role, and the rest
of the book (mainly Chapters 2, 4, and 5). By necessity, it is very fragmentary.
It is mainly a recollection of notions and facts which play an important role in
the subsequent exposition. We also make a particular stress on some parts of
the theory that might otherwise get lost in the abundance of the information
given in textbooks on Riemann surfaces and algebraic curves. We supply our
text with appropriate references whenever possible. The general references are
[104], [240], [163], [124], [123] (starting from more elementary ones).

Definition 1.8.1 (Riemann surface). A Riemann surface is a complex an-
alytic manifold of complex dimension one. Two Riemann surfaces are isomor-
phic if there exists a biholomorphic bijection between them (which is also
called a complex isomorphism).

Remark 1.8.2. In order to avoid confusion, we must attract the reader’s
attention to the following phenomenon. In algebraic geometry, the same object
can carry the names of both surfaces and curves. For example, C is termed
both “the complex line” and “the complex plane”, and a Riemann surface is
also called a complex curve. The Riemann complex sphere C = C∪{∞} is the
same thing as the complex projective line CP 1. We hope that this language
jumble will cause no misunderstanding.

Convention 1.8.3. We will work only with compact and connected Riemann
surfaces, and will call them just Riemann surfaces, without additional adjec-
tives.

Being a compact one-dimensional complex manifold, a Riemann surface
is also a compact two-dimensional real manifold, and, what is more, it is
orientable. (In fact, it is even already oriented: a complex coordinate gives us
the positive orientation, which is “from 1 to i”.)

However, it is extremely important to understand that a topological iso-
morphism (i.e., a homeomorphism) and a complex isomorphism (i.e., a bi-
holomorphic bijection) are very different things. Two Riemann surfaces may
well be homeomorphic (or, equivalently, have the same genus), but be differ-
ent as complex manifolds. For genus g = 0 there exists only one Riemann
surface, namely, the Riemann sphere C = C ∪ {∞}. But already for genus
g = 1 there exist infinitely many non-equivalent Riemann surfaces, which are
called elliptic curves. They are all homeomorphic to each other, each of them
is a torus, but they are not equivalent as Riemann surfaces. They have differ-
ent complex structures. In order to “introduce a complex structure”, we must
explain how we choose a particular complex coordinate in a neighborhood of
each point. In order to compare two complex structures ... well, it is a much
more complicated matter, on which we will elaborate gradually.
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Thus, the problem of a constructive representation of a Riemann surface
becomes very important. What data must we supply in order to be able to say:
this is the Riemann surface such and such? There are two convenient ways to
specify a Riemann surface: to define it by a system of polynomial equations
in a complex projective space, or to present it as a ramified covering of the
complex projective line. In order to discuss these two possibilities in more
detail, we shall need the notion of meromorphic function.

Definition 1.8.4 (Meromorphic function). Let X be a Riemann surface.
A meromorphic function on X is a holomorphic mapping f : X → C. A zero
of f is a point x ∈ X such that f(x) = 0; a pole of f is a point x ∈ X such
that f(x) =∞.

The following fact gives an adequate intuitive image of what a meromor-
phic function is:

Fact 1.8.5. If X = C, then any meromorphic function is a rational function
(with obvious zeros and poles). A meromorphic function on C with a single
pole at infinity is a polynomial.

The fundamental statement below plays a crucial role in working with
Riemann surfaces.

Fact 1.8.6. There exist many nonconstant meromorphic functions on each
Riemann surface.

This is an easy consequence of the famous Riemann–Roch theorem. It may
be used, for example, to prove the following statement.

Proposition 1.8.7. Each Riemann surface can be realized as an algebraic
curve in a complex projective space; that is, it can be given by a system of
polynomial equations.

In fact, if we consider two linearly independent meromorphic functions
f1, f2 on X , these functions are always related by a polynomial relation
P (f1, f2) = 0. Hence, any pair of linearly independent functions determines a
mapping (f1, f2) from the Riemann surface to a plane algebraic curve. This
simple remark, however, is not sufficient for the proof of the proposition: the
mapping may turn out not to be an isomorphism, the algebraic curve may
prove to be singular, and so on. But it gives at least a correct direction. A
rigorous proof requires some more sophisticated techniques, and we do not
present it here; see, for example, [163].

Note that the fact itself is very surprising: a priori there is no reason for
an analytic manifold to be algebraic. Compactness plays an important role
here, but also some other phenomena that we don’t describe. The fact that the
notion of Riemann surface is the synonym of that of complex algebraic curve is
one of the miracles of this theory. For us the following aspect of this statement
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is very important: it provides us with one of the possible constructive ways of
representing a Riemann surface, namely, by a system of algebraic equations.
However, a Riemann surface admits many such representations, and it is not
easy to identify two of them representing the same surface.

Definition 1.8.8. If it is possible to realize a Riemann surface X by a system
of equations with coefficients in a subfield K ⊆ C, then we say that X is defined
over K.

Meromorphic functions on a complex algebraic curve embedded in a pro-
jective space have a particularly simple form: they are restrictions to the curve
of rational functions P/Q, where P and Q are homogeneous polynomials of the
same degree in projective coordinates, and where Q does not vanish identically
on the curve. Two such rational functions determine the same meromorphic
function if and only if their difference belongs to the ideal of the curve. The
latter means that in the ring of homogeneous polynomials we take the ideal
generated by those polynomials which belong to the system of equations defin-
ing the curve. If both the curve X and the polynomials P,Q are defined over
a subfield K ⊂ C, then we say that the corresponding meromorphic function
is defined over K.

One may easily guess that all the techniques of working with ideals in
polynomial rings (such as Gröbner bases, etc.) may help in a concrete work
with these objects. In certain books meromorphic functions are called rational
functions even in the case of Riemann surfaces of genus g > 0. Once again,
the fact that the “meromorphic” and “rational” are synonyms is highly non-
trivial: in complex analysis they study meromorphic functions on noncompact
curves, such as the complex line C, and these functions are not necessarily
rational.

Now let us discuss another approach to the constructive representation of
Riemann surfaces. The following statement is obvious.

Proposition 1.8.9. A nonconstant meromorphic function f : X → CP 1,
considered as a mapping of the underlying topological space, is a ramified
covering of the sphere S2 ∼= CP 1.

Hence, all notions related to ramified coverings (the degree of the covering,
the ramification points, and so on) make sense for meromorphic functions as
well. The only difference with the situation described in Sec. 1.2 is that the
new construction involves more subtle structures: X is not just a topologi-
cal surface but a Riemann surface; f is not just a continuous function but
an analytic function; Y is not just a topological sphere S2 but the complex
projective line CP 1.

For meromorphic functions, it is convenient to express topological notions
in analytic terms. To define a critical point of a function f : X → CP 1 let
us choose local coordinates around x ∈ X and y = f(x) ∈ CP 1 in such a
way that x �= ∞ and y �= ∞. Then x is critical if and only if f ′(x) = 0. In
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fact, these local coordinates s and t in vicinities of the points x and y may be
chosen such that we obtain x = 0, y = 0, and f acquires the form f(s) = sd

in these coordinates. The value d is called the degree, or multiplicity, or order
of the critical point. As usual, the values of f at critical points are the critical
values. The ramification locus of the covering f coincides with the set of its
critical values. Below, we also use the term a complex ramified covering for a
meromorphic function.

Notation 1.8.10. Taking into account that among the three objects X , f ,
and Y the third element Y is (almost) always the same, namely, C, we will
often denote a ramified covering of the complex sphere by (X, f).

Definition 1.8.11. Two complex ramified coverings (X1, f1) and (X2, f2) of
the complex sphere will be called isomorphic if there exists a biholomorphic
isomorphism u : X1 → X2 such that the following diagram is commutative:

�
�

�
��

�
�

��

X1 X2

CP 1

u

f1 f2

It is clear that isomorphic complex ramified coverings have the same set
R of critical values. The above definition repeats word for word that of the
isomorphism of topological coverings, see Definition 1.2.18, with the only dif-
ference that now the mapping u : X1 → X2 must be not a homeomorphism
but a complex isomorphism. Usually it will always be clear from the context
which of the two notions of isomorphism is meant.

Remark 1.8.12. Be careful: isomorphic complex ramified coverings produce
isomorphic Riemann surfaces (by definition), but the converse is certainly
false. The same Riemann surface may be obtained by many different and
pairwise non-isomorphic coverings. It suffices to take the same X and to con-
sider different meromorphic functions f defined on X .

Example 1.8.13. Consider the case X = C, when f is an odinary rational
function. Suppose f(x) = P (x)/Q(x), where P and Q are coprime polynomi-
als. Then deg f = max{degP, deg Q}. The fact that y �=∞ is a critical value
of f means that the equation f(x) = y has fewer than n solutions (including
∞ as a possible solution); or, equivalently, it has multiple solutions. If x �=∞
is one of the multiple solutions, then f ′(x) = 0. Thus a critical value of f is a
value of f at a zero of its derivative. Such a point x is called a critical point
of f . The multiplicity, or the degree of a critical point x coincides with its
multiplicity as a zero of f(x)− y; namely, it is equal to d ≥ 2 if

f ′(x) = 0, f ′′(x) = 0, . . . , f (d−1)(x) = 0, and f (d)(x) �= 0.

Among the points f−1(y) some are critical, others are not; we count the
multiplicity of the latter as 1.
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The case of infinity should be considered separately. The multiple roots
of Q(x) are the critical points sent by f to the critical value y = ∞, with
the corresponding multiplicities. If degP > degQ, then f sends ∞ to ∞
with multiplicity degP − degQ. If degP < degQ, then f sends ∞ to 0 with
multiplicity degQ − degP . We leave it to the reader to consider the case
deg P = deg Q.

The only isomorphisms of the Riemann sphere C are linear fractional map-
pings x 
→ (ax + b)/(cx + d). Therefore two rational functions f1 and f2 give
isomorphic coverings if and only if

f1(x) = f2

(
ax + b

cx + d

)
for some a, b, c, d such that ad− bc �= 0.

Fact 1.8.6 and Proposition 1.8.9 show that every Riemann surface may
be represented by a ramified covering of the complex sphere. The following
theorem, which affirms the converse statement, is one of the most fundamental
results of the whole theory.

Theorem 1.8.14 (Riemann’s existence theorem). Suppose a base star is
fixed in CP 1, and the sequence of its terminal vertices is R = [y1, . . . , yk]. Then
for any constellation [g1, . . . , gk], gi ∈ Sn, there exists a compact Riemann
surface X and a meromorphic function f : X → CP 1 such that y1, . . . , yk
are the critical values of f , and g1, . . . , gk are the corresponding monodromy
permutations. The ramified covering f : X → CP 1 is independent of the choice
of the base star in a given homotopy type and is unique up to isomorphism.

Proof. We have seen already in Proposition 1.2.15 that a constellation
uniquely determines a topological ramified covering f : X → S2. The only
additional feature we require is a complex structure on X such that f is
a meromorphic function. Puncturing CP 1 at the critical values yi we make
f into an unramified covering f : X \ f−1(R) −→ CP 1 \ R. The complex
structure on f : X \ f−1(R) is reconstructed by lifting the complex structure
from CP 1 \ R. Now, if x0 ∈ f−1(yi) is a preimage of a critical value, then
we can introduce a complex coordinate z in a neighborhood of x0 by setting
z = (f(x) − f(x0))1/d, where d is the degree of f at x0. Any point in this
neighborhood of x0 admits a neighborhood so small that the restriction of f
to this neighborhood is a homeomorphism. On this small neighborhood the
two complex coordinates obviously agree.

This way of reconstructing a complex structure on X is, in fact, unique,
and the uniqueness of the complex ramified covering follows.

A remarkable feature of this theorem is the fact that there are no re-
strictions whatsoever on the critical values y1, . . . , yk: they may be chosen
arbitrarily. Later we will see that for the critical points on X this is not the
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case: very often they must satisfy certain constraints, which sometimes may
be very restrictive. But there are no constraints at all on critical values. A
profound discussion of numerous aspects of this theorem may be found, for
example, in [288].

For us the most important aspect of this theorem is the fact that it provides
us with a second way of a constructive representation of Riemann surfaces. In
order to represent such a surface we must supply a data of two kinds:

• a constellation C = [g1, . . . , gk], gi ∈ Sn, and
• a sequence of k complex numbers R = [y1, . . . , yk] ∈ CP 1 and a base star

on this sequence defined up to homotopy.

Let us call this data (C,R) the Riemann data. This data proves to be much
more manageable than the previous one, a system of equations. While for a
system of equations there are all too many traps consisting in various kinds
of singularities and degeneracy, for the Riemann data we have nothing to
worry about: it works equally well for any constellation, and for any sequence
y1, . . . , yk.

Note, however, that the object represented by the Riemann data is not
only the Riemann surface X , but the Riemann surface X together with a
meromorphic function f : X → CP 1. The set of Riemann data is in a natural
one-to-one correspondence with the set of pairs (X, f) endowed with a base
star.

The constellation may be considered as the combinatorial part of the Rie-
mann data. This is the part of the information that may change only discretely,
while the parameters yi may change continually. Such continuous parameters
are often called continuous moduli.

Remark 1.8.15. The Riemann existence theorem remains valid, both in the
existence and the uniqueness parts, for coverings of an arbitrary Riemann
surface Y (of an arbitrary genus), arbitrary points y1, . . . , yk ∈ Y (k ≥ 0), and
for an arbitrary generalized constellation as its combinatorial data. However,
if we want to use this fact in order to represent a surface X together with
a covering f : X → Y , we must first represent Y itself and the points yi
on it. Other facts concerning coverings, such as, for example, Ritt’s theorem,
also have their natural counterparts for Riemann surfaces: see, for example,
Theorem 5.4.15.

Sometimes we will also be interested in an equivalence relation on mero-
morphic functions which is weaker than isomorphism. This equivalence rela-
tion permits automorphisms in the image as well.

Definition 1.8.16 (Complex equivalence). Tworamifiedcoverings (X1, f1)
and (X2, f2) are called complex equivalent if there exist two complex isomor-
phisms u : X1 → X2 and v : CP 1 → CP 1 such that the following diagram is
commutative:
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X1
u−−−−→ X2⏐⏐	f1

⏐⏐	f2

CP 1 v−−−−→ CP 1

If the ramified coverings f1, f2 are endowed with base stars, then we require
that the isomorphism v take the first star to the second one (up to homotopy).

∗ ∗ ∗

The discussion that follows (as well as the long quote after it) is much
more a prelude to Chapter 2 than a postlude to Chapter 1.

Complex equivalence preserves many important properties of the cover-
ings. First of all, complex equivalent Riemann surfaces X1 and X2 are iso-
morphic (by definition). Therefore, if we are interested only in a representa-
tion of the corresponding Riemann surface (or of its complex structure), we
may choose an arbitrary covering among equivalent ones, although there still
remains a lot of ways to realize the same surface. If we are also interested in
the coverings themselves, we may observe that complex equivalence preserves
the constellation C, and only changes the sequence R = [y1, . . . , yk], replacing
it by a new sequence R′ = [y′1, . . . , y′k].

The automorphisms v of the complex sphere C, which are linear frac-
tional mappings, permit us to take three arbitrary elements of C to any three
arbitrarily chosen positions; after that the mapping becomes completely de-
termined. Let us make the following operation: take the last three critical
values yk−2, yk−1 and yk, and, making a linear fractional mapping, put them
to the following positions fixed once and for all: 0, 1, and∞. The other critical
values are thus transformed into y′1, . . . , y

′
k−3. This operation gives us a canon-

ical representative of the equivalence class of coverings. Thus, considered up
to equivalence, the Riemann data contains k − 3 continuous parameters.

At this point it becomes clear that the case k = 3 is of special interest. No
continuous parameters remain any more, and all the information about the
Riemann surface and its complex structure is encoded in purely combinatorial
data. The corresponding phenomenon is called rigidity. Having at hand a
number of continuous parameters we can change a covering “slightly”. But it
is impossible to change “slightly” a triple of permutations.

This “rigid” situation will be studied in detail in Chapter 2. It turns out
that the corresponding Riemann surfaces are all defined over the field Q of
algebraic numbers, and therefore the absolute Galois group Aut(Q |Q) (that
is, the automorphism group of the field Q) acts on them, and thus on 3-
constellations as well. Incidentally, as we have already seen, a 3-constellation
also describes a classical object of combinatorial theory, namely, the hyper-
map. The action of the absolute Galois group on hypermaps, and also on
maps, came as a complete surprise to combinatorialists, but also to the ex-
perts in Galois theory. The mysterious nature of the group and the simplicity
of the objects on which it acts, gave rise to the following term which may look
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a bit strange: theory of dessins d’enfants. The quotation from Grothendieck
cited below illustrates very vividly his emotional reaction to the above facts.
The reader may consider it as an epigraph to Chapter 2.

Now taking the Riemann sphere, or the projective complex line, as
reference sphere, rigidified by the three points 0, 1 and ∞ < . . . >,
and recalling that every finite ramified covering of a complex algebraic
curve itself inherits the structure of a complex algebraic curve, we
arrive at this fact, which eight years later still appears to me as
extraordinary: every “finite” oriented map is canonically realized on
a complex algebraic curve! Even better, as the complex projective line
is defined over the absolute base field Q, as are the admitted points
of ramification, the algebraic curves we obtain are defined not only
over C, but over the algebraic closure Q of Q in C. As for the map we
started with, it can be found on the algebraic curve, as the inverse
image of the real segment [0, 1] < . . . >.
This discovery, which is technically so simple, made a very strong
impression on me, and it represents a decisive turning point in the
course of my reflections, a shift in particular of my centre of interest
in mathematics, which suddenly found itself strongly focused. I do
not believe that a mathematical fact has ever struck me quite so
strongly as this one, nor had a comparable psychological impact.1

This is surely because of the very familiar, non-technical nature of
the objects considered, of which any child’s drawing scrawled on a bit
of paper < . . . > gives a perfectly explicit example. To such a dessin,
we find associated subtle arithmetic invariants, which are completely
turned topsy-turvy as soon as we add one more stroke.
1 With the exception of another “fact”, at the time when, around the age

of twelve, I was interned in the concentration camp of Rieucros (near
Mende). It was there that I learnt, from another prisoner, Maria, who
gave me free private lessons, the definition of the circle. It impressed
me by its simplicity and its evidence, whereas the property of “per-
fect rotundity” of the circle previously had appeared to me as a reality
mysterious beyond words. < . . . >

(A. Grothendieck [129], pages 252–253 and 280)
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Dessins d’Enfants

2.1 Introduction: The Belyi Theorem

A substantial part of the theory of dessins d’enfants could have been devel-
oped in the 19th century. However, the fundamental theorem that lies at the
basis of the theory was established by G. V. Belyi1 [21] only in 1979. Below
we formulate the theorem, but postpone its proof until the very end of the
chapter (Sec. 2.6). This order of exposition permits the reader to begin by ac-
quiring some experience, by seeing examples and following the accompanying
discussion.

Theorem 2.1.1 (Belyi theorem). A Riemann surface X admits a model
over the field Q of algebraic numbers if and only if there exists a covering
f : X → C unramified outside {0, 1,∞}. In such a case, the meromorphic
function f can also be chosen in such a way that it will be defined over Q.

Remark 2.1.2. The formulation of the theorem is fraught with various traps.
The expressions “is defined over”, or “there exists a model”, mean that there
exists a solution over the corresponding field, and not that all the solutions
possess this property. It is very easy to “spoil” a good function, such as, for
example, C→ C : x 
→ x2 (two critical values: 0 and ∞), by replacing it with
x 
→ πx2 (the same critical values). Similarly, the function

f(x) =
1
a4

(x− a)2(x + a)2

has the same critical values 0, 1, and ∞ for any a, be it rational, algebraic or
transcendental. The important thing is the possibility to chose a algebraic (in
this particular case it may be chosen even rational).

In what follows we will always try to find the “best” possible field, or the
minimal one. Such a field will be called the field of moduli. However, the field
1 The majority of authors use this simple spelling, though a more adequate one,

corresponding to the standard of transliteration adopted by the AMS, is Bely̆ı.
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which is the best from the point of view of Galois theory does not always
permit to construct a model over it. This point will be discussed later.

If the Riemann surface X is the Riemann sphere, we will be interested
only in the moduli field of the function.

Definition 2.1.3 (Belyi function; Belyi pair). A meromorphic function
f : X → C unramified outside {0, 1,∞} is called a Belyi function. A pair
(X, f), where f is a Belyi function on the Riemann surface X , is called a
Belyi pair.

Now, take the segment [0, 1] ⊂ C, color the point 0 in black (•), color
the point 1 in white (◦), so that the segment itself looks like •−−−−−−◦, and
take the preimage H = f−1([0, 1]) ⊂ X . According to what we have seen in
Sec. 1.8, H is a hypermap drawn on the Riemann surface X . The black (resp.
white) vertices of H are the preimages of 0 (resp. of 1), their valencies being
equal to the multiplicities of the corresponding critical points. Certain black
(or white) vertices may have valency one; then they are still preimages of 0
(resp. of 1), but they are not critical points. Also, each face of the hypermap
H contains exactly one pole, that is, a preimage of ∞. The multiplicity of
the pole is equal to the valency of the corresponding face. Sometimes we will
explicitly mark the poles by an asterisk (∗), and we will call them the centers
of faces. Outside of the set of black and white vertices and the centers of the
faces there are no other critical points of the function f on X .

A hypermap which is considered not just as a topological or combinatorial
object but as a representation of a particular Belyi pair (which is, by the way,
unique up to isomorphism) is often called dessin d’enfant. A very attractive
feature of the theory of dessins d’enfants is the abundance of beautiful ex-
amples. This is the main reason why below we dedicate several sections to
examples. The reader may partake of them in their totality, or choose only a
sample according to his or her own taste.

2.2 Plane Trees and Shabat Polynomials

2.2.1 General Theory Applied to Trees

We start with the most simple case, when the Riemann surface X is of genus
zero, that is, it is the complex sphere C, and the rational function in ques-
tion is a polynomial. A polynomial of degree n always has a unique pole of
multiplicity n at ∞; therefore, the corresponding hypermap has a single face;
that is, it is a bicolored plane tree (see Sec. 1.5.2). In such circumstances we
may just forget about∞ and work on the usual complex plane C, looking for
polynomials with not three but two finite critical values.
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Convention 2.2.1. While speaking of polynomials, we will consider only fi-
nite critical values and put aside the point at infinity. (Thus, we will say about
a polynomial which is a Belyi function that it has only two critical values.)
We will not insist on the critical values always being 0 and 1 but admit as
critical values arbitrary complex numbers y1 and y2.

2.2.1.1 Critical Points and Critical Values of Complex Polynomials

Consider a polynomial P of degree n with complex coefficients. It maps the
complex plane of the variable x onto another one, that of the variable y. Fix
a point y0 ∈ C and consider its preimage P−1(y0) = {x | P (x) = y0}.

x

P

y

Fig. 2.1. Preimage of a point

Usually, this set consists of n distinct points, i.e., solutions of the degree
n equation P (x) = y0 (see Fig. 2.1). But for some specific values of y this
equation may have multiple roots. A multiple root of the equation P (x) = y
is also a root of the equation P ′(x) = 0.

Definition 2.2.2 (Critical points and critical values). A point x ∈ C

at which P ′(x) = 0 is called a critical point of the polynomial P . The value
y = P (x) of the polynomial at its critical point x is called a critical value. We
say that a critical point x has multiplicity, or order, or degree k ≥ 2 if at this
point P ′(x) = 0, P ′′(x) = 0, . . . , P (k−1)(x) = 0, P (k)(x) �= 0.

Recall that we usually assign to each critical value y a partition of n whose
parts are the multiplicities of the roots of the equation P (x) = y, and that
the sequence of these partitions is called a passport.

Since the derivative P ′ is a polynomial of degree n− 1, the polynomial P
“usually” (that is, in the generic case) has n− 1 critical points of order 2 and
n − 1 distinct critical values. But in some degenerate cases one may observe
critical points of higher order, and/or the values of the polynomial at different
critical points may coincide.

What we are interested in is the most degenerate case, when the set of
critical values of P is as small as possible.

Example 2.2.3. The polynomial P (x) = xn has only one critical point of
order n (namely, x = 0), and only one critical value y = 0.
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Up to obvious changes of variables, this polynomial is the only one that
has exactly one critical value. The next case, and a much more interesting
one, is that of two critical values.

Example 2.2.4 (Chebyshev polynomials). It is well known that cosnϕ
can be expressed as a polynomial of degree n in cosϕ. For example,

cos 2ϕ = 2 cos2 ϕ− 1, cos 3ϕ = 4 cos3 ϕ− 3 cosϕ, . . . ,

and in general
cosnϕ = Tn(cosϕ),

where Tn(x) is the n-th Chebyshev polynomial,

T0(x) = 1, T1(x) = x, T2(x) = 2x2 − 1, T3(x) = 4x3 − 3x, . . . ,

and
Tn(x) = 2xTn−1(x) − Tn−2(x) for n ≥ 2.

The graph of the polynomial Tn(x) on the segment [−1, 1] resembles that
of cosnϕ on the segment [−π, 0]: all its maxima are equal to 1, and all its
minima are equal to −1. Thus, Tn(x) has n − 1 critical points of order 2
(namely, x = cos kπ

n ), but only two critical values: y1,2 = ±1.

The goal of this section is to describe further examples of such polynomials.

Definition 2.2.5 (Shabat polynomial). A polynomial with at most two
critical values is called a Shabat polynomial, or a generalized Chebyshev poly-
nomial.

In other words, for any such polynomial there exist two distinct complex
numbers y1, y2 such that

P ′(x) = 0 ⇒ P (x) ∈ {y1, y2}.

(For P (x) = xn one of the values (say, y1) should be taken equal to y1 = 0,
while the other one may be chosen arbitrarily; by convention, we take y2 = 1.)

Remark 2.2.6. Any Shabat polynomial P may be easily normalized to have
the critical values 0 and 1: one should take p(x) = (P (x) − y1)/(y2 − y1).
The additional liberty given by an arbitrary choice of critical values is often
convenient in computations.

2.2.1.2 Preimage of a Segment

Take two arbitrary complex numbers y1, y2 on the y-plane, and join them by a
straight line segment. In what follows we will denote this segment by [y1, y2],
even in the case when one or both of its endpoints do not belong to R, or when
they are both real but y2 < y1. Suppose there are no critical values on this
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x

P

y

Fig. 2.2. Preimage of a segment

segment; then its preimage P−1([y1, y2]) is the disjoint union of n curvilinear
segments on the x-plane (see Fig. 2.2). We color the ends of [y1, y2] in black
and white in order to distinguish between their preimages on the x-plane.

Now suppose there are still no critical values inside the segment [y1, y2],
but one or both of its ends become critical. As a result some “curvilinear
segments” are glued one to another on the x-plane (see Fig. 2.3).

x

P

y

Fig. 2.3. The ends of some segments become critical points, and the segments
themselves are glued together

And what happens if the polynomial P (x) in question is a Shabat poly-
nomial, and y1, y2 are its (only) critical values? The answer is that all the
segments are glued together, and we will see a bicolored plane tree on the
x-plane: for the definition of this combinatorial object see Sec. 1.5.2.

Example 2.2.7. For P (x) = xn the inverse image of the segment [y1, y2] =
[0, 1] is a “star-tree”. For P (x) = Tn(x), a Chebyshev polynomial, the inverse
image of the segment [y1, y2] = [−1, 1] is a “chain-tree” (see Fig. 2.4).
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Fig. 2.4. The trees corresponding to xn and to Tn(x)

Many other examples of Shabat polynomials and of the corresponding trees
will be given below.



84 2 Dessins d’Enfants

2.2.1.3 Main Theorem

In Sec. 1.8 we have given a definition of the complex equivalence of two
complex ramified coverings, or, otherwise, of two meromorphic functions, see
Definition 1.8.16. When both the source and the target Riemann surface is
the sphere, its automorphisms u and v might be arbitrary linear fractional
transformations. If, however, we would like to deal not with arbitrary ratio-
nal functions but only with polynomials, we must preserve the point at ∞.
Thus the only admissible automorphisms become affine: u : x 
→ ax + b and
v : y 
→ Ay + B. These considerations lead to the following definition.

Definition 2.2.8 (Equivalent Shabat polynomials). Let P and Q be two
Shabat polynomials, and let y1, y2 and z1, z2 be their critical values. We call
the two pairs (P, [y1, y2]) and (Q, [z1, z2]) equivalent if there exist constants
A,B, a, b ∈ C, A, a �= 0, such that

Q(x) = AP (ax + b) + B, and z1 = Ay1 + B, z2 = Ay2 + B.

By abuse of language, instead of saying that the pairs (P, [y1, y2]) and
(Q, [z1, z2]) are equivalent, we shall say that the polynomials P and Q them-
selves are equivalent.

Theorem 2.2.9. There is a bijection between the set of combinatorial bicol-
ored plane trees and the set of equivalence classes of Shabat polynomials.

Proof. In fact, we have nothing to prove: this theorem is a particular case of
Riemann’s existence theorem, see Theorem 1.8.14. Let us follow one by one
the main stages of the correspondence “tree 
→ polynomial”. First, a bicolored
plane tree being given, we encode it by a triple of permutations, which is a
3-constellation. Next, this 3-constellation, together with an arbitrarily chosen
pair of complex numbers y1 and y2, determines a ramified covering. The con-
stellation being planar, this is a covering f : X → C in which X = C. In
such a case the meromorphic function f is in fact rational. Finally, a rational
function with a single pole at infinity is a polynomial. The uniqueness of the
polynomial (up to affine change of the variable x) also follows from Riemann’s
existence theorem.

As we shall see below, in practice, when one wants to find a polynomial
corresponding to a tree, one must solve a system of algebraic equations with
the coefficients of the Shabat polynomials as the unknowns. The system may
be very complicated, and a priori it is not clear at all why it should have a
solution. But a solution does exist, thanks to Riemann’s existence theorem.
This is one more manifestation of a rather enigmatic phenomenon, when some
very general and abstract considerations like that of looking for a complex
structure corresponding to a ramified covering of the Riemann sphere, lead to
very concrete consequences which are anything but evident.

Let us answer here one frequently asked question. It is clear that after
gluing a number of segments at their ends we always obtain a graph. The
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Fig. 2.5. A graph with a circuit

question is: why is this graph always connected? Although this is an immediate
consequence of the general theory developed in Chapter 1, the fans of complex
analysis will probably find the following argument amusing.

First of all, note that the number of solutions of two equations P (x) = y1

and P (x) = y2 counted with multiplicities is 2n (because deg P = n), and
counted with multiplicities diminished by one is n−1 (because degP ′ = n−1).
Therefore, being counted without multiplicities, the number of solutions is
2n− (n− 1) = n + 1. Thus, we have a graph with n edges and n + 1 vertices.
Such a graph is either connected, and then it is a tree; or it is disconnected,
and then it possesses a circuit (see Fig. 2.5).

Using, if necessary, an affine transformation of the y-plane, assume the
points y1 and y2 to be real. Then our polynomial takes only real values on the
boundary of the domain bounded by our circuit. This means that its imaginary
part �P (x), which is a harmonic function on R2, is identically equal to zero
on the boundary. Therefore, it is identically equal to zero inside, which is
impossible.

The theorem is proved.

2.2.1.4 Remarks on Computation of Shabat Polynomials

In subsequent sections we will see many concrete examples of Shabat poly-
nomials, and sometimes we will compute them explicitly. Here we give only
some very general remarks concerning the computation procedure.

Let a passport

[α, β, n] = [(α1, α2, . . . , αp); (β1, β2, . . . , βq), n]

of a tree be given; recall that p + q = n + 1. Let us also fix y1 = 0, y2 = 1.
Denote by a1, a2, . . . , ap and b1, b2, . . . , bq the coordinates of the black and
white vertices respectively. Then we have

P (x) = C(x− a1)α1(x − a2)α2 . . . (x − ap)αp ,

P (x) − 1 = C(x− b1)β1(x− b2)β2 . . . (x− bq)βq .

The equalities between the coefficients provide us with n algebraic equations in
n+ 2 unknowns C, a1, . . . , ap, b1, . . . , bq. Two additional “degrees of freedom”
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correspond to the possibility of making an affine transformation of the x-
plane. We may use it in the way we find convenient. We may, for example, fix
the positions of any two vertices, or make some other choice that places the
tree in an unambiguous position on the complex plane. We may use as well
some “general” normalization, such as, for example,

C = 1,
p∑

i=1

αiai = 0.

In addition to the above set of equations, we must impose the condition that
all the coordinates ai, bj are distinct.

These considerations show that we have as many equations as we need.
But the method itself, taken literally, is far too complicated, and the main
reason for this is that the vertex coordinates ai, bj belong to a much bigger
field than the coefficients of P . The following approach is much better. Let us
represent the partition α in the form

1d12d2 . . . ndn ;

here di is the number of occurrences of i in the partition. The polynomial P
may be presented in the square-free form:

P = p1p
2
2 . . . pnn.

The polynomial pi is of degree di, has distinct roots, and is equal to the
product

pi(x) =
∏

black vertices of degree i

(x− ak)

(of course similar operations should be made with the white vertices and with
the polynomial P − 1). The interest of this representation is explained by the
following lemma.

Lemma 2.2.10. Let P ∈ K[x] be a polynomial with the coefficients in a sub-
field K ⊆ C. Then pi ∈ K[x] for all i.

Proof. Computing the derivative and the greatest common divisor don’t take
outside K[x]. The greatest common divisor of P and P ′ is

P1 = C1p2p
2
3 . . . pn−1

n ;

the greatest common divisor of P1 and P ′
1 is

P2 = C2p3p
2
4 . . . pn−2

n ,

and so on. This sequence of polynomials permits to extract the factors pi. For
example, P/P1 is proportional to p1p2 . . . pn, while P1/P2 is proportional to
p2 . . . pn, so their ratio gives us p1.
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We conclude that in order to compute a Shabat polynomial P it is advis-
able to represent both P and P − 1 in the square-free form, to develop, and
write the algebraic equations representing the equalities among their coeffi-
cients.

Remark 2.2.11. There is one more advantage of the above method, of a
rather practical nature: the systems of symbolic computations, like Maple for
example, can’t cope with multiple roots. Make the following experiment: take√

2; compute it with a reasonable accuracy (say, with 20 digits); take the
polynomial P (x) = (x −

√
2)15; develop it, and solve the equation P (x) = 0.

The results will be amusing: your system will find you 15 roots, many of them
very far away from

√
2.

An advanced method, well-known in the computational algebraic number
theory [57] and used in computation of Shabat polynomials in [68], [122], [212],
is based on the LLL-algorithm (called so after its authors A. K. Lenstra, H. W.
Lenstra, and L. Lovász). The idea is as follows. A system of algebraic equations
is first solved numerically, with a very great accuracy (up to several thousand
digits after the decimal point). And then, if, say, a is one of the unknowns, the
LLL-algorithms permits to find a linear dependence (over Z) between 1, a, a2,
a3 etc., that is, to find the number field to which a belongs. In practice this
method turns out to be much more efficient than, for example, the Gröbner
bases approach.

Returning back to the vertex coordinates, we may note the following. All
the coefficients of the polynomials P and P − 1, except the free term, are
pairwise equal. Therefore, all the elementary symmetric functions of their
roots, up to degree n − 1, are equal. Hence, all the power sums of the roots,
up to degree n−1, are also equal. This simple observation gives us the following
beautiful system of equations:

α1a1 + α2a2 + . . . + αpap = β1b1 + β2b2 + . . . + βqbq;
α1a

2
1 + α2a

2
2 + . . . + αpa

2
p = β1b

2
1 + β2b

2
2 + . . . + βqb

2
q;

. . . . . .
α1a

n−1
1 + α2a

n−1
2 + . . . + αpa

n−1
p = β1b

n−1
1 + β2b

n−1
2 + . . . + βqb

n−1
q .

This system was discovered by Couveignes [68].

We would finally like to remark that, while the usual approach of enumer-
ative combinatorics considers the objects like trees as a flock of more or less
indistinguishable entities, computing Shabat polynomials demands to look at
them in a more individual way, to make a “personal acquaintance” of sorts.

2.2.1.5 Geometry of Plane Trees

Maybe the most surprising consequence of the main theorem is the following
fact: every plane tree has a unique and canonical geometric form. Geometri-
cally, any tree can be drawn on the plane in infinitely many different ways
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(see, e.g., Fig. 2.6). But one of its geometric forms is distinguished. Indeed,
the affine transformation x 
→ ax + b may change the size of a tree and its
position on the x-plane, but it does not change its geometric form.

Fig. 2.6. Two “geometric forms” of the same combinatorial tree

In the catalog [26] the computer-made “true” geometric forms are given
for all plane trees with ≤ 8 edges. On page 89 we give an excerpt from this
catalog.

2.2.2 Simple Examples

2.2.2.1 A Very Simple Example

The first tree which is not a star and not a chain is the tree with the passport
[31, 212, 4] (see Fig. 2.8).

Let us take y1 = 0, so that the coordinates of the black vertices are the
roots of the polynomial we are looking for, the vertex of valency 3 being the
root of multiplicity 3. The liberty of an affine transformation permits us to
place this vertex at the point x = 0, and the other black vertex, at the point
x = 1. Then we may take P (x) = x3(x − 1), and we are done.

Now, if we also want to compute the coordinates of the white vertices,
then let us compute the derivative P ′(x) = x2(4x − 3). The derivative has a
double root at x = 0 (which is only natural), and one more root x = 3/4; this
is exactly the position of the white vertex of valency 2.

Now we may compute the second critical value of P : namely,

y2 = P

(
3
4

)
= − 27

256
.

Finally, to get the coordinates of the other two white vertices, we solve the
equation

x3(x− 1) = − 27
256

.

It has a double root x = 3/4, and two simple roots, (−1±
√
−2)/4.

Looking at the coordinate 3/4 of the white vertex and at the negative
value of y2, we may conclude that it would have been more clever to take,
from the very beginning, the position of the black vertex of valency 1 at x = 4,
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Fig. 2.7. Excerpt from the catalog [26]

� � � ��
�
�

�
�

Fig. 2.8. A simple tree
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and to change the sign: P (x) = x3(4 − x). Then the white vertex of valency
2 finds itself at x = 3, the second critical value is y2 = P (3) = 27, and the
coordinates of the other two white vertices become equal to −1±

√
−2.

2.2.2.2 First Example of Conjugate Trees

Consider the tree with the passport [322, 2213, 7] shown in Fig. 2.9. As usual,
take y1 = 0. Let us place the black vertex of valency 3 at the point x = 0.
Place the two black vertices of valency 2 in such a way that the midpoint
of the segment joining them is x = 1; or, in other words, the sum of the
corresponding complex numbers is equal to 2.

1

Fig. 2.9. A tree with the passport [322, 2213, 7]

Then these two points are the roots of a quadratic polynomial x2−2x+a,
with a yet unknown value of the parameter a. Thus, the corresponding Shabat
polynomial may be taken equal to

P (x) = x3(x2 − 2x + a)2.

What are the additional conditions that enable us to find a? To answer the
question, let us compute the derivative:

P ′(x) = x2(x2 − 2x + a)(7x2 − 10x + 3a).

The derivative has (as it should have) a double root at x = 0, two simple
roots, those of x2 − 2x + a, and two other simple roots, namely the roots of
the polynomial

Q(x) = 7x2 − 10x + 3a.

Obviously, these latter roots are the coordinates of the two white vertices of
valency 2. Thus, we have two conditions to ensure:

• the roots of Q must be distinct, hence

discriminant(Q) = 21a− 25 �= 0;

• the values of P at the roots of Q must be equal to each other: this common
value is the second critical value y2.
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Our first intention is to compute the roots of Q and to substitute them
into P . But this is far too cumbersome. The following way is better: let us
divide P by Q,

P = S ·Q + R,

where R is the remainder, and, hence, R is linear (since Q is quadratic):
R(x) = Ax + B, with coefficients A and B depending on the parameter a.
Whenever Q = 0, the values of P coincide with those of R, hence the values
of R must be equal to each other at the roots of Q. This means that we have
A = 0, and the remainder R must be a constant.

The results of the computation are as follows:

A = −16
76

(21a− 25)(49a2 − 476a + 400),

B = −196
76

a(28a− 25)(7a− 10).

Therefore the equality A = 0, together with the condition 21a− 25 �= 0, leads
to the equation

D(a) = 49a2 − 476a + 400 = 0,

whence
a =

1
7
(34± 6

√
21),

while the second critical value is equal to y2 = B = B(a).
A priori it is not obvious which one of the two values of a we must take.

It turns out that, instead of trying to make numerical estimations, it is much
more interesting to take both values. Then, besides the tree already shown in
Fig. 2.9, we also obtain the one shown in Fig. 2.10.

� � � �� � � ��
�

�
�

Fig. 2.10. The tree conjugate to that of Fig. 2.9

What do these two trees have in common? The answer is, they have a
common passport, namely, [322, 2213, 7]. If we look more closely at the process
of computation, we will see that the set of valencies is the only information
about the trees we actually used.

Basing on the above example, we would like to introduce some notions.

• The coefficients of the Shabat polynomial (and the critical value y2) belong
to the number field Q(

√
21). We express this fact by saying that the trees

in question are defined over the field Q(
√

21).
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• The polynomial D(a) = 49a2− 476a+400 whose roots generate this field,
is called a defining polynomial.

• The trees themselves are called conjugate (to allude to the fact that the
two values of the parameter a are algebraically conjugate).

• The set consisting of these two trees is a Galois orbit, i.e., an orbit of the
action of the universal Galois group Γ = Gal(Q|Q) on trees.

A more precise meaning of each term will be explained later. Let us only
add a few words about the notion of Galois orbit. When the Galois group Γ
sends

√
21 to −

√
21, one of the two Shabat polynomials is transformed into

the other, and thus the corresponding tree is also transformed into the other
tree.

Remark 2.2.12. Let us return to the case 21a−25 = 0. Why does the factor
21a−25 enter the coefficient A? Obviously, a = 25/21 corresponds to a double
root of Q, which does not contradict the condition that “the values of P at
the roots of Q are equal”. What it does contradict is the set of white valencies
of the tree. Taking a = 25/21, we obtain a tree in which, instead of two white
vertices of valency 2, we get one white vertex of valency 3, thus forming a tree
with the set of white valencies 314 instead of 2213. Such a solution is called
parasitic. The corresponding tree is shown in Fig. 2.11.

� � ��
�
�
�
�

��

��
��

��

Fig. 2.11. A parasitic solution of the system defining the above orbit

2.2.2.3 A Cubic Orbit

In the same vein, we may consider a cubic orbit, i.e., a set of three conjugate
trees whose Shabat polynomials are defined over a cubic field. Let us take the
set of trees of the type [321, 2212, 6] (see Fig. 2.12).

Place the black vertex of valency 3 at x = 0, the black vertex of valency 2
at x = 1, and denote the position of the black vertex of valency 1 by a. Then
we get a Shabat polynomial of the form

P (x) = x3(x− 1)2(x− a),

� �
� � � � � � �

� � � � �
� � � � � ����

��
��
��

��
��

Fig. 2.12. A cubic orbit
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whose derivative is equal to

P ′(x) = x2(x − 1)Q(x), where Q(x) = 6x2 − (5a + 4)x + 3a.

The two white vertices of valency 2 are the roots of Q. They must be different,
hence the discriminant of Q must be non-zero:

25a2 − 32a + 16 �= 0.

The remainder after division of P (x) by Q(x) is Ax + B, where

A = − 1
65

(25a2 − 32a + 16)(25a3 − 12a2 − 24a− 16),

B =
1

2534
a(5a− 8)(25a3 − 6a2 + 8).

Hence the condition A = 0 (together with the condition on the discriminant
of Q) gives us the cubic equation

D(a) = 25a3 − 12a2 − 24a− 16 = 0.

Notation 2.2.13. Let ζ be an algebraic number. Then Q(ζ) denotes the min-
imal extension of Q containing ζ, and Q〈ζ〉 denotes the minimal Galois ex-
tension of Q containing ζ (see Sec. 2.4).

The roots of the above cubic equation generate a cubic number field which
is in fact equal to Q〈 3

√
2〉. It is well known that its Galois group is S3. But

it is nice to note that in this particular example the Galois group may be
“seen” geometrically. Indeed, the complex conjugation exchanges the first and
the second tree, and leaves the third one fixed. Therefore the Galois group
contains a simple transposition and cannot be cyclic. (However, we need to
know that the defining polynomial is irreducible over Q.)

As in the previous example, here also we obtain parasitic solutions. The
roots of the equation 25a2−32a+16 = 0, which are equal to a = 4

25 (4±3
√
−1),

lead to the identification of the roots of Q; geometrically this means that the
two white vertices of valency 2 are glued into one (white) vertex of valency 3.
Thus we obtain the type [321, 313, 6]. The corresponding “quadratic orbit” is
shown in Fig. 2.13.

�
� � � � � �
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Fig. 2.13. A parasitic solution for the cubic orbit
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2.2.3 Further Discussion

2.2.3.1 Several Questions

By now, the reader has certainly a few questions to ask.

Question 1. Is it always the case that the set of all trees of the same type
(i.e., with the same passport) forms an orbit of the Galois group action? Or,
in other words, are the coefficients of the corresponding Shabat polynomials
always algebraically conjugate?

The answer is no. Or, better to say, very often but not always. Here is the
simplest counter-example.

Example 2.2.14. Take the passport [412, 2212, 6]. There are two trees of that
type (see Fig. 2.14).

�
� � � �� ��� �� � �� ��
��
��
��

Fig. 2.14. One family but two orbits

On the basis of our previous experience we might suppose that they would
form a quadratic orbit, the coefficients of the corresponding Shabat poly-
nomials being conjugate quadratic irrationalities. But this is not true. Both
polynomials have rational coefficients: for the first tree it is

P (z) = x4(x2 − 1),

and for the second one,

P (z) = x4(x2 − 2x +
25
9

).

Thus, instead of having one (quadratic) orbit of the Galois group action,
in this example we have two distinct orbits.

We will use the following terminology: the set of all trees with the same
passport is called a family. Every family is either a Galois orbit, or a disjoint
union of several different orbits.

Question 2. Is the combinatorial symmetry always reflected in the geometric
symmetry?
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The answer is yes. A hint is to be found in the form of the Shabat poly-
nomial for the first tree of the above example: it is a polynomial in x2. Let a
tree having the symmetry of order k be given. Place its center at x = 0 and
apply the polynomial y = xk; as a result you get a tree “k times smaller”.
Now find a Shabat polynomial z = p(y) corresponding to this smaller tree.
The polynomial P (x) = p(xk) thus obtained is a Shabat polynomial for the
“bigger” symmetric tree.

By this procedure we can realize a combinatorially symmetric tree in a
geometrically symmetric way. Now we may cite the main theorem (see The-
orem 2.2.9): for every tree the corresponding polynomial is unique (up to an
affine transformation of x).

Question 3. Is symmetry the only possible reason for the splitting of a family
of trees into several orbits?

Not at all! The main interest of the theory of dessins d’enfants is the search
for combinatorial invariants of the Galois action. Later we will see many of
them. For the moment, just one more example.

Example 2.2.15. Take the passport [421, 2213, 7]. The corresponding family
contains 4 trees, see Fig. 2.15.

A C

B D

Fig. 2.15. Two quadratic orbits

This is not an orbit of degree 4. Computations show that this family splits
into two quadratic orbits. One of them consists of the trees (A) and (B), with
the corresponding field Q(

√
21), and the second one, of the trees (C) and (D),

with the field Q(
√
−7). This time the splitting is explained by the fact that

for the trees (A) and (B) the cartographic group is A7, while for the trees (C)
and (D) it is PSL3(2).

Question 4. Is it true that for a family having N trees we are always able to
write a system of algebraic equations (for coefficients of Shabat polynomials)
of degree N?
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Yes, it is true, but the proof is not simple; it is given in Sec. 2.4. This
property is valid for trees and Shabat polynomials, but is not in general valid
for maps and Belyi functions.

Question 5. Suppose that there are 6 trees in a family, we did obtain an
equation of degree 6, and found 6 solutions. Why do all the solutions corre-
spond to different trees? Maybe two of them correspond to the same tree, and
one of the trees does not have a representation at all?

We cite once more Theorem 2.2.9: the above situation would lead to a
contradiction. According to this theorem, for any tree there exists at least one
solution of our equation.

The Riemann existence theorem is incredibly powerful: the methods of
proof are not algebraic in nature, but they have very strong algebraic conse-
quences.

Question 6. Suppose there is a quadratic orbit, and we have found Shabat
polynomials with their coefficients belonging to a quadratic field. Is it true
that other quadratic fields would also do?

No! See Example 2.2.16 below, and the theory developed in Sec. 2.4.

2.2.3.2 Mistakes Promote Understanding

Sometimes making a mistake and then trying to understand what the matter
is, considerably helps to penetrate into the subtleties of the subject. Here
we describe three mistakes (we don’t pretend they were the only ones) we
have made in the process of understanding the algebraic structures related to
dessins d’enfants.

Example 2.2.16 (Mistake 1). Consider the trees of type [421, 314, 7] (see
Fig. 2.16).

� �� �
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Fig. 2.16. A quadratic orbit; is it true that any quadratic field will do?

Positioning the black vertex of valency 4 at x = 0 and the white vertex of
valency 3 at x = 1, we get a Shabat polynomial P whose derivative is equal
to P ′(x) = x3(x − 1)2(x − a). Computing P as the integral, and adding the
condition P (a) = 0, we get a = (14±

√
−14)/10. It is quite natural to have the
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complex conjugation, since the trees are mirror symmetric to each other. But
the square root

√
−14 seems to be a kind of exaggeration, and we started to

look for a possible simplification of the field, hoping to reduce it to Q(
√
−1).

Alas, all our efforts were in vain. A dozen different approaches to writing
a system of algebraic equations corresponding to this orbit all led to the same
field Q(

√
−14). This is what made us grasp the notion of the field of moduli

(see Definition 2.4.3). It is an objective characteristic of the orbit by the nature
of things, and cannot be subjected to an arbitrary change.

Example 2.2.17 (Mistake 2). Consider the passport [3212, 3212, 7]. We
drew the six corresponding plane trees. Three of them were symmetric with
respect to an edge midpoint (half-symmetric), the other three were not. It
was rather simple to deal with the half-symmetric ones: they turned out to
be defined over the field Q〈 3

√
28〉. But the three asymmetric trees gave us

enormous trouble. All our efforts to find a cubic field proved to be futile: we
kept getting a field of degree 6. Finally we gave up and drew a computer-made
picture. And we saw immediately the source of our mistake: yes, indeed, there
are three asymmetric plane trees; but the number of the bicolored asymmetric
plane trees is six. Thus we learned that the proper combinatorial structure
related to number fields is that of a bicolored plane tree, and not that of a
plane tree as such. In Fig. 2.17 we show two (distinct!) elements of this orbit.

Fig. 2.17. One plane tree but two bicolored plane trees

Obviously, such a situation may occur only when the black and white
partitions α and β coincide. By the way, the enumerative formula (1.5) gives
in this case 9 = 6 + 3 trees in total, and not 6 = 3 + 3. Equations are more
intelligent than we are.

Example 2.2.18 (Mistake 3). While preparing the catalog [26], the com-
puter produced a picture of an orbit containing two trees of type [322, 2213, 7].
The picture looked awkward: one of the trees was very narrow and horizon-
tal, while the other was also very narrow but vertical, and the page between
the two was almost empty. We decided to change the position of the second
tree, making it horizontal. The result should have been easy to predict: the
first one immediately became vertical. Thus we learned that an orbit is an
“indivisible” entity; we can only work with the whole orbit, but not with its
parts.
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2.2.3.3 Unambiguous Positioning

In all previous examples we took the liberty of placing some vertices at certain
points of complex plane. This procedure is very simple when applied to the
so-called “bachelors”: a vertex is a bachelor if it is the only vertex of a given
color and valency. For vertices that are not unique, i.e., when there are several
of them of the same color and valency, we may encounter certain difficulties.

Consider the family of type [322, 2214, 8]. There are three trees of that type
(see Fig. 2.18), one of them is centrally symmetric.
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Fig. 2.18. How to position these trees?

There is no problem with the symmetric one: we place its center at x = 0,
and the two other black vertices, at the points x = ±1, thus getting the Shabat
polynomial P (x) = x2(x2 − 1)3.

Now let us turn to the other two trees. First trial: put the two black vertices
of valency 3 at the points x = ±1, and the other black vertex, at the point x =
a. We obtain a polynomial of the form P (x) = (x2−1)3(x−a)2. Proceeding in
the same manner as in all the previous examples we get, quite unexpectedly, a
field of degree 4, with the defining polynomial D(a) = a4−8a2+32. Producing
a picture with the help of a computer, we see each of the trees twice: once
with the “long branches” on the left, the second time on the right.

Let us make another trial; in order to “break the symmetry” put one of
the black vertices at x = 0, and the other one at x = 1. The result is even
worse. We still have 4 different values of a, though this time the symmetry is
less obvious: they are symmetric with respect to the axis �x = 1/2 instead of
the axis �x = 0.

Several other possibilities lead to similar results. We may put, for example,
the black vertex of valency 2 at x = 0, and one of the black vertices of
valency 3, at x = 1, and we still get a field of degree 4 instead of 2. The
point is that the black vertex of valency 2 is a bachelor, and we may put it
anywhere we like, for example, at x = 0. But the two black vertices of valency
3 form a “couple”; there is no unambiguous way of positioning only one of
them, because we cannot algebraically distinguish between them. It is easy
to point at one of these vertices on the picture, but it is impossible to do
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that algebraically. Our only possibility is to “place” the quadratic polynomial
that has these two vertices as its roots. And, indeed, taking this polynomial
equal to p(x) = x2 − 2x + a, that is, the Shabat polynomial of the form
P (x) = x2(x2 − 2x + a)3, we get the quadratic field Q(

√
−1) we were looking

for, and a = (7±
√
−1)/8. If we now ask a computer to make a picture, both

trees will appear in it only once.
Note that for maps the situation described above is sometimes inevitable.

The “best” Belyi function we are able to find may produce the same map
more than once; see Sec. 2.4.

2.2.3.4 Inverse Enumeration Problem

For a given passport, the number of trees in its family gives the upper bound
for the degree of the corresponding field (or fields, if there are several orbits).
For example, if the tree is unique, it is defined over Q. This remark leads to
the following problem: For a given k, enumerate all passports [α, β, n] such
that there exist exactly k trees with this passport. We call this problem “the
inverse enumeration problem” referring to bicolored plane trees. It goes with-
out saying that the similar question may be asked about plane maps, plane
hypermaps, maps of genus 1, etc., and, in general, about every type of con-
stellations.

For trees and for k = 1 this problem was solved by N. Adrianov in 1989
(the proof remains unpublished, while the answer was first published in [258]).

Proposition 2.2.19. Here is the complete list of passports for which the cor-
responding tree is unique:

1. [n, 1n, n] (the “star-trees”);
2. [r1t−1, t1r−1, n] (here n = r + t− 1);
3. [2m, 2m−112, 2m] or [2m1, 2m1, 2m + 1] (the “chain-trees”);
4. [r1p, sqt, n] (here n = r + p = qs + t);
5. [rs1p, 2q, n] (here n = r + s + p = 2q);
6. [r21p, 3q, n] (here n = 2r + p = 3q);
7. [3315, 27, 14].

The trees themselves are shown in Fig. 2.19.

We leave to the reader the pleasure to compute the corresponding Shabat
polynomials; all of them are defined over Q. We see that the six first classes
are, in fact, infinite series of passports and trees, while the seventh one is a
single tree which does not enter into any series; one may call it a sporadic
tree. We may also note that the second class is in fact a particular case of the
fourth one, with s = 1.

The above pattern is generalized in [7].

Definition 2.2.20 (Diameter). The diameter of a tree is the number of
edges in the longest path in this tree.
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Fig. 2.19. The trees uniquely determined by their passport

For the above classification, the trees of the first series are of diameter 2,
of the second one, of diameter 3, of the third one, of diameters 2m and 2m+1
respectively, for the fourth one, of diameter 4, for the fifth and sixth ones, of
diameter 6, and the sporadic tree of the seventh type is of diameter 8.

Proposition 2.2.21 ([7]). For any k ≥ 2 the families of trees containing
exactly k elements each are classified as follows: there are several infinite
series of trees of diameter 4, several infinite series of diameter 6, and a finite
set of “sporadic” families, with number of edges n ≤ 16k + 1.

Example 2.2.22 (D. Péré, unpublished). The following is the complete
list of the passports for which there are exactly 2 trees. It consists of: three
series of diameter 4:

1. [31n−3, rst, n] (here n = r + s + t);
2. [41n−4, r2s2, n] (here n = 2r+2s; one of the trees is symmetric; therefore,

both are defined over Q);
3. [51n−5, r3s2, n] (here n = 3r + 2s);
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three series of diameter 6:

1. [3p, rs1t, n] (here n = 3p = r + s + t and p + t + 2 = n + 1);
2. [4p, r21s, n] (here n = 4p = 2r + s and p + s + 2 = n + 1; one of the trees

is symmetric; therefore, both are defined over Q);
3. [5p, r21s, n] (here n = 5p = 2r + s and p + s + 2 = n + 1);

and six sporadic pairs:

1. [321, 2213, 7] (diameter 5);
2. [322, 2213, 7] (diameter 6);
3. [3213, 241, 9] (diameter 6);
4. [32213, 25, 10] (diameter 8);
5. [4318, 210, 20] (diameter 8; one of the trees is symmetric; therefore, both

are defined over Q);
6. [53111, 213, 26] (diameter 8).

It seems that similar “inverse enumerative” results concerning maps are
not known.

To conclude, let us mention that for n = 24, there are 23411 passports and
26873059986 trees. Thus, for a “randomly chosen” passport of degree 24 there
are more than million trees. Dealing with systems of algebraic equations of a
degree more than million is beyond our capabilities.

2.2.4 More Advanced Examples

In this section we consider only trees of diameter 4. Each tree of diameter 4
has a black center of valency, say, p, from which p branches go outside to white
vertices of certain valencies; and these white vertices are connected only with
black leaves and the center. Thus, the black partition is of the form α = p1n−p,
while the white one is of the form β = mk1

1 . . .mkr
r . Here

k1m1 + . . . + krmr = n, k1 + . . . + kr = p.

In the particular examples below we will often use other letters for white
valencies than m1, . . . ,mr. For example, if there are only three branches, we
may denote the corresponding white valencies as m, n, and k (therefore n
does not necessarily mean the total number of edges).

2.2.4.1 Factorization of Discriminants

The following statement was experimentally observed in [258] and later proved
by Birch in [30], [31]. Let the parameters k1, . . . , kr be fixed, while m1, . . . ,mr

remain variable but distinct: this is a way to describe not a particular pass-
port but an infinite series of passports. We look for a defining polynomial for
these trees (i.e., for a minimal polynomial whose splitting field contains the
coefficients of the Shabat polynomials).
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Proposition 2.2.23. The discriminant Δ of the defining polynomial is itself
a polynomial in m1, . . . ,mr. The defining polynomial may be found in such a
way that Δ splits into linear factors of the form

a1m1 + . . . + armr, 0 ≤ ai ≤ ki, i = 1, . . . , r

(note that each factor is smaller than or equal to the total number of edges).

Note that the discriminants of different defining polynomials obtained, for
example, using different placements may differ by a quadratic factor. In the
examples we usually give the results of our concrete computations.

Example 2.2.24. Consider the series of trees with 5 branches and with white
partition (m,n, k, k, k) (m, n, and k are supposed to be distinct). There are 4
trees with these data. The defining polynomial we have computed is of degree
4, and its discriminant is equal to

Δ = 21033m3n3k6(m+k)2(n+k)2(m+2k)(n+2k)(m+n+k)(m+n+2k)2(m+n+3k)3.

This nice property permits one to obtain many interesting consequences.

Example 2.2.25. Consider the trees with 3 branches issuing from the cen-
ter, and with white vertices of pairwise distinct valencies m,n, k. There are,
obviously, exactly two plane trees of that type: they correspond to the two
cyclic orders of the letters m,n, k, namely,

(m,n, k) and (m, k, n).

We may guess that we deal with a quadratic Galois orbit. Even more than
that: the trees are mirror symmetric to each other, so we may guess that we
will get an imaginary quadratic field, i.e., it will be generated by the square
root of a negative number. Note that these trees cannot be defined over Q:
the complex conjugation sends a tree defined over Q to itself.

It would be too annoying to give all details of computations every time.
But some hints will be helpful to show that the job is not difficult. Put the
center at x = 0, and the vertices of valencies m,n, k, at the points a, b, c
respectively. Take y2 = 0; thus the Shabat polynomial has the following form:

P (x) = (x− a)m(x− b)n(x− c)k.

Its derivative is

P ′(x) = (x− a)m−1(x− b)n−1(x− c)k−1Q(x),

where Q is a quadratic polynomial. The point x = 0 being a critical point of
order 3, the polynomial Q must be proportional to x2: its coefficient in front of
x and its free term must be equal to 0. In this way we obtain two equations on
a, b, c. Add one more equation according to your taste: for example, a = 1, or
a+ b+ c = 1 if you don’t want to break the symmetry. (In fact the symmetry
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will be broken anyway because you will reduce the system to a quadratic
equation by eliminating two variables out of three.)

Finally we get a quadratic defining polynomial with the discriminant

Δ = −mnk(m + n + k),

and the corresponding field is thus Q(
√

Δ).
What else can we derive from this answer? Adrianov proposed to take a

square-free d, and to set

m = 1, n = 16d, k = 64d2.

Then m,n, k are indeed all distinct, and we have

Δ = −mnk(m + n + k) = −1024d3(1 + 16d + 64d2) = −1024d3(1 + 8d)2,

so that √
Δ = 32d(1 + 8d)

√
−d.

This observation leads to the following proposition.

Proposition 2.2.26. By choosing appropriate values of m,n, k we may ob-
tain a quadratic orbit of trees of diameter 4 with the white partition β =
(m,n, k) defined over an arbitrary imaginary quadratic field.

Example 2.2.27. Let us take the family of the two trees with 5 branches and
with white valencies two times m and three times n, the numbers m and n
being distinct. The two trees of this family correspond to the two cyclic orders
of the white valencies:

(m,m, n, n, n) and (m,n,m, n, n).

Note that this time the trees are not symmetric to each other with respect to
any axis (while each of them is mirror symmetric to itself). Therefore we may
guess that the corresponding field will be real quadratic.

Making the same type of calculations as in the previous example, we get
a quadratic equation with the discriminant

Δ = 3(m + 2n)(2m + 3n).

Let d be an arbitrary positive integer. Then we may take, say,

m = 6ds2 − 3t2, n = 2t2 − 3ds2, (2.1)

where t and s are arbitrary positive integers satisfying the inequalities√
3
2
d <

t

s
<
√

2d,
t

s
�=

√
9
5
d (2.2)

(the first one means m and n are positive, the second one, m �= n). Then we
obtain

m + 2n = t2, 2m + 3n = 3ds2,

and
√

Δ reduces to
√

d.
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Proposition 2.2.28. 1. By choosing appropriate values of m and n we may
obtain a quadratic orbit of trees of diameter 4 with the white partition β =
(m,m, n, n, n) defined over an arbitrary real quadratic field.

2. If the number d in (2.1) and (2.2) is a perfect square, then the corre-
sponding family splits into two orbits, both defined over Q.

The trees corresponding to d being a square don’t have any specific combi-
natorial properties. It would be more suitable to say that this time the reasons
for splitting into two orbits are Diophantine.

Example 2.2.29. Let us now consider a cubic family, that with 7 branches
and with 2 white vertices of valency m and 5 white vertices of valency n,
m �= n. All the three trees are mirror symmetric to themselves: we guess that
we will get a totally real cubic field.

As usual, we take P (x) = p1(x)mp2(x)n, where deg p1 = 2 and deg p2 = 5,
and compute the derivative P ′(x) = p1(x)m−1p2(x)n−1Q(x), where deg Q = 6.
We set Q(x) ∼ x6 and eliminate from the system of equations thus obtained
all unknowns but one, finally obtaining the following cubic equation for the
last variable:

D(a) = 15n3a3 − 45n2(m + 3n)a2 + 15n(m + 3n)(m + 4n)a
− (m + 3n)(m + 4n)(m + 5n) = 0. (2.3)

The discriminant of the polynomial D is

Δ = 8100n6(m + 3n)2(m + 4n)(2m + 3n)(2m + 5n)2.

A cubic field is called cyclic if its Galois group is cyclic, i.e., C3. Recall
that a cubic field is cyclic if and only if the discriminant of a cubic polynomial
whose roots generate the field is a perfect square. Noting that 8100 = 902, we
see that the only possibly non-square factor of Δ is (m + 4n)(2m + 3n). To
make it a square we may take, for example,

m = 4t2 − 3s2, n = 2s2 − t2

for some integers t, s > 0 satisfying
√

3/4 < t/s <
√

2, t/s �= 1. Taking,
for example, t = 4, s = 3 we get m = 37 and n = 2, the trees thus having
2m + 5n = 84 edges.

In this way we obtain an infinite series of cyclic cubic fields. To be sure
that we deal indeed with a cubic orbit, we must also verify that the cubic
polynomial in a is irreducible. Substituting the above values m = m(t, s) and
n = n(t, s) into its coefficients, we obtain a polynomial in three variables a, t, s,
which is irreducible. Hence, because of the Hilbert irreducibility theorem, there
exist infinitely many values of t and s such that the corresponding polynomial
is irreducible as a polynomial in a.
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Example 2.2.30. Consider one more cubic family, that with 4 branches and
with white vertices of valencies m,m, n, k. Among the three trees of this fam-
ily, two are mirror symmetric to each other, while the third one is mirror
symmetric to itself. Therefore without any computations we may assert that
the cubic field cannot be cyclic. And indeed, the discriminant

Δ = −432m3n2k2(m + n)(m + k)(m + n + k)3(2m + n)2(2m + n + k)2

this time is negative and therefore cannot be a square.
A cubic field is called purely cubic if it has the form Q〈 3

√
c〉 (recall Notation

2.2.13) with rational c. It is well known that a cubic field is purely cubic if
and only if the discriminant of the corresponding cubic polynomial has the
form

Δ = −3× (perfect square).

Taking into account the fact that 432 = 3×122, the only thing we must ensure
is that the product

m(m + n)(m + k)(m + n + k)

be a square. A small example is given by m = 1, n = 2, k = 5.
A complete solution of the Diophantine equation

m(m + n)(m + k)(m + n + k) = r2

is a bit long. However, we cannot resist the pleasure of giving a partial solution.
It is sufficient (though not necessary) to set

m = x2, m + n = y2, m + k = z2, m + n + k = t2.

These equations are not independent: we have the relation

x2 + t2 = y2 + z2 = 2m + n + k.

Incidentally, 2m + n + k is the number of edges of the tree. Thus, we come
to the following sufficient condition: the number of edges has two different
representations as the sum of two squares.

The problem of representation of a number as the sum of two squares is
one of the most classical problems of number theory. The following statement
was first announced by Fermat (1640) and proved 100 years later by Euler (see
[294]): any prime number of the form 4N+1 has a unique representation as the
sum of two squares. The statement to follow was already known to Diophantus:
the product of two numbers representable as sums of two squares has a non-
unique representation as the sum of two squares. Let us take, for example, the
number of edges equal to 5×13 = 65. Then we have 65 = 1+64 = 16+49, so
we may take m = 1, n = 15, k = 48. In this way we can construct an infinite
series of examples of purely cubic fields.
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2.2.4.2 Leila’s Flowers

The following series of examples has an interesting history and was a source
of several publications. We give here only a brief account of the events.

Example 2.2.31. In [248] Leila Schneps considered the family of trees of type
[5115, 65432, 20]. There are 24 trees in the family; each of them is uniquely
determined by a cyclic permutation of its five branches around the center.
If we place the center at the point x = 0, and place, for example, the white
vertex of valency 6 at the point x = 1, then the 24 trees correspond to the 24
permutations of the branches of valencies 5, 4, 3, 2.

Instead of having one orbit of degree 24, we obtain in this example two
separate orbits of degree 12 each. It turns out that one of them corresponds
to the set of even permutations, i.e., to the elements of the group A4, while
the set of odd permutations forms the other orbit.

Three years later Kochetkov [176] found many similar examples, and then
he remarked that in all of them the product

d = klmnp(k + l + m + n + p)

was a perfect square, where k, l,m, n, p were the valencies of the white vertices,
which were supposed to be pairwise distinct. (In the initial example we have
d = 6 · 5 · 4 · 3 · 2 · (6 + 5 + 4 + 3 + 2) = 1202.)

Kochetkov proved that in all these cases there were indeed at least two or-
bits of size 12 and 12. What remained to be proved was the fact that the orbits
corresponded to the even and odd permutations of branches. This fact was
established by Zapponi [303] using Strebel differentials. Recently Kochetkov
found an explicit factorization of the defining polynomial into two factors of
degree 12 over the field Q(

√
d) even in the case when the product d was not

a perfect square.

2.2.4.3 Using Elliptic Curves

In order to understand the example of this section the reader must have some
preliminary knowledge about elliptic curves.

Let us return to Example 2.2.29 and to the cubic polynomial D of Eq. (2.3).
We would like to discuss whether it is possible for this polynomial to have a
rational root? If yes, then this family will split into two orbits, one rational
and one quadratic (and possibly even in three rational ones, though we have
never observed such a possibility).

First of all we may note that the polynomial D is homogeneous in m and
n. Hence we may divide it by n3 and introduce a new variable b = m/n, thus
having

f(a, b) = 15a3 − 45a2(b + 3) + 15a(b + 3)(b + 4)
− (b + 3)(b + 4)(b + 5). (2.4)
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The most important observation is that we have obtained a plane cubic. Our
problem may be reformulated as follows: Find all rational points (a, b) on the
cubic f(a, b) = 0 satisfying two additional conditions: b �= 1 and b > 0.

The first condition is very easy to satisfy: the substitution of b = 1 reduces
the equation to a3 − 12a2 + 20a − 8 = 0, which does not have any rational
roots. The second condition is rather nasty and causes some trouble.

Let us mention two basic facts: (a) any plane cubic reduces to an elliptic
curve; (b) the problem of finding rational points on elliptic curves is classical
(see, for example, [259]), but it is also notoriously difficult, and many questions
remain open. An algorithm of reducing a cubic to one of the standard forms
is described in [57], Sec. 7.4.2. To start with, it needs at least one rational
point on the cubic. We may use one of the following:

(a, b) = (0,−3), (0,−4), (0,−5), (1, 0);

in our computations we have used the point (1, 0).
After a series of rather tedious transformations we finally obtain the fol-

lowing elliptic curve equivalent to (2.4):

y2 = x3 − 2475x− 5850. (2.5)

An inquisitive reader may be interested in the following additional infor-
mation. The polynomial x3 − 2475x− 5850 does not have rational roots, and
it has three real roots. Its discriminant is equal to

59719680000 = 217 · 36 · 54.

Finally, the J-invariant of the curve is equal to

J =
898425

512
=

33 · 52 · 113

29
.

Now begins the hunt for rational points. We will not describe all its stages
but just communicate the results.

The torsion group of the curve is isomorphic to C3, and the two torsion
points of order three are

Q = (75, 480) and −Q = (75,−480).

The point
P = (−21, 192),

which belongs to the curve, is not of finite order since, for example, the point
3P has fractional coordinates. Thus, the rank of the curve is at least one, and
the curve contains infinitely many rational points.

To each point (x, y) on the curve (2.5) there corresponds a point (a, b) on
the initial curve (2.4). The parameter a does not interest us very much. On
the other hand, b = m/n represents the valencies of the white vertices, and
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therefore its value does have an interest. This parameter may be found by the
following formula:

b = 30 · 111x2 − 6090x− 29385− 3xy + y

x3 − 1305x2 + 63675x + 299925
.

An elementary analysis of this expression produces the domains of its posi-
tivity on the real plane (x, y). We may observe that on the real part of the
curve there are three segments of positivity of b, one on the compact oval and
two on the infinite oval. The rational point P belongs to the compact oval,
and this fact ensures that the rational points are dense on both ovals (since
they form a group). Therefore, we may be sure that there exist infinitely many
rational and positive values of b.

We have looked through all the points pP + qQ with −25 ≤ p ≤ 25 and
q = 0, 1, 2, i.e., through over 150 rational points on the curve. Among them,
there were 11 points that led to positive values of b. The smallest example is
given by the point

−4P + Q =
(

8155
121

,
486280
1331

)
.

The corresponding value of b is 33/124. Therefore, the vertex degrees of the
corresponding family of trees are m = 33 and n = 124, while the total number
of edges is

2m + 5n = 686 = 2 · 73.

The biggest example found corresponds to the point 22P . The values of m
and n do not fit into a line even with the smallest font; however, the number
of edges may be written in the following way:

2m + 5n = 22 · 5 · 2584416196841212744132447585056811154400766793

≈ 3.4523× 10134

(the long integer in the last formula is a prime).

Remark 2.2.32. In all the 11 examples mentioned above the number of edges
is “almost” a perfect cube. Why? – The following explanation was suggested
by Yu. Kochetkov. Substituting a = (c + 15(m + 3n))/15n in Eq. (2.3) we
obtain the equation

c3 − 225(m + 3n)(2m + 5n)c− 450(m + 3n)(2m + 5n)(4m + 11n) = 0.

The numbers m and n are coprime; therefore, m + 3n and 2m + 5n are also
coprime, and the same is true for 2m + 5n and 4m + 11n, except a possible
common factor 2. If a solution c is rational, it is in fact an integer, and it
is divisible by any prime factor p �= 2, 3, 5 of 2m + 5n. Hence, if c contains
a factor pk and 2m + 5n contains pl, then c3 contains p3k, while the second
term of the equation contains pk+l. From this one can infer that l = 3k. The
similar arguments show that m+ 3n is also “almost” a perfect cube (the only
non-cubic factors can be 2, 3, or 5).
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Other details concerning the example discussed in this section may be
found in [308].

It is incredible how many interesting phenomena one may observe while
working with such a seemingly trivial structure as the bicolored plane tree.

2.3 Belyi Functions and Belyi Pairs

By now the reader has seen so many trees that he is certainly eager to see
at least a few maps. We start this section with a very simple example, then
add several more complicated ones, some of them corresponding to dessins of
a higher genus.

Example 2.3.1 (Simple map). Consider a very simple map which is not a
tree: see Fig. 2.20.

a0 1 8* *

Fig. 2.20. A simple map

First of all we must place it on the complex plane. The placement is also
shown in the figure: the center of the outer face is placed at x =∞, the center
of the face of degree one, at x = 0, and the vertex of degree 3, at x = 1.
When three elements of a dessin become fixed, the entire position becomes
also fixed. We denote the position of the vertex of degree 1 by a; this is an
unknown parameter.

The Belyi function for this map is a rational function of degree 4 (since the
map has 4 darts); the vertices of the map are its roots (with the multiplicities
taken into account); the face centers are its poles. Thus the function has the
form

f(x) = K
(x− 1)3(x− a)

x
.

(The fact that the numerator is of degree 4 and the denominator is of degree
1 ensures that infinity is a pole of order 3.)

We need some additional information in order to find K and a. This infor-
mation is provided by the fact that the function f − 1 has two double roots:
they are the edge midpoints, or, if you prefer, they are the two white vertices
which we did not draw but which do exist inside the edges. (We should warn
the reader that the term “midpoint” is misleading: for example, the point
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which happens to be inside the segment [1, a] is not its geometric middle.) We
conclude that

f(x)− 1 = K
(x2 + bx + c)2

x
.

Equating the expressions

K(x− 1)3(x − a)
x

− 1 =
K(x− 1)3(x− a)− x

x
=

K(x2 + bx + c)2

x

we obtain four equations for the four unknowns K, a, b, c.
In fact the situation is not as dramatic as it seems to be. Computing the

derivative

f ′(x) = K
(x − 1)2(3x2 − 2ax− a)

x2

we may note that the polynomial 3x2 − 2ax − a must be proportional to
x2 + bx + c, and we immediately find that b = −2a/3 and c = −a/3. Finally,
the calculations give us a = 9 and K = −1/64, so

f(x) = − (x− 1)3(x− 9)
64x

, f(x)− 1 = − (x2 − 6x− 3)2

64x
. (2.6)

The midpoints of edges are the roots of x2 − 6x− 3, that is, 3± 2
√

3.

Remark 2.3.2. Let us explain once more what we call midpoints. If a dessin
corresponds to a hypermap, we draw its white vertices explicitly. If it is a
map, we often omit the white vertices (all having degree 2) which implicitly
exist inside every edge. Such an “invisible” white vertex is usually called the
midpoint of the corresponding edge. Note that a midpoint is not necessarily
the geometric middle of the edge, even if the edge in question is a straight line
segment; it is by definition a preimage of 1. In the above example, 3 + 2

√
3 is

not the geometric middle of the segment [1, 9].

A Belyi function is called a pure Belyi function if it corresponds to a map,
that is, if all preimages of 1 are of multiplicity 2.

Example 2.3.3 (A dessin on an elliptic curve). Let us turn immediately
to a dessin of higher genus: concretely, of genus one. Consider the elliptic curve
E defined by the equation

y2 = x(x − 1)(x− 9),

and the meromorphic function on E which is the projection on the first coor-
dinate:

p : E → C : (x, y) 
→ x.

The projection p is a covering of degree 2. It is not a Belyi function since
it has four critical values: 0, 1, 9, and ∞ (see Remark 2.3.4 below). But we
already have a function which sends all four of them to 0, 1, and∞: it is the
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function f of the previous example, see Eq. (2.6). Therefore, taking (x, y) to
x, and then x to

z = − (x− 1)3(x− 9)
64x

we obtain a Belyi function on E. Now it becomes clear why we have taken
9, and not any other value of x, as the fourth critical value. The dessin on
the torus corresponding to this Belyi function is shown in Fig. 2.21. We may
note that the vertices of degree 3 and 1 of the plane dessin became vertices
of degree 6 and 2 respectively, which is the result of the ramification of order
2, and the faces of degree 3 and 1 are also transformed into faces of degree 6
and 2.

Fig. 2.21. A dessin on an elliptic curve

A more interesting result will be obtained if we apply the same trick to
the curve E1 defined by the equation

y2 = x(x − 1)(x− (3 + 2
√

3)).

Now the projection p : (x, y) 
→ x has the critical values 0, 1, 3+2
√

3, and∞,
and the same function f as before sends them to 0, 1, and ∞. But this time
the curve E1 has a conjugate, namely, the curve E2 defined by the equation

y2 = x(x − 1)(x− (3− 2
√

3)).

The two corresponding dessins are shown in Fig. 2.22. For these dessins we
show the white vertices explicitly because one of them becomes of degree 4.
This degree is explained by the ramification of order 2 over an edge midpoint.
Thus, the two dessins on the torus are this time not maps but hypermaps. It
goes without saying that they have the same passport: [612, 422, 62].

It is important to understand one thing. Not only a Belyi pair (a curve
with a Belyi function on it) produces a dessin, but the correspondence also
works in the opposite direction: a dessin fixes a curve. It would be impossible
to obtain the same dessin on any other curve. (Once more: suppose an elliptic
curve is given. Topologically it is a torus, and we may draw on this torus
whatever we like; for example, we may draw the hypermaps of Fig. 2.22. But
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Fig. 2.22. Two conjugate dessins of genus 1; they are defined over the field Q(
√

3)

if we want to obtain this hypermap as the preimage of the segment [0, 1] via
a meromorphic function with the critical values 0, 1, and ∞, it will not work
unless the curve is E1 for the left hypermap and E2 for the right one.) A
combinatorial object (a hypermap) is one of the ways to represent a complex
structure.

Returning now to the construction of our Belyi pairs we may note that the
pattern used here is of rather general nature. In the proof of Belyi’s theorem,
see Sec. 2.6, we take an arbitrary curve, make a projection, and then try, by
successive compositions, to send all critical values of this projection to 0, 1,
and ∞. On the other hand, in constructing examples we proceed in a similar
but a somewhat different manner. This time we try from the very beginning to
take such a curve that the critical values of its projection could be very easily
taken to 0, 1, and ∞. Concretely this means that they should be vertices, or
edge midpoints, or face centers of an already known plane dessin.

Remark 2.3.4. For a reader not very familiar with algebraic curves we add
some remarks concerning the previous example. Consider the curve E defined
by the equation

y2 = x(x− 1)(x− λ) = x3 − (λ + 1)x2 + λx, (2.7)

with λ �= 0, 1. For every fixed finite x ∈ C, x �= 0, 1, λ, there exist two solutions
of the equation for y, and thus two points (x, y) on the curve. Therefore the
projection to the x-axis is a covering of degree 2. For x = 0, 1, λ there is only
one solution for y (of multiplicity 2); thus these three points are critical values
of the projection. But what happens at infinity?

In fact, Eq. (2.7) is merely a simplified way of writing the homogeneous
equation

y2z = x3 − (λ + 1)x2z + λxz2 (2.8)

for the homogeneous coordinates (x : y : z) in the complex projective plane
CP 2. The “projection” is the function

p : CP 2 → CP 1 : (x :y :z) 
→ (x :z)
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which is defined everywhere except the point (0 :1 :0) (since there is no point
(0 : 0) in CP 1). This exceptional point (0 : 1 : 0) obviously belongs to E, see
Eq. (2.8).

Now, it is easy to verify two things. First, if a point (x :y : z) on E tends
to (0 : 1 : 0), then (x : z) tends to (1 : 0). Indeed, since y �= 0 near (0 : 1 : 0), we
may normalize by y = 1; then Eq. (2.8) and the equations x = o(1), z = o(1)
show that z ∼ x3 and hence z/x → 0. Therefore, it is natural to extend the
projection p on E by continuity, setting

p : (0 :1 :0) 
→ (1 :0),

and the point (1 : 0) represents ∞ ∈ C = CP 1. And, second, when x = 1 is
fixed and z is small, we have y2 ≈ 1/z; hence, when a small z turns around
0, the value of y changes its sign. Therefore, the point ∞ = (1:0) ∈ CP 1 is a
critical value, and its preimage (0 :1 :0) ∈ E is a critical point of multiplicity 2.

Example 2.3.5 (Icosahedron). To give a more advanced example, here is
the Belyi function for the icosahedron map:

f(x) = 1728

(
x10 − 11 x5 − 1

)5
x5

(x20 + 228 x15 + 494 x10 − 228 x5 + 1)3

(note that one of the 12 vertices of degree 5 is placed at infinity). The only
thing that needs to be verified is the following factorization of f − 1:

f(x)− 1 = −
(
x10 + 1

)2 (
x20 − 522 x15 − 10006 x10 + 522 x5 + 1

)2
(x20 + 228 x15 + 494 x10 − 228 x5 + 1)3

.

Curiously enough, this function, as well as Belyi functions for the other four
Platonic maps, were found by Felix Klein in 1875 [170]. In his famous “icosa-
hedron book” [170], Klein also explains how this function is related to the
modular function invariant under the action of the icosahedron group. This
subject certainly deserves a longer discussion, but we cannot dwell on it here.

Example 2.3.6 (Pseudorhombicuboctahedron). An Archimedean solid
is a polytope whose faces are regular polygons, and whose vertices are “in-
distinguishable”: the latter means that the same types of polygons in the
same cyclic order (or its inverse) are adjacent to every vertex. The history
of Archimedean solids is rather complicated. Traditionally, their discovery is
attributed to Archimedes (Heron and Pappus refer to his manuscript which
perished in a fire of the library at Alexandria). They were rediscovered (and
baptized by their now traditional and rather fancy names) by Johannes Ke-
pler [167]; see also [73]. Before Kepler, partial lists were found by Piero della
Francesca [234], Albrecht Dürer, and W. Jamnitzer [73]. Pictures of some of
the Archimedean solids made by Leonardo da Vinci (they served as illustra-
tions for a book by Luca Pacioli) may be found in many books on the history
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of mathematics. Their list, besides prisms and antiprisms and the five Platonic
solids, consists of 13 polytopes.

The 14th figure was overlooked for more than 2000 years and found only
in 1957 [15]: see Fig. 2.23. Its vertex type is the same as for the rhombicuboc-
tahedron, so it was called pseudorhombicuboctahedron. This polytope is not
always accepted to the Archimedean club, because its isometry group is iso-
morphic to C4 and does not act transitively on the vertices. It is exactly for
the same reason that the computation of its Belyi function becomes very dif-
ficult. It was computed in [207] and [122]. The corresponding dessin may be
seen in Fig. 2.24.

Fig. 2.23. The pseudorhombicuboctahedron

Fig. 2.24. The dessin of the pseudorhombicuboctahedron

It turns out that the dessin is defined over the field Q〈 4
√

12〉, and must
therefore have three more conjugates. We show two of them in Fig. 2.25; the
third one is mirror symmetric to the map on the right.

All the three maps have the vertex partition 424 and the face partition
41838, the same as for the above polytope. According to the well-known the-
orem of Steinitz [266], every 3-connected planar map without loops and mul-
tiple edges and without vertices of degree 1 and 2 can be realized as a convex
polytope. However, the faces of such polytope for the above three maps can-
not be regular polygons, because there are some vertices surrounded by four
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Fig. 2.25. Maps conjugate to the pseudorhombicuboctahedron

quadrilaterals. We don’t know about any other similar “distant relatives” for
other Archimedean solids.

We interrupt here our flow of examples in order to develop a bit of the-
ory. More examples of Belyi functions and Belyi pairs will be given in the
subsequent sections.

2.4 Galois Action and Its Combinatorial Invariants

It would be a suicidal act on our part to start here a careful exposition of
Galois theory: we would never arrived at the next chapter. But it is also out
of the question to leave this most important aspect of the theory of dessins
d’enfants without any description at all. Therefore, according to the general
guidelines of this book, we will try our best to explain the corresponding
notions and phenomena.

2.4.1 Preliminaries

2.4.1.1 The Universal Galois Group

The universal Galois group, or the absolute Galois group is the group of auto-
morphisms of the field Q of algebraic numbers. It is denoted by Γ = Gal(Q |
Q). Obviously, this group leaves fixed the field Q. The group Γ is one of the
most important (and most intractable) objects in mathematics. Actually, this
single group embodies the whole of the classical Galois theory over Q.

Let k ⊂ Q be a finite extension of Q. (Finite extensions of Q are also called
number fields.)

Fact 2.4.1. Every automorphism of the field k may be extended to an auto-
morphism of the field Q.
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Two algebraic numbers a, b ∈ Q are called conjugate if there exists an
automorphism α : Q→ Q which sends a to b.

For any finite extension k of Q there exists a subgroup Γk of finite index
in Γ consisting of all the automorphisms of Q that leave the elements of k
fixed. In the opposite direction, to any subgroup of finite index of Γ we may
associate the subfield of Q consisting of all the algebraic numbers that are
fixed under the action of this subgroup.

Fact 2.4.2 (The main theorem of Galois theory). Subgroups of Γ of
finite index are in one-to-one correspondence with finite extensions of Q inside
Q.

If H is a normal subgroup of Γ , the corresponding field K is called a
normal, or Galois extension of Q. We may also use the following construction:
take a field k, take the corresponding subgroup Γk < Γ , and then take the
maximal normal subgroup H � Γ contained in Γk. Then the number field K
corresponding to H is the minimal normal extension of k. Though k has many
normal extensions, most often we will work with the minimal one. The finite
quotient group G = Γ/H is called the Galois group of the field k.

Let D be a polynomial irreducible over Q. Adding some of its roots to Q

(and making all possible arithmetic operations) gives a finite extension k of
Q. Adding to Q all its roots gives a normal extension K. (For example, adding
only the real root of D(a) = a3 − 2 we get an extension which is not normal,
but adding all the three roots of D gives a normal one.) In such a case the field
K is called the splitting field of D, and the polynomial D is called a defining
polynomial of K. (The defining polynomial of a field is in no way unique.)
The Galois group G of K is also called the Galois group of the polynomial D.
For a D of degree n it is a transitive permutation group of degree n.

Is it true that every finite group is a Galois group of some finite extension
of Q ? This question is the famous “inverse problem of Galois theory”. There
are numerous works concerning this subject (the paper of Belyi [21] among
them), but the complete answer is still unknown.

2.4.1.2 How Gal(Q | Q) Acts on Dessins d’Enfants

Consider first the planar case. Let M be a dessin, and let f be a corresponding
Belyi function. Then f is a rational function, and according to Belyi’s theorem
f may be chosen in such a way that all its coefficients are algebraic numbers.
Let K be the normal extension of Q generated by the coefficients. Now, let us
act on all these numbers simultaneously by an automorphism of K; note that,
according to Fact 2.4.1, this is the same thing as to act by an automorphism α
of Q, that is, by an element α ∈ Γ . We will see below that the result fα of such
an action is once more a Belyi function. The dessin Mα which corresponds to
fα is, by definition, the result of the action of α on M .
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For a dessin of genus g ≥ 1 the procedure is the same, though now we
must act on a Belyi pair. Let M be a dessin, and let (X, f) be a correspond-
ing Belyi pair. According to Proposition 1.8.7 the curve X may be realized as
an algebraic curve in CP k, that is, as a solution of a system of homogeneous
algebraic equations in homogeneous coordinates (x0 : x1 : . . . : xk). According
to Belyi’s theorem the coefficients of these equations may be chosen as alge-
braic numbers. The function f is a rational function in the variables x0, . . . , xk
whose coefficients, once more according to Belyi’s theorem, may be chosen as
algebraic numbers. Now we act on all the above algebraic numbers simulta-
neously by an automorphism α ∈ Γ , and we get a new Belyi pair (Xα, fα)
which produces a new dessin Mα. We explain why this is indeed an action in
the next section.

The most important observation is the fact that all orbits of the action of
Γ on dessins are finite. Indeed, the passport is an invariant (see below), and
the number of hypermaps with a given passport is finite.

Let M be a dessin. Consider its stabilizer ΓM ≤ Γ . Due to the fact that the
orbit of M under the action of Γ is finite, the subgroup ΓM is of finite index
in Γ . Let H ≤ ΓM be the maximal normal subgroup of Γ contained in ΓM ,
and let K be the Galois extension of Q which corresponds to the subgroup
H �Γ . Note that the group H is the stabilizer of all the elements of the orbit.

Definition 2.4.3 (Field of moduli). The field k which corresponds to the
group ΓM , where ΓM is the stabilizer of a dessin M , is the field of moduli of
the dessin M . The field K which corresponds to the maximal normal subgroup
H � Γ contained in ΓM , is called the field of moduli of the orbit of M . (See
also Notation 2.2.13.)

We see that according to this definition, together with the main theorem
of Galois theory (Fact 2.4.2) the field of moduli of an orbit cannot be chosen
arbitrarily: it is an “objective” characteristic of the orbit; cf. Example 2.2.16.

Remark 2.4.4. The terminology of this notion did not settle at once. In many
publications what we call here a field of moduli is called a “field of definition”.
We don’t use the latter term, but we use the term “is defined over L” as a
synonym of the term “is realized over L” (which means that all the coefficients
of equations defining X , and all the coefficients of f belong to L). In practice,
a dessin may be realized over a field bigger than its field of moduli.

Remark 2.4.5. For a Galois orbit having N elements, the subgroup ΓM is
of index N , and therefore the field of moduli of the orbit is generated by the
roots of a polynomial of degree N . In particular, if an orbit contains a single
element, its field of moduli is Q itself.

Now we must explain why the passport and many other combinatorial
characteristics of dessins are invariants of the Galois action.
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2.4.2 Galois Invariants

2.4.2.1 A Descriptive Language

Let us introduce a descriptive formal language L with the following ingredi-
ents:

• variables for complex numbers;
• the four arithmetic operations (and parentheses);
• logical operations ∨, &, and ¬ (therefore, also the implication ⇒), and

quantifiers ∃ and ∀;1
• a unique predicate, that of equality = (but by means of the negation we

may also use �=);
• two constants 0 and 1 (though by use of the arithmetic operations we can

obtain any rational number).

What we are interested in is the expressive power of this language. For
example, we are able to say x2 = 17, thus saying that x is one of the two square
roots of 17. But is it possible to specify which one,

√
17 or −

√
17? The answer

is no. Indeed, it is trivial to verify that the mapping a + b
√

17 
→ a − b
√

17,
a, b ∈ Q, is an automorphism of the field Q(

√
17). According to Fact 2.4.1 this

automorphism can be extended to an automorphism of Q. And this means
that any algebraic relation with rational coefficients we might write about

√
17

is also valid for −
√

17. Being conjugate in Q means being indistinguishable by
any expression in the language L. This principle is valid not only for individual
numbers but also for more complicated objects.

Principle 2.4.6. Two objects constructed of algebraic numbers are not con-
jugate if and only if there exists an expression in the languageL which permits
to distinguish between them, or, in other words, which is true for one object
and false for the other.

Example 2.4.7. The property “to be positive” is not expressible, otherwise
we would be able to distinguish between

√
17 and −

√
17. The property “to be

real” is not expressible; indeed, the three roots of x3−2 = 0 are conjugate, but
only one of them is real. The property “to be less than 1 in absolute value”
is not expressible, and so on.

Let P ∈ Q[x] be a polynomial. It is easy to express the fact that x1, . . . , xn
are the (distinct) roots of P , though the expression is rather nasty:

1 The formal theory we are presenting admits the elimination of quantifiers: any
proposition with quantifiers is equivalent to some proposition without quantifiers.
For example, “∃x (P (x) = 0) & (Q(x) = 0)” is equivalent to “Resultant(P, Q)
= 0”. Elimination of quantifiers is a very efficient tool for certain algebraic prob-
lems.
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(P (x1) = 0) & . . . & (P (xn) = 0) &
(x1 �= x2) & . . . & (xn−1 �= xn) &
∀x (x �= x1) & . . . & (x �= xn)⇒ P (x) �= 0.

Another question: if we renumber the roots in a different manner, i.e.,
permute their indices, will we be able to distinguish between these two num-
berings? Let us consider an example. The discriminant of a polynomial P is
defined as

Discriminant(P ) =
∏
i<j

(xi − xj)2,

where x1, . . . , xn are the roots of P . It is a symmetric function of x1, . . . , xn
and therefore it can be expressed via the coefficients of P . Let us take two
examples:

P (x) = x3 + 2 =⇒ Discriminant(P ) = −108,

while
Q(x) = x3 + x2 − 2x− 1 =⇒ Discriminant(Q) = 49.

In the second case the discriminant of Q is a square in Q, and we can therefore
compute the product

∏
(xi−xj), which will be equal to 7 or to −7, depending

on the numbering of the roots. Now, all even permutations of the roots do
not change the sign of the last product, and we cannot distinguish among the
corresponding numberings, while odd permutations change the sign, and we
can distinguish between the sequence of roots and the same sequence oddly
permuted. As to the polynomial P (x) = x3 + 2, the fact that its discriminant
is equal to −108 does not provide us with the same possibility. In fact, the
Galois group of P is S3, while the Galois group of Q is A3 = C3. Of course,
we did not prove this fact, but we explained in what respect P and Q were
different. In general, the Galois group of an irreducible polynomial consists of
such permutations of its roots that the corresponding sequences of roots are
indistinguishable.

We come closer to the objects of our study. How to express in L the fact
that P is a Shabat polynomial? – This is easy, we just repeat the definition:

∃y1, y2 ∀x (P ′(x) = 0)⇒ (P (x) = y1 ∨ P (x) = y2).

While for Belyi functions the critical values are fixed at 0, 1 and∞, for Shabat
polynomials we did not impose any constraints on the critical values y1 and
y2. Now we would like to say that the critical value y1 corresponds to the
partition α = (α1, . . . , αp) of the passport (and not to the β). To do that, we
must say (in L) that “there exist distinct x1, . . . , xp such that P (x1) = y1,
P ′(x1) = 0, . . . , P (α1−1)(x1) = 0, P (α1)(x1) �= 0, ... and similar statements
about x2, . . . , xp”. This statement permits to distinguish y1 corresponding
to α from y2 corresponding to β. Note however that this method does not
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work when α = β. This reminds us of the situation we have already met in
Example 2.2.17.

A more important question remains for the time being without answer. The
group Γ acts on the set of Shabat polynomials by replacing their coefficients
with conjugate algebraic numbers. Why is this action an action on trees?

Let us formulate the question more accurately.
Let P1 and Q1 be two Shabat polynomials corresponding to the same tree

T1. Let ϕ ∈ Γ be an automorphism of Q, and let ϕ take P1 to P2 and Q1 to
Q2. Why do the polynomials P2 and Q2 correspond to the same tree T2? –
The fact that P1 and Q1 correspond to the same tree (or, in other words, Q1

is equivalent to P1) means that

Q1(x) = AP1(ax + b) + B, A �= 0, a �= 0.

Therefore
Q2(x) = ϕ(A)P2(ϕ(a)x + ϕ(b)) + ϕ(B),

which gives a polynomial equivalent to P2.
For plane Belyi functions the manipulations are similar, with the only

difference that we must use linear fractional transformations instead of affine
ones, and apply the usual changes of variables while dealing with infinity.
Concerning Belyi pairs, in order to express such simple statements as “x is a
critical point of f of a given multiplicity”, and other expressions of this sort,
we need some elementary techniques of manipulation with algebraic curves,
which we have not introduced. But we hope that by now the reader is ready
to take our word for it.

2.4.2.2 Combinatorial Invariants of Galois Action

We will gradually formulate various combinatorial properties of dessins
d’enfants which are Galois invariant. We do not formulate the corresponding
assertions as theorems or propositions because the proofs, or “explanations”,
will have different degrees of accuracy.

Symmetric trees. The property of a tree to be centrally symmetric, with
the symmetry of order k, is Galois invariant. Indeed: place the center at x = 0;
then its Shabat polynomial is a polynomial in xk; cf. Question 2 in Sec. 2.2.3.

“Half-symmetric” trees. The property of a tree to be symmetric with
respect to an edge midpoint is Galois invariant. Indeed, place this midpoint
at x = 0; if P is the corresponding Shabat polynomial, then P ′ is an even
polynomial.

Self-dual maps. The property of a map to be self-dual is Galois invariant. In
general, if f is a Belyi function of a dessin, the Belyi function corresponding to
the dual dessin is 1/f . Indeed, 1/y sends∞ to 0 and 0 to∞, thus exchanging
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the roles of vertices and face centers. To be self-dual does not mean that
f = 1/f : the map and its dual do not coincide. They are isomorphic, though
differently placed on the plane. The word “isomorphic” means that there exists
a linear fractional transformation x 
→ (ax + b)/(cx + d) such that

1
f(x)

= f

(
ax + b

cx + d

)
.

The latter phrase is a sentence of the language L.

Compositions. The property of a function F : X → Z to be decomposable
as

F : X
f−→ Y

g−→ Z

can be expressed in L. If we want F to be a Belyi function, then only g must
also be a Belyi function, while f may have an arbitrary number of critical
values. But these critical values of f must be placed among the g-preimages
of 0, 1, and ∞, that is, among the vertices, midpoints and face centers of
the dessin corresponding to g. We may add to the above description any
expressible properties of f and g, and also the properties like “a critical value
of f corresponding to the partition λ of the f -passport is placed at a vertex
of degree k of the g-dessin”.

All these descriptions are direct in the planar case, and involve some ma-
chinery of algebraic curves when X , or both X and Y are curves of higher
genera.

Automorphism group. Symmetry is a particular case of composition. We
have already seen that for trees. In general this fact is based on the possibility
to construct a quotient dessin; see the details in Sec. 1.7.3.

Cartographic group. It is in the same Sec. 1.7.3 that we find the origins of
the fact that the cartographic group is an invariant. Indeed, for a dessin M
with the cartographic group G there exist a dessin M∗ with the automorphism
group G and a ramified covering f : M∗ → M . The Galois group acts on
all the three elements M∗, f , and M simultaneously, transforming them in
N∗, g, and N such that g is a covering g : N∗ → N . Now, N∗ has the
same automorphism group G, since the automorphism group is an invariant.
Therefore, the cartographic group of N is G. Thus once more composition
plays a crucial role here.

Now let us consider several examples.

Example 2.4.8. The following beautiful example is borrowed from the paper
by Filimonenkov and Shabat [101]. Consider the family of maps with the
passport [5212, 26, 5212]; see Fig. 2.26. All of them are self-dual; in addition,
the maps (a), (b), and (c) are symmetric, with the automorphism group C2,
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Fig. 2.26. The family of maps with the passport [5212, 26, 5212]

while the maps (d) and (e) are asymmetric. Nevertheless the set consisting
of the maps (a), (b), (c) splits into two orbits: one consisting of the map (a)
(with the field of moduli Q), and the other one consisting of the two maps (b)
and (c) (with the field of moduli Q(

√
−15)). What is the reason?

Let us make the following operation with each of the three maps: draw in
the same picture the map itself and its dual. Because of the autoduality the
automorphism group of the resulting map must contain the automorphism
group of the initial map as a subgroup of index 2. This is what occurs. But
for the map (a) this bigger group is the cyclic group C4, while for the maps (b)
and (c) it is the Klein group C2×C2. We hope that the reader has recognized
in the map (a) the map of Fig. 1.33.

By the way, if f is a Belyi function corresponding to a map, then the Belyi
function correponding to the “double map” (the initial map together with its
dual) is F = 4f/(f + 1)2. Indeed, the Belyi function g(y) = 4y/(y+ 1)2 sends
0 to 0, 1 to 1, and∞ to 0, thus creating new vertices at the initial face centers.
This remark permits us to express the properties of the “double” map using
the language L as usual, though applying all expressions to the function F .

Example 2.4.9 (Non-definability over the field of moduli). For the
two remaining maps (d) and (e) of the previous example there exist only
two possibilities: either they form two different orbits, and then the field of
moduli for both is Q; or they form one orbit, and then the field of moduli of
this orbit is quadratic (in reality it is the second possibility which turns out
to be true). We may say even more: in the latter case the field must be real
quadratic, since the map (e) is invariant under complex conjugation (indeed,
this field is Q(

√
5)). But the map (d) cannot be placed on the complex plane

in such a way as to be mirror symmetric to itself: the complex conjugation
transforms it into another, though isomorphic map. Therefore it is impossible
to find a Belyi function for the map (d) which is defined over Q or over a real
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quadratic field; in other words, this map does not have a Belyi function with
the coefficients in the field of moduli.

The first example of this kind appeared in [68]. Note a characteristic prop-
erty of this dessin: the non-existence of a “bachelor”.

Example 2.4.10. The invariants we discussed above may sometimes be in-
credibly strong. Let us return to Example 1.5.18, that is, to the family of
trees with the passport [2817, 442213, 23]. We know that this family contains
60060 trees. Therefore we may expect that after writing the corresponding
system (and eliminating the parasitic solutions) we will obtain something of
degree 60060. There is little hope to carry out this computation to the end,
isn’t there? But now, we may predict that this “something”, which we are
probably even unable to write down explicitly, splits into at least two factors,
one of them of degree 4 (corresponding to the 4 trees with the cartographic
group M23), the other one of degree 60056.

But this is not the end yet. Looking into the character table of M23 (see
[62]) we find that all irrationalities present there are expressed in terms of√
−7,
√
−11,

√
−15, and

√
−23. For the conjugacy classes of the cyclic per-

mutations of length 23 (present in our passport) there is only one of them,
namely,

√
−23; two other conjugacy classes of our passport are rational. Now,

Theorem 8.2.1 on page 84 of [253] implies that the field of moduli of our 4 trees
must contain

√
−23. And indeed, Matiyasevich and his student Vsemirnov

[212], after a breath-taking computation using the LLL algorithm, found that

the field of moduli for this orbit is Q

〈√
−23/2− (5/2)

√
−23

〉
.

Exercise 2.4.11. Looking into the character tables of the Mathieu groups
M11 and M12 we see that all irrationalities present there are expressed in
terms of

√
−11.

1. There are two maps with the passport [3313, 26, (11, 1)]. Verify that their
cartographic group is M12. Compute their Belyi functions and show that they
are defined over Q(

√
−11).

2. Do the same thing for the two maps with the passport [4214, 26, (11, 1)]:
the cartographic group is once more M12, and the field of moduli, Q(

√
−11).

3. There are 10 trees with the passport [4213, 2413, 11]. Two of them have
cartographic group M11. Find them, and show that they are defined over
Q(
√
−11) (the latter computation is very difficult).

2.4.3 Two Theorems on Trees

Theorem 2.4.12. For any bicolored plane tree there exists an associated Sha-
bat polynomial whose coefficients belong to the field of moduli of the tree.

This theorem was first published by Couveignes in 1994 [68]. Another proof
existed earlier in the unpublished notes (in Russian) of a Moscow seminar
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[256]. We remind to the reader that the analogous statement for maps is not
valid; see Example 2.4.9. Our proof follows [68].

Proof. Let pk(x) and qk(x) be the monic polynomials whose roots are the
black and white vertices of valency k, respectively. The coefficients of these
polynomials will be our unknowns. These coefficients can be expressed as
elementary symmetric functions of the coordinates of the vertices of the same
color and valency. For brevity we will call these symmetric functions vertex
combinations. We recall once more that any vertex combination includes only
vertices of the same color and valency.

We look for a Shabat polynomial of the form

P (x) = C
∏

pk(x)k

such that
P (x)− 1 = C

∏
qk(x)k.

The latter equalities give us the number of equations fewer by two than we
need. We must add two additional equations in such a way as to obtain the
simplest possible field.

Let σ be an arbitrary sum of vertices of the same color and valency, i.e.,
an arbitrary vertex combination of degree 1. The first equation we add is

σ = 0.

Now the position of the tree is determined up to a transformation x 
→ Ax
with arbitrary A ∈ C.

Let Σ be a vertex combination of the smallest degree m which is not equal
to 0. In fact, m is the order of symmetry of the tree. The second equation we
add is

Σ = 1.

Now the position of the tree is determined up to x 
→ Ax with A satisfying
Am = 1.

Let P be a conjugate polynomial, i.e., another solution of the same system
of equations, and suppose that P gives the same tree as P itself. This means
that

P (x) = P (Ax).

Now the fact that the tree is symmetric of order m implies that P (x) is in fact
a polynomial in xm; hence P (Ax) = P (x). In other words, if two conjugate
polynomials give the same tree, then they are equal; two distinct conjugate
polynomials give distinct trees. The theorem is proved.

On the practical level, if one has obtained a field and would like to know
if it is the field of moduli or some bigger field, the best way to proceed is
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to draw a computer-made picture. If every tree of the orbit is repeated only
once, it is the field of moduli; if more than once, it is a bigger field.

The following generalization of the above theorem was proved for the pla-
nar case in [68], and for the general case in [300].

Definition 2.4.13 (Bachelor). For a hypermap, a bachelor is a black vertex,
or a white vertex, or a face center which is unique for its type and degree.

Theorem 2.4.14. If a hypermap has a bachelor, then there exists an associ-
ated Belyi function defined over the field of moduli of this hypermap.

Obviously, for a tree its unique face is a bachelor.

Theorem 2.4.15 (H. W. Lenstra, Schneps [248]). The action of the uni-
versal Galois group Γ on the set of trees is faithful.

This means that for any non-identity element of the group Γ there is a
bicolored plane tree which is transformed into another tree by the action of
this element. The class of fields of moduli of the trees is not a special class of
fields: all number fields belong to this class.

We give a sketch of the proof, following [248].

Lemma 2.4.16. Let f be a polynomial of degree n and let d | n. Suppose there
exists a polynomial h such that h(0) = 0, h is monic, deg h = d and for some
polynomial g, f = g(h). Then h is unique.

Indeed, f = amhm + am−1h
m−1 + . . . + a0, and the terms of degrees

n, n− 1, . . . , n− d + 1 all come from the leading term amhm, which provides
us with enough information to find all the coefficients of h.

Lemma 2.4.17. Let g, h, g, and h be polynomials such that g(h) = g(h) and
deg h = deg h. Then there exist constants c and d such that h = ch + d.

It suffices to turn h and h into monic polynomials with the free terms
equal to 0, and then apply Lemma 2.4.16, since

g(h) = g1(h/c1 − d1) = g(h) = g2(h/c2 − d2).

Lemma 2.4.18. For any polynomial p with algebraic coefficients there exists
a polynomial f with rational coefficients such that f(p) is a Shabat polynomial.

This lemma constitutes one of the main parts of the proof of Belyi’s the-
orem; it is a particular case of Theorem 2.6.1 proved in Sec. 2.6.

Proof of Theorem 2.4.15. Let k be an arbitrary number field, and let α
be a primitive element of k, i.e., an algebraic number that generates the field.
Let us take a polynomial pα(x) such that

p′α(x) = x3(x− 1)2(x− α),
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and find a Shabat polynomial Pα(x) = f(pα(x)), f ∈ Q[x] (which exists
according to Lemma 2.4.18). Denote by Tα the corresponding tree. Let β
be a number conjugate to α. In the same way as before, we construct the
polynomials pβ, Pβ = f(pβ) and the tree Tβ.

We must show that α �= β implies that the trees Tα and Tβ are distinct,
or, equivalently, if Tα and Tβ are isomorphic then α = β. Indeed, let Tα and
Tβ be isomorphic. Then

Pβ(x) = Pα(ax + b) for some a, b.

Now, applying Lemma 2.4.17 to g = g = f , h = pα(ax + b), and h = pβ(x),
we see that there exist constants c and d such that

pα(ax + b) = cpβ(x) + d.

The right-hand side has three critical points, namely, 0 (of order 4), 1 (of order
3), and β (of order 2). The left-hand side has three critical points x0, x1, and
xα, of orders 4, 3, 2 respectively, such that

ax0 + b = 0, ax1 + b = 1, axα + b = α.

Since critical points must match (respecting their orders), we have

x0 = 0, x1 = 1, xα = β,

which leads to a = 1, b = 0, and β = α.
The theorem is proved.

2.5 Several Facets of Belyi Functions

The main interest of the theory of dessins d’enfants is the Galois action on
maps and hypermaps. But there also exist other aspects of the theory that
make Belyi functions an extremely interesting object of study independently
of any Galois theory. The goal of this section is to present some of these
aspects.

2.5.1 A Bound of Davenport–Stothers–Zannier

This is one of the most spectacular applications of Belyi functions. Let P and
Q be two complex polynomials. We are interested in the following question
that was posed in 1965 in [32]: what is the smallest possible degree of the
polynomial P 3 −Q2 (for the given degrees of P and Q)?

Obviously, we may suppose that both P and Q are monic, and degP = 2m,
deg Q = 3m: then degP 3 = deg Q2 = 6m, and the leading terms cancel. In
[32] it was conjectured that if P 3 �= Q2, then deg(P 3−Q2) ≥ m+ 1, and this
inequality is sharp, that is, the equality is attained for infinitely many values
of m. One part of the conjecture, the inequality itself, was proved the same
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year by Davenport [75]. The sharpness part turned out to be significantly
more difficult: it was proved only 16 years later by Stothers [268], and then
reproved independently and generalized by Zannier [302]. It turns out that
the equality is attained for every m. The proof is given below.

Let us reformulate the problem in terms close to ours. Let us set

P 3(x)−Q2(x) = R(x),

and

f(x) =
P 3(x)
R(x)

, so that f(x)− 1 =
Q2(x)
R(x)

.

These expressions resemble those we have seen many times. Therefore let us
ask ourselves: what if f is a Belyi function? The translation of the conditions
imposed on the polynomials into the combinatorial language then runs as
follows:

• the numerator of f has the form P 3, degP = 2m; if P does not have mul-
tiple roots, then the corresponding dessin has 2m vertices, all of degree 3;

• the numerator of f −1 has the form Q2, deg Q = 3m; under the same con-
dition of not having multiple roots, this means that the dessin in question
has 3m edges;

• now the Euler formula implies that the number of faces of the map is
m + 2; one of the faces, the “outer” one, has its center at infinity; the
other centers are the roots of R; in order to have degR = m + 1 we must
ensure that all the faces except the outer one are of degree 1.

This simple translation permits us to reformulate our problem in purely com-
binatorial terms: Does there exist, for every m, a plane map with 3m edges,
with 2m vertices of degree 3, and with all the faces except the outer one having
degree 1 ?

The long-standing open problem suddenly becomes trivial: the two stages
of constructing a map in question are shown in Fig. 2.27. We leave it to the

Fig. 2.27. First stage: draw a tree with all the internal vertices of degree 3; second
stage: attach a loop to each leaf
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reader to verify the numerical characteristics (number of edges, number of
vertices, ...). The statement is proved.

Of course, the main interest would be to find polynomials defined over Q.
Basing our judgement on the experience of working with Belyi functions we
may say that such a situation is practically improbable (except for very small
m). Nevertheless sometimes we may observe some interesting phenomena. For
example, let us take m = 5 (see Fig. 2.28). There exist 4 corresponding maps.
The map (a) is centrally symmetric while the three other maps are not; thus
(a) forms a separate Galois orbit. The maps (b) and (c) are both symmetric
with respect to a midpoint while the two other maps are not; thus, they form
one more (quadratic) Galois orbit. The map (d) remains alone in its orbit and
therefore its field of moduli is Q. The “bachelor criterion” may be applied here:
the outer face may serve as a bachelor. Therefore, in this case the polynomials
P,Q,R are defined over the field of moduli and thus have rational coefficients.
We did not compute these polynomials and presume that the task is not easy.

Fig. 2.28. For m = 5 there are three Galois orbits: (a), {(b), (c)}, and (d)

The question itself may be generalized. Let α, β � n be two partitions of
n, α = (α1, . . . , αp), β = (β1, . . . , βq). Consider two polynomials of degree n:

P (x) =
p∏

i=1

(x− ai)αi , Q(x) =
q∏

j=1

(x − bj)βj . (2.9)
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The question is, what is the smallest possible degree of the polynomial R =
P−Q? (The special case considered before corresponded to n = 6m, α = 32m,
β = 23m.) The complete answer was given by Zannier [302]. The following
lower bound was already found in [268].

Proposition 2.5.1 (Lower bound). We have

deg R ≥ (n + 1)− (p + q). (2.10)

Remark 2.5.2. We see from this proposition that if we allow some of the
roots ai of P , or some of the roots bj of Q, to merge (with the corresponding
αi or βj being added), then the parameter p (resp. q) becomes smaller, and the
bound (2.10) itself gets worse. In the same way, if P and Q are not coprime,
then their common factor is also present in R = P − Q, and we are unable
to control its degree. Therefore we suppose that all ai and bj are pairwise
distinct.

Remark 2.5.3. Note that if p+ q ≥ n+1, inequality (2.10) does not contain
any valuable information: it states that degR ≥ 0.

Proposition 2.5.4. If p + q ≥ n + 1, then the bound deg R ≥ 0 is attained.
That is, for any n, and for any α, β � n such that p + q ≥ n + 1, there exist
polynomials P and Q satisfying (2.9) such that their difference R = P −Q =
Const.

Proof. If p+ q = n+1, the passport [α, β, n] is a passport of a tree. Let P be
the corresponding Shabat polynomial with one of the critical values y1 = 0;
then we may take Q = P − y2. Now, if p + q > n + 1, we can construct a
passport of the form [α, β, γ, n]. For it to be a valuable passport of a cactus,
the partition γ must have (2n+ 1)− (p + q) parts; such a passport does exist
since the latter number is smaller than n. If S is a polynomial corresponding
to such a cactus, and y1, y2, y3 are its critical values corresponding to α, β, γ
respectively, we may take P = S − y1 and Q = S − y2.

Now, let us have a look at the case when the numbers αi and βj ,
i = 1, . . . , p, j = 1, . . . , q have a non-trivial greatest common divisor d > 1.
This means that P = fd and Q = gd. Then R = fd− gd factors into d factors
f − ζg, where ζ runs over the d-th roots of unity. If one factor, which we may
assume without loss of generality to be f − g, has degree < n/d, then all the
remaining factors have degree exactly n/d. So the only thing we may hope for
is to diminish the degree of the factor f − g, by carefully choosing f and g.

Suppose that the numbers αi and βj , i = 1, . . . , p, j = 1, . . . , q are coprime.

Theorem 2.5.5 (Main result). Let the greatest common divisor of the num-
bers αi, βj, i = 1, . . . , p, j = 1, . . . , q be 1, and p+ q ≤ n+ 1. Then the bound
(2.10) is attained. That is, there exist polynomials P and Q satisfying (2.9)
such that

degR = (n + 1)− (p + q),

where R = P −Q.
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Return once more to the case when αi, βj are not coprime, that is, P = fd

and Q = gd. We may now apply the above results to the polynomials f and
g. For them, the degree is deg f = deg g = n/d, while the parameters p and q
(the numbers of distinct roots) remain unchanged.

If p + q ≤ (n/d) + 1, then, according to Theorem 2.5.5,

min deg(f − g) =
(n

d
+ 1

)
− (p + q).

For the degree of R = P −Q this gives

min deg R =
(n

d
+ 1

)
− (p + q) +

(d− 1)n
d

= (n + 1)− (p + q),

that is, in this case the bound attained coincides once more with (2.10).
On the contrary, if p+ q > (n/d)+1, then, according to Proposition 2.5.4,

min deg(f − g) = 0; thus, for the degree of R we find

min deg R =
(d− 1)n

d
.

Note that in this case the number (d − 1)n/d is strictly greater than the
number (n+ 1)− (p+ q), their difference being equal to (p+ q)− ((n/d) + 1).
This is the only case when the bound (2.10) is not attained.

We summarize these simple observations in the following

Corollary 2.5.6. Let the numbers αi, βj, i = 1, . . . , p, j = 1, . . . , q have a
non-trivial greatest common divisor d > 1. Then

• if p + q ≤ n
d + 1, then the bound (2.10) is attained;

• if p + q > n
d + 1, then we have the inequality

deg R ≥ (d− 1)n
d

, (2.11)

and this bound is attained.

Example 2.5.7. Let n = 6, α = 42, β = 23. We have p = 2, q = 3, and
d = 2. The bound (2.10) would give us degR ≥ (6 + 1)− (2 + 3) = 2, while
the bound (2.11) gives degR ≥ 6/2 = 3, and it is this latter bound that is
attained.

Proof of Proposition 2.5.1. Suppose that

R(x) =
r∏

k=1

(x− ck)γk , m = degR =
r∑

k=1

γk

(thus m ≥ r). Consider the rational function

f =
P

R
, while f − 1 =

Q

R
,
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and let y1, . . . , ys be all critical values of f different from 0, 1, and ∞. Let
λ1, . . . , λs be the partitions of n describing the multiplicities of the preimages
of y1, . . . , ys. Then according to the Riemann-Hurwitz formula (1.2) (for g = 0)
we obtain

r = (n + 1)− (p + q) +
s∑

l=1

v(λl).

Taking into account that m ≥ r, and that all the numbers v(λl) are strictly
positive, we obtain the desired inequality.

The last expression indicates the only way in which we may hope to obtain
the equality m = (n + 1)− (p + q). Two conditions must be satisfied:

• s = 0; equivalently, there are no critical values of f besides 0, 1, and ∞,
and f is a Belyi function;

• all γl = 1; equivalently, all the faces of the corresponding hypermap, except
the outer one, are of degree 1.

We may forget about polynomials. In order to prove Theorem 2.5.5, it remains
to prove a purely combinatorial statement: for any two partitions α, β � n
satisfying the assumptions of Theorem 2.5.5, there exists a hypermap for
which α and β are the sets of degrees of black and white vertices, and whose
all faces except the outer one are of degree 1. This statement is not very easy
to prove. But at least it has the merit of being completely elementary, and
may be discussed even with high school students. We leave to the reader the
pleasure of searching for a solution.

Remark 2.5.8. The context of the Davenport–Stothers–Zannier bound is one
more occasion where the inverse enumeration problem would be of great in-
terest. We would like the polynomials P,Q,R to have rational coefficients.
This will be achieved if the hypermap constructed above is unique (although
this requirement is not necessary). Therefore, we may raise the following ques-
tions. Let p, q, r be positive integers, and p + q + r = n + 1. Then for any two
partitions α, β � n having, respectively, p and q parts, do the following:

• enumerate the hypermaps with the passport [α, β, (n− r)1r];
• classify the passports of the type [α, β, (n − r)1r ] for which there exists a

unique hypermap;
• compute the corresponding Belyi functions which are automatically de-

fined over Q.

A particular example of this type of Belyi functions is presented in the next
section.

2.5.2 Jacobi Polynomials

The series of maps considered in this section was studied in [206].
In the previous section we saw the special interest of maps and hypermaps

all of whose faces except the outer one are of degree 1, and which are de-
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fined over Q. Here we consider a specific class of such maps, and we will see
what kind of phenomena can be encountered. We call the maps in question
double flowers. They consist of the segment [−1, 1] subdivided into k parts,
like in the chain tree, of l loops (“petals”) attached to the point 1, and of m
petals attached to the point −1: see Fig. 2.29. The total number of edges is
k + l + m = n. The uniqueness of the map with the corresponding passport
is “geometrically evident”, and therefore its Belyi function must be defined
over Q.

−1 1

k
m l� � � � � �

Fig. 2.29. A double flower

The initial motivation for studying these maps was not related to the
Davenport–Stothers–Zannier bound. Rather, it was an attempt to answer an-
other frequently asked question: “OK, we see that Chebyshev polynomials play
a certain role in this theory. But are there any other orthogonal polynomials
that also make their appearance?”

At the beginning we used to answer in the negative. Indeed, all roots of
orthogonal polynomials are distinct and real; and it is difficult to imagine a
tree, besides the chain tree, whose vertices would all lie on the real axis. Then,
after a more careful reflexion, an idea came to our mind: why trees? Perhaps
some more general maps would do? This is how the double flowers appeared.
The results turned out to be gratifying: the interior vertices and the edges
midpoints of the double flowers are zeros of a well-known class of orthogonal
polynomials, the Jacobi polynomials.

Let us remind our reader what these are. For a, b ∈ R, a, b > −1, the Jacobi
polynomials J

(a,b)
n are orthogonal polynomials with respect to the measure on

the segment [−1, 1] given by the density (1− x)a(1 + x)b. The particular case
a = b = −1/2 corresponds to Chebyshev polynomials of the first kind; that of
a = b = 1/2, to Chebyshev polynomials of the second kind; the case a = b = 0
gives Legendre polynomials; finally, the case a = b gives a one-parameter
family of polynomials which are called Gegenbauer polynomials. All the roots
of Jacobi polynomials lie inside the open segment (−1, 1).

The above property of double flowers was first proved in [206]. Here we give
another proof, proposed by Don Zagier. The text below (up to Exercise 2.5.11)
is his.

The Jacobi polynomials, in their standard normalization, can be given in
several different ways – by various explicit formulas such as
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J (a,b)
n (x) =

n∑
k=0

(
n + a + b + k

k

)(
n + a

n− k

) (
x− 1

2

)k

(2.12)

or

J (a,b)
n (x) = 2−n

n∑
k=0

(
n + a

k

)(
n + b

n− k

)
(x + 1)k (x− 1)n−k , (2.13)

by the generating function

∞∑
n=0

J (a,b)
n (x) zn =

1
S

(
2

1− x + S

)a( 2
1 + x + S

)b (
S =

√
1− 2xz + z2

)
,

or as the unique polynomial solution of the differential equation

L(a,b)
n

(
J (a,b)
n (x)

)
= 0 (2.14)

with J
(a,b)
n (1) =

(
n+a
n

)
, where L

(a,b)
n is the second order differential operator

L(a,b)
n = (1− x2)

d2

dx2
+ (b− a− (a + b + 2)x)

d

dx
+ n (n + a + b + 1) .

(For these and other properties, see [274], the “bible” of orthogonal polynomi-
als, or any of various standard reference works such as [2], Chapter 22.) From
each of these definitions it follows that J

(a,b)
n (x), which was initially defined

only for a and b real and greater than −1, is in fact a polynomial in a and b
and hence makes sense for any real or complex values of a and b. We can now
formulate:

Proposition 2.5.9. The vertices of valency 2 of the double flower are the
roots of J

(l+ 1
2 ,m+ 1

2 )

k−1 (x), and the edges midpoints are the roots of

J
(−l− 1

2 ,−m− 1
2 )

k+l+m (x).

Proof. The Belyi function associated to the double flower corresponds to an
identity of the form (1 − x)2l+1(1 + x)2m+1P (x)2 − Q(x)2 = R(x) where P ,
Q, and R are polynomials of degree k− 1, k + l + m, and l + m, respectively,
and these polynomials are determined uniquely (up to scalar multiples) by
this identity. We have to show that P and Q are multiples of the Jacobi
polynomials J

(l+ 1
2 ,m+ 1

2 )

k−1 and J
(−l− 1

2 ,−m− 1
2 )

k+l+m , respectively.
From the property (2.14) we find that both the functions

y1 = J
(−l− 1

2 ,−m− 1
2 )

k+l+m (x) and

y2 =
(

x− 1
2

)l+ 1
2
(

x + 1
2

)m+ 1
2

J
(l+ 1

2 ,m+ 1
2 )

k−1 (x)
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(x > 1) are solutions of the differential equation L
(−l− 1

2 ,−m− 1
2 )

k+l+m (y) = 0. But
one checks easily that if y(x) is any function with an asymptotic expansion
y = C0x

d + C1x
d−1 + . . . at infinity, then

L
(−l− 1

2 ,−m− 1
2 )

k+l+m (y) = (k + l + m− d)(d + k)C0x
d + O(xd−1) as x→∞ ,

so if L
(−l− 1

2 ,−m− 1
2 )

k+l+m y = 0 we must have either d = k + l + m or d = −k.
For y = y1, of course, we have d = k + l + m, but Eq. (2.12) or (2.13)
implies that y2 − y1 = o(xk+l+m) as x → ∞ and hence that necessarily
y2 − y1 ∼ Cx−k for some C �= 0. (The value of C, unimportant here, is
(−1)l (2k+2l−1)!!(2k+2m−1)!!

2k+l+m(2k+l+m)!
.) It follows that y2

2 − y2
1 = O(xl+m) and since y2

1

and y2
2 are polynomials we have(

x− 1
2

)2l+1 (
x + 1

2

)2m+1

J
(l+ 1

2 ,m+ 1
2 )

k−1 (x)2 − J
(−l− 1

2 ,−m− 1
2 )

k+l+m (x)2

= (−1)l
(2k + 2l − 1)!! (2k + 2m− 1)!!

22k+2l+2m−1(k − 1)! (k + l + m)!
Rk,l,m(x) (2.15)

for some polynomial Rk,l,m(x) of degree l + m. This proves the proposition.

Remark 2.5.10 (For fanatics only). The numerical factor on the right-
hand side of (2.15) was included because the polynomial Rk,l,m(x) then has a
nicer form: for l and m fixed it is not only a polynomial in x, but also an odd
rational function of K = 2k + l + m which vanishes at infinity and has only
simple poles at integral arguments, e.g.,

Rk,1,2(x) =
1
K

x3 +
K2 + 3

K(K2 − 1)
x2 − K2 + 3

K(K2 − 1)
x− K4 − 2K2 + 9

K(K2 − 1)(K2 − 9)

=
(x − 1)3

K
+

(2x− 1)2

2

(
1

K − 1
+

1
K + 1

)
− 1

2

(
1

K − 3
+

1
K + 3

)
with K = 2k + 3. More precisely,

Rk,l,m(x) =
l+m∑
i=0

pi(2k + l + m, l,m)xl+m−i

where each pi(K, l,m) is a linear combination of (K +j)−1 (|j| ≤ i) with coef-
ficients which are polynomials in l and m, the first few terms of the expansion
being

Rk,l,m(x) =
1
K

xl+m +
(

D

K
+

D(S + 1)
K(K2 − 1)

)
xl+m−1

+
(

D2 − S

2K
+

D2(2S + 1)− S(S + 2)
2K(K2 − 1)

+
3(D2 − 1)S(S + 2)
2K(K−1)(K2 − 4)

)
xl+m−2 + . . . ,

where K = 2k + l + m, S = l + m, D = m− l.
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Exercise 2.5.11. When the total number of petals in a double flower is equal
to zero, l = m = 0, the above proposition gives us a = b = 1/2, that is,
Chebyshev polynomials of the second kind, while it is known that the Shabat
polynomials for the chain trees are Chebyshev polynomials of the first kind.
Is there a contradiction?

Jacobi polynomials are very well studied. For example, their roots possess
an electrostatic interpretation, their discriminants are explicitly written, and
so on (see, e.g., [274]). This information may give some ideas about Belyi
functions. It would also be nice to generalize the results of this section to
other classes of orthogonal polynomials and special functions.

2.5.3 Fermat Curve

The following beautiful example is borrowed from [159]. Let us consider the
Fermat curve X defined by the equation xn + yn = 1. Let p : X → C :
(x, y) 
→ x be the projection onto the x coordinate. The critical values of p
are easy to determine: the equation yn = 1−xn, considered as an equation in
y, the “parameter” x being fixed, has n distinct solutions for all x such that
1− xn �= 0. Therefore, the critical values of p are the n-th roots of unity.

Remark 2.5.12. Let us explain more explicitly what takes place “above in-
finity”. In fact, our curve must be considered as the projective curve

xn + yn = zn

where (x :y :z) are homogeneous coordinates in CP 2. The term “homogeneous
coordinates” means that x, y, z may not be all equal to zero simultaneously,
and the triples (x :y :z) and (αx :αy :αz), α �= 0, represent the same point in
CP 2. The projection p is the mapping p : (x :y :z) 
→ (x :z), where (x :z) are
the homogeneous coordinates on the projective line C = CP 1. This mapping
is not defined at the point (0 :y :0) ∈ CP 2, y �= 0, because we must not obtain
(0 : 0) as an image. Fortunately, the point (0 : y : 0) does not belong to the
curve X . The point ∞ ∈ C is represented by a pair (x :z), where z = 0, while
x �= 0. Thus, our equation is reduced to the form xn + yn = 0, and for x �= 0
it does have n distinct solutions in y. Therefore, infinity is not a critical value
of the projection p.

To specify an appropriate Belyi function is now easy. Let us take the
mapping f : x 
→ xn; it sends all the n-th roots of unity (that is, all the
critical values of p) to 1, and it creates two new critical values: 0 and ∞.
Therefore, the function F : X → C : (x, y) 
→ xn is a Belyi function defined
on the Fermat curve.

In this example it is more instructive to consider the preimage not of
the segment [0, 1], but of the whole real axis. More exactly, let us take the
preimage of the elementary canonical triangulation of the sphere C, consisting
of three vertices 0, 1, and ∞, of three edges [0, 1], [1,∞], and [∞, 0], and of
two triangles, namely, the upper and the lower half-planes.
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1. The point 0 is a vertex of degree 2 of the elementary triangulation. We
have f−1(0) = 0, but deg f = n, and therefore 0 becomes a vertex of
degree 2n. Being a generic point in the image of p, it gives rise to n
distinct points p−1(0), all being vertices of degree 2n. We color them in
black, because all of them are the preimages (under F ) of 0.

2. The point 1 is a vertex of degree 2 of the elementary triangulation. Taking
its preimage under f = xn, we get n distinct points (roots of unity), all of
them being vertices of degree 2. Now, they are critical values of p; therefore
their preimages are n vertices, all of degree 2n (because deg p = n). We
color these points in white, because they are preimages (under F ) of 1.

3. The situation with ∞ resembles that of 0: we get n distinct vertices, each
of degree 2n; we mark them by an asterisk.

4. There are no critical values inside the edges and the faces of the elemen-
tary triangulation. Taking into account that degF = n2, we obtain, as a
preimage under F , 2n2 faces (all of them triangles) and 3n2 edges.

The genus of the curve may now be easily computed:

2− 2g = 3n− 3n2 + 2n2 =⇒ g =
(n− 1)(n− 2)

2
,

which is the genus of all non-singular plane algebraic curves of degree n.
Let us look more attentively at the resulting map. First of all, the graph

itself is the complete tripartite graph Kn,n,n. Indeed, it has n vertices of type •,
n vertices of type ◦ and n vertices of type ∗, and every vertex (i) is not
connected to any other vertex of the same type (by construction), and (ii)
is connected to all the vertices of the two other types (because its degree
is 2n, and there are no multiple edges). The second observation is that all
the faces of our map are the “smallest possible” (indeed, they are triangles),
therefore their number is the biggest possible, and therefore the genus of the
surface is the smallest possible. Thus, we have obtained an embedding of the
least possible genus of the complete tripartite graph Kn,n,n. The fact that
the least possible genus of Kn,n,n is equal to (n− 1)(n− 2)/2 was proved by
purely combinatorial methods a long time ago: see [297], [242]. But what had
probably never come to the mind of the authors of these two papers is the
fact that the problem they considered was in some way related to the Fermat
equation.

Let us repeat it once more. Among infinitely many non-isomorphic com-
plex curves of genus g = (n − 1)(n − 2)/2, the least genus embedding of the
graph Kn,n,n (which is topologically unique) specifies a unique complex curve,
namely, the Fermat curve. It would be justifiable to say that there exist two
ways of representation of complex curves: by systems of algebraic equations,
and by dessins (though the latter method works only for the curves defined
over Q).
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2.5.4 The abc Conjecture

The abc conjecture may well replace the Fermat theorem for the future gen-
eration of mathematicians. At least, it shares with this great theorem the
simplicity of formulation; as to the difficulty of the proof, the future will
show.

There exist several versions of the problem; here we choose one of them
(see [226]). Let a, b, c be three positive coprime integers such that a + b = c.
Note that c = max(a, b, c). Let

a = pα11 pα22 . . . pαk

k , b = qβ11 qβ22 . . . qβm
m , c = rγ11 rγ22 . . . rγnn

be their factorizations into prime factors. Denote by R the product of all the
prime factors of a, b, c taken only once, that is,

R = p1p2 . . . pkq1q2 . . . qmr1r2 . . . rn.

The conjecture affirms that R cannot be too small compared to c. More pre-
cisely: let c = Rα, or, equivalently, α = log c/ logR.

Conjecture 2.5.13 (abc). For any α0 > 1 there exist at most a finite num-
ber of triples (a, b, c) such that the corresponding value of the parameter α
satisfies the inequality α > α0.

Note that if we replace α0 > 1 with 1, the statement turns wrong:

Example 2.5.14. Take the equality 1 + (26n − 1) = 26n. The contribution of
a = 1 and of c = 26n to R is only 2, while b = 26n−1 is divisible by 26−1 = 63
and hence divisible by 9. Therefore the contribution of b is not bigger than
b/3, and we conclude that R < c, so α > 1.

The next example shows what kind of consequences may be obtained from
the conjecture.

Example 2.5.15. Consider the equality xn + yn = zn. Obviously,

R ≤ xyz < z3;

therefore
α =

log c

logR
>

log zn

log z3
=

n

3
.

Thus, the abc conjecture implies that all Fermat equations with n ≥ 4 taken
together may have at most a finite number of coprime solutions.

Keeping in mind the conjecture, it is interesting to look for triples a, b, c
with the parameter α as big as possible. The world record up to now belongs
to Eric Reyssat: 2 + 310 · 109 = 235, with α = 1.6299 . . .. This triple was
found by a brute force search. A number of papers were dedicated to a more
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systematic search: see, for example, [224], [225], [46] (a complete list of known
instances with α > 1.4), [292] (a complete list of instances with the prime
factors not greater than 13), etc. A rather long list of instances with α > 1.2
was collected by Noam Elkies several years ago.

It is clear that in a “good” example the numbers a, b, c must be well fac-
torizable in prime factors. Several authors proposed to use, in a search for
good triples, Belyi functions defined over Q. The polynomials constituting a
Belyi function are already well factorized. Substituting rational numbers into
them, we may, with a little bit of luck, find interesting examples. This line of
research was conducted by N. Magot [206] and L. Habsieger (private commu-
nication). The method turned out to be rather prolific. Let us illustrate it by
taking one particular (and very simple) Belyi function.

Example 2.5.16. We take the dessin of Example 2.3.1, though for technical
reasons we have changed its position: we put the vertex of degree 1 at infinity,
the vertex of degree 3, at 0, and the center of the face of degree 1, at 1. The
corresponding Belyi function is

f(x) =
64x3

(x + 9)3(x + 1)
, and f(x)− 1 = − (x2 − 18x− 27)2

(x + 9)3(x + 1)
.

The above two equalities, with x = a/b, may be rewritten as

64a3b + (a2 − 18ab− 27b2)2 = (a + 9b)3(a + b).

Substituting (a, b) = (−32, 23) we get, after rearranging the terms,

112 + 32 · 56 · 73 = 221 · 23,

which gives the value of α equal to 1.62599 . . .. This is not the record, but
this is the second best value known up to now. However, this triple was found
before the search undertaken by N. Magot.

In general, the above Belyi function has produced 43 triples with α > 1.2;
among them 11 triples were “new” (with respect to the list of Elkies as it was
in 1996). The best among the “new” triples was

215 · 5 · 67 + 112 · 238 = 73 · 30233, α = 1.35670 . . . .

Several hundred “new” triples with α > 1.2 and not present in the Elkies list
were found by L. Habsieger.

A much more profound application is given in [93]. The title indicates that
the author deduces from the abc conjecture (formulated for number fields) the
former Mordell conjecture, now the Faltings theorem. This theorem, which is
one of the most important results of the last decades, affirms that an alge-
braic curve of genus g ≥ 2 defined over a number field may have at most a
finite number of points over this field. The proof of Elkies is based in a very
important way on Belyi’s theorem.
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2.5.5 Julia Sets

One of the nice properties of Belyi functions is the possibility to compose
them.

Proposition 2.5.17. Let Riemann surfaces X, Y , and Z be all equal to C. If
f : X → Y and g : Y → Z are Belyi functions, and g({0, 1,∞}) ⊆ {0, 1,∞},
then the composition h : X → Z, h = g ◦ f is a Belyi function.

The proof is obvious: the critical values of h can be obtained either by
taking critical values of g, or by applying g to the critical values of f . Note
that any one of the 27 possible mappings g : {0, 1,∞}→ {0, 1,∞} will do.

The condition that the points 0, 1,∞ ∈ Y lie among the points of the
g-preimage of 0, 1,∞ ∈ Z, has an obvious geometrical meaning: the points
0, 1,∞ ∈ Y are “occupied” by some geometric elements (black or white ver-
tices or face centers) of the hypermap Hg corresponding to g and drawn on
Y . Note that it is always possible to choose any three elements and put them
at 0, 1, and ∞ using a linear fractional transformation.

A natural idea would be to consider complex dynamical systems involving
Belyi functions, that is, consider the iterations

fn = f ◦ f ◦ . . . ◦ f (n times).

Following [43], introduce the notion of dynamical Belyi function.

Definition 2.5.18 (Dynamical Belyi function). A Belyi function f : C→
C is called dynamical if f({0, 1,∞}) ⊆ {0, 1,∞}.

A complex dynamical system obtained from the iterations of a dynamical
Belyi function does not leave the framework of Belyi functions.

Let us recall some basic definitions concerning complex dynamical systems.
For an open domain U ⊆ C, a family F of holomorphic functions f : U → C

is called a normal family on U if for any sequence fn ∈ F , n ≥ 1 and for any
compact subset K ⊂ U there exists a subsequence converging uniformly on
K. For a rational function f , the set Ff ⊆ C consisting of all points x ∈ C

having a neighborhood in which the sequence fn, n ≥ 1 of iterations of f
forms a normal family, is called the Fatou set of f . The Julia set of f is the
complement of its Fatou set: Jf = C \ Ff . Informally speaking, the Fatou set
is the set of “regular behavior” of the iterations of f , while the Julia set is the
set of their “irregular behavior”.

Remark 2.5.19. Don’t confuse the above sets with the Mandelbrot set, which
is the set of values of a parameter for iterations of quadratic polynomials.

All of us have seen pictures of beautiful fractals. Such pictures usually
represent either the Mandelbrot set or the Julia sets of various rational func-
tions. However, there also exists a situation which is probably not so beautiful
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visually, but still very interesting theoretically. We mean the situation of “com-
plete chaos”, when Jf = C. The first example of that kind was constructed
by Lattès as early as in 1918 [194]. In 1985 Sullivan [272] gave a very general
sufficient condition which guarantees that Jf = C.

Call a point x periodic if there exists a positive integer m such that
fm(x) = x. Call a point x eventually periodic if there exists a p such that
the point fp(x) is periodic. Finally, call a point strictly preperiodic if it is
eventually periodic but not periodic.

Theorem 2.5.20 ([272]). If all critical points of f are strictly preperiodic,
then Jf = C.

Now let us try to apply this theorem to Belyi functions.
At the first stage f sends all its critical points to 0, 1, or∞. Thus, already

all the critical points different from these three cannot be periodic (the fact
that they are eventually periodic will be explained in a minute).

All subsequent iterations move the points inside the set {0, 1,∞}. It is
therefore impossible to do without periodic points: some of them will neces-
sarily be periodic. Is everything lost? Not at all: let us make them non-critical!
These points are occupied by some geometric elements of the hypermap Hf

corresponding to f : by its vertices or face centers. If these elements are of
valency 1, then the condition is satisfied, and we are done.

Example 2.5.21. The following example appeared in the original paper by
Sullivan:

f(x) =
(

x− 2
x

)2

.

Incidentally it is the Belyi function corresponding to the hypermap which has
a black vertex of degree 2 at x = 2, two white vertices of degree 1, at x = 1
and at x = ∞, and a face of degree 2 with the center at x = 0. The only
critical points of f are 0 and 2, and we have

2 
→ 0 
→ ∞ 
→ 1 
→ 1,

and 1 is not a critical point.

Example 2.5.22. The Belyi function of Eq. (2.6) from Example 2.3.1 does
not work. Indeed, its critical points are 3± 2

√
3, 1, and ∞, and we have

3± 2
√

3 
→ 1 
→ 0 
→ ∞ 
→ ∞;

unfortunately, ∞ is itself a critical point. But we may change the position of
the dessin. Let us take

f(x) = − (x− 1)3(9x− 1)
64x3

.
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* *
1/9 1 80

Fig. 2.30. The dessin for the Belyi function f(x) = − (x−1)3(9x−1)

64x3

This Belyi function corresponds to the dessin shown in Fig. 2.30. The only
critical points that are not marked in the figure are the edge midpoints: their
coordinates are −1± (2/3)

√
3. Thus we have

−1± (2/3)
√

3 
→ 1 
→ 0 
→ ∞ 
→ ∞.

The only periodic point is once more infinity; but this time it is not a critical
point, because it is the center of a face of degree 1. Therefore, Jf = C.

We must say that the methods proposed, for example, in [142], permit
to construct many more examples than the one proposed here. But a very
attractive side of our method is the possibility to work directly with pictures,
without any computations. For that, we need a map or a hypermap having
an element (say, a vertex) of degree 1.

Example 2.5.23. Let us consider the “dessin d’enfant” from Fig. 2.31.

8 0

1*

Fig. 2.31. A dessin d’enfant

We have marked three points and placed them at 0, 1, and ∞ (using if
necessary a linear fractional transformation). The center of one of the faces is
placed at 1. The fact that it is a face center means that f : 1 
→ ∞. One of
the vertices is placed at∞; the fact that it is a vertex means that f :∞ 
→ 0.
Finally, one of the vertices is placed at 0; the fact that it is a vertex means
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that f : 0 
→ 0. We see that all the critical points “finish” at 0. But 0 is not
a critical point, because the vertex which is placed there is of degree 1. We
may conclude that the Belyi function corresponding to this dessin satisfies
the conditions of Sullivan’s theorem. Of course, we are completely unable to
compute the function in question.

It would be extremely interesting to study the Galois action on complex
dynamical systems. This is true not only for dynamical Belyi functions but
also for more general critically finite rational functions which do not possess
the so-called “Thurston’s obstructions”, see [86], since they are also rigid and
thus defined over Q. This line of research is only in the bud; see, however,
[235].

2.5.6 Pell Equation for Polynomials

In the 6th century B.C. Pythagoras proved that the equation x2−2y2 = 0 did
not have non-trivial integral solutions. One may say to oneself: “OK, if this one
does not work, let us try x2−2y2 = 1”. By some historical error this equation,
as well as the more general one, x2− dy2 = 1, with a square-free d, was called
the Pell equation. In fact, this equation was already studied by ancient Greeks,
Indians, and Arabs, and then by Fermat, Euler, Lagrange and others. The Pell
equation played a very important role in the development of number theory,
especially in introducing the notion of the norm of an algebraic number. For
any square-free d there exist infinitely many solutions, and all of them can
be obtained as numerators and denominators for incomplete quotients of the
development of

√
d into a continued fraction.

Exercise 2.5.24. Let (x1, y1) and (x2, y2) be two solutions of the equation
x2 − dy2 = 1. Show that the product

(x1 + y1

√
d)(x2 + y2

√
d) = a + b

√
d

gives one more solution (a, b) of the equation.

Many other interesting properties and examples concerning this equation
may be found in textbooks on number theory.

In 1826 Abel [1] posed a similar question for polynomials: for a given
square-free polynomial D(x), find polynomials P = P (x) and Q = Q(x)
satisfying

P 2 −D(x)Q2 = 1.

We call this equation the Pell–Abel equation.

Example 2.5.25. Take D(x) = x2 − 1. Let Tn and Un be the Chebyshev
polynomials of the first and the second kind respectively. (Recall that by
definition of Un we have sin(n + 1)ϕ = Un(cosϕ) sinϕ.) Taking x = cosϕ we
get
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T 2
n(cosϕ)− (cos2 ϕ− 1)U2

n−1(cosϕ) =

cos2 nϕ + sin2 ϕ
sin2 nϕ

sin2 ϕ
= cos2 nϕ + sin2 nϕ = 1.

Thus, the pairs (Tn, Un−1) form an infinite series of solutions of the Pell–Abel
equation with D(x) = x2 − 1.

One of the first remarks of Abel was the fact that, in contrast to the case
of integers, the equation for polynomials does not always have a solution. He
proved the following theorem [1]:

Theorem 2.5.26 (Abel). The following three statements concerning any
square free polynomial D(x) are equivalent:

1. The Pell–Abel equation has a solution (in this case it has infinitely many
solutions).

2. The square root
√

D(x) can be represented as an eventually periodic
continued fraction of the form

√
D(x) = d0(x) −

1

d1(x) −
1

d2(x) −
1

d3(x) − · · ·

with dk ∈ C[x].
3. There exists a polynomial p, deg p ≤ degD − 2, such that the integral∫

p(x)√
D(x)

dx

can be computed in terms of elementary functions (more exactly, in radicals
and logarithms).

The last statement is the most interesting one. Usually such integrals which
are elliptic if degD = 3 or 4, and hyperelliptic if degD ≥ 5, cannot be
expressed in elementary functions. The condition deg p ≤ deg D−2 is imposed
in order to exclude the trivial case p(x) = D′(x). Integrals satisfying the
conditions of the above theorem are called quasi-elliptic (for degD = 3 or
4) or quasi-hyperelliptic. The search of quasi-elliptic integrals was in fact the
main motivation of Abel’s work. Important results in this direction also belong
to Chebyshev [275]. In our days this subject continues to attract attention of
specialists in systems of symbolic calculations; see, for example, [76].

Returning to our main subject (dessins d’enfants), we note that to any
plane tree there corresponds a polynomial D(x) for which a solution (P,Q)
does exist, namely,

D(x) =
∏

(x− ck),
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where the product is taken over all vertices of odd valencies (regardless of
their colors), and ck are the coordinates of these vertices.

Indeed, let us take a bicolored plane tree and normalize the corresponding
Shabat polynomial P in such a way that it has ±1 as the critical values. Then

P (x) + 1 = C

p∏
i=1

(x− ai)αi

and

P (x)− 1 = C

q∏
j=1

(x− bj)βj ;

therefore,

P 2 − 1 = C2

p∏
i=1

(x− ai)αi

q∏
j=1

(x− bj)βj = D(x)Q2,

where D(x) just collects all the factors (x − ai) or (x − bj) of odd degrees
(each of the factors (x − ai) or (x − bj) being taken only once). If we now
want to obtain infinitely many solutions for the same polynomial D, we may
subdivide all the edges of our tree into m parts (or, equivalently, compose
P and Q with Chebyshev polynomials): this operation does not change the
geometric form of the tree, and the vertices of odd valencies will remain on
their places.

Our first example, that of D(x) = x2 − 1, is obviously related to the
chain-tree. The next interesting class of trees to be considered is that of trees
having a “center” of valency 3 (or 4), out of which grow 3 (respectively 4)
simple chains of an arbitrary length. These trees lead to the quasi-elliptic case.
For example, the tree shown in Fig. 2.32 gives D(x) = x(x− 4)(x2 + 2x + 3).

� � � ��
�
�

�
�

Fig. 2.32. A tree with three branches

Profound results in this direction were obtained by Pakovitch [229]. He
exploits the relations of the Pell–Abel equation to torsion points on elliptic
curves. Once again we assume the reader has at least a rudimentary knowledge
of the theory of elliptic curves.

Consider the elliptic curve

y2 = D(x) = x4 − 6Ax2 + 4Bx + C,
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and the isomorphic curve E in the Weierstrass form:

w2 = 4v3 − g2v − g3,

where
g2 = 3A2 + C, g3 = −AC + A3 −B2.

Then the Pell–Abel equation has a solution (P,Q) with an indecomposable
polynomial P of degP = n if and only if the point (v, w) = (A,B) lies on the
curve E and is a torsion point of order n on this curve.

Example 2.5.27. Of course the examples given here require some computa-
tions. But the starting point is always a tree: see Fig. 2.33.

(a) The tree (a) gives the elliptic curve w2 = 4v3 + 540v + 10665, and the
point (A,B) = (21,−243) of order 5 on it.

(b) The tree (b) gives the curve w2 = 4v3−261228v+3497176, with the point
(A,B) = (−37, 3600) of order 6 on it.

(c) The tree (c) has also 6 edges, like the tree (b); but it is decomposable (that
is, the corresponding Shabat polynomial is decomposable), this is why our
procedure gives only a point of order 2.

a b c

Fig. 2.33. Trees from Example 2.5.27

But the examples are not the most interesting part of the story. Below we
give a theorem which, to our knowledge, has no analogues. It is often possible
to say that in such and such a case there exists at least this number of orbits
(when there are certain invariants or other reasons for splitting); but it is much
more difficult to say that the number of orbits is at most such: the equations
we must solve may have, for example, rational solutions because of merely
numeric coincidences. What follows is, however, an exception to the rule. It is
well known (Mazur’s theorem) that the order of torsion points over Q cannot
be greater than 12 (and also cannot be equal to 11): see, for example, [259].
Take a tree with three branches, with n edges, and with the coprime lengths of
the branches (this condition ensures that the tree is indecomposable). Such a
tree inevitably produces a polynomial D(x), deg D = 4, and a solution (P,Q)
of the Pell–Abel equation, where P is the corresponding Shabat polynomial,
deg P = n. In addition, we get a torsion point (A,B) of order n on the
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corresponding elliptic curve. Now, if the tree is defined over Q, then the torsion
point is also defined over Q (by construction). For n = 11 and n > 12 this is
impossible. For n ≤ 12, n �= 11 we may compute the Shabat polynomials case
by case. The result is summarized in the following theorem.

Theorem 2.5.28 ([229]). There exist only four trees with three branches and
with the coprime lengths of the branches which are defined over Q. These trees
have the following branch lengths:

1, 1, 1; 2, 1, 1; 2, 2, 1; 3, 1, 1.

For more details, and also for the hyperelliptic case, see Pakovitch [229].

We hope that Sec. 2.5 has given enough evidence to demonstrate the in-
terest and beauty of dessins d’enfants.

2.6 Proof of the Belyi Theorem

The Belyi theorem, see Theorem 2.1.1, has two parts, which are traditionally
called the “difficult part” and the “obvious part”. Paradoxically enough, it is
the “difficult part” which is quite simple and elementary, while the “obvious
part” is not simple at all. The “difficult part” (namely, the “only if” part)
was proved by Belyi in [21]. It consists of several ingenious tricks, but they
are very elementary in nature and accessible to an undergraduate student.
Now, the “if” part is indeed obvious for a specialist in algebraic geometry and
Galois theory with many years of experience. For any other mathematician it
remains rather mysterious and enigmatic, and its explicit proof makes use of
some subtle constructions and complicated theories.

We start the proof with the “difficult” “only if” part.

2.6.1 The “Only If” Part of the Belyi Theorem

Theorem 2.6.1. If a Riemann surface X is defined over the field Q of alge-
braic numbers, then there exists a meromorphic function f : X → C unrami-
fied outside {0, 1,∞}.

The proof of the theorem consists of three steps.

Step 1. Take an arbitrary meromorphic function h : X → C defined over Q.
For example, if X is represented as an algebraic curve, we may take as h the
projection onto one of the coordinates.

Among the critical values of h certain are rational, others irrational
(though algebraic). We forget temporarily the rational critical values and will
deal only with the (algebraic) irrational ones. As to these algebraic points, we
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add to them all their conjugates. Let S0 denote the set of all irrational critical
values of h together with all their conjugates, and let |S0| = N .

Step 2. The polynomial P0 which annihilates the set S0 is defined over Q, and
deg P0 = N . This polynomial has at most N − 1 critical values (the values of
the polynomial itself at the roots of its derivative); denote this set by S1. An
important observation is that the set S1 already contains all the conjugates
of its elements, so its annihilating polynomial P1 is of degree at most N − 1
and is defined over Q.

Exercise 2.6.2. Write explicitly the polynomial P1(t) annihilating the set
S1 of the critical values of the polynomial P0(x) as the determinant of the
Sylvester matrix of polynomials P0(x)− t and P ′

0(x) considered as polynomi-
als in x, and t being a parameter. Verify that this determinant is indeed a
polynomial of degree N − 1 in t. See also Lemma 5.1.6.

The set S2 of the critical values of P1 has at most N−2 elements. Applying
the same trick to this set, then to S3, etc., we finally obtain a composition of
polynomials

PN−1 ◦ . . . ◦ P1 ◦ P0, deg Pm ≤ N −m,

which sends all the critical values of the initial function h to rational numbers.
Note that the same is also true of the rational critical values of h (that were
“temporarily forgotten”), because all Pm have rational coefficients.

Step 3. What remains to do now is to send all the rational critical values
obtained during the steps 1 and 2 to 0, 1 or ∞. First of all, by applying an
affine transformation we push them all (except infinity) inside the segment
[0, 1]. Now consider the mapping

pm,n(x) =
(m + n)m+n

mmnn
xm(1 − x)n,

which is, by the way, a Shabat polynomial. We have pm,n(0) = 0, pm,n(1) = 0,
pm,n(∞) = ∞ and pm,n([0, 1]) = [0, 1]. Finally, the mapping pm,n sends the
rational number m/(m + n) to 1, and all the other rational numbers that re-
main to be treated, to some other rational numbers. Obviously, this operation
decreases the number of rational numbers under consideration. Specifically,
if one supposes that the critical values are x1, . . . , xk with x1 = 0, x2 = 1,
x3 =∞, and 0 < xi < 1 for other i, then setting xk = m/(m+n) and applying
pm,n decreases k by 1. Applying successively these mappings as many times
as we need, we get a Belyi function. The theorem is proved.

2.6.2 Comments to the Proof of the “Only If” Part

The following proposition is, in a way, a comment to the first step of the above
proof. Its slight modification permits us to prove a much stronger result [4].
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Proposition 2.6.3. For any Riemann surface defined over Q there exists a
Belyi function with a single pole (which corresponds to a map or a hypermap
with a single face).

Proof. It is sufficient to take a meromorphic function h having a single pole,
which exists thanks to the Riemann–Roch theorem. All the subsequent map-
pings are polynomial and thus send infinity to infinity. (We need here the
Riemann–Roch theorem over number fields: see, for example, Chapter 14 of
[191] or Chapter 19 of [289].)

The trick used in the second step can also be generalized to other situations
when one of the fields is an algebraic closure of the other. Let one of the fields
be R, and the other one be C. If we have a finite set of complex numbers, add to
each number its complex conjugate. The set S0 thus obtained is annihilated by
a polynomial P0 with real coefficients. After that, the set S1 of critical values
of the polynomial P0 is also annihilated by a polynomial with real coefficients.

The reader will certainly find amusing the following “comment” to the
third step of the proof.

Example 2.6.4. Let us take the set {0, 1/5, 2/5, 3/5, 4/5, 1} and try to move
all its elements to 0 or 1 using the technique of Step 3. The choice of the
first polynomial to apply is not very important, since all of them will be of
degree 5. Take, for example, 1/5, and apply p1,4. The result is as follows:

0 
→ 0,
1
5

→ 1,

2
5

→ 81

128
,

3
5

→ 3

16
,

4
5

→ 1

64
, 1 
→ 0.

For the next one, we can apply pm,n for m/(m + n) = 81/128, 3/16, or 1/64.
The simplest choice is p3,13 because it has the smallest degree. Applying it,
we get

0 
→ 0, 1 
→ 0,
3
16

→ 1,

1
64

→ α,

81
128

→ β,

where

α =
323 × 713

232 × 1313
and β =

39 × 4713

248 × 1313
.

This time we must take the polynomial corresponding to α; it is of degree
232 × 1313. It will send α to 1, and it will send β to a number ω which the
reader may write explicitly if he wants. After that it will remain to apply one
more polynomial whose degree is equal to the denominator of ω, in order to
send ω to 1. The degree of the resulting composition is approximately 105×1025 .

We see that the method of Step 3 is not very practical if we want to find a
Belyi function algorithmically. It was Belyi himself [22] who found a remedy
to this difficulty. We present his method in a slightly simplified form. It will be
convenient to suppose that the numbers we deal with are no longer rational
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but integral. For c1, . . . , cn ∈ Z we will construct a rational function of the
form

g(x) =
n∏

k=1

(x− ck)rk , rk ∈ Z. (2.16)

Note that the value of this function at infinity is equal to 0, 1, or∞, depending
on the sign of the sum r =

∑n
k=1 rk. The proposed method will always give

r = 0, and therefore the value of g at infinity will always be 1.
The only critical points of the function g are the roots and the poles of its

logarithmic derivative
g′

g
=

n∑
k=1

rk
x− ck

.

While the poles of the logarithmic derivative are immediately visible, the same
is not true of its roots. We will try to find such ri that g′/g will be equal to

Const∏n
k=1(x− ck)

,

and thus will have a unique zero of order n at ∞. But, by comparing the
residues, one may easily see that

1∏n
k=1(x− ck)

=
n∑

k=1

C−1
k

x− ck
where Ck =

∏
i�=k

(ci − ck). (2.17)

Therefore, making the rk integers with no common factors proportional to
C−1
k we get what we want and thus obtain a Belyi function of the form (2.16)

and of a reasonable degree. (Note that if r =
∑

rk �= 0, then the asymptotic
behaviour at infinity of the sum in (2.17) would be O(1/x), while in fact it is
O(1/xn).)

Example 2.6.5. Returning to the previous example, instead of the initial set
{0, 1/5, 2/5, 3/5, 4/5, 1} we may take c1, . . . , c6 = 0, 1, 2, 3, 4, 5. Then for c1
and c6 we get

C1, C6 = ± 1 · 2 · 3 · 4 · 5 = ± 120,

for c2 and c5 we get

C2, C5 = ± 1 · 1 · 2 · 3 · 4 = ± 24,

and for c3 and c4 we get

C3, C4 = ± 2 · 1 · 1 · 2 · 3 = ± 12.

These results give us the following values for the numbers rk:

r1 = −1, r2 = 5, r3 = −10, r4 = 10, r5 = −5, r6 = 1 .
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Instead of the polynomial of a monstrous degree obtained before, this time
we get a rational function of degree 16:

g(x) =
(x− 5)(x + 3)5(x− 1)10

(x + 5)(x− 3)5(x + 1)10
.

(Of course, not every example will give us such a small degree. But anyway,
degrees produced by this method are far smaller than those given by the
previous approach.)

2.6.3 The “If”, or the “Obvious” Part of the Belyi Theorem

We follow here the explanations given in [300] and [177]. The reader may
also find there additional details, comments and corollaries. In particular,
Wolfart [300] explains why the usual reference to the paper [293] by Weil is
not entirely justified.

2.6.3.1 The Group Aut(C)

We start the proof by considering a rather strange object: the automorphism
group Aut(C) of the field C, or, otherwise, the Galois group Gal(C |Q). We
underline the fact that only the field structure of C is taken into account; its
topological properties are put aside.

Every automorphism of the field C preserves 0 and 1, and therefore it also
preserves the subfield Q. Now suppose we have added to Q a non-rational com-
plex number x. If x is transcendental, then we may perform with it (and with
rational numbers) all the four arithmetic operations, thus obtaining expres-
sions having the form of rational functions in x, and no two such expressions
will be equal. The result of such an extension is therefore isomorphic to the
field Q(x) of rational functions in one variable. Adding one more transcen-
dental number y which is algebraically independent of x we obtain the field
isomorphic to the field Q(x, y) of rational functions in two variables. The ex-
change of x and y is one of the automorphisms of this extension. It is not in
any way unique: we may, for example, replace y with x + y.

In the same way we may add to Q uncountably many variables represent-
ing algebraically independent transcendental numbers. In fact, this operation
does not exhaust the field C. Indeed, having added x we cannot represent

√
x;

and if we add also y =
√

x we cannot pretend any longer that our variables
are algebraically independent. Never mind: what we are interested in is the
possibility to construct at least an extension of Q by many independent vari-
ables. In the same way we may affirm that at least all the bijections between
these variables can be extended to automorphisms of such an extension of Q.

Exactly the same may be said if we add transcendental numbers not to Q

but to Q. We will also consider the Galois group Gal(C |Q), i.e., the group of
automorphisms of C preserving Q.
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For algebraic numbers being added to Q the situation is different: they
can be replaced only with their algebraic conjugates. The group Aut(Q) is
a quotient of the group Aut(C); the factorization consists in forgetting the
action of an automorphism of C on transcendental numbers. Summing up the
above discussion we may say that a complex number is algebraic if and only
if its orbit under the action of the group Aut(C) is finite.

We would like to extend the above principle to a larger context. In spite of
the complicated nature of the group Aut(C) = Gal(C |Q), the general prin-
ciples of Galois theory remain valid for it too. For example, there still exists
the Galois correspondence between subgroups of Gal(C |Q) and extensions of
Q: a subgroup fixes a subfield of C, and the stabilizer of a subfield is a sub-
group of Gal(C |Q). In fact, for this correspondence to be bijective one needs
to introduce a special class of subgroups of Gal(C |Q) which are called closed
subgroups; the same thing may also be said about Galois theory in Q. But
don’t worry: we only need to know that all the subgroups of finite index are
closed, and they correspond to finite extensions of Q. Therefore, if the group
Aut(C) acts on the set of certain “objects”, and if the orbit of an “object” is
finite, then the stabilizers of the elements of the orbit are subgroups of finite
index, and we may assign to the orbit a finite extension of Q.

Let us now turn to Belyi pairs. Consider a pair (X, f) where X is an
algebraic curve and f is a Belyi function defined on X . The curve X can be
represented by a system of polynomial equations in a projective space CP d;
the function f is a rational function of the coordinates in the same projective
space. Let us list all the coefficients of the equations defining X , and all the
coefficients of f , in a set denoted by P(X, f) (P stands for “parameters”). The
action of an automorphism α ∈ Aut(C) on (X, f) consists in acting by this
automorphism simultaneously on all the elements of P(X, f), thus creating
a new Belyi pair (Y, g) defined by new parameters. The fact that (Y, g) is
indeed a Belyi pair is explained by the property of Aut(C) to preserve all
the algebraic relations between numbers. The property to have all the critical
values in {0, 1,∞} can be written explicitly in algebraic terms. The same
is true for the possibility to express the fact that various critical points have
given multiplicities. Therefore, we may conclude that the passport of the Belyi
pair is also an invariant of the action.

We may affirm even more: the group Aut(C) acts not only on individual
Belyi pairs but also on their equivalence classes. Indeed, if (X, f) and (X ′, f ′)
are two isomorphic Belyi pairs, and u : X → X ′ is an isomorphism between
them (so that f ′◦u = f), then the group Aut(C) acts on the set of parameters
P(X, f,X ′, f ′, u) preserving all algebraic relations between them, and thus
creates a couple of Belyi pairs (Y, g) and (Y ′, g′) together with an isomorphism
v : Y → Y ′ between them.

But we know that for every equivalence class of Belyi pairs the corre-
sponding orbit is finite, since an element of the orbit is described by a triple
of permutations with a given passport. Thus we have proved the following
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Proposition 2.6.6. The field of moduli of any given dessin is a number field.

We have made an important step, but our work is not finished. It remains
to prove that for any equivalence class of Belyi pairs there exists a representa-
tive (X, f) such that the corresponding parameter set P(X, f) contains only
algebraic numbers. In such a situation the number field K obtained as the
extension of Q by the set P(X, f) is called a field of definition of (X, f). It
can also be said that (X, f) is defined over K, or is realized over K.

2.6.3.2 Field of Definition

Proposition 2.6.7. Every dessin can be realized over a number field.

Let us fix a dessin M , and let (X, f) be a corresponding Belyi pair. If the
parameter set P(X, f) contains only algebraic numbers, we have nothing to
prove. Suppose that it contains several transcendental numbers; let us collect
them in the set denoted by T (X, f). Now let us act on (X, f) by an element
of the group Gal(C |Q) preserving the algebraic numbers. We obtain another
Belyi pair (X ′, f ′), with the corresponding set T (X ′, f ′) of transcendental
parameters. First of all note that (X ′, f ′) corresponds to the same dessin M ,
since the field of moduli of M is a subfield of Q, and this latter field remains
fixed. Therefore, there exists an isomorphism u : X → X ′ such that f ′◦u = f .

The great liberty of action by automorphisms of C permits us to choose
the parameters in T (X ′, f ′) which have no algebraic relations whatsoever
with the elements of T (X, f). However, certain relations (over Q) inside the
set T (X ′, f ′) may exist. According to Hilbert’s basis theorem the set of such
independent relations is finite; therefore we can write them all in an explicit
way.

As for the isomorphism u, we cannot claim that its coefficients can be
made independent of T (X, f). Obviously, the construction of u involves the
parameters of both T (X, f) and T (X ′, f ′). However, what we can claim is
the fact that the number of such isomorphisms is finite: it does not exceed
the number of automorphisms of the dessin M . Thus, the elements of T (u)
belong to a finite extension L of the field K generated by Q∪T (X, f,X ′, f ′).
The same thing may be said of the inverse isomorphism u−1.

The field L being a finite extension of K, there exists a primitive element
ξ generating L which is a root of a polynomial D ∈ K[x]. All the coefficients
of u and u−1 may be expressed in terms of ξ. The verification of the fact that
u ◦ u−1 = u−1 ◦ u = id makes use only of the properties of the polynomial D
and algebraic relations inside T (X, f,X ′, f ′).

Now we make a decisive step: we replace the numbers belonging to the
set T (X ′, f ′) by variables. These variables represent a point of an algebraic
variety V definied over Q. (If there were no relations between the elements of
T (X ′, f ′), then this variety is simply an affine space.) We claim that almost
every point of V corresponds to a Belyi pair for the dessin M . Indeed, for
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every such point we have all the ingredients we need: a curve, a Belyi func-
tion, and an isomorphism with the inital Belyi pair. We only must exclude
certain algebraic subvarieties of V . They correspond to two possibilities: (1)
the polynomial D degenerates to a constant, so there is no solutions for ξ; (2)
in the process of verification of the equality u ◦ u−1 = u−1 ◦ u = id a division
by zero takes place.

In any case the remaining part of V is not empty, since at least one solution
does exist (this fact is ensured by Riemann’s existence theorem). Let us recall
once more that V is an algebraic variety definied over Q. Such a variety,
with some excluded subvarieties, necessarily contains an algebraic point. (A
more accurate statement should be that the remaining set is open in Zariski
topology; we will not dwell on it here.)

The Belyi theorem is proved.

Remark 2.6.8. The principle applied here is of general nature: if something
is true for “randomly chosen transcendental parameters”, then it is true for al-
most all parameters. Also, if an object is described by certain parameters some
of which are transcendental, we must not consider this object individually. We
must include it into a family of similar objects, replacing the transcendental
parameters by variables. Then the description of the whole family will not
contain transcendental entities. See one of the manifestations of this princi-
ple in Sec. 5.5, where families of coverings with four critical values will be
described by dessins d’enfants.

Remark 2.6.9. Everywhere in the above proof we might replace the field Q

with the field of moduli k of the dessin M . Then in the last phrase we could
say: a variety defined over k necessarily contains a point defined over a finite
extension of k. More precise information about the degree of such an extension
may be found in [300] and [177].

∗ ∗ ∗

The appropriate context for the theory of dessins d’enfants is the inverse
Galois theory and the phenomenon of rigidity. The reader may find a recent
exposition of this theory in [208] and [288]. In our presentation we tried to
emphasize the combinatorial side of the subject. Among the many omissions
of our exposition the most notable are: the triangular groups aspect, and
many beautiful but difficult computations of dessins of higher genera. But
this chapter is already long enough as it is, so we stop here.



3

Introduction to the Matrix Integrals Method

This chapter is devoted to a description of the intriguing connection between
map enumeration and matrix integrals. This connection was first established
in [143] for the purposes of matrix models of quantum gravity. It was later
reinvented by mathematicians [138] in the computation of the Euler charac-
teristic of moduli spaces of complex curves. Our presentation follows [25] and
we show, along the lines of [138], how it leads to the enumeration of one-face
maps. We also relate, following [87], [299], the universal one-matrix model
to the Korteweg–de Vries (KdV) hierarchy of partial differential equations.
The results of this chapter will be used in the next one in the description of
the Harer–Zagier computation of the Euler characteristic of moduli spaces of
curves, as well as in the study of Witten’s conjecture, which is now Kontse-
vich’s theorem.

3.1 Model Problem: One-Face Maps

Consider a square. Gluing its edges pairwise we obtain a two-dimensional
(oriented) surface. Recall that in order to obtain an oriented surface we glue
edges with opposite directions (with respect to the orientation of the square).
All three ways to glue the edges are presented in Fig. 3.1.

Here we join the edges to be glued together by an arc connecting them.
Note that we distinguish between a gluing and another one that can be obtained
from the first one by a rotation of the square.

The first and the third ways of gluing result in the sphere, see Fig. 3.1.
The second way gives the torus.

Similarly, there exist fifteen ways of gluing the hexagon, see Fig. 3.2. The
first five result in the sphere, while the last ten ways give the torus. This
statement can be easily verified in the following way. Consider the boundary
of the original polygon. After gluing, this boundary becomes an embedded
graph on the resulting surface. We know the number of edges in this graph:
for a polygon with 6 sides this number equals 3 since two sides of the polygon
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Fig. 3.1. Three possible gluings of the square

are glued together, producing an edge of the graph. The number of faces
equals one. Therefore, the genus of the surface is uniquely determined by the
number of vertices of the embedded graph.
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Fig. 3.2. All possible ways to glue the edges of the hexagon

This number can be easily computed looking at the picture of the gluing,
see Fig. 3.3. Gluing the sides iq and lk we must impose the condition i =
k, q = l. Similarly, the gluing of the sides ij and pq gives j = p, i = q, and
the sides jk, lp produce the equalities j = p, k = l. Finally, we conclude that
i = k = l = q and j = p, and the resulting embedded graph has, therefore, two
vertices. Hence, its Euler characteristic is 2− 2g = V −E +F = 2− 3+1 = 0
and the surface is the torus.
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Fig. 3.3. A labelling of glued vertices

In Table 3.1 one can see the number of ways to obtain a surface of genus
g from a regular 2n-gon (we denote this number by εg(n)) for small values of
n. The table is borrowed from [138].

The sum of all numbers in a row is (2n − 1)!! = 1 · 3 · · · · · (2n− 1) since
there exist exactly (2n − 1)!! ways to split the 2n edges of the polygon into
disjoint pairs. Indeed, there are 2n− 1 ways to find a pair for a fixed edge of
the polygon. For any other edge there are 2n− 3 ways to find a pairing edge
that is not used yet, and so on.

Table 3.1. The number εg(n) of genus g gluings of a 2n-gon ([138])

n\g 0 1 2 3 4 5

1 1 0 0 0 0 0

2 2 1 0 0 0 0

3 5 10 0 0 0 0

4 14 70 21 0 0 0

5 42 420 483 0 0 0

6 132 2310 6468 1485 0 0

7 429 12012 66066 56628 0 0

8 1430 60060 570570 1169740 225225 0

9 4862 291720 4390386 17454580 12317877 0

10 16796 1385670 31039008 211083730 351683046 59520825

Exercise 3.1.1. Prove the equivalence of the following statements:

• the resulting surface of a gluing is the sphere;
• the resulting graph is a tree;
• chords connecting pairs of gluing sides do not intersect.

The problem we consider now is
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Problem 3.1.2. Enumerate the ways to obtain a surface of genus g by gluing
the 2n-gon.

Note that in the dual setting, gluing a surface from a polygon with 2n
sides is replaced with gluing a surface from a star with 2n darts. In this case
the number of vertices is always 1, the number of edges equals n, and the
number of faces depends on a gluing, thus determining the genus.

A reader familiar with enumerative combinatorics may note that the first
column of Table 3.1 consists of the famous Catalan numbers

Catn =
1

n + 1

(
2n
n

)
.

The zeroth Catalan number is usually set to Cat0 = 1. See Sec. 3.8 for a more
detailed description of the Catalan numbers.

Exercise 3.1.3. Prove that the number of ways to glue the sphere from a
polygon with 2n sides equals Catn. [Hint: Make use of Exercise 3.1.1.]

We will give the answer to Problem 3.1.2 in the following form. Introduce
the sequence of polynomials

T1(N) = N2,

T2(N) = 2N3 + N,

T3(N) = 5N4 + 10N2,

T4(N) = 14N5 + 70N3 + 21N,

T5(N) = 42N6 + 420N4 + 483N2,

and so on. The polynomials Tn are the generating polynomials for the rows
of the table:

Tn(N) =
∑
σ

NV (σ) =
∞∑
g=0

εg(n)Nn+1−2g,

where the first sum is taken over all possible ways σ of gluing and V (σ) is the
number of vertices in the resulting map. Generating functions are discussed
in more detail in Sec. 3.8.

Exercise 3.1.4. Prove that the polynomial Tn is odd for n even, and is even
for n odd.

Consider the (exponential) generating function for the sequence of poly-
nomials Tn(N):

T (N, s) = 1 + 2Ns + 2s
∞∑
n=1

Tn(N)
(2n− 1)!!

sn

= 1 + 2Ns + 2N2s2 +
2
3
(2N3 + N)s3 +

2
15

(5N4 + 10N2)s4 + . . .

(3.1)
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Theorem 3.1.5 ([138]). The generating function T (N, s) is equal to

T (N, s) =
(

1 + s

1− s

)N

.

The theorem will be proved in Sec. 3.2, and now we are only going to verify
that the first few coefficients of the expansion do coincide with those given by
Eq. (3.1). We have(

1 + s

1− s

)N

= (1 + s)N (1 − s)−N

=
(

1 + Ns +
N(N − 1)

2!
s2 +

N(N − 1)(N − 2)
3!

s3 + . . .

)
·
(

1 + Ns +
N(N + 1)

2!
s2 +

N(N + 1)(N + 2)
3!

s3 + . . .

)
= 1 + 2Ns + 2N2s2 +

2
3
(2N3 + N)s3 + . . . .

Theorem 3.1.5 implies a convenient recursion formula for computing the
values of εg(n).

Corollary 3.1.6. The numbers εg(n) satisfy the recurrence relation

(n + 2)εg(n + 1) = (4n + 2)εg(n) + (4n3 − n)εg−1(n− 1), (3.2)

and

εg(0) =
{

1 if g = 0,
0 otherwise.

The recursion follows from the obvious formula(
1 + s

1− s

)N

= (1 + s)(1 + s + s2 + . . . )
(

1 + s

1− s

)N−1

.

Remark 3.1.7 (D. Zagier). No combinatorial interpretation of the recur-
sion Eq. (3.2) is known. Such an interpretation would lead to a new, and a
simple proof of Theorem 3.1.5. In fact, one can go further. Introduce new coef-
ficients Cg(n) by the formula 2gεg(n) = Catn Cg(n). Then Eq. (3.2) becomes

Cg(n + 1) = Cg(n) +
(
n + 1

2

)
Cg−1(n− 1).

This implies by induction that Cg(n) is a positive integer and, also, for fixed g,
a polynomial of degree 3g in n with roots at n = −1, 0, 1, . . . , 2g−1, for g > 0.
For example, C2(n) = (n + 1)n(n − 1)(n − 2)(n − 3)(5n − 2)/360. Here are
further interesting problems concerning the coefficients Cg(n).
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1. Do the positive integers Cg(n) have some combinatorial interpretation
making the recursion for them evident?

2. Is there some combinatorial reason why 2gεg(n) is divisible by Catn?
3. (Assuming one has answered 1.) Why the quotient is precisely Cg(n)?
4. Give a closed formula for the polynomials Cg(·).

Corollary 3.1.8. The value εg(n) is (2n)!
(n+1)!(n−2g)! times the coefficient of s2g

in the generating function (
s/2

tanh s/2

)n+1

.

There exist different ways to prove Theorem 3.1.5, see, e.g., [149], [301],
[192], and also Sec. A.2.3. Below in Sec. 3.2 we present the main steps of
the original proof from [138]. This proof is based on an expression of the
polynomials Tn through matrix Gaussian integrals.

3.2 Gaussian Integrals

Important integrals coming from various applications often have a nontrivial
combinatorial meaning. In this section we study the combinatorial interpre-
tation of integrals over the Gaussian measure. Even simple integrals of this
kind on the real line have a combinatorial interpretation, and integration
over the Gaussian measure on the space of Hermitian matrices happens to
be closely related to enumeration of embedded graphs with respect to their
genera. Although we concentrate mainly on the space of Hermitian matrices,
which corresponds to the orientable case, the reader must bear in mind that
there exist other important applications of Gaussian integrals in map enu-
meration. For example, integration over the space of real symmetric matrices
enumerates graphs embedded in both orientable and non-orientable surfaces,
and we elaborate this line in exercises. The standard reference on probability
theory, including Gaussian measures, is [99].

3.2.1 The Gaussian Measure on the Line

On the real line R, the standard Gaussian measure is the measure μ with the
density

dμ(x) =
1√
2π

e−
x2
2 dx, x ∈ R.

You may see the graph of the density function in Fig. 3.4.
This measure has the following properties:
1. It is normalized, that is, the integral of the density over the whole line

is equal to 1:
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Fig. 3.4. The standard Gaussian density on the line

∫
R

dμ(x) =
1√
2π

∫ ∞

−∞
e−

x2
2 dx = 1.

2. The mean is equal to 0: ∫
R

xdμ(x) = 0.

3. The variance is equal to 1:∫
R

x2dμ(x) = 1.

4. The characteristic function (or Fourier transform) is

ϕ(t) =
∫

R

eitxdμ(x) = e−
t2
2 .

5. The integral ∫
R

p(x)e−
x2
2 dx

converges for any polynomial p.
6. For any positive real number b, we have∫

R

e−
bx2
2 dx =

1√
b

∫
R

e−
x2
2 dx.

Exercise 3.2.1. Prove these properties.

As an example, we present a proof of the first property.⎛⎝ ∞∫
−∞

e−
1
2x

2
dx

⎞⎠2

=

∞∫
−∞

e−
1
2x

2
dx

∞∫
−∞

e−
1
2y

2
dy

=

∞∫
−∞

∞∫
−∞

e−
1
2 (x2+y2)dxdy =

∞∫
0

2π∫
0

re−
1
2 r

2
dϕdr

= 2π

∞∫
0

re−
1
2 r

2
dr = 2π

∞∫
0

e−
1
2 r

2
d
(1
2
r2
)

= 2π.
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Notation 3.2.2. We will regularly use the following notation borrowed from
physics: for any measure μ on X , and for any function f : X → R or f : X → C

we will denote by 〈f〉 the mean, or the average value, of f with respect to the
measure μ:

〈f〉 =
∫
X

f(x)dμ(x).

The measure μ and the space X , not explicitly mentioned in this notation,
will usually be clear from the context. For example, the above formulas may
be rewritten as

〈1〉 = 1, 〈x〉 = 0, 〈x2〉 = 1, ϕ(t) = 〈eitx〉 = e−
t2
2 .

Exercise 3.2.3. Prove that
∞∫

−∞
x2ndμ(x) = (2n− 1)!!. (3.3)

[Hint: Taking the integral by parts twice, prove the recurrence formula

∞∫
−∞

x2ndμ(x) = (2n− 1)

∞∫
−∞

x2n−2dμ(x).]

Note that (2n − 1)!! is precisely the number of ways to glue an oriented
surface from the regular 2n-gon. As we will see below, this coincidence is not
accidental.

3.2.2 Gaussian Measures in Rk

These measures will be one of the main objects of our study. Consider a point
x = (x1, x2, . . . , xk) ∈ Rk. By (x, y) we denote the ordinary scalar product in
Rk, that is, (x, y) = x1y1 + . . . + xkyk.

Here we work only with non-degenerate Gaussian measures; an approach
to degenerate ones can be found in Sec. 3.8. For a positively defined symmetric
k × k-matrix B the measure is defined by the density

dμ(x) = Const× exp
{
−1

2
(Bx, x)

}
dv(x), (3.4)

where dv(x) = dx1 . . . dxk is the standard volume form. For this measure to
be normalized, i.e., the measure of the whole space Rk to be equal to 1, we
must take the constant factor in the last formula equal to

Const = (2π)−k/2(detB)1/2. (3.5)
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Indeed, using an orientation preserving orthogonal transformation x = Oy
in Rk we obtain∫

Rk

e−(Bx,x)/2dv(x) =
∫

Rk

e−(BOy,Oy)/2dv(Oy)

=
∫

Rk

e−(O−1BOy,y)/2dv(y),

since an orthogonal transformation preserves both the scalar product and the
volume form. Choosing O that diagonalizes the matrix B, we obtain a diagonal
matrix B1 = O−1BO with positive elements b1, . . . , bk, the eigenvalues of B,
on the diagonal. Now the integration can be done separately in each of the
variables y1, . . . , yk, and the result will be

∫
Rk

e−(Bx,x)/2dv(x) =
k∏
i=1

(
2π
bi

)1/2

= (2π)k/2
(

k∏
i=1

bi

)−1/2

= (2π)k/2(detB)−1/2,

i.e., precisely what we expected.
In probability theory, the inverse matrix C = (cij) = B−1 is called the

covariance matrix, and we have 〈xi〉 = 0, 〈xixj〉 = cij . These properties follow
from the obvious fact that they are satisfied in the case B and C are diagonal
because of the properties of the Gaussian measure on the line. A Gaussian
measure in Rk is called standard if both B and C are the identity matrices.

3.2.3 Integrals of Polynomials and the Wick Formula

A great part of the machinery of quantum physics consists of methods of
computing integrals with respect to a Gaussian measure (not necessarily in
the finite-dimensional case); see, for example, [260]. The goal of this section
is to develop a technique for integrating polynomials.

Knowing that 〈xi〉 = 0, i = 1, . . . , n, and 〈xixj〉 = cij , i, j = 1, . . . , n, one
can easily compute the integral of any polynomial in x1, . . . , xn of degree 2.
What about higher degrees?

Lemma 3.2.4. If f(x) is a monomial of odd degree, then 〈f〉 = 0.

Indeed, a monomial of odd degree contains a variable in an odd degree.
Changing the sign of this variable we conclude that the integral is equal to
itself taken with the opposite sign, and hence it is zero.

The following theorem reduces the integration of any polynomial to that
of polynomials of degree 2.
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Theorem 3.2.5 (Wick formula). Let f1, f2, . . . , f2n be a set of (not neces-
sarily distinct) linear functions of x1, . . . , xk. Then

〈f1f2 . . . f2n〉 =
∑
〈fp1fq1〉 〈fp2fq2〉 . . . 〈fpnfqn〉,

where the sum is taken over all permutations p1q1p2 . . . qn of the set of indices
1, 2, . . . , 2n such that p1 < p2 < . . . < pn, p1 < q1, . . . , pn < qn.

The number of summands on the right-hand side is equal to (2n− 1)!!. A
partition of the set 1, 2, . . . , 2n into couples (pi, qi) satisfying the conditions
of the Wick formula is called a Wick coupling.

Example 3.2.6. As an application of the Wick formula let us compute the
one-dimensional integral

1√
2π

∫ ∞

−∞
x4e−

x2
2 dx = 〈x4〉.

We have x4 = f1f2f3f4, where f1 = f2 = f3 = f4 = x. Hence,

〈f1f2f3f4〉 = 〈f1f2〉 〈f3f4〉 + 〈f1f3〉 〈f2f4〉 + 〈f1f4〉 〈f2f3〉.

Now each 〈fifj〉 = 〈x2〉 = 1; therefore the result is 12 + 12 + 12 = 3, which
is consistent with our previous calculations.

In the same way we may find 〈x2n〉 = (2n− 1)!! (cf. Exercise 3.2.3).

Proof of the Wick formula. We outline here a proof of the Wick formula.
Another proof given in Sec. 3.8 is based on a formula for the logarithm of a
power series, and has various combinatorial applications.

After an orthogonal change of variables both the matrix B and the co-
variance matrix C = B−1 can be made diagonal. Note now that both sides
in the Wick formula are linear in each variable fi. It is therefore sufficient
to prove the formula for products of coordinate functions, i.e., for monomials
xn11 . . . xnk

k . For a diagonal matrix C we have 〈x2
i 〉 = cii, while 〈xixj〉 = 0 for

i �= j. Now, the integral on the left-hand side of the Wick formula splits into
the product of one-dimensional integrals separately in each variable, and the
formula becomes obvious:

〈x2n1
1 . . . x2nk

k 〉 = 〈x2n1
1 〉 . . . 〈x2nk

k 〉 =
(∑

〈x2
1〉n1

)
. . .

(∑
〈x2

k〉nk

)
,

where the ith sum is taken over all (2ni− 1)!! possible couplings of 2ni copies
of the monomial xi. All the other couplings are equal to zero.

3.2.4 A Gaussian Measure on the Space of Hermitian Matrices

Let H = (hij) denote an Hermitian N × N matrix, that is, a matrix whose
entries are complex numbers: hij ∈ C, and hij = hji, where the bar denotes



3.2 Gaussian Integrals 165

complex conjugation. We denote by HN the space of all such matrices. This
space is an N2-dimensional real vector subspace of the real 2N2-dimensional
space of complex N ×N matrices.

Every Hermitian matrix can be described by N2 real parameters:

xii = hii ∈ R, i = 1, . . . , N,

for diagonal entries, and

xij = �(hij), yij = �(hij), 1 ≤ i < j ≤ N,

for over-diagonal entries (the under-diagonal entries being obtained from the
over-diagonal ones by complex conjugation). Thus, the spaceHN is isomorphic
to the vector space RN2

. We introduce the ordinary volume form in HN :

dv(H) =
N∏
i=1

dxii
∏
i<j

dxijdyij .

In principle, the space HN
∼= RN2

does not differ from any other vector
space of the same dimension. But it is convenient to express some character-
istics of the Gaussian measure on it in terms of matrix operations. In order
to introduce a Gaussian density in the form (3.4), we need a nondegenerate
quadratic form on HN . Let us take the following one:

tr(H2).

This quadratic form is simply the restriction of the ordinary scalar product
on the space R2N2

of complex N ×N matrices to the subspace of Hermitian
matrices. For two complex matrices X and Y this scalar product is (X,Y ) =
tr(XY

t
).

Let us see what this form looks like in the coordinates xij , yij . The term
(·)ik of H2 is equal to

∑N
j=1 hijhjk; hence the diagonal term (·)ii is equal to∑N

j=1 hijhji, and the trace of H2 is

tr(H2) =
N∑

i,j=1

hijhji =
N∑

i,j=1

hijhij

=
N∑
i=1

x2
ii +

∑
i�=j

(x2
ij + y2

ij) =
N∑
i=1

x2
ii + 2

∑
i<j

(x2
ij + y2

ij).

Let us specify the matrix B of this quadratic form (see Eq. (3.4)). It must be of
size N2×N2. But the above expression shows that this matrix is very simple;
indeed, it is diagonal! We have N diagonal terms equal to 1 (they correspond
to the coordinates xii), and N2−N terms equal to 2 (they correspond to the
coordinates xij , yij for i < j):
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B =

⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

1
. . .

1
2

2

. . .

2

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
. (3.6)

Note that there is nothing unexpected in the appearance of “twos” in this
matrix. Indeed, the subspace of the off-diagonal Hermitian matrices in the
space of the off-diagonal complex matrices resembles the diagonal x = y in
the two-dimensional real plane R2. Restricting the ordinary scalar product in
R2 to the diagonal and taking x as the coordinate on the diagonal we obtain
(e, e) = 2 for the unit diagonal vector e, see Fig. 3.5.

�
�

�
�

��

�

�

�
���

x

y

e

1

1

Fig. 3.5. The length of the unit diagonal vector

For the matrix B from Eq. (3.6) it is very easy to find all the necessary
ingredients for subsequent work. For example,

detB = 2N
2−N ,

so the density (3.4), (3.5) takes the form

dμ(H) = (2π)−N2/22(N2−N)/2 exp
{
−1

2
tr(H2)

}
dv(H). (3.7)

Exercise 3.2.7. Compute the covariance matrix C = B−1. Infer from it that
〈x2

ii〉 = 1, and 〈x2
ij〉 = 〈y2

ij〉 = 1/2 for i < j.

We will also need the following preparatory lemma:

Lemma 3.2.8. Taking for linear functions of the coordinates xij , yij the ma-
trix elements hij, we have

〈hijhji〉 = 1,

while all the other second moments are equal to zero:

〈hijhkl〉 = 0 whenever (i, j) �= (l, k).
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Proof. If i = j, then
〈h2

ii〉 = 〈x2
ii〉 = 1.

If i �= j, then

〈hijhji〉 = 〈hijhij〉 = 〈x2
ij + y2

ij〉 =
1
2

+
1
2

= 1.

All the other second moments of the type 〈hijhkl〉, (i, j) �= (l, k) involve only
off-diagonal terms of the covariance matrix C, which are zero.

Exercise 3.2.9. Here we start a series of exercises which allow the reader to
develop on his/her own the theory of integration over the space of symmetric
matrices, which will be parallel to that of Hermitian matrices.

Let SN denote the space of real symmetric N × N matrices, i.e., for a
matrix S = (sij) ∈ SN , we have sij = sji for all i, j = 1, . . . , N .

1. Verify that SN is a vector subspace in the space of all real N × N
matrices. Find the dimension of this subspace.

2. Verify that the trace form tr(S2) determines a non-degenerate quadratic
form on the space of symmetric matrices coinciding with the restriction of the
ordinary scalar product (X,Y ) = tr(XY t) in the space of all real matrices.

3. Find the matrix of the trace form tr(S2) and the scalar products 〈s2
ij〉 =

〈sijsji〉.
4. Prove that 〈sijskl〉 �= 0 if and only if either i = k, j = l or i = l, j = k.
In what follows we denote by

dμ(S) = cN exp{−1
2

tr(S2)}dv(S)

the Gaussian measure on the space of symmetric matrices. Here

dv(S) =
∏
i

dsii
∏
i<j

dsij

and cN is the normalizing constant chosen in such a way that∫
SN

dμ(S) = 1.

5. Find the value of the constant cN .

3.2.5 Matrix Integrals and Polygon Gluings

Let us compute the integral ∫
HN

tr(H4)dμ(H).
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The integrand here is the sum of monomials

tr(H4) =
N∑

i,j,k,l=1

hijhjkhklhli.

The entries hpq are linear functions in xpq, ypq and we can apply Wick’s
formula:

〈hijhjkhklhli〉 = 〈hijhjk〉〈hklhli〉
+ 〈hijhkl〉〈hjkhli〉
+ 〈hijhli〉〈hjkhkl〉. (3.8)

Consider the first term on the right-hand side of (3.8). The first factor
〈hijhjk〉 differs from zero iff i = k. In this case it equals 1 (see Lemma 3.2.8).
The same statement is valid for the second factor 〈hklhli〉. Since indices i, j, k, l
vary from 1 to N , the contribution of the first term summed over all indices
equals N3: the values of j, l and i = k are independent.

The second term differs from zero if and only if i = j = k = l. Therefore,
the contribution of this term is N . The third term is similar to the first one
and its contribution is therefore N3.

We may note that there is a one-to-one correspondence between the three
summands on the right-hand side of Eq. (3.8) and the three ways of gluing
the edges of the square shown in Fig. 3.1, and what is more, the contribution
of a summand to the integral is equal to NV (σ), where V (σ) is the number
of vertices of the embedded graph in the corresponding gluing. As a result we
obtain the equality ∫

HN

tr(H4)dμ(H) = 2N3 + N = T2(N).

Similar considerations for the 2m-gon lead to the following statement.

Proposition 3.2.10.∫
HN

tr(H2m)dμ(H) = Tm(N) for m = 1, 2, . . . . (3.9)

Note that substituting N = 1 in this formula we compute the value of the
integral ∫

R

x2mdμ(x) = (2m− 1)!!

from Sec. 3.1.
Thus we conclude that integrating over the space HN of Hermitian matri-

ces allows one to separate the ways of gluing the regular 2m-gon according to
the genus of the resulting surface.
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The number of ways to obtain a surface of a given genus is a coefficient
of the resulting polynomial in N . Since Tm(N) is either an odd, or an even
polynomial in N of degree m + 1, in order to compute it, it suffices to know
the values of the integral on the left-hand side of (3.9) at �(m+1)/2� distinct
values of N .

In order to make Proposition 3.2.10 clearer, let us consider one more ex-
ample.

Example 3.2.11. Let m = 4, so we deal with the sum of the N8 products of
the form

hi1i2hi2i3hi3i4hi4i5hi5i6hi6i7hi7i8hi8i1 .

Let us choose an arbitrary Wick coupling (out of 7!! = 105 ones). For example,
we may couple hi1i2 with hi4i5 ; hi2i3 with hi5i6 ; hi3i4 with hi8i1 ; and hi6i7 with
hi7i8 ; in other words, let us consider the product

〈hi1i2hi4i5〉 〈hi2i3hi5i6〉 〈hi3i4hi8i1〉 〈hi6i7hi7i8〉. (3.10)

Recalling Lemma 3.2.8, we see that each factor of this product has quite good
chances to be equal to 0 (and then the whole product will become 0). In
order for the product to be non-zero, we need all of its factors to be equal to
1 (then the product itself is also equal to 1). And for that we must impose
rather restrictive conditions on the indices (see Lemma 3.2.8 once more):

〈hi1i2hi4i5〉 = 1 ⇐⇒ i1 = i5, i2 = i4,
〈hi2i3hi5i6〉 = 1 ⇐⇒ i2 = i6, i3 = i5,
〈hi3i4hi8i1〉 = 1 ⇐⇒ i3 = i1, i4 = i8,
〈hi6i7hi7i8〉 = 1 ⇐⇒ i6 = i8, i7 = i7.

Finally we have the following “chains of equalities”:

i1 = i5 = i3 = i1,
i2 = i4 = i8 = i6 = i2,
i7 = i7,

which gives us N3 possible combinations of indices (the indices i1, i2, and
i7 may be chosen arbitrarily, while the values of all the other indices are
determined by this choice). This fact is usually expressed by saying that the
contribution of the coupling (3.10) is equal to N3.

Consider now a polygon with 8 sides, and glue its sides in pairs as is shown
in Fig. 3.6.

The fact that the side labelled i1i2 is glued to the one labelled i4i5 means
that the polygon vertex i1 is identified with i5, as well as i2 is identified with
i4. We express this by writing

i1 = i5, i2 = i4.
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Fig. 3.6. A polygon whose sides are glued together in pairs

In the same vein, the side i2i3 is glued to i5i6, hence

i2 = i6, i3 = i5,

and the two remaining identifications give us

i3 = i1, i4 = i8, i6 = i8, i7 = i7.

Finally we see that the 8 original vertices of the polygon are identified in the
following way (thus producing 3 vertices of the corresponding map):

i1 = i5 = i3 = i1,
i2 = i4 = i8 = i6 = i2,
i7 = i7.

Hence, the contribution of the coupling (3.10) is NV (σ) for the gluing σ
from Fig. 3.6.

Exercise 3.2.12 (Continuation of Exercise 3.2.9). 1. Compute the inte-
grals ∫

SN

tr(S2)dμ(S),
∫
SN

tr(S4)dμ(S).

2. Draw all (both orientable and non-orientable) surfaces glued from the
2-gon and from the square.

3. Find the number of all (orientable and non-orientable) gluings of the
2n-gon.

4. Prove that ∑
σ

NV (σ) = 2n
∫
SN

tr(S2n)dμ(S),

where the sum on the left-hand side is taken over all possible (orientable and
non-orientable) gluings of the 2n-star.
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3.2.6 Computing Gaussian Integrals. Unitary Invariance

The main observation allowing one to compute the integral (3.9) is that the
integrand tr(H2m) is invariant under the action of the unitary group UN .
In practice, functions coming from physical applications usually satisfy this
assumption. The integral can then be simplified, which allows us (in some
situations) to find its asymptotics or to compute it explicitly.

First let us define the action of the unitary group on the space of Hermitian
matrices.

The unitary group UN consists of unitary matrices, i.e., of complex N ×N
matrices U such that U tU = I. Here U t is the transposed matrix, U is the
complex conjugate matrix to U , and I is the identity N ×N matrix.

Fact 3.2.13. The set UN is a compact Lie group with respect to the matrix
multiplication, of real dimension N2.

The group UN acts on the space HN of Hermitian matrices of order N by
the rule U : H 
→ U−1HU . This action is called the adjoint action. The set of
eigenvalues of a Hermitian matrix H is invariant with respect to this action.

Exercise 3.2.14. Verify that this mapping determines an action of UN

on HN .

Each Hermitian matrix H is unitary equivalent to a diagonal matrix Λ,
where the diagonal entries of Λ are the eigenvalues of H . The presentation
of H as a pair (Λ,U) such that H = U−1ΛU is often referred to as the use
of “polar coordinates” in the space H of Hermitian matrices: diagonal Her-
mitian matrices correspond to the radial coordinate, while unitary matrices
correspond to the angle coordinate. In fact, the word “coordinates” is an abuse
of language, since such a representation of a matrix H is not unique. There
exists the following ambiguity:

• the matrix Λ is generally determined up to N ! permutations of the eigen-
values (each permutation causes the corresponding permutation of the
columns of the matrix U). The word “generally” means: except for the set
of matrices with at least two coinciding eigenvalues;

• for matrices H with distinct eigenvalues, the matrix U is determined up
to multiplication by a diagonal unitary matrix with numbers eiθk , θk ∈ R

for k = 1, . . . , N , on the diagonal. (The set of all such diagonal matrices
is the N -dimensional torus subgroup TN ⊂ UN .)

As we will see below, the “Jacobian” of this change of variables also vanishes
when some of eigenvalues of H coincide. Note, however, that the subset of Her-
mitian matrices with coinciding eigenvalues has measure zero and is therefore
negligible from the integration point of view.
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For any matrix H without coinciding eigenvalues its preimage via the
mapping RN ×UN → HN given by the formula

(Λ,U) 
→ H = U−1ΛU

consists of N ! copies of the N -dimensional torus. Each of the copies has the
form TNU0 for some unitary matrix U0 ∈ UN .

Let F be a unitary invariant function on HN , that is, F (U−1HU) = F (H)
for any Hermitian matrix H and any unitary matrix U . The integration of
F over HN resembles the integration of “rotation-invariant” functions using
polar coordinates: it is reduced to the integration of F (Λ) over the space of
the diagonal matrices Λ, which is nothing else but RN . Note also that if we
denote by λ1, . . . , λN the diagonal elements of Λ, the function F (Λ) becomes a
symmetric function of variables λi. In particular, if F is a polynomial, it can be
expressed in terms of the power sums of λi, which are the traces trΛk. Thus,
these traces, for k = 1, . . . , N , generate the ring of UN -invariant polynomials
in H .

Proposition 3.2.15. If F is a unitary invariant function on HN , then∫
HN

F (H)dμ(H) = cN

∞∫
−∞

. . .

∞∫
−∞

F (Λ)
∏

1≤i<j≤N

(λi − λj)2dμ(λ1) . . . dμ(λN )

(3.11)
for some constant cN depending only on the dimension N of matrices. Here
the matrix Λ is the diagonal N ×N -matrix with λ1, . . . , λN on the diagonal,
and

dμ(λ) =
1√
2π

e−λ2/2dλ

is the standard Gaussian measure on the line.

In this form the proposition belongs to H. Weyl [295] (see also [296]); we
are not entirely sure, however, that there were no predecessors. We present
the computation of the constant cN below in Sec. 3.5.

Let us remark that the λ-Jacobian

∏
1≤i<j≤N

(λi − λj)2 =

∣∣∣∣∣∣∣∣∣∣∣

1 1 . . . 1
λ1 λ2 . . . λN
λ2

1 λ2
2 . . . λ2

N

. . . . . .
. . . . . .

λN−1
1 λN−1

2 . . . λN−1
N

∣∣∣∣∣∣∣∣∣∣∣

2

is the symmetric polynomial in λ of the smallest possible degree that vanishes
whenever two eigenvalues coincide.

Proof of Proposition 3.2.15. We work in the real 2N2-dimensional space
ZN of N × N complex matrices Z = (zij), zij = xij + iyij . We introduce in
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this space the metric corresponding to the quadratic form

tr(ZZ
t
) =

N∑
i,j=1

(x2
ij + y2

ij)

and the corresponding volume form

N∏
i,j=1

dxijdyij .

The restriction of the above quadratic form to the N2-dimensional subspace
HN of Hermitian matrices coincides with our usual form

tr H2 =
N∑
i=1

x2
ii + 2

∑
i<j

(x2
ij + y2

ij),

but if we want the volume form in HN to be coherent with that in ZN , we
must take not our usual form dv(H) but the following one:

dṽ(H) =
N∏
i=1

dxii
∏
i<j

(
√

2dxij)(
√

2dyij) =
N∏
i=1

dxii
∏
i<j

(2dxijdyij)

(cf. Fig. 3.5). The only change in the Gaussian integrals over HN is that the
factor 2(N2−N)/2 disappears, being included into the new volume form.

Recall that we use matrix notation as a convenient tool for presenting a
large number of independent coordinates. For a matrix A = (aij), denote by
dA the matrix dA = (daij).

Exercise 3.2.16. 1. Verify the Leibniz identity for this differential: for any
two N ×N matrices A and B

d(AB) = dA ·B + A · dB.

2. Verify that the matrix analog to the usual formula d(1/x) = −(1/x2)dx
is the formula

d(A−1) = −A−1 · dA ·A−1.

Returning to the proof, let us differentiate the equation H = U−1ΛU . We
obtain

dH = d(U−1) · ΛU + U−1 · dΛ · U + U−1Λ · dU
= U−1 · U · d(U−1) · ΛU + U−1 · dΛ · U + U−1Λ · dU · U−1 · U
= U−1(−ΩΛ + dΛ + ΛΩ)U
= U−1LU ;
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here
Ω = dU · U−1, L = −ΩΛ + dΛ + ΛΩ,

and we use the relation U · d(U−1) = −Ω which follows from

0 = d(UU−1) = d(U) · U−1 + U · d(U−1).

Denote the entries of the matrix Ω by ωij , i.e., Ω = (ωij).

Exercise 3.2.17. Verify that the matrix Ω is skew symmetric: ωij = −ωji.
(It is also said that the tangent space to the Lie group UN at the identity is
the Lie algebra of skew symmetric matrices.)

The matrix L = dΛ + ΛΩ − ΩΛ has diagonal entries lii = dλi and off-
diagonal entries lij = (λi − λj)ωij . Therefore, denoting ωij = dxij + idyij we
obtain

tr L2 =
N∑

i,j=1

lij lji =
N∑
i=1

dλ2
ii +

∑
i�=j

(λi − λj)(λj − λi)ωijωji

=
N∑
i=1

dλ2
ii + 2

∑
i<j

(λi − λj)2(dx2
ij + dy2

ij).

Finally, the corresponding volume form is

∏
1≤i<j≤N

(λi − λj)2
N∏
i=1

dλi ×
∏
i<j

(2dxijdyij). (3.12)

In order to finish the proof we must show that the adjoint action of a
unitary matrix U on a matrix Z does not change the volume form for the
matrix Z. Indeed, suppose the converse. Then

dv(U−1ZU) = cUdv(Z),

where cU is a function depending on the coordinates U,Λ and taking real
positive values. Applying this action k times we obtain

dv(U−kZUk) = ckUdv(Z).

The compactness of the group UN implies that Uk can be made arbitrarily
close to the unit matrix by an appropriate choice of k. Therefore, the constant
ckU takes values arbitrarily close to 1, and for a positive cU this is possible only
if cU = 1.

Proposition 3.2.15 is proved.

Exercise 3.2.18. Here we propose one more way of proving that the action
of U preserves the volume.
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1. Let A,B,Z be three matrices; then the linear mapping Z 
→ AZB is
represented (in an appropriate basis) by the matrix A⊗B.

2. If A and B are real m×m and n× n matrices respectively, then

detA⊗B = (detA)n · (detB)m.

3. If A is a complex m×m matrix, and A is the corresponding real 2m×2m
matrix (every complex number r · eiϕ is replaced by a real 2 × 2 matrix of
rotation through the angle ϕ, multiplied by r), then

detA = | detA|2.

Thus we may conclude that the determinant of the adjoint action is

| detU · detU−1|2N = 1.

The integration of rotationally invariant functions in polar coordinates
leads to a factor which involves the volume of the sphere: this factor represents
the separate integration over the angular coordinates. In the same way, the
integration of unitary invariant functions leads to a factor involving the volume
of the unitary group. Indeed, Eq. (3.12) shows that the lifted volume form in
the space of Hermitian matrices splits into a product of two volume forms: one
in variables λ, and another one in coordinates along an orbit of the unitary
group action.

Lemma 3.2.19. The constant cN in (3.11) is equal to

cN =
vol(UN )

(2π)(N2+N)/2 ·N !
.

We would rather expect (2π)N ·N ! in the denominator of the above formula,
which would reflect the ambiguity of the representation H = U−1ΛU discussed
previously. But before looking closer at the coefficient we must explain what
do we mean by the volume of the unitary group. This group is considered
as a real N2-dimensional surface in the space ZN . The metric in this space
determines a volume form on UN .

The idea now consists in integrating the function F (H) = 1. We even know
the answer in advance: it is equal to 1. But we will use this fact later. Recall
that the integration with dṽ(H) makes the factor 2(N2−N)/2 disappear. Thus
we may write

1
(2π)N2/2

∫
HN

e−
1
2 trH2

dṽ(H) =

1
(2π)N2/2

· vol(UN )
(2π)N ·N !

∫
RN

∏
i<j

(λi − λj)2e−
1
2
∑N

k=1 λ
2
k

N∏
k=1

dλk.
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It remains to divide the integral on the right-hand side of this equality by
(2π)N/2 (and to multiply the constant in front of it by the same factor) in
order to transform the integral into∫

RN

∏
i<j

(λi − λj)2
N∏
k=1

dμ(λk),

where μ is the standard Gaussian measure on the line. The lemma is proved.
Note that in order to compute the volume of UN it remains to compute

the latter integral. This will be done in Sec. 3.5.1.

Exercise 3.2.20 (Continuation of Exercise 3.2.12.). 1. Verify that SON ,
the group of orientation preserving orthogonal N × N matrices, acts on the
space of N ×N symmetric matrices by S 
→ O−1SO for O ∈ SON , S ∈ SN .

2. Prove that the mapping (Λ,O) 
→ O−1ΛO, where O ∈ SON and Λ is a
diagonal N ×N matrix, is a covering over the set of symmetric matrices with
pairwise distinct eigenvalues. Find the Jacobian of this mapping for N = 2.

3. Prove that for a function F on the space of symmetric matrices, invariant
with respect to the action of the orthogonal group,∫

SN

F (S)dμ(S) = c̃N

∫
RN

F (Λ)
∏
i<j

(λi − λj)dμ(λ1) . . . dμ(λN ),

where
dμ(λ) =

1√
2π

e−λ2/2dλ

and c̃N is a constant depending only on N . Express c̃N in terms of the volume
of SON .

3.2.7 Computation of the Integral for One Face Gluings

This section is devoted to the proof of Theorem 3.1.5.
The computation of the integral (3.9) splits into two stages. First of all we

prove that for a fixed value of N the function

t(N,n) =
Tn(N)

(2n− 1)!!

is a polynomial in n of degree N − 1. In particular, as we have seen before,
t(1, n) ≡ 1. Strangely enough, this proof is the only point where the matrix
integral representation of the generating function is essential.

The second step is a purely combinatorial computation of the polynomial
t(N,n).
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Lemma 3.2.21. The function

t(N,n) =
Tn(N)

(2n− 1)!!

is polynomial in n.

Proof. Equation (3.11) yields∫
HN

trH2ndμ(H) = cN

∫
RN

trΛ2n
∏
i<j

(λi − λj)2
N∏
i=1

dμ(λi).

The term Λ2n in the integrand

trΛ2n = λ2n
1 + · · ·+ λ2n

N

may be replaced with Nλ2n
1 since the values of the integral for all the sum-

mands are the same because of the symmetry. Expanding the square of the
Vandermonde determinant as a polynomial in λ1 and integrating over all the
other variables λ2, . . . , λN , we obtain an integral over one variable λ1. The
integrand is a polynomial of degree 2n+ 2N − 2. The coefficients of the poly-
nomial are constant for fixed N . The leading coefficient is NcN .

Integrating the monomial λ2n+2k
1 and dividing the result by (2n− 1)!! we

obtain
(2n + 2k − 1)!!

(2n− 1)!!
,

which is a polynomial of degree k in n. The lemma is proved.

Now suppose that the vertices of our polygon are colored in several colors.
We say that a gluing agrees with the coloring if only vertices of the same color
are glued together.

Lemma 3.2.22. The number Tn(N) is precisely the number of gluings of the
2n-gon that agree with possible colorings of the vertices in (not more than) N
colors.

Indeed, let the boundary of the polygon after a gluing become an embedded
graph with V vertices. Color each of the vertices in one of N colors. Any such
coloring determines a coloring of the vertices of the polygon itself, and the
gluing agrees with this coloring. And there are NV ways to color the vertices of
the graph in N colors. (Note that we do not require that neighboring vertices
have different colors.)

Now introduce the function T̃n(N), the number of gluings of the 2n-gon
that agree with colorings of its vertices in precisely N colors. Then

Tn(N) =
N∑
L=1

(
N

L

)
T̃n(L).
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Indeed, there are
(
N
L

)
different ways to choose L colors from N given colors.

Obviously, T̃0(N) = T̃1(N) = · · · = T̃N−2(N) = 0. Indeed, the resulting graph
on the surface has at most n + 1 vertices (this happens only if it is a tree).
Therefore, there is no coloring of the vertices of a 2n-gon in more than n + 1
different colors that may agree with some gluing.

The function

t̃(N,n) =
T̃n(N)

(2n− 1)!!
is a polynomial in n of degree N − 1. We know N − 1 roots 0, 1, 2, . . . , N − 2
of this polynomial. Therefore, there exists a constant AN such that

t̃(n,N) = ANn(n− 1)(n− 2) . . . (n−N + 2) = AN

(
n

N − 1

)
(N − 1)!.

Substituting this formula in the expression for Tn(N) yields

Tn(N) = (2n− 1)!!
N∑
L=1

AL

(
n

L− 1

)(
N

L

)
(L− 1)!.

In particular, the leading coefficient in N of the polynomial Tn(N), i.e., the
coefficient of Nn+1, equals

(2n− 1)!! · An+1

(n + 1)!
· n!.

On the other hand, we know that this coefficient is the n-th Catalan number:

(2n− 1)!! · An+1

(n + 1)!
· n! = Catn =

(2n)!
n!(n + 1)!

(see Sec. 3.8). Then it follows that An+1 = 2n/n!. Thus,

Tn(N) = (2n− 1)!!
N∑
L=1

2L−1

(
N

L

)(
n

L− 1

)
.

Note that
(

n
L−1

)
vanishes for n < L−1, so the number of non-zero summands

is min(N,n + 1).

This is precisely the formula for the expansion of the function
(

1+s
1−s

)N
in

powers of s. Indeed,

1 + 2Ns + 2s
∞∑
n=1

Tn(N)
(2n− 1)!!

sn = 1 +
N∑
L=1

2L
(
N

L

) ∞∑
n=L−1

(
n

L− 1

)
sn+1

=
N∑
L=0

(
N

L

)(
2s

1− s

)L

=
(

1 + s

1− s

)N

,

and the Harer-Zagier theorem 3.1.5 is proved.
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The history of this problem is very interesting. The paper [138] by Harer
and Zagier was very influential and attracted much attention. First of all, as
it soon became clear, the method of matrix integrals proposed in [138] was a
reinvention of methods already used by physicists. Then, Jackson [149] found
another proof based on the representation theory of the symmetric groups.
This proof was rather complicated; a nice simplification and stronger results
were presented by Zagier in [301]; see also Sec. A.2.3. A purely combinatorial
proof was found in recent paper by Lass [192]. Much stronger results were
proved by Goupil and Schaeffer in [119]: they enumerate one-face constel-
lations when not only their genus but also their passport is given; see also
Theorem A.2.9. For Harer and Zagier, the enumerative problem was only a
step in the computation of the Euler characteristic of the moduli space of
curves; the same result was achieved by Kontsevich ([178], Appendix D) by
computing a one-dimensional Gaussian integral (see also Sec. 4.5). What then
remains of the initial problem? For us the answer is, there remains the same
quality as for all classical problems that have come to us since antiquity: its
irresistible beauty. We are sure that this problem will continue to fascinate
future researchers and will serve as a source of many new ideas.

3.3 Matrix Integrals for Multi-Faced Maps

In this section we discuss gluings of surfaces from arbitrary finite sets of
polygons with arbitrary numbers of edges. However, it will be more convenient
for us to work in dual terms, that is, we shall speak about gluing stars, not
polygons. This language is more traditional for physicists.

3.3.1 Feynman Diagrams

Already in Example 3.2.11 it is not that easy to follow all indices in the in-
tegrand. Had the integrand been more complicated, both expressions on the
left- and on the right-hand sides would have become a heap of sums, prod-
ucts, letters and indices. The Feynman diagram techniques has been invented
specially for avoiding these cumbersome presentations. It is a method for ex-
pressing the integral by a compact geometric image.

We start with a simple example describing Feynman diagrams for the
single 4-star. The three ways to glue the ends of the four darts into pairs are
shown in Fig. 3.7. These three ways are in one-to one correspondence with
the three terms on the right-hand side of the equation

〈trH4〉 =
∑
i,j,k,l

(
〈hijhjk〉〈hklhli〉+ 〈hijhkl〉〈hjkhli〉+ 〈hijhli〉〈hjkhkl〉

)
.

The entries of the monomial hijhjkhklhli may be considered as cyclically
ordered and the right-hand side presents all possible couplings of these entries.
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In order to make the correspondence clearer ’t Hooft [143] suggested dou-
bling the darts of the star and marking each dart with the corresponding pair
of indices. Note that each (broken) segment is then marked twice with the
same index. A gluing of the darts then provides a gluing of pairs of segments,
Fig. 3.7.
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Fig. 3.7. Feynman diagrams for the 4-star

On the other hand, gluing darts of the 4-star is dual to gluing a surface
from the square. The last equation may be then written down as∫

HN

tr(H4)dμ(H) =
∑
σ

NF (σ),

where the sum is taken over all gluings σ of the 4-star and F (σ) is the number
of faces of the gluing σ.

3.3.2 The Matrix Integral for an Arbitrary Gluing

Suppose we investigate gluings of a set of stars. Then an appropriate matrix
integral allows one to enumerate embedded graphs thus obtained according to
their genera. It may happen, however, that the resulting graph is disconnected,
so the notion of “genus” has to be made more precise.

Let us consider a set of α1 copies of a 1-star, α2 copies of a 2-star,. . . , αk

copies of a k-star (α1, . . . , αk are nonnegative integers). Consider a coupling
σ of the ends of the darts. Such a coupling determines a set of embedded
graphs Γ1, . . . , Γm: each graph in the set is a connected component of the
glued graph. Define the number of faces F (σ) as the sum of the numbers of
faces for all connected components,

F (σ) =
m∑
i=1

F (Γi).

We are now in a position to state the enumerative formula.
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Proposition 3.3.1. We have∑
σ

NF (σ) =
∫

HN

(trH)α1(trH2)α2 . . . (trHk)αkdμ(H)

where the sum is taken over all possible couplings of the darts.

The proof of this proposition is practically the same as the proof of Propo-
sition 3.2.10. We have

(trH)α1 =
∑

i1,...,iα1

hi1i1 . . . hiα1 iα1 ,

(trH2)α2 =
∑

j1,...,jα2
k1,...,kα2

hj1k1hk1j1 . . . hjα2kα2hkα2jα2 ,

and so on. Hence, the integrand on the right-hand side may be presented as
the sum of monomials of the following type:

hi1i1 . . . hiα1 iα1hj1k1hk1j1 . . . hjα2kα2hkα2 jα2 . . .

(see Fig. 3.8).

Fig. 3.8. A set of stars and a sample gluing

Further computations proceed as follows.
1. Label each dart of a star with a pair of indices.
2. Express the integral of each monomial through the Wick formula. Each

monomial with non-zero contribution determines a Wick coupling σ of the
darts.

3. Compute the number of possible values of indices producing a non-zero
contribution to the value of the integral. This number equals precisely NF (σ).
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4. Sum over all possible couplings.
Proposition 3.3.1 is proved.

Sometimes it is more convenient to express the left-hand side of the formula
in Proposition 3.3.1 not as a sum over gluings, but as a sum over embedded
graphs. In this case the contribution of each graph is inverse to the order
of its automorphism group, and we can simply rewrite the statement in the
following form.

Proposition 3.3.2. We have

α1! . . . αk!1α1 . . . kαk

∑
Γ

N |F (Γ )|

|Aut(Γ )| =
∫

HN

(trH)α1(trH2)α2 . . . (trHk)αkdμ(H),

where the sum is taken over all embedded graphs Γ with α1 vertices of va-
lency 1, α2 vertices of valency 2, and so on, and |Aut(Γ )| is the number of
automorphisms of the embedded graph.

Note that the factor α1!α2! . . . αk!1α12α2 . . . kαk is the number of automor-
phisms of the set of stars.

Example 3.3.3. There exist two different embedded graphs consisting of one
vertex and two loops. The symmetry group of the spherical one is the cyclic
group of order 2, while the toric graph has the cyclic group of order 4 as the
symmetry group. Hence, in this case the formula from the proposition has the
form

4
(

N3

2
+

N

4

)
=

∫
HN

trH4dμ(H)

in agreement with our previous calculations.

The trivial case N = 1 of the last proposition is of special interest, and we
formulate it as a separate statement.

Proposition 3.3.4. We have

∑
Γ

1
|Aut(Γ )| =

1
α1!α2! . . . αk!1α12α2 . . . kαk

∞∫
−∞

x1·α1+2·α2+···+k·αkdμ(x)

=
1

α1!α2! . . . αk!1α12α2 . . . kαk

∞∫
−∞

x2Edμ(x)

=
(2E − 1)!!

α1!α2! . . . αk!1α12α2 . . . kαk
,

where the sum is taken over all embedded graphs Γ with α1 vertices of valency
1, α2 vertices of valency 2, and so on, |Aut(Γ )| is the number of automor-
phisms of the embedded graph, and E is the (common) number of edges in Γ .
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Note that if 1 · α1 + 2 · α2 + · · · + k · αk is odd, then the integral is zero,
reflecting the fact that the odd number of darts cannot be split in pairs.

Exercise 3.3.5 (Continuation of Exercise 3.2.20). Prove that∑
σ

NF (σ) = 2
1
2 (1·α1+2·α2+···+k·αk)

∫
SN

(trS)α1(trS2)α2 . . . (trSk)αkdμ(S),

where the sum is taken over all (both orientable and nonorientable) gluings
of the darts.

3.3.3 Getting Rid of Disconnected Graphs

The formula in Proposition 3.3.1 enumerates both connected and disconnected
graphs. This is not always convenient since we are, as a rule, interested in
enumerating “elementary objects”, connected graphs. Unfortunately there is
no regular way to get rid of disconnected graphs in an isolated formula like this.
However, disconnected graphs can be excluded if we consider the exponential
generating function for a family of finite sets of glued stars, rather than for a
single set of stars.

As an example consider the problem of gluing n copies of a 4-star for
n = 0, 1, 2, . . . , see Fig. 3.9.
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Fig. 3.9. An image for (tr(H4))n

We know that the function

Fn =
∫

HN

(trH4)ndμ(H)

can be represented as a polynomial in N :

Fn(N) =
∑
σ

NF (σ).

As we have seen in Sec. 3.1, F1(N) = 2N3 + N .
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Exercise 3.3.6. 1. Verify that F2(N) = 61N2 + 40N4 + 4N6.
2. Prove that the generating polynomial for connected gluings of two 4-

stars is F2(N)− F 2
1 (N) = 60N2 + 36N4.

Now denote by Cn(N), n = 1, 2, . . . the sum

Cn(N) =
∑
σc

NF (σc)

taken over all gluings σc that provide connected graphs. Consider two expo-
nential generating functions

F (s,N) =
∞∑
n=0

1
n!

Fn(N)sn,

C(s,N) =
∞∑
n=1

1
n!

Cn(N)sn,

where s is a formal parameter. (Note that the second sum starts with the
term C1(N)s.)

Proposition 3.3.7. The generating functions F (s,N) and C(s,N) are re-
lated by the equation

F (s,N) = exp(C(s,N)).

The equality in the proposition has in fact nothing special to do with glu-
ings of 4-stars. The same statement is valid in a much more general situation
and in Sec. 3.8 we will give two proofs of this more general statement.

For the problem of enumerating gluings of 4-stars we are interested in, the
exponential generating function for all gluings is∫

HN

e−t trH4
dμ(H) =

∫
HN

(
1− t

1!
trH4 +

t2

2!
(trH4)2 − . . .

)
dμ(H) (3.13)

(the minus sign in the exponent is convenient for further usage), and the last
proposition gives the following formula for the exponential generating function
for connected gluings:

log
∫
HN

e−t trH4
dμ(H). (3.14)

The coefficient of tn in the expansion of (3.13) is the polynomial (−1)nFn(N)/n!
in N , and the coefficient of tn in the expansion of (3.14) is (−1)nCn(N)/n!.
Note that the degree of Fn is 3n, the maximal number of faces in a discon-
nected gluing, while the degree of Cn is n + 2. The coefficient of Nn+2 in Cn

is exactly the number of connected planar gluings of n 4-stars, the coefficient
of Nn is the number of genus one gluings, and so on.
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3.4 Enumeration of Colored Graphs

In this section we briefly mention some more interpretations of combinatorial
problems in terms of matrix integrals. These interpretations are related to
the so-called multi-matrix models, where more than one space of matrices are
used.

3.4.1 Two-Matrix Integrals and the Ising Model

Let HN be, as before, the space of N ×N Hermitian matrices. In this section
we consider Gaussian integration over the space HN × HN of pairs of such
matrices. The matrices themselves will be denoted by H and G. First of all
let us introduce a quadratic form on HN ×HN : it will be equal to

trH2 + trG2 − 2c trHG, (3.15)

where −1 < c < 1.
Before discussing an integral we must better understand the corresponding

Gaussian measure. We will do this step by step.

Step 1. Let us introduce the following real coordinates on HN ×HN : denote

hii = xii,
hij = xij + iyij , hji = xij − iyij (for i < j),
gii = zii,
gij = zij + itij , gji = zij − itij (for i < j).

Thus, we have 2N2 real coordinates: xij and zij for i ≤ j, and yij and tij for
i < j.

Step 2. Now let us compute the traces occurring in the quadratic form (3.15).
We already know that

trH2 =
N∑
i=1

x2
ii + 2

∑
i<j

(x2
ij + y2

ij)

and

trG2 =
N∑
i=1

z2
ii + 2

∑
i<j

(z2
ij + t2ij).

It is an easy exercise to compute also

trHG =
N∑
i=1

xiizii + 2
∑
i<j

(xijzij + yijtij).



186 3 Matrix Integrals

Step 3. The next operation consists in interpreting the monomials in the
above traces (more exactly, the coefficients in front of these monomials) as
entries of a matrix B of size 2N2 × 2N2. The rows and the columns of this
matrix are marked by the coordinates xij , yij , zij , tij . The monomial, say, x2

ii in
trH2 means that we must put 1 on the intersection of the row corresponding
to xii and of the column also corresponding to xii. We must put 2 on the
intersection of the row and the column corresponding to xij for i < j. Consider
the term xiizii in trHG. First, we must not forget that this trace is multiplied
by −2c in (3.15). Second, we would like our matrix to be symmetric. Hence,
we put the coefficient −c at two places: on the intersection of the row xii and
the column zii; and also on the intersection of the row zii and the coulmn xii.
And so on.

We must take care of a convenient order of the coordinates along the
matrix. A good order is to take first x11, z11, x22, z22, . . . , xNN , zNN , and then
x12, z12, y12, t12, x13, z13, y13, t13, . . .. Then we find out that our matrix consists
of blocks of size 2× 2 along the diagonal: first there are N blocks of the type(

1 −c
−c 1

)
,

and all the other blocks are of the type(
2 −2c
−2c 2

)
.

Step 4. In order to compute the covariance matrix C = B−1 we need only to
compute the inverse of a block:(

1 −c
−c 1

)−1

=
1

1− c2

(
1 c
c 1

)
,

and similarly for the other block:(
2 −2c
−2c 2

)−1

=
1

1− c2

(
1/2 c/2
c/2 1/2

)
.

The matrix C = B−1 consists of these inverse blocks arranged along the
diagonal. The reader will easily find the determinant of B and the constant
factor in front of the Gaussian measure

dμ(H,G) = Const · e− 1
2 (trH2+trG2−2c trHG)dv(H)dv(G).

Step 5. The entries of the covariance matrix C also have the meaning of
the mean values of the corresponding quadratic monomials. Let us list them
explicitly:
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〈x2
ii〉 = 〈z2

ii〉 =
1

1− c2
;

〈xiizii〉 =
c

1− c2
;

〈x2
ij〉 = 〈y2

ij〉 = 〈z2
ij〉 = 〈t2ij〉 =

1
2

1
1− c2

(i < j);

〈xijzij〉 = 〈yijtij〉 =
1
2

c

1− c2
(i < j).

All other covariances are equal to zero.

Step 6. Finally, we must find the mean values of quadratic monomials
composed of the elements of the matrices H and G themselves. Combining
the previous results, we find that for every combination of indices i and j,
i = 1, . . . , N , j = 1, . . . , N , we have

〈hijhji〉 =
1

1− c2
, 〈gijgji〉 =

1
1− c2

, 〈hijgji〉 =
c

1− c2
.

All other covariances between the matrix elements of H and G are equal to
zero.

Our preparatory work is finished. Now we may consider the integration
over the above Gaussian measure on HN ×HN , and interpret the integral in
combinatorial terms. For example, what is the meaning of the integral∫

HN×HN

e−t tr(H4+G4)dμ(H,G) ?

The answer is, we must take, as before, four-valent maps, but this time to
every vertex of the map we must assign one of the two “states”. We mark
these states by H and G; this marking simply means that the corresponding
vertex represents either trH4 or trG4 respectively. Now, if two vertices are
joined by an edge, and if they are in the same state, then the contribution
of the edge to the whole sum (i.e., to the “partition function”) is 1/(1− c2),
while if the vertices are in different states, the contribution of the edge is
c/(1−c2). The summation must be carried over all maps and over all possible
configurations of states of the vertices.

The model that we have obtained resembles very much the classical Ising
model in statistical physics, though this time the underlying graph is not a
regular lattice but an arbitrary map. Physicists call it the “Ising model on
dynamical lattice”. Many ordinary phenomena, such as phase transitions etc.,
take place also in this model.

This two-matrix model was first studied in [146]. Its interpretation as an
Ising model was considered by many authors, see, e.g., [39], [40], [165].
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3.4.2 The Gauss Problem

Consider an immersion u : S1 → R2 of the circle into the plane, or an immer-
sion u : S1 → S2 of the circle into the sphere, i.e., a mapping such that ∀x ∈ S1

u′(x) �= 0. Suppose also that the image u(S1) has only double points of
self-intersection and that the intersection at each double point is transver-
sal (i.e., the tangent vectors to the branches of the image are not collinear),
see Fig. 3.10.

a b

Fig. 3.10. (a) A unicursal curve, and (b) an Eulerian graph, which is not a unicursal
curve

The image of such an immersion, considered up to isotopy of the target
surface, is called a unicursal curve. Below we study only the case of nonori-
ented unicursal curves.

Let n be the number of double points in a unicursal curve. Table 3.2
borrowed from [12] contains the numbers of plane and spherical unicursal
curves with given number n of self-intersection points. These numbers are
obtained by direct drawing of the curves.

Table 3.2. The number of unicursal plane and spherical curves

n 0 1 2 3 4 5

R2 1 2 5 21 102 639

S2 1 1 2 6 21 99

Considered up to isotopy of the plane, there are 2 curves with one double
point, 5 curves with two double points, 21 curves with three double points,
etc. Note that, considered as curves on the sphere, there is 1 curve with one
double point, 2 curves with two double points and 6 curves with three double
points. Spherical unicursal curves with up to two double points are drawn in
Fig. 3.11.

The Gauss problem is: How many unicursal curves (up to isotopy) are
there with a given number of double points?

This problem is still not resolved. We are going to write a Gaussian integral
describing the number of isotopy classes of unicursal curves on the sphere.
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Fig. 3.11. Spherical unicursal curves with up to two double points

Consider n copies of a 4-star on the plane. We know already how to select
planar gluings of the darts, see Sec. 3.3. What we need is to select unicursal
gluings. In order to do this let us color each pair of opposite darts in one of q
colors. We consider further only admissible gluings, i.e., those that glue only
darts of the same color.

Each gluing provides a curve with some number k of “components”, that
is, k superimposed unicursal curves. For example, the Eulerian graph from
Fig. 3.10b has two “components”. Unicursal curves are precisely those that
consist of one “component” only. A curve with k “components” would have
qk admissible colorings.

In order to involve colorings in the integral, we introduce q copies of the
space of Hermitian matrices, one copy for each color. Consider the integrand
in the form

q∑
i,j=1

(
tr(HiHjHiHj)

)n
.

Integrating this expression over the product of spaces HN,i, i = 1, . . . , q,
we obtain a function which will be a polynomial both in N and in q. The
coefficient at the monomial linear in q with the highest power of N , that is,
the power n+2, is exactly the number of all spherical unicursal gluings. Note
that a unicursal curve is automatically connected.

Some of these gluings provide the same unicursal spherical curve. Each
unicursal curve is represented by precisely n!·4n gluings divided by the number
of automorphisms of the curve. Indeed, in each gluing we are free to exchange
the 4-stars and to rotate each star. Thus, the exponential generating function
for connected unicursal curves is given by the following statement.

Theorem 3.4.1 ([186]). The number of spherical unicursal curves with n
double points, wheighted with the inverse order of the automorphism group, is
equal to the coefficient of the monomial (−1)nqNn+2sn in the expansion of∫

HN

. . .

∫
HN

e−
s
4 tr

∑ q
i,j=1 HiHjHiHjdμ(H1) . . . dμ(Hq).
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3.4.3 Meanders

Let us fix a straight line on the plane and 2n points on it. Consider a simple
connected not self–intersecting closed curve crossing the line at exactly those
points. The equivalence class of such curves with respect to isotopies of the
plane leaving the line fixed is called a meander of order n. All the meanders
of order 1, 2, 3 are shown in Fig. 3.12.

��
��

	
����
� �

��	
	

� �

����	
	
	

 �

	
	
������
� �

�� ��	
 	
� �
� �

	
 	
�� ��� �
� �

��� � �
	
 	
� � 	
� �� �

�� ��� �

��� � �
	
 	
� � 	
� �� �

�� ��� �

Fig. 3.12. Meanders with up to six intersection points

Enumeration of meanders is similar to that of unicursal curves from the
previous section. The difference is that in this case we must introduce two sets
of q colors instead of a single set. One set is ascribed to the horizontal line,
the other one to the curve, the meander itself. As the result, the integration
involves 2q copies of the Hermitian matrix space, and the exponent in the
integrand is the sum of monomials of the form

trHiGjHiGj .

This form reflects the fact that the colors go around the vertex in the inter-
changing order. Two-colored 4-stars, with the vertical darts colored in a color
belonging to one set, and the horizontal darts colored in a color belonging to
the other set, have symmetry group of order 2, which leads to the factor 1/2
in the exponent.
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Theorem 3.4.2 ([188]). The number of meanders of order n is equal to the
coefficient of the monomial

(−1)nq2N2(n+1)s2n

in the expansion of∫
HN

. . .

∫
HN

∫
GN

. . .

∫
GN

e−
s
2 tr

∑q
i,j=1 HiGjHiGj

×dμ(H1) . . . dμ(Hq)dμ(G1) . . . dμ(Gq) .

As one of our colleagues has put it, we must take the leading term of the
asymptotics when the dimension N tends to infinity, while the number q of
matrices tends to zero.

Note that, similarly to the case of unicursal curves, a meander is automat-
ically connected, and we do not need to take the logarithm. Unfortunately,
the integral for the Gauss problem, as well as the integral for meanders, is not
computed yet.

3.4.4 On Enumeration of Meanders

The enumeration of meanders was started in [189] in a rather direct and
inefficient way. A new efficient algorithm using the transfer matrix was found
in [154], from where we borrowed Table 3.3 of values of Mn up to n = 24.

n Mn n Mn n Mn

1 1 9 933458 17 59923200729046

2 2 10 8152860 18 608188709574124

3 8 11 73424650 19 6234277838531806

4 42 12 678390116 20 64477712119584604

5 262 13 6405031050 21 672265814872772972

6 1828 14 61606881612 22 7060941974458061392

7 13820 15 602188541928 23 74661728661167809752

8 110954 16 5969806669034 24 794337831754564188184

Table 3.3. The number of plane meanders

The number of meanders Mn grows not faster than the square of the Cata-
lan number Catn (cf. Exercise 3.8.2), that is, not faster than exponentially.
Indeed, the horizontal line splits a meander of order n into an upper half-
plane part and a lower half-plane part. Each of these parts is a system of n
semicircles, and such systems are in obvious one-to-one correspondence with
regular bracket structures of n pairs of brackets. As is well known, the latter
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are enumerated by the Catalan numbers. A subtler estimate from [189] reads

Mn ≤ CRnn− 5
2 , where R =

(
π

4− π

)2

∼ 13.394.

It was conjectured in [189] that the asymptotic behavior of meandric numbers
is of the form

Mn ∼ Crnn−α

for some numbers r = 12.26 . . . and α. (The value α = 7/2 conjectured there
is certainly wrong.) A more precise conjecture from [83] reads:

r = 12.262874 . . . ,

α =
29 +

√
145

12
= 3.42013288 . . . .

These values fit much better the experimental data from Table 3.3 above, but
they are not proved either; see the discussion at the end of Sec. 3.7.

The computation of the multi-matrix integrals, even in the planar approxi-
mation (that is, the computation of the main term of the N →∞ asymptotics)
remains a very difficult task. The problem is solved for the two-matrix model.
The same methods in principle permit solving the model with q matrices and
with the Gaussian term of the form

tr

⎛⎝ q∑
i=1

H2
i − 2

q∑
i,j=1

cijHiHj

⎞⎠ ,

when the graph with q vertices corresponding to non-zero coefficients cij is a
tree. A trick due to Kazakov permits solving also the model when all cij are
equal. Practically all other problems remain open.

Below we discuss the problems appearing in the computation of one-matrix
integrals.

3.5 Computation of Matrix Integrals

3.5.1 Example: Computing the Volume of the Unitary Group

We have seen in Proposition 3.2.15 and Lemma 3.2.19 that

volUN

(2π)(N2+N)/2 ·N !

∫
RN

∏
i<j

(λi − λj)2
N∏
k=1

dμ(λk) = 1,
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where μ is the standard Gaussian measure on the line. Thus, in order to
compute the volume of the unitary group we need to compute the integral∫

RN

∏
i<j

(λi − λj)2dμ(λ1) . . . dμ(λN ). (3.16)

This is the simplest integral of the type (3.11) we are interested in. Indeed,
it corresponds to integrating over the space of Hermitian matrices of the
function identically equal to one.

Hermite polynomials provide a very convenient tool to compute this inte-
gral. The n-th Hermite polynomial is the polynomial

Hn(x) = (−1)ne
x2
2

dn

dxn

(
e−

x2
2

)
.

These are the first Hermite polynomials:

H0(x) = 1
H1(x) = x

H2(x) = x2 − 1
H3(x) = x3 − 3x
H4(x) = x4 − 6x2 + 3

The usefulness of the Hermite polynomials is due to the properties they
possess:

• Hn is a polynomial in x of degree n;
• the leading coefficient of Hn equals 1;
• the polynomials H0, H1, . . . , Hn form an orthogonal basis in the space of

polynomials of degree ≤ n with respect to the standard Gaussian measure
on the line: (Hn, Hm) = 0 whenever n �= m; here (P,Q) denotes the scalar
product for two polynomials P,Q:

(P,Q) =
∫

R

PQdμ(λ);

• Hn is the unique sequence of polynomials satisfying the previous proper-
ties;

• Hn = xHn−1 −H ′
n−1; (Hn, Hn) = n(Hn−1, Hn−1).

Exercise 3.5.1. Prove the above properties of the Hermite polynomials.

Elementary operations with rows allow one to replace the ith row in the
Vandermonde determinant with an arbitrary monic (i.e., with leading coeffi-
cient 1) polynomial of degree i without changing the determinant. It is con-
venient to substitute Hermite polynomials in variables λi for the monomials
in the Vandermonde determinant:
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∏
i>j

(λi − λj) =

∣∣∣∣∣∣∣∣∣∣∣

1 1 . . . 1
λ1 λ2 . . . λN
λ2

1 λ2
2 . . . λ2

N

. . . . . .
. . . . . .

λN−1
1 λN−1

2 . . . λN−1
N

∣∣∣∣∣∣∣∣∣∣∣
(3.17)

=

∣∣∣∣∣∣∣∣∣∣∣

H0(λ1) H0(λ2) . . . H0(λN )
H1(λ1) H1(λ2) . . . H1(λN )
H2(λ1) H2(λ2) . . . H2(λN )

. . . . . .
. . . . . .

HN−1(λ1) HN−1(λ2) . . . HN−1(λN )

∣∣∣∣∣∣∣∣∣∣∣
.

The square of the last determinant is a polynomial in the variables Hi(λj).
Each term Hi(λj) is of degree not more than 2 in each of the monomials of
the square of the determinant’s expansion. Such a monomial is a product
of functions depending on one variable each, and the integral can be taken
separately in each of the variables λ1, . . . , λn. Then the orthogonality property
of the Hermite polynomials implies that only monomials of the form

H2
0 (λσ(1))H2

1 (λσ(2)) . . . H2
N−1(λσ(N))

contribute to the integral. Here σ is a permutation on the set of indices
1, . . . , N . The number of permutations is N ! and the contribution of all these
monomials is the same. Hence,∫

RN

∏
i<j

(λi − λj)2dμ(λ1) . . . dμ(λN ) = N !(H0, H0)(H1, H1) . . . (HN−1, HN−1).

It only remains to compute the scalar squares (Hi, Hi). The properties of
the Hermite polynomials imply that

(Hn, Hn) = n!

and finally∫
RN

∏
i<j

(λi − λj)2dμ(λ1) . . . dμ(λN ) = N !(N − 1)! . . . 2!1!. (3.18)

Corollary 3.5.2. The volume of the unitary group is equal to

volUN =
(2π)(N

2+N)/2∏N−1
k=1 k!

.
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3.5.2 Generalized Hermite Polynomials

The integral∫
HN

e−t trH4
dμ(H) = cN

∫
RN

e−t(λ41+···+λ4N )
∏

(λi − λj)2dμ(λ1) . . . dμ(λN ),

where the normalizing constant cN is given by the inverse to (3.18),

cN =
1∫

RN

∏
i<j(λi − λj)2dμ(λ1) . . . dμ(λN )

=
1

N !(N − 1)! . . . 2!1!
,

may be considered as a perturbation of the matrix integral of the constant
function. In order to compute it, we introduce generalized Hermite polynomi-
als.

Consider the measure

dμV (λ) = e−tV (λ)dμ(λ)

on the line. For the time being we agree that

V = V (λ) = λ4,

t being a parameter. For two functions P,Q, denote by (P,Q)V their scalar
product with respect to this measure,

(P,Q)V =
∫

PQdμV .

The generalized Hermite polynomials with respect to this measure are the
polynomials (in λ) PV,0(λ), PV,1(λ), . . . such that

• the polynomial PV,k is a polynomial of degree k with the leading term λk;
• the polynomials PV,k are orthogonal with respect to the measure dμV ,

(PV,k, PV,m)V = 0 for m �= k.

In the case V ≡ 0 these polynomials are ordinary Hermite polynomials.

Exercise 3.5.3. Prove that for V (λ) = λ4 the polynomials PV,k are even for
even k, and are odd for odd k.

Notation 3.5.4. Practically all the objects studied below (polynomials, con-
stants, ...) depend on V and on t, and in principle should carry an index (t, V ).
This would, however, make our notation too cumbersome. Therefore in the
majority of cases we will omit the explicit mention of V , returning to it from
time to time in order for it not to be entirely forgotten. We make a systematic
exception for the measure μV , because μ denotes the usual Gaussian measure.
Also, from time to time we will make the parameter t appear explicitly.
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Denote the scalar square of the polynomial Pk with respect to the measure
μV by hk = hk(t):

hk = (Pk, Pk)V .

The reason why the generalized Hermite polynomials are introduced is
that, similarly to the unperturbed case, they allow one to simplify the calcu-
lation of the integral. Indeed, substituting linear combinations of the rows of
the Vandermonde determinant instead of the original rows, we can replace the
polynomials in the determinant with the generalized Hermite polynomials:

Δ(λ) =
∏
i>j

(λi − λj)

=

∣∣∣∣∣∣∣∣∣
1 1 . . . 1
λ1 λ2 . . . λN
...

...
. . .

...
λN−1

1 λN−1
2 . . . λN−1

N

∣∣∣∣∣∣∣∣∣
=

∣∣∣∣∣∣∣∣∣
P0(λ1) P0(λ2) . . . P0(λN )
P1(λ1) P1(λ2) . . . P1(λN )

...
...

. . .
...

PN−1(λ1) PN−1(λ2) . . . PN−1(λN )

∣∣∣∣∣∣∣∣∣ .
The expansion of the determinant and separate integration over each of

the N variables λk yield∫
HN

e−t trH4
dμ(H) = cNN !hN−1hN−2 . . . h0.

Note that this representation of the integral as a product is very convenient
for our purposes since we will need taking its logarithm.

Our goal now is to calculate the values of the constants hk. For small values
of k these constants may be explicitly calculated as certain integrals but these
formulas carry little information about their behavior as k increases. So we
need a more efficient tool. Such a tool is a recurrence formula.

Let us consider the operator of multiplication by λ on the space of polyno-
mials in λ and find the matrix of its presentation in the basis Pk. The following
property is valid for every family of orthogonal polynomials.

Lemma 3.5.5. λPk = Pk+1 + RkPk−1 for some constant Rk = RV,k(t).

Proof. Indeed, the polynomial λPV,k is of degree k + 1; so it is a linear
combination of the polynomials PV,0, . . . , PV,k+1. The coefficient of PV,k+1

is 1 because the leading coefficients coincide. The coefficient of PV,k is zero
because of the parity. The coefficient of PV,m for m < k−1 vanishes because of
(λPV,k, PV,m)V = (PV,k, λPV,m)V = 0, since λPV,m is a polynomial of degree
< k, and the required assertion follows.
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The constants hk are related to the constants Rk by the formula

hk = (Pk, λPk−1)V = (λPk, Pk−1)V
= (Pk+1 + RkPk−1, Pk−1)V = Rkhk−1,

and the formula for the integral becomes∫
HN

e−t trH4
dμ(H) = cNN !RN−1

1 RN−2
2 . . . RN−1h

N
0 . (3.19)

For two polynomials P,Q, the integration by parts gives

(P,Q′)V =
1√
2π

∫
PQ′e−

1
2λ

2−tV (λ)dλ = −(P ′, Q)V + (P, (λ + tV ′)Q)V .

In particular,

khk−1 = (Pk−1, P
′
k)V

= −(P ′
k−1, Pk)V + (Pk−1, (λ + 4tλ3)Pk)V

= (λPk−1, Pk)V + 4t(λPk−1, λ
2Pk)V

= hk + 4t(Pk + Rk−1Pk−2, λ
2Pk)V

= hk + 4t[(λPk, λPk)V + Rk−1(λ2Pk−2, Pk)V ]
= hk + 4t(hk+1 + R2

khk−1 + Rk−1hk)
= hk−1(Rk + 4tRk(Rk+1 + Rk + Rk−1)),

and finally we obtain

k = Rk + 4tRk(Rk+1 + Rk + Rk−1). (3.20)

The last equation is very important. It is the discrete Painlevé I equation.

3.5.3 Planar Approximations

The coefficients of the expansion in t of

log
∫
HN

e−t trH4
dμ(H)

are polynomials in N . We know that the leading coefficients describe planar
connected gluings. These leading coefficients correspond to the power Nn+2.
Indeed, a connected embedded graph with n vertices and 2n edges is planar
if and only if the number of its faces equals n + 2.

Planar gluings of 4-stars are thus enumerated by the generating function

e0(t) = lim
N→∞

1
N2

log
∫
HN

e−
t
N trH4

dμ(H).
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Substituting t/N for t in Eq. (3.20) and dividing both parts by N , we obtain

k

N
= rk(t)(1 + 4t(rk+1(t) + rk(t) + rk−1(t))) (3.21)

for the functions
rk(t) = Rk(t)/N.

As N , k tend to infinity while k/N → x ∈ [0, 1] with x fixed, the last equation
yields

x = r(1 + 12tr), (3.22)

where r is the limit function

r = r(x, t) = lim
N→∞

RxN(t)
N

.

Following physical literature, we assume here (and in similar cases below)
that if N goes to infinity and k/N tends to x, the distribution given by the
functions Rk(t)/N , k = 0, 1, . . . , N , tends to a continuous function r(x, t). We
don’t know any rigorous proof of this statement, though we were assured by
some specialists that such a proof does exist. Anyway, to present a proof would
lead us very far from our main preoccupation (embedded graphs); however,
we regret being unable to provide an appropriate reference.

Taking x = 1 in Eq. (3.22) we obtain a function in t which turns out
to be, up to a factor, the generating function for the Catalan numbers (cf.
Exercise 3.8.2):

r(1, t) = α(t) =
−1 +

√
1 + 48t

24t
=

∑
n≥0

(−1)n(12t)n Catn . (3.23)

Let us now take the logarithm of both parts of Eq. (3.19). This leads to
the equation

1
N2

log
∫
HN

e−
t
N trH4

dμ(H) = − 1
N

N∑
k=1

(
1− k

N

)
log

Rk(t)
Rk(0)

− log
h0(t)
h0(0)

and the limit as N →∞ (and t being fixed) is

e0(t) = −
∫ 1

0

(1− x) log
(

r(x, t)
x

)
dx. (3.24)

Now substitute in the latter integral the expression of x in terms of r taken
from Eq. (3.22). This gives
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e0(t) =
∫ α

0

(1 − r − 12tr)(1 + 24tr) log(1 + 12tr)dr

= −1
2
(−12tα3 + α2 − 2α)(1 + 12tα) log(1 + 12tα)

+(18t2α4 − 2tα3 +
3
2
α)

= −1
2

logα +
1
24

(1− α)(α − 9). (3.25)

The substitution of the series for α(t) from (3.23) in the latter expression
results in the series

e0(t) = −
∞∑
n=1

(−12)n
(2n− 1)!
(n + 2)!

tn

n!
= −

∞∑
n=1

(−12)n
Catn

2n(n + 2)
tn.

Remark 3.5.6. Let us say more accurately what is counted by the number

(12)n
(2n− 1)!
(n + 2)!

.

It is the number of plane maps with n vertices of degree 4, labelled by
1, 2, . . . , n; what is more, the darts at every vertex are labelled by 1, 2, 3,
4, and this labelling must agree with the cyclic order of the darts.

Similar, but considerably more complicated computations (see [25]) lead
to the following results for higher genera:

Proposition 3.5.7. We have

e1(t) =
1
12

log(2− α(t)) =
1
24

∑
n>0

((
2n
n

)
− 4n

)
(−12)n

n
tn;

e2(t) =
1
6!

(1− α)3

(2− α)5
(82 + 21α− 3α2)

=
∑
n>0

(
13(n− 1)4n

2304
− 28n2 − 19n− 9

4320

(
2n
n

))
(−12)ntn;

eg(t) =
(1 − α)2g−1

(2 − α)5(g−1)
Pg(α)

for some polynomial Pg, where α is given by (3.23).

3.6 Korteweg–de Vries (KdV) Hierarchy
for the Universal One-Matrix Model

In this section we find ourselves on a rather swampy soil. Its material is
borrowed from papers written by physicists, where neither the objects un-
der consideration, nor the statements about these objects are presented in a
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mathematically clear way. The questions of existence of limit functions, of the
types of these functions, and so on are even not discussed. Our attempts did
not lead either to a justification of the results. However, we find it useful to
include this material since it forms the base of the former Witten’s conjecture
(now Kontsevich’s theorem) discussed in the next chapter and therefore its
inclusion makes the text more self-contained. But the reader must be warned
that the terms “theorem” and “proof” below do not have the usual mathe-
matical meaning.

3.6.1 Singular Behavior of Generating Functions

Recall the expansion

1
N2

log
∫
HN

e−
t
N trH4

dμ(H) = e0(t) +
1

N2
e1(t) +

1
N4

e2(t) + . . .

from the previous section. Each of the functions eg(t), g = 0, 1, 2, . . . in this
expansion is well defined since its coefficient in front of tn is uniquely deter-
mined by the number of connected gluings of n 4-stars that give a genus g
surface. These functions have a nice property: their unique finite singular point
is the point tc = −1/48, and they have either an algebraic, or a logarithmic
singularity at this point.

The explicit presentation of the function e0(t) implies that in a vicinity of
this point it is a sum of a regular function and a singular function with the
leading term

const ·(t− tc)5/2.

Similarly, for higher genera the leading term of the singular part of the function
eg(t) at tc looks like

const ·(t− tc)5(1−g)/2.

(For the case g = 1, where the above exponent is 0, this leading term must
be understood as log(t− tc).)

For a fixed value of t, plane gluings dominate, and the functions eg(t) for
g ≥ 1 become “invisible”. However, it is possible to bind the variables t and N
by a relation, so that t varies as N grows, in such a way that the contributions
of all genera become of the same order. What attracts the main interest of
physicists is the behavior of the functions eg in the vicinity of the critical
value tc. Our aim now is to construct a function describing this behavior and
incorporating information about all genera. Let eg denote the coefficient of
the leading term in the expansion of the singular part of the function eg(·)
around the point t = tc:
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sing(e0(t)) = e0

(
t− tc
tc

)5/2

+ . . . ,

sing(e1(t)) = e1 log
t− tc
tc

+ . . . ,

sing(e2(t)) = e2

(
t− tc
tc

)−5/2

+ . . . ,

and so on; here dots denote terms of higher order in t− tc. Now we introduce
the function E = E(y) by the following formal expansion at y = 0:

E(y) = e0y
5/2 + e1 log y + e2y

−5/2 + e3y
−5 + . . . ,

where the coefficients ei are the constants defined above.
The coefficients eg can be found using the following important statement,

which is more easily formulated in terms of the second derivative

u(y) = E′′(y) =
15
4

e0y
1/2 − e1y

−2 +
35
4

e2y
−9/2 + . . . .

Theorem 3.6.1 ([45], [87], [125], [299]). The second derivative u(y) of the
function E(y) satisfies the Painlevé I equation

y = u(y)2 − 1
3
u′′(y). (3.26)

This equation can be understood as the following recurrence relation for
the coefficients un in the expansion u(y) =

∑
n≥0 uny

(1−5n)/2:

25n2 − 1
12

un =
n+1∑
i=0

uiun+1−i,

which immediately yields the following first few values of the coefficients:

u(y) = y1/2 − 1
24

y−2 − 49
1152

y−9/2 + . . . .

Proof. We start with showing that the leading term of the perturbation of
the function r(x, t) = rV (x, t) satisfies the Painlevé I equation, and then show
that this leading term does coincide with the second derivative of E. Recall
that r(x, t) is the limit distribution of the coefficients of the multiplication by
λ operator in the basis of generalized Hermite polynomials, see Eq. (3.21).

Equation (3.21) holds identically in k, t,N . In particular, it is valid for
k = N , t = tc = −1/48 (the stationary equation). Subtracting the stationary
equation from the general one we obtain
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k

N
− 1 = rk(t)− rN (tc) + 4(trk(t)rk+1(t)−

tcrN (tc)rN+1(tc) + tr2
k(t)− tcr

2
N (tc) +

trk(t)rk−1(t)− tcrN (tc)rN−1(tc)). (3.27)

Now let us restrict the last equation to the quasihomogeneous curve

k −N

N
=

t− tc
tc

= N−4/5y (3.28)

parametrized by a parameter y close to y = 0. This means that we make the
substitution

k = N(1 + N−4/5y), t = tc(1 + N−4/5y)

in Eq. (3.27). As a result, we obtain a more complicated equality but it de-
pends now only on two parameters, y and N . Thanks to the choice of the
exponents, the first nontrivial terms of the perturbations of all terms in the
stationary equation becomes of the same order in N−1 as N →∞. The coef-
ficients of these leading terms form the double scaling limit.

Denote by u(y) the coefficient of the leading term of the difference rk(t)−
rN (tc):

rk(t)− rN (tc)
rN (tc)

∼ N−2/5u(y).

Then, equating to 0 the leading term of Eq. (3.27), that is, the coefficient of
N−4/5, we arrive at the Painlevé I equation (3.26).

On the other hand, our argument being similar to that of the derivation
of Eq. (3.24), in the scaling limit we obtain

E(y) = lim
N→∞

N−2 log
∫
HN

e−
t
N trH4

dμ(H)

= lim
N→∞

∫ y

N−4/5
(ζ − y)u(ζ)dζ,

with the varying lower integration limit. Therefore, u(y) is, indeed, the second
derivative of E(y).

3.6.2 The Operator of Multiplication by λ
in the Double Scaling Limit

Let us return to the operator of multiplication by λ in the space of polynomials
in one variable λ; we denote this operator by S. According to Lemma 3.5.5,
in the basis of polynomials Pk = PV,k this operator has the form

SPk = λPk = Pk+1 + RkPk−1

for some functions Rk depending on t. We are interested in the limit form of
this operator in the same double scaling limit as above as N →∞.
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Let us modify slightly the basis in order to make the matrix form of the
operator symmetric. Setting P̃k = Pk/

√
hk, where hk = (Pk, Pk)V , we obtain,

in the new basis P̃k:

SP̃k =
√

Rk+1P̃k+1 +
√

Rk−1P̃k−1.

Using this formula we can act on polynomials represented by the basis expan-
sion

a0P̃0 + a1P̃1 + · · ·+ amP̃m,

by making shifts (which we denote S±) and multiplications by
√

Rk+1 and√
Rk−1 respectively.
Now consider the behavior of this operator under the double scaling limit.

Its ingredients have the following expansion in N up to the first nontrivial
orders:

Rk±1 ∼ r(1, tc)(1−N−2/5u(y))

S± ∼ 1±N−1 d

dx
+

N−2

2
d2

dx2
,

and we have

S ∼
√

r(1, tc)(1 −N− 2
5u(y))

(
2 + N− 2

5
d2

dy2

)
∼ 2

√
r(1, tc) + N− 2

5
√

r(1, tc)
(
u(y)− d2

dy2

)
= const+N− 2

5S2.

The first equality follows from the fact that the shift operator is the exponent
of the derivative.

On the other hand, consider the operator D on the space of polynomials
taking a polynomial to its derivative,

D : P (λ) 
→ P ′(λ).

Obviously, the commutator of the operators D and S is

[D,S] = 1.

As N →∞ in the double scaling limit, the operator D behaves as

D ∼ const+N
2
5D3.

It can be verified that D3 in this expansion is a differential operator of order
three starting with d3/dy3, and we have [D3, S2] = 1. Given a differential
operator S2 = d2/dy2 − u(y) of order two, a third-order solution D3 to the
equation [D3, S2] = 1 exists if and only if the function u satisfies the equation

−1
3
u′′′ + 2uu′ = 1,

see below. And this is precisely the derivative of the Painlevé I equation (3.26),
which, as we already know, holds for the function u.
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3.6.3 The One-Matrix Model and the KdV Hierarchy

If the potential V (λ) of the model is of a degree greater than 4 in λ (here we
consider only even potentials), then, for some values of the parameters, the
limit functions eg = eg(t) can acquire more complicated singularities than that
considered above. In the language of singularity theory, the case V (λ) = λ4

corresponds to the so-called A2-singularity, while a generic polynomial V of
degree 2m in λ leads to an Am-singularity with m > 2 (we do not describe in
detail how this connection works; see [147], [80]). Fortunately, in these cases
the main features of the pattern are preserved: there is a unique critical point
tc, common for all eg, and the leading term of eg at tc is proportional to
(t − tc)2+1/m. It is possible to elaborate the double scaling limit analysis in
this more general case, and to arrive at a differential equation of order 2m−1
on the perturbation function u(y).

In the language of the preceding section, the operator S of multiplication
by λ, being expressed in the basis of generalized Hermite polynomials, still
has the following behavior in the double scaling limit:

S ∼ const+N−m/(2m+1)S2, S2 =
d2

dy2
− um(y),

while the derivative operator D behaves as

D ∼ const+Nm/(2m+1)D2m−1,

where D2m−1 is a differential operator of order 2m− 1 with the leading term
d2m−1/dy2m−1. The solution um(y) to the equation

[D2m−1, S2] = 1

is also the second derivative of the function Em(u) describing the double-
scaling limit behavior of the functions eg = eg(t).

Elaborating this procedure step by step for all kinds of singularities we
arrive at the notion of the universal one-matrix model. Let us give its descrip-
tion. Consider the integral

log
1
N

∫
HN

e−
1
N trH4−trV (H;τ1,τ2,... )dμ(H), (3.29)

where
V (λ; τ1, τ2, τ3, . . . ) =

τ1
2
λ2 +

τ2
4N

λ4 +
τ1

6N2
λ6 + . . .

is the potential of the model. The universal one-matrix model is the power
series in infinitely many variables t0 = y, t1, t2, . . . defined by

U(t0, t1, t2, . . . ) =
∞∑
g=0

∑
τi

∞∏
i=1

tτii
τi!

eg(τ1, τ2, . . . ) .
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Here the coefficients eg(τ1, τ2, . . . ) are defined in terms of the critical behavior
of the integral in the same way as the coefficients e0, e1, . . . in Sec. 3.6.1, but
for the potential depending on the parameters.

In a more general setting, consider a linear differential operator of order 2
on the line,

S2 =
∂2

∂y2
+ u(y).

Then for each k there exists a monic linear differential operator Qk of order
k on the line such that the operator [Qk, S2] is a multiplication by a function
(i.e., a differential operator of order 0). These operators Qk can be found by
means of the following procedure suggested in [110].

For an even k = 2m one can set Qk = Sm
2 ; obviously, [Q2m, S2] = 0. For

an odd k the situation is more complicated. Namely, one can find a “pseudod-
ifferential” operator S

1/2
2 = ∂ + l1∂

−1 + l2∂
−2 + . . . , where ∂ = d/dy. Here

∂−1 is the inverse operator to ∂. It commutes with ∂, and its commutator
with the multiplication by a function f(y) operator looks like

[∂−1, f(y)] = −f ′∂−1 + f ′′∂−2 − . . . .

The last rule allows one to represent each pseudodifferential operator A in the
canonical form

A = ak(y)∂k + · · ·+ a1(y)∂ + a0(y) + a−1(y)∂−1 + a−2(y)∂−2 + . . . ,

where all the functional coefficients are placed to the left of powers of ∂.
This presentation is unique. The positive part A+ of the pseudodifferential
operator A is the differential operator

A+ = ak(y)∂k + · · ·+ a1(y)∂ + a0(y).

Now, one can simply set Qk to be the positive part of (S1/2
2 )k, Qk =

(Sk/2
2 )+. It happens that this choice of Qk is unique up to adding linear

combinations of the operators Ql for l < k. In particular, Q1 = ∂.
The operator D2m−1 simply coincides with Q2m−1 for a specific function

um(y), which is the solution to the ordinary differential equation determined
by the operator identity

[D2m−1, S2] = 1.

The last system of equations may be considered as “initial conditions” for
the system of partial differential equations

∂S2

∂tm
= [Q2m+1, S2].

Here S2 = ∂2/∂y2 + U where the function U = U(y, t0, t1, . . . ) depends on
y and on the infinite system of parameters ti, and the left-hand side of this
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equation is simply ∂U/∂tm. This system of equations is called the Korteweg–
de Vries, or KdV hierarchy. These equations make sense since the right-hand
sides also are just functions due to the definition of Qk. Moreover, for arbitrary
“initial value” these equations have a solution since they can be considered as
an (infinite) set of pairwise commuting vector fields on the space of operators
S2 (= the space of functions U). Since Q1 = ∂, a solution can be written in
the form U = U(y + t0, t1, t2, . . . ).

The KdV hierarchy is equivalent to a system of equations

LjU = 0, j = 1, 2 . . .

on the unknown function U for some fixed differential operators Lj of order j.
We shall be interested in the solution corresponding to the “initial value”

U(y, 0, 0, . . . ) = 2y and the derivatives

∂U

∂ti
(y, 0, 0, . . . ) = uk(y).

As we have seen, this function is the second derivative in y of an interesting
function,

U(y + t0, t1, t2, . . . ) = 2
∂2

∂t20
log τ(y + t0, t1, . . . ).

A function τ on the right-hand side of the last equation is called a τ-function
for the KdV hierarchy. Witten’s conjecture discussed in the next chapter iden-
tifies this function with another series in infinite number of variables con-
structed by means of the intersection theory on moduli spaces of curves.

3.6.4 Constructing Solutions to the KdV Hierarchy
from the Sato Grassmanian

There is a standard way to construct solutions to the KdV hierarchy starting
from a Sato subspace in the Sato Grassmanian. Kontsevich made use of it
in his proof of Witten’s conjecture. Below we follow the approach explained
in [252].

Consider C((z)), the infinite dimensional space of Laurent series in z, that
is, series of the form

f(z) =
∞∑

i=−∞
aiz

i.

A Sato subspace in C((z)) is an infinite dimensional vector subspace possessing
a basis f1, f2, . . . such that fj(z) = z−j(1 + o(1)) for all j starting from
some number. All Sato subspaces constitute the Sato Grassmanian. Below we
consider only Sato subspaces admitting a basis fi such that each fi starts
with z−i.
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Let T1, T2, . . . be an infinite sequence of formal variables, and denote by
M(z;T1, T2, . . . ) the function

M(z;T1, T2, . . . ) = eT1z
−1+T2z

−2+....

For a function fj of the form

fj = z−j + α1z
−j+1 + α2z

−j+2 + . . .

the function Mfj ∈ C((z)) is well defined. For a Sato subspace W ⊂ P , fix a
basis f1, f2, . . . such that fj starts with z−j. Define the τ-function associated
to the subspace W as the fraction

τW (T1, T2, . . . ) =
(· · · ∧Mf3 ∧Mf2 ∧Mf1) ∧ z0 ∧ z1 ∧ z2 ∧ . . .

· · · ∧ z−3 ∧ z−2 ∧ z−1 ∧ z0 ∧ z1 ∧ z2 ∧ . . .
.

Obviously, the τ -function depends indeed on the subspace W itself, and not
on the specific choice of the basis f1, f2, . . . in it. The τ -function is non-zero.
In practice its computation involves an evaluation of a determinant of finite
size, as the following example shows.

Example 3.6.2. The first nontrivial example of a τ -function is given by the
subspace in C((z)) spanned by the vectors

f1 = z−1 + a1z
0 + a2z

1, f2 = z−2 +
a2

a1
z, fj = z−j for j ≥ 3

(here a1, a2 are arbitrary non-zero complex numbers). Multiplying by the
exponent M we obtain

Mf1 = · · ·+ (T1 + a1(
1
2
T 2

1 + T2) + a2(
1
6
T 3

1 + T1T2 + T3))z−2

+ (1 + T1 + a2(
1
2
T 2

1 + T2))z−1 + . . .

Mf2 = · · ·+ (1 +
a2

a1
T1)z−2 +

a2

a1
z−1 + . . . ,

where dots denote terms not containing z−2 and z−1, and

Mfj = · · ·+ z−j for j ≥ 3,

where dots denote terms of degree less than −j.
Hence, the τ -function is given by the determinant of the coefficients of z−2

and z−1 in the functions f2 and f1:

τW (T1, T2, T3, . . . ) =

∣∣∣∣∣∣
1 + a2T1/a1 a2/a1

T1 + a1(1
2T

2
1 + T2) 1 + T1 + a2(1

2T
2
1 + T2)

+a2(1
6T

3
1 + T1T2 + T3)

∣∣∣∣∣∣
= 1 + a1T1 + a2T

2
1 +

a2
2

a1

(
1
3
T 3

1 − T3

)
.
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Proposition 3.6.3. If a Sato subspace W ⊂ C((z)) is invariant under the
multiplication by z−2, then

• the function τW does not depend on the variables Ti with even indices;
• the family of the second order differential operators

S(y, T1, T3, T5, . . . ) =
∂2

∂y2
+ 2

∂2

∂T 2
1

log τW (y + T1, T3, T5, . . . )

satisfies the KdV hierarchy

∂S

∂T2k+1
= [S(2k+1)/2

+ , S].

Example 3.6.4. In the above example, the vector space W ⊂ C((z)) spanned
by the functions f1, f2, . . . is invariant under the multiplication by z−2. This
remark explains why the τ -function does not depend on T2, T4, . . . . It is easy
to verify directly that the function

U(y;T1, T3, . . . ) = 2
∂2

∂T 2
1

log τW (y + T1, T3, T5, . . . )

= 2
∂2

∂T 2
1

log
(
1 + a1(y + T1) + a2(y + T1)2 +

a2
2

a1
(
1
3
(y + T1)3 − T3)

)
satisfies the Korteweg–de Vries equation

∂U

∂T3
=

3
2
U

∂U

∂T1
+

1
4
∂3U

∂T 3
1

.

Now let us outline the proof of the proposition; we refer the reader to [252]
for the details of the proof.

The first statement is obvious. Indeed, if the subspace W is invariant under
the multiplication by z−2, then it remains invariant under the multiplication
by eT2z

−2+T4z
−4+... as well, and only odd terms in the exponent contribute to

the τ -function.
In order to prove the second statement, we introduce the so-called Baker

function of the subspace W . By definition, the Baker function ΨW is the
function of the form

ΨW (z;T1, T2, . . . ) = M(z;T1, T2, . . . )ΦW (z;T1, T2, . . . ),

where ΦW is the unique function of the form

ΦW (z;T1, T2, . . . ) = 1 + k1(T1, T2, . . . )z + k2(T1, T2, . . . )z2 + . . .

such that the vector ΨW belongs to W for any set of fixed values of Ti. The
function ΦW is related to the τ -function by the formula
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ΦW (z;T1, T2, . . . ) =
τW (T1 − z, T2 − 1

2z
2, T3 − 1

3z
3, . . . )

τW (T1, T2, T3, . . . )
. (3.30)

In particular, the first two coefficients in the expansion of ΦW in powers of z
are

k1(T1, T2, . . . ) = − 1
τW

∂τW
∂T1

(3.31)

k2(T1, T2, . . . ) =
1

2τW

(
∂τW
∂T2

+
∂2τW
∂T 2

1

)
. (3.32)

Since W is invariant under the multiplication by z−2, the function ΦW does
not depend on the variables Ti with even indices.

To the Baker function one associates the pseudodifferential operator

KW (T1, T2, . . . ) = 1 + k1(T1, T2, . . . )∂−1 + k2(T1, T2, . . . )∂−2 + . . . ,

whose coefficients coincide with that of ΦW , as well as the family of genuine
differential operators of order r

PWr(T1, T2, . . . ) = ∂r + pr2∂
r−2 + · · ·+ prr, r = 1, 2, 3, . . . .

(Similarly to the preceding section we denote by ∂ the partial derivative with
respect to y, ∂ = ∂/∂y.) The operators PWr are uniquely determined by the
condition

∂ΨW (y + T1, T2, . . . )
∂Tr

= PWrΨW (y + T1, T2, . . . ). (3.33)

In fact, the operators PWr have the form

PWr = Qr
W+,

where QW = KW∂K−1
W is a pseudodifferential operator of the form

QW = ∂ + q1(T1, T2, . . . )∂−1 + . . . .

For the operator QW , Eq. (3.33) reads

∂QW

∂Tr
= [Qr

W+, QW ]. (3.34)

The operator KW , and therefore all operators PWr as well as QW do not
depend on all variables Ti with even indices. This implies that Q2

W is, in fact, a
genuine differential operator, thus coinciding with PW2. Hence, the operator
Q2
W (y + T1, T3, T5, . . . ) is the second order differential operator S from the

statement of the proposition.
The proposition is proved.

If there is an infinite number of the basis vectors fi different from z−i, then
the computation of the τ -function involves computing the determinant of an
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infinite dimensional matrix, which is a cumbersome task. It can be simplified,
however, if we choose an integer N and make the substitution

Tk =
1
k

(zk1 + · · ·+ zkN ), k = 1, 2, . . . .

After this substitution, the exponential function M becomes the product

M

(∑
zi,

1
2

∑
z2
i ,

1
3

∑
z3
i , . . .

)
=

1
1− z1/z

. . .
1

1− zN/z
,

and multiplication by M becomes a rather simple operator. It can be shown
that it suffices to compute only the determinant of the N ×N -matrix of the
first N coefficients of the first N functions:

τW (
∑

zi,
1
2

∑
z2
i ,

1
3

∑
z3
i , . . . ) =

(
· · · ∧ zN+1 ∧MfN · · · ∧Mf1

)
∧ z0 ∧ . . .

· · · ∧ z−3 ∧ z−2 ∧ z−1 ∧ z0 ∧ z1 ∧ z2 ∧ . . .

(with the substitution made both in fi and M). This means that the deter-
minant will not change if we replace zN+1 with fN+1, or zN+1 with fN+1 and
zN+2 with fN+2, and so on; hence this finite determinant coincides with the
required infinite one. For example, if N = 1, then τW (z1, z

2
1/2, . . . ) coincides

with the coefficient of z−1 in Mf0.
Knowing

τW

(
N∑
i=1

zi,
1
2

N∑
i=1

z2
i ,

1
3

N∑
i=1

z3
i , . . .

)
for a given N allows one to compute several first coefficients of the τ -function.
Choosing an appropriately large N we can compute each coefficient by a finite
procedure. In particular, if the substitution

Tk =
1
k

(zk1 + · · ·+ zkN ), k = 1, 2, . . . .

in a τ -function and in some power series F (T1, T2, . . . ) gives the same result
for all N , then the two functions coincide. This fact was used by Kontsevich
in the proof of Witten’s conjecture.

3.7 Physical Interpretation

We had a chance to give the explanations presented below at a number of
seminars in the presence of physicists. Usually our statements did not provoke
any serious protests. Hoping that the politeness of our colleagues-physicists
was not the unique reason for that, we dare to conclude that our point of view
is not too different from that of theoretical physics.
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3.7.1 Mathematical Relations Between Physical Models

We mathematicians know that mathematical theories of very distant origins
may be related to one another. However, we were surprised to discover that
the same is true for physical theories. We don’t see profound philosophical
reasons for that: a physical model must in the first place reflect the natural
phenomenon it has a mission to describe. Nevertheless, the relations between
different physical models do exist. One of the examples we have already seen is
the two-matrix model. In this model Feynman diagrams which usually serve
as a purely technical instrument of evaluating Gaussian integrals suddenly
become configurations of the Ising model on a “dynamical lattice”. But the
Ising model was initially invented in order to describe the ferromagnetism
phenomenon and its disappearance under heating.

Another and much more famous example is the KdV equation and its
higher analogues. Korteweg and his student de Vries invented their equation
in order to describe waves in shallow water. Its relation to the Schrödinger
equation discovered much later was already a big surprise. And now we come
across the same equation in the theory of map enumeration. In Chapter 4 it
will play an important role in the intersection theory on the moduli space of
curves.

In the same vein, the matrix integrals approach to the map enumeration
admits at least two physical interpretations: as a discretization of a path
integration in string theory, and as a particular quantum field model.

3.7.2 Feynman Path Integrals and String Theory

In classical mechanics a point-like particle that moves from A to B “chooses”
a trajectory x(t) that minimizes the functional of action S[x]. In quantum me-
chanics (more exactly, in Feynman path integrals approach) a particle moves
from A to B along all possible trajectories, the contribution of each trajectory
into the “amplitude of probability” being

e−(i/�)S[x] .

In order to evaluate the amplitude (and other physical quantities) one must
compute an integral over the space of all possible trajectories.

It turns out that the “space of all trajectories” is not well defined, and the
measure on this space is complex-valued and not countably additive, so the
result of the integration depends on the choice of the integration procedure.
Never mind: the physical intuition often permits one to choose such a way of
integration that the results not only become reasonable but even obtain an
experimental confirmation.

One of the techniques of such computation consists in replacing trajectories
by broken lines, thus reducing the problem to a finite-dimensional integration.
If in the process of its evolution in time the particle breaks down in two, and/or
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two particles collide and form one particle, the space of trajectories becomes
more complicated: we must integrate over all pairs of points M and N , and
then over all trajectories from A to M , all pairs of trajectories from M to N ,
and all trajectories from N to B (see Fig. 3.13).

A

B

BB

B

AA

A

M

M

N

N

Fig. 3.13. Feynman paths and their discrete approximation

In the string theory approach a particle is no longer point-like, but is
a small circle (“string”). As this circle evolves in time, a two-dimensional
surface appears, which serves as an analog of a trajectory. The process of
breaking down/colliding is described by the addition of a new handle to the
surface (Fig. 3.14). We may suppose that the particle is born ex nihilo and
disappears at the end of its life; or we may suppose that the time segment is
finite. Then the corresponding surface becomes compact.

A M N

B

Fig. 3.14. Evolution of a string in time

The first impression is that the problem of integrating over the space of
surfaces becomes hopeless. In fact, at least in certain respects it becomes sim-
pler. One of its possible interpretations consists in considering the surfaces as
complex curves. Then one may integrate over the moduli space of such curves,
and this space is finite-dimensional. Another possibility consists in considering
some kind of discrete approximations to the “paths”. A very natural class of
such approximations is represented by maps! This is how the maps enter the
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scene. In the cases when both approaches can be applied they give consistent
results.

In fact, the models used by physicists are somewhat more sophisticated.
For example, they use an integration over all metrics on a surface. But a
map, e.g., a triangulation, represents a very natural way of discretizing a
metric. A triangulation of a surface determines a piecewise flat metric on it:
we simply suppose each triangle to be a regular plane triangle of a given area.
Knowing the total area of the surface and the number of triangles one can
easily calculate the area of a triangle, and therefore its side. Physicists usually
suppose that for the number of triangles large enough, summation over the
(finite) set of all triangulations is equivalent to integration over the space of
all metrics. Here triangulations may well be replaced by maps or by some
other types of cellular decompositions.

As we shall see in the next chapter, this approach, at least on the level
of ideas, is consistent with the integration over the moduli space. One may
introduce a cell decomposition of moduli spaces (in fact, of “decorated” mod-
uli spaces: see the next chapter) of curves with marked points associated
to embedded graphs structure. In these cell decompositions, triangulations
naturally correspond to open cells, while other embedded graphs label cells
of higher codimension. Thus, summing up over triangulations produces the
most essential part of the integral.

An even more complicated class of models considers the surfaces not as
abstract entities but as geometric objects embedded (or immersed) in a certain
space. See in this respect [181], where embeddings of surfaces into a space
of dimension −2 are considered! (Indeed, the level of abstraction in modern
physics is often far beyond that of mathematics.)

3.7.3 Quantum Field Theory Models

There is a general recipe how to construct these models. First of all we must
choose two spaces X and Y . The space X is our “model Universe”. Fields
defined on X take their values in Y . According to the nature of this space the
field under consideration is scalar, or vector, or spinor, etc.

A field is not a function f : X → Y , and is not even the space

F = {f | f : X → Y }

of such functions, but a measure on the latter space. Usually the density of
the measure takes the form

exp{−(quadratic functional of f)− (interaction term)} ,

where the interaction term is of order greater than two. When there is no
interaction, the measure becomes Gaussian (since it becomes exponent of a
quadratic term), and is called the “free field”. (Recall your school course of
physics: there was kinetic energy which was quadratic, and potential energy
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which had an arbitrary form.) The interaction term quite often depends on
some parameters. The goal is to integrate the measure over the space F , thus
finding what is called the partition function, and then to study its dependence
on parameters.

The one-matrix model considered above has all the ingredients of this gen-
eral scheme. The nature of the field is rather complicated, since the role of
the space Y is played by HN , the space of Hermitian matrices. The free field
and the corresponding Gaussian measure are described by the quadratic func-
tional 1

2 tr(H2). The interaction term is t tr(H4), where t is a parameter. The
most unusual part of the story is, however, the space X : our model Universe
consists of one point!

The reader has probably come across such fancy things as a model of the
Universe which takes the form of a 26-dimensional space, with certain num-
ber of usual “commutative” coordinates and other anti-commutative “super”-
coordinates. In some models the Universe has a curvature, it may become a
compact manifold, and so on. What we have seen in this chapter shows how-
ever that even a model in which the Universe consists of a single point may
already be highly non-trivial. This observation permits better estimating the
level of mathematical non-triviality of modern theoretical physics.

In the two-matrix model the Universe consists of 2 points, and in the
many-matrix models it consists of several points (for example, 2q points in
the meander problem).

3.7.4 Other Models

Certain combinatorial models expressed in terms of matrix integrals admit
other physical interpretations. For example, the mere geometric nature of the
meander problem suggests its interpretation as a model of polymer folding,
and also as a specific model of the self-avoiding walk, both models being very
important in statistical physics.

But the story does not stop here; it continues as follows. In [83] the authors
explain that the meander problem may be interpreted as “a pair of two fully
packed loop models”. There is no proof (or probably there is one but we don’t
see it), but there are certainly very convincing physical arguments for such
an interpretation. Now, a fully packed loop model has the “central charge”
equal to c = −2, and “therefore” the central charge for the meander model
is c = −4. Now, if we are ready to believe in the conformal invariance of the
model, we may use the Knizhnik–Polyakov–Zamolodchikov (KPZ) equation
which expresses the “string susceptibility” γstr through the central charge:

γstr(c) =
c− 1−

√
(25− c)(1− c)
12

.
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Finally we may use the expression of the critical exponent α through the
string susceptibility:

α = 2− γstr .

For c = −4 all this gives

α =
29 +

√
145

12
= 3.4201 . . . ,

which is very close to the experimental value α = 3.4206 . . . (see our discussion
in Sec. 3.4.4).

We hope that the reader will forgive us for not explaining the exact mean-
ing of all physical terms we have used. All this remains very far from a rigorous
mathematical proof. But without a physical intuition one would never guess
which direction to follow.

The question of the mathematical rigor is often raised by our colleagues,
and quite often we don’t know what to answer. It is true that physicists usually
don’t provide a rigorous treatment of the subject. They don’t pretend to do
that, and are not supposed to. On the other hand, all the parts of the theory
we were able to understand turned out to be rigorous. But what then is the
difference between “understand” and “find a rigorous exposition”? Whatever
are the answers to all these annoying questions, we feel it as our obligation to
pursue the process of understanding of this remarkable theory.

3.8 Appendix

3.8.1 Generating Functions

Suppose we have a finite or infinite sequence of numbers enumerating some
classes of objects. Then it is often convenient to treat this sequence as the
sequence of coefficients of a polynomial or of a power series respectively. In
this case the polynomial or the power series is called the generating function
for the sequence. For example, the function(

1
1− s

)2

= 1 + 2s + 3s2 + 4s3 + . . .

is the generating function for the sequence 1, 2, 3, 4, . . . , and the binomial
formula is the generating polynomial for the binomial coefficients:

(1 + s)m =
(
m

0

)
+

(
m

1

)
s + · · ·+

(
m

m

)
sm.

Newton’s binomial formula simply generalizes the last one to the case of ar-
bitrary (e.g., complex) degree α:

(1 + s)α = 1 + αs +
α(α− 1)

2!
+ · · ·+ α(α− 1) . . . (α−m + 1)

m!
sm + . . . .
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We do not require that the power series corresponding to a sequence have
a non-trivial convergence disk, that is, we work with formal power series.
Natural operations with classes of objects often can be interpreted in terms of
algebraic manipulations, like summing or differentiating, with formal power
series. Moreover, the coefficients in formal power series can be taken from
abstract rings, not necessarily commutative.

Below we give two important examples of generating functions; they are
used in Secs. 3.1, 3.2.

Exercise 3.8.1. Prove that(
1

1− s

)m

=
(
m

0

)
+

(
m + 1

1

)
s +

(
m + 2

2

)
s2 + · · ·+

(
m + k

k

)
sk + . . . .

Exercise 3.8.2 (Catalan numbers). The sequence of Catalan numbers
Catn is defined by the initial value Cat0 = 1 and the recurrence relation

Catn+1 = Cat0 Catn + Cat1 Catn−1 + · · ·+ Catn Cat0 .

The first Catalan numbers are 1, 1, 2, 5, 14, 42, 132, . . . .
1. Prove that

Catn =
1

n + 1

(
2n
n

)
=

(2n)!
n!(n + 1)!

.

2. Using the above recurrence relation deduce the generating function for
the Catalan numbers:

Cat0 + Cat1 s + Cat2 s2 + · · · = 1−
√

1− 4s
2s

.

3. Prove the following asymptotics for the nth Catalan number:

Catn ∼ const ·4n · n−3/2.

Besides usual generating functions considered above, there are other types
of generating functions. For example, there is a way to associate a class of
generating functions to arbitrary fixed sequence b0, b1, b2, . . . : we assign to a
sequence a0, a1, . . . the formal power series

a0b0 + a1b1s + a2b2s
2 + . . . .

The sequence bk = 1/k! is among the most widely used sequences bi; the corre-
sponding generating functions are called the exponential generating functions.
For example,

e−x = 1− x

1!
+

x2

2!
− . . .

is the exponential generating function for the sequence 1,−1, 1,−1, 1, . . . . The
differentiating of an exponential generating function leads to the shift of the
sequence of coefficients ai. Exponential generating functions are extremely
useful in the enumeration of labelled objects (see below).

For more about generating functions see [265], [113].
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3.8.2 Connected and Disconnected Objects

The operation of taking the logarithm is very well known in combinatorics; see,
for example, [136], [102], [24]. If one has an exponential generating function
for a class of labelled objects, then its logarithm is the generating function for
the connected objects of the same type.

Recall that the word “exponential” means “with n! in the denominator”.
The word “labelled” means that the constituent parts of an object (like ver-
tices, edges, darts, etc.) are marked in such a way that the automorphism
group of every object in the class becomes trivial. Let us, however, add an
important remark. One may consider objects (such as graphs) with additional
structures (such as cyclic orders of edges around vertices) and with some prop-
erties imposed (such as prescribed vertex degrees). But one must be careful: a
“property” has a legal right to be imposed when it is valid for an object if and
only if it is valid for all its connected components, that is, if it is hereditary.
For example, the property

Every vertex of a graph is colored in one of k colors

is acceptable; on the contrary, the property

Every vertex of a graph is colored in one of k colors, and all k colors
are used

is not good, because it may be valid for a graph as a whole but not valid for
some of its connected components.

Now let us be slightly more formal. Consider a graded set of labelled objects
O = O1 ∪ O2 ∪O3 ∪ . . . satisfying the following properties:

• each of the sets Ok is finite;
• an operation of union of the objects O×O → O is defined, which takes a

pair (o1, o2) with o1 ∈ Ok, o2 ∈ Om into an object o1 + o2 ∈ Ok+m;
• any object o ∈ O admits a unique decomposition into a union of connected

objects o = o1+o2+· · ·+ok. (A connected object is an object o that admits
no decomposition o = o1 + o2.)

We don’t give a formal definition of the notion of being labelled, limiting
ourselves to the remarks given above. The intuitive meaning is clear, while the
development of a coherent and rigorous theory would need a considerable effort
(see, for example, [24]). Just note that the decomposition o = o1+o2+ · · ·+ok
of any object o ∈ O into connected components is, indeed, unique, as is said
above, and not unique “up to the order”, and this is so exactly because of the
labelling.

Denote the set of connected labelled objects by C ⊂ O; we have C =
C1∪C2 ∪ . . . , with Ci = C ∩Oi. Let F : O → K be a multiplicative mapping of
the set O to a ring K, i.e., F (o1 +o2) = F (o1)F (o2). We can set, for example,
F (o) = tn ∈ Z[t] for o ∈ On. Consider two exponential generating functions
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FO(s) = 1 +
1
1!

s
∑
o∈O1

F (o) +
1
2!

s2
∑
o∈O2

F (o) + . . . ,

FC(s) =
1
1!

s
∑
o∈C1

F (o) +
1
2!

s2
∑
o∈C2

F (o) + . . .

for the set of labelled objects and for the set of connected labelled objects
respectively.

Proposition 3.8.3. The above generating functions are related by the follow-
ing formulas:

FO(s) = exp(FC(s)).

or, equivalently,
FC(s) = log(FO(s)).

Idea of the proof. The set of indices {1, 2, . . . , n} is distributed among the
connected components o1, . . . , ok in such a way that each component obtains
the number of indices equal to its grading. Let us look at the coefficient of
sn in the exponent on the right-hand side of the first formula. A contribution
to this coefficient is given by a set of connected labelled objects o1, . . . , ok
such that o = o1 + · · · + ok ∈ On. Suppose o1 ∈ Oi1 , . . . , ok ∈ Oik , where
i1 + · · ·+ ik = n. Then the contribution is equal to

1
i1!

. . .
1
ik!

.

On the other hand, the disconnected object o admits

n!
i1! . . . ik!

labellings. Therefore its contribution to the coefficient of sn in the generating
function on the left-hand side is

1
i1! . . . ik!

.

A more rigorous proof would need more precise definitions.

In practice the “distribution of roles” between various labels and variables
may turn out to be rather subtle. For example, while enumerating four-valent
plane maps, we consider a map with n vertices as an object with grading n,
its vertices being labelled by 1, 2, . . . , n. At the same time, the labelling of
the darts by 1, 2, 3, 4 (see Remark 3.5.6) must be considered as a “property”
imposed on the objects. Generating functions in Proposition 3.3.7 and in
Eq. (3.13) are power series in two variables s and N , but the roles of these
variables are different. While s is the formal parameter of the generating
functions, their coefficients take values in the ring of polynomials in N : to each
map we associate N#(faces). This function, defined on the set of “disconnected
maps”, is obviously multiplicative.
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3.8.3 Logarithm of a Power Series and Wick’s Formula

The Wick formula can be considered as a very particular case of a formula
well known in probability theory, which expresses the moments for the prob-
ability distribution in terms of its semi-invariants. The latter one, in its turn,
is a “probabilistic interpretation” of the formula of logarithm of a power se-
ries. For more details see, for example, [210], Chapter 2 “Semi-invariants and
combinatorics”.

We use the multi-index notation:

α = (α1, . . . , αn), αi ∈ N,

|α| = α1 + . . . + αn,

α! = α1!× . . .× αn!,
tα = tα11 . . . tαn

n , where t = (t1, . . . , tn),

∂|α|f
∂tα

=
∂|α|f

∂tα11 . . . ∂tαn
n

.

Let
f(t) = 1 +

∑
|α|>0

mα

α!
tα

be the Taylor series for a function f(t) satisfying f(0) = 1; here

mα =
∂|α|f
∂tα

∣∣∣∣
t=0

.

Let the following be the Taylor series for log f(t):

log f(t) =
∑
|α|>0

sα
α!

tα.

The formula below is interesting in itself. It expresses the coefficients mα in
terms of sα.

Proposition 3.8.4. The Taylor coefficients mα of a function f are expressed
in terms of the Taylor coefficients sα of log f by the following formula:

mα =
|α|∑
k=1

1
k!

∑
β1 + . . . + βk = α,

|βi| > 0

α!
β1! . . . βk!

k∏
i=1

sβi .

Here βi are also multi-indices; the interior sum is taken over all ordered k-
tuples of multi-indices (but the factor 1/k! “kills the order”).

Remark 3.8.5. The above formula is valid for formal power series as well as
for analytic functions.
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Proposition 3.8.6. Let μ be a probability distribution in Rn (an arbitrary
one, not necessarily Gaussian), and let

ϕ(t) = 〈ei(t,x)〉 =
∫

Rn

ei(t,x)dμ(x) (3.35)

be its characteristic function. If ϕ is analytic in a neighborhood of 0, then all
the moments mα = 〈xα〉 exist, and

ϕ(t) = 1 +
∑
|α|>0

mα

α!
(it)α.

The coefficients sα of the series

logϕ(t) =
∑
|α|>0

sα
α!

(it)α

are called semi-invariants of the distribution μ, so the formula of Proposition
3.8.4 expresses the moments of a probability distribution in terms of its semi-
invariants.

Formulas and computations involving semi-invariants are often much sim-
pler than those involving moments. A Gaussian distribution is a striking ex-
ample of this phenomenon, since for the characteristic function (3.35), its
logarithm is no longer an infinite series but a quadratic polynomial

logϕ(t) = −1
2
(Ct, t), (3.36)

so sα �= 0 implies |α| = 2, and for such an α we have sα = mα = cij (here
αi = αj = 1 if i �= j, and αi = 2 if i = j, while all the other components of
the multi-index α are equal to 0).

Remark 3.8.7. Formula (3.36) is often taken as the definition of the Gaus-
sian measure. It remains meaningful even when the matrix C becomes degen-
erate and the definition given in Eq. (3.4) is no longer valid, since B = C−1

does not exist. In this case the measure itself is also degenerate: it is concen-
trated on a subspace of a smaller dimension.

Lemma 3.8.8. Let μ be a Gaussian measure in Rn, and let A : Rn → Rk be a
linear operator. Then A induces a measure μA in Rk, which is also Gaussian.

Proof. Let C be the covariance matrix of μ, and let x, t ∈ Rn, y, s ∈ Rk, and
y = Ax. Then

ϕμA(s) = 〈ei(s,y)〉 = 〈ei(s,Ax)〉 = 〈ei(A∗s,x)〉 = ϕμ(A∗s),

where A∗ : Rk → Rn is the operator adjoint to A. What remains is to substi-
tute A∗s for t in ϕμ(t) = exp{− 1

2 (Ct, t)}, which gives the covariance matrix
of μA equal to ACA∗.
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Remark 3.8.9. In the above lemma, the dimension k may be less than n,
equal to n, or greater than n, and the operator A may be of arbitrary rank.

Return now to the Wick formula. Let y1 = f1(x), . . . , y2k = f2k(x).
According to Lemma 3.8.8 the vector (y1, . . . , y2k) has a Gaussian distribution,
and our goal is to compute, for this distribution, the moment 〈y1 . . . y2k〉
which corresponds to the multi-index α = (1, 1, . . . , 1). Now we can apply the
formula of Proposition 3.8.4 and split α into sums of multi-indices βi, of which
survive only those of the form (0, . . . , 0, 1, 0, . . . , 0, 1, 0, . . . , 0), having exactly
two non-zero entries.

The Wick formula is proved.

We finish this chapter by yet one more facet of the logarithm. If you
ask a physicist why the logarithm in Eq. (3.14) must be taken, he will most
probably reply that the partition function does not have its proper physical
meaning, but its logarithm has the meaning of energy. And the fact that the
same operation leaves only connected Feynman diagrams is one of the many
miracles we encounter in this theory almost everywhere.

∗ ∗ ∗

It is possible that many enumerative results of this chapter could be ob-
tained by purely combinatorial means, without having to resort to matrix
integrals. However, without physical intuition one often does not know which
direction to take. On the technical level, much remains to be done. First of
all, the entire theory must be made mathematically rigorous (cf., e.g., [130]),
or, at least, a careful distinction must be made between the results having rig-
orous proofs and those for which there are only plausible physical arguments.
Then, it is necessary to develop more industrial and less handicraft methods
of computing matrix integrals. This chapter is also a message to enumerative
combinatorialists: among a large variety of objects one can enumerate, maps
are of special interest because of their revealed relations to physics. If you
hesitate what to enumerate, choose maps.

The history of mathematics shows that when its branch becomes related
to physics, then in due time it acquires a fundamental importance for math-
ematics itself and starts to occupy a place close to its core. If you wish to
be convinced that this remark is valid for embedded graphs, read the next
chapter.
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Geometry of Moduli Spaces of Complex Curves

In this chapter we present an overview of the connection between the geome-
try of moduli spaces of complex curves with marked points and the topology
of embedded graphs. According to Harer [137], the idea of this connection
belongs to Mumford. It proved to be extremely fruitful. The most celebrated
results here are the calculation of the orbifold Euler characteristic of moduli
spaces of smooth curves due to Harer and Zagier [138] (we present also Kont-
sevich’s calculation based on similar ideas) and Kontsevich’s proof of Witten’s
conjecture. We must note that a complete exposition of this proof containing
all the details has not yet been published. Our text does not fulfill this mission
either. In the next chapter we will show how the geometry of moduli spaces
of curves is related to that of Hurwitz spaces, that is, the moduli spaces of
meromorphic functions on complex curves. Since a meromorphic function is
also associated to an embedded graph, we obtain another facet of the same
connection.

4.1 Generalities on Nodal Curves and Orbifolds

This section contains additional information about complex curves we shall
need in the present chapter and in the next one.

4.1.1 Differentials and Nodal Curves

Let X be a complex curve. A meromorphic 1-form (or, a meromorphic differ-
ential) over X is an object locally represented, in a coordinate z, as ϕ(z)dz,
where ϕ is a meromorphic function. For example, for each meromorphic func-
tion f : X → CP 1 its differential df is a meromorphic 1-form. A coordinate
change z = ψ(z1) leads to the following transformation of the coordinate
presentation of the differential:

ϕ(z)dz = ϕ(ψ(z1))ψ′(z1)dz1.
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The order of a pole of a meromorphic differential is the order of the pole
of the function ϕ(z) in any local representation. For a meromorphic 1-form ω
with a pole at a point x0 ∈ X its residue Resx0ω is defined as the integral of
ω over a small circle going around x0 in the positive direction, divided by 2πi.
In other words, Resx0ω coincides with the coefficient a−1 in any coordinate
expansion

ω =
(a−k

zk
+ · · ·+ a−1

z
+ a0 + a1z + . . .

)
dz

of ω in a vicinity of x0, and this value is independent of the choice of the
coordinate z.

If a meromorphic 1-form admits a local representation without poles in
each chart, then it is a holomorphic 1-form. Holomorphic differentials form a
subspace in the infinite dimensional vector space of meromorphic differentials
over C. The space of holomorphic 1-forms is finite dimensional, and if X is
a curve of genus g, then the complex dimension of the space of holomorphic
1-forms on X is g.

Besides smooth complex curves, we shall also need singular curves with
simplest possible singularities, namely, nodal curves. While a smooth point of
a curve admits a neighborhood biholomorphic to a disc, a node, or a double
point, admits a neighborhood biholomorphic to a pair of disks with identified
centers.

A nodal curve is a complex curve whose only singularities are nodes. The
set of nodes of a curve is always finite. If we remove the node from a neigh-
borhood which is biholomorphic to a pair of glued disks, then we obtain two
disjoint punctured disks. They are called the sheets of the curve at the node.

It is convenient to think of nodal curves as of degenerations of smooth
curves. For example, consider the family t1t2 = εt20 on the projective plane
(or the family t1t2 = ε in the affine chart t0 = 1) depending on the complex
parameter ε. Then for ε �= 0 the member of the family is a smooth rational
(i.e., of genus zero) curve. For ε = 0 the curve is no longer smooth: it acquires
a node at the point t1 = t2 = 0; see the real part of these curves in Fig. 4.1. For
a general nodal curve the construction is more complicated, and it requires

�

�
t1

t2

Fig. 4.1. The family of rational curves t1t2 = ε degenerating into the nodal curve
t1t2 = 0
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studying families of curves in projective spaces of higher dimension. We do
not describe it here.

Note that if we remove the node from the singular curve in the last ex-
ample, then the curve splits into two disjoint rational curves given by the
equations t1 = 0 and t2 = 0 respectively, each punctured at a single point.
Attaching a point to each puncture, we obtain two curves that are called the
irreducible components of the singular curve. However, a nodal curve does
not necessarily have more than one irreducible component. For example, the
singular curve t22t0 = t21(t1 + t0) (or t22 = t21(t1 + 1) in the affine chart t0 = 1)
consists of a unique irreducible component. The real part of this curve is
presented in Fig. 4.2.

�

�
t1

t2

Fig. 4.2. The degenerate elliptic curve t22 = t31 + t21

For a general nodal curve X , splitting a neighborhood of each double point
into a pair of disjoint disks yields a smooth curve X̃ consisting of a number of
connected components. This curve, together with the mapping X̃ → X gluing
in pairs the preimages of the double points, is called the normalization of the
nodal curve. In the normalization, each node is replaced by a pair of points
called the normalized double point. The connected components of the normal-
ization X̃ are in one-to-one correspondence with the irreducible components
of the curve X . The two points in each pair can belong either to the same con-
nected component of X̃ , or to two distinct connected components, and after
gluing they form a double point in X . The normalization is a good way to say
what a meromorphic function on a nodal curve is. A meromorphic function
on a nodal curve X is simply a meromorphic function on the normalization
X̃ that takes coinciding values at each two points of X̃ normalizing the same
double point.

The singular curve in Fig. 4.2 can be considered as a rational curve with
two points glued together; the rational curve in question is the normalization of
the singular one. However, it is more convenient to treat it as an elliptic curve
(that is, a curve of genus 1). It may be obtained as the result of degeneration
of the family of elliptic curves t22 = t21(t1 + 1) + ε.

Let us now turn to the following question: how to define the genus of a
nodal curve? The easiest way to do this is to cut off a neighborhood of each
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node, that is, a pair of disks glued at a point, and to replace it with a cylinder
preserving the orientation. We take the genus of the resulting smooth two-
dimensional surface for the genus of the nodal curve. While defining the genus
we are interested only in the topology of the resulting surface, not in the
complex structure on it, and in the topological sense the gluing procedure is
well-defined since the boundary of the pair of disks, as well as the boundary
of the cylinder, consists of a pair of circles.

Another definition of the genus of a nodal curve, of which we shall also
make an extensive use below, proceeds in terms of meromorphic differential
1-forms on its normalization. Namely, the genus g of a nodal curve X is
the dimension of the space of meromorphic differentials on X̃ possessing the
following properties:

• the differentials are allowed to have poles only at the normalized double
points;

• if there is a pole at a normalized double point, then the order of this pole
is 1;

• the sum of the residues of the differentials at the two normalizations of
the same double point is zero.

The last requirement has the following explanation. Consider the family
of curves t1t2 = ε in the neighborhood of the origin. The restriction of the
differential dt1/t1 to a nondegenerate curve of this family has no poles, while
its restriction to the irreducible component t2 = 0 of the degenerate curve
corresponding to the value ε = 0 has a pole of order one at the origin, and
its residue at the pole is +1. On the other hand, in the coordinate t2, the
same differential, when restricted to the curve t1t2 = ε, has the coordinate
presentation −dt2/t2. This shows that its restriction to the other irreducible
component t1 = 0 of the nodal curve also has a pole of order one, but with
the residue −1. This local situation is, in a way, generic.

Exercise 4.1.1. Show that the two definitions of the genus of a nodal curve
are equivalent. [Hint: Proceed by induction on the number of nodes.]

Exercise 4.1.2. 1. Verify that if a curve X is obtained as the union of two
curves X1 and X2 of genera g1 and g2 respectively intersecting at a single
point, then the genus of X is g1 + g2.

2. Show that the gluing of two smooth points of a connected nodal curve
increases its genus by one.

4.1.2 Quadratic Differentials

A meromorphic quadratic differential on a complex curve X is an object with
a local coordinate presentation ρ = ϕ(z)(dz)2, where ϕ is a meromorphic
function. A change of variable z = ψ(z1) leads to the following transformation
of the coordinate presentation:

ϕ(z)(dz)2 = ϕ(ψ(z1))(ψ′(z1))2(dz1)2.
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For each meromorphic differential ω = ϕ(z)dz its square ω2 = (ϕ(z))2(dz)2 is
a quadratic differential. However, not each quadratic differential is the square
of some 1-form. For instance, this is obviously not true for quadratic differen-
tials with poles and/or zeroes of odd order.

Let x0 ∈ X be a pole of even order 2k of a quadratic differential ρ. Then
it is possible to take the square root ω = ρ1/2 in a neighborhood of x0, and it
is a 1-form with a pole of order k,

ω =
(a−k

zk
+ · · ·+ a−1

z
+ a0 + . . .

)
dz.

This 1-form is well defined up to a sign. Being the residue of ω at x0, the
nonzero coefficient a−1 is also well defined up to a sign; hence its square is
well-defined and does not depend on the coordinate presentation. We call
this square the quadratic residue of a meromorphic quadratic differential at
a pole of even order. For a pole of order two, the quadratic residue coincides
with the coefficient of (dz/z)2 in any coordinate presentation of the quadratic
differential. At a pole of odd order (or if there is no pole at all), the quadratic
residue is zero.

Similarly to meromorphic differentials, the notion of meromorphic quadra-
tic differential extends to nodal curves as well. Namely, we allow a quadratic
differential on a nodal curve to have poles of order not greater than two at
the nodes, with coinciding quadratic residues at the two sheets of the curve.

Below, we shall be interested first of all in meromorphic quadratic dif-
ferentials having poles of order at most two. The dimension of the space of
meromorphic quadratic differentials on a smooth genus g curve having poles
of order at most two at n marked points is 3g−3+2n. The space of meromor-
phic quadratic differentials on nodal curves, having poles of order at most two
at the n marked and the double points, with coinciding quadratic residues at
the two sheets at each double point, also has dimension 3g − 3 + 2n.

4.1.3 Orbifolds

The moduli spaces of curves which we are going to study in this chapter are
usually not smooth varieties, but orbifolds. Before giving a precise definition
of an orbifold, in order to supply the reader with an impression of what an
orbifold looks like, we present a simple example.

Example 4.1.3. Take the complex projective line CP 1 with fixed coordinate
z, and consider the mapping f of CP 1 onto itself, f : z 
→ iz. The iterations
id, f, f ◦ f, f ◦ f ◦ f of this mapping define an action of the cyclic group
C4 = Z/4Z on CP 1. The quotient space of CP 1 modulo this action is shown
in Fig. 4.3.

Speaking informally, a d-dimensional complex orbifold is a topological
space obtained as a union of quotients of open balls in Cd modulo discrete
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Fig. 4.3. The orbifold S2/C4

group actions so that these actions are consistent along intersections of the
balls. A real orbifold has a similar meaning. The gluing data plays the role of
an atlas in usual topology. In the above example each point of the orbifold,
except two, admits a neighborhood, which is simply a disk in C1 endowed with
the action of the trivial group. The action itself is, of course, trivial too. Each
of the two exceptional points admits a neighborhood which is the quotient
of a disk in C1 modulo the group C4 action. The following definition (see,
e.g. [214], Appendix A) generalizes this example.

Definition 4.1.4. A smooth d-dimensional complex orbifold O is a Hausdorff
topological space M endowed with an atlas 〈Uα, Vα, Gα, φα〉, where

• the set {Uα} is an open covering of M providing a base for the topology
on M ;

• the set {Vα} is a collection of open subsets in Cd;
• each Gα is a finite group of diffeomorphisms of Vα; and
• φα : Vα → Uα is the continuous mapping whose fibers are the orbits of

Gα.

The atlas must satisfy the following compatibility condition: whenever
Uα ⊂ Uβ, there exists an injective homomorphism hαβ : Gα → Gβ and a
smooth embedding φαβ : Vα → Vβ such that

• for all g ∈ Gα and x ∈ Vα we have φαβ(gx) = hαβ(g)φαβ(x);
• for all x ∈ Vα we have φβ(φαβ)(x) = φα(x).

Two pairs (a topological space, an atlas) are equivalent if there is a homeo-
morphism of the underlying topological spaces respecting, in a natural sense,
the group actions on the corresponding open domains in the complex spaces.

A group G of homeomorphisms of a Hausdorff topological space M is said
to act discretely if for any two points x1, x2 ∈ M (not necessarily distinct)
there exist open neighborhoods V1, V2 ⊂M respectively such that the set

{g ∈ G | g(V1) ∩ V2 �= ∅}
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is finite. In particular, the stabilizer

Gx = {g ∈ G | g(x) = x}

of each point x is finite. If a group G acts discretely on a smooth complex
variety M of dimension d, then the quotient space M/G always carries a d-
dimensional orbifold structure. Each point [x] ∈M/G admits a neighborhood
of the form Cd/Gx, where x is an arbitrary representative of the orbit [x] in
M . However, it is not true that each orbifold can be presented as the quotient
space of a discrete group action on a smooth variety. We will not dwell on this
here.

Let us consider one more example.

Example 4.1.5. Let M be the upper complex half-plane

C+ = {z ∈ C | � z > 0}.

Consider the group G of fractional linear transformations of C+ of the form

z 
→ az + b

cz + d
,

where a, b, c, d are integers such that ad−bc = 1 (it is called the Klein modular
group). The quotient space C+/G which is, by definition, the modular curve
can be identified with the domain{

z ∈ C+

∣∣∣∣ −1
2
≤ � z ≤ 1

2
, |z| ≥ 1

}
in the upper half-plane; the boundary points, that is, points lying on the circle
|z| = 1 and on the two half-lines � z = ±1/2, are glued pairwise according to
the equivalence relation x + iy ∼ −x + iy (see Fig. 4.4). Each internal point
of the band admits a neighborhood isomorphic to the unit disk modulo the
trivial group action. The same is true for all points of the boundary except
two: the point i, and the point obtained by gluing two points e2πi/3 and eπi/3.
The stabilizer subgroup of the point i is the cyclic group of order 2 and is
generated by the transformation z 
→ −1/z: indeed, one can easily verify that
i is fixed by this transformation, and that the double application of z 
→ −1/z
is the identity. Similarly, the stabilizer subgroup of the point eπi/3 is the cyclic
group of order 3 and is generated by the transformation z 
→ 1 − 1/z. Note
also what are the values of the angles of the quotient curve in neighborhoods
of these points: at i this angle is π, while at eπi/3 this angle is not π/3 as the
figure might suggest but 2π/3 (one must attach one more copy of the figure
to its right side).

All topological notions, like (co)homology, Euler characteristic, vector bun-
dles, and so on, have their orbifold counterparts that must agree with the
groups actions. These objects behave naturally under orbifold coverings. If
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Fig. 4.4. The modular curve before and after the gluing

one wants to emphasize that an object refers to an orbifold, not to a vari-
ety, then the adjective orbifold is used: orbifold cohomology, orbifold Euler
characteristic, and so on (the adjective virtual is also very common). In the
orbifold case, characteristic cohomology classes of bundles are rational, not
integer valued.

For example, the orbifold Euler characteristic is the orbifold analogue of
the conventional Euler characteristic for smooth varieties. For a cell decom-
position of an orbifold O into open cells of the form Rk/G, where G is a finite
group, the orbifold Euler characteristic can be defined as

χ(O) =
∑ (−1)k

|G| ,

where the sum is taken over all open cells.

Example 4.1.6. The orbifold Euler characteristic of the orbifold in Fig. 4.3
is 1/2. Indeed, it is represented as the quotient space of the complex pro-
jective line CP 1, whose Euler characteristic is 2, modulo a group of order 4
action. If the quotient mapping were an unramified covering, then the Euler
characteristic of the covered space should be χ(CP 1)/4, and this is precisely
what happens in the orbifold case. Another way to obtain the same answer
is to represent this orbifold as the union of two cells: one, of dimension zero,
consisting of an exceptional point, and the other, of dimension two, formed
by the complement to this point. Each of them is the quotient space of a cell
of the same dimension modulo a group of order 4 action. Hence, the orbifold
Euler characteristic of each cell is 1/4, and we arrive at the same result. Note
that although the group C4 acts trivially on the 0-dimensional cell, the Euler
characteristic is nevertheless divided by 4.
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Another way to define the orbifold Euler characteristic of an orbifold O
is to split it into disjoint subvarieties OG, O =

⊔
OG, where OG ⊂ O is the

subset of points admitting a neighborhood of the form Rk/G, and the union
is taken over all finite groups G. For such a splitting the Euler characteristic
of O is

χ(O) =
∑
G

χ(OG)
|G| ,

where χ(OG) is the conventional Euler characteristic of OG. The same formula
can be written in the form

χ(O) =
∞∑
k=1

χ(O[k])
k

,

where the subspace O[k] on the right consists of all points having a stabilizer
of order k.

Example 4.1.7. The modular curve from Example 4.1.5 splits into three sub-
varieties: two singular points and the complement to them. The complement
is homeomorphic to the sphere punctured at three points, which gives us the
Euler characteristic −1. The total orbifold Euler characteristic of the modular
curve is, therefore,

−1 +
1
2

+
1
3

= −1
6
.

However, here we must attract the reader’s attention to a rather subtle
point. Consider two groups: the group SL2(Z) of integer 2× 2 matrices(

a b
c d

)
with determinant 1, and the group PSL2(Z) = SL2(Z)/{±I}, where I is the
unit matrix. The mapping(

a b
c d

)

→

(
z 
→ az + b

cz + d

)
determines a representation of either of these groups in Klein’s modular group.
The representation of PSL2(Z) is faithful, while that of SL2(Z) has a kernel
of order 2. Hence, if we consider this representation as the action of the group
SL2(Z), then the orders of all stabilizers in the calculation above must be
multiplied by 2, and the orbifold Euler characteristic must be divided by 2,
and it becomes −1/12. Note that although the subgroup {±I} ⊂ SL2(Z) acts
trivially on the upper half-plane, we obtain a different orbifold structure on
the modular curve!

Exercise 4.1.8. Construct a cell decomposition of the modular curve and
verify the calculation of its orbifold Euler characteristic in the example above.
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4.2 Moduli Spaces of Complex Structures

Consider a genus g smooth complex curve X with n pairwise distinct points
on it (n is allowed to be zero). We always suppose that the curve is compact,
and the points usually have markings {x1, . . . , xn}. Considered up to biholo-
morphic equivalence preserving the marked points, such a curve determines a
point in the moduli spaceMg;n of smooth marked complex curves. We denote
this point by (X ;x1, . . . , xn).

If our curve is rational (g = 0) with less than three marked points or
elliptic (g = 1) without marked points, then it admits “infinitesimal isomor-
phisms” (see later). For all other values of g and n the curve is “stable”: its
automorphism group is finite (see Definition 4.3.1 below). We call a pair (g;n)
of non-negative integers stable if either g = 0 and n ≥ 3, or g = 1 and n ≥ 1,
or g ≥ 2. Working with the moduli spaces in the “unstable” cases g = 0,
n = 0, 1, or 2 and g = 1, n = 0 requires more sophisticated techniques; below
the unstable situation will rarely be mentioned.

Example 4.2.1. All rational (of genus g = 0) curves with n = 3 marked
points are biholomorphically equivalent, therefore M0;3 consists of a single
point. One can always choose a coordinate z in CP 1 making the three marked
points to have the coordinates 0, 1,∞. Any other triple of points acquires the
same coordinate values under an appropriate linear fractional transformation.

Example 4.2.2. For two rational curves

(X ′;x′
1, x

′
2, x

′
3, x

′
4), (X ′′;x′′

1 , x
′′
2 , x

′′
3 , x

′′
4 )

with n = 4 marked points, there is a unique biholomorphic mapping X ′ →
X ′′ taking x′

1, x
′
2, x

′
3 to x′′

1 , x
′′
2 , x

′′
3 respectively. Thus, the equivalence class of

such a curve is uniquely determined by the position of the last marked point.
This means that M0;4 can be naturally identified with the projective line
CP 1 punctured at three points since the marked points are not allowed to
coincide. Note that all the choices of the punctures are equivalent. In other
words, if we choose a coordinate z on CP 1 in such a way that the first three
marked points acquire coordinates 0, 1, and ∞ respectively, then there are
no restrictions on the coordinate λ of the last marked point, except that it
cannot take values 0, 1,∞. Two points of the moduli spaceM0;4 corresponding
to two distinct values of λ are distinct as well. Hence, λ can be considered
as a coordinate on the moduli space. The value of this coordinate at a curve
(CP 1;x1, x2, x3, x4) ∈M0;4 endowed with an arbitrary coordinate z coincides
with the cross-ratio

λ =
(z(x1)− z(x4))(z(x2)− z(x3))
(z(x4)− z(x3))(z(x1)− z(x2))

;

it is independent of the choice of the coordinate z. If all the points x1, x2, x3, x4

are pairwise distinct, then λ cannot acquire the values 0, 1,∞.
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Example 4.2.3. The case of elliptic (i.e., of genus g = 1) curves with n = 1
marked point is more complicated. Such a curve is a quotient space of a
complex plane modulo a 2-lattice; the marked point coincides with the image
of the lattice under the factorization mapping. A lattice is determined by a pair
τ1, τ2 of noncollinear vectors in C, τ1/τ2 /∈ R. We suppose that the numbering
of the vectors determines the orientation of the frame (τ1, τ2) opposite to the
orientation of C. The group C∗ of nonzero complex numbers acts on the set of
lattices according to the rule c : (τ1, τ2) 
→ (cτ1, cτ2). The group SL2(Z) acts
by

(τ1, τ2) 
→ (aτ1 + bτ2, cτ1 + dτ2), a, b, c, d ∈ Z, ad− bc = 1,

changing the base of the lattice but preserving the lattice.
Multiplying the pair (τ1, τ2) by 1/τ2 we make it equal to (τ, 1), and the

first base vector τ = τ1/τ2 belongs to the upper half-plane. Two vectors τ
and τ ′ determine the same elliptic curve if and only if they are taken one to
another by the SL2(Z)-action on the upper half-plane.

Hence, the moduli space M1;1 coincides with the modular curve from
Example 4.1.7 considered as an orbifold, which is the quotient space of the
SL2(Z)-action on the upper complex half-plane. A generic point ofM1;1 cor-
responds to a generic elliptic curve with a marked point. Such a curve admits
an automorphism of order two. If the curve is presented as a plane cubic

y2 = x3 + ax + b,

then the automorphism looks like y 
→ −y. The automorphism groups of the
two exceptional curves corresponding to the points τ = eπi/3 and τ = eπi/2 = i
are of orders 6 and 4 respectively.

Let us now turn to a formal definition of moduli spaces of curves. There
are some properties one should expect from such a space. The most important
of them is the following one. Consider a holomorphic “family” p : P → B of
smooth genus g complex curves with n marked points. The word “family”
means that

• P and B are orbifolds;
• the mapping p is holomorphic, and each fiber p−1(b) ⊂ P , b ∈ B is the

quotient of a smooth genus g curve with n marked points modulo its
automorphism group (in particular, the dimension of P is greater than
that of B by one);

• n pairwise disjoint sections σi : B → P , p◦σi = id are given, which specify
the marked points on each fiber: xi = p−1(b) ∩ σi(b).

An orbifoldMg;n, whose points are in one-to-one correspondence with biholo-
morphic equivalence classes of genus g complex curves with n marked points,
is called a coarse moduli space if for any such family the mapping B →Mg;n

taking a point b ∈ B to the class of the fiber (p−1(b);σ1(b), . . . , σn(b)) is holo-
morphic. The adjective “coarse” is used in contrast to a more subtle notion of
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“fine” moduli space, see the discussion in [139], Sec. 2.A. If a coarse moduli
space exists, then it is unique up to biholomorphic equivalence. The notion of
coarse moduli space extends to other classes of curves, say to stable curves, see
below. The book [139] is a very good reference for the proof of the following
statement, although only the case n = 0, g > 1 is discussed there in detail.

Theorem 4.2.4. For each stable pair (g;n) there exists the coarse moduli
space Mg;n of smooth genus g complex curves with n marked points. This
moduli space is an orbifold. It is a smooth variety if n ≥ n0 for some posi-
tive integer n0 = n0(g). In particular, it is a smooth variety if g = 0. The
dimension of Mg;n is 3g − 3 + n.

The dimension ofMg;n can be computed by means of the Riemann–Roch
theorem, see [124].

4.3 The Deligne–Mumford Compactification

The moduli space Mg;n always comes together with the universal curve,
i.e., with a smooth orbifold Cg;n of dimension dimMg;n + 1 endowed with
a projection Cg;n → Mg;n. We attract the reader’s attention to the fact
that the word “curve” is somewhat misleading since the universal curve is,
in fact, an orbifold of large dimension. The fiber of this projection over a
point (X ;x1, . . . , xn) ∈ Mg;n is the quotient of the curve X modulo its auto-
morphism group action. (This means that in the majority of cases the fiber
coincides with the curve X itself.) The marked points x1, . . . , xn form n pair-
wise disjoint sections σi :Mg;n → Cg;n. Each holomorphic family p : P → B
of smooth curves leads not only to a holomorphic mapping B → Mg;n, but
also to a holomorphic mapping P → Cg;n of the total space of the family to
the universal curve.

The examples above show that, generally speaking, the moduli space
Mg;n is noncompact. It is natural to construct a compactification Mg;n

of the moduli space of curves together with a compactification Cg;n of the
universal curve so that the projection above would extend to a projection
Cg;n → Mg;n, and the sections above would extend to n pairwise disjoint
sections σi :Mg;n → Cg;n, i = 1, . . . , n.

A noncompact topological space admits a lot of compactifications. The
choice of a specific compactification depends on what we expect from it. In
the case of the moduli spaces of curves, it is natural to require that the
compactified space carries an orbifold structure, so thatMg;n is a suborbifold
in it. Another important requirement is the “modularity” condition, that is,
each point of the compactified space must correspond to some complex curve
of genus g with n marked points (i.e., each point is not just an abstract point
but the “module” of some curve). Of course, this requirement implies that
singular curves should be allowed. These goals were achieved by Deligne and
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Mumford [79] in their construction of the coarse moduli space of stable curves.
Stable curves may be singular and reducible as well as smooth, but they are
allowed to have only the simplest singularities, the nodes.

Definition 4.3.1. A (possibly singular) connected curve with marked points
is called stable if

• its only singularities are simple nodes, that is, points of simple self-inter-
section; in other words, a stable curve is a nodal curve;

• the marked points are nonsingular;
• the curve does not admit infinitesimal automorphisms; this means that the

group of (marked points preserving) automorphisms of the curve is finite.

One more way to express the third requirement is the following: each ra-
tional irreducible component of the curve must contain at least three special
(marked or double) points, and each elliptic irreducible component must con-
tain at least one special point. Note that if a node is a self-intersection point
of an irreducible component, then it determines two special points on this
component.

Example 4.3.2. A smooth genus g curve with n marked points is stable if
and only if the pair (g;n) is stable.

The points of the Deligne–Mumford compactification Mg;n of the moduli
spaceMg;n are biholomorphic equivalence classes of genus g stable curves with
n marked points. Since for a stable pair (g;n) a smooth genus g curve with
n marked points is stable, the Deligne–Mumford compactification procedure
consists in adding toMg;n singular stable curves.

Theorem 4.3.3 ([79]). For each stable pair (g;n) there exists the coarse
moduli space Mg;n of stable genus g complex curves with n marked points.
This moduli space is a compact orbifold. It is a smooth variety if n ≥ n0

for some positive integer n0 = n0(g). In particular, it is a smooth irreducible
projective variety if g = 0. The subvariety Mg;n ⊂ Mg;n is Zariski dense.
The compactified moduli space Mg;n is endowed with the universal stable
curve Cg;n →Mg;n, and the marked points form n pairwise disjoint sections
σi :Mg;n → Cg;n.

The set of singular stable curves Mg;n \ Mg;n is called the boundary of
the moduli space of stable curves and is denoted by ∂Mg;n.

Example 4.3.4. The moduli space M0;3 consists of a single point and is
therefore compact, whence M0;3 =M0;3. Indeed, each rational stable curve
with three marked points is smooth.

Example 4.3.5. There are three singular stable rational curves with four
marked points, see Fig. 4.5. Each of these curves consists of two irreducible
rational components intersecting at a single point, and they differ by the way
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Fig. 4.5. The three singular rational curves with n = 4 marked points. A “complex”
and a “schematic” picture

the marked points are distributed between the two components. There are
exactly three possibilities:

{{x1, x2}, {x3, x4}}, {{x1, x3}, {x2, x4}}, and {{x1, x4}, {x2, x3}}.

Singular curves of this form have no moduli1, that is, each of them determines
a single point in the moduli spaceM0;4 of rational stable curves with 4 marked
points. When added to the moduli spaceM0;4 of smooth curves, these three
points compactify it to the projective line CP 1. Hence, the boundary ∂M0;4

consists of three points.
The three points of the boundary can be easily described in terms of

the cross-ratio coordinate λ on M0;4 from Example 4.2.2. They have the
coordinates λ =∞, 1, 0 respectively.

Example 4.3.6. Similarly, the boundary ∂M0;5 consists of ten projective
lines corresponding to the ten ways of splitting the five marked points be-
tween the two rational components so that each component contains at least
two marked points. We denote a typical component by {{x1, x2, x3}, {x4, x5}},
which means that the marked points x1, x2, x3 belong to one irreducible com-
ponent of the curve, while the marked points x4, x5 lie on the other compo-
nent. Such component of the boundary is indeed a projective line: the first
irreducible component of the curve contains four special points, namely, the
points x1, x2, x3 and the double point, and the moduli space of configurations
of four marked points on the projective line is, as we have seen above, the
projective line. The configuration of the three points in the second irreducible
component has no moduli.

Each irreducible component of the boundary ∂M0;5 contains three points
of further degeneration. Such a point corresponds to a stable rational curve
consisting of three irreducible components, two of which intersect the third
one, at a single point each. Each of the two components carries a pair of marked
points, while there is one marked point on the third component. A typical
curve of this kind will be denoted as {{x1, x2}, {x3}, {x4, x5}}. All in all, the

1 The word “moduli” usually means “continuous parameters”.
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ten projective lines of ∂M0;5 intersect pairwise at 15 points corresponding to
rational curves consisting of three irreducible components.

More generally, one can assign to a rational stable curve with n marked
points a graph. The vertices of the graph are in one-to-one correspondence
with the irreducible components of the curve. Two vertices are connected by
an edge if the two irreducible components intersect. Each vertex is labelled
by the marked points that lie on the corresponding irreducible component.
The resulting graph is always a tree, and is called a modular graph. A similar
construction exists for curves of higher genera as well, but in this case the
graph has a more complicated structure. A modular graph describes a stratum
in the moduli spaceMg;n, which consists of all stable curves associated to the
graph. We are not going to use modular graphs below; see [211] for further
discussions.

Exercise 4.3.7. Starting from the cases n = 3, 4 show that the universal
curve C0;n is isomorphic to the moduli space M0;n+1. Verify that under the
isomorphism C0;4

∼=M0;5 the ten boundary lines in M0;5 correspond to the
following ten lines in C0;4: the four sections σ1, σ2, σ3, σ4 and the six irreducible
components of the singular fibers of the projection C0;4 →M0;4.

Example 4.3.8. The boundary ∂M1;1 of the moduli space of stable ellip-
tic curves consists of a single point corresponding to the curve with a single
self-intersection. The normalization of this curve is the rational curve with
a marked point and with two preimages of the double point. This boundary
point must be attached “at the infinity” of the modular curveM1;1: see Exam-
ple 4.1.5. The automorphism group of this singular elliptic curve is the cyclic
group C2, generated by the automorphism of its normalization interchanging
the preimages of the double point. Thus, the automorphism behavior of the
boundary point coincides with that of a generic point of the moduli space.

4.4 Combinatorial Models of the Moduli Spaces
of Curves

The geometry of moduli spaces Mg;n of complex curves proved to be inti-
mately related to the topology of graphs embedded in surfaces. Embedded
graphs are used to enumerate cells in some cell decompositions of decorated
moduli spaces. These are products of moduli spaces by the real positive oc-
tants Rn

+. Decorated moduli spaces are no longer complex orbifolds, they carry
only real orbifold structures.

In the cell decomposition of a decorated moduli space we are going to
describe, a cell is associated to a genus g embedded graph with n marked
faces. We suppose everywhere that n ≥ 1. For smooth curves, only graphs
without vertices of valency one and two are considered. In order to prevent
confusion, the term “cell” below always refers to a cell in a moduli space,
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while the connected components of the complement to a graph embedded
into a surface are always called “faces”.

The real dimension of a cell is equal to the number of edges in the cor-
responding graph. A cell of the highest dimension is associated to a generic
graph, i.e. to a graph with all vertices of valency three. The dimension of such
a cell is 6g − 6 + 3n. Given a link in an embedded graph, that is, an edge
that is not a loop, one can obtain another embedded graph by contracting the
link. The cyclic order of the darts leaving the new vertex is inherited from
the two cyclic orders around the pre-contracted vertices. This operation is
called the Whitehead collapse. A Whitehead collapse preserves the genus of
an embedded graph and the number of faces in it.

Below we shall consider embedded graphs endowed with an additional
structure. A marked embedded graph is an embedded graph with faces marked
by the elements of the set {x1, . . . , xn}. The Whitehead collapse operation
extends to marked embedded graphs. A cell labelled by a marked embedded
graph Γ ′ belongs to the boundary of another cell corresponding to a marked
embedded graph Γ if and only if Γ ′ can be obtained from Γ by a sequence of
Whitehead collapses. This picture gives a complete description of the combi-
natorial structure of the cell decomposition.

Example 4.4.1. Figure 4.6 shows the cell decomposition for the decorated
moduli spaceM0;3×R3

+
∼= R3

+, R+ = {p ∈ R | p > 0}. This cell decomposition
is invariant under the R+-action on R3

+ by multiplications. The projectivized
decomposition consists of four open triangles attached to each other by three
open segments. The corresponding marked embedded graphs are shown in the
picture.
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Fig. 4.6. The cell decomposition of the projectivized decorated moduli spaceM0;3×
PR3

+ and embedded graphs marking the cells of the highest dimension; the sides of
the inner triangle correspond to the Whitehead collapses of these graphs

Such a decomposition requires associating a real positive number to each
marked face of the graph. There are two natural ways to do this: that due to
Mumford (see [137], [178]) exploits piecewise flat metrics on surfaces induced
by Jenkins–Strebel quadratic differentials; the other one ([232]) uses hyper-
bolic metrics of constant negative curvature. In the first case the required
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number is the length of a horizontal closed curve in the punctured neighbor-
hood of a marked point, while in the second case we take for this number
the length of the corresponding horocycle. Below we describe in more detail
Mumford’s approach used by Kontsevich in the proof of Witten’s conjecture.

Remark 4.4.2. The reader must not confuse the cell decomposition ofMg;n×
Rn

+ with the stratification of the compactified moduli space Mg;n according
to modular graphs described in Example 4.3.6. Note that modular graphs are
abstract graphs, not embedded ones, and that the strata are generally not
cells.

Mumford’s model is a cell decomposition of the “decorated” moduli space
of smooth stable curves, i.e., of the space Mg;n × Rn

+. We consider only the
case n ≥ 1, and the stability condition implies that if g = 0, then n ≥ 3.
The ith coordinate pi in the positive octant Rn

+ is ascribed to the ith marked
face xi. Below, a point will be chosen in each marked face of an embedded
graph; we mark this point with the same marking xi and make no difference
in the notation between the marked point and the marked face containing it.
The value pi is understood as the perimeter of a horizontal trajectory around
this face with respect to the canonical Jenkins–Strebel quadratic differential
associated to the marked curve (X ;x1, . . . , xn) and the n-tuple (p1, . . . , pn);
see below.

Consider a meromorphic quadratic differential ρ on a smooth curve X .
Locally, such a differential has the form ρ = ϕ(z)(dz)2, where ϕ is a mero-
morphic function. The set of zeroes and poles of a quadratic differential (if it
is not identically zero) is finite. We restrict ourselves to quadratic differentials
having poles of order not greater than 2. Outside its set of zeroes and poles,
a quadratic differential determines a flat metric dl2 = |ϕ(z)||dz|2 on X . The
complement to the set of zeroes and poles is endowed with two real line fields:
the horizontal line field determined by vectors such that the value of ρ on
them is positive real, and the vertical line field determined by vectors such
that the value of ρ on them is negative real.

For a generic quadratic differential, a generic trajectory of the horizontal
line field is nonclosed and can have an infinite length. However, there exist
special quadratic differentials such that all horizontal trajectories except for
a finite set are closed. These quadratic differentials are called Jenkins–Strebel
quadratic differentials.

An end of a nonclosed horizontal trajectory of a Jenkins–Strebel quadratic
differential is either a zero, or a first order pole of the differential. At a zero of
order k the quadratic differential has, in an appropriate local coordinate z, a
local presentation zk(dz)2, and there are k+2 horizontal trajectories meeting
at such a point. From a pole of order one issues a unique horizontal trajectory.
Hence, nonclosed horizontal trajectories form a graph in X . The vertices of
the graph are the zeroes of an arbitrary order and the poles of order one of
the differential. The valency of a zero of order k is k + 2, while the valency of
a pole of order one is equal to one (see Fig. 4.7). Note that this graph does
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Fig. 4.7. Horizontal trajectories and the graph of the non-closed trajectories of a
canonical Jenkins–Strebel quadratic differential with three poles of the first order
and with two zeros, of the first and of the second order

not contain vertices of order two, and that it is not necessarily connected.
Each of the edges of the graph has a positive real length with respect to the
flat metric determined by the quadratic differential. This length is finite even
if one or both ends of an edge are poles of order one. Indeed, at such a pole
the length differential behaves as x−1/2dx at x = 0, and the length integral
converges.

The connected components of the complement to the graph of nonclosed
trajectories in X are open annuli and open disks. An open disk contains a
single pole of order two of the differential; we call this pole the center of
the disk. An annulus contains a connected component of the graph. Each of
the connected components of the complement to the graph is composed of
closed trajectories: an annulus is fibered into circles, and a disk punctured at
the center is also fibered into circles. (Note that a face cannot contain two
or more connected components because in this case it cannot be fibered into
circles.) The Stokes theorem implies that all closed trajectories in the same
connected component have the same length, whence any annulus as well as
any punctured disk is isometric to a cylinder. Note that the height (the length
of a vertical trajectory) of an annulus is finite, while that of a disk is infinite
(because the integral of the 1-form x−1dx diverges at x = 0). Thus, we are able
to associate to the ith pole of a quadratic differential a positive real number
pi, the length of a closed trajectory around this pole. If the pole is of order 2,
then the quadratic differential has, in an appropriate local coordinate z, the
local presentation ρ = −(pidz/2πz)2, and the value pi is uniquely determined
by this property.

The following theorem is due to Strebel [269].

Theorem 4.4.3. Let a pair (g;n) be stable. Then for any genus g complex
curve with n marked points (X ;x1, . . . , xn) and any n-tuple p1, . . . , pn of pos-
itive real numbers there exists a unique Jenkins–Strebel quadratic differential
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with poles of order two at xi and no other poles such that the connected com-
ponents of the complement to the graph of nonclosed horizontal trajectories
are open disks, and the length of closed trajectories associated to the ith pole
is pi.

The Jenkins–Strebel quadratic differential ascribed to a curve
(X ;x1, . . . , xn) by the theorem will be called canonical. Since the complement
to the graph of nonclosed horizontal trajectories for a canonical Jenkins–
Strebel quadratic differential is a union of 2-disks and does not have any
annuli, this graph is embedded into X . Each edge of the graph acquires a
length in the metric determined by the differential. The length pi of a closed
trajectory in the ith disk is equal to the perimeter of the ith face of the graph.
Recall that the valency of each vertex of the graph is not less than three.

Remark 4.4.4. In the generic case (when all the vertices are of degree 3) the
graph has 6g − 6 + 3n edges. It might seem strange that n linear equations
(the values of the perimeters) determine the lengths of the edges. In fact,
6g − 6 + 2n additional constraints are supplied by the complex structure of
the curve: recall that the complex dimension of the moduli space is 3g−3+n
(Theorem 4.2.4).

The proof of Theorem 4.4.3 is rather complicated. In [269] a special chap-
ter is devoted to the study of quadratic differentials with closed horizontal
trajectories.

Example 4.4.5. Consider an elliptic curve presented as the quotient of the
complex line C endowed with a coordinate z modulo the lattice spanned by
vectors (τ, 1), see Example 4.2.3, and let us choose 0 for the marked point.
The quadratic differential dz2 on C descends to a quadratic differential on
the elliptic curve, but this differential has neither poles, nor zeroes. Let ℘ =
℘(z) be the Weierstrass ℘-function. This is the unique, up to a multiplicative
constant, meromorphic function on the elliptic curve having a pole of order 2
at the marked point. Then c℘(z)(dz)2 is a canonical Jenkins–Strebel quadratic
differential provided the constant c is chosen in such a way that the quadratic
residue at 0 is strictly negative. For a general value of τ , the Weierstrass ℘-
function has two distinct zeroes of order 1, and these zeroes are the vertices
of valency three of the graph of nonclosed horizontal trajectories.

Exercise 4.4.6. Find the values of the modular parameter τ such that the
Weierstrass ℘-function has a double zero and, therefore, the graph of nonclosed
horizontal trajectories has one vertex of valency four, with two loops attached
to it.

Conversely, given an embedded graph with valencies of each vertex not
less than three, with faces marked by {x1, . . . , xn}, and with fixed lengths of
the edges, one easily constructs a flat metric on the surface punctured at the
marked points. Note that knowing the lengths of the edges of the graph we
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uniquely recover the perimeters of the faces. In this metric, the surface consists
of n cylinders of perimeters pi and infinite height. The cylinders are attached
to each other by gluing along the edges of the graph (whose lengths we al-
ready know). There is a unique complex structure on the surface such that the
corresponding canonical Jenkins–Strebel differential on (X ;x1, . . . , xn) deter-
mines the given flat metric. The construction proceeds in the same way as
the construction of the complex structure in the proof of Riemann’s existence
theorem, and we omit the details. In the case of singular stable curves, the
situation is similar, with the only exception that the graph of nonclosed tra-
jectories is allowed to acquire vertices of valency 1 or 2 at the double points
of the curve.

Denote by Mcomb
g;n the space of genus g embedded graphs with n marked

points with all vertices of valency greater than two and endowed with a metric,
that is with length assigned to each edge. The cell decomposition determines
the topology of Mcomb

g;n inside each cell, and the Whitehead collapse deter-
mines the rule for gluing the cells. Thus,Mcomb

g;n becomes a cell complex. It is
also endowed with a natural real orbifold structure determined by the graph
automorphisms action. The argument above yields the following statement.

Theorem 4.4.7 ([178]). The decorated moduli space Mg;n × Rn
+ and the

combinatorial model Mcomb
g;n are isomorphic as real orbifolds.

Theorem 4.4.3 can be extended to singular curves as well. Namely,

For each genus g singular stable curve with n marked points (X ;x1, . . . , xn)
and any n-tuple p1, . . . , pn of positive real numbers there exists a unique
Jenkins–Strebel quadratic differential possessing the following properties:

• it has poles of order two at xi and poles of order at most 1 at the nodes;
• the connected components of the complement to the graph of nonclosed

horizontal trajectories are either open disks or unions of those irreducible
components of the curve that do not contain marked points;

• the length of closed trajectories associated to the ith pole of order 2 is pi.

Some comments about the notion of nonclosed trajectory should be made
in this case. If the quadratic differential has a pole of order one or a zero of an
arbitrary order in a sheet at a double point, then at least one nonclosed trajec-
tory in this sheet ends at this point, and the statement can be applied directly.
And if there is no pole and no zero, then there is a single horizontal trajectory
through this point in the given sheet. In the last case we treat this trajectory
as a “nonclosed” one adding it to the graph of nonclosed trajectories.

Suppose for example that we are given a singular rational curve with four
marked points split into pairs {x1, x2} and {x3, x4}, with the horizontal trajec-
tory lengths {p1, p2, p3, p4}. If, say, p1 = p2, then all the horizontal trajectories
on the first rational irreducible component of the curve are circles of the same
length p1, and the trajectory passing through the double point is a part of the
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graph of nonclosed trajectories. The corresponding quadratic differential has
the form −(p1dz/2πz)2 in an appropriate coordinate z. The “nonclosed” tra-
jectory splits the sphere into two discs, each consisting of closed trajectories.
If p1 �= p2, then the quadratic differential has a pole of order one at the dou-
ble point and a zero somewhere else. The corresponding graph of nonclosed
trajectories has two vertices, namely, the zero and the double point, an edge
connecting them, and a loop attached to the zero.

As a more complicated situation, consider the case of rational curves with 8
marked points. The moduli spaceM0;8 contains a particular one-dimensional
subvariety consisting of curves having five irreducible components: the central
rational component without marked points, and four rational components,
each intersecting the central one at a single point and containing two marked
points (leaf components). The graph of nonclosed trajectories in this case
consists of four disjoint subgraphs (one for each leaf component). For a fixed
tuple of perimeters p1, . . . , p8 this graph is the same, independently of the
mutual position of the four special points on the central rational component.
The complement to this graph consists of eight disks in the leaf components
and the central rational component.

Thus we see that the graph of nonclosed trajectories does not allow one
to recover unambiguously the underlying stable curve: the information about
the complex structure on a component without marked points is lost. This
phenomenon constitutes the delicate place of Kontsevich’s proof. Indeed, it
shows that the combinatorial description of Mg;n × Rn

+ in Theorem 4.4.7
cannot be extended toMg;n ×Rn

+. Therefore it is not obvious how to extend
the 2-forms ωi, which arise in the course of the proof (see Sec. 4.9.2), to
Mg;n × Rn

+.
A possible way to resolve this difficulty is the following. Call two stable

curves equivalent if they become isomorphic when we contract to single points
all their irreducible components without marked points. Then what we need
is to give a precise description of the orbifold that is obtained fromMg;n by
identifying any two points corresponding to equivalent stable curves. These
identifications contract some subvarieties of the boundary of Mg;n. For the
trivial case of rational curves there is an explicit description of the required
space. For arbitrary g the construction is elaborated in [203], but the resulting
space carries only a structure of a simplicial complex, and it is not known,
whether it can be realized in the category of projective varieties.

4.5 Orbifold Euler Characteristic of the Moduli Spaces

The orbifold Euler characteristic χ(Mg;1) of the moduli spaceMg;1 of genus
g smooth curves with one marked point was calculated by Harer and Zagier
in [138]. Namely, they proved the following
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Theorem 4.5.1. We have

χ(Mg;1) = ζ(1 − 2g) = −B2g

2g
,

where ζ is the Riemann zeta function and B2g is the (2g)th Bernoulli number,
that is, the coefficient of x2g in the expansion

x

ex − 1
= 1− 1

2
x +

B2

2!
x2 +

B4

4!
x4 + . . . ,

B2 = 1/6, B4 = −1/30, . . . .

Example 4.5.2. We have already computed in Example 4.1.7 the orbifold
Euler characteristic ofM1;1 (see also Example 4.2.3). It is χ(M1;1) = − 1

12 in
accordance with the Harer–Zagier theorem above.

Now, the orbifold Euler characteristic of the moduli spaces of curves with
arbitrary number of marked points is

χ(Mg;n) = (−1)n
(2g − 3 + n)!(2g − 1)

(2g)!
B2g.

This is an immediate consequence of Theorem 4.5.1 and the recurrence relation

χ(Mg;n+1) = χ(Mg;n)(2 − 2g − n) (4.1)

for stable (g, n). The last formula follows from the fact that, from the topo-
logical point of view, the forgetful mappingMg;n+1 →Mg;n is a fiber bundle
whose fiber is a genus g curve punctured at n points (since the (n+1)th point
is not allowed to coincide with either of the other marked points). This means
that the Euler characteristic of the fiber is 2 − 2g − n. Here we exploit the
fact that, similarly to the smooth case, the Euler characteristic of the total
space of an orbifold fiber bundle is the product of the Euler characteristics of
the base and of the fiber. The recurrence formula above also yields the Euler
characteristic of all moduli spaces of smooth rational curves:

χ(M0;n) = (−1)n−1(n− 3)! .

Recall that sinceM0;n is a smooth variety, its orbifold and conventional Euler
characteristics coincide.

Remark 4.5.3. According to Getzler [111], the Euler characteristic of the
compactified moduli spaceM0;n of rational curves is related to that ofM0;n

in the following way. Consider the two exponential generating series

x−
∞∑
n=2

xn

n!
χ(M0;n+1) = x−

∞∑
n=2

(−1)n
xn

n(n− 1)
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and

y +
∞∑
n=2

yn

n!
χ(M0;n+1).

Then these two generating functions are mutually inverse with respect to the
composition of functions. For the first few values of n starting from n = 3 this
gives the following values of χ(M0;n): 1, 2, 7, 34, 213, 1630.

A similar statement is valid for the Poincaré polynomials

PM0;n+1(t) =
∑

dimHk(M0;n+1,C)tk

and
PM0;n+1

(t) =
∑

dimHk(M0;n+1,C)tk.

Namely, the generating function

y +
∞∑
n=2

yn

n!
PM0;n+1

(t)

is inverse to the generating function

x +
∞∑
n=2

xn

n!
PM0;n+1(t)

with respect to the composition of functions (the composition concerns the
variables x and y, the parameter t being fixed). The particular case of the
latter statement when t = −1 coincides with the statement for the Euler
characteristics. The Poincaré polynomials for the moduli spaces of smooth
rational curves are

PM0;n+1 = (t2 − 2)(t2 − 3) . . . (t2 − n + 2),

which follows from the study of the same forgetful mappingM0;n+1 →M0;n,
and we can easily compute the Poincaré polynomials PM0;n+1

for small values
of n (see [211]):

1, 1 + t2, 1 + 5t2 + t4, 1 + 16t2 + 16t4 + t6, 1 + 42t2 + 127t4 + 42t6 + t8.

Exercise 4.5.4. Compute the orbifold Euler characteristic of the compacti-
fied moduli spaceM1;1.

The Harer–Zagier proof of Theorem 4.5.1 exploits the cell decomposition of
the decorated moduli spaceMg;1×R+ described in the previous section. Let
Gg;n denote the (finite) set of genus g embedded graphs with n marked faces
having no vertices of valency less than 3. The orbifold Euler characteristic
of the moduli space Mg;n is equal, up to a sign, to that of the decorated
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moduli space Mg;n × Rn
+, which, in its own turn, coincides with the sum of

the orbifold Euler characteristics of the cells:

χ(Mg;n × Rn
+) =

∑
Γ∈Gg;n

χ(MΓ ) =
∑

Γ∈Gg;n

(−1)dimMΓ

|Aut(Γ )| ,

where MΓ is the cell corresponding to the graph Γ .

Example 4.5.5. The combinatorial moduli spaceMcomb
1;1 is the union of two

cells of dimensions 3 and 2 respectively. The automorphism groups of these
strata are the cyclic groups of order 6 and 4. Hence, the orbifold Euler char-
acteristic ofMcomb

1;1 is

χ(Mcomb
1;1 ) =

1
4
− 1

6
=

1
12

,

which gives

χ(M1;1) = − 1
12

.

The fact that n = 1 implies that we must consider embedded graphs with
a single face. Therefore, the computation of χ(Mg;1) for all g is based on the
calculation of the number of genus g gluings of a polygon from the previous
chapter. The embedded graph produced by such a gluing marks a cell in the
cell decomposition. However, not each embedded graph can appear in this
way due to the fact that only graphs without vertices of valency 1 and 2 are
allowed in Gg;n. This restriction on gluings can be reformulated as follows:

• no edge may be identified with its neighbor;
• no adjacent pair of edges may be identified with another such pair in

reverse order.

Denote the number of genus g gluings of the 2n-gon satisfying these two
conditions by λg(n).

This number is closely related to the number εg(n) computed in the pre-
vious chapter by means of the matrix model. Namely, if we denote by μg(n)
the number of genus g gluings of the 2n-gon with no edge identified with its
neighbor (i.e., those satisfying only the first of the two conditions above), then
the following statement holds.

Lemma 4.5.6. We have

εg(n) =
∑
i≥0

(
2n
i

)
μg(n− i);

μg(n) =
∑
i≥0

(
n

i

)
λg(n− i).

The proof is purely combinatorial and straightforward.
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The Harer–Zagier theorem 4.5.1 follows from this lemma and the compu-
tation of εg(n) after a rather long calculation, and we refer the reader to [138]
for details.

A different derivation of Theorem 4.5.1 belongs to Kontsevich [178], Ap-
pendix D. He considers the generating function

F (s) =
∑

(g,n): 2−2g−n<0

χ(Mg;n)
n!

s2−2g−n =
(

χ(M0;3)
3!

+
χ(M1;1)

1!

)
s−1

+
(

χ(M0;4)
4!

+
χ(M1;2)

2!
+

χ(M2;0)
0!

)
s−2 + . . .

for the orbifold Euler characteristics. Note that the exponent χg;n = 2−2g−n
is the Euler characteristic of a genus g curve punctured at n points, and it is
negative if and only if the pair (g, n) is stable. For example, the coefficient of
s−1 in F (s) is

χ(M0;3)
6

+ χ(M1;1) =
1
6
− 1

12
=

1
12

.

The main point here is that both the generating function F (s) and the orb-
ifold Euler characteristics χ(Mg;1) determine each other due to the recurrence
relation of Eq. (4.1), which gives

χ(Mg;n+1)
(n + 1)!

s1−2g−n =
d

ds

(
1

n + 1
χ(Mg;n)

n!
s2−2g−n

)
.

Namely, consider the generating function for the orbifold Euler characteristics,

A>0(s) =
∑
g≥1

χ(Mg;1)sχg;1

and the functions

A0(s) = s log s− s and A(s) = A0(s) + A>0(s).

Then

F (s) =
∑

g≥1,n≥1

χ(Mg;n)
n!

sχg;n +
∑
n≥3

χ(M0;n)
n!

sχg;n

=
A>0(s)

1!
+

A′
>0(s)
2!

+
A′′
>0(s)
3!

+ · · ·+ A′′
0 (s)
3!

+
A′′′

0 (s)
4!

+ . . .

=
A(s)
1!

+
A′(s)

2!
+

A′′(s)
3!

+ · · · −A0(s)−
A′

0(s)
2

=
∫ s+1

s

A(t)dt− s log s + s− log s

2
.
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Remark 4.5.7. Strange as it may seem, the function A0(s) = s log s−s must
be interpreted as the “generating function for the Euler characteristic of the
moduli stackM0;1” whatever this means.

Lemma 4.5.8. The formal power series F (s) in the variable s−1 coincides
with the formal series

log

⎛⎝√
s

2π

∞∫
−∞

e−s( x2
2 + x3

3 +... )dx

⎞⎠ .

Proof. The statement of the lemma follows from the fact that both series
coincide with the formal series∑ (−1)n

|Aut(Γ )|s
|V (Γ )|−|E(Γ )|,

where the sum is taken over all connected embedded graphs Γ having no
vertices of valency 1 and 2, and we have |V (Γ )| − |E(Γ )| = 2 − 2g − n. For
the function F (s) this is the definition, and for the integral in the lemma, this
statement is the N = 1 version of the Hermitian matrix model statement.
In order to verify it, one should make the substitution x = ys−1/2, apply
Proposition 3.3.4, and recall that the logarithm extracts connected graphs.

Now, we may consider the equality for F (s) not as a formal one, but as an
asymptotic expansion as s → ∞, and replace the integral of the lemma with
the same integral but taken over an arbitrary neighborhood U(0) of 0. The
independence of the asymptotic expansion of the choice of the neighborhood
is obvious. Making the obvious substitution of variables, we obtain√

2π
s

eF (s) ∼
∫
U(0)

es(x+log(1−x))dx =
∫
U(0)

(1− x)sesxdx =
∫
U(1)

yse−sydy

∼ es
∫ ∞

0

yse−sydy =
es

ss+1

∫ ∞

0

zse−zdz =
es

ss+1
Γ (s + 1).

Thus, the generating function A is a solution to the equation∫ s+1

s

A(t)dt = log
(

Γ (s + 1)√
2π

)
.

It is easy to check that

A(t) =
1
2
− t + t

d

dt
logΓ (t)

is the required solution. The Harer–Zagier formula χ(Mg;1) = −B2g/2g fol-
lows now from Stirling’s formula for logΓ (t):

Γ ′(t)
Γ (t)

∼ log t− 1
2t
−

∑
g≥1

B2g

2g
t−2g as t→∞.
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4.6 Intersection Indices on Moduli Spaces
and the String and Dilaton Equations

In this section we will work with the rational cohomology H∗(Mg;n,Q) of
the Deligne–Mumford compactifications of the moduli spaces. The cohomol-
ogy is an algebra over Q, and for two cohomology classes ξ1 ∈ Hi, ξ2 ∈ Hj

their product ξ1ξ2 is an element in Hi+j . Let ξ ∈ Hi(Mg;n,Q) be a rational
cohomology class. By ∫

Mg;n

ξ

we mean the result of integrating ξ over the fundamental class of the moduli
space for

i = dimRMg;n = 2(3g − 3 + n),

and zero otherwise. Below we consider only rational cohomology and omit
references to the coefficients in the notation.

There are numerous natural cohomology classes in H2(Mg;n). To start
with, by Poincaré duality, such a class is determined by each irreducible com-
ponent in the boundary ∂Mg;n: the value of this class on a 2-cycle in Mg;n

is the number of the points of intersection of the cycle with the boundary
component. Another source of such cohomology classes are the first Chern
classes of line bundles over Mg;n. For example, one associates with the ith
marked point the line bundle Li whose fiber at a moduli point (X ;x1, . . . , xn)
is the cotangent line to X at xi. The first Chern class of a holomorphic line
bundle is an obstacle to the existence of a nowhere zero holomorphic section
(see, e.g., [108]). By definition, it can be presented by the (Poincaré dual class
to the) divisor of zeroes and poles of arbitrary meromorphic nonzero section
of the bundle. Following the tradition, we use the notation ψi = c1(Li) for the
first Chern classes of the line bundles Li. The classes ψi are sufficient for the
purposes of the present chapter; other classes will also be useful in Chapter 5.

Because of the symmetry, the integral∫
Mg;n

ψm1
1 . . . ψmn

n

depends only on the set {m1, . . . ,mn} of non-negative integers, and Witten
denotes its value by

〈τm1 . . . τmn〉 =
∫
Mg;n

ψm1
1 . . . ψmn

n . (4.2)

The order of the letters τi on the left-hand side is irrelevant. Informally, this
number can be understood as the number of intersection points of m1 copies
of the divisor ψ1, . . . , mn copies of the divisor ψn, although this “number of
intersections” can prove to be rational, not integer. It can be nonzero only
if m1 + · · · + mn = dimCMg;n. For each set {m1, . . . ,mn} of non-negative
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integers there is at most one value of g such that (4.2) is nonzero. For example,
if we take n = 4, m1 = m2 = m3 = m4 = 0, then

dimCMg;n = 3g − 3 + n = 3g − 3 + 4 = 3g + 1

must be equal to zero, and the last equation has no solutions. Hence, 〈τ4
0 〉 = 0.

Example 4.6.1. For g = 0, n = 3, there is a unique class with nonzero
integral

〈τ0τ0τ0〉 = 〈τ3
0 〉 =

∫
M0;3

ψ0
1ψ

0
2ψ

0
3 =

∫
M0;3

1 = 1

since the moduli space is a single point.

Example 4.6.2. In order to compute the integral

〈τ0τ0τ0τ1〉 = 〈τ3
0 τ1〉 =

∫
M0;4

ψ0
1ψ

0
2ψ

0
3ψ4 =

∫
M0;4

ψ4 =
∫
M0;4

ψ1

let us construct a holomorphic section of the line bundle L1. For a smooth
curve (X ;x1, x2, x3, x4) consider a meromorphic 1-form ω on X having poles
of order one at the points x3, x4 and no other poles on X and such that its
residue at x3 is 1, and its residue at x4 is −1. Such a 1-form is unique: if we
choose a coordinate z on X such that the coordinates of x3 and x4 are 0 and
∞ respectively, then it looks like dz/z; and it has no zeroes on X . Hence, its
value ωx1 at the point x1 determines a nowhere zero section of L1 over the
moduli spaceM0;4 of smooth curves.

Now let us extend this section to the three boundary points (see Exam-
ple 4.3.5). At the point {{x1, x3}, {x2, x4}} the extension is determined by
a pair of meromorphic 1-forms on each of the irreducible components of the
curve. On the first component, this 1-form has poles of order one at the point
x3 and at the double point with residues 1 and −1 respectively, while on the
second component, it has poles of order one at the point x4 and the double
point with residues −1 and 1 respectively. The value of such holomorphic
1-form at the point x1 is nonzero. The situation with the boundary point
{{x1, x4}, {x2, x3}} is similar. The extension of the section to the boundary
point {{x1, x2}, {x3, x4}} is, however, different, since it is determined by the
meromorphic 1-form, which is zero on the first irreducible component of the
curve, and has poles of order one with residues 1,−1 at the points x3, x4 on
the second component. Indeed, there are no nontrivial meromorphic 1-forms
on the first component with a single pole of order one at the double point.

Thus, we have constructed a section of the line bundle L1 overM0;4 hav-
ing a unique zero at the boundary point {{x1, x2}, {x3, x4}}. An easy local
calculation confirms that this section intersects the zero section of the bun-
dle transversally (see below). By definition of the first Chern class of a line
bundle, this means that

〈τ3
0 τ1〉 =

∫
M0;4

ψ1 = 1.
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In order to check that the section constructed above does intersect the
zero section transversally, consider a model example. Let Cε be the family of
rational curves xy = ε on the plane C2 endowed with the coordinates (x, y).
Let x1 = x1(ε), x2 = x2(ε) (resp., x3 = x3(ε), x4 = x4(ε)) be the intersection
points of the curve and the lines x = ±1 (resp., y = ±1). The 1-form ω(ε) is
determined by the restriction to Cε of the 1-form (1/(y− 1)− 1/(y+1))dy on
the plane. The value of this 1-form at the point x1 is given, in the coordinate
x on Cε, by the formula

ω(ε)x1 = −ε

(
x

ε− x
− x

ε + x

)
dx

x2

∣∣∣∣
x=1

= ε

(
1

1− ε
+

1
1 + ε

)
dx,

and its order in ε at 0 is, indeed, one.

Exercise 4.6.3. 1. Verify that the 1-form ω(ε) has no poles different from
x1, x2, x3, x4 (in particular, that it has no poles at infinity).

2. Find a coordinate-free way to confirm the transversality.

Example 4.6.4. The case g = 0, n = 5 can be treated similarly. Consider the
section of the line bundle L1 determined by the meromorphic 1-forms with
poles of order one at the points x4, x5 and fixed residues. The zero locus of
this section is the union of the irreducible components

{{x1, x2}, {x3, x4, x5}}, {{x1, x3}, {x2, x4, x5}}, {{x1, x2, x3}, {x4, x5}}

of the boundary divisor. The zero locus of another section of L1, the one
determined by the family of 1-forms with poles at the points x2, x3, consists
of the boundary lines

{{x1, x4}, {x2, x3, x5}}, {{x1, x5}, {x2, x3, x4}}, {{x1, x4, x5}, {x2, x3}}.

The zero loci of these two sections intersect transversally at the single point

{{x2, x3}, {x1}, {x4, x5}};

therefore,

〈τ4
0 τ2〉 =

∫
M0;5

ψ2
1 = 1.

Similarly, the zero locus of the section of L2 determined by the 1-form
with the poles at x1, x4 consists of the three boundary lines

{{x1, x4}, {x2, x3, x5}}, {{x1, x4, x5}, {x2, x3}}, {{x1, x3, x4}, {x2, x5}}.

It intersects the zero locus of the first section of L1 transversally at two points

{{x2, x3}, {x1}, {x4, x5}} and {{x1, x3}, {x4}, {x2, x5}};
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therefore,

〈τ3
0 τ

2
1 〉 =

∫
M0;5

ψ1ψ2 = 2.

Exercise 4.6.5. Compute

〈τ5
0 τ3〉 =

∫
M0;6

ψ3
1

by constructing appropriate sections and studying their behavior on the
boundary strata.

Example 4.6.6. In the case g = 1, n = 1 the boundary divisor contains
a unique component, the point corresponding to the torus with contracted
nontrivial cycle (see Example 4.3.8). Consider the family of tori doubly cov-
ering the projective line by means of the projection to the x-line of the curve
y2 = x(x − 1)(x − ε) with x1 at the point x = 0. This projection is a 2-
fold covering ramified over the points 0, 1, ε,∞. The value of ε is defined up
to a symmetry group of order 6 (interchanging the three ramification points
1,∞, ε), whence ε is a coordinate on the 6-fold covering of the moduli space
M1;1. The ε-family of holomorphic differentials ω = dx/y determines a holo-
morphic section of L1 (we simply take the value of ω at x = 0, i.e., at the
point x1).

The degeneration occurs as ε tends to either 0, 1 or∞. The section does not
vanish at the first two points, while it degenerates at infinity, and ω ∼ ε1/2 at
this point. Therefore, we obtain a factor 1/2. One more factor 1/2 comes from
the fact that the elliptic curve has a symmetry (x, y) 
→ (x,−y) preserving
the value of ε. Finally, we conclude that

〈τ1〉 =
∫
M1;1

ψ1 =
1
24

.

Exercise 4.6.7. Verify that the section of the line bundle L1 lifted to the
6-fold covering ofM1;1 in the example above has indeed no zeroes as ε tends
to 0 and 1, at is has a zero of order 1/2 as ε tends to infinity.

If the pair (g;n) is stable, then there is a natural “forgetful” mapping
πg;n : Mg;n+1 → Mg;n taking a smooth curve (X ;x1, . . . , xn, xn+1) to the
curve (X ;x1, . . . , xn). This mapping extends to a mapping πg;n :Mg;n+1 →
Mg;n, but the definition of the extension is somewhat subtle. The subtleness
is due to the fact that after forgetting a marked point on a stable curve, the
latter may become unstable. There are two situations in which this happens; in
both of them the irreducible component of X containing xn+1 is rational, and
either contains a point of intersection with another component and a marked
point xj , j �= n + 1, or two points of intersection with other components. In
both cases, the correct extension requires contracting the rational component.
In the first case, the former intersection point on the other component becomes
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the marked point xj ; in the second case, the two former intersection points on
the two neighboring components become a common point of the components
(see Fig. 4.8). The proof of the fact that after these clarifying comments the
forgetful mapping is well defined can be found in [211], V.4.4.

�x1�xn � xj

�xn+1 � �x1�xn

� xj �x1�xi

�
xn+1 � xj

� xn �x1�xi �xn

� xj�

a b

Fig. 4.8. The forgetful mapping on two types of degenerations

The forgetful mapping naturally leads to numerous recurrence relations
between the intersection numbers. The most important of them are the so-
called string and dilaton equations. The names came from physics, and they
are related to topological gravity models.

The string equation is applicable if and only if the integrand in

〈τm1 . . . τmnτmn+1〉 =
∫
Mg;n+1

ψm1
1 . . . ψmn

n ψ
mn+1
n+1

does not contain one of the classes ψi, e.g. the class ψn+1, i.e., mn+1 = 0 and
τmn+1 is nothing else but τ0. The string equation has the form

〈τ0τm1 . . . τmn〉 = 〈τm1−1 . . . τmn〉+ · · ·+ 〈τm1 . . . τmn−1〉 (4.3)

(for j such that mj is equal to 0 the corresponding summand vanishes). For
a sketch of the proof, see below.

The string equation totally determines all intersection numbers for the
ψ-classes on moduli spaces of rational curves since the dimensional restriction

m1 + · · ·+ mn + mn+1 = (n + 1)− 3

immediately implies that at least one of mi equals zero (in fact, even at least
three of them).

Example 4.6.8. Using the string equation we obtain the following intersec-
tion formulas for g = 0:

• n = 4:
〈τ3

0 τ1〉 = 〈τ3
0 〉 = 1;

• n = 5:
〈τ3

0 τ
2
1 〉 = 2〈τ3

0 τ1〉 = 2; 〈τ4
0 τ2〉 = 〈τ3

0 τ1〉 = 1,

in agreement with the calculations above;
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• n = 6:
〈τ3

0 τ
3
1 〉 = 3〈τ3

0 τ
2
1 〉 = 6;

〈τ4
0 τ1τ2〉 = 〈τ3

0 τ
2
1 〉+ 〈τ4

0 τ2〉 = 3;

〈τ5
0 τ3〉 = 〈τ4

0 τ2〉 = 1.

Exercise 4.6.9. Verify the calculations in the previous example.

The following explicit formula for all intersection numbers for the genus
zero moduli space is an immediate consequence of the string equation.

Proposition 4.6.10 (Intersection indices for rational curves). For m1+
· · ·+ mn = n− 3 we have

〈τm1 . . . τmn〉 =
(

n− 3
m1 . . .mn

)
=

(n− 3)!
m1! . . .mn!

.

Indeed, it suffices to verify that the expression above satisfies the string
equation and the initial condition 〈τ3

0 〉 = 1. Note that we don’t have to
mention the genus explicitly because it is determined by the set of indices
m1, . . . ,mn. This is why the parameter “genus” is absent in the generating
function for intersection numbers that will be constructed in the next section.

Now let us discuss briefly the proof of the string equation. Consider the for-
getful mapping π :Mg;n+1 →Mg;n. Denote by Dj ⊂ Mg;n+1, j = 1, . . . , n,
the divisor consisting of the curves containing a smooth rational irreducible
component with only marked points xj , xn+1 on it, intersecting other com-
ponents at a single point, see Fig. 4.8a. (We consider only the first type of
contracted components since the locus of nonstability degeneration of the
second type, the one with two intersection points, shown in Fig. 4.8b, has
codimension two and does not affect the first Chern classes we are interested
in.) Note that Di ∩Dj = ∅ for i �= j and each Dj is naturally isomorphic to
Mg;n under the forgetful mapping.

For the time being, let us denote the first Chern classes of the line bundles
Lj on Mg;n by ψ′

j , keeping the notation ψj for such classes on Mg;n+1. A
nonvanishing local section of the line bundle Lj overMg;n lifts to a nonzero
local section of Lj overMg;n+1 having simple zero on Dj, whence

ψj = π∗(ψ′
j) + [Dj ].

Therefore,

〈τ0τm1 . . . τmn〉 =
∫
Mg;n+1

ψm1
1 . . . ψmn

n

=
∫
Mg;n+1

(π∗(ψ′
1) + [D1])m1 . . . (π∗(ψ′

n) + [Dn])mn .
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Now, [Dj ]ψj = 0 since the restriction of the line bundle Lj to Dj is trivial (the
marked point xj lives, over Dj , on a separate rational irreducible component
of the curve). This leads to the formula

(π∗(ψ′
j) + [Dj ])mj = (π∗(ψ′

j))
mj + [Dj](π∗(ψ′

j))
mj−1

because of the decomposition am−bm = (a−b)
∑

i a
ibm−1−i applied to a = ψj ,

b = π∗(ψ′
j), a− b = [Dj ], m = mj . Taking into account that∫

Mg;n+1

π∗(ψ′
1)
m1 . . . π∗(ψ′

n)mn = 0

as an integral of a class pulled back from a variety of a smaller dimension and
using the obvious equality [Di][Dj ] = 0, we obtain

〈τ0τm1 . . . τmn〉 =
∫
Mg;n+1

([D1](π∗(ψ′
1))

m1−1 . . . (π∗(ψn))mn

+ · · ·+ [Dn](π∗(ψ′
1))

m1 . . . (π∗(ψ′
n))mn−1),

and the string equation follows.
The dilaton equation can be applied in the situation where the integrand

in
〈τm1 . . . τmnτmn+1〉 =

∫
Mg;n+1

ψm1
1 . . . ψmn

n ψ
mn+1
n+1

contains one of the classes ψi, e.g. the class ψn+1, in the degree one, i.e., if
mn+1 = 1 and τmn+1 is nothing but τ1. It looks even simpler than the string
equation:

〈τ1τm1 . . . τmn〉 = (2g − 2 + n)〈τm1 . . . τmn〉. (4.4)

Together with the string equation, the dilaton equation totally determines the
intersection indices in genus one.

Proposition 4.6.11 (Intersection indices for elliptic curves). For m1+
· · ·+ mn = n we have

〈τm1 . . . τmn〉 =
1
24

(
n

m1 . . .mn

)(
1−

n∑
i=2

(i− 2)!(n− i)!
n!

ei(m1, . . . ,mn)

)
,

where ek is the kth elementary symmetric function,

ek(m1, . . . ,mn) =
∑

i1<···<ik
mi1 . . .mik .

Similarly to the genus zero case, the proof of the proposition consists in
verification that the expression above satisfies the string, as well as the dilaton
equations and the initial condition 〈τ1〉 = 1/24.
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The proof of the dilaton equation is similar to that of the string equation.
Namely, one has

〈τ1τm1 . . . τmn〉 =
∫
Mg;n+1

(π∗(ψ′
1) + [D1])m1 . . . (π∗(ψ′

n) + [Dn])mnψn+1

=
∫
Mg;n+1

(π∗(ψ′
1))

m1 . . . (π∗(ψ′
n))mnψn+1,

since ψn+1[Dj ] = 0 for j = 1, . . . , n.
The last integral can be reduced to an integral over Mg;n by integrating

over the fibers of the mapping π : Mg;n+1 → Mg;n forgetting the (n + 1)th
marked point. The integral of ψn+1 over such a fiber is 2g − 2 + n, that is,
the number of zeroes of a meromorphic 1-form on a genus g curve X with n
marked points having poles of order one at the marked points, and the dilaton
equation follows.

4.7 KdV Hierarchy and Witten’s Conjecture

It is convenient to unify all intersection numbers for the ψ-classes into the
exponential generating function

F (t0, t1, . . . ) =

〈
exp

(∑
i

tiτi

)〉

=
∞∑
n=0

1
n!

∑
(m1,...,mn)

〈τm1 . . . τmn〉tm1 . . . tmn

=
∑

(l0,...,ls)

〈τ l00 . . . τ lss 〉
tl00
l0!

. . .
tlss
ls!

.

Now Witten’s conjecture (Kontsevich’s theorem) states the following:

Theorem 4.7.1 (Kontsevich’s theorem). The second derivative

V (t0, t1, . . . ) = ∂2F/∂t20

coincides with the partition function U for the universal one-matrix model
(see Sec. 3.6.3).

The string and the dilaton equations can be considered as partial differen-
tial equations L−1V = 0 and L0V = 0 on the function V (t0, . . . ) = ∂2F/∂t20.
The base for the Witten conjecture was the fact that the first of these equa-
tions L−1V = 0 coincides with the analogous equation for the one-matrix
model from Sec. 3.6.3, as well as the idea that “all models of two-dimensional
quantum gravity must coincide”.

The operators L−1 and L0 are the first two equations in the KdV hierarchy
of operators Lm.
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Theorem 4.7.2. The generating function F satisfies the system of equations
Lm(F ) = 0 for m ≥ −1.

One more reformulation of the Witten conjecture states that the function
F in variables ti is a τ -function for the KdV hierarchy.

Remark 4.7.3. The KdV operators satisfy the commutation relations

[Ln, Lm] = (n−m)Ln+m.

In particular,

• they span a Lie algebra; therefore, in order to prove Theorem 4.7.2 it is
sufficient to prove that L2(F ) = 0 since L−1 and L2 generate this Lie
algebra;

• this Lie algebra is isomorphic to the Lie algebra of polynomial vector fields
on the line under the isomorphism

Lm 
→ −zm+1 d

dz
;

• under certain homogeneity conditions there is a unique way to extend the
representation of the Lie algebra of polynomial vector fields to the algebra
of differential operators in tk starting with L−1 and L0.

Note also that the string equation implies that Witten’s conjecture is true
for rational curves, while together with the dilaton equation it confirms the
conjecture for the case of elliptic curves.

4.8 The Kontsevich Model

The Kontsevich model is an intermediate one between the one-matrix model
and the model based on the intersection theory on the moduli spaces of curves.
It is equivalent to both of them.

Let Λ be a diagonal N ×N matrix with positive entries Λ1, . . . , ΛN on the
diagonal. The Kontsevich model associates to the matrix Λ a new measure on
the space of Hermitian matrices. This measure has the form

dμΛ(H) = CΛ,Ne−
1
2 trH2Λdv(H) . (4.5)

In fact, this measure is a family of measures parametrized by the diagonal
entries of Λ. Recall that dv(H) is the volume form on the space of Her-
mitian matrices. The constant CΛ,N is chosen so that to make the integral∫
HN

dμΛ(H) equal to 1, see below.
The Kontsevich model is described by the following integral over the space

of Hermitian matrices:

log
∫
HN

e
i
6 trH3

dμΛ(H) . (4.6)
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This integral is a symmetric function of Λ1, . . . , ΛN , but it will be more conve-
nient for us to regard this integral as a function in a different set of variables.

We are already familiar with essential parts of integral (4.6), at least for
the identity matrix Λ. The expansion of the exponent in the integrand in
powers of trH3 looks like

e
i
6 trH3

= 1 +
1
1!

i

6
trH3 − 1

2!
1
62

(trH3)2 − 1
3!

i

63
(trH3)3 + . . . ,

and we conclude that this integral enumerates gluings of 3-stars (up to a non-
essential numeric normalizing factor). Note that the number of ways to glue
an odd number of 3-stars is zero, hence the imaginary part of the expansion
of (4.6) vanishes, and we have∫
HN

e
i
6 trH3

dμΛ(H) =
∫
HN

(
1− 1

2!
1
62

(trH3)2 +
1
4!

1
64

(trH3)4 − . . .

)
dμΛ(H).

(4.7)
Taking the logarithm leads to enumeration of connected gluings. Thus all the
innovations are due to the changing of the measure.

The changing of the measure results in appearing of the weight of a gluing,
and therefore integral (4.7) enumerates weighted gluings, not ordinary ones.

In order to compute this weight, let us find the average 〈hijhkl〉 of a
monomial hijhkl of degree two with respect to the new measure. Recall that
H = (hkl), hlk = h̄kl, where hkl = xkl + iykl are the entries of the Hermitian
matrix H .

In the coordinates xii, xij , yij , 1 ≤ i < j ≤ N the quadratic form trH2Λ
looks like⎛⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎜⎝

Λ1

. . .

ΛN

Λ1 + Λ2

. . .

ΛN−1 + ΛN

Λ1 + Λ2

. . .

ΛN−1 + ΛN

⎞⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎟⎠
.

This gives the following value of the constant CΛ,N in (4.5):

CΛ,N = (2π)−N2/2
N∏
i=1

Λ
1/2
i

∏
i<j

(Λi + Λj).

The quadratic form is diagonal and we easily compute

〈x2
ii〉 = 〈h2

ii〉 =
1
Λi

, 〈x2
ij〉 = 〈y2

ij〉 =
1

Λi + Λj
for i < j.
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The result of this computation can be summed up by the formula

〈hijhji〉 =
2

Λi + Λj
(4.8)

and
〈hijhkl〉 = 0 if (i, j) �= (l, k).

i1

i1

j1j1
k1

k1

i2

i2

j2j2
k2

k2

i2n

i2n

j2nj2n

k2n

k2n

Fig. 4.9. Indexed 3-stars

Consider a set of 3-stars with darts marked, as usual, by pairs of indices
(see Fig. 4.9), and consider an arbitrary gluing of these darts. Let us for the
time being call such an object an indexed gluing. For the standard Gaussian
measure the contribution of an indexed gluing depends on the indexing. How-
ever, the dependence is not too serious: the contribution of an indexed gluing
equals 1 if the indexing “agrees” with the gluing, and it equals 0 otherwise.
The word “agrees” means that all edge sides belonging to the same face have
the same index. Thus an indexing which agrees with a gluing is simply that
of the faces of the gluing. In order to compute the contribution of a gluing
itself we simply summed “ones” over all indexings that agree with the gluing.

For the new measure the situation is different. The contribution of an
indexed gluing, where the indexing does not agree with the gluing, is zero as
well. However, if the indexing agrees with the gluing, then the contribution
depends on this indexing.

Consider an indexed gluing with the indexing agreeing with the gluing. In
this case an edge of the gluing corresponds to a pair 〈hijhji〉, where i and j
are the indices of the faces adjacent to this edge. If an edge has the same face
with index i on both sides, then it corresponds to the average 〈h2

ii〉.
Thus, the contribution of an indexed gluing is the product∏ 2

Λi + Λj

taken over all edges of the gluing, and the entry of the product is 2/(Λi +Λj)
if and only if the corresponding edge is adjacent to the faces i and j.

For example, the contributions of indexed gluings in Fig. 4.10 a, b, c are

2
Λi + Λj

2
Λj + Λk

2
Λk + Λi

,
1
Λi

2
Λi + Λj

2
Λi + Λk

,
1
Λi

1
Λi

1
Λi

respectively.
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Fig. 4.10. Indexed gluings of a pair of 3-stars

The contribution of a gluing is the sum of contributions of all its possible
indexings. However, it is more interesting to consider not the contribution of
a separate gluing, but the contribution of a class of gluings that provide the
surface of the same genus.

Example 4.8.1. There exist 15 gluings of two 3-stars. Twelve of them give
a sphere, while the other three result in a torus. Those giving the sphere are
of the type shown in Fig. 4.10, a and b. There are three gluings of the type
a and nine gluings of the type b. Fixing the set of indices {i, j, k} for the
faces, summing over all the permutations of this set of indices and dividing
by the number of these permutations we obtain the total contribution of all
the spherical gluings:

1
3!

(
3 · 6 · 8

(Λi + Λj)(Λj + Λk)(Λk + Λi)
+ 9 ·

(
2 · 8

2Λi(Λi + Λj)(Λi + Λk)

+
2 · 8

2Λj(Λj + Λi)(Λj + Λk)
+

2 · 8
2Λk(Λk + Λi)(Λk + Λj)

))
=

12
ΛiΛjΛk

. (4.9)

As if by magic, all terms of the form Λi + Λj with distinct i, j in the
denominators are cancelled, and we are left with a denominator which is a
monomial in Λi. Next examples also show the similar effect.

Let us explain in more detail the meaning of the coefficients on the left-
hand side of (4.9). The common factor 1/3! corresponds to the division by
the number of permutations of the three indices i, j, k. In the first summand
in parentheses the coefficient 3 reflects the three different ways to obtain a
gluing of the type shown in Fig. 4.10a. The coefficient 6 corresponds to the
six different ways of indexing the faces of such a gluing with indices i, j, k.
And the factor 8/((Λi + Λj)(Λj + Λk)(Λk + Λi)) is the contribution of the
corresponding indexed gluing.

In the second term in parentheses the coefficient 9 reflects the nine different
ways to obtain a gluing of the type shown in Fig. 4.10b. Each of the three
terms inside the internal parentheses corresponds to a pair of indexed gluings
(all in all, there are six possibilities, similarly to the preceding case). Two
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gluings in a pair differ by indices, but the contribution of each gluing in a pair
is the same. The remaining factor of the form 8/(2Λi(Λi + Λj)(Λi + Λk)) is
the contribution of the corresponding indexed gluing.

Now, we sum over all possible values of the indices i, j, k = 1, . . . , N and
take into account the normalizing factor 1/2!62 in the expansion (4.7). As a
result, the total contribution of all spherical gluings of two 3-stars to integral
(4.7) is:

c0;1 =
1
2!

1
62

N∑
i,j,k=1

12
ΛiΛjΛk

=
1
3!

(trΛ−1)3 .

Here cg;n stands for “the contribution of all genus g gluings of 2n copies of a
3-star”.

Example 4.8.2. The gluing in Fig. 4.10c is much easier to handle. It is the
only gluing type for two 3-stars providing a torus, and there are exactly three
gluings of this type. This gluing has only one face, and marking this face with
the index i we obtain the resulting contribution 3/(Λ3

i ). Thus, summing over
all possible indexings, we have

c1;1 =
1
2!

1
62

N∑
i=1

3
Λ3
i

=
1
24

tr(Λ−3) .

Example 4.8.3. The computational complexity grows very rapidly and we
restrict ourselves with presenting only one more example, which we do not
describe in detail. Figure 4.11 shows all possible types of spherical gluings of
four 3-stars. For each gluing type, the number of gluings of this type is shown,
as well as the contribution of a sample indexed gluing.

We attract the reader’s attention to the usage of the adjective “spherical”
in this example. The integral (4.7) enumerates all gluings of 3-stars, not only
connected ones. For a disconnected gluing, its “Euler characteristic” χ is de-
fined as the sum of the Euler characteristics of its connected components. For
example, the Euler characteristic of the gluing in Fig. 4.11h is χ = 2 + 0 = 2.
The adjective “spherical” means “of Euler characteristic 2”. The “genus” of
a disconnected gluing can be computed from its “Euler characteristic” χ by
the formula χ = 2− 2g, and exactly this value of “genus” is used in the index
in cg,n.

Summation over all indexed gluings with the set of indices {i, j, k, l} dis-
tributed among the faces in all possible ways gives the total contribution

5400
Λ2
iΛ

2
jΛ

2
k + Λ2

iΛ
2
jΛ

2
l + Λ2

iΛ
2
kΛ

2
l + Λ2

jΛ
2
kΛ

2
l

Λ3
iΛ

3
jΛ

3
kΛ

3
l

.

Finally, summing over all indices i, j, k, l = 1, . . . , N and taking into account
the normalizing factor 1/4!64 we obtain

c0;2 =
25
144

(tr(Λ−1))3 tr(Λ−3) .
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Fig. 4.11. Types of four 3-stars gluings with Euler characteristic 2. The number of
gluings and a sample weight of an indexed gluing for each type are:
a) #=34 · 23; w = (8Λ3

1(Λ1 + Λ2)(Λ1 + Λ3)(Λ1 + Λ4))
−1

b) #=35 · 22; w = (4Λ2
1(Λ1 + Λ2)

2(Λ1 + Λ3)(Λ1 + Λ4))
−1

c) #=35 · 23; w = (2Λ1(Λ1 + Λ2)
2(Λ1 + Λ3)(Λ1 + Λ4)(Λ2 + Λ3)

2)−1

d) #=35 · 2; w = ((Λ1 + Λ2)(Λ1 + Λ3)(Λ1 + Λ4)
2(Λ2 + Λ4)(Λ3 + Λ4))

−1

e) #=34 · 2; w = ((Λ1 + Λ2)(Λ1 + Λ3)(Λ1 + Λ4)(Λ2 + Λ3)(Λ2 + Λ4)(Λ3 + Λ4))
−1

f) #=35 · 22; w = (4Λ1Λ3(Λ1 + Λ2)(Λ1 + Λ3)
2(Λ3 + Λ4))

−1

g) #=34 · 2; w = (16Λ1Λ
3
4(Λ1 + Λ2)(Λ1 + Λ3))

−1

h) #=33 · 2; w = (8Λ3
4(Λ1 + Λ2)(Λ2 + Λ3)(Λ1 + Λ3))

−1

Total: 5400 (Λ2
1Λ

2
2Λ

2
3 + Λ2

1Λ
2
2Λ

2
4 + Λ2

1Λ
2
3Λ

2
4 + Λ2

2Λ
2
3Λ

2
4)/(Λ

3
1Λ

3
2Λ

3
3Λ

3
4)
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Exercise 4.8.4. Interpret the constant c−1;2 and compute it.
[Answer: 1

72 tr(Λ−1)6].

In the examples above, the contribution cg;n of all genus g gluings of 2n
copies of 3-stars is a monomial in tr(Λ−(2k+1)) with rational coefficients. In
the next section, we will show that this is the case for all g and n.

4.9 A Sketch of Kontsevich’s Proof
of Witten’s Conjecture

In this section we discuss very briefly exciting connections of the Kontsevich
model with the one-matrix model on the one hand, and with the intersection
theory model on the other hand.

4.9.1 The Generating Function for the Kontsevich Model

The sample calculations in the previous section show that the contribution cg;n
of all genus g gluings of 2n copies of 3-stars is a monomial in tr(Λ−1), tr(Λ−3),
. . . . It is more convenient, however, to use a slightly different normalized
infinite sequence of independent variables: t0 = − tr(Λ−1), t1 = −1!! tr(Λ−3),
t2 = −3!! tr(Λ−5), . . . , ti = −(2i− 1)!! tr(Λ−2i−1), . . . .

Theorem 4.9.1 ([178]). The integral (4.6) is a formal power series in the
variables t0, t1, . . . with rational coefficients.

Let us denote this series by K(t0, t1, . . . ). We have already computed the
first few terms:

K(t0, t1, . . . ) = log
(

1 +
1
3!

t30 +
1
24

t1 +
25
144

t30t1 +
1
72

t60 + . . .

)
. (4.10)

Remark 4.9.2. The integral (4.7) can be easily interpreted as a formal power
series since each monomial in tr(Λ−1), tr(Λ−3), . . . appears in the integral
evaluation only a finite number of times. Equation (4.10) is valid for arbitrary
value of the dimension N . However, if we want to compute a specific coefficient
in this expansion, the value of N must be chosen sufficiently large.

Kontsevich’s proof of the Witten conjecture consists of two parts. First,
he shows that the coefficient of tl00 . . . tlss /(l0! . . . ls!) in the expansion of his
integral K(t0, t1, . . . ) in the variables ti coincides with the intersection number
〈τ l00 . . . τ lss 〉. This part of the proof is based on the study of the combinatorial
model for the moduli space of curves. The second part consists in verification
that the integral is a τ -function for the KdV hierarchy. This means, essentially,
that the second derivative ∂2K/∂t20 is a solution to the KdV equation. The
proof of this statement is achieved by treating the function K as a matrix
Airy function.
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4.9.2 The Kontsevich Model and Intersection Theory

A formal justification of the argument in this section requires the construc-
tion of a “minimal compactification” of the moduli space of smooth marked
curves (elaborated by Looijenga in [203]) and an analysis of circle bundles
over this compactification. The latter part is accurately written in the Ph.D.
thesis of D. Zvonkine [313]. Below, we simply outline the original Kontsevich’s
argument.

Consider the projection

π :Mcomb
g;n

∼=Mg;n × Rn
+ → Rn

+

of the combinatorial model to the second factor. This projection takes a
marked graph with a metric to the n-tuple of the lengths of the perimeters of
the marked points. Introduce the real 2-forms ωi defined only on open strata
ofMcomb

g;n by the following formulas:

ωi =
∑

d(le′/pi) ∧ d(le′′/pi),

where pi is the perimeter of the ith face, and e′, e′′ run over all pairs of dis-
tinct edges of the ith face, e′ preceding e′′ in some fixed order with a chosen
starting vertex. The 2-form ωi represents the class ψi. Indeed, fix a smooth
curve (X ;x1, . . . , xn) and take the canonical Jenkins–Strebel quadratic differ-
ential associated to the n-tuple p1, . . . , pn. Then vertical trajectories of this
quadratic differential through xi identify the perimeter of the ith face of the
corresponding embedded graph with the “spherized” cotangent line Li con-
sidered as a real plane (that is, the fiber punctured at the origin is projected
to the unit circle along the half-lines passing through the origin) at the ith
point. Now it is possible to represent the intersection numbers 〈τm1 . . . τmn〉
in terms of integrals of very explicit differential forms:

〈τm1 . . . τmn〉 =
∫
π−1(p̄)

n∏
i=1

ωmi

i

over any generic point p̄ ∈ Rn
+.

From now on we use the notation d for the complex dimension of Mg;n,
d = 3g − 3 + n. Introduce the volume form on (the open strata of)Mcomb

g;n :

Vol(λ1, . . . , λn) =
1
d!

Ωd ×
n∏
i=1

e−λipidpi,

where Ω = p2
1ω1 + · · ·+ p2

nωn and λi are real positive parameters.
Then the volume ofMcomb

g;n with respect to this volume form can be com-
puted in two ways: directly, under the projection to Rn

+, and summing the
volumes of all open cells. The first computation gives
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Mcomb

g;n

Vol(λ1, . . . , λn) =
1
d!

∫
Rn
+

(∫
π−1(p̄)

Ωd

)
e−

∑
λipidp1 ∧ · · · ∧ dpn

=
∑

m1+···+mn=d

〈τm1 . . . τmn〉
m1! . . .mn!

∏
i

∫ ∞

0

p2mi

i e−λipidpi

=
∑

m1+···+mn=d

〈τm1 . . . τmn〉
n∏
i=1

(2mi)!
mi!

λ
−(2mi+1)
i

= 2d
∑

m1+···+mn=d

〈τm1 . . . τmn〉
n∏
i=1

(2mi − 1)!!

λ
(2mi+1)
i

.

The first computation is completed, and we start the second one. Consider
the open cell in Mcomb

g;n corresponding to a 3-valent embedded graph Γ . The
lengths l1, . . . , l|E(Γ )| of the edges of Γ form a set of coordinates on this cell.
In these coordinates, the volume form Vol(λ1, . . . , λn) can be rewritten as

VolΓ (λ1, . . . , λn) = 2d+|E(Γ )|−|V (Γ )|e−
∑

j lj λ̃jdl1 ∧ · · · ∧ dl|E(Γ )|.

Here j runs over the set of all edges of Γ , and λ̃j is the sum

λ̃j = λ− + λ+

of the two λ′s corresponding to the two faces of Γ adjacent to the jth edge.
Note that the two faces neighboring to an edge may coincide, and in this case
λ− = λ+. Obtaining the correct power of 2 in the last formula (and hence
showing that it is independent of the chosen cell) is a rather cumbersome task,
and we refer the reader to [178] for details. An immediate calculation gives

VolΓ (λ1, . . . , λn) =
|E(Γ )|∏
j=1

1
λ̃j

.

The contribution of a marked embedded graph to the total volume is pro-
portional to the inverse cardinality of the automorphism group of the graph,
whence summing over all 3-valent marked genus g embedded graphs with n
marked faces and multiplying by 2−d we obtain the main combinatorial iden-
tity

∑
m1+···+mn=d

〈τm1 . . . τmn〉
n∏
i=1

(2mi − 1)!!
λ2mi+1
i

=
∑
Γ

2−|V (Γ )|

|Aut(Γ )|

|E(Γ )|∏
j=1

2
λ̃j

. (4.11)

The main combinatorial identity is an identity between two rational func-
tions in variables λi. Making an arbitrary substitution of the form λi = Λki ,
1 ≤ ki ≤ N and summing the resulting identities over all such substitutions
one gets
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m1+···+mn=d

〈τm1 . . . τmn〉
n∏
i=1

(2mi − 1)!! tr(Λ−(2mi−1))

=
∑
Γ

2−|V (Γ )|

|Aut(Γ )|

|E(Γ )|∏
j=1

2

Λ̃j

.

(4.12)

Here Λ̃j = Λ− + Λ+ and the sum on the right-hand side is taken over all
possible ways to color the faces of the graph Γ in N colors Λ1, . . . , ΛN . Recall
that Λ denotes the diagonal N ×N matrix with positive entries Λ1, . . . , ΛN .

The right-hand side of the last equation coincides with the matrix integral
expansion in the Kontsevich model, and we obtain the first part of the Kont-
sevich theorem: the generating function K of the Kontsevich model coincides
with the generating function F of the intersection model.

4.9.3 The Kontsevich Model and the KdV Equation

The second part of the proof consists in showing that the integral of the
Kontsevich model is a τ -function for the KdV-hierarchy, in other words, that
it obeys the Korteweg–de Vries equation.

Let
a(y) =

∫ ∞

−∞
ei(

1
3x

3−yx)dx

be the classical Airy function, i.e., the unique (up to a scalar factor) bounded
solution to the linear differential equation

a′′(y) + ya(y) = 0.

We are interested in the “asymptotic behavior” of this function as y → ∞.
An application of the stationary phase method (which must be justified in
this case) gives

a(y) ∼ e−
2i
3 y

3/2
∫
U(y1/2)

ei(
1
3x

3+y1/2x2)dx + e
2i
3 y

3/2
∫
U(−y1/2)

ei(
1
3x

3−y1/2x2)dx,

where the integration is carried out over arbitrary neighborhoods of the points
±y1/2.

Similar constructions are valid for the case of the matrix Airy function

A(Y ) =
∫
HN

ei(
1
3 trH3−HY )dμ(H),

for a positive diagonal matrix Y . This function obeys the matrix Airy equation

ΔA(Y ) + trY ·A(Y ) = 0,

where Δ denotes the Laplace operator. Similarly to the 1-dimensional Airy
function, the matrix Airy function admits an asymptotic expansion as a sum
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of 2N expressions of the form

e−i 23 trY 3/2
∫

ei tr(
1
3H

3−H2Y 1/2)dμ(H) = e−i 23 trY 3/2
∫

ei tr
1
3H

3
dμY 1/2(H).

The sum is taken over all 2N quadratic roots Y 1/2 of the matrix Y , and the
integral is taken over a neighborhood of the origin in HN . As Y → ∞, the
integral can be replaced with that over the entire space HN , i.e., it becomes
the integral of the Kontsevich model for Λ = Y 1/2. The asymptotic expansion
of the latter we already know.

Another way to compute the matrix Airy function consists in the applica-
tion of formulas borrowed from [146] and [216]:

A(Y ) = cNΔ(Yi)−1

∫
RN

n∏
i=1

Δ(Xi)ei(
1
3X

3
i −XiYi)dXi

= cN
det(a(j−1)(Yi))

det(Y j−1
i )

,

where this time Δ denotes the Vandermonde determinant. Here we made use
of the obvious identity∫

ei(x
3/3−xy)xj−1dx = (ia(y))(j−1).

The derivatives of the Airy function admit natural asymptotic expansions

a(j−1)(y) ∼
∑
y1/2

const ·y−3/4e−
2i
3 y

3/2 · fj(y−1/2)

for some Laurent series fj(z) = z−j + · · · ∈ Q((z)). Substituting the last
formula into the expression for the matrix Airy function we obtain

A(Y ) =
∑
Y 1/2

const×e−
2i
3 trY 3/2

N∏
i=1

Y
−3/4
i · det(fj(Y

−1/2
i ))

det(Y j−1
i )

.

The last expression relates the matrix Airy function to the τ -function
corresponding to the subspace 〈f1, f2, . . . 〉 ⊂ C((z−1)), see Sec. 3.6.4. The
proposition and the argument in the end of that section complete the proof
of Witten’s conjecture.

∗ ∗ ∗

The main theorem established in this chapter permits to compute the
intersection indices for certain classes; but the structure of the cohomology
ring of the moduli spaces remains unknown. There also remains one more
Witten’s conjecture (it is discussed, in particular, in [178] and [202]), and
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though it is not apparent from its formulation, it is also related to embedded
graphs.

The general idea behind the notion of a moduli space is that of “the space
of parameters”. In this chapter we parametrized algebraic curves. It is no less
interesting to parametrize the pairs (X, f) where X is a curve and f is a
meromorphic function on X . The corresponding parameter spaces are called
Hurwitz spaces. The reader will find an introduction to this theory – from the
point of view of embedded graphs, to be sure – in the next chapter.



5

Meromorphic Functions and Embedded Graphs

The starting point of the research described in this chapter is the question for-
mulated as Problem 1.1.11 in Sec. 1.1. This question consists in enumerating
constellations with given passport, and we call it the Hurwitz problem. In this
general form, it has no satisfactory answer up to now, and the present chap-
ter describes some partial results reflecting the best of the current knowledge.
The known results are, however, rather general.

Recall that the rigid classification of complex ramified coverings is the
classification up to isomorphism and corresponds to a triangular commutative
diagram. The flexible (as opposed to rigid) classification is the classification
up to equivalence, and is described by a quadrangular commutative diagram.
These notions were introduced in Sec 1.8. Unfortunately, in the current liter-
ature these two notions are mixed, and often both of them are referred to as
“topological classification”.

The Hurwitz problem is equivalent to the problem of rigid topological
classification of ramified coverings of the sphere. The known results concern
two situations:

• enumeration of polynomial rational coverings C→ C;
• enumeration of genus g ramified coverings of the sphere with not more

than one degenerate critical value.

In the first case, the passport of the constellation contains the partition n1 cor-
responding to cyclic permutations. The answer is known in a very explicit and
unexpectedly simple form. In the second case, the passport of the constellation
has the form [κ, 211n−2, . . . , 211n−2] for some fixed partition κ = (κ1, . . . , κp)
of n. Hence, all the permutations except one are transpositions, and the num-
ber of transpositions is determined by the Riemann–Hurwitz formula. In this
case the number of ramified coverings is expressed in terms of some inter-
section indices on moduli spaces of curves, whose explicit values are known
only under some additional restrictions (for example, when the genus of the
covering surface is at most 1).
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There are different approaches to solving these enumeration problems. One
of them, originating from Hurwitz and then forgotten for a century, is based
on deriving, if possible, reccurrence formulas for the required numbers and
on subsequent study of the resulting formulas by purely combinatorial tools
of the theory of generating functions, like Lagrange inversion. I. P. Goulden,
D. M. Jackson and their coauthors, see [114], [115], [116], [118], [117], reached
notable success following this line.

Our presentation is based, however, on a different approach. Although
the initial problem is purely combinatorial, it can be inscribed in a very rich
geometric context. The geometry of moduli spaces plays a crucial role in this
study, and enumeration formulas are only a part of the results obtained (it
is not out of place to mention here the phrase of Hamming from his book
on numerical methods: our goal is understanding, not numbers). The rigid
topological classification turns out to be closely related to the behavior of the
so-called Lyashko–Looijenga mapping on spaces of meromorphic functions.
As a result, the enumeration problems we are interested in become related to
the intersection theory on the moduli spaces of complex curves studied in the
previous chapter.

We shall also touch, in Sec 5.4, the problem of flexible classification of ram-
ified coverings. It seems to be much more difficult, and known achievements
in this direction are of less generality. In the flexible classification of complex
ramified coverings, the equivalence classes are orbits of the braid group action
on isomorphism classes of constellations, see Sec. 1.1. For the history of the
problem, see the introductory text in Sec. 5.4.

5.1 The Lyashko–Looijenga Mapping
and Rigid Classification of Generic Polynomials

5.1.1 The Lyashko–Looijenga Mapping

As we have shown in Chapter 1, for a given set {t1, . . . , tc} ⊂ CP 1 of pairwise
distinct ramification points and a given partition over each point, there is a fi-
nite set of isomorphism classes of meromorphic functions f : X → CP 1 having
the prescribed ramification over the chosen points and no other ramification.
Moreover, the number of elements in the set depends only on the passports
and is independent of the precise positions of the points. Therefore, if we are
going to approach the Hurwitz problem, then the natural idea is to consider
the mapping on a space of meromorphic functions taking a function to the set
of its ramification points and to try to find the degree of this mapping, when-
ever all the relative notions are well-defined. This degree coincides precisely
with the required number of isomorphism classes.

Such a mapping appeared many times in related contexts, and, probably,
Lyashko (see [11]) and Looijenga [201] were the first ones who understood
its algebro-geometric nature in a specific situation of generic polynomials. In
fact, they were interested not in topological classification of mappings, but
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rather in the topology of complements to some discriminants in the so-called
“spaces of versal deformations of simple singularities”. Following Arnold, we
call the mapping the Lyashko–Looijenga mapping, or, for the sake of brevity,
the LL mapping. Later, Arnold [13] gave the interpretation that we discuss
here and extended the method to the case of generic “trigonometric polyno-
mials” (rational functions having a value with only two preimages). Further
developments were achieved in [190], [112], [91], [92], and we describe them
below as well.

An application of the Lyashko–Looijenga method requires several steps:

• construction of a space of appropriate meromorphic functions; this space
must have a natural complex structure and a “treatable” topology;

• construction of the space of values of the LL mapping;
• the proof that the LL mapping is holomorphic;
• computation of the degree of the LL mapping.

Among these steps, the first and the last one are usually the most nontrivial.
In the majority of cases, the constructed space of functions requires reasonable
compactification that would make easier the work with its topology. Even if
such a compactification is constructed, the resulting topology remains rather
complicated. In fact, these spaces rarely turn out to be simpler than the moduli
spaces of curves discussed in the previous chapter. The computation of the
degree is based essentially on this topology, and requires at least a minimal
knowledge of it. On the contrary, the result of the second step is more or less
trivial since this is simply the configuration space of points on the projective
line.

We start with showing how the method works in the original case of
Lyashko and Looijenga, where the topology of the moduli space of functions
is simple, and then turn to various generalizations.

5.1.2 Construction of the LL Mapping
on the Space of Generic Polynomials

Let f : CP 1 → CP 1 be a polynomial. This means that there is a point in
the target sphere such that its preimage is a single point. From now on we
fix a coordinate t on the target sphere such that t = ∞ is such a point. If f
is generic, i.e., all its finite critical values are distinct, then the LL mapping
takes it to the unordered set of its finite critical values. A polynomial of degree
n has n− 1 finite critical values. Of course, for n ≥ 2 infinity also is a critical
value of f , but it is convenient to forget about it.

Unordered sets of n − 1 distinct complex numbers are in a natural one-
to-one correspondence with monic (i.e., with the leading coefficient 1) poly-
nomials of degree n − 1 with distinct roots: we simply associate to a set
{t1, . . . , tn−1} the polynomial

d(t) = tn−1 + d1t
n−2 + · · ·+ dn−1 = (t− t1) . . . (t− tn−1). (5.1)
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Hence, in the case of polynomials the space of monic polynomials of degree
n− 1 can be chosen for the target space of the LL mapping.

The choice of the source space is more complicated. We would like to find
a coordinate presentation for it. The preimage of infinity in the source sphere
being fixed, we are still free in the choice of a coordinate x such that the point
x =∞ coincides with this preimage. There are two more degrees of freedom.
For a given polynomial f : CP 1 → CP 1 one may choose the coordinate so
that f has the form

f = xn + a2x
n−2 + · · ·+ an. (5.2)

Consider the space of polynomials of the form (5.2) in a fixed coordinate x
in the source sphere having simple critical values. As we have just said, each
isomorphism class of a generic polynomial is represented in this space. But
how many times? The answer is: exactly n times. Indeed, two polynomials of
the form (5.2) are isomorphic if and only if there exists a coordinate change
x 
→ αx + β taking one of them to the other one, and the only possible form
of this change is, therefore, β = 0, and α is an nth root of unity. Hence, a
natural “moduli space of degree n generic polynomials” is the quotient of the
space of polynomials (5.2) with distinct critical values modulo the following
action of the group Cn = Z/nZ:

(a2, a3, . . . , an) 
→ (ε−2
n a2, ε

−3
n a3, . . . , ε

−n+1
n an−1, an), (5.3)

where εn is a primitive nth root of unity.
It is more convenient for us, however, to deal with the space of polynomi-

als (5.2) itself without introducing this quotient stuff. Indeed, if we manage
to compute the degree of LL on this space, the calculation of the number of
isomorphism types requires only dividing the answer by n. One more point is
that it would be convenient to deal with the whole space of polynomials (5.2),
without forgetting degenerate ones, since the topology of this larger space
is rather simple. Indeed, if the LL mapping admits a reasonable extension
to this space, then the degree of this extension coincides with the degree of
the original mapping because the subspace of degenerate polynomials forms a
subvariety of complex codimension 1 in the space (5.2). This is the main core
of the Lyashko–Looijenga theorem.

Before stating it, a remark is in order. Of course, while extending the
LL mapping one would expect that this extension possesses some natural
properties and is related to the critical values of degenerate polynomials. This
is indeed the case, and the extended mapping takes each polynomial to the
set of its critical values taken with appropriate multiplicities.

Recall that a holomorphic mapping is finite if each point in the target
space has a finite number of preimages. The degree of a finite mapping is the
number of preimages of a generic point in the target space.



5.1 The Lyashko–Looijenga Mapping 273

Theorem 5.1.1 (Lyashko–Looijenga). The Lyashko–Looijenga mapping
extends to a polynomial finite mapping

LL : Cn−1 → Cn−1

of degree nn−2 from the space of polynomials (5.2) to the space of monic
polynomials (5.1).

As an immediate corollary of the argument above we obtain

Corollary 5.1.2. The number of isomorphism types of generic degree n poly-
nomials is equal to nn−3.

Exercise 5.1.3. Show that there is a unique, up to a common conjugation,
decomposition of the 3-cycle into a product of two transpositions. Write out
all four pairwise nonequivalent decompositions of the 4-cycle into a product
of three transpositions (cf. Example 5.5.6).

In [201] the theorem was used to prove the famous Cayley theorem [48] on
enumeration of trees:

Corollary 5.1.4 (The Cayley formula for labelled trees). The number
of trees with n vertices marked by distinct marks is nn−2.

Indeed, one can associate a tree to a generic polynomial in the following
way, which is a specialization of the general construction from Chapter 1 (see
in particular Exercise 1.6.11). Consider a star graph in the target sphere whose
center is a noncritical value t0 and whose leaves are the finite critical values
t1, . . . , tn−1 of the polynomial. Each of the segments [t0, ti] of the star graph
has n preimages. Exactly two of these preimages have a common end, since
the monodromy around the critical value ti is a transposition. We consider
these two preimages as the edge of the graph on the covering sphere whose
vertices are the n preimages of the noncritical value. The standard argument
from Chapter 1 shows that this graph is a tree, and there is a one-to-one corre-
spondence between such trees and isomorphism classes of generic polynomial
coverings. Note that the edges of the tree are numbered by the numbers of the
corresponding critical values. And the number of trees with numbered vertices
is n times the number of trees with marked edges. We leave the latter state-
ment as an exercise for the reader. Of course, arguing in the opposite direction
we can deduce the Lyashko–Looijenga theorem from Cayley’s theorem.

5.1.3 Proof of the Lyashko–Looijenga Theorem

The main property, which allows one to compute the degree of the LL map-
ping, is quasihomogeneity. A näıve idea of establishing it is to assign weight
1 to the variable x in the space of polynomials (5.2), and to derive weights
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of other variables from this one (w(ai) = i, w(t) = n, and so on). This ap-
proach does work. However, it fails in more general situations and we need
some conceptual guideline for choosing the weights. We start with explaining
this guideline.

The multiplication of a polynomial by a nonzero constant results in the
multiplication of all its critical values by the same constant. This simple re-
mark allows one to apply the techniques of quasihomogeneous mappings to
the analysis of the LL mapping.

Let C∗ = C\{0} denote the multiplicative group of nonzero complex num-
bers. This group acts linearly on the space Cm and, according to elementary
representation theory of commutative groups, any such linear action splits
into a direct sum of m one-dimensional actions of the form

uζ : a 
→ ζwa,

where w is an integer called the weight of the action. Although the splitting
may be not unique, the set of weights is well defined. If a splitting is chosen,
and a1, . . . , am are coordinates in Cm such that the action looks like

uζ : (a1, . . . , am) 
→ (ζw1a1, . . . , ζ
wmam),

then wi is said to be the weight of the coordinate ai, wi = w(ai).
Suppose we have two complex spaces Cm1 , Cm2 and a polynomial mapping

h : Cm1 → Cm2 .

The mapping h is called quasihomogeneous with respect to the actions uζ
and vζ on Cm1 and Cm2 respectively if h(uζ(x)) = vζ(h(x)) for any element
ζ ∈ C∗ and any point x ∈ Cm1 .

Our further considerations are based on the following well-known theorem
generalizing the classical Bézout theorem to the case of quasihomogeneous
polynomials.

Theorem 5.1.5. Suppose linear actions of C∗ on two complex spaces of the
same dimension m is given, and let w1, . . . , wm, W1, . . . ,Wm be the two sets
of weights. A quasihomogeneous polynomial mapping f : Cm → Cm between
these spaces is finite if and only if the preimage f−1(0) coincides with the
origin. In this case the degree of f is

W1 . . .Wm

w1 . . . wm
.

Note that if the formula provides a non-integral number, then the corre-
sponding polynomial mapping cannot be finite.

Proof. The proof of this theorem is based on the fact that the space of
all finite polynomial mappings with given weights of coordinates is connected.
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Suppose first that all weights w1, . . . , wm in the preimage are equal to 1, while
all weights Wi are positive integers. This means that we deal with polynomial
mappings of homogeneous coordinatewise degrees Wi. All such polynomial
mappings form a complex vector space. Polynomial mappings that are not
finite form a proper algebraic subvariety in this vector space. Since the de-
gree of a generic finite mapping does not vary under a small deformation of
the mapping in the class of mappings of the same weight, it suffices to com-
pute the degree of arbitrary finite mapping of given weight. The mapping
(z1, . . . , zm) 
→ (zW1

1 , . . . , zWm
m ) will do.

The case where wi are arbitrary positive integers is reduced to the pre-
vious one if one considers the compositions of each of the mappings of our
space with the mapping (y1, . . . , ym) 
→ (yw1

1 , . . . , ywm
m ). The degree of the re-

quired mapping is then computed as the ratio of the degrees of the composite
mapping and of the auxiliary mapping, which are both of the kind described
earlier.

In order to understand why the LL mapping is quasihomogeneous and to
compute its weights let us look more closely on the two actions of the group
C∗. The action on the space of critical values is, in fact, already introduced:
we simply multiply each critical value ti by ζ ∈ C∗, which leads to the action

uζ : (d1, d2, . . . , dn−1) 
→ (ζd1, ζ
2d2, . . . , ζ

n−1dn−1)

on the space of polynomials (5.1). Note that this action comes already split
into one-dimensional representations. However, what does it mean to multi-
ply a polynomial (5.2) by a constant? Indeed, we require that the leading
coefficient of the polynomial be 1, and this restriction is no more valid un-
der multiplication. The correct answer is that we consider polynomials only
up to isomorphism, therefore, it suffices to find a polynomial isomorphic to
the polynomial ζf , i.e., one of the polynomials obtained by the substitution
x 
→ ζ−1/nx. A new problem arises: which one of the roots ζ−1/n should be
chosen? The easiest and the most effective answer is that from the very be-
ginning we should have defined the action as the multiplication by ζn, not by
ζ, and this last action is

uζ :
{

(a2, . . . , an) 
→ (ζ2a2, . . . , ζ
nan)

(d1, . . . , dn−1) 
→ (ζnd1, . . . , ζ
(n−1)ndn−1)

(5.4)

(here ai and dj are coefficients from (5.2) and (5.1) respectively). Note that
if we delete the origins and factorize both spaces modulo this action, then we
arrive at a mapping of compact varieties (weighted projective spaces).

Thus, the weights in the source space are 2, 3, . . . , n, while the weights in
the target space are n, 2n, . . . , (n − 1)n. If we prove that the LL mapping is
polynomial and finite, then the degree is

n · 2n · · · (n− 1)n
2 · 3 · · ·n = nn−2,

and we were done.
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Following the guidelines of the present book where we try to make all things
as explicit as possible, we present in the next lemma a formula from [190] for
the LL mapping, which also proves that the mapping is polynomial. At the
same time it shows that the extended mapping is “natural”, which means
that the extended mapping takes a degenerate polynomial to the set of its
critical values taken with appropriate multiplicities as well: a critical value
of a polynomial f with the partition κ � n is a root of multiplicity v(κ) of
LL(f) (for notation v(κ) see Notation 1.1.9). Any computer system of symbolic
computations, like Maple, using the formula in question immediately provides
a coordinate presentation of the mapping for a given dimension.

Lemma 5.1.6. The LL mapping takes a polynomial f of the form (5.2) to the
discriminant with respect to x of the polynomial f(x)−t, up to a constant factor.

Here the discriminant of f(x)−t is a polynomial in t and in the coefficients
of f , and we consider it as a polynomial in t, while the constant factor is chosen
so that to make this polynomial monic.

Example 5.1.7. For n = 4 the LL mapping looks like

LL : f(x) = x4 + a2x
2 + a3x + a4 
→ −

1
256

discriminantx(f(x) − t)

= t3 +
(

1
2
a2
2 − 3a4

)
t2 +

(
1
16

a4
2 − a2

2a4 +
9
16

a2a
2
3 + 3a2

4

)
t

− 1
16

a3
2a

2
3 +

1
64

a3
2a

2
3 +

1
2
a2
2a

2
4 −

9
16

a2a
2
3a4 +

27
256

a4
3 − a3

4 .

Let us make a few remarks concerning the weights of the variables and pa-
rameters in this formula. (A) We take w(x) = 1; therefore w(x2) = 2 and
w(x4) = 4. (B) In order for f to be homogeneous as a function of all the pa-
rameters involved, we take w(a2) = 2, w(a3) = 3, w(a4) = 4. (C) We consider
the polynomial f(x) − t; the weight of f being 4, we set w(t) = 4. (D) Now
one can note that LL(f) is homogeneous as the polynomial in all the variables
involved: the weight of each of its monomials is 12. (E) For the polynomial f
the product of the weights of its coefficients is 2 ·3 ·4; for the polynomial LL(f)
the similar product is 4 · 8 · 12; the ratio of these two numbers is 16 = 42.

Proof of Lemma 5.1.6. The proof of the lemma is simple and follows more
or less directly from the definition of the discriminant. A value t̄ is a root of
the discriminant of f(x)− t if and only if the polynomial f(x)− t̄ has multiple
roots, i.e., if and only if t̄ is a critical value of f . Now, the discriminant is a
quasihomogeneous polynomial with respect to the above action, and its weight
is n(n − 1). Since a generic polynomial f has n − 1 dinstinct critical values,
the degree of the discriminant in t is at least n − 1. On the other hand, this
degree cannot exceed n−1 since otherwise the weight of a monomial of higher
degree would be greater than n(n−1). This means that the coefficient of tn−1

is constant, and the lemma is proved.
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The proof of the Lyashko–Looijenga theorem will be complete if we recall
that f(x) = xn is the only polynomial of the form (5.2) all of whose finite
critical values are 0, and it is, therefore, the unique preimage of the origin
under the LL mapping.

Exercise 5.1.8 (Trigonometric polynomials [13]). Let us call trigono-
metric polynomial a function CP 1 → CP 1 having a point in the image (infin-
ity) with only two preimages (poles). A trigonometric polynomial is generic if
all its finite critical values are simple. Prove that the number of isomorphism
classes of trigonometric polynomials with two poles of order k1, k2 is

(k1 + k2 − 1)!
|Aut(k1, k2)|

· k
k1
1

k1!
· k

k2
2

k2!
.

Here |Aut(k1, k2)| = 2 if k1 = k2 and |Aut(k1, k2)| = 1 otherwise. [Hint: make
use of the following parametrization of a completed space of an appropriate
covering of the space of trigonometric polynomials:

f(x) = xk1 +a1x
k1−1 + · · ·+ak1−1x+ c+ bk2−1

u

x
+ · · ·+ b1

(u

x

)k2−1

+
(u

x

)k2
,

and prove an analogue of Lemma 5.1.6 for rational functions.]
Generalize this statement to the case of rational mappings admitting a

value with three preimages.

5.2 Rigid Classification of Nongeneric Polynomials
and the Geometry of the Discriminant

5.2.1 The Discriminant in the Space of Polynomials
and Its Stratification

Before we proceed further, one useful remark is in order. Besides being equiv-
ariant with respect to the action of the group C∗ acting by multiplication of
polynomials by constants, the LL mapping is also equivariant with respect to
the following action of the additive group C:

μ : f 
→ f + μ for μ ∈ C,

which shifts all critical values of f by the same value μ. All points in any orbit
of this action in the target space of LL have the same number of preimages,
and it would be convenient for us to factorize modulo this action. The cor-
responding quotient space of the target space is naturally identified with the
subspace of polynomials with the zero sum of roots, i.e. with the zero second
coefficient, and we introduce the notation

D = {d(t) = tn−1 + d2t
n−3 + · · ·+ dn−1} (5.5)
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for it. The source quotient space can be simply considered as the set LL−1(D)
of polynomials (5.2) with the zero sum of critical values, and we denote it by
P . Both these spaces are (n− 2)-dimensional.

A generic point in D is a polynomial with pairwise distinct roots, and it
has nn−2 distinct preimages under the LL mapping. Polynomials with at least
two coinciding roots form the discriminant locus (or, simply, the discriminant)
Δ ⊂ D. Its preimage under the LL mapping is the discriminant Σ ⊂ P , and
it consists of polynomials having at least two coinciding critical values. In
particular, polynomials with critical points of multiplicity greater than 2 also
belong to the discriminant Σ.

Example 5.2.1. The equation of the discriminant locus Σ in the space of
polynomials (5.2) is obtained by setting to zero the discriminant of the image
polynomial under the LL mapping. For example, in the case of polynomials
of degree 4 from Example 5.1.7 the discriminant locus equation is obtained
by setting to zero the discriminant of the polynomial of degree 3 in t:

a2
3(8a

3
2 + 27a2

3)
3 = 0.

The discriminant locus is reducible and splits into two irreducible components:
the “caustic” 8a3

2+27a2
3 = 0 and the “Maxwell stratum” a3 = 0, see Examples

5.2.4 and 5.2.5.
When restricting LL to the space P of polynomials with the zero sum

of critical values we have set d1 = 0, see Eq. (5.5); for polynomials (5.2) of
degree 4, this gives the subvariety a4 = a2

2/6.

Since in this section we consider only polynomials, we shall not include the
partition n1 in the passport, and the passport K = [κ1, . . . , κc] of a polynomial
f consists of the partitions of n corresponding to each finite ramification point.
We are interested in the number of permutations with cyclic type κi such that
their product is a cyclic permutation, i.e., it has the cyclic type n1. Recall that
the degeneracy v(κ) of a partition κ = 1k12k2 . . . nkn of n is the number

v(κ) = 1 · k2 + 2 · k3 + · · ·+ (n− 1) · kn.
A partition is called degenerate if its degeneracy is greater than 1. The only
nondegenerate partition is 211n−2, and its degeneracy is 1. The Riemann–
Hurwitz formula implies that if K = [κ1, . . . , κc] is the passport of a polyno-
mial, then

v(κ1) + · · ·+ v(κc) = n− 1.

In Chapter 1 it was shown that if this requirement is satisfied, then there
exists a polynomial with the passport K (see Corollary 1.6.9). Below, this
statement will in fact be proved once again, by computing the degree of the
closure of the variety of polynomials with this passport.

Generally speaking, a space of generic meromorphic functions admits a
lot of different compactifications, and these compactifications may not con-
tain degenerate functions of all isomorphism types. Fortunately, in the case of
polynomials all types of degenerate polynomials are represented in the space
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of the polynomials having the form (5.2). The discriminant Σ admits a strat-
ification according to the ramification type of polynomials in it. The stratum
ΣK ⊂ Σ consists of all polynomials with the passport K. Implementing once
more the Lyashko–Looijenga scheme we choose the stratum ΣK for the space
of polynomials with ramification type K. Once again, each isomorphism type
of a polynomial with the passport K is represented in this space since any
polynomial admits a coordinate presentation (5.2); and each isomorphism
class contains exactly n representatives, except for the passport [n1]. For the
latter type, the representative is unique, namely, xn.

5.2.2 Statement of the Enumeration Theorem

Fix a passport K. Let c = c(K) be the number of critical values of a poly-
nomial belonging to the stratum ΣK , that is, the number of partitions in K.
We suppose that the first r of the partitions κi are degenerate, while the rest
c− r of them are simple. Denote by ν(K) the partition of the number n− 1
determined by the degeneracy values of each of the partitions κi, i = 1, . . . , c.
For a degenerate partition κ of the number n, we denote by ν(κ) the parti-
tion of n − 1 corresponding to the passport, where κ is a unique degenerate
partition, ν(κ) = v(κ)11n−v(κ)−1. The following statement generalizes the
Lyashko–Looijenga theorem to degenerate polynomials.

Let κ = 1m1 . . . nmn be a partition of n; we denote by |Aut(κ)| the number
m1! . . .mn! of permutations of its parts. Similarly |Aut(K)| is the order of the
automorphism group of a passport K; if K = [κ1, . . . , κc], then |Aut(K)| is
the product of factorials of the numbers of coinciding partitions.

Theorem 5.2.2 ([190]). The restriction of the LL mapping to each stratum
ΣK is a smooth finite mapping of degree

degK = nc−1 |Aut(ν(K))|
|Aut(K)|

r∏
i=1

|Aut(ν(κi))|
|Aut(κi)|

,

where the product on the right-hand side is taken over all nonsimple critical
values.

The “enumerative contents” of this theorem is equivalent to the Goulden–
Jackson enumerative formula for cacti (1.6). But the most interesting part of
the whole picture is of course the relation between the enumerative result and
the degree of the LL mapping. Sections 5.2.3, 5.2.4 are devoted to the proof
of this theorem, and now we consider some of its applications.

Example 5.2.3 (Generic polynomials). The formula of the theorem re-
mains valid for nondegenerate polynomials as well. Nondegenerate polyno-
mials have the passport K = [1n−221, . . . , 1n−221]; in this case c = n − 1,
|Aut(K)| = |Aut(ν(K))| = (n− 1)!, r = 0, and we obtain

degK = nn−2 (n− 1)!
(n− 1)!

= nn−2.
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Example 5.2.4 (Maxwell stratum). The stratum defined by the passport
M = [1n−422, 1n−221, . . . , 1n−221], i.e., the stratum of polynomials with two
coinciding finite critical values taken at distinct points, is called the Maxwell
stratum. We have c(M) = n − 2, ν(M) = ν(κ1) = 1n−321, |Aut(ν(M))| =
|Aut(ν(κ1))| = (n− 3)!, r = 1, and Theorem 5.2.2 gives the value

degM = nn−3 (n− 3)!
(n− 3)!

(n− 3)!
2!(n− 4)!

=
1
2
nn−3(n− 3).

This result was first obtained by V. I. Arnold in [13].

Example 5.2.5 (Caustic). There is one more stratum of codimension 1,
the caustic C. It consists of polynomials with a pair of coinciding critical
points and is given by the passport C = [1n−331, 1n−221, . . . , 1n−221]. In this
case c(C) = n − 2, r = 1, ν(C) = ν(κ) = 1n−321 as well, |Aut(ν(C))| =
|Aut(ν(κ1))| = (n− 3)!, and Theorem 5.2.2 yields the value

degC = nn−3 (n− 3)!
(n− 3)!

(n− 3)!
1!(n− 3)!

= nn−3.

5.2.3 Primitive Strata

We start with proving the enumeration theorem 5.2.2 for the case of primitive
strata. A primitive stratum is a stratum of polynomials having one degenerate
finite critical value, and all of whose other critical values are simple. We use
the notation Σκ for the primitive stratum corresponding to the passport K =
[κ, 1n−221, . . . , 1n−221]. Primitive strata can be treated in a way similar to the
original Lyashko–Looijenga approach.

Take, e.g., the Maxwell stratum from Example 5.2.4. Note that for n ≤ 3
the Maxwell stratum is empty. A generic polynomial in the Maxwell stratum
has the form

f(x) = (x2 + a′1x + a′2)
2(xn−4 + a′′1x

n−5 + · · ·+ a′′n−4) + a′n.

Here 2a′1 + a′′1 = 0 and a′n = a′n(a′1, a′2, a′′2 , . . . , a′′n−4) is a polynomial chosen
in such a way that it makes the sum of critical values of f equal to zero.
The LL mapping restricted to the hyperplane 2a′1 + a′′1 = 0 in the space of
the coefficients a′, a′′ remains polynomial, quasihomogeneous and finite. The
weights of the coordinates are

w(a′i) = i, i = 1, 2; w(a′′j ) = j, j = 1, . . . , n− 4,

in accordance with our näıve choice w(x) = 1, and the product of weights of
the coordinates in the preimage is

2(n− 4)! .
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On the other hand, ν(1n−422) = 1n−321, and a general polynomial in the
image has the form

(t− t1)2(tn−3 + d′1t
n−4 + · · ·+ d′n−3),

where −2t1 + d′1 = 0. The weights of the coordinates are

w(t1) = n, w(d′j) = nj,

and the product of the weights of the coordinates in the image is

nn−3(n− 3)! .

Dividing this by the product of the coordinates’ weights in the preimage we
obtain the degree of the LL mapping restricted to the Maxwell stratum:

nn−3(n− 3)!
2(n− 4)!

= nn−3n− 3
2

in accordance with the predictions of the main theorem.

Exercise 5.2.6. Elaborate a similar calculation for the other stratum of codi-
mension 1, the caustic, see Example 5.2.5.

The above calculation extends easily to an arbitrary primitive stratum.
Namely, suppose that the partition corresponding to the degenerate critical
value has the form κ = 1k1 . . . nkn and all other critical values are simple.
Then a generic polynomial of this type with the degenerate critical level an
has a unique representation in the form

f(x) = f1(x)f2
2 (x) . . . fnn (x) + an.

Here fi(x) = xki + ai,1x
ki−1 + · · · + ai,ki is a polynomial of degree ki, k1 +

2k2 + · · · + nkn = n, a1,1 + 2a2,1 + · · · + nan,1 = 0, and an is a polynomial
in ai,j chosen in such a way that it makes the sum of the critical values of f
equal to zero. In other words, we constructed a parametrization of the closure
of the primitive stratum; the space of parameters is the space of coefficients
of the polynomials fi. In particular, each primitive stratum is irreducible.

The weights of the coordinates in the preimage are w(ai,j) = j, and their
product is

k1! . . . kn! = |Aut(κ)|.

On the other hand, a generic polynomial in the image of this stratum has the
form

(t− t1)v(κ)D1(t),

where t1 = an is the multiple critical value, and D1 is a generic monic poly-
nomial of degree n− 1− v(κ). We leave it to the reader to write explicitly the
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list of coefficients of D1 and their weights; the product of the weights of the
coordinates in the image is

nc−1(n− v(κ)− 1)! = nc−1|Aut(ν(κ))|,

and the degree of the restricted LL is

nc−1 |Aut(ν(κ))|
|Aut(κ)| .

This formula coincides with the predictions of the theorem since in the case
of a primitive stratum, |Aut(K)| = |Aut(ν(K))| = (n− 1− v(κ))!.

Exercise 5.2.7. Using the same technique prove the enumeration theorem
for the strata where each critical value admits a unique critical preimage (but
of arbitrary order). [Hint: make use of the auxiliary mapping A from the next
section.]

5.2.4 Proof of the Enumeration Theorem

The proof of the enumeration theorem for arbitrary strata is based on the
proof for primitive ones. Each stratum is the intersection of primitive strata.
Unfortunately, generally speaking this intersection is not transversal, and this
makes the understanding of the geometry of the intersection not an easy task.
However, it is possible to overcome this difficulty by considering a suitable
ramified covering space of the space P of polynomials, where the relevant
intersections become transversal. This ramified covering space is the space of
critical points of polynomials.

5.2.4.1 Auxiliary Mappings

Consider the commutative square

P̂ L̂L−−−−→ D̂

A

⏐⏐	 ⏐⏐	T

P LL−−−−→ D

(5.6)

Here P̂ is the hyperplane α1 + · · · + αn−1 = 0 in the space of critical points
of polynomials, and D̂ is the hyperplane t1 + · · · + tn−1 = 0 in the space of
critical values. The mapping A has the form

A : (α1, . . . , αn−1) 
→ −t̄(α1, . . . , αn−1) +
∫ x

0

ρ,

where ρ = n(ξ − α1) . . . (ξ − αn)dξ, and t̄ is a constant depending on αi.
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Exercise 5.2.8. Show that the critical values of the polynomial
∫ x

0
ρ are∫ αi

0
ρ, i = 1, . . . , n− 1.

This exercise shows that, since the image of A must be a polynomial with
the zero sum of critical values, we must set

t̄ =
1
n

(∫ α1

0

ρ + · · ·+
∫ αn−1

0

ρ

)
.

The mapping T is nothing else but the Viète mapping

T : (t1, . . . , tn−1) 
→ (t− t1) . . . (t− tn−1),

and the mapping L̂L takes the ordered tuple of critical points to the ordered
tuple of critical values.

One of the advantages of the passage to the mapping L̂L is that it be-
comes homogeneous, not just quasihomogeneous, because the weights of all
coordinates in the image are the same, and the weights of all coordinates in
the preimage are also the same. The following statement is obvious.

Lemma 5.2.9. The mappings A and T are quasihomogeneous and finite. The
mapping L̂L is homogeneous and finite.

5.2.4.2 Induced Stratifications and Degrees Counting

The total preimage A−1(Σκ) of a primitive stratum Σκ is no longer an ir-
reducible variety. We are free in choosing an irreducible component of this
stratum, and, for a passport K = [κ1, . . . , κc], we may choose these irreducible
components for each κi so that to make them intersect transversally.

The stratification of the space P induces the stratification of other spaces
at the vertices of the square (5.6). In order to compute the degree of the
LL mapping restricted to the discriminant strata it suffices to compute the
degrees of the restrictions of A, L̂L, and T to the corresponding strata. Let
us start with the description of the induced stratification.

The strata in the space D are marked by partitions ν = 1m1 · · · (n−1)mn−1

of the number n− 1. The stratum Δν ⊂ D consists of polynomials having m1

roots of multiplicity 1, . . . , mn−1 roots of multiplicity n − 1. The strata in
the space D̂ are marked by partitions of the set of indices {1, . . . , n− 1}. For
a partition ν of n − 1, fix a partition J = J1 & J2 & . . . of the set of indices
{1, . . . , n− 1} into pairwise disjoint subsets such that there are precisely m1

one-element subsets, m2 two-element subsets and so on. We associate with
the partition J the stratum Δ̂J ⊂ D̂ consisting of all points (t1, . . . , tn) ∈ D̂
such that ti = tj if and only if the indices i, j belong to the same set in the
partition J .

The mapping T maps a stratum Δ̂J to Δν , where ν is obtained from J by
forgetting the indices but preserving their numbers.
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Similarly, for a passport K = [κ1, . . . , κc], we fix a partition I = [I1, . . . , Ic]
of the set of indices {1, . . . , n − 1} into c tuples of pairwise disjoint subsets
such that the ith tuple Ii of this partition contains precisely ki2 one-element
subsets, ki3 two-element subsets and so on, where κi = 1ki12ki2 . . . . All in
all, Ii consists of v(κi) sets. The stratum Σ̂I ⊂ P̂ consists of all points
(α1, . . . , αn−1) ∈ P̂ such that αi = αj if the indices i, j belong to the same
subset of a tuple Il ∈ I, and the values of the polynomial A(α1, . . . , αn−1)
at the points αi, αj coincide if the indices i, j belong to subsets of the same
tuple Il.

The restrictions of the mappings in the square (5.6) to the corresponding
strata form the commutative square

Σ̂I
L̂L−−−−→ Δ̂J

A

⏐⏐	 ⏐⏐	T

PK LL−−−−→ Δν(K)

(5.7)

where the strata Σ̂I, Δ̂J are constructed by means of consistent partitions of
the set of indices {1, . . . , n − 1}. This means that each Ji is the union of all
indices from the sets of the tuple Ii.

The degrees of all mappings in this square are independent of the choice
of the partition I. We denote them by degK(LL), degK(A), degK(L̂L), and
degν(K)(T ) respectively. Since the square (5.7) is commutative, we obtain

degK(LL) =
degK(L̂L) · degν(K)(T )

degK(A)
, (5.8)

and in order to compute the degree of LL it suffices to know all the degrees
on the right-hand side of the last formula.

The computation of the degrees of the vertical arrows is easy. For ν =
1m1 . . . (n− 1)mn−1 we have

degν(T ) = m1! . . .mn−1! = |Aut(ν)|. (5.9)

Indeed, if we take a polynomial belonging to the stratum Δν , then the mul-
tiset of its roots is fixed. Specifying also a partition J of the set of indices
{1, . . . , n−1} corresponding to the partition ν we arrive at m1! ways to num-
ber the roots of multiplicity one, m2! ways to number the roots of multiplicity
two, and so on.

The following statement is also obvious:

degK(A) = |Aut(K)|
r∏

i=1

|Aut(κi)|
ki1!

. (5.10)
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It is proved in the same way as above: there are |Aut(K)| ways to permute
the sets of indices corresponding to coinciding partitions κi and there are

ki2! . . . kin! =
|Aut(κi)|

ki1!

ways to permute the sets of indices inside the set Ii. For the nondegenerate
partition κi = 1n−221 the last factor is 1, and we may not include it in the
product.

The next section is devoted to the computation of the degree degK(L̂L).

5.2.4.3 Degree of a Projective Mapping

Let f : Cm → Cm, f = (f1, . . . , fm) be a homogeneous mapping of coordi-
natewise constant degree W . If f is finite, then the degree of its restriction to
a homogeneous subvariety in the preimage is closely related to the dimension
and the degree of the subvariety. Namely, the following statement is valid.

Lemma 5.2.10. Let V ⊂ Cm be a homogeneous affine subvariety of pure di-
mension k in the source space, and suppose that the image f(V ) is irreducible.
Then

degV ·W k = deg f(V ) · deg(f |V ). (5.11)

Moreover, if f is nondegenerate at a generic point of f , then a generic point
of f(V ) has deg(f |V ) geometrically distinct preimages in V .

Roughly speaking, a variety is of pure dimension k if its every neighbor-
hood of every point is of dimension k.

The proof is obtained by comparing the numbers of irreducible homoge-
neous curves in the preimage of Cm−k+1 ∩ f(V ) belonging to V counted in
two different ways: first, in terms of the degree deg(fV ), which gives us the
right-hand side of the formula, and second, by considering the intersection of
V with k hyperplanes, which leads to the left-hand side.

Lemma 5.2.10 allows us to compute the degree of a primitive stratum Σ̂I

corresponding to a partition I with the only degenerate tuple I. Indeed, the
restriction of L̂L to such a stratum has the degree

degκ(L̂L) =
degκ(A) · degκ(LL)

degν(κ)(T )

=
(n− v(κ)− 1)! |Aut(κ)|

k1!
· nc−1 (n−v(κ)−1)!

|Aut(κ)|
|Aut(ν(κ))|

= nc−1 |Aut(ν(κ))|
k1!

,

since |Aut(ν(κ))| = (n− v(κ)− 1)! and |Aut(κ)| = k1!|Aut(ν(κ))|.
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Using Lemma 5.2.10 we obtain the degrees of the closures of primitive
strata:

deg cl(Σ̂κ) =
|Aut(ν(κ))|

k1!
.

Now, let I be an arbitrary set of pairwise disjoint subsets of the set of
indices {1, . . . , n − 1}. We associate to this set the standard plane ΠI ⊂ P̂
given by the equations αj = αl for all pairs j, l belonging to the same element
of I.

Theorem 5.2.11. The restriction of the mapping L̂L to the plane ΠI is non-
degenerate in the complement to the intersection of ΠI with other standard
planes not containing ΠI (that is, on the set where aj �= al for all pairs of
indices j, l not belonging to the same element of I).

Proof. Let β1, β2, . . . , βm denote the coordinates of geometrically distinct
critical points on the plane ΠI , and let bi be the multiplicity of the critical
point with the coordinate βi. We have b1 + · · ·+ bm = n− 1 and b1β1 + · · ·+
bmβm = 0. Consider the subfamily ρI of the family of 1-forms ρ corresponding
to the standard plane ΠI ,

ρI = n(x − β1)b1 . . . (x− βm)bmdx = ΦI(x)dx.

The restriction of the mapping L̂L to the plane ΠI has the coordinate pre-
sentation

L̂Li : (β1, . . . , βm) 
→ −t̄I(β1, . . . , βm) +
∫ βi

0

ρI ,

where t̄I is the restriction of t̄ to the plane ΠI .
Now fix the polynomial 1-forms

ωi = −bi
ρI

x− βi
, i = 1, . . . ,m,

on the line C1. The homology classes of these 1-forms in the space of relative
cohomology H1(C1, {β1, . . . , βm}) satisfy the linear relation [ω1]+· · ·+[ωm] =
0 since the 1-form dΦI = ω1+· · ·+ωm determines the zero relative cohomology
class. If all βi are pairwise distinct, then there are no other relations between
the classes [ωi]. Indeed, if a 1-form ω = u1ω1 + · · ·+ umωm, ui ∈ C, has zero
relative cohomology class, then the polynomial∫ x

β1

ω

has the same degree n − 1 and the same multiplicities of zeroes as the coef-
ficient ΦI of ρI , therefore, it coincides with the latter up to a nonzero con-
stant factor. Hence, the classes [ω1], . . . , [ωm] span the cohomology space
H1(C, {β1, . . . , βm}).
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Now we are going to express the Jacobi matrix (∂L̂Lj/∂βi) in terms of the
1-forms ωl. The entries of the Jacobi matrix are

∂L̂Lj/∂βi =
∫ βj

0

ωi − ∂t̄/∂βi. (5.12)

This is obvious for nondiagonal elements. In calculating diagonal elements we
must also include the summand obtained by differentiating the integral along
the upper integration limit. However, this summand is zero since the integrand
vanishes at the point βi, and, therefore, Eq. (5.12) is the universal formula for
all entries of the Jacobi matrix, including diagonal ones. Subtracting the first
row of the matrix from all other rows we arrive at the m×m-matrix⎛⎜⎜⎜⎜⎝

∫ β1
0

ω1 − ∂t̄/∂β1 . . .
∫ β1
0

ωm − ∂t̄/∂βm∫ β2
β1

ω1 . . .
∫ β2
β1

ωm
...

. . .
...∫ βm

β1
ω1 . . .

∫ βm

β1
ωm

⎞⎟⎟⎟⎟⎠ .

Since the relative cohomology classes of the 1-forms ωj span the space of
relative cohomology, the rank of this matrix at points where all βi are pairwise
distinct is m− 1, and the theorem follows.

Now, fix a passport K = [κ1, . . . , κc] and a partition I = [I1, . . . , Ic] of the
set of indices {1, . . . , n− 1} consistent with the passport. Suppose the first r
partitions in the passport are degenerate, while all other c− r partitions are
1n−221. We call an index i essential for the partition I if the number of sets
in the tuple Ij ∈ I containing i is greater than one. The critical point αi and
the corresponding critical value will also be called essential. Theorem 5.2.11
implies the following statement.

Corollary 5.2.12. The closure cl(Σ̂I) of a stratum Σ̂I ⊂ D̂ is the intersec-
tion of the closures cl(Σ̂Ii) of the primitive strata Σ̂Ii . These primitive strata
intersect transversally almost everywhere at Σ̂I, i.e., everywhere outside the
subvariety of complex codimension one consisting of points, where an essen-
tial critical point glues together with another critical point. In particular, the
closure cl(Σ̂I) is smooth everywhere outside the points of this subvariety, and

deg cl(Σ̂I) =
r∏

i=1

deg cl(Σ̂Ii) =
r∏

i=1

|Aut(ν(κi))|
ki1!

.

The statement of the enumeration theorem 5.2.2 follows now from this
corollary and Lemma 5.2.10.
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5.3 Rigid Classification
of Generic Meromorphic Functions
and Geometry of Moduli Spaces of Curves

5.3.1 Statement of the Enumeration Theorem

There is one more situation where the answer to the Hurwitz problem is
known in a rather explicit form. This is the case where there is at most one
degenerate ramification point, while all other ramification points are simple.
We will suppose below that the point of degenerate ramification is the infinity
point in the target sphere, and call its preimages poles. In other words, we
are interested in the number of constellations [g1, . . . , gc], where g2, . . . , gc
are transpositions, while g1 is a permutation of a prescribed cycle type κ =
(k1, . . . , kn). Denote this number by hg;κ and call it the Hurwitz number.
(These numbers should not be confused with the Hurwitz numbers which are
the coefficients in the expansion of the Weierstrass ℘-function.) Note that in
this section, in contrast to the previous one, we denote by n the number of
geometrically distinct preimages of the degenerate ramification point, while
the degree of the functions under consideration is k1 + · · ·+ kn = k.

Once again, the computation of the Hurwitz number can be achieved by the
calculation of the degree of the LL mapping on suitable spaces of meromorphic
functions, which are called Hurwitz spaces. These spaces prove to be closely
related to the moduli spaces of complex curves with marked points. Namely,
numbering the poles of a meromorphic function f : X → CP 1 we associate to
such a function the curve X with n marked points, i.e., a point in the moduli
space of complex marked curves. This mapping determines a mapping from
the Hurwitz space (or, to be more precise, from an appropriate covering of
the Hurwitz space determined by the marking) to the moduli space of curves.
Now, it is not absolutely unexpected that the final result can be expressed in
terms of intersection numbers on the moduli space.

Theorem 5.3.1 ([91], [92], [120]). We have

hg;κ =
(k + n + 2g − 2)!
|Aut(κ)|

n∏
i=1

kkii
ki!

∫
Mg;n

1− λ1 + λ2 − · · ·+ (−1)gλg
(1 − k1ψ1) . . . (1 − knψn)

. (5.13)

The whole Sec. 5.3 is dedicated to the proof of this theorem.
Recall that Mg;n denotes the moduli space of genus g stable complex

curves with n marked points, and ψi denotes the first Chern class of the line
bundle Li overMg;n; the fiber of Li at a point (X ;x1, . . . , xn) ∈Mg;n is the
cotangent line to X at xi. Up to now the classes λi have not been considered.
These are the Chern classes of the Hodge bundle Λg;n →Mg;n. The fiber of
the Hodge bundle at a smooth point (X ;x1, . . . , xn) coincides with the space
of all holomorphic 1-forms over X . It is, in an obvious sense, independent of
the choice of the marked points. Its natural extension to a nodal curve X is
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the space of meromorphic 1-forms over X having poles at most at the double
points of X and such that the poles are of an order not greater than one, and
the sum of the residues along the two sheets at a double point is zero. The
rank of Λg;n is g since the space of meromorphic 1-forms on a genus g curve
is g-dimensional. We write

c(Λg;n) = c0(Λg;n) + c1(Λg;n) + · · ·+ cg(Λg;n) = 1 + λ1 + · · ·+ λg,

λi = ci(Λg;n) ∈ H2i(Mg;n).

As usual, we assume that the integral of a class is zero whenever the
dimension of the class differs from that of the base. We are going to show
in the next section how this formula works and what information about the
number of meromorphic functions it produces.

It is worth mentioning that Eq. (5.13) works in both directions: it al-
lows one to compute some intersection numbers on moduli spaces of curves
provided that Hurwitz numbers are known. Basing on this remark and on
the previous calculations of asymptotics of Hurwitz numbers, Okounkov and
Pandharipande gave in [227] a new proof, independent of that due to Kont-
sevich, of the statement that the Kontsevich model coincides with the inter-
section theory model, which forms a part of the proof of Witten’s conjecture
(more exactly, they proved Theorem 4.7.2).

5.3.2 Calculations: Genus 0 and Genus 1

Before proving Theorem 5.3.1 we show how it can be applied to deduce explicit
formulas for the Hurwitz numbers in genus 0 and 1

In genus 0 the theorem from the previous subsection provides an immediate
answer. The rank of the Hodge bundle in this case is zero since there are no
holomorphic 1-forms over rational curves, and the integral in Eq. (5.13) is∫

M0;n

1
(1− k1ψ1) . . . (1− knψn)

. (5.14)

Hence, in order to compute it we need only to know the intersection numbers

〈τm1 . . . τmn〉 =
∫
M0;n

ψm1
1 . . . ψmn

n .

But these indices are already known, see Proposition 4.6.10:

〈τm1 . . . τmn〉 =
(n− 3)!

m1! . . .mn!
.

Expanding the integrand in (5.14) and selecting terms of dimension n− 3 we
obtain nothing but the expansion of the multinomial (k1 + · · ·+ kn)n−3:∫

M0;n

1
(1− k1ψ1) . . . (1− knψn)

=
∑

m1+···+mn=n−3

〈τm1 . . . τmn〉km1
1 . . . kmn

n .

Thus, we have proved the following statement.
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Theorem 5.3.2. For g = 0 and the partition κ = (k1, . . . , kn) of k = k1 +
· · ·+ kn we have

h0;κ =
(k + n− 2)!
|Aut(κ)|

n∏
i=1

kkii
ki!

kn−3 . (5.15)

This statement was first published in [144], but without a proof. We call
it the Hurwitz formula.

Example 5.3.3 (Generic polynomials). In the case of generic polynomials
n = 1, k1 = k, κ = k1 and Eq. (5.15) yields

h0;κ = (k − 1)!
kk

k!
k−2 = kk−3

in accordance with Corollary 5.1.2.

Example 5.3.4 (Generic rational mappings). The condition of applica-
bility of Eq. 5.15 is that all critical values except the one corresponding to κ
are simple, while the one corresponding to κ may be arbitrary. In the case of
generic rational mappings CP 1 → CP 1 we may take as an additional “critical
value” a generic one; then we will have n = k, k1 = · · · = kn = 1, κ = 1k, and
Eq. (5.15) gives

h0;κ =
(2k − 2)!

k!
kk−3.

This particular case of the Hurwitz formula was rediscovered in [72].

Exercise 5.3.5. Verify that the Hurwitz number (5.15) for κ = 1k−221 (that
is, if κ corresponds to a simple critical value) coincides with that for generic
rational mappings from the example above.

For curves of positive genus, the numerator in the integrand in (5.13) is no
longer 1. The computation of the integral requires knowing the intersection
numbers of the form ∫

Mg;n

ψm1
1 . . . ψmn

n λj , (5.16)

where m1 + · · ·+ mn + j = n + 3g − 3. The terms corresponding to the class
λ0 = 1 have the highest homogeneous degree in ki, and this degree is n+3g−3.
Their value is given, at least in principle, by the Kontsevich theorem.

Much less is known about the computation of the integrals (5.16) for j > 0.
They are called Hodge integrals. For a monomial containing only one λ-class
(this is precisely the case we are interested in), the string and the dilaton
equations remain valid. The proof proceeds similarly to the argument in the
case where the integrand contains only ψ-classes. Besides, the terms including
the λ-class of the highest degree, i.e. λg, are known due to the following
statement.



5.3 Rigid Classification and Geometry of Moduli Spaces 291

Theorem 5.3.6 ([97]). For m1 + · · ·+ mn = n + 2g − 3 we have∫
Mg;n

ψm1
1 . . . ψmn

n λg =
(

2g + n− 3
m1, . . . ,mn

)
bg,

where bg =
∫
Mg;n

ψ2g−2
1 λj is a constant depending only on the genus and such

that

1 + b1t
2 + b2t

4 + · · · = t/2
sin(t/2)

,

i.e.,

bg =
22g−1 − 1

22g−1

|B2g|
(2g)!

,

where B2g is the (2g)th Bernoulli number.

Recall that, by definition, Bernoulli numbers are coefficients of the expo-
nential generating function

t

et − 1
= 1− 1

2
t +

B2

2!
t2 +

B4

4!
t4 + . . . ,

and the first few of them are

B2 =
1
6
, B4 = − 1

30
, B6 =

1
42

, B8 = − 1
30

, B10 =
5
66

.

In particular, we have

b1 =
1
24

, b2 =
7

5760
, b3 =

31
967680

.

This theorem, together with the string and the dilaton equations, allows
one to compute the genus 1 Hurwitz numbers in an explicit form. The formula
below was conjectured in [118] and first proved in [116].

Theorem 5.3.7. We have

h1;κ =
(k + n)!

24 |Aut(k1, . . . , kn)|

n∏
i=1

kkii
ki!

(
kn −

n∑
i=2

(i− 2)!eikn−i − kn−1

)
,

where ei = ei(k1, . . . , kn) is the ith elementary symmetric function in k1, . . . , kn
and k = k1 + · · ·+ kn = e1.

The reader will recognize the coefficient b1 = 1/24 in front of the expression
of the theorem.

Thus, a new and highly non-trivial enumerative result is obtained by using
the intersection theory on the moduli spaces.

Note that the last summand in the big parentheses has degree n− 1 in ki;
it is the total value of the λ1-containing integrals. All the other summands
have degree n in ki. The proof of the theorem is obtained by verifying that
the numbers in the formula satisfy the string and the dilaton equations, and
have the same initial values as the intersection numbers in the integrand. See
Proposition 4.6.11 and [92] for details.
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5.3.3 Cones and Their Segre Classes

Below, we are going to represent spaces of meromorphic functions as cones
over moduli spaces of complex curves. Such cones appear naturally already in
the case of nondegenerate polynomials. We have seen that the space of poly-
nomials of the form (5.2) is not exactly the moduli space of nondegenerate
polynomials of degree n: besides nondegenerate polynomials it contains also
degenerate ones, and each isomorphism class of a polynomial has n represen-
tatives in it. In order to get rid of this ambiguity, we must take the quotient
of this space modulo the action (5.3) of the cyclic group Z/nZ generated by
the mapping x 
→ εnx. Here εn is a primitive root of unity of degree n. The
resulting quotient space is no longer a vector space, but it still carries the
structure of a cone.

Our treating of cones follows that of [108]. Cones are most easily defined in
dual terms, that is, in terms of polynomial functions on them. By definition,
a cone is determined by a Z≥0-graded C-algebra. The cone itself is the spec-
trum of the algebra. A morphism of cones is determined by a graded algebra
homomorphism of the defining algebras going in the opposite direction.

Example 5.3.8. Each vector space is a cone; indeed, the algebra of polyno-
mials C[x1, . . . , xn] is naturally graded by the degree. The C-algebra corre-
sponding to the quotient space of Cn−1 modulo the action (5.3) is the algebra
of polynomials on Cn−1 invariant with respect to this action. The grading in-
duced by setting the weights of the variables w(ai) = i/n is obviously integral.
Note that each monomial (and, therefore, each polynomial) of integral weight
is invariant with respect to this action.

More generally, the quotient space of a vector space modulo a linear action
of a finite group is a cone. The corresponding graded algebra is the algebra of
polynomials over the vector space, invariant under the group action.

Since a cone is determined by a graded algebra, an action of the multi-
plicative group C∗ of nonzero complex numbers is defined on every cone.

Cones over algebraic varieties or orbifolds are analogues of vector bundles,
but instead of a vector space, the fiber over each point of the underlying variety
is a cone. Formally speaking, a cone over a variety M is a sheaf of integer-
graded C-algebras over M . Similarly to the rank of a vector bundle, the rank
of a cone over an algebraic variety is the dimension of a fiber. We consider
only locally finitely generated cones. Cones produce a natural language to
describe spaces of meromorphic functions because if we fix the underlying
curve and a set of points on it, then the set of meromorphic functions with
poles of prescribed order at these points is not a vector space (the sum of two
functions can have a pole of smaller order), but it is still a cone (multiplication
by a constant preserves the orders of the poles).

A cone can be projectivized: points of the projective cone are nontrivial
orbits of the C∗-action on the cone. Projectivized cones over algebraic varieties
are defined by means of the fiberwise projectivization.
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Chern classes are not well defined for cones. However, it is possible to in-
troduce other characteristic classes for them. Let S be a cone of rank r over a
compact d-dimensional variety or orbifold M , and let PS be the correspond-
ing projective cone. The Segre class is an element in the cohomology ring
H∗(M) (here and below cohomology is considered with rational coefficients)
defined as follows. The projective cone PS carries a canonical line bundle usu-
ally denoted by O(1); this is the bundle of homogeneous rational functions of
degree 1 on fibers. Its first Chern class c1(O(1)) is an element of the cohomol-
ogy ring H∗(PS), c1(O(1)) ∈ H2(PS). The projection mapping π : PS →M
induces the pushforward mapping π∗ : H∗(PS) → H∗(M) taking each cycle
to a cycle of the same dimension. Each power cj1(O(1)) of the first Chern class
can be represented, by the Poincaré duality, by an element of complementary
dimension in H∗(PS). If j ≥ r − 1, then the dimension of the cycle corre-
sponding to cj1(O(1)), that is, the number r + d− 1− j, is not greater than d,
the dimension of the base. Hence, we obtain a well-defined class in H∗(M),
and using Poincaré duality once again, a class in H∗(M). The sum of all these
classes for all values of j is called the Segre class of the bundle and is denoted
by s(S):

s(S) = s0(S) + · · ·+ sd(S), si(S) ∈ H2i(M).

The class sd(S) ∈ H2d(M) is called the top Segre class of S and is denoted
also by stop(S). Its value

∫
M stop(S) is a rational number.

Example 5.3.9. Take a cone over a point. In this case only the zero Segre
class of the cone is nontrivial. Consider, for example, a k-dimensional vector
space with weighted coordinates of weights w1, . . . , wk. This means that the
vector space is represented as a direct sum of one-dimensional subspaces,
Ck ∼= ⊕k

i=1C1, and the multiplicative group C∗ acts on the ith summand by
uζ : v 
→ ζwiv. The corresponding projective cone is the weighted projective
space. The zero Segre class of such a cone is

s0 =
1

w1 · · · · · wk
.

If the cone S is a vector bundle, then the product s(S)c(S) in the coho-
mology ring equals 1, that is, the total Segre class and the total Chern class
of a vector bundle are mutually inverse. This is one of the most direct ways
to introduce the notion of total Chern class provided that we know what it is
for line bundles.

Both in the case of vector bundles and of general cones, the direct sum
of cones corresponds to the tensor product of the sheaves of graded algebras.
The total Segre class of the direct sum of cones coincides with the product
of their total Segre classes. For Chern classes of vector bundles, a more gen-
eral statement, called the Whitney formula, is true: if we have a short exact
sequence

0 −→ A −→ C −→ B −→ 0
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of vector bundles over a variety M , then

c(C) = c(A) c(B).

Similar formulas are usually valid for the Segre classes of cones belonging to
short exact sequences of cone morphisms.

5.3.4 Cones of Principal Parts

Recall that our goal is to compactify Hurwitz spaces in order to be able to
compute Hurwitz numbers proceeding from geometrical information.

Fix a positive integer k. Consider two meromorphic functions f1, f2 defined
in a neighborhood of 0 ∈ C and having poles of order k at 0. We say that
these functions have the same principal part at 0 if their difference f1−f2 has
no pole at 0. A principal part is an equivalence class of local functions with
respect to this equivalence relation. Below we present a coordinate description
of the space of principal parts.

If one is interested in principal parts of fixed order k of meromorphic
functions at the origin of the complex line, then it seems to be natural to
consider this space as a subset in the vector space of principal parts of order
at most k. However, this direct approach to compactification of Hurwitz spaces
does not work well. The reason is that when the order of the pole drops, then
the degree of the function also drops, and the critical values of the function
decrease in number. As a result, the LL mapping acquires discontinuity. The
construction below explains how the degree of the function can be preserved
under the degeneration of its pole, so that the LL mapping remains continuous.
Essentially, it consists in the birth of a new rational irreducible component
at the pole, so that the restriction of the degenerate principal part to this
component becomes a polynomial of the same degree k.

Choose a coordinate x in a neighborhood of 0. Then a principal part can
be written in the form (cf. Exercise 5.1.8)(u

x

)k
+ a1

(u

x

)k−1

+ · · ·+ ak−1
u

x
(5.17)

for some u ∈ C∗. If k > 1, then this presentation is not unique; it depends
on the choice of the parameter u, and there are k possibilities to make this
choice. Hence, the space of expressions (5.17) covers the space of principle
parts with multiplicity k. The group of the covering is Z/kZ, and it acts on
the space of expressions (5.17) according to the rule

(u, a1, a2, . . . , ak−1) 
→ (εku, εka1, ε
2
ka2, . . . , ε

k−1
k ak−1), (5.18)

where εk ∈ C is a primitive root of unity of degree k.
The action of the group C∗ by multiplications on the space of principal

parts induces the following choice of weights of the parameters u and ai:
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w(u) =
1
k
, w(ai) =

i

k
, i = 1, . . . , k − 1.

The algebra of polynomials in u and ai invariant with respect to the ac-
tion (5.18) is spanned, as a vector space, by monomials of integer weight. The
weights of the coordinates endow this algebra with an integral grading. We
denote the corresponding cone by P k.

The cone P k is k-dimensional, and the open dense subset u �= 0 in it
corresponds to principal parts with poles of order k. Its complement Ak−1 ⊂
P k is the spectrum of the quotient algebra of Z/kZ-invariant polynomials
modulo the ideal of polynomials divisible by u. It resembles the quotient
space of polynomials (5.2) modulo the action (5.3) and carries a structure
of a Z/kZ-quotient of (k − 1)-dimensional vector space which we denote by
Ãk−1.

Note that in spite of the fact that the value of the parameter u, and hence
of the a-coordinates of a general principal part depend on the choice of the
coordinate x, the a-coordinates of the elements of Ak−1, where u = 0, are
unique up to the Z/kZ-action.

Now we are going to associate to a point in P k an element of the kth
tensor power of the tangent line at 0 ∈ C. Let L be the cotangent line to C

at 0. Writing a point p ∈ P k \ Ak−1 in the form (5.17) we associate to this
point the principal part u/x with the pole of degree one. It is determined
uniquely up to multiplication by a root of unity of degree k, and it coincides
with the principal part p1/k (well defined up to the same ambiguity). Having
a pole of degree one, this principal part determines a tangent vector at 0 as
the following linear functional on L:

ω 
→ Resx=0
u

x
ω,

ω being a local holomorphic 1-form representing a cotangent vector. The kth
tensor power of the constructed tangent vector is an element in (L∨)⊗k, and
this element is independent both of the choice of the coordinate x and of the
root u. We call this element the leading term of the principal part. Associating
to a principal part from Ak−1 the zero element of (L∨)⊗k, we obtain as the
result a continuous mapping

φ : P k → (L∨)⊗k.

By abuse of language, we refer below to points of Ak−1 as to “principal parts
of order k with zero leading term”.

The following statement is simple.

Lemma 5.3.10. The dual mapping φ∗ is a morphism of graded algebras. The
multiplicity of φ along its zero locus Ak−1 is k.

The second statement of the lemma means that if we restrict φ to a generic
curve in P k intersecting Ak−1 transversally, then exactly k preimages of φ
coalesce as its image tends to 0.
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Now we are able to construct cones of principal parts over the moduli
spacesMg;n. Take a stable marked curve (X ;x1, . . . , xn) ∈Mg;n. To the ith
marked point and a positive integer ki we associate the cone of principal parts
with poles of order ki at the point xi and the cone of principal parts with zero
leading coefficients and with poles of order ki at the point xi. The union of
these cones form the cones Pi and Ai over Mg;n. Similarly, we consider the
vector bundle Ãi overMg;n. We will also need the direct sums of cones

P = P1 ⊕ · · · ⊕ Pn
A = A1 ⊕ · · · ⊕ An

Ã = Ã1 ⊕ · · · ⊕ Ãn,

the last of which is, in fact, a vector bundle.
The morphism φ above, assigned to each marked point, determines n cone

morphisms ϕi : Pi → (L∨i )⊗ki overMg;n. The ith morphism takes a principal
part at the ith marked point to the kith power of a tangent vector at this point.
The direct sum of these morphisms determines the morphism ϕ : P → L,
where

L = (L∨1 )⊗k1 ⊕ · · · ⊕ (L∨n)⊗kn .

The above argument justifies the following statement.

Lemma 5.3.11. The cone Ai is the quotient of the vector bundle Ãi modulo
the fiberwise action of the group Z/kiZ. The cone A is the quotient of the
vector bundle Ã modulo the fiberwise action of the group Z/k1Z⊕· · ·⊕Z/knZ.

The cones Ai, A are constant cones over Mg;n.
The zero locus of the morphism ϕi is the subcone Ai of Pi. The multiplicity

of ϕi along Ai equals ki. The zero locus of the morphism ϕ is the subcone A
of P. The multiplicity of ϕ along A equals k1 . . . kn.

This lemma immediately leads to the computation of the Segre classes of
all the cones under consideration.

Lemma 5.3.12. We have

s(Ai) =
1
ki

kki−1
i

(ki − 1)!
, s(A) =

n∏
i=1

1
ki

kki−1
i

(ki − 1)!
.

s(Pi) =
ki!
kkii

1
1− kiψi

, s(P) =
n∏
i=1

ki!
kkii

1
1− kiψi

,

where ψi = c1(Li).

First of all, since each Ai is a constant cone, the only nontrivial Segre
class of it is the zero class s0(Ai). Its value can be computed locally, at a fiber
of PAi over a point. This fiber coincides with the quotient of the projectivized
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weighted vector space Ãi modulo the action of the group Z/kiZ. Its zero Segre
class is the inverse product of the weights of the coordinates divided by the
order of the group acting.

The mapping ϕi determines a short exact sequence of cones

0 −→ Ai −→ Pi −→ (L∨i )⊗ki −→ 0.

The exactness of this sequence implies that

s(Pi) = kis(Ai)s((L∨i )⊗ki) = ki
s(Ai)

c((L∨i )⊗ki)
.

(The factor ki arises because ϕi has zero of multiplicity ki along the sub-
cone Ai.)

The proof of the lemma is completed.

5.3.5 Hurwitz Spaces

Hurwitz spaces are spaces of meromorphic functions on complex curves. The
representation of a meromorphic function by means of its ramification points
and the monodromy around each point is effective not only from the point of
view of representing a single function, but also if we want to describe mod-
uli spaces of all meromorphic functions (say, on curves of given genus). The
Lyashko–Looijenga mapping is simply a covering of the space of ramification
loci by the moduli space of meromorphic functions, and the fiber of this cov-
ering is simply the set of all consistent monodromy data. This picture endows
Hurwitz spaces with a natural topology and complex structure.

There are various reasonable ways to obtain compactifications of Hurwitz
spaces. The one suggested by Harris and Mumford (see e.g. [139]) forbids
ramification points to coalesce, and hence the Hurwitz space is represented as
a covering of the moduli space of rational curves with marked points. Another
approach introduced in [91] suggests considering the projection of a Hurwitz
space to the moduli space of the underlying curves with marked poles. Then
the Hurwitz space becomes fibered over the latter moduli space, and the
geometry of the fiber admits a rather effective description. This description is
used in the proof of Theorem 5.3.1, and we are going to present it here.

To become more precise, let f : X → CP 1 be a meromorphic function on
a genus g smooth curve X , and let us fix some numbering x1, . . . , xn of its
poles. Let k1, . . . , kn be the degrees of the poles, forming the partition κ of
the degree k = k1 + · · ·+ kn.

A function f determines the n-tuple of principal parts (p1, . . . , pn) of orders
k1, . . . , kn at the poles. Two functions f1, f2 possessing the same tuple of
principal parts are equal up to an additive constant. Indeed, their difference
f1 − f2 has no poles on X , whence it is a constant. We fix the choice of a
function with given tuple of principal parts by requiring that the sum of its
critical values must be zero.



298 5 Meromorphic Functions

Definition 5.3.13 (Completed Hurwitz space). Let P denote the cone
overMg;n of principal parts of orders ki at the ith marked point. The closure
in P of the set of tuples of principal parts corresponding to meromorphic func-
tions on smooth curves is called the completed Hurwitz space and is denoted
by Hg;κ.

The completed Hurwitz space is invariant under the multiplication by
complex numbers, therefore it forms a subcone in P . As well as the base
moduli space, this space carries a natural complex orbifold structure.

The natural question arises whether the completed Hurwitz space coincides
with the whole cone P , or, in other words, whether any tuple of principal parts
can serve as a tuple of principal parts of a meromorphic function. This is true
for rational functions, i.e., for g = 0, but for g ≥ 1 it is not the case. Namely,
the principal parts must satisfy the following classical restriction.

Theorem 5.3.14 (see, e.g., [124]). An n-tuple (p1, . . . , pn) of principal
parts is the tuple of principal parts of a meromorphic function if and only
if

Resx1p1ω + · · ·+ Resxnpnω = 0 (5.19)

for each holomorphic 1-form ω on X.

For the rational case, requirement (5.19) is empty since there are no holo-
morphic 1-forms on the projective line. Note also that Theorem 5.3.14 is valid
not only on smooth curves, but on stable curves as well.

Exercise 5.3.15. For g > 0 it can even happen that not each genus g marked
curve (X ;x1, . . . , xn) carries a meromorphic function with poles of given order
at the marked points. Give an example of such a situation. Show that for
each g there exists a number n0 = n0(g) such that if n > n0, then there exists
a meromorphic function with poles of order one at the marked points on each
smooth marked curve (X ;x1, . . . , xn) of genus g.

Recall that we denote by Λg;n the Hodge bundle over Mg;n, that is, the
vector bundle whose fibers are spaces of holomorphic 1-forms on the under-
lying curves. Consider the fiberwise mapping R : P → Λ∨

g;n taking an n-tuple
(p1, . . . , pn) of principal parts to the linear functional

ω 
→ Resx1p1ω + · · ·+ Resxnpnω

on Λg;n. This mapping is a cone morphism. Theorem 5.3.14 means that the
completed Hurwitz space is a part of the kernel of this morphism. Denote
the whole kernel by Zg;κ. This kernel can be understood as the closure of
tuples of principal parts associated with meromorphic functions not only on
smooth curves, but on all stable curves. It can be different from the completed
Hurwitz space. In other words, not each meromorphic function on a singular
curve is a limit of a family of meromorphic functions on smooth curves.
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Exercise 5.3.16. Show that for g = 1 and n = 2 there are two irreducible
components in the “kernel” Z1;12 of ϕ (the morphism ϕ is defined before
Lemma 5.3.11), one coinciding with the Hurwitz space H1;12 , and the other
one consisting of functions over reducible curves that are constant on the
elliptic component. Verify that these components are of the same dimension.
Verify that their intersection consists of functions on reducible curves such
that their value at the double point coincides with a critical value of their
restriction to the rational component.

Having at hand a description of the completed Hurwitz space as a part of
the kernel Zg;κ of the mapping R, it no longer seems strange that the Hurwitz
number is expressed in terms of the Chern classes of the two bundles on both
sides of the mapping.

5.3.6 Completed Hurwitz Spaces and Stable Mappings

Points of the completed Hurwitz spaces Hg;κ and, more generally, of the space
Zg;κ are stable mappings from genus g curves to CP 1 in the sense of Kontse-
vich [180]. We give the definition of a stable mapping in the specific case of
mappings of curves to (CP 1,∞).

Definition 5.3.17. A holomorphic mapping f : (X ;x1, . . . , xn)→ (CP 1,∞)
of a nodal genus g curve X to the projective line taking marked nonsingu-
lar points x1, . . . , xn (and only these points) to infinity is called stable if its
automorphism group is finite. In other words, each irreducible component of
X taken by f to a single point possesses at least three singular points if its
genus is zero, and at least one singular point if its genus is one.

Here by an automorphism of a mapping we mean an automorphism of
the marked curve of the above definition preserving the mapping. Note that
we do not allow an irreducible component to be contracted to infinity: if
an irreducible component of X contains a marked point, then it cannot be
contracted to a single point.

Remark 5.3.18. Any nonconstant meromorphic mapping of a stable curve
is stable. However, the underlying curve of a stable mapping can well be
unstable. For example, the identical mapping of CP 1 with one marked point
is stable, in contrast to the curve itself.

Now we are going to associate to a point f of the space Zg;κ a stable
mapping. Such a point is described by an n-tuple (p1, . . . , pn) of principal
parts at the marked points x1, . . . , xn of a genus g stable curve X . If the
curve X is smooth and the leading terms of all the principal parts pi are
nonzero, then the mapping f itself is stable. The same statement is true for
singular curves X when all leading terms are nonzero because of the remark
above. A problem arises only if one or more of the leading terms are zero.
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In this last case we associate to the tuple (p1, . . . , pn) of principal parts
on a stable curve X a meromorphic function f̃ : (X̃ ;x1, . . . , xn)→ (CP 1,∞)
on a nodal curve X̃ with marked points. This nodal curve is constructed as
follows. For each principal part pi with zero leading term we attach to the
curve X a rational irreducible component intersecting X at xi. The point of
intersection becomes unmarked, and we mark as xi an arbitrary nonsingular
point of the attached component, all choices being equivalent. We call the
added rational components new irreducible components, while the irreducible
components of X are old ones. Of course, the curve X̃ is unstable since the
new irreducible components are rational with only two special points.

The meromorphic function f̃ on X̃ is constructed as follows. On each
old irreducible component, the restriction of f̃ must have principal parts pj
coinciding with those carried by this component. The restriction of f̃ to the
ith new irreducible component is the unique polynomial of degree ki taking
xi to ∞ and the double point to a prescribed value; the coefficients of this
polynomial are determined by the corresponding point of the cone Ai.

This construction is subject to some ambiguity since the principal parts on
each irreducible component determine the restriction of the function to this
component only up to an additive constant. These additive constants should
be chosen so as to make the function f̃ on the entire curve X̃ continuous,
that is, its values at both sheets of each double point must coincide. After
this choice is made, there is still one more degree of freedom: we may add
a constant to the function as a whole. This last degree of freedom is killed
by the requirement that the sum of the critical values of f̃ must be equal
to zero. Note, however, that the definition of the set of critical values of a
meromorphic function over a nodal curve requires some work, see Sec. 5.3.7
below. It is easy to verify that for each n-tuple of principal parts belonging
to Zg;κ the function f̃ thus constructed is a degree k meromorphic function
on X̃ .

Since, conversely, any stable meromorphic function of degree k with n
poles on a genus g nodal curve with zero sum of critical values determines an
n-tuple of principal parts, we arrive at the following statement.

Proposition 5.3.19. The space Zg;κ coincides with the space of degree k sta-
ble meromorphic functions on genus g nodal curves, with poles of order ki at
marked points, having zero sum of critical values. The space Hg;κ is the space
of stable meromorphic functions that are limits of meromorphic functions on
smooth curves.

5.3.7 Extending the LL Mapping to Completed Hurwitz Spaces

The proof of Theorem 5.3.1 proceeds in the same vein as was done for polyno-
mials. Namely, the Lyashko–Looijenga mapping associating to a meromorphic
function the unordered tuple of its critical values is a well-defined mapping
on the Zariski open dense subset of Hg;κ consisting of functions with distinct
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finite critical values. The space Hg;κ is no longer a vector space in our case,
but it is fibered overMg;n, and each fiber is a cone.

Theorem 5.3.20. The LL mapping admits a continuous extension to the
completed Hurwitz space Hg;κ, and the extended mapping is a cone morphism.
Moreover, there exists an extension of LL to the entire kernel Zg;κ of R pos-
sessing the same properties.

This extension associates to a stable meromorphic function f̃ over a nodal
curve X̃ described in the previous section the set of critical values, which is
the union of the following sets:

• for each irreducible component of X̃ on which f̃ is not a constant, the set
of critical values of the restriction of f̃ to this irreducible component;

• for each double point, the value of f̃ at this point taken twice;
• for each irreducible component of X̃ of genus g′ on which f̃ is a constant,

the value of f̃ on this component taken with multiplicity 2g′ − 2.

Note that since each rational component contracted to a point must have at
least three double points, the third requirement does not cause any trouble:
if g′ is 0, then the corresponding negative multiplicity is compensated by the
contribution of the singular points. Thus, we know what the sum of critical
values of any meromorphic function is, and can choose an additive constant
making it equal to 0.

Now let us verify that the LL mapping thus extended toHg;n is continuous.
Take a double point θ of the curve X̃ and consider the preimage f̃(S1) of

a small circle S1 centered at f̃(θ). We are interested in the intersection of this
preimage with a small neighborhood of θ in X̃. If f̃ is nonconstant on both
sheets meeting at θ, then this intersection consists of two circles, one on each
sheet. If f̃ is nonconstant only on one sheet, then this intersection is a single
circle lying on this sheet. Finally, if f̃ is constant on both sheets, then the
intersection in question is empty; we call the corresponding double point an
inner double point.

A natural number is assigned to each of the circles; this is the degree of
the restriction of f̃ to this circle. This degree coincides with the order of the
critical point of f̃ on the corresponding sheet increased by 1.

Now consider a holomorphic deformation F : X → CP 1 of f̃ , where X →
C1 is a holomorphic family of marked genus g curves such that the fiber Xτ

is smooth for τ �= 0 and X0 = X̃ , and the restriction fτ of F to Xτ is a
meromorphic function, f0 = f̃ . We do not require that fτ has zero sum of
critical values.

For a fixed double point θ, consider the preimage F−1(S1) of the same
circle S1 in C centered at f̃(θ). Take the connected component of this preimage
containing one of the circles on X̃ constructed above. For a sufficiently small
τ �= 0, the intersection of this connected component with Xτ is a circle, and
the degree of its mapping to S1 under fτ coincides with the number assigned
to the circle on X̃.
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Applying the procedure described above to all double points of X̃ we obtain
a finite set of circles on each curve Xτ for τ small enough. These circles cut
each curve Xτ into connected pieces of three different types:

1. pieces containing marked points; these pieces are in one-to-one correspon-
dence with those irreducible components of X̃, on which f̃ is nonconstant;

2. pieces holomorphically equivalent to the annulus; these pieces are in one-
to-one correspondence with the double points of X̃ where f̃ is nonconstant
on both sheets meeting at this point;

3. pieces of positive genus without marked points; these pieces are in one-to-
one correspondence with the connected components of the curve X ′ ⊂ X̃ ,
the constant locus of f̃ .

Now let us follow the behavior of the critical points and critical values of
fτ on pieces of all three types. Let the index j run over the pieces.

(1) By the Riemann–Hurwitz formula, the number of critical points of fτ
on a piece of the first type is equal to Kj +nj +2gj−2−Dj + cj, where Kj is
the total order of all poles on this piece, nj is the number of marked points,
gj is the genus of the corresponding component of X̃ , Dj is the total degree of
the circles bounding the piece, and cj is the number of these circles. As τ tends
to 0, these critical points tend to the critical points of f̃ on the corresponding
component of X̃ with the double points excluded, and the critical values tend
to that of f̃ .

(2) The mapping fτ takes an annulus without marked points to the small
disk bounded by S1. The degree of the mapping is the sum of the integers as-
signed to the boundary circles. By the Riemann–Hurwitz formula, the number
of critical points of fτ on the annulus coincides with this degree. As τ tends
to 0, these critical points tend to the double point, and the critical values tend
to the value of f̃ at the double point.

(3) The mapping fτ takes a piece of the third type to a disk. The degree
of this mapping equals Dj , the sum of the numbers assigned to the boundary
circles. The number of critical values on this piece is 2gj − 2 + Dj + cj , where
cj is the number of boundary circles, and gj is the (arithmetic) genus of the
corresponding connected component X ′ ⊂ X̃. Further, 2gj − 2 = 2

∑
(gji −

2) + 2l, where l is the number of inner double points on X ′, and gji are the
genera of irreducible components of X ′. As τ tends to 0, the critical values
tend to the constant value of f̃ on the limit curve.

Now, taking the union of all limit critical values over all pieces we conclude
that the set of critical values of fτ tends precisely to the set described in the
beginning of the proof.

5.3.8 Computing the Top Segre Class; End of the Proof

The image

D = {tk+n+2g−2 + d2t
k+n+2g−4 + · · ·+ dk+n+2g−2}

of the LL mapping is a cone over a point. We showed above that the LL
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mapping LL : Zg;κ → D is a cone morphism. Having the LL mapping on
Zg;κ, how can one compute the degree of this mapping restricted to Hg;κ?
One way to do this is to consider a line in the space of critical values as an
intersection of k + n + 2g − 4 generic hyperplanes. The preimage of such a
hyperplane under the LL mapping is a hypersurface in Hg;κ. The intersection
of this hypersurface with a fiber of the projection Hg;κ is a homogeneous
affine hypersurface in this fiber, whence it defines a class in H2(PHg;κ) which
is proportional to c1(O(1)).

Thus, we are in a situation very similar to the computation of the degree of
the LL mapping for polynomials in Sec. 5.2. The only (but essential) difference
consists in the fact that for polynomials the homology class of a subvariety
was totally determined by the degree of the subvariety since the ambient space
was simply the projective space. In the present case, however, we deal with
a projectivization of a cone over the moduli space, and the structure of its
(co)homology is much more complicated.

Counting the number of preimages of a generic point under the LL map-
ping, we must iterate the class c1(O(1)) over PHg;κ the maximal possible
number of times, i.e., k + n + 2g− 4 times. In other words, we must compute
the value of the top Segre class stop(Hg;κ) on the base.

We know the total Segre class of the cone Zg;κ → Mg;n because of the
short exact sequence of cones

0 −→ Zg;κ −→ P R−→ Λ∨
g;n −→ 0,

which gives

s(Zg;κ) = s(P)c(Λ∨
g;n) =

n∏
i=1

ki!
kkii

1− λ1 + · · ·+ (−1)gλg
(1− k1ψ1) . . . (1− knψn)

.

(In fact, the justification of this formula requires some additional work, see the
details in [92].) This formula does not allow one to compute the total Segre
class of Hg;κ, but it yields the top Segre class, which coincides with that of
Zg;κ. Indeed, all the irreducible components of Zg;κ distinct from Hg;κ consist
of functions over singular curves; these functions inevitably have coinciding
critical values, the image of these components under the LL mapping belongs
to the discriminant in the space of polynomials, and, therefore, the line bundle
O(1) over the projectivizations of these components is induced from a line
bundle over a variety of dimension less than k + n + 2g − 4.

Now, the degree of the LL mapping can be computed as the ratio of the
values of the top Segre classes of the two cones,Hg;κ and D on the base spaces.
The second value is

1
(k + n + 2g − 2)!

since the cone is just a weighted projective space with the weight of the
coordinates di, i = 2, . . . , k + n + 2g− 2, being i. Therefore, the degree of the
LL mapping is
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(k + n + 2g − 2)!
n∏
i=1

ki!
kkii

∫
Mg;n

1− λ1 + · · ·+ (−1)gλg
(1− k1ψ1) . . . (1− knψn)

.

In order to compute the number of isomorphism classes of meromorphic
functions recall that the number of ocurrences of each class in the Hurwitz
space Hg;κ is |Aut(κ)|. Indeed, in associating a tuple of principal values to a
meromorphic function we were free in marking the poles, and poles of the same
order are indistinguishable. After dividing the above ratio by this number we
obtain exactly the right-hand side of Eq. (5.13).

Theorem 5.3.1 is proved.

5.4 The Braid Group Action

The study of the flexible classification of complex polynomials was begun in
the 19th century by Lüroth (1871) [205], Clebsch (1873) [56], and Hurwitz
(1891) [144]. In the 20th century the problem reappeared after a series of
short notes [77], [277], [10], and [304]. In Sec. 5.4.5 we also mention several
subsequent publications, but our list probably remains incomplete. However,
very few things are known today about the problem.

The notion of flexible equivalence of ramified coverings of the sphere was
introduced in Definition 1.2.27 at the end of Sec. 1.2.4. The problem thus con-
sists in describing equivalence classes of ramified coverings under this relation.
In Sec. 1.2.4 we have also shown how this problem is related to the study of
the orbits of braid groups action on constellations. However, concrete results
are known mainly for polynomials. Therefore, in this section we will mostly
study polynomials. In practical terms, until 1996 the polynomials were classi-
fied only up to degree 6. A vast computer experiment conducted in 1996–1999
(see [42], [310]), in combination with enumerative and group-theoretic meth-
ods, allowed us to achieve a classification of all polynomials up to degree 11,
and also to obtain partial results for bigger degrees. These new data change
entirely the global view of the problem and permit to formulate some plausible
conjectures which may eventually lead to a solution of the problem.

5.4.1 Braid Groups

In Construction 1.1.17 we introduced an action of the braid group Bk on
k-constellations. It is high time to introduce the group itself. A standard
reference for the theory of braid groups is [33].

Let us take R3 = R2 × R, and fix k pairwise distinct points p1, . . . , pk on
R2; let them lie, say, on the x-axis in the prescribed order. We denote the
vertical axis by t; it will be convenient for us to orient it upside down. Let us
fix a segment [0, a], a > 0, on the t-axis.
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Fig. 5.1. A typical braid

Definition 5.4.1 (Braid). A string (the i-th string) is a continuous mapping
si : [0, a] → R2 such that si(0) = pi, and si(a) = pj for some j ∈ {1, . . . , k}.
A braid β is a collection of k strings such that for every value of t ∈ [0, a]
the k values s1(t), . . . , sk(t) are distinct. Clearly, the mapping τ : i 
→ j is
a permutation τ ∈ Sk; it is called the permutation associated to the braid
β. Finally, two braids are equivalent if one of them may be obtained from
the other one by an isotopy of the set R2 × [0, a] preserving the points (pi, 0)
and (pi, a) on the upper and lower planes, and/or by a linear “rescaling”
[0, a]→ [0, b] : t 
→ (b/a)t.

Remark 5.4.2. Usually the term braid is used to refer to an equivalence class
of braids.

An example of a braid on 5 strings is shown in Fig. 5.1. The multiplication
of two braids is carried out by attaching the starting points of the second
braid to the end-points of the first one: see Fig. 5.2. (Now it is clear why the
vertical axis is oriented from top to bottom: we usually draw pictures on the
paper in this direction.)

Fig. 5.2. Multiplication of braids
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It is easy to see that this multiplication, indeed, creates a group, which is
called the braid group on k strings. Fig. 5.3 shows the identity element, the
(usually chosen) generators σi, i = 1, . . . , k − 1, their inverses σ−1

i , and also
illustrates two relations:

σiσj = σjσi for |i− j| ≥ 2

and
σiσi+1σi = σi+1σiσi+1.

These relations are sufficient in order to define the braid group, though it is
not at all easy to see that all other relations are consequences of these ones:
see [133], Sec. 4 of Chapter 1 and Appendix 1.

Obviously, when braids are multiplied, their associated permutations are
also multiplied. This leads to a homomorphism of the braid group Bk onto
the permutation group Sk. (Geometrically, the group Bk “becomes” Sk if we
forget the undercrossings and overcrossings of the strings; algebraically, the
same effect is achieved by adding the relations σ2

i = id, i = 1, . . . , k− 1.) The
preimage under this homomorphism of the identity element in Sk is called the
pure braid group; this group is denoted by Pk. In other words, we have the
following short exact sequence of groups and group homomorphisms:

1 −→ Pk −→ Bk −→ Sk −→ 1.

Being the kernel of a homomorphism, Pk is a normal subgroup of Bk.
Instead of taking k points on R2 we may as well take them on any 2-

dimensional surface. This would give us another group, which is often called
the surface braid group. Taking, for example, the sphere S2 instead of the
plane, we obtain the so-called Hurwitz braid group, or the sphere braid group.
It is denoted by Hk. This group has the same generators and relations as
above plus one additional relation:

σ1σ2 . . . σk−2σ
2
k−1σk−2 . . . σ2σ1 = id. (5.20)

This relation is illustrated in Fig. 5.4: the trajectory of the first point can be
contracted on the sphere (being pushed to its “opposite side”), while on the
plane such a contraction would be impossible.

For the surfaces of genus g ≥ 1 the relations in the corresponding braid
groups are more complicated: see, for example, [251]. We just make an obvious
but rather enlightening remark: a surface braid group on one string is nothing
else but the fundamental group of the corresponding surface. Thus for g ≥ 1
even the braid group on one string is not trivial.

It is difficult to convey, by this short presentation, the fundamental nature
and the importance of braid groups in many branches of mathematics. What is
important for us is the following interpretation of braids. The horizontal plane
R2 or the sphere S2 may be seen as the complex plane or the complex sphere
respectively; the points p1, . . . , pk may be regarded as complex numbers; the
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Fig. 5.3. Generators and relations in the braid group: (a) the identity; (b) the
generator σi; (c) σ−1

i ; (d) relation σiσj = σjσi; (e) relation σiσi+1σi = σi+1σiσi+1

Fig. 5.4. The braid of the additional relation in Hk, and the same braid seen “from
above”
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t-axis may be considered as an axis representing the time; and finally, a braid
itself represents a movement of the k points along the complex plane or the
sphere until they arrive at the same positions as a set (while individual points
may exchange their places). The generator σi makes the points pi and pi+1

exchange their positions, while leaving all the other points fixed.
Now we may refer the reader once more to the end of Sec. 1.2.4: the action

of the generator σi on constellations corresponds exactly to the exchange of
places of two critical values yi and yi+1. This observation proves in fact one
of the two statements of Theorem 1.2.28, namely: if two constellations belong
to the same orbit of the braid group action, then the corresponding coverings
are flexibly equivalent. This proposition was proved by Hurwitz in [144].

Remark 5.4.3. The critical values of a meromorphic function live on a com-
plex sphere. Therefore it is rather the Hurwitz braid group Hk that acts on
constellations. But this observation does not contradict the fact that the same
action is also an action of the braid group Bk. An additional relation means
only that we obtain the same constellations more often than we would prob-
ably suppose. But anyway our groups are infinite while their orbits are finite,
and therefore quite often we obtain the same constellations without any pro-
found reasons.

The inverse statement of Theorem 1.2.28 was proved by Zdravkovska in
[304]. The proof is based on the following theorem due to H. Kneser [173]:

Theorem 5.4.4. The space of homeomorphisms of the 2-sphere is path con-
nected.

According to this theorem, if v : S2 → S2 is a homeomorphism, then there
exists a family Vt of homeomorphisms of S2 depending on a parameter t ∈
[0, a] such that V0 is the identity and Va = v, and such that Vt is “continuous”
as a function of t, whatever that means. We do not specify the topology
on the space of homeomorphisms. What should, however, be true under any
reasonable definition of such a topology is the following fact: taking a point
p ∈ S2, its trajectory Vt(p), t ∈ [0, a], is a continuous function of t. Applying
this principle to the set of critical values y1, . . . , yk, and taking into account
that the homeomorphism v preserves this set (as a set), we conclude that the
collection of the trajectories of Vt(y1), . . . , Vt(yk) is a braid. This finishes the
proof of Theorem 1.2.28.

Remark 5.4.5. In Sec. 5.2.1 we introduced a stratification of the space of
polynomials. We may now relate this stratification to the notion of flexible
classification. In fact, the closure of a flexible equivalence class is an irreducible
component of the stratification. Indeed, for algebraic varieties over C to be
irreducible means to remain connected after the removal of singular points,
and singular points correspond to sub-strata described by more degenerate
flexible equivalence classes.
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5.4.2 Braid Group Action on Cacti: Generalities

5.4.2.1 Polynomials and Cacti

Let us first recall that, while working with polynomials, we usually denote by
k the number of finite critical values, while the total number of critical values,
including infinity, is k + 1. Recall also that, combinatorially, polynomials are
represented by cacti (see Definition 1.6.3 in Sec. 1.6.2). A cactus is a sequence
of permutations [g1, . . . , gk] such that their product is a cyclic permutation,

g1 . . . gk = c = (1, 2, . . . , n),

also satisfying the planarity condition: the total number of cycles (includ-
ing the fixed points) of all the permutations gi is equal to (k − 1)n + 1 (or,
equivalently, using the notation v(g) = n −#(cycles in g) introduced in No-
tation 1.1.9, we have

∑k
i=1 v(gi) = n − 1). Here the cyclic permutation c

corresponds to the ramification at infinity. Note that the presence of c auto-
matically guarantees the transitivity of the action of the group generated by
the permutations gi, i = 1, . . . , k, on n points.

The point at infinity plays a specific role here. In particular, while per-
forming a homeomorphism v : S2 → S2, we may not touch it at all: we may
not put it together with other critical values. This fact permits us to act only
on g1, . . . , gk, and the action itself becomes that of Bk, not of Hk+1. Let us
also introduce a more compact notation for a passport.

Notation 5.4.6. If the same partition λ � n is repeated in a passport p times,
then, instead of writing

[λ, λ, . . . , λ︸ ︷︷ ︸
p times

, μ, . . .],

we will write [p× λ, μ, . . .]. Also, we will not write the partition n � n corre-
sponding to the cyclic permutation c. For example, instead of writing

[2218, 2218, 2218, 2218, 2110, 2110, 2110, 12]

we will write
[4× 2218, 3× 2110].

5.4.2.2 The Action and its Invariants

The operations σi (i = 1, . . . , k − 1) act on a cactus [g1, . . . , gk] in the usual
way:

σi(gi) = gi+1, σi(gi+1) = g−1
i+1gigi+1 = g

gi+1
i , σi(gj) = gj for j �= i, i+1.

Our goal is to study the orbits of this action. The action obviously preserves
the product g1 . . . gk = c. It is clear that the following objects are also invariant
under the action:
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• the cartographic group G = 〈g1, . . . , gk〉 of the cactus [g1, . . . , gk], which is
also the monodromy group of the corresponding polynomial; this group is
an invariant not only as an abstract group but also as a particular subgroup
G ≤ Sn;

• the unordered refined passport [K1, . . . ,Kk] of [g1, . . . , gk] in G: the oper-
ation σi permutes the conjugacy classes Ki and Ki+1;

• the unordered passport: the operation σi permutes the partitions λi and
λi+1.

Usually we fix a passport (in terms of polynomials, we fix the “branch
data”, that is, the multiplicities of the preimages of the critical values), and
try to find all the corresponding orbits. Recall that we call a family the union
of all the orbits corresponding to a given passport.

5.4.2.3 General Criteria

First of all note that the case of Shabat polynomials, that is, the case of k = 2,
from the point of view of the braid group action is trivial. Indeed, the group
B2 has only one generator σ1, and the action of σ1 on a tree [g1, g2] gives
[g2, g

g2
1 ] = [gg22 , gg21 ]. Geometrically this means that we must first change black

to white and white to black, taking [g2, g1]; and then move the labels one
step along the border of the tree using the rotation around the former white
vertices.

The situation becomes even simpler if we apply σ2
1 : taking into account

that g1g2 = c, we get

[gg21 , g
g
g2
1

2 ] = [gg21 , gg1g22 ] = [gg1g21 , gg1g22 ] = [gc1, g
c
2].

This tree is obviously isomorphic to the initial tree [g1, g2]. We may conclude
that for k = 2 there are as many orbits as there are trees. (We used to color
the vertices of trees in black and white; but this time after exchanging the
colors we remain in the same orbit.)

In what follows we consider only the case k ≥ 3 (if we also count infinity,
then the number of critical values is ≥ 4).

The following two theorems may be found in Khovanskii and Zdravkovska
[169]. For a passport π = [λ1, . . . , λk] let us denote the parts of the partition λi
by dij , j = 1, . . . ,mi,

∑mi

j=1 dij = n. The planarity condition may be rewritten
as

∑
i,j(dij−1) = n−1. Recall that a critical value is simple, or nondegenerate,

if the corresponding partition is 21n−2.

Definition 5.4.7 (Defect). The defect of a polynomial passport is the num-
ber

D =
∑
dij>1

dij ,

where the sum is taken over all non-simple critical values. (For example, for
generic polynomials D = 0.)
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Theorem 5.4.8. If D ≤ n + 1, then there exists a single orbit of the braid
group action (and therefore there exists a single class of flexible equivalence
of polynomials).

Example 5.4.9. Take n = 12 and consider the passport [5215, 3216, 2×2110].
We have D = 5+2+3+3 = 13 (we repeat that the two simple critical values
do not count) and therefore there exists a single orbit.

Remark 5.4.10. Simple arithmetic considerations show that the maximal
value of k such that there exist polynomial passports with D > n+1, is equal
to kmax = �3(n − 2)/4�: for bigger k the orbit is always unique. Taking, for
example, n = 13, we obtain kmax = �33/4� = 8, and one of the corresponding
passports is [4 × 2219, 4 × 2111] (with the defect D = 16). For n = 13 and
k = 9 the maximal defect is attained by the passport [3× 2219, 6× 2111]: here
D is only equal to 12.

Theorem 5.4.11. If for every critical value there exists only one critical
point, that is, if all the partitions in the passport are of the form m1n−m,
m ≥ 2, then the braid group orbit is unique, and therefore there exists a single
class of flexible equivalence of polynomials.

Example 5.4.12. The passport [616, 517, 319] for n = 12 does not satisfy
the assumptions of Theorem 5.4.8: its defect is D = 14. Nevertheless, there
exists only one orbit for this passport because it satisfies the assumptions of
Theorem 5.4.11.

The proofs of both Theorems 5.4.8 and 5.4.11 are based on the same idea;
it is rather topological than combinatorial. We know that the critical values
of a ramified covering may be chosen arbitrarily (Riemann’s existence theo-
rem), while the critical points are subordinated to strong algebraic constraints
(recall the systems of algebraic equations we had to solve in order to find Sha-
bat polynomials in Chapter 2). But the assumptions of Theorems 5.4.8 and
5.4.11 ensure that the critical points, if not all of them then at least the “most
important” ones, can also be chosen arbitrarily. This leads to the path con-
nectedness of the space of the corresponding polynomials, and thus to the
unicity of their class of flexible equivalence.

To prove Theorem 5.4.8 we will use the Lagrange interpolation procedure.
Let us fix a passport π with a defect D ≤ n + 1, and look for a polynomial
P (x) = a0 + a1x+ . . .+ anx

n having this passport. The coefficients a0, . . . , an
will be n + 1 unknown parameters. Choose arbitrarily a critical point x1 of
multiplicity d, and a critical value y1. These data provide us with d linear
equations on parameters a0, . . . , an:

P (x1) = y1, P ′(x1) = 0, . . . , P d−1(x1) = 0.

We collect all such equations for all non simple critical values, thus obtaining
D equations. To get the missing n + 1 − D equations we do not use the
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remaining simple critical values as one might suppose, but take arbitrary
n+ 1−D regular (i.e., non critical) points and the same number of arbitrary
non critical values. The necessary number of extra critical points will appear
automatically just because we deal with polynomials.

We thus get a system of n + 1 linear equations in n + 1 variables. The
uniqueness of the solution follows from the fact that if P1 and P2 are two such
solutions, then P1 − P2 is a polynomial of degree ≤ n having at least n + 1
roots, counting with multiplicities. The uniqueness implies that the matrix
of the system is non degenerate, which in its turn implies the existence of a
solution.

For some choices of the above data the passport of the resulting polynomial
P may differ from π, because extra degeneracy might arise (extra critical
points may merge, or their corresponding critical values may do so). But, in
the space of parameters a0, . . . , an, this may happen only on a union of affine
subspaces of real codimension ≥ 2. Therefore, the space of polynomials with
the given passport is path connected.

To prove Theorem 5.4.11, consider a polynomial P corresponding to a
passport π = [m11n−m1 , . . . ,mk1n−mk ], and let α1, . . . , αk denote the critical
points of P . Then we may compute the derivative:

P ′(x) = C

k∏
i=1

(x− αi)mi−1.

This is a polynomial of degree n − 1, as it should be, because the planarity
condition in this case has the form

∑k
i=1(mi − 1) = n − 1. We see that we

may choose α1, . . . , αk arbitrarily, and then compute P (x) as the integral of
P ′(x) (cf. Exercise 5.2.7 and Sec. 5.2.4).

Once more we may get some extra degeneracy, but it can take place only
on a subvariety of real codimension ≥ 2. Thus the space of polynomials with
the passport π is path connected.

5.4.3 Experimental Study

5.4.3.1 Preliminary Remarks

Nowadays, when the information concerning certain phenomenon is scarce, we
may resort to a computer experiment. Here we give a brief account of such an
experiment (see [42], [310]), which turned out to be a mixture of algorithmic,
combinatorial, and group theoretic approaches.

How to compute an orbit. The principle is simple. We fix a passport, we
take a cactus having this passport, and start to apply the operations σi. In
this process we obtain new cacti, and we apply the operations to them as well.
When the application of all the σi to all the cacti previously obtained gives
nothing new, the resulting set of cacti is an orbit.
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The role of an enumerative formula. Imagine that you computed an
orbit, and it contains, say, 125945 cacti. Unfortunately, this information does
not allow you to conclude if there are other orbits corresponding to the same
passport or not. The question which remains open is, should you or should
you not spend your time and energy in order to find the “remaining” cacti
with this passport. And even if you find some new cacti, what is your criterion
that permits you to stop the search?

The situation changes decisively if you have an enumerative formula giving
you the total number of cacti with the given passport. If the formula tells you
that there are, in total, 125945 cacti, then you are done: there is a single orbit,
and a single equivalence class of polynomials. If, on the contrary, the formula
tells you that the total number of cacti is 126000, then you know that the job
is not finished. You have to find the missing 55 cacti (which may not be an
easy thing to do). It goes without saying that in such a case it would also be
desirable to find the reason for the splitting of this family of cacti into several
orbits.

The formula we need was already given in Chapter 1: see Eq. (1.6) (it
was also largely discussed in previous sections of this chapter). The concrete
form of the formula is of no importance here: the important thing is to have
such a formula. Just note that the formula enumerating the cacti with a
given passport first appeared in 1992 (see [114]). This is the main reason
why the experimental study of the flexible classification started only in 1995.
For rational functions the enumerative formulas are known only for some
particular cases (and even when such formulas are known, there are many
other interesting problems!). Therefore, the experimental approach for this
case is in the bud.

5.4.3.2 About the Algorithm

Algorithmic aspects of computing the orbits of a group action constitute a
subject interesting in itself. It deserves a detailed exposition, but not in this
book. Here we limit ourselves to a few remarks concerning some particular
features of the algorithm.

Rooted vs. non-rooted cacti. The orbits as described above consist of
rooted cacti. We can, however, make them consist of non-rooted cacti, and
thus divide the size of an orbit by n. (The size of an orbit consisting of
symmetric cacti having the symmetry of order p is divided by n/p. Anyway,
symmetric and asymmetric cacti could never belong to the same orbit, because
the cartographic group of a symmetric cactus contains a non-trivial center,
while that of an asymmetric one does not.) Let us apply to an arbitrary cactus
the operation σ1 . . . σk−1. We get
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[g1, g2, g3, . . . , gk] 
→ [g2, g
g2
1 , g3, . . . , gk]


→ [g2, g3, g
g2g3
1 , . . . , gk]


→ . . .


→ [g2, g3, . . . , gk, g
g2...gk
1 ]

= [g2, g3, . . . , gk, g
g1g2...gk
1 ]

= [g2, g3, . . . , gk, g
c
1],

where c = g1 . . . gk = (1, . . . , n), as was denoted before. Therefore, the op-
eration (σ1 . . . σk−1)k, which is, by the way, the generator of the center of
Bk, transforms [g1, g2, . . . , gk] into [gc1, g

c
2, . . . , g

c
k]. Thus, an orbit containing a

cactus contains also all the cacti isomorphic to it.
Of course, a non-rooted cactus, which is itself an equivalence class of n

isomorphic cacti, could be put in a computer memory only in the form of a
representative of this class. It is a good idea to find a canonical representative:
for example, the smallest one in the lexicographic order. Then to compare two
cacti will mean to verify their equality and not their isomorphism.

Ordered vs. unordered passports. The operation σi permutes the parti-
tions λi and λi+1 in a passport. Therefore, all the cacti corresponding to all
the differently ordered passports that may be obtained from the given one
by permuting its partitions, belong to the orbit. Let us take for example the
passport π = [2× 2218, 2× 319, 3× 2110], n = 12. It gives rise to

7!
2!2!3!

= 210

different orderings of the 7 partitions in question. Therefore, the correspond-
ing orbit becomes 210 times bigger than it possibly might be if we were more
clever. From the algorithmic point of view this situation is absolutely un-
acceptable. Not only do we need a huge amount of memory, but also the
computation time increases with the growth of the orbit size.

A natural idea would be to act not by the full braid group Bk, but by the
pure braid group Pk. There are, however, two unpleasant features concerning
this idea.

The first one is computational. While Bk has k−1 generators, the minimal
number of generators for Pk is k(k − 1)/2. Even worse, the usual generators
of Pk have the form

aij = σi . . . σj−1σ
2
jσ

−1
j−1 . . . σ−1

i , 1 ≤ i ≤ j ≤ k − 1.

We know only how to apply directly a “simple” generator σi; an application
of all the aij means applying these simple generators (k3 − k)/2 times. For
k = 7, as in the example above, this means performing 112 operations instead
of 6.

The second difficulty is much more profound: the action of Pk may lead
to wrong results.
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Example 5.4.13. Let us take the passport [25, 2 × 2216], n = 10. Acting by
P3 we obtain 5 orbits of sizes 10, 5, 5, 5, and 2. Unfortunately, while acting
by B3, we don’t get 5 orbits of sizes 30, 15, 15, 15, and 6 respectively, as one
might suppose: two of the orbits fuse, and we get only 4 orbits, of sizes 30,
30, 15, and 6. Needless to say that there are 4, and not 5 classes of flexible
equivalence of polynomials.

We will see later that in the case of fusion a kind of “fine structure” of the
two branchings of type 2216 is different.

What we need in fact is the subgroup of the braid group which consists
of all the elements preserving a passport. Let μ � k be a partition of k,
μ = (m1, . . . ,mr). Consider a passport π of the form [m1 × λ1, . . . ,mr × λr],
where all λi, i = 1, . . . , r, are supposed to be distinct. While Bk projects to Sk,
and Pk projects to id ∈ Sk, we need a subgroup of Bk which is the preimage,
under the same homomorphism, of the subgroup Sμ = Sm1 × . . .× Smr ≤ Sk.
The group Sμ is often called Young, or diagonal subgroup of Sk. Let us call
it a diagonal braid group, and denote Dμ. It is the biggest subgroup of Bk

preserving the passport π considered above.
Now we need to find a set of generators of Dμ. The question may be

formulated in a more general way.

Problem 5.4.14. Let G ≤ Sk be a permutation group. Find a set of gener-
ators of the subgroup F ≤ Bk which is the preimage of G under the group
homomorphism Bk → Sk.

The solution is given by the following procedure.

1. Take a set of permutations generating G.
2. Represent them as products of transpositions si = (i, i + 1).
3. Replace all si with σi.
4. Add the generators aij of the pure braid group Pk.

One of our goals is thus achieved: the orbits constructed by the group
Dμ are correct. However, from the computational point of view we have only
worsened the situation: we have added some extra generators to those of
the pure braid group Pk. But quite often, after performing the above four
operations, it is possible to perform the 5th one:

5. Simplify the above set of generators.

For example, if we already have σ1 and σ2, we don’t need σ1σ
2
2σ

−1
1 any

more.
When applied to a diagonal subgroup Sμ = Sm1 × . . . × Smr ≤ Sk, this

procedure gives the following generators of Dμ: (1) the usual σi inside each
segment of length ml; (2) for any two such segments, a generator aij linking
them (only one such generator for each pair of segments is needed).

For the passport [2× 2218, 2 × 319, 3 × 2110] considered above we get the
following generators:
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• σ1 (for the first segment of length 2);
• σ3 (for the second segment of length 2);
• σ5, σ6 (for the segment of length 3);
• a22 = σ2

2 (a link between the first two segments);
• a44 = σ2

4 (a link between the second and the third segment);
• a24 = σ2σ3σ

2
4σ

−1
3 σ−1

2 (a link between the first and the third segments).

As a bonus, we now have to apply the “simple” operations σi only 14 times
instead of 112, as it was the case on page 314.

Balanced trees. Finally, we would like to mention that we represent an
orbit in a computer memory using the classical data structure of balanced
trees. Various species of balanced trees are described, for example, in [174],
Chapter 6, or [67], Chapter 14. This data structure permits us to construct
an orbit of size N in O(N logN) time, instead of the O(N2) complexity of a
näıve algorithm.

Software using all the above remarks was implemented by D. Bouya (see
[42]).

5.4.3.3 Results of Computations

For the degrees n ≤ 11 there are 644 passports not covered by the general the-
orems of Sec. 5.4.2.3 and which therefore need a computer treatment. Among
them there turned out to be 34 cases of non-uniqueness. They are summarized
in Table 5.1. Note that for the degree n = 11 there is a single orbit for any
passport, a result that is easy to state but which demanded long computa-
tional efforts.

The orbit sizes are given for ordered passports (that is, the orbits corre-
spond to the action of the diagonal braid groups), and the numbers given are
the numbers of non-rooted cacti.

Limits of the computational approach. For the degree 12, the number
of passports that need to be processed is 833, which exceeds all the previous
degrees taken together. The biggest putative orbit that needs to be computed
corresponds to the passport π = [4× 2218, 3× 21110] and is of size 102036672.
This exceeds by 50 times the memory of the biggest computer available to us.
Furthermore, the estimated computation time of this orbit is about 2 years.
It is clear that we need radically new ideas in order to treat the case n = 12
completely.

However, we do have partial results for the degrees 12 and bigger.

Observations. Looking closer at the table, we see that 33 cases of non-
uniqueness out of 34 are explained by symmetry and/or composition. In fact,
the same is true for all the cases found up to now except for the three “excep-
tional” passports discussed in Sec. 5.4.4.2 and for the splitting types in An
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Table 5.1. The list of polynomial passports of degree n ≤ 11 with a non-unique
orbit (for n = 11 such passports don’t exist)

n k Passport number Orbit sizes Reason of

of orbits non-uniqueness

1 6 3 [2× 2212, 214] 2 12, 3 Symmetry

2 7 3 [3× 2211] 4 21, 21, 7, 7 Exceptional

passport

3 8 3 [3212, 2214, 216] 2 28, 4 Symmetry

4 8 3 [24, 2214, 216] 2 4, 2 Symmetry

5 8 3 [414, 2× 2214] 2 48, 4 Symmetry

6 8 3 [2312, 2× 2214] 2 96, 8 Symmetry

7 8 4 [3× 2214, 216] 2 992, 16 Symmetry

8 9 3 [2× 2313, 316] 2 99, 3 Symmetry

9 9 3 [4213, 2313, 217] 2 117, 3 Composition

10 9 3 [241, 2313, 217] 2 27, 3 Composition

11 9 3 [2× 2313, 2215] 2 297, 3 Composition

12 9 4 [2× 2313, 2× 217] 2 891, 9 Composition

13 10 3 [4222, 2216, 218] 2 50, 5 Symmetry

14 10 3 [3222, 2216, 218] 2 50, 5 Symmetry

15 10 3 [2× 3214, 218] 2 60, 5 Symmetry

16 10 3 [3214, 2412, 218] 2 60, 5 Symmetry

17 10 3 [2× 2412, 218] 2 60, 5 Symmetry

18 10 3 [3214, 416, 2216] 2 85, 5 Symmetry

19 10 3 [2412, 416, 2216] 2 85, 5 Symmetry

20 10 3 [614, 2× 2216] 2 120, 5 Symmetry

21 10 3 [3214, 2314, 2216] 2 430, 15 Symmetry

22 10 3 [2412, 2314, 2216] 2 430, 15 Symmetry

23 10 3 [42212, 2× 2216] 2 730, 10 Symmetry

24 10 3 [32212, 2× 2216] 2 730, 10 Symmetry

25 10 4 [3214, 2× 2216, 218] 2 3050, 25 Symmetry

26 10 4 [2412, 2× 2216, 218] 2 3050, 25 Symmetry

27 10 4 [416, 3× 2216] 2 4275, 25 Symmetry

28 10 4 [2314, 3× 2216] 2 21400, 75 Symmetry

29 10 5 [4× 2216, 218] 2 150000, 125 Symmetry

30 10 3 [25, 317, 2216] 2 5, 2 Composition

31 10 3 [25, 3215, 218] 2 10, 2 Composition

32 10 3 [423, 2216, 218] 2 25, 10 Composition

33 10 4 [25, 2216, 2× 218] 2 50, 20 Composition

34 10 3 [25, 2× 2216] 4 10, 10, 5, 2 Composition

and symmetry
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discussed in Sec. 5.4.4.3. As we will see a few pages later, symmetry is a par-
ticular case of composition. Therefore, we must submit to a closer scrutiny the
composition of polynomials and its combinatorial and group-theoretic coun-
terparts. This is the subject of the next section.

5.4.4 Primitive and Imprimitive Monodromy Groups

5.4.4.1 Theorems of Ritt and Müller

The theorem of Ritt which was proved in Chapter 1 (Theorem 1.7.6) was in
fact initially formulated in [243] (1922) only for the case of polynomials:

Theorem 5.4.15. The monodromy group of a polynomial covering is imprim-
itive if and only if the polynomial is a composition of non-linear polynomials
of smaller degrees.

Remark 5.4.16. A polynomial of a prime degree obviously cannot be a com-
position.

Ritt’s theorem suggests considering separately the primitive and imprim-
itive cases. The following remarkable result due to Müller1 [221] is one of the
consequences of the classification of finite groups (the reader will probably
find it useful to refer to the list of definitions in Appendix 1.5.3).

Theorem 5.4.17. Let P be a polynomial of degree n with k ≥ 3 finite critical
values and with primitive monodromy group not equal to An or Sn. Then
k = 3, and there are only three cases possible:

1. n = 7: π = [3× 2213] = [3× 2A], G = PGL3(2) ∼= PSL2(7);
2. n = 13: π = [3× 2415] = [3× 2A], G = PGL3(3);
3. n = 15: π = [2613, 2× 2417] = [2B, 2× 2A], G = PGL4(2) ∼= A8.

Here 2A and 2B is the notation for conjugacy classes used in the Atlas of
Finite Groups [62].

We first consider these three exceptional passports. Cacti having excep-
tional monodromy groups are called special.

5.4.4.2 Exceptional Passports

Degree 7. Passport: π = [3 × 2213]. The total number of cacti is 56. There
are four orbits:

• two orbits of size 21 with the monodromy group A7;
• two orbits of size 7 with the monodromy group PGL3(2).
1 We learned this result from Adrianov who found it independently of Müller (pri-

vate communication, February 1996).
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Degree 13.Passport: π = [3 × 2415]. The total number of cacti is 35672.
There are five orbits:

• one orbit of size 35620 with the monodromy group A13;
• four orbits of size 13 with the monodromy group PGL3(3).

Degree 15. Passport: π = [2613, 2 × 2417]. The total number of cacti is
126000. There are four orbits:

• one orbit of size 125945 with the monodromy group A15;
• two orbits of size 5 with the monodromy group PGL4(2);
• one “imprimitive” (or composition) orbit of size 45, with the monodromy

group (S3 � S5) ∩A15 (for the notation � see Definition 1.7.9).

One may ask why there exist several orbits having the same monodromy
group. The answer is given in the following proposition. Let us recall that the
monodromy group is an invariant not only as an abstract group, but also as
a particular permutation group, that is, as a particular subgroup of Sn. The
same group G may have several conjugate copies inside Sn. But we must not
forget either that we have fixed the product g1 . . . gk = (1, 2, . . . , n) ∈ G once
and for all.

Proposition 5.4.18. There are two conjugate copies of the group PGL3(2)
inside S7 that contain the permutation (1, 2, . . . , 7) in their intersection; four
copies of PGL3(3) inside S13 that contain (1, 2, . . . , 13); and two copies of
PGL4(2) inside S15 that contain (1, 2, . . . , 15).

Remark 5.4.19. The reason why there are two A7-orbits for the passport
[3 × 2213] remains mysterious. Up to now, this is the only case when we
cannot propose a clear combinatorial invariant that would explain such a
splitting. We just mention that the orbits themselves are not isomorphic: there
is no bijection between them that commutes with the braid group action; see
Example 5.5.8.

There exists a construction of projective linear groups containing given
cyclic permutation which makes use of the properties of projective geometries
over finite fields, Singer cycles, etc. Numerous details concerning all these
constructions, as well as the role of projective duality and other phenomena,
can be found in [162]. It is amazing that such things may influence the flexible
classification of polynomials.

5.4.4.3 Splitting Types in An

There exists one more phenomenon which is not reflected in Table 5.1. The
conjugacy classes in Sn are completely determined by the cycle structure of
their elements. For the group An this is not the case. The following statement
can be found in [152] (Lemma 1.2.10):
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Lemma 5.4.20. The set of all permutations of a given cycle structure splits
into two conjugacy classes in An if and only if the lengths of all cycles in the
permutations are odd and different.

The “smallest” example that may be constructed using the idea of the
above lemma is given by the following passport of degree n = 25: π =
[97531, 2 × 3122]. And, indeed, there are two orbits for this passport, each
of size 300.

5.4.4.4 Imprimitive Case

A polynomial h : X → Z is called decomposable if there exist two polynomials
f : X → Y and g : Y → Z such that

h : X
f−→ Y

g−→ Z,

and the degrees of f and g are ≥ 2. Here X , Y , and Z all represent C, but
we prefer to use three different letters in order to have a possibility to speak
easily about what happens on different “levels” of the composition. We call
a passport decomposable if there exist decomposable polynomials having this
passport.

Remark 5.4.21 (How to recognize the imprimitivity). The property
of a passport of being decomposable can be verified using only the passport
itself, without constructing the corresponding cacti. Let us illustrate this for
the case of symmetry. Consider the following passport of degree 9:

π = [3111111, 222111, 222111].

We affirm that it is possible to construct a cactus with this passport having
the symmetry of order 3. Indeed, there exists a vertex of degree 3 (underlined
in the passport) which can serve as the center; and at the same time the
remaining vertices can be equally distributed among the three branches be-
cause for any fixed color and degree the number of the corresponding vertices
is divisible by 3.

For a more complicated composition the procedure is rather cumbersome
and difficult to describe: we need to find not one but several “articulation
points” at which a number of isomorphic smaller cacti can be glued together.
We hope that the examples below will give some idea of the construction.

It is less obvious how to verify if, along with decomposable cacti, there
also exist indecomposable ones having the same passport.

Composition presents a variety of different cases, and even some surprises.

Symmetry. Symmetry is a particular (in fact the simplest) case of com-
position. Imagine a symmetric cactus on the plane X which has p identical
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branches around a center. Put the center at the point x = 0, and apply the
polynomial f(x) = xp. The result will be a single branch on the plane Y .
Then the mapping g : Y → Z sends this branch to an elementary polygon, as
described in Sec. 1.6.

In spite of this fact, in Table 5.1 we use the term “composition” only
for those cases of a composition that are more complicated than a simple
symmetry.

Decomposable and indecomposable cacti may coexist. We have al-
ready many examples of this kind. First of all, the same passport may cor-
respond to symmetric and asymmetric cacti. In all the examples marked as
“compositions” in Table 5.1 there is a symmetric orbit and an asymmetric
one. Finally, one more example corresponds to the exceptional passport of
degree 15, see above.

1

2

3

2

3

1

2

23

2

3

3

2 3

1

2

3

Fig. 5.5. Two blocks of imprimitivity

All cacti can be decomposable. Consider the passport [422, 2× 216]. The
defect is equal to 8, and therefore, according to Theorem 5.4.8, there is a single
orbit. However, if we look at Fig. 5.5, representing a cactus with this passport,
then we easily find two blocks of imprimitivity; in fact, the monodromy group
here is S4 � S2.

There is no contradiction. It turns out that the cacti with this passport are
all decomposable; there are no indecomposable ones, and the splitting does
not occur.

See however the next example.

Composition type. Important combinatorial data are supplied by the com-
position type. Without giving a formal definition, we only mention that the
composition type of the polynomial h = g ◦f describes how the critical values
of f are related to the vertices of the cactus corresponding to g.

The following example is very instructive. Let us take the passport π =
[26, 3217, 2218] (n = 12). All the corresponding 72 cacti are decomposable. All
of them have the same monodromy group G = S6 �S2. And nevertheless there
are 6 orbits in this example.
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Note that, in contrast to the situation of Proposition 5.4.18, the group G =
S6 � S2 is also unique as a particular subgroup of S12. Indeed, the presence of
the long cycle (1, 2, . . . , 12) implies the unique choice of the two imprimitivity
blocks of size 6, namely, {1, 3, 5, 7, 9, 11} and {2, 4, 6, 8, 10, 12}.

What is then the reason for the splitting?
First note that the critical values of f may occupy the places that are

either regular or critical points of g. It is convenient to include these places
into the set of vertices of the g-cactus that lives on the plane Y , and hence
to add a number of regular values to the set of the critical values of g on Z.
This is what we will do. We take z = g(y) = y2, and add two regular values
to its only critical value z = 0. In this way we get the cactus of degree 2 on
the plane Y , shown in Fig. 5.6.

1

2

32

3

Fig. 5.6. A cactus of degree 2 on the Y plane

Now we must distribute the critical values of f among the vertices of this
cactus. We denote these critical values a, b, c, d. Figure 5.7 shows the four
possibilities of such a distribution, together with the corresponding partitions

2 3

3 2

1

2 3
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3 2

2 3
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a: 321

a: 31

b: 2 1

c: 21

a: 321

b: 21

c: 21

a: 31

b: 21

c: 21

d: 21

b: 2 12 2

3
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4
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3

4

4

4

a

b

Fig. 5.7. Four composition types
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of the number 6 (since deg f = 6). It is a trivial matter to verify that all of
them give as a result our initial passport π.

Finally we remark that in the case of the composition type (a) of Fig. 5.7
the function f has only 2 critical values. The passport [321, 2212] gives rise to
3 trees. As it was already mentioned in Sec. 5.4.2.3, each tree forms a separate
orbit. This leads to 3 orbits having the composition type (a). Thus we get a
total of 6 orbits.

In group-theoretic language, the notion of composition type may be ex-
pressed in terms of different conjugacy classes in the wreath product of groups.
We leave the details to the reader.

Fine structure of a partition. In Sec. 5.4.3.2 we already mentioned, in
relation to the action of the pure braid group, the passport [25, 2×2216]. One
of the possibilities to get this passport is via a composition of the type shown
in Fig. 5.8. Looking closely at this covering, we discover that the partition 2216

for the color 2 is obtained from two critical values a and b, both corresponding
to the partition 213, while the same partition 2216 for the color 3 is obtained
from one critical value c corresponding to the partition 221, and from a regular
value, corresponding to the partition 15. This is what we mean by saying that
the “fine structure” of the two partitions 2216 is different. This is also the
reason why the pure braid group separates this type from the similar type
when the roles of the colors 2 and 3 are exchanged.

b c

a

a: 21

b: 21

c: 2 1

2 3

1

3 2

3

3

2

Fig. 5.8. A composition type for the passport [25, 2× 2216]

A surprising example. Finally we present an example in which the equiv-
alence class of f is unique, the same is valid for the class of g, and the com-
position type is the same, and nevertheless there are two equivalence classes
for their composition h. The geometric meaning of this phenomenon is very
simple.

Let us take f of degree 5 with the following passport: [4× 213]. According
to all the theorems we know there is a single orbit. Two cacti of this orbit are
shown in Fig. 5.9(a). We see that there is something special about the cactus
on the left. Of course it is not symmetric, since only a vertex has a right to be
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a symmetry center. But still ... It suffices to compose it with a simple cactus
of degree 2 (see Fig. 5.9(b)), and this fake symmetry becomes real!

Fig. 5.9. (a) These two cacti of degree 5 with k = 4 belong to the same orbit; (b)
These two cacti of degree 10 with k = 3, which are compositions of the previous
ones with the same cactus of degree 2, belong to different orbits

Nevertheless, despite all the complications evoked above, we may say that
the study of the imprimitive case is essentially reduced to the classification of
the factors, that is, mainly to the primitive case.
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5.4.5 Perspectives

5.4.5.1 Polynomial Case: Two Conjectures

The following conjectures are based on the existing experimental data. Let
us say that a polynomial passport is of type Sn if it is indecomposable and
odd (that is, if among gi there exists at least one odd permutation). The
theorems of Sec. 5.4.4.1 imply that for such a passport the only possible
monodromy group is Sn. It is also easy to see that every polynomial passport
with k > (n + 1)/2 is of type Sn.

Conjecture 5.4.22. For any passport of type Sn there exists a single orbit of
the braid group action.

Let us say that a polynomial passport is of type An if it is indecomposable,
even (that is, all the permutations gi are even) and different from the three
exceptional passports of Sec. 5.4.4.2. The theorems of Sec. 5.4.4.1 imply that
for such a passport the only possible monodromy group is An.

Conjecture 5.4.23. For a passport of type An there are two possibilities:

1. If there are no splitting type partitions in the passport (like in Sec. 5.4.4.3),
then there exists a single orbit.

2. If there exists a splitting type in the passport, then there exist exactly two
orbits.

Remark 5.4.24. Simple arithmetic considerations show that there can exist
at most one splitting type in an even polynomial passport.

If the above conjectures turn out to be true, then the problem will be
entirely reduced to the study of the imprimitive case.

5.4.5.2 General Case: Rational and Meromorphic Functions

Already the classics of the 19th century have shown that rational or meromor-
phic functions with only simple critical values constitute a single class of the
flexible equivalence. This result implies nothing for polynomials, since each
polynomial has a non-simple critical value at infinity.

Several more recent results may be found in [222], [171], [237], [290], as
well as in [304] and [169] already cited previously (let us also mention an
unpublished letter of P. Deligne to Looijenga [78] cited in [171]). For exam-
ple, S. Natanzon [222] shows that if all critical values except one are simple,
then there is a single class (generic polynomials represent a particular case of
this theorem since they have only one non-simple critical value at infinity).
B. Wajnryb [290] shows that if there are two non-simple critical values, then
the monodromy group is the unique invariant of the braid group action. (Of
course, both theorems suppose that the passport is fixed.) The results ob-
tained by P. Kluitmann [171] concern generic polynomials, but the problem
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he studies is not specifically polynomial: what are the permutation groups by
which the braid group permutes constellations?

We may change the notion of defect introduced in Definition 5.4.7 and also
take into account infinity by adding n to the sum of the parts ≥ 2 over all the
non-simple partitions. Then, the unicity criterion will be D ≤ 2n + 1 instead
of D ≤ n + 1. This notion, and also the result of Theorem 5.4.8, extend to
rational functions.

Theorem 5.4.25 (Defect for rational functions). Let π be a planar pass-
port, and let D be the sum of all multiplicities of the critical points correspond-
ing to the non-simple critical values. If D ≤ 2n+1, then there is a single braid
group orbit on constellations, and therefore the corresponding flexible equiva-
lence class of rational functions is also unique.

The proof is similar to that of Theorem 5.4.8, with the difference that
instead of the Lagrange interpolation one should use the Newton–Padé one.

Corollary 5.4.26. If the number of critical values of a rational function of
degree n is ≥ 3n/2− 2, then there is a single class of the flexible equivalence.

Recall that the number of critical values of a generic rational function of
degree n is 2n− 2.

This is more or less all we can say about the general case.

5.4.5.3 Meromorphic Functions with a Single Pole

After the polynomial case, the most promising one is that of meromorphic
functions of genus g > 0 having a single pole (an analog of polynomials for
higher genera). Combinatorially, this would mean that we preserve the con-
dition g1 . . . gk = c, but weaken the planarity condition. There are various
reasons for the hope.

(1) There are some enumerative results for the factorizations of a long
cycle in a product of permutations of given cyclic structures (see, e.g., [119] or
Theorem A.2.9), while the corresponding results for an arbitrary permutation
concern only some particular cases.

(2) We may use the formula of Frobenius in order to count the above
factorizations for an arbitrary permutation. But this method has another flaw:
it counts also “non-transitive constellations” (that is, the sequences [g1, . . . , gk]
that generate non-transitive subgroups of Sn), and therefore necessitates an
inclusion-exclusion procedure, while the presence of a long cycle automatically
guarantees the transitivity.

(3) Last but not least, the permutation groups containing a long cycle are
classified (see below), while the “planar monodromy groups” are not [131].
The following result is due to W. Feit [98] and G. Jones [157] (for notations,
see Sec. 1.5.3):
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Theorem 5.4.27 (Primitive groups containing a cycle). A primitive
permutation group G ≤ Sn contains an n-cycle if and only if it satisfies one
of the following conditions:

1. G = An (n odd) or G = Sn, acting naturally;
2. Cn ≤ G ≤ AGL1(n), acting on Fn, where n is prime;
3. PGLd(q) ≤ G ≤ PΓLd(q), acting on points or hyperplanes, with n =

(qd − 1)/(q − 1);
4. G = PSL2(11), acting on the n = 11 cosets of a subgroup A5;
5. G is a Mathieu group M11 or M23, acting naturally with degree n = 11 or

n = 23.

In case 3, if d ≥ 3 then G has two transitive permutation representations of
degree n, on the points and hyperplanes of the projective geometry of dimension
d−1 over the field Fq; these two representations are equivalent under the outer
automorphism of G induced by duality. There are also two representations in
case 4, and in case 1 when G = S6, transposed by Aut(G); in all other cases
the representation of G is unique. In case 3 the cyclic regular subgroups are
Singer subgroups, except for G = PΓL2(8) which has one additional conjugacy
class of such subgroups.

Example 5.4.28. Let us take n = 31. This number is interesting, because
31 = 1 + 5 + 52 = 1 + 2 + 22 + 23 + 24. This implies the existence of two
different projective geometries with 31 points, namely: a projective plane over
the field F5 with the automorphism group PGL3(5), and a 4-dimensional
projective space over the field F2 with the automorphism group PGL5(2).
The two groups are not isomorphic, but both contain an involution with the
cycle structure 21217. The passport [3 × 21217, 31] corresponds to constella-
tions of genus g = 3. The total number of these constellations is equal to
3463162118054496000 = 28355311313317331 ≈ 3.46 × 1018 (computations of
G. Schaeffer and D. Poulalhon).

Using methods similar to those of [162], we find that there are 10 orbits of
size 31 with the monodromy group PGL3(5) (more exactly, their monodromy
groups are the 10 conjugate copies of PGL3(5) ≤ S31 containing the fixed
cycle c), plus 6 orbits of size 682 corresponding in the same manner to the
group PGL5(2) (computations of P. Moreau).

All the remaining constellations have the monodromy group A31. We sus-
pect that they constitute a single orbit, but we have absolutely no means to
prove this fact. Just note that the size of the remaining set contains a big
prime factor: 3463162118054491598 = 2× 31× 229× 243919010991301. This
leaves little hope that there is a nice structure on this set.

5.5 Megamaps

The term megamap is a new one. We try, by this term, to convey the idea of
“a map constructed of maps”. Anyway, the term hypermap is already taken,
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while “super” usually means anti-commutative. Possibly the term “house of
maps” would be more appropriate.

There are three sources of motivation for this section. First, while study-
ing hypermaps we usually interpret the edges geometrically as “segments of
curves” drawn on a surface. However, one of the advantages of the permu-
tation model is its abstract nature. Namely, one may take as the set E of
“edges” an arbitrary finite set, and introduce the permutations acting on E
by using the particular structure of the elements of this set. Concretely, in
this section the elements of E will be 4-constellations with a given passport,
while the permutations defining the hypermap will originate from an action
of the Hurwitz braid group on these 4-constellations.

Second, we aim here at the particular goal of constructing the parameter
space, or a kind of a moduli space, of the coverings of CP 1 with four ramifi-
cation points. It turns out that in this simple case the corresponding moduli
space is a Riemann surface. In other words, the coverings of the Riemann
sphere with four ramification points depend on one complex parameter, but
this parameter is not just a complex number: it lives on a Riemann surface.

Finally, the way we represent the Riemann surfaces in question is purely
combinatorial. Namely, we represent them as dessins d’enfants!

This construction is known and widely used in the inverse Galois theory,
though its combinatorial aspect is sometimes difficult to extract. We cite here
only few papers, mostly related to dessins d’enfants: [106], [69], [121], [311].

5.5.1 Hurwitz Spaces of Coverings with Four Ramification Points

As we already know, in order to represent a covering of the Riemann sphere
CP 1 = C ∪ {∞} with four ramification points we must supply the fol-
lowing data (see Riemann’s existence theorem 1.8.14): (i) a 4-constellation
C = [g1, g2, g3, g4]; (ii) four ramification points y1, y2, y3, y4 ∈ CP 1. However,
as was explained at the end of Sec. 1.8, by applying a linear fractional trans-
formation we may take any three of the four points to 0, 1, and∞. We prefer
here to take as these three points the points y1, y3, and y4. Thus, we may
suppose that the four ramification points in question are 0, y, 1, and∞. Here
y is an arbitrary complex number different from 0, 1, and ∞. We take the
ramification points 0, y, 1,∞ in this specific order because later on it will be
convenient to consider y belonging to the segment [0, 1].

Of course, there is no hope that in general such a covering will be defined
over Q, because the value of y may well be transcendental. But the object we
are interested in is not a specific covering but the space of all such coverings.
We would like to parameterize this space, or, in other words, to construct a
moduli space of the coverings with four ramification points. This is a particular
case of Hurwitz space.

Let us fix a passport π of a 4-constellation, and consider the set consisting
of all the pairs {(C, y)}, where C is a constellation with the passport π and y
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belongs to CP 1 \ {0, 1,∞}. This set is endowed with a natural structure of a
topological space. Let H denote a connected component of this space.

Proposition 5.5.1. The mapping H → CP 1 \ {0, 1,∞} taking a pair (C, y)
to the point y is an unramified covering.

Proof. The space H is connected, and the fiber over a point y ∈ CP 1 \
{0, 1,∞} is discrete, its points corresponding to non-isomorphic constellations
with the passport π. We will see in a moment that the number of preimages
of every y is the same.

In Sec. 1.8 we explained how to lift the complex structure from CP 1 \
{0, 1,∞} to H , and how to compactify H , thus obtaining a compact Riemann
surface H, and a ramified covering f : H → CP 1. A remarkable fact is that
H is already endowed with a Belyi function (and is therefore defined over Q)!

Proposition 5.5.2. The function f : (C, y) 
→ y is a Belyi function on H.

Proof. By construction, any value of y �= 0, 1,∞ is not critical because it has
the same number of preimages (C, y). (We will see below what is the meaning
of this number.)

5.5.2 Representation of H as a Dessin d’Enfant

Now our natural goal is to find the triple of permutations that describes the
dessin d’enfant corresponding to the Belyi function

f : H → CP 1 : (C, y) 
→ y.

In order to do that we must understand what happens when the parameter y
starts at a particular base point y0, goes around 0, or 1, or∞, and returns to
y0. Taking into account that our usual geometric representation of a hypermap
is the preimage of the segment [0, 1], we will think of y0 as of a point on [0, 1].
In order to underline the more complicated nature of our three permutations,
we change the notation from σ, α, ϕ to Σ, A, Φ.

We work with the Hurwitz braid group H4 on four strings. The correspond-
ing loops are shown in Fig. 5.10. Their representation in the form of braids is
as follows:

• the loop that turns around 0 is equal to Σ = σ2
1 ;

• the loop that turns around 1 is equal to A = σ2
2 ;

• finally, the third loop, that turns around infinity, is equal to Φ = σ−1
2 σ2

3σ2.

Lemma 5.5.3. In the Hurwitz braid group H4 the product ΣAΦ = id.

Proof. We have ΣAΦ = σ2
1σ2σ

2
3σ2. Conjugating this element by σ1 we get

σ−1
1 (σ2

1σ2σ
2
3σ2)σ1 = σ1σ2σ

2
3σ2σ1 = id

according to the relation (5.20). One might also verify directly that the action
of the product ΣAΦ on a constellation [g1, g2, g3, g4] conjugates all the gi by
g2 and thus produces an isomorphic constellation.
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Fig. 5.10. The critical value y starts at a point y0 in the segment [0,1] and makes a
complete turn around three other critical values 0, 1 and ∞ in the counter-clockwise
direction

Remark 5.5.4. All the three operations Σ, A, and Φ preserve the passport
of a constellation. But in order to get a connected hypermap (and a connected
Riemann surface H), one must take not the full set of constellations with a
given passport but an orbit of the group M = 〈Σ,A, Φ〉 ≤ H4 ∩ P4. The size
of the orbit is equal to the number of sheets of the covering which this time
defines the connected Riemann surface H , i.e., it is equal to the degree of the
Belyi function f .

We summarize the above construction in the following definition.

Definition 5.5.5 (Megamap). Let us take the elements Σ = σ2
1 , A = σ2

2 ,
Φ = σ−1

2 σ2
3σ2 of the Hurwitz braid group H4 and consider their action on

constellations defined in Construction 1.1.17. A megamap is an orbit of this
action together with the triple of permutations which are the permutation
actions of Σ, A, and Φ on this orbit.

Some remarks are in order to clarify the difference between “hyper” and
“mega”. A hypermap is a finite set E together with a triple of permutations
[σ, α, ϕ] which act transitively on E and such that σαϕ = id. In Chapter 2
we saw that a hypermap is one of the ways to represent a Riemann surface
defined over Q. Thus, a megamap is a particular kind of hypermap which, in
the present context, serves to represent a particular kind of Riemann surface,
namely, the moduli space of coverings with four ramification points.

The black and white vertices and face centers of the resulting hypermap
have their own interpretation, and some interesting phenomena take place
there. Let us consider a black vertex of a megamap: it corresponds to the
parameter y equal to 0. When the fourth critical value y tends to 0 and finally
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becomes equal to 0, what we get is a covering with three critical values 0 = y,
1, and ∞, i.e., a dessin d’enfant. Combinatorially, it is represented by the
triple of permutations [σ, α, ϕ] = [g1g2, g3, g4]. However, there is no guarantee
that this dessin is connected; if not, it must be considered as a disjoint union
of dessins. Note that the braid operation σ1 does not change g3 and g4, and
therefore the product g1g2 is also preserved. Thus for all “edges” (i.e., 4-
constellations) adjacent to a black vertex the corresponding triple [g1g2, g3, g4]
will be the same. In other words, in the same way as an “edge” is in fact a
4-constellation, a “black vertex” is in fact a dessin d’enfant.

In the same way all the white vertices are labelled by the dessins of the
form [σ, α, ϕ] = [g1, g2g3, g4].

For the face centers the procedure is slightly more complicated. We would
like to multiply g2 (corresponding to y) and g4 (corresponding to ∞). But g2

and g4 are not adjacent in the constellation. We must first transpose g2 and
g3, acting by the braid operation σ−1

2 . (Why σ−1
2 and not σ2 itself? – Because

we want to preserve g2 as it is, while σ2 conjugates it by g3.) We thus get the
constellation [g1, g2g3g

−1
2 , g2, g4]. If we now act on this latter 4-constellation

by Φ, and then transpose once more the second and the third permutations in
it via σ−1

2 , the resulting triple [g1, g2g3g
−1
2 , g2g4] will be the same for all the

“edges” adjacent to the face. We see that a “face center” is in fact the dessin
d’enfant [g1, g2g3g

−1
2 , g2g4]

5.5.3 Examples

To compute a megamap is not an easy task, at least for a “by hand” calcula-
tion. One must not only manipulate the permutations, but verify every time
whether a newly obtained constellation is isomorphic to some of the previ-
ous ones. A Magma program was implemented by N. Hanusse [134]; certain
calculations were also carried out by D. Bouya [41].

Example 5.5.6. Let us consider generic rational functions of degree 3 or, in
other words, coverings corresponding to the passport

[21, 21, 21, 21].

There are four non-isomorphic constellations with this passport, and they are
arranged into the megamap shown in Fig. 5.11.

Now consider generic polynomials of degree 4, that is, coverings with the
passport

[212, 212, 212, 4].

It turns out that there are also four non-isomorphic constellations, and the
corresponding megamap is the same as above!

We see that this example, which is probably the simplest possible, already
leads to a rather non-trivial conclusion: there exists a transformation which,
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Fig. 5.11. The megamap which describes the “moduli space” of generic rational
functions of degree 3, as well as that of generic polynomials of degree 4

for any given generic polynomial of degree 4, produces a generic rational func-
tion of degree 3, and which is a biholomorphic bijection (the rational function
becomes non-generic when and only when the polynomial taken was also non-
generic). In other words, the moduli space of generic polynomials of degree 4
and that of generic rational functions of degree 3 are isomorphic as complex
curves. It would be interesting to find this isomorphism explicitly, but for the
moment we have no idea of what it could look like.

Example 5.5.7. The corresponding megamap for polynomials of degree 6
with the passport [313, 214, 2212, 6] is shown in Fig. 5.12.

Fig. 5.12. The megamap for polynomials with the passport [313, 214, 2212, 6]

For polynomials of degree 6 with the passport [321, 214, 214, 6] the corre-
sponding megamap is shown in Fig. 5.13.

Example 5.5.8. Let us consider polynomials of degree 7 with the passport
[2213, 2213, 2213, 7]. We have already seen this passport: it is one of the three
exceptional passports considered in Sec. 5.4.4.2. As we know, there exist 56
non-isomorphic cacti that split into four orbits, of sizes 7, 7, 21, and 21 re-
spectively. Therefore, we must construct four different megamaps. It turns out
that the two smaller megamaps (of size 7) are isomorphic; the corresponding
picture is shown in Fig. 5.14.

Concerning the bigger orbits, they are not isomorphic. The easiest way
to see this is to look at the picture: the corresponding megamaps are shown
in Fig. 5.15. For example, in the hypermap on the left there is an edge that



5.5 Megamaps 333

Fig. 5.13. The megamap for polynomials with the passport [321, 214, 214, 6]

Fig. 5.14. The megamap representing each of the two orbits of size 7 of Example
5.5.8

connects two vertices of degree 2, while in the hypermap on the right such an
edge does not exist.

Fig. 5.15. The megamaps of genus 1 representing the two orbits of size 21 of
Example 5.5.8

Both dessins are of genus 1 and thus represent elliptic curves. Note that
in both cases the degrees of the black vertices, of the white vertices, and
of the faces form the same partition 53422. We are unable to compute the
corresponding elliptic curves and Belyi functions, but we are pretty sure that
these dessins d’enfants are Galois conjugate.
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Example 5.5.9. A beautiful series of examples was constructed by J.-M. Cou-
veignes in [69]. Let us consider the following polynomial passport:

π = [31n−3, (p, q, r, s), 21n−2, n],

where p, q, r, s are pairwise distinct positive integers, p + q + r + s = n.
According to the Goulden–Jackson formula, the number of non-rooted cacti
with this passport is equal to 6n; this will be the degree of our megamap.
In Fig. 5.16 we show one of the eight faces of the megamap in question. The
face is of degree p+ q + r; one more face of the same degree is constructed by
placing p− 1, q − 1, r − 1 “free edges” in the opposite circular order around
the face. Then we prepare the other six faces by replacing p, q, r with p, q, s,
then with p, r, s, and finally with q, r, s.

r–1
q–1

p–1

Fig. 5.16. One of the eight faces of the megamap of Example 5.5.9

Having thus prepared eight “triangles”, we glue them in the form of the
octahedron in such a way as to have two white vertices of degree p + q, two
of degree p + r, etc., and two of degree r + s (12 white vertices in total). The
construction of the megamap is finished.

It is interesting to note that in this example, if all the numbers p, q, r,
s are bigger than 1, then the defect of the passport π (see Definition 5.4.7)
is equal to n + 3, and if one of them is equal to 1, then the defect is equal
to n + 2. In both cases the defect is bigger than the bound n + 1 given in
Theorem 5.4.8. But, having constructed the megamap explicitly, we have also
shown the uniqueness of the orbit.

Example 5.5.10. It would be nice to have at least one example in which not
only combinatorial, but also analytic information is supplied. Let us consider
polynomials of degree n with the passport π = [(n − 2)12, 21n−2, 21n−2, n].
The combinatorial computations give the megamap shown in Fig. 5.17.

This time the dessin is simple enough, and we are able to find the corre-
sponding Belyi function explicitly: placing the black vertex of degree n − 1
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Fig. 5.17. The megamap of Example 5.5.10

to 0, the center of the smaller face to 1, and the center of the outer face at
infinity, we find that the white vertex of degree 3 must be placed at the point
c = n/(n− 2), and the black vertex of degree 1, at the point c2. Thus we find

f(t) = − 1
cn

tn−1(t− c2)
t− 1

. (5.21)

(The only thing that needs to be verified is the fact that f − 1 has, indeed, a
root of multiplicity 3 at c.) But this is not yet everything we want to know.
We would also like to find a representation of polynomials of degree n with
the passport π given above. The formula below gives the answer. Let us take
the following polynomial in x depending also on a parameter t:

Pt(x) =
1

t− 1
xn−2[(n− 1)x2 − (n + (n− 2)t)x + (n− 1)t]. (5.22)

Like any other polynomial, it has a critical value of multiplicity n at infinity.
By construction, it also has a critical point of multiplicity n−2 at 0 (with the
corresponding critical value also equal to 0). What are its other critical points
and values? In order to answer this question let us compute its derivative:

P ′
t (x) =

n(n− 1)
t− 1

xn−3(x− 1)(x− t/c).

Thus the critical points are 0, 1, and t/c, while the corresponding critical
values are Pt(0) = 0, Pt(1) = 1, and

Pt(t/c) = − 1
cn

tn−1(t− c2)
t− 1

.

The latter expression coincides with the Belyi function given in (5.21).
Let us recollect the results. The Riemann sphere of the variable t, together

with the dessin of Fig. 5.17, is the parameter space for a family of polynomials.
The polynomials in question are characterized by the fact that they have four
critical values. Three of the four critical values are 0, 1, and ∞; the Belyi
function for the dessin of Fig. 5.17 gives the fourth one. Therefore, we were
happy to find out that for the family Pt described in (5.22) the fourth critical
value, which is Pt(t/c), coincides indeed with the Belyi function (5.21) of the
dessin of Fig. 5.17.
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∗ ∗ ∗

Having read Chapter 3, we must not be surprised to learn that Hurwitz
numbers have physical applications. Thus, for example, Gross and Taylor
[126], [127] consider the free energy of the UN Yang–Mills theory and study
its asymptotics as N tends to ∞. The coefficients of the asymptotics can be
expressed as sums of certain Hurwitz numbers. The behavior of these coef-
ficients, for the group UN as well as for other groups, permits the authors
to conclude that the corresponding Yang–Mills theories are “string theories
at perturbative level”. Generating functions for particular classes of Hurwitz
numbers often possess rather remarkable properties: Sec. A.2.5 permits to get
an idea of the possibilities revealed here. Largely speaking, a general frame-
work for the theory presented in Secs. 5.1–5.3 is provided by the mirror sym-
metry (see, e.g., [71]) and by the Gromov–Witten invariants, of which Hurwitz
numbers represent an important particular case.

The appropriate context for the flexible classification remains to be found.
There exist some obvious relations to the inverse Galois theory, and also to
some algorithmic problems in group theory (the so-called “product replace-
ment algorithm”, see, e.g., [228]), but they do not provide a sufficient insight
for advancing. It is not for nothing that the problem, even in the polynomial
case, resists solution for more than 130 years.



6

Algebraic Structures Associated
with Embedded Graphs

This chapter is devoted mainly to the description of algebraic and combi-
natorial constructions related to Vassiliev’s theory of knot invariants [283],
[284], [285]. The main combinatorial object of the theory is a chord diagram,
or, which is the same, a one-vertex map. We start with a description of this
notion and of the famous 4-term relation for for the chord diagrams. Our
presentation follows the main lines of Bar-Natan [18], but we also pay a lot
of attention to the recent development in the analysis of intersection graphs
of chord diagrams. We do not present the proof of Kontsevich’s theorem for
Vassiliev invariants since its machinery is too far from the subject of our book.
Good explanations are available in [50], [195].

6.1 The Bialgebra of Chord Diagrams

6.1.1 Chord Diagrams and Arc Diagrams

Consider a circle and put 2n pairwise distinct points on it. Split these points
arbitrarily into n pairs and draw chords connecting the two points of each
pair. The result will be a chord diagram of order n.
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Fig. 6.1. Four pictures of the same chord diagram
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A rotation preserves a chord diagram, while a reflection generally yields a
different chord diagram: see Figs. 6.1 and 6.2.
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Fig. 6.2. Two distinct chord diagrams

Definition 6.1.1 (Chord diagram). A chord diagram of order n (or a chord
diagram with n chords) is an oriented circle with a distinguished set of n pairs
of points on it considered up to orientation preserving diffeomorphisms of the
circle.

The perspicacious reader has certainly noticed that the notion of a chord
diagram coincides with that of a one-face map (see the beginning of Chap-
ter 3): both objects consist of a pair of permutations, one of them being cyclic
and the other one being an involution without fixed points.

Of course, the chords may be drawn as straight lines or curve segments
whose actual shape is irrelevant; what matters is the way they bind their end-
points into pairs: see Fig. 6.1. Figure 6.3 presents a list of all chord diagrams
with 1, 2, and 3 chords.
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Fig. 6.3. All chord diagrams of order 1, 2, 3

Sometimes it is more convenient to represent a chord diagram as an arc
diagram. To obtain an arc diagram from a chord diagram one must choose an
arbitrary point on the circle (different from the ends of all chords) and “cut”
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the circle at this point (“push the point to infinity”). The circle becomes a
straight line, and chords become arcs, see Fig. 6.4.

Of course, the representation of a chord diagram as an arc diagram de-
pends on the choice of the point at infinity. One chord diagram usually has
2n different arc representations. But in the case when the chord diagram has
a rotational symmetry, the number of different arc representations decreases.
The cyclic group of order 2n acts naturally on the set of arc diagram repre-
sentations of a chord diagram.

Fig. 6.4. A chord diagram and its three different arc representations

Conversely, however, an arc diagram uniquely determines the correspond-
ing chord diagram.

Definition 6.1.2 (Arc diagram). An arc diagram of order n (or an arc
diagram with n arcs) is an oriented line with a distinguished set of n pairs of
points on it considered up to orientation preserving diffeomorphisms of the
line.

We will usually draw an arc diagram as a horizontal line with arcs lying
in the upper half-plane.

6.1.2 The 4-Term Relation

We are going to study formal linear combinations of chord diagrams. For
example,

��
��

��
��

��
��

− 2 + 3�
���
��

����
����

is such a formal linear combination. In this chapter we fix a commutative
associative ring k as a ground ring. Let Cn denote the k-module spanned by
all chord diagrams of order n as free generators. The above picture shows an
element in C3. We denote by An the k-module generated by all arc diagrams
of order n as free generators.

The 4-term relation is, in fact, a set of equivalence relations on each of the
Cn. Four diagrams take part in each such relation. In each of the four diagrams
two of the chords are selected. The other chords in all four diagrams coincide.
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These common chords are irrelevant, and we will not draw them explicitly.
We explain the motivation for introducing this notion in Sec. 6.2.

Let c1, c2, c3, c4 be four chord diagrams of order n ≥ 2 such that two of
their chords occupy the positions shown in Fig. 6.5, while all other chords are
adjacent to the dotted circle segments and are the same in all four diagrams.
The mnemonic rule for the two distinguished chords is as follows: one of the
chords is fixed; one of the ends of the other chord is also fixed; the second
(moving) end of this chord takes successively four places near the ends of the
fixed chord.

� �
� � −

c1 c2 c3 c4

� �
� � −

�
�

� �
+

�
�

� �

Fig. 6.5. A 4-term element in Cn

Definition 6.1.3 (4-term element). The element

c1 − c2 − c3 + c4 ∈ Cn

is called a 4-term element.

A 4-term element a1 − a2 − a3 + a4 ∈ An has the appearance shown in
Fig. 6.6.

− + −

Fig. 6.6. A four-term element in An

Consider the submodule C(4)
n ⊂ Cn spanned by all 4-term elements in Cn

and the submodule A(4)
n ⊂ An spanned by all 4-term elements in An. We set

C(4)
0 = C(4)

1 = A(4)
0 = A(4)

1 = 0.

Exercise 6.1.4. Verify the following statements.

1. A(4)
2 is spanned by the element

� ��� ����− .
2. C(4)

2 = 0.
3. C(4)

3 is spanned by the elements

� 
!"

− � 
!"

		��
and � 
!"
�

��
� −2� 
!"

+� 
!"
������

.
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Theorem 6.1.5. There exists a natural isomorphism

An/A(4)
n
∼= Cn/C(4)

n

taking the class of an arc diagram [a] ∈ An/A(4)
n to the class [c] ∈ Cn/C(4)

n of
the chord diagram c represented by the arc diagram a.

The proof will be given below.
The following definition introduces the main notion of the present chapter.

Definition 6.1.6 (Module of chord diagrams). The quotient module

Mn = Cn/C(4)
n
∼= An/A(4)

n

is said to be the module of chord diagrams of order n.

For example,M3 is a free k-module with 3 generators given by the equiv-
alence classes of the elements

[
� 
!"

		��

]
,

[
� 
!"
������

]
,

[
� 
!"]

,

while the equivalence classes of the remaining two chord diagrams can be
expressed as

[
� 
!"]

=
[
� 
!"

		��

]
and

[
� 
!"
�

��
�

]
= 2

[
� 
!"]

−
[
� 
!"
������

]
according to Exercise 6.1.4.

Thus calculations inM are just ordinary linear algebra calculations where
chord diagrams are used instead of letters.

Exercise 6.1.7. Compute a basis for the modules M4 and M5.

From now on we will omit square brackets, thus making no distinction in
the notation for chord (or arc) diagrams and their equivalence classes in the
module of chord diagrams.

Proof of Theorem 6.1.5. We must prove that two arc representations of a
chord diagram are equivalent modulo the 4-term relations.

Consider an arc diagram a of order n. Take the arc in a whose left end is
the leftmost one. It suffices to prove that if we move the left end of this arc
to the right of the rightmost end, then the equivalence class of the diagram
will not change. The arc ends of other n− 1 arcs in a split the line into 2n− 1
segments, which we number 1, 2, . . . , 2n−1 from left to right starting from the
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left semiinfinite segment. Let ak denote the arc diagram obtained from a by
moving the left end of the chosen arc to the kth segment (k = 1, . . . , 2n− 1).

We must prove that a1 − a2n−1 = 0. Rewrite the left-hand side of the
equality as

a1 − a2n−1 = a1 − a2 + a2 − a3 + a3 − · · · − a2n−2 + a2n−2 − a2n−1.

There are (2n−3)·2+2 = 4(n−1) terms on the right-hand side of the previous
relation. We split them into n − 1 groups, four terms in each group. Such a
group is determined by an arc in a: if the arc’s ends separate segments k, k+1
and m,m + 1, then the group will be ak − ak+1 + am − am+1. Such a group
is a 4-term element, and therefore it equals zero. The theorem is proved.

In order to find the dimensions of the spacesMn over a field of character-
istic zero one needs simply to encode all chord diagrams of order n, to produce
all 4-term relations between them, and to solve the corresponding system of
linear equations. However, this computation very soon becomes too laborious.
For example, for n = 9 the number of chord diagrams (= the number of vari-
ables) is 644808, and the number of equations is 5056798, while the number
of independent solutions is only 105 (see [18]). Kneissler [172] applied a less
direct approach to compute the dimensions dimMn up to n = 12. The results
are shown in Table 6.1 in Sec. 6.1.5 below.

6.1.3 Multiplying Chord Diagrams

Two arc diagrams may be concatenated, thus producing a new arc diagram.
The concatenation of arc diagrams leads to a new operation in the module

M =M0 ⊕M1 ⊕M2 ⊕ . . .

of chord diagrams. We call the operation multiplication. The definition pro-
ceeds as follows.

The concatenation a1#a2 of arc diagrams a1, a2 consists simply in drawing
both diagrams one after another, see Fig. 6.7.

# =

���� �� �� � �� �� �� �� ��
Fig. 6.7. Concatenation of arc diagrams

Definition 6.1.8 (Product of chord diagrams). The product of two chord
diagrams in M is defined as the chord diagram represented by the concate-
nation of their arbitrary arc representations.
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Theorem 6.1.9. The multiplication of chord diagrams is a well-defined op-
eration. This multiplication may be extended to a bilinear operation

m :M⊗M→M,

respecting the grading
m :Mk ⊗Ml →Mk+l

making M into a commutative associative graded algebra over k with unit.
The unit is given by the equivalence class of the empty diagram.

Proof. The first statement follows from Theorem 6.1.5. The commutativity
follows from the fact that the arc diagrams a1#a2 and a2#a1 obviously rep-
resent the same chord diagram. We omit the purely technical verification of
the other axioms of algebras.

We would like to stress that in spite of the non-commutativity of the arc
diagram concatenation, the multiplication of chord diagrams is commutative.

6.1.4 A Bialgebra Structure

Besides the multiplication, one more operation may be introduced in the mod-
ule of chord diagrams. This operation, called comultiplication, is a unary one,
and it maps M into its tensor square:

μ :M→M⊗M.

The tensor square inherits a natural grading fromM, and the comultipli-
cation respects this grading in the following sense:

μ :Mn →M0 ⊗Mn +M1 ⊗Mn−1 + · · ·+Mn ⊗M0.

First we define an operation μ̄ : C → C ⊗ C.
On a chord diagram c of order n, the operation μ̄ acts as follows. Let V (c)

denote the set of all chords of the diagram c. Let J ⊂ V (c) be a subset of
V (c); denote by J ′ its complement, J ′ = V (c) \ J . The subset J determines a
chord diagram cJ formed by all chords belonging to the set J . We set

μ̄(c) =
∑

J⊂V (c)

cJ ⊗ cJ′ ,

where the sum is taken over all 2n subsets of the set of n chords.
For example,)

= ⊗ + 2 ⊗ + ⊗

+ ⊗ + 2 ⊗ + ⊗
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The operation is extended by linearity to linear combinations of chord
diagrams.

Exercise 6.1.10. Prove that the operation μ̄ : C → C⊗C descends to a linear
operation μ : M → M⊗M. In other words, prove that if one replaces a
chord diagram by a linear combination of chord diagrams equivalent to the
original one modulo the 4-term relation, then the result of comultiplication
will be equivalent to the original one modulo the 4-term relation.

[Hint: Consider two cases: when both chords participating in the 4-term
relation belong either to a set J , or to its complement J ′; and when one of
them belongs to J and the other one to J ′.]

We attract the reader’s attention to the fact that the unit in the algebra
M over k may be understood as a homomorphism e : k → M (we simply
identify the unit with e(1)). Since multiplication in M respects grading we
obviously get e(1) ∈ M0. Similarly, the operation μ admits a counit, i.e., a
homomorphism ε :M→ k given by the natural projection ε :M→M0

∼= k.
The algebra and coalgebra structures inM allow one to include investiga-

tion ofM into the general framework of graded bialgebras. Let us give formal
definitions.

Let k be a commutative associative ring with unit. The ring k may be
regarded as a graded algebra over itself if we set k = k ⊕ 0 ⊕ 0 ⊕ . . . . From
another point of view, k may be regarded as a graded coalgebra over itself
with the comultiplication μ : a 
→ a ⊗ 1 = 1 ⊗ a for a ∈ k. The unit and the
counit are represented by the identical homomorphism k→ k.

Definition 6.1.11 (Bialgebra). Let E0, E1, E2, . . . be finitely generated free
k-modules, E0

∼= k. The graded module E = E0 ⊕ E1 ⊕ E2 ⊕ . . . is called a
bialgebra if it carries

• a graded algebra structure m : E ⊗ E → E, m(El ⊗ En) ⊂ El+n with a
unit e : k→ E, and

• a graded coalgebra structure μ : E → E ⊗ E, μ(En) ⊂ E0 ⊗ En + E1 ⊗
En−1 + · · ·+ En ⊗ E0 with a counit ε : E → k

satisfying the following properties:

• μ is a graded algebra homomorphism or, equivalently, m is a graded coal-
gebra homomorphism;

• e is a graded coalgebra homomorphism;
• ε is a graded algebra homomorphism.

Theorem 6.1.12. The module M of chord diagrams forms a bialgebra over
k with respect to the operations introduced above.

Exercise 6.1.13. We leave the proof of the theorem to the reader. It is suf-
ficient to prove that the comultiplication is a homomorphism for the algebra
structure ofM.
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Definition 6.1.14 (Even commutative bialgebra). A bialgebra E is
called even commutative if m(a ⊗ b) = m(b ⊗ a) for any pair of elements
a, b ∈ E. It is called even cocommutative, if for any element a ∈ E the re-
sult of the comultiplication is a symmetric element of E ⊗ E, i.e., μ(a) =∑

bi ⊗ ci =
∑

ci ⊗ bi.

The adjective “even” emphasizes the fact that the commutativity is under-
stood in the usual, and not in the “super” sense, where the sign depends on
the grading. It is clear from the definitions thatM is even commutative and
even cocommutative. From now on we will consider only even commutative
and even cocommutative bialgebras and omit the term “even”.

Example 6.1.15 (Polynomial bialgebras). Let X = {x1, x2, . . . , xr} be a
set of commuting variables. Consider the k-module En freely generated by
monomials

xq11 . . . xqkk

of total degree n = q1 + · · · + qk. Setting E0 = k, we get a graded algebra
E = E0 ⊕ E1 ⊕ E2 ⊕ . . . over k. The natural embedding k→ E0 provides E
with the unit.

The coproduct for a monomial y1 . . . ym ∈ E (yi ∈ X) is given by the
formula

μ(y1 . . . ym) = 1⊗y1 . . . ym+y1⊗y2 . . . ym+y2⊗y1y3 . . . ym+· · ·+y1 . . . ym⊗1.

The bialgebra E endowed with this product and coproduct is called a
polynomial bialgebra. We shall also make use of quasihomogeneous polyno-
mial bialgebras. Such a bialgebra E is generated by a (possibly infinite) set
{x1, x2, . . . } of pairwise commuting variables. Each variable is endowed with a
positive integer weight wi, and the grading is defined by means of the weight,
not of the degree. The module En is spanned by all monomials

xq11 . . . xqkk

of weight n = w1q1 + · · ·+ wkqk. We suppose that there is only finite number
of variables xi of a given weight. A polynomial bialgebra becomes a particular
case of a quasihomogeneous polynomial bialgebra if one sets the weight of
each independent variable equal to 1.

Quasihomogeneous polynomial bialgebras are in a sense standard bialge-
bras: any commutative bialgebra over a field of characteristic zero is isomor-
phic to a polynomial bialgebra (see below).

Exercise 6.1.16. Verify that a quasihomogeneous polynomial bialgebra is,
indeed, a bialgebra.

For the sake of brevity, below we call quasihomogeneous polynomial bial-
gebras simply “polynomial bialgebras”.
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6.1.5 Structure Theorem for the Bialgebra M
A special class of elements plays an important role in understanding the struc-
ture of bialgebras. These elements are “simpler” than the others.

Definition 6.1.17 (Primitive element). An element p ∈ E is called prim-
itive if μ(p) = 1⊗ p + p⊗ 1.

Note that a nonzero element p ∈ E0 cannot be a primitive element. Indeed,
μ(p) = p · μ(1) = p · 1⊗ 1, while 1⊗ p + p⊗ 1 = 2p · 1⊗ 1.

Exercise 6.1.18. Prove that an element p of the polynomial bialgebra from
Example 6.1.15 is primitive if and only if it is a linear polynomial.

Exercise 6.1.19. Verify that any primitive element inM2 is a multiple of

� 
!"
� 
!"

− .�
��
�

Proposition 6.1.20. All primitive elements of any bialgebra form a graded
submodule P ⊂ E, P = P1 ⊕P2 ⊕ . . . , where Pk = P ∩Ek. In other words,
all homogeneous components of a primitive element are primitive.

The proof is a direct verification.

Exercise 6.1.21. Find a basis in the module of primitive elements inM3.

Answer. The module P3 of primitive elements is spanned, for example, by
the element

� 
!"

− 2� 
!"
������

+� 
!"

.

Of course, primitive elements do not form either a subalgebra or a subcoal-
gebra in E, but they generate a subalgebra in E. In the case of a commutative
and cocommutative bialgebra E over a field k of characteristic zero, this sub-
algebra is a polynomial algebra, and it coincides with E itself. This statement
is a special case of the Milnor-Moore structure theorem for bialgebras.

Let us fix a basis {pk1, . . . } in each space of primitive elements Pk ⊂Mk.
Denote by S(P) the polynomial bialgebra in these elements.

Theorem 6.1.22 ([218]). Over a field k of characteristic zero, each commu-
tative cocommutative graded bialgebra is isomorphic to the polynomial bialge-
bra on its primitive elements.

Hence, the bialgebrasM and S(P), if considered over a field of character-
istic zero, are isomorphic.



6.1 Chord Diagrams 347

Remark 6.1.23. For a bialgebra E, the convolution product f ∗ g : E → E
of two algebra endomorphisms f, g : E → E is defined by the formula

(f ∗ g)(a) = m((f ⊗ g)(μ(a))), a ∈ E.

A bialgebra E is called a Hopf algebra if it is endowed with an antipode, that
is with an endomorphism A of E which is inverse to the identical algebra
endomorphism idE under convolution; this means that A∗ idE is the identical
operator on E0, and it acts as zero on Ek for k > 0. For a polynomial bialgebra
C[x1, x2, . . . , ], the unit with respect to the convolution product is the homo-
morphism which takes 1 to 1 and each xi to 0. Therefore, the antipode is the a
ring endomorphism acting on the generators by the formula xi 
→ −xi. Hence,
each polynomial bialgebra is endowed with a Hopf algebra structure, and all
bialgebras we are going to study also carry a Hopf algebra structure. We found
it more convenient to use the term “bialgebra” throughout the chapter simply
because it is shorter.

The dimensions of the spaces of primitive elements Pn were computed by
Vassiliev [283], Bar-Natan [18], and Kneissler [172] for the first few values of
the grading, see Table 6.1.

Table 6.1. Dimensions of the spaces of chord diagrams and primitive elements

n 0 1 2 3 4 5 6 7 8 9 10 11 12

dimPn 0 1 1 1 2 3 5 8 12 18 27 39 55

dimMn 1 1 2 3 6 10 19 33 61 105 189 322 572

The dimensions of the spaces Mn can be easily calculated from that of
Pn. Indeed, the following relation holds:

Proposition 6.1.24. We have

m(t) =
1

(1− t)p1(1− t2)p2(1− t3)p3 . . .

where m(t) = 1+m1t+m2t
2+. . . is the generating function for the dimensions

of the spaces Mn and pn is the dimension of the space Pn = P ∩Mn.

The dimensions mn for the first values of the grading are given in Table 6.1.
The formula in the proposition works in both directions, and it allows one

to compute pn knowing all values m1, . . . ,mn.

6.1.6 Primitive Elements of the Bialgebra of Chord Diagrams

How can one find the primitive element � 
!"
� 
!"

−�
��
� in M2? What

must be done to construct one or more primitive elements inM8, for example?
In this section we give an answer to these questions.
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In the case of a polynomial bialgebra, the space of primitive elements
coincides with that of linear polynomials in the generators. The problem of
writing out primitive elements in other bialgebras is mainly related to the
fact that we know a set of generators of the algebra, which are not primitive,
and we do not know a priori their representation as polynomials in primitive
elements. This is the case for the bialgebraM.

There exists a natural projection of the bialgebra M onto the space of
primitive elements, which allows one to construct a primitive element starting
with an arbitrary element of M. We shall write out an explicit formula for
this projection.

Let V = V (c) denote the set of chords of a chord diagram c. For a subset
J ⊂ V (c), let (J) denote the chord diagram formed by all chords from J . Set

π(c) = (V )− 1!
∑

J1J2=V

(J1)(J2) + 2!
∑

J1J2J3=J

(J1)(J2)(J3)− . . . (6.1)

where the sums are taken over all unordered disjoint partitions of the set V
into non-empty subsets.

Theorem 6.1.25. For each diagram c the element π(c) is primitive.

As an immediate consequence of the theorem we obtain the following state-
ment.

Corollary 6.1.26. The module of chord diagrams is generated by its primitive
elements over Z.

Indeed, the right-hand side in (6.1) starts with the chord diagram c = (V )
itself. Moving all other terms to the left we obtain c = π(c) + . . . , where, by
the induction hypothesis, dots denote a polynomial in primitive elements of
smaller order with integer coefficients.

In fact, the statement of the theorem can be made more precise. We call
a chord diagram c decomposable if it can be represented as a product c =
c1c2 of two diagrams of smaller order, i.e., if the set V of its chords can be
represented as a disjoint union V = J & J ′ of non-empty subsets such that
neither chord from J intersects a chord from J ′ and vice versa. Decomposable
chord diagrams of order k span the subspace Dk ⊂ Mk of decomposable
elements in the spaceMk of chord diagrams of order k. In other words, Dk is
the space of order k polynomials in primitive elements of smaller order. It is
easy to see that the spaceMk is represented as the direct sumMk = Pk⊕Dk,
where Pk is the space of primitive elements of order k.

Theorem 6.1.27 ([185]). The linear mapping π given by the formula (6.1)
determines a projection π :Mk → Pk along Dk, i.e., it takes each primitive
element into itself, and it takes all decomposable elements to zero.
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Example 6.1.28. For the chord diagram� 
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, we have
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which is a primitive element inM3.

We do not present a proof of Theorem 6.1.25. A direct proof can be found
in [185]. A different approach looks like follows. The projection formula is a
special case of the following more general construction (see [230], [246], [193]).
Let E = E0 ⊕ E1 ⊕ E2 ⊕ . . . be a graded cocommutative coalgebra with a
comultiplication μ : E → E ⊗ E. Consider the space Hom(E,K) of linear
mappings E → K, where K is an arbitrary commutative algebra over C.
Then this space can be endowed with the convolution product

ϕ1ϕ2(a) = mK(φ1 ⊗ φ2)μ(a),

where mK : K ⊗K → K is the multiplication in K. Since a product of map-
pings exists, we can consider power series of linear mappings. In particular,
if E is a bialgebra, then any coalgebra homomorphism ϕ : E → E can be
represented in the form ϕ = 1 + ϕ0, where 1 is the identity mapping when
restricted to E0, and zero otherwise, and ϕ0 vanishes on E0. Therefore, the
logarithm

logϕ = log(1 + ϕ0) = ϕ0 −
1
2
ϕ2

0 +
1
3
ϕ3

0 − . . .

is well defined. Indeed, ϕ0 takes value 0 on E0, hence ϕ2
0 takes value 0 on

E0⊕E1, ϕ3
0 takes value 0 on E0⊕E1⊕E2, and so on. As a result, only finite

number of summands differ from zero on any value a ∈ E in the expansion of
logϕ.

Proposition 6.1.29 ([246]). For any linear mapping ϕ : E → E which is
a coalgebra homomorphism, the logarithm logϕ maps E to the subspace of
primitive elements P (E) ⊂ E. The logarithm of the identity mapping is the
projection onto the subspace of primitive elements.
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6.2 Knot Invariants and Origins of Chord Diagrams

Knot invariants of finite order were introduced in [283] (see also [284], [285]). In
this paper Vassiliev associated chord diagrams to singular knots and deduced
the 4-term relations.

6.2.1 Knot Invariants and their Extension to Singular Knots

Consider an embedding of the oriented circle S1 into R3, i.e., a smooth map-
ping u : S1 → R3 without self-intersections and with a non-vanishing tangent
vector. We also suppose that the space R3 is endowed with an orientation.
Two embeddings u0, u1 : S1 → R3 are called isotopy equivalent if there exists
an orientation preserving diffeomorphism g : R3 → R3 such that the diagram

S1

R3

R3u0

u1

g



�

�����
�

is commutative. This notion is equivalent (because the group of diffeomor-
phisms of R3 is contractible) to the perhaps more intuitive notion of homo-
topy, which would be that u0, u1 : S1 → R3 are equivalent if they can be
joined by a continuous path of embeddings ut : S1 → R3, t ∈ [0, 1].

Definition 6.2.1 (Knot). A knot is an isotopy class of embeddings S1 → R3.

In the sequel we will make no distinction between a knot and an embedding
S1 → R3 representing this knot.

Definition 6.2.2 (Knot invariant). A knot invariant is a function on knots.

We usually consider knot invariants with values in an arbitrary commuta-
tive associative algebra K with unit over the ground ring k.

Knots are usually presented by their diagrams – generic plane projections
of the knots. At double points of the projection overpasses and underpasses
of the two branches are shown, and an orientation of the knot is given.

The main problem in the theory of knots is “How to distinguish knots”.
Of course, if we manage to find a knot invariant taking distinct values on
two presentation of two knots, then the corresponding knots are also distinct.
Various types of knot invariants have been introduced since the beginning of
the study of knots. Some of them are explained later in this section.

The main idea of constructing Vassiliev knot invariants is to consider “sin-
gular knots”, not only smooth ones, see Fig. 6.9.
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Fig. 6.8. Diagrams of various knots

Fig. 6.9. Singular knots

Definition 6.2.3 (Singular knot). A singular knot is an isotopy class of
mappings u : S1 → R3 such that

• u′(t) �= 0 for all t ∈ S1;
• all points of self-intersection of the image u(S1) are ordinary double points

with transversal self-intersection (i.e., the two tangent vectors to the knot
at a double point are not proportional).

Consider a small neighborhood of a double point of a singular knot. In
such a neighborhood each singular knot looks like two intersecting segments:

��
���
�

���

�
���

The arrows denote the orientation of the knot corresponding to the orien-
tation of the initial circle S1.

A singular point can be “resolved” by a small deformation of the knot in
two different directions – the positive and the negative one (see Fig. 6.10).
The sign of a resolution coincides with the orientation of the triple of vectors
(the upper vector, the lower vector, the vector from the lower image of the
resolved intersection point to its upper image). Recall that the ambient space
R3 is supposed to be oriented. The main point here is that, as the reader can
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easily check, the sign of a resolution does not change if one looks at the same
picture from the “opposite side of the page”.
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�� ��

Fig. 6.10. Positive (on the left) and negative (on the right) resolutions of a singular
point

If two (possibly singular) knots differ from each other only inside a small
ball, where they look like on the left- and on the right-hand side of Fig. 6.10,
then we say that they can be obtained one from the other by an elementary
transformation.

Theorem 6.2.4. Let v be a knot invariant. Then it has a (unique) extension
to singular knots satisfying the following relation:

v
( )

= v
( )

− v
( )
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The three pictures are meant to show three (singular) knots, coinciding
everywhere outside a small ball, where they look as in the pictures.

Proof. We will proceed by induction over the number of double points in a
singular knot.

Consider a knot with one singular point. The two resolutions of the point
are uniquely determined, and we just determine the value of a knot invariant
on the singular knot according to the defining rule, which provides the base
of induction.

Suppose a knot invariant v is extended to all singular knots with less than
n double points. Let us prove that it may be extended to any singular knot u
with n double points.

Let x, y ∈ R3 be two double points of the singular knot u. We are going
to show that the extension of the invariant v to u does not depend on which
of the points x or y is resolved.

Consider four possible ways of resolving both singular points x and y (see
Fig. 6.11).

Then the extension of the invariant v to the singular knot u should be
equal to v(u1) − v(u2) − v(u3) + v(u4) independently of what the order of
resolutions is.

The theorem is proved.
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u1

u2

u3

u4

Fig. 6.11. Four possible resolutions of two singular points

6.2.2 Invariants of Finite Order

We are now able to introduce the main notion of the theory.

Definition 6.2.5 (Vassiliev invariant). A knot invariant is called a Vas-
siliev invariant, of order not greater than n, if it vanishes on all singular knots
with more than n double points.

Vassiliev invariants of order not greater than n with values in a k-algebra
K form a k-module which we denote by Vn. The union V = V0 ∪V1 ∪V2 ∪ . . .
forms a k-module V of finite order invariants endowed with the filtration
V0 ⊂ V1 ⊂ V2 ⊂ · · · ⊂ V.

Example 6.2.6. Constant functions on nonsingular knots provide Vassiliev
invariants of order ≤ 0. On the other hand, each invariant from V0 must be a
constant on nonsingular knots, i.e., V0

∼= K.
Indeed, an elementary transformation of a knot does not change the value

of any invariant of order ≤ 0, and any knot may be obtained from any other
knot by a series of elementary transformations.

Example 6.2.7. Vassiliev invariants of order not greater than 1 also come
from constant functions on knots. Indeed, consider a singular knot with one
double point. After a series of elementary transformations it may be trans-
formed to a “decomposed” knot with one singular point (see Fig. 6.12).

Fig. 6.12. A decomposed knot with one singular point
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These elementary transformations do not change the value of an invariant
of order ≤ 1, and for the final knot, shown in Fig. 6.12, it should be equal
to zero: both resolutions give the same knot which is the unknot. Thus, V1 =
V0
∼= K.

Now we are going to associate a chord diagram to any singular knot. A
Vassiliev invariant of order not greater than n determines, in fact, a function
on chord diagrams with n chords.

Definition 6.2.8 (Chord diagram of a singular knot). Let u : S1 → R3

be a singular knot with n double points x1, . . . , xn ∈ R3. The chord diagram
of the singular knot u is the circle S1 with n pairs of points, which are the
preimages {u−1(x1), . . . , u−1(xn)}.

Obviously, any chord diagram can be realized as a chord diagram of a
singular knot.

��
��

��
��

��
��

Fig. 6.13. Chord diagrams of singular knots from Fig. 6.9

Theorem 6.2.9. The value of a Vassiliev invariant of order not greater than
n on a singular knot with exactly n double points depends only on the chord
diagram of the knot, and not on the knot itself.

The proof is based on the following statement.

Lemma 6.2.10. Let two singular knots have the same chord diagram. Then
one of them can be obtained from the other one by a series of elementary
transformations.

Proof. Indeed, let u1, u2 be two singular knots with n double points, that
have identical chord diagrams. By an appropriate isotopy the knot u2 can be
transformed so that

• each of the double points of u2 coincides with the corresponding double
point of u1;

• each of the arcs of u2 coincides with the corresponding arc of u1 in a small
neighborhood of each double point;

• the arcs of u1 and u2 have no common points outside these small neigh-
borhoods.

Now take two successive double points of u2 and the arc of u2 connecting
these points. This arc can be transformed into the corresponding arc of u1 by
a series of elementary transformations preserving the small neighborhoods of
the ends of the arcs. Due to the defining condition, the value of v does not
change under such deformations, whence the required assertion.
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Exercise 6.2.11. Consider a singular knot u with n double points. Resolving
these double points in all possible ways one obtains 2n distinct (nonsingular)
knots uε1,...,εn . Here εi = 1 if the i-th double point is resolved in the positive
direction, εi = −1 otherwise.

Verify that a knot invariant v is of order not greater than n−1 if and only
if ∑

(ε1,...,εn)

ε1 . . . εnv(uε1,...,εn) = 0

for any singular knot u with n double points.

Theorem 6.2.9 implies that values of the invariant do not depend on the
specific behavior of the knotted curve, being completely determined by the
corresponding chord diagram, i.e., by the order in which double points are
encountered while moving along the curve. Moreover, if the restrictions of
two invariants of order not greater than n to the set of all singular knots with
exactly n double points coincide, then their difference is an invariant of order
not greater than n− 1. This means that an element of Vn/Vn−1 determines a
function on chord diagrams of order n, and this mapping is a monomorphism.

As an immediate corollary we obtain the following important statement,
valid over a field k of characteristic zero.

Proposition 6.2.12. The vector space Vn is finite-dimensional for each n =
0, 1, 2, . . . .

Indeed, the dimension of the quotient space Vn/Vn−1 does not exceed the
number of chord diagrams of order n. This dimension is, in fact, significantly
smaller, as we will see below.

6.2.3 Deducing 1-Term and 4-Term Relations for Invariants

Although each invariant of order≤ n determines a function on chord diagrams,
not every function can be obtained in this way. Indeed, we have seen, for
example, that each invariant of order ≤ 1 is a constant function on knots. It
follows that each function on the chord diagram with one chord coming from
invariants of order ≤ 1 must be equal to zero. Thus, there are some restrictions
on functions on chord diagrams coming from finite order knot invariants.

� �
� �v

( )
− v

(
c1 c2 c3 c4

� �
� �

)
− v

( �
�

� �)
+ v

( )
= 0

�
�
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Fig. 6.14. The 4-term relation
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Theorem 6.2.13. Any function v on chord diagrams of order n coming from
a knot invariant of order not greater than n satisfies two types of relations:

• 1-term relations: if a chord diagram contains a chord that does not intersect
any other chord, then v equals zero on this diagram;

• 4-term relations, see Fig. 6.14.

Proof. We start by deducing the 1-term relation. Similarly to the proof of
Lemma 6.2.10, a series of elementary transformations transforms a singular
knot with a chord diagram having a chord which does not intersect any other
chord, into a knot of the following type:

an arbitrary

singular knot

an arbitrary

singular knot

It is obvious that the type of the singular knot resolved at the distinguished
double point does not depend on the resolution, and the 1-term relation fol-
lows.

Now, consider two chords taking part in a 4-term relation. One of them is
a “moving” chord, we denote it by A, the other one is “stable”, we denote it
by B.

Each of the chords A and B corresponds to a double point of the knot.
Let us draw four pictures of the knots corresponding to the four terms of the
4-term relation: see Fig. 6.15. The right-hand side presents two resolutions of
the double point A in each knot.

Summing all the four relations we see that the terms on the right-hand
side pairwise annihilate each other, and thus we obtain the 4-term relation.

We denote the module of order n chord diagrams considered modulo the
1-term and the 4-term relations by Nn and set

N = N0 ⊕N1 ⊕N2 ⊕ . . . .

This module is obviously the quotient module ofM modulo the 1-term rela-
tions. The following statement is obvious.

Theorem 6.2.14. The module N inherits a commutative cocommutative
graded bialgebra structure from M.

A natural question arises: whether there exist other restrictions for knot
invariants of finite order that do not follow from 1-term and 4-term relations?
In the case when k is a field of characteristic zero the negative answer is given
by the following theorem due to M. Kontsevich:
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Fig. 6.15. Resolutions of the four singular knots corresponding to the terms of the
4-term relation

Theorem 6.2.15 ([179], [18]). Every function on chord diagrams of order
n with values in an algebra over a field k of characteristic zero satisfying 1-
term and 4-term relations can be obtained from a knot invariant of order not
greater than n.

Remark 6.2.16. Note that if we are working with framed knots instead of
simple knots, then the 1-term relation is no longer valid, and the Hopf algebra
of chord diagrams provides the correct picture for finite order invariants of
framed knots. (A framed knot is a smooth mapping of a narrow cylindric band
to R3; the restriction of the mapping to one side of the band is the knot, and
the image of the band is the framing.) It is worth mentioning, however, that
working with framed knots is somewhat subtle, see the discussion in [164].
Anyway, the renormalization described in Sec. 6.3.2 allows one to construct
a function satisfying both the 1-term and the 4-term relation starting from a
function satisfying only the 4-term relation.

6.2.4 Chord Diagrams of Singular Links

As we have already mentioned, a chord diagram is nothing else but a one-face
map, or, by duality, a one-vertex map (we have studied them in detail in Chap-
ter 3). Indeed, a chord diagram can be represented by a pair of permutations
on the set of chord ends. One of the permutations, which represents the cyclic
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order of the points around the circle, is cyclic. The other one, which represents
the chords, is an involution without fixed points. It is not difficult to show
that the genus of the corresponding one-face map is a “weight system”, see
Exercise 6.3.13 below.

One may ask if it is possible to generalize the theory of Vassiliev invariants
to general maps. The answer is yes. In order to do that we must consider links
instead of knots.

1

2

3

4
5

6

7
8

9

Fig. 6.16. A singular link

Fig. 6.16 shows a singular link, which is obtained by gluing certain (non-
singular) points of three (singular) knots. Following our general scheme, we
take the preimage of each component of the link, and mark the two preimages
of a singular point by the marks i and ī. We thus obtain three circles shown
in Fig. 6.17. The result may be expressed as the permutation

σ = (1, 2, 3, 4, 5, 6, 5̄, 3̄, 2̄)(8, 7, 1̄, 7̄, 6̄)(8̄, 4̄, 9, 9̄)

on the set
D = {1, 2, . . . , 9, 1̄, 2̄, . . . , 9̄}.

In order not to encumber the picture with unnecessary details, we did not
draw the chords in Fig. 6.17. But their representation as a permutation is
clear:

α = (1, 1̄)(2, 2̄)(3, 3̄)(4, 4̄)(5, 5̄)(6, 6̄)(7, 7̄)(8, 8̄)(9, 9̄).
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Fig. 6.17. Three circles that form the base for the chord diagram corresponding to
Fig. 6.16. The chords are not shown: they connect 1 to 1̄, 2 to 2̄, etc.

Thus, the “chords” may join points of different circles.
The result of the whole construction is a map, represented by the pair

of permutations [σ, α]. Vassiliev invariants of links are described in terms of
maps modulo the one- and the four-term relation. We just have to keep in
mind that the corresponding maps may well be non-connected.

6.3 Weight Systems

6.3.1 A Bialgebra Structure on the Module V
of Vassiliev Knot Invariants

The multiplication and the comultiplication in the module of chord diagrams
do not appear by accident. They just mimic corresponding (dual) operations
on knot invariants.

Consider the module V of finite-order (or Vassiliev’s) invariants with values
in an algebra K over the ground ring k. This module is, in fact, a k-algebra
with respect to the usual multiplication of invariants as functions on knots:

m(v1, v2) = v1v2, where v1v2(u) = v1(u)v2(u).

This algebra is a filtered algebra:

Proposition 6.3.1. VmVn ⊂ Vm+n.

Proof. Exercise for the reader. [Hint: Use Exercise 6.2.11.]

The concatenation (or the connected sum) of knots is a natural operation
of gluing two knots together respecting their orientation: see Fig. 6.18.

We denote the concatenation of two knots u1, u2 by u1#u2.
The concatenation supplies the algebra V with a comultiplication. For v ∈

V we set
μ(v)(u1 ⊗ u2) = v(u1#u2).
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Fig. 6.18. Concatenation of knots

Here the tensor product of knots is understood as an element of the tensor
square of the k-module freely spanned by knots.

The comultiplication makes V into a filtered coalgebra:

Proposition 6.3.2.

μ(Vn) ⊂ V0 ⊗ Vn + V1 ⊗ Vn−1 + · · ·+ Vn ⊗ V0.

Proof. Exercise for the reader.

Now let us associate with the filtered module V the corresponding graded
module

grV = V0 ⊕ V1/V0 ⊕ V2/V1 ⊕ . . . .

Theorem 6.3.3. The operations of multiplication m : V ⊗V → V and comul-
tiplication μ : V → V⊗V descend to multiplication m : grV ⊗grV → grV and
comultiplication μ : grV → grV ⊗ grV making the k-module grV a graded
bialgebra with the unit e : k → V0 and the counit ε : V0 → k given by the
natural isomorphism mappings.

This is a straightforward calculation, and we leave it to the reader.
Now Kontsevich’s theorem 6.2.15 can be reformulated as follows:

Theorem 6.3.4. Over a field k of characteristic zero, the bialgebra grV is
isomorphic to the dual bialgebra N ∗ = N ∗

0 ⊕ N ∗
1 ⊕ N ∗

2 ⊕ . . . (having the
natural structure of a graded bialgebra).

6.3.2 Renormalization

In this section we suppose that the ground ring k is a field of characteristic
zero.

Functions on chord diagrams originating from Vassiliev knot invariants
satisfy two types of relations, 1-term relations and 4-term relations. But in
Sec. 6.1 we considered chord diagrams modulo only 4-term relations. The
reason is that the 1-term relations are much less important than the 4-term
ones.



6.3 Weight Systems 361

To be more precise, letM∗ be the space of linear functions onM, and let
N ∗ ⊂ M∗ be the subspace of functions satisfying also 1-term relations. Let
Xn :Mn →Mn be the chord separating operator defined, on a diagram c of
order n, by the formula

Xn : c 
→ ·
n∑
i=1

ci.� 
!"

Here ci is the chord diagram of order n− 1 obtained from c by removing the
i-th chord.

Introduce the operator Rn :M→M by the following formula:

Rnn =
n∏
i=1

(
1− Xn

i

)
= (−1)n

(
Xn − 1

n

)
, Rnn :Mn →Mn. (6.2)

The bialgebra M is isomorphic to the polynomial algebra in primitive
elements. We shall see that, in fact, the application of Rn is equivalent to

setting = 0� 
!"

in each polynomial.

Theorem 6.3.5. The operator Rn∗ is a projection Rn∗ : M∗ → N ∗, i.e.,
(Rn∗)2 = Rn∗ and Rn∗ |N∗ = id.

This projection is called the renormalization operator. Having the renor-
malization operator in mind, the study of functions satisfying only 4-term
relations is equivalent to the study of functions satisfying both 4-term and
1-term relations.

Proof. In order to prove the theorem it is sufficient to prove two lemmas.

Lemma 6.3.6. The kernel of Rn contains the submodule · M ⊂M.� 
!"

Proof. The factor 1 − Xn/k in the product kills each chord diagram with
exactly k isolated chords. But this factor can produce a linear combination
of chord diagrams with more than k isolated chords. Since these new chord
diagrams are killed by other factors corresponding to greater values of k, we
can proceed by induction.

Lemma 6.3.7. The operator Rnn is the identity on Pn ⊂Mn for n ≥ 2.

Indeed, applying the chord separating operator Xn to the right-hand side
of Eq. (6.1) (see page 348) we conclude that it maps Pn to zero.

We finish this section with a proposition describing properties of the renor-
malization operator which can be verified directly. Let X : M →M denote
the linear operator whose restriction to eachMn coincides with Xn.
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Proposition 6.3.8. 1. The operator X : M→M is a derivation, i.e.,

X(c1c2) = X(c1)c2 + c1X(c2).

2. The operator Rn: M→M is a bialgebra homomorphism.
3. The operator Rnn : Mn →Mn can also be given by the formula

Rn: c 
→
∑
J

(
−

)n−|J|
· (J)� 

!"
where J ⊂ V (c) runs over all subsets of chords of the diagram c, the diagram
(J) being formed by all chords from J , and |J | being the number of chords in J .

6.3.3 Weight Systems

As we have seen in the previous section, the investigation of finite order knot
invariants is equivalent, in a way, to the investigation of linear functions onM
with values in an algebra K over the ground ring k, i.e., of the moduleM∗.

Definition 6.3.9 (Weight systems). Elements of M∗ = Hom(M,K) are
called weight systems (or preinvariants, as in [52]) with values in K. A weight
system is called multiplicative if it is a homomorphism of ring structures in
M and K.

ModulesM∗
k for k = 0, 1, 2, . . . of weight systems of order k are naturally

embedded in M∗ which consists of linear functionals on M vanishing on
all Mk for k sufficiently large. Indeed, each weight system of order k can be
extended to an element in M∗ simply by setting it equal to zero on Mi for
i �= k. (More formally, M∗ does not coincide with M∗

0 ⊕M∗
1 ⊕M∗

2 . . . , but
it is equal to the projective limit of the finite sumsM∗

0 ⊕M∗
1 ⊕ · · · ⊕M∗

n.)
We are now ready to present some simple examples of weight systems.

Large series of examples are described in Secs. 6.4 and 6.5. Using renormal-
ization, it is possible to construct an invariant out of each weight system.

We usually define values of a weight system on either chord or arc dia-
grams, meaning that it can be extended to a linear function onM.

Example 6.3.10 (Number of chords). The number of chords in the dia-
gram is obviously a weight system. It is a constant function onMn, and thus
is of no interest.

Example 6.3.11 (Chords intersections number). We say that two chords
in a chord diagram intersect if their ends alternate along the circle. The num-
ber of chord intersections (i.e., the number of pairs of intersecting chords) is a
weight system. Indeed, it is obvious that interchanging the ends of two neigh-
boring chords we change the number of intersections by one, and therefore
the 4-term relation is trivially satisfied.



6.3 Weight Systems 363

Exercise 6.3.12. Prove that the renormalized number of chords intersections
is identically equal to zero.

Example 6.3.13. This example shows a deep and rather nontrivial interre-
lation between chord diagrams and graphs on surfaces. As we have mentioned
in the beginning of the chapter, a chord diagram c can be considered as a
one-face map. Denote by f(c) the number of faces in the dual map (that is,
the number of vertices in the original map). Recall that, for a chord diagram
with n chords, the dual map is obtained by gluing darts of the 2n-star. The
number of faces of this map coincides with the number of boundary compo-
nents of the two-surface obtained by thickening each chord and by attaching
the disk to the circle. The number of faces for all chord diagrams with up to
3 chords are shown in Fig. 6.19.
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Fig. 6.19. Number of faces for all chord diagrams of order 1, 2, 3

Let F : N → K be any fixed function with values in an arbitrary ring K.
Then the mapping F ◦ f provides a weight system with values in K.

Indeed, consider the four terms of a 4-term element with doubled chords
(see Fig. 6.20). In the chord diagram c1 with doubled chords the tails (a, d),

c1 c2 c3 c4

− − +

a
b c

d

ef
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b c

d

ef
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ef

a

b
c

d

ef

Fig. 6.20. Number of faces in the 4-term element
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(b, e), (c, f) are glued pairwise. The same pairs of tails are glued in the diagram
c3. Therefore the numbers of faces in the diagrams c1 and c3 coincide. Similar
argument is valid for the pair c2 and c4. We see that the 4-term relation splits
into a pair of 2-term relations f(c1) = f(c3) and f(c2) = f(c4). Composition
with an arbitrary function does not change the situation.

Exercise 6.3.14 ([19]). Prove that two chord diagrams are equivalent mod-
ulo the 2-term relation c1 = c3, c2 = c4 if and only if the numbers of faces of
these chord diagrams coincide. In other words, consider the subalgebra in the
algebra of chord diagrams generated by the unique chord diagram with one
chord and the unique indecomposable chord diagram with two chords. Then
the mapping taking each chord diagram to the chord diagram in this algebra
with the same number of faces descends to an algebra homomorphism.

Example 6.3.15. Associate to any chord diagram c its intersection graph
Γ (c). The vertices of the graph correspond to the chords of the diagram, and
two vertices are connected by an edge if the corresponding chords intersect
(see Definition 6.4.1). Let χ : G 
→ χG ∈ Z[t] be the mapping that takes each
graph G to its chromatic polynomial. Then the mapping c 
→ χΓ (c) is a weight
system with values in Z[t]. The proof is given in Sec. 6.4.

6.3.4 Vassiliev Knot Invariants and Other Knot Invariants

This subsection is dedicated to examples of some classical knot invariants that
were known long before Vassiliev introduced finite order invariants. All these
invariants are functions on nonsingular knots.

Knot invariants are usually defined for plane projections of knots, and then
one must prove that they are well defined. For such proofs we refer the reader
to [74]. But sometimes the invariance of the function follows directly from the
definition, as in the following two examples.

Example 6.3.16. The genus of a knot u is the minimal genus of a surface
with boundary embedded in R3 and such that the boundary of the surface
coincides with u. (Making several holes in a surface of genus g we obtain
a surface with boundary and we agree that the genus of this surface also
is g. If the number of holes (= the number of boundary components) is m,
then the Euler characteristic of the surface with boundary is 2− 2g −m: the
boundary components are considered as “missing faces”.) The genus of a knot
is obviously a knot invariant.

Example 6.3.17. The fundamental group of the complement of a knot in R3

is a knot invariant.

As it is usual in knot theory, these two invariants, which are easily defined,
are very complicated to handle. For example, the complexity of known algo-
rithms for computing the genus of a knot from a knot diagram exceeds the



6.3 Weight Systems 365

capacity of contemporary computers even for diagrams with a small number
of self-intersections. Concerning the fundamental group, it is in fact not diffi-
cult to find a presentation of the fundamental group from a knot diagram, but
comparing two presentations obtained from two distinct diagrams is quite a
job. To the best of our knowledge, nobody has proved that the genus of a knot
is not a finite order invariant, but it has no reason to be one. And if it is not,
this would not mean that finite order invariants do not distinguish knots. On
the other hand, if anybody proved that any two knots with distinct fundamen-
tal group of the complement are distinguished by a Vassiliev invariant, this
would be serious evidence confirming that finite order invariants distinguish
knots.

For large classes of knot invariants it has already been proved that they can
be expressed in terms of Vassiliev invariants. The words “can be expressed”
should be specified in each case separately. We hope, however, that the two
following examples clearly explain the meaning of these words.

Example 6.3.18 (Conway polynomial [18]). The Conway polynomial is
a knot invariant with values in the ring Z[x] of polynomials in one variable x.
In fact, the Conway polynomial is defined on links, not only on knots. A link
is an isotopy class of nonsingular embeddings of a finite set of circles in R3.

Consider a generic plane projection of a knot (or a link), i.e., a projection
with only transversal double points of self-intersection. We define the Conway
polynomial by the recurrence rule:

x · Con
( )

= Con
(

�
�

��

��
���

)
− Con

(
��

���

�
�

��
)

and the initial value Con(unknot) = 1.
This definition allows one to calculate the value of the Conway polynomial

knowing a generic projection of the knot. The definition is very close to that of
Vassiliev invariants so it is not surprising that the coefficients of the Conway
polynomial are Vassiliev invariants.

Proposition 6.3.19. Let Cn be the knot invariant with values in Z equal to
the coefficient of xn in the Conway polynomial. Then Cn is a Vassiliev knot
invariant of order ≤ n.

Indeed, extend the Conway polynomial to singular knots according to the
rule

Con
(
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�� � )
= Con

(
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)
− Con

(
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)

.

Then, by the defining recurrence rule we have
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x ·Con
( )

= Con
(

�
�

��

�
�

�� � )
.

Therefore, the Conway polynomial of a singular knot with k double points is
divisible by at least xk, and the coefficient Cn obviously vanishes on singular
knots with more than n double points.

Thus each coefficient Cn determines a weight system of order n.

Remark 6.3.20. Although the coefficients of the Conway polynomial are
Vassiliev invariants, the polynomial itself is not a Vassiliev invariant. Indeed,
the sequence of its coefficients Cn has increasing order.

Exercise 6.3.21. According to Example 6.2.11 the number of faces in the
map determined by a chord diagram is a weight system. Prove that the value
of Cn on a chord diagram is equal to 1 if there is only one face, and that it
vanishes otherwise.

Remark 6.3.22. The reader should not conclude that the coefficients of the
Conway polynomial themselves can only take values 0 and 1. This is true only
for their extensions Cn to singular knots with n double points.

Example 6.3.23 (HOMFLY polynomial). The HOMFLY polynomial
H = H(N, q) (see [34], [18]) is a knot (and link) invariant. It depends on
two variables, denoted usually by N and q1/2. Similarly to the Conway poly-
nomial, the HOMFLY polynomial is defined by the relation

(q1/2 − q−1/2)H
( )

= qN/2H

(
�

�
��

��
���

)
− q−N/2H

(
��

���

�
�

��
)

and the initial value H(unknot) = 1.
Substitute q = q(x) = 1 + q1x + q2x

2 + . . . into the HOMFLY polynomial
and consider it as a power series in the variable x. Then we have

Proposition 6.3.24. The coefficient hn = hn(N) ∈ Z[N ] of the power series
H = H(N, q(x)) is an invariant of order ≤ n.

Proof. Indeed, the extension of the HOMFLY polynomial to singular knots
is given by the equation

H

(
�

�
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�� � )
= H

(
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���

)
− H

(
��

���
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�

��
)
.

The leading term in the expansion of the right-hand side of the last equation in
powers of x coincides with the leading term of the expansion of the right-hand
side in the defining equation for the HOMFLY polynomial, and is therefore
divisible by x. Further we can argue as in the case of the Conway polynomial.

Similarly to the Conway polynomial, the HOMFLY polynomial itself is
not an invariant of finite order.
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6.4 Constructing Weight Systems
via Intersection Graphs

6.4.1 The Intersection Graph of a Chord Diagram

Definition 6.4.1 (Intersection graph). The intersection graph Γ (c) of a
chord diagram c is the graph whose vertices correspond to the chords of c,
with two vertices connected by an edge if the corresponding chords intersect.
(We say that two chords, A and B, intersect if their endpoints A1, A2 and
B1, B2 appear in the alternating order A1, B1, A2, B2 along the circle.)

For example,

Γ

(
��
�� ��

�
�
�

)
= Γ

(
��
�� ��

�
�
�

)
= � � �

(we see that the fake intersections do not count: cf. Fig. 6.1). Note that not
every graph can be obtained as the intersection graph of a diagram. The
simplest counterexample appears in degree 6 and is given by the graph

�� �
�

�
�

A complete description of obstructions for a graph to be an intersection graph
is given in [37].

Distinct diagrams can have the same intersection graph. For example,
consider the chain graph � � � . . . � �︸ ︷︷ ︸

n vertices

For n = 5 there are three diagrams having it as their intersection graph:�
�

��
��
� ��� �

�
� �� �� �� �

�
�

� �
� �
�� � �

The intersection graph of a chord diagram carries a lot of information
about the diagram. Many chord diagram invariants depend, in fact, on the
intersection graph of the diagram. We will show also how it can be used for
constructing a large family of chord diagram invariants.
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6.4.2 Tutte Functions for Graphs

The theory of graph invariants we are going to present in Sec. 6.4.3 is in a
certain sense close to the classical theory of Tutte functions. Here we give
a brief description of the theory of Tutte functions for graphs. A complete
description can be found in [279].

In the paper [279] W. T. Tutte introduced a ring of graphs. In Tutte’s ring,
graphs are allowed to have loops, multiple edges, and to be disconnected. The
underlying module of this ring is spanned, over Z, by finite graphs modulo
the following relation:

Γ − Γ ′
e − Γ ′′

e = 0, (6.3)

which we call the Tutte relation. Here Γ is a graph, e is a link, i.e., an edge in
Γ which is not a loop, the graph Γ ′

e is obtained from Γ by deletion of the edge
e, and the graph Γ ′′

e is the result of contraction of e. Of course, Eq. (6.3) is in
fact a huge set of relations, one for each pair (a graph, an edge in the graph).
The multiplication in the ring is induced by the disjoint union of graphs.

The time Tutte wrote his paper, a number of interesting graph invariants
were known satisfying the property

f(Γ ) = f(Γ ′
e) + f(Γ ′′

e ). (6.4)

Tutte called such invariants W -functions, and they are precisely the linear
functions on his module. Below, we call Tutte’s W -functions Tutte invariants.
The graph complexity, i.e., the number of spanning trees of the graph, is an
example of a Tutte invariant.

He also introduced V -functions, that is, W -functions satisfying the addi-
tional multiplicativity requirement

f(Γ1 · Γ2) = f(Γ1)f(Γ2) (6.5)

for any two graphs Γ1, Γ2. In other words, V -functions are ring homomor-
phisms. The chromatic polynomial (taken with the appropriate sign) is an
example of a V -function.

Tutte gave a complete description of all V -functions, which is as follows.
Eq. (6.3) allows one to present each graph as an equivalent linear combination
of graphs without links (since both graphs Γ ′

e and Γ ′′
e have fewer links than

the graph Γ ). A graph without links is a disjoint union of graphs consisting
of one vertex and a number of loops, i.e., a product of such graphs. Hence,
one-vertex graphs are multiplicative generators of the ring of graphs, and any
V -function is uniquely determined by its values on the one-vertex graphs with
0, 1, 2, . . . loops.

Theorem 6.4.2 ([279], [281]). A V -function can take arbitrary values on
one-vertex graphs with n loops. In other words, any graph is equivalent to a
unique linear combination of linkless graphs.
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One more point of view is that Tutte’s ring is isomorphic to the polyno-
mial ring in infinite number of variables, Z[s0, s1, s2, . . . ], where the variable
sn corresponds to the one-vertex graph with n loops. A W -function can take
arbitrary values on disjoint unions of one-vertex graphs and is uniquely de-
termined by these values.

In the context of this chapter, the Tutte theorem states that graphs with
one vertex and a number of loops “generate a bialgebra of graphs”, and this
bialgebra is isomorphic to the filtered polynomial bialgebra Z[s0, s1, s2, . . . ]
having one generator of each order. We are not going to make these statements
more precise, preferring to explain all constructions for another bialgebra of
graphs, which is more closely related to chord diagrams.

6.4.3 The 4-Bialgebra of Graphs

The 4-bialgebra of graphs was introduced in [187], and below we follow the
approach of this paper.

6.4.3.1 The 4-Term Relation

Let Γ be a graph. We restrict our consideration to graphs without loops and
multiple edges (simple graphs).

A graph invariant is simply a function on (isomorphism classes of) graphs.
A graph invariant can take values in an arbitrary Abelian group or in a com-
mutative algebra K over the ground ring k, although it is usually sufficient to
keep in mind either the ring Z of integers, or the field C of complex numbers,
or a polynomial ring.

Denote by V (Γ ) the set of vertices of Γ and by E(Γ ) the set of its edges.
Let us associate to each ordered pair of (distinct) vertices A,B ∈ V (Γ ) of a
graph Γ two other graphs Γ ′

AB and Γ̃AB.
The graph Γ ′

AB is obtained from Γ by erasing the edge AB ∈ E(Γ ) in the
case that this edge exists, and by adding the edge otherwise. In other words,
we simply change the adjacency between the vertices A and B in Γ . This
operation is an analogue of edge deletion, but we prefer to formulate it in a
slightly more symmetric way.

The graph Γ̃AB is obtained from Γ in the following way. For any vertex
C ∈ V (Γ ) \ {A,B} we switch its adjacency with A to the opposite one if C is
joined with B, and we do nothing otherwise. All other edges do not change.
Note that the graph Γ̃AB depends not only on the pair (A,B), but on the
order of vertices in the pair as well.

Exercise 6.4.3. Show that, for a given ordered pair A,B of vertices, the two
operations Γ 
→ Γ ′

AB and Γ 
→ Γ̃AB commute.
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Definition 6.4.4 (4-invariant). A graph invariant is a 4-invariant if it sat-
isfies the 4-term relation

f(Γ )− f(Γ ′
AB) = f(Γ̃AB)− f(Γ̃ ′

AB) (6.6)

for each graph Γ and for any pair A,B ∈ V (Γ ) of its vertices.

In contrast to the Tutte relation (6.3), all four graphs entering Eq. (6.6)
have the same set of vertices, and therefore the number of vertices is also the
same.

As an immediate consequence of the definition we obtain the following
statement. Let χ̃(Γ ) = (−1)|V (Γ )|χ(Γ ) denote the modified chromatic polyno-
mial of a graph Γ , where χ(Γ ) is the usual chromatic polynomial and |V (Γ )| is
the number of vertices in Γ . Recall that the chromatic polynomial χ(Γ ) ∈ Z[t]
is the polynomial whose value at an integer point t = t0 is equal to the num-
ber of colorings of the vertices of Γ in t0 colors so that any two neighboring
vertices have distinct colors.

Proposition 6.4.5. The modified chromatic polynomial of a graph is a 4-in-
variant (with values in the algebra of polynomials in one variable).

Proof. Suppose that Γ contains an edge e = AB ∈ E(Γ ). Introduce the short
notation Γ̃ = Γ̃AB . For the modified chromatic polynomial we have

χ̃(Γ )− χ̃(Γ ′
e) = χ̃(Γ ′′

e ), χ̃(Γ̃ )− χ̃(Γ̃ ′
e) = χ̃(Γ̃ ′′

e ).

For the chromatic polynomial, the contraction of an edge requires eliminating
multiple edges in the resulting graph. After eliminating possible multiple edges
we obtain Γ ′′

e = Γ̃ ′′
e , which is obvious from the definitions. The proposition is

proved.

There are a lot of 4-invariants that are not Tutte invariants, and not every
Tutte invariant is a 4-invariant. Probably the most obvious 4-invariant that
is not Tutte is the number |E(Γ )| of edges in Γ . The verification of Eq. (6.6)
is easy. Indeed, the difference in both sides of Eq. (6.6) is either 1 or −1 for
any graph and any pair of its vertices. Other examples of 4-invariants will be
presented later in this section.

6.4.3.2 Bialgebra Structure

Consider the (infinitely generated) module over k spanned by all graphs as
free generators. In his original paper [279] Tutte suggested treating the disjoint
union of graphs as a multiplication of the generators. This multiplication can
be extended by linearity to linear combinations of graphs making the space
into a commutative algebra. We denote this algebra by G. The empty graph
plays the role of the unit in this algebra. The number of graph vertices induces
a grading in G,
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G = G0 ⊕ G1 ⊕ G2 ⊕ . . . ,

where Gk is the finite dimensional linear space freely spanned by graphs with
k vertices, k = 0, 1, . . . . The multiplication m : G ⊗ G → G preserves this
grading:

m : Gl ⊗ Gn → Gl+n.

Let us define a second operation, the comultiplication μ : G → G ⊗ G, as
follows. For a set J ⊂ V (Γ ) of vertices of a graph Γ let us denote by (J) the
induced subgraph of Γ with the set of vertices J , i.e., J is the set of vertices
of (J), and e ∈ E(Γ ) is an edge in (J) if both ends of e belong to J . We set

μ(Γ ) =
∑

JJ′=V (Γ )

(J)⊗ (J ′), (6.7)

where the sum is taken over all subsets J of the set of vertices V (Γ ) and
J ′ = V (Γ ) \J . There are 2|V (G)| summands on the right-hand side of Eq. 6.7.
The comultiplication is extended to linear combinations of graphs by linearity.

Fig. 6.21 demonstrates an example of comultiplication (compare with the
example of comultiplication of a chord diagram in Sec. 6.1.4).

μ( � � �) = 1⊗ � � �+ 2 � ⊗ � � + � ⊗ � �
+ � � ⊗ � + 2 � � ⊗ � + � � � ⊗ 1

Fig. 6.21. Coproduct of a graph

The comultiplication, as well as the multiplication, respects the grading:

μ : Gn → G0 ⊗ Gn ⊕ G1 ⊗ Gn−1 ⊕ · · · ⊕ Gn ⊗ G0.

Theorem 6.4.6. The multiplication and the comultiplication defined above
make the algebra of graphs a commutative cocommutative bialgebra.

We omit purely technical verification of the bialgebra axioms. This exam-
ple of a bialgebra arising in graph theory appeared in [246].

The bialgebra of graphs is too complicated: it carries the same information
as graphs themselves. It is reasonable, therefore, to look for some quotient
bialgebra, which is easier to handle.

Similarly to Tutte relation (6.3), one can consider the quotient space of
graphs modulo the 4-term relations,

Γ − Γ ′
AB − Γ̃AB + Γ̃ ′

AB = 0 (6.8)
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for all graphs Γ and all ordered pairs A,B of their vertices. We denote this
quotient space by F . This space inherits a bialgebra structure from the bialge-
bra of graphs, and we call it the 4-bialgebra of graphs. The dual space F∗ also
carries a bialgebra structure, that of the dual bialgebra, and it will be called
the bialgebra of 4-invariants, and its elements will be called 4-invariants. A
4-invariant is multiplicative if its value on a disjoint union of graphs is the
product of its values on the components.

By a slight abuse of language, below we shall make no difference between
a graph and the equivalence class it represents in F .

In contrast to the case of Tutte relations, all terms in the 4-term relation
have the same number of vertices. Therefore, the number of vertices induces
a grading in F ,

F = F0 ⊕F1 ⊕F2 ⊕ . . . ,

where Fn ⊂ F , n = 0, 1, 2, . . . is the subspace spanned by graphs with n
vertices modulo the 4-term relations.

Theorem 6.4.7. The multiplication and the comultiplication defined above
induce a bialgebra structure on the space F of graphs modulo 4-term relations.

Proof. The only thing we need to verify is that the multiplication and the co-
multiplication both respect the 4-term relation (6.8). For the disjoint union of
graphs this statement is obvious. In order to verify it for the comultiplication,
it is sufficient to consider two different cases. Namely, let A,B ∈ V (Γ ) be two
distinct vertices of a graph Γ . The right-hand side summands in the comulti-
plication formula (6.7) split into two groups: those where both vertices A and
B belong either to the subset J ⊂ V (Γ ), or to its complement J ′ = V (Γ ) \J ;
and those where A and B belong to distinct subsets. Summing up terms of
the first kind for the coproduct μ(Γ − Γ ′

AB − Γ̃AB + Γ̃ ′
AB) gives zero as the

result, while the sum of the terms of the second kind is already equal to zero
for each of the coproducts μ(Γ − Γ ′

AB) and μ(Γ̃AB − Γ̃ ′
AB).

The theorem is proved.

According to the structure theorem 6.1.22, the 4-bialgebra is isomorphic
to a polynomial bialgebra.

6.4.3.3 Examples of 4-Invariants

Example 6.4.8 (Vertex quadrangles). Probably the first non-trivial ex-
ample of a 4-invariant that is not a Tutte invariant was suggested by Chmu-
tov and Varchenko in [55] (although the notion of 4-invariant did not yet
exist at the time). Let a vertex quadrangle in a graph Γ be a subset
{A1, A2, A3, A4} ⊆ V (Γ ) of the set of vertices consisting of four vertices satis-
fying the following requirement: there is a cyclic order (i, j, k, l) on the set of
the indices {i, j, k, l} = {1, 2, 3, 4} such that E(Γ ) contains four edges AiAj ,
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AjAk, AkAl, AlAi. Then the number Qv(Γ ) of vertex quadrangles in Γ is a
4-invariant.

For example, one can check this statement for the 4-term relation in
Fig. 6.22: each of the graphs on the left-hand side of the equality contains
one vertex quadrangle, while there are no vertex quadrangles in both graphs
on the right-hand side.

�
�����
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�
�

A B

−
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�����

��
�
�

A B

=

�
����

�
�

A B

−
�
����

�
�

A B

Fig. 6.22. A 4-term relation for graphs with 4 vertices

It is easy to see that the number of vertex quadrangles is not a Tutte
invariant. Indeed, for the 4-cycle it equals 1, while for the other two terms
in (6.3) it is zero.

In order to prove that the number of vertex quadrangles is indeed a
4-invariant, one can verify this statement first for the graphs with 4 vertices,
which can be done by a direct computation. Denote by Qv

4 the 4-invariant
equal on all 4-vertex graphs to the number of vertex quadrangles, and equal
to zero on all graphs with other number of vertices. Now let U denote the func-
tion on graphs, identically equal to 1. This function is obviously a 4-invariant
since it satisfies the 4-term relation. Then we have Qv = Qv

4U , where the
product is understood as the convolution product, see Sec. 6.1.6. In other
words, the vertex quadrangle invariant is the product of two invariants. A
direct verification of the fact that the number of vertex quadrangles satisfies
the 4-term relation is also simple.

The above example exploits the following general fact.

Proposition 6.4.9. If we have some 4-invariant f ∈ F∗
n for some n, then

the function
F (Γ ) =

∑
J

f((J)),

where the sum is taken over all n-element subsets J of V (Γ ) and (J) is the
induced subgraph, is a 4-invariant on graphs with arbitrary number of vertices.

Example 6.4.10 (Edge polygons mod 2). We define an edge quadrangle as
a subset {e1, e2, e3, e4} ⊆ E(Γ ) of the set of edges of Γ forming a quadrangle
after an appropriate ordering. The number Qe(Γ ) of edge quadrangles is not a
4-invariant. However, it becomes one if considered modulo 2. For example, the
first graph on the left-hand side of Fig. 6.22 contains 3 edge quadrangles, the
number of edge quadrangles in the second graph equals 1, while there are no
edge quadrangles in both graphs on the right-hand side. Either of the proofs
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described above for the number of vertex quadrangles works in this case as
well.

Similar statement is valid for the number of edge k-gons modulo 2 for each
k ≥ 4. Indeed, let Ek(Γ ) be the number of edge k-gons in Γ having k pairwise
distinct vertices. Suppose Γ contains an edge AB. Then for the two terms on
the left-hand side of the 4-term relation (6.6) we have that Ek(Γ )−Ek(Γ ′

AB)
is the number of edge k-gons in Γ passing through the edge AB. Similarly,
for the right-hand side, Ek(Γ̃AB)−Ek(Γ̃ ′

AB) is the number of edge k-gons in
Γ̃AB passing through AB.

All the k-gons in Γ passing through AB contain a chain CABD and split
into three disjoint classes according to the adjacency of the vertices C and D
to A and B:

• the vertex C is adjacent to B and D is adjacent to A;
• the vertex C is adjacent to B, but D is not adjacent to A;
• the vertex C is not adjacent to B.

All edge k-gons in Γ̃AB passing through the four points A,B,C,D admit a
similar classification.

Now, the k-gons in Γ belonging to the second class are in one-to-one
correspondence with the k-gons in Γ̃AB containing the path CBAD. The
edge k-gons of the third kind are the same in both graphs Γ and Γ̃AB. And,
finally, the edge k-gons of the first kind in each of the two graphs come in
pairs: the chain CABD can be replaced with the chain CBAD. Hence, the
number of edge k-gons of the first type is even for each of the two graphs, and
the required assertion follows.

Example 6.4.11 (Perfect matchings). A perfect matching (or a 1-factor)
in a graph Γ with 2n vertices is a union of n edges in Γ passing through
each vertex. The number of perfect matchings m1(Γ ) is a 4-invariant (we set
m1(Γ ) = 0 if the number of vertices in Γ is odd). For example, in Fig. 6.22
the numbers of perfect matchings are respectively 3− 2 = 1− 0.

To verify this statement, similarly to the previous example, we note that
m1(Γ ) − m1(Γ ′

AB) is the number of perfect matchings in Γ containing the
edge AB, as well as m1(Γ̃AB)−m1(Γ̃ ′

AB) is the number of perfect matchings
in Γ̃AB containing the edge AB. But each set of edges containing the edge
AB and forming a perfect matching in Γ forms a perfect matching in Γ̃AB ,
and vice versa.

It is obvious that m1 is multiplicative: the number of perfect matchings
in a disjoint union of graphs is the product of these numbers in each of the
graphs.

Note, however, that this 4-invariant is not too powerful. Indeed, consider
the 4-invariant m̄1 with values in Z, whose value equals 1 on the graph with
two vertices and one edge, and 0 on all other graphs. Then it is obvious that

m1 = em̄1 = 1 +
m̄1

1!
+

m̄2
1

2!
+ . . . ,
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i.e., the number of perfect matchings is the exponent of a very simple 4-
invariant m̄1. As above, the multiplication in the space of invariants is under-
stood not as a pointwise multiplication, but as the convolution described in
Sec 6.1.6.

Exercise 6.4.12. Define the matching polynomial M1(Γ ) ∈ Z[t] of a graph
Γ as the sum

M1(Γ ) =
∑

E1⊂E(Γ )

t|E1|,

where the sum is taken over all the subsets E1 in the set E(Γ ) of the edges of
Γ such that each two edges in the subset have distinct vertices. Show that the
matching polynomial is a multiplicative 4-invariant. Show that it coincides
with eM1 , where M1 is the 4-invariant equal to 1 on the graph with one
vertex, equal to t on the graph with two vertices and one edge, and equal to
zero otherwise.

Example 6.4.13 (Corank of the adjacency matrix). A slightly more
sophisticated example of a 4-invariant, due to Yu. Vol’vovskii, is given by the
following proposition.

Let us number the vertices of a graph Γ and let A(Γ ) denote the adjacency
matrix of Γ . This means that the entry aij of A(Γ ) is 1 if the ith and the
jth vertices are connected by an edge, and aij = 0 otherwise. Since the graph
is simple, all diagonal elements of the adjacency matrix are 0. Note that the
adjacency matrix is symmetric.

Proposition 6.4.14. The corank of the adjacency matrix considered as a ma-
trix over Z2 is a Z-valued 4-invariant.

Of course, the same statement is valid for the rank of the adjacency matrix,
but we prefer to choose the corank because in this form the relation to a weight
system is more apparent.

Proof. We are going to prove a stronger statement, namely that the corank
of the adjacency matrix is invariant under the mapping Γ 
→ Γ̃AB for any
graph Γ and any pair of vertices A,B ∈ V (Γ ). In other words, the corank
satisfies the 2-term relation.

Indeed, let the vertex A be numbered by 1 and the vertex B, by 2. Then
the mapping Γ 
→ Γ̃AB results, in the language of adjacency matrices, in the
conjugation A(Γ̃AB) ≡ CTA(Γ )C mod 2, where C is the matrix

C =

⎛⎜⎜⎝
1 1 0 . . .
0 1 0 . . .
0 0 1 . . .

. . . . . . . . . . . .

⎞⎟⎟⎠
and CT is the transpose matrix. In particular, this transformation does not
change the corank of A(Γ ).
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As we are going to see in Example 6.5.7, the weight system of the present
example coincides with the one constructed from the standard representation
of the Lie algebra gl(N). It would be interesting to know what graph invariants
can be constructed from Lie algebras and their representations (see Sec. 6.5).
At the moment, however, even the number of available examples is small.

Exercise 6.4.15. Let N be a formal variable. Show that the mapping Γ 
→
N corankA(Γ ) is a multiplicative 4-invariant with values in Z[N ] satisfying the
2-term relation.

Exercise 6.4.16. Let us call a framed graph a graph with vertices marked by
elements of Z2. The adjacency matrix of a framed graph coincides with that of
the underlying graph, but its diagonal elements coincide with the framing of
the corresponding vertices. Let |f | denote the number of ones in the framing
f . Show that the mapping

Γ 
→
∑
f

(−1)|f |N corankA(Γf ),

where the sum is taken over all framings f of the vertices of Γ , is a multi-
plicative 4-invariant with values in Z[N ] satisfying the 2-term relation.

Remark 6.4.17. Recall that by attaching a disk to the circle and thickening
each chord we obtain from a chord diagram a two-surface with boundary; for
a chord diagram c, denote this surface by S(c). The adjacency matrix of the
intersection graph of a chord diagram c is nothing else but the intersection
matrix in the homology H1(S(c),Z2) written in a specific basis. The elements
of the basis are in one-to-one correspondence with the chords: a representative
of a basic vector is obtained by connecting the ends of the corresponding chord
in the disk attached to the circle. For a framed chord diagram (that is, a
chord diagram with each chord marked by an element of Z2), the surface S(c)
is constructed by twisting all one-handles corresponding to the chords with
framing 1. Note that the self-intersection index of such basic element is 1.

We hope the reader will fill in all missing details.

6.4.3.4 Primitive Elements

Primitive elements form a vector space P ⊂ F which is also graded,

P = P1 ⊕ P2 ⊕ P3 ⊕ . . . .

Let Pk be the dimension of the space Pk. After picking a basis skj , j =
1, . . . , Pk, in each Pk we make the 4-bialgebra into the polynomial bialgebra in
variables sij . Therefore, the crucial point in the description of the structure of
the 4-bialgebra is the study of its primitive elements; in particular, it is most
important to find the sequence P1, P2, P3, . . . .
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Let us present some examples of primitive elements in F . The space F1 is
spanned by the unique graph with one vertex. We denote this graph by s11.
This graph is obviously primitive, whence P1 = 1.

The space F2 is spanned by the two two-vertex graphs: the segment and
the graph consisting of two disjoint vertices. The 4-term relations for two-
vertex graphs are empty, whence dimF2 = 2. There is a unique (up to a
multiplicative constant) primitive element in F2 (see Fig. 6.23 (a)), cf. Exer-
cise 6.1.19.

� � − � �
(a)

� � � − 2 � � � + � � �
(b)

Fig. 6.23. Basic primitive elements (a) in P2 and (b) in P3

We denote this element by s21. Its primitiveness can be verified directly
from the definition. Therefore, P2 = 1 as well. The space F2 is spanned by
two elements s21 and s2

11.
In order 3 we meet the first non-trivial example of the 4-term relation.

There are 4 different graphs with three vertices, and the only essential 4-term
relation is shown in Fig. 6.24.

�
�
��� 	

		 �
A B

−
�
�
��� 	

		 �
A B

=

�
�
��� �

A B

−
�
�
��� �

A B

Fig. 6.24. A 4-term relation for graphs with 3 vertices

Hence, dimF3 = 3. Note that, in contrast to the case of Tutte invariants,
the graph K3, the triangle, can be expressed as a linear combination of forests.
The subspace P3 of primitive elements is spanned by the linear combination
shown in Fig. 6.23 (b), cf. Exercise 6.1.21.

We denote this element by s31. Hence, P3 = 1. The space F3 is thus
spanned by the elements s3

11, s21s11, s31. The results of similar computations
in higher orders due to E. Soboleva and A. Kaishev [264] are presented in

Table 6.2. Dimensions of subspaces in the 4-bialgebra

n 0 1 2 3 4 5 6 7

dimPn 0 1 1 1 2 3 5 7

dimFn 1 1 2 3 6 10 19 32
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Table 6.2. Note that the computational complexity grows very rapidly because
of the growth both of the number of graphs and of the number of 4-term
relations, and because of the necessity to verify the graph isomorphisms.

There is a projection πn : Fn → Pn of the module of n-vertex graphs onto
the submodule of primitive elements similar to that for chord diagrams, see
Sec. 6.1.6.

Theorem 6.4.18. For any graph Γ ∈ Fn the element

πn(Γ ) = Γ−1!
∑

J1J2=V (Γ )

(J1)(J2)+2!
∑

J1J2J3=V (Γ )

(J1)(J2)(J3)−. . . , (6.9)

where the kth sum is taken over all unordered partitions of the set V (Γ ) of
vertices of Γ into a disjoint union of nonempty subsets J1, . . . , Jk and (J) is
the induced subgraph on the set J , is primitive. The mapping πn extends to a
projection πn : Fn → Pn along the submodule of decomposable elements.

As an application of the above theorem let us construct the primitive
element π4(C4), where C4 is a cycle on four vertices. The construction is
shown in Fig. 6.25. Let us clarify how, for example, the coefficient −3 in
the edgeless graph on the right-hand side of Fig. 6.25 can be obtained from
Eq. (6.9). There is a unique way to split the vertices V (C4) into two nonempty
subsets J1, J2 such that both graphs (J1), (J2) are edgeless: each of the sets
Ji must consist of opposite vertices of the square. There are two ways to split
V (C4) into three non-empty subsets so that all the three induced graphs are
edgeless: the two vertices contained in one subset must be opposite vertices of
the square. Finally, the unique way to split V (C4) into four non-empty subsets
leads to an edgeless graph. Hence, the coefficient at the edgeless graph in the
projection must be

−1! · 1 + 2! · 2− 3! · 1 = −3.
Other coefficients are obtained in a similar way.

π4

( �
�

�
�) =

�
�

�
� − 4 � � � � − 2 � � � �

+ 8 � � � � − 3 � � � �
Fig. 6.25. Projecting the 4-cycle to the space of primitive elements

Remark 6.4.19. We can consider the 4-bialgebra over Z, not over a field of
characteristic zero. In this case the structure theorem 6.1.22 cannot be applied.
However, since all the coefficients in (6.9) are integers, primitive elements of
the 4-bialgebra generate it over Z as well. What we do not know is whether
there is torsion in the submodule of primitive elements. Up to now calculations
show no torsion, but it may appear in higher orders.
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6.4.4 The Bialgebra of Weighted Graphs

6.4.4.1 Definitions

The 4-bialgebra of graphs is not an easy one to understand. Already the
dimensions of the spaces of primitive elements in small orders show that it is
a complicated one: it has many primitive elements even in small orders. This
algebra possesses, however, a rather simple, but rich, quotient bialgebra whose
structure admits a very explicit description. This is the bialgebra of weighted
graphs introduced in [54]. Its structure is similar to that of the Tutte’s ring
in the sense that it has exactly one generator in each dimension.

Definition 6.4.20 (Weighted graph). A weighted graph is a graph Γ with-
out loops and multiple edges endowed with a mapping w : V (Γ ) → N called
the weight which assigns a positive integer to each vertex of the graph.
The weight w(Γ ) of a graph Γ is the sum of weights of all its vertices,
w(Γ ) =

∑
A∈V (Γ ) w(A).

Ordinary graphs without loops and multiple edges can be treated as
weighted graphs with the weights of all vertices equal to 1.

We will use two natural operations on weighted graphs with a distinguished
edge: deletion and contraction.

If e is an edge of the graph Γ , then the new graph Γ ′
e is obtained from Γ

by removing the edge e. The weights of the vertices do not change. This is
what we call deletion.

The contraction Γ 
→ Γ ′′
e of an edge e is defined as follows:

• the edge e is contracted into a vertex A of the new graph Γ ′′
e ;

• if multiple edges appear, then each of them is replaced by a single edge;
• the weight w(A) of the vertex A is set equal to the sum of weights of the

two ends of the edge e in Γ ; the weights of the other vertices do not change.

Definition 6.4.21. A weighted 3-term element is an expression of the form

Γ − Γ ′
e − Γ ′′

e ,

where Γ is an arbitrary weighted graph and e is its arbitrary edge.

We setWn to be the k-module generated by all weighted graphs of weight
n modulo all weighted 3-term elements. We set W = W0 ⊕ W1 ⊕W2 ⊕ . . .
with W0 = k.

Each weighted graph is equivalent modulo weighted 3-term elements to a
linear combination of weighted graphs without edges.

Example 6.4.22. Successive deletion and contraction of edges provide the
following decomposition for a given graph, see Fig. 6.26.
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Fig. 6.26. A decomposition of a graph

The question is, whether this decomposition depends on the sequence of
edges chosen? It may be checked for any given graph that the answer is neg-
ative. The complete proof for all weighted graphs is given by the structure
theorem, see below.

Definition 6.4.23 (Bialgebra of weighted graphs). By definition, the
bialgebra of weighted graphs is the module W over k with the following oper-
ations of multiplication and comultiplication:

• the multiplication
m :Wn ⊗Wm →Wm+n

comes from the disjoint union of graphs;
• the comultiplication

μ :Wn →W0 ⊗Wn ⊕ W1 ⊗Wn−1 ⊕ . . . ⊕ Wn ⊗W0

is defined on generators as follows: consider a weighted graph Γ ; let
J ⊂ V (Γ ) be a subset in the vertices of Γ and let J ′ = V (Γ ) \ J be
its complement; we set

μ(Γ ) =
∑
J

(J) ⊗ (J ′).

The sum is taken over all subsets J , and (J) is the induced subgraph of Γ
with vertices in J ;

• the unit is represented by the empty graph;
• the counit is the mapping taking each element (a linear combination of

graphs) to the coefficient of the empty graph in the canonical expansion
of an element as a linear combination of edgeless graphs (this coefficient is
not equal to zero only if the initial linear combination contains a non-zero
constant times the empty graph).
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We omit purely technical verification of the bialgebra axioms.

Definition 6.4.24 (Weighted graph invariant). A weighted graph invari-
ant is a linear function on W with values in an algebra K over k. A weighted
graph invariant is called multiplicative if it is a homomorphism of ring struc-
tures.

We are going to prove further that each weighted graph invariant generates
a weight system.

6.4.4.2 Structure Theorem for Weighted Graphs

Theorem 6.4.25 ([54]). The submodule of primitive elements of Wn is iso-
morphic to k and freely generated by the graph �n with one vertex of weight
n. The mapping

ι : �n 
→ sn

extends to an isomorphism of graded bialgebras

ι :W → k[s1, s2, . . . ],

where the grading of the variable sn is set to n.

Remark 6.4.26. The theorem gives a description of all weighted invariants
since ι is a universal weighted invariant. This means that an arbitrary weighted
invariant can be obtained from ι by substituting appropriate values for the
variables sk.

Proof. Put
ι(Γ ) =

∑
γ

(−1)β(γ)
∏
γi

sw(γi), (6.10)

where the sum is taken over all spanning subgraphs γ of the graph Γ and the
product is taken over all connected components γi of γ. Here β(γ) is the first
Betti number of the graph γ, i.e., the number of independent circuits in γ. (A
spanning subgraph is a subgraph whose set of vertices coincides with that of
the whole graph. Thus, the spanning subgraphs of a graph Γ are in one-to-one
correspondence with subsets of the set of edges of Γ .)

Now we extend ι by linearity to the k-module freely generated by all
weighted graphs. We claim that this mapping descends to the quotient algebra
W and defines an isomorphism between W and k[s1, s2, . . . ] (also denoted by
ι in the sequel).

In order to prove the theorem we must verify that the mapping ι

• vanishes on 3-term elements;
• is a homomorphism of graded bialgebras; and
• is one-to-one.
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Let Γ be an arbitrary weighted graph and let e be an arbitrary edge of Γ .
We are going to prove that

ι(Γ ) = ι(Γ ′
e) + ι(Γ ′′

e ).

There exists a natural one-to-one correspondence between subgraphs of Γ ′
e

and those subgraphs of the graph Γ that do not contain the edge e. Thus we
have ∑

γ′
e

t(γ′
e) = ι(Γ ′

e),

where the sum on the left-hand side is taken over all spanning subgraphs
γ′
e of the graph Γ that do not contain the edge e, and t(γ′

e) denotes the
corresponding product in (6.10).

We are going to prove that the other part of the sum for ι(Γ ) is equal to
ι(Γ ′′

e ). Let γ′′ be a spanning subgraph of the graph Γ ′′
e . Let b be an edge of

the graph γ′′ that is twice covered by the edges of the graph Γ in the process
of contraction. The preimage of b under the contraction thus consists of two
edges which, together with the edge e, form a triangle. A spanning subgraph
γ of Γ which is contracted to γ′′ and contains the edge e may either contain
any of the two preimages of the edge b or both of them (see Fig. 6.27).
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Fig. 6.27. Triangles double covering edges in the graph with a contracted edge

Thus, the spanning subgraph γ′′ of Γ ′′
e corresponds to 3k spanning sub-

graphs of G containing e, where k is the number of twice covered edges in γ′′.
Mark an edge in each triangle in Γ that contains e. We have three possi-

bilities for the preimage of each twice covered edge. Two of these possibilities
correspond to the same first Betti number of the covering graph. The third
one gives a graph whose first Betti number differs from this value by one.
Thus the products for two of the three possibilities mutually cancel, and we
obtain a one-to-one correspondence between spanning subgraphs of Γ ′′

e and
spanning subgraphs of Γ that contain e and a marked edge in each triangle
containing e. Therefore, we have∑

γe

t(γe) = ι(Γ ′′
e ),

where the sum is taken over all spanning subgraphs of G containing the edge e.
The multiplicativity of ι follows from a straightforward calculation.
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Both bialgebras W and k[s1, s2, . . . ] are freely generated by their genera-
tors. Therefore, in order to establish their isomorphism it suffices to establish
an isomorphism between their generators. The assignment sn 
→ �n defines a
homomorphism k[s1, s2, s3, . . . ]→W which is obviously inverse to ι.

Remark 6.4.27. It is proved in [199] that the weight system coming from
weighted graphs coincides with a weight system constructed from a direct
sum of several copies of the Lie algebras gl(N) and so(N) (cf. Sec. 6.5).

6.4.4.3 The Bialgebra of Weighted Graphs and the 4-Bialgebra

Proposition 6.4.28. The mapping assigning weight 1 to all vertices of a
graph extends to a homomorphism of bialgebras F → W. This homomorphism
is surjective.

Proof. In the bialgebra of weighted graphs, both differences on the left- and
on the right-hand side of the 4-term relation

Γ − Γ ′
AB = Γ̃AB − Γ̃ ′

AB

are equivalent in W to graphs with contracted edges. The weight of the new
vertex in both cases is 2, and it is obvious that the underlying graphs Γ ′′

AB

and Γ̃ ′′
AB of the two weighted graphs coincide. In order to verify that each

weighted graph �n can be obtained in this way, it is sufficient to compute the
value of the mapping on the chain with n vertices.

6.4.5 Constructing Vassiliev Invariants from 4-Invariants

Explicit calculations show that up to order 8 the equivalence class of a chord
diagram modulo the 4-term relation is completely determined by its intersec-
tion graph. This evidence led to the conjecture [52] that this was the case
for diagrams of all orders. However, this conjecture proved to be false (T. Le,
unpublished, see [50]).

The 4-bialgebra of graphs from Sec. 6.4.3 was invented to identify proper-
ties of chord diagrams that are determined by their intersection graphs.

Theorem 6.4.29. The mapping Γ : c 
→ Γ (c) associating to each chord dia-
gram c its intersection graph Γ (c) extends to a homomorphism Γ :M→ F .

Note that the mapping Γ preserves the grading, and is therefore the direct
sum of linear mappings Γn :Mn → Fn.

As an immediate consequence of the theorem we obtain the following state-
ment.

Corollary 6.4.30. Any 4-invariant f : Fn → K determines a weight system
f ◦ Γn :Mn → K.
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Here K is an arbitrary algebra over k. In particular, each 4-invariant from
the examples given in Sec. 6.4.3.3 determines a weight system.

Example 6.4.31. The corank of the adjacency matrix A(Γ ) of a graph Γ

satisfies the 2-term relation Γ ∼ Γ̃AB. A similar statement is true for the
number of faces of a chord diagram (see Example 6.3.13). There is nothing
strange, therefore, that these two functions are very close to each other.

Proposition 6.4.32. For any chord diagram c the number f(c) of faces of
the diagram coincides with corank(A(Γ (c))) + 1.

This statement has been rediscovered several times by various people, see
[217], [220], [264].

The proof of Theorem 6.4.29 is obvious. The only thing we need to ver-
ify is that the mapping Γ respects the 4-term relation. But the rule for the
4-term relation for graphs (6.8) shows precisely what happens with the inter-
section of chords in all four chord diagrams of Fig. 6.5.

To conclude, let us state a conjecture about the properties of the mapping
Γ : M → F . The statement of Le cited above shows that Γ cannot be a
monomorphism. We also know that not each graph can be obtained as the
intersection graph of a chord diagram. Nevertheless, for all n the image of
Γn contains the complete graph Kn (the graph with n vertices with each
pair of vertices joined by an edge). The complete graph is, in a sense, “the
most complicated” graph, all other graphs are “simpler”. Therefore, one can
expect that each graph is equivalent, modulo the 4-term relation, to a linear
combination of intersection graphs.

Conjecture 6.4.33. The mapping Γn :Mn → Fn is surjective for all n.

Calculations up to order 7 confirm this conjecture. Besides, one would
expect that the kernel of Γn is “thin” in Dn. In order 7 A. Kaishev found
that the kernel of the mapping Γ7 : M7 → F7 was one-dimensional and
computed its generator. However, up to now the evidence is too small to
make a precise conjecture. Note that the study of this kernel is, probably, the
most interesting part of the work. For example, only elements of this kernel
(if any) may distinguish a chord diagram from its mirror image.

6.5 Constructing Weight Systems via Lie Algebras

In this section we describe the construction of weight systems coming from Lie
algebras due to Bar-Natan and Kontsevich [18], [179]. Lie algebras endowed
with an invariant nondegenerate bilinear form provide a powerful source of
weight systems. Bar-Natan even conjectured that each weight system could
be obtained in this way. In [287] Vogel showed that for semisimple Lie (su-
per)algebras this statement was false by giving an explicit description of a
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primitive element in the bialgebra of chord diagrams with 32 chords such that
all semisimple Lie algebras weight systems vanished on this element. Other
examples of such elements are given in [198]. Lie algebra weight systems are
extremely nontrivial for calculations. They also proved to be a useful tool to
find lower bounds for the number of independent primitive elements in the
bialgebra of chord diagrams.

6.5.1 Free Associative Algebras

Let Bm = 〈x1, . . . , xm〉 be the free associative algebra generated by x1, . . . , xm
as free generators. We are going to associate with each positive integer m a
weight system bm. The ring of values of the weight system will be described
later.

Consider the mapping b̂m : An → Bm of the module of arc diagrams of
order n into the algebra Bm constructed as follows.

Let a ∈ An be an arc diagram. Mark each arc of the diagram a with
one of the marks 1, ...,m. Denote such a marking by ν : V (a) → {1, ...,m}
(where V (a) is the set of arcs in a). We associate with the diagram a and
the marking ν an element b̄m(a, ν) by writing the letter xν(v) on both ends of
each arc v ∈ V (a) and reading these letters from left to right. The word thus
obtained will be the element b̄m(a, ν).

We set

b̂m(a) =
∑
ν

b̄m(a, ν).

The sum is taken over all mn possible markings ν : V (a) → {1, . . . ,m}.
For example, for m = 2 and the diagram

� ��� �
one has

b̂2(a) = x6
1 + x2

1x2x1x2x1 + x1x2x
3
1x2 + x2x

2
1x2x

2
1

+ x1x
2
2x1x

2
2 + x2x1x

3
2x1 + x2

2x1x2x1x2 + x6
2.

Remark 6.5.1. Obviously, the image of b̂m lies in the symmetric part of Bm,
that is, the value of b̂m on an arc diagram is invariant under the action of the
symmetric group Sm by permuting the coordinates xi.

Introduce a scalar product on the linear part of the algebra Bm by setting
(xi, xj) = δij . Thus, the orthogonal group O(m) acts on the linear part of the
algebra Bm. This action may be naturally extended to an action of O(m) on
the algebra Bm itself. The action preserves the grading of elements in Bm.
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Proposition 6.5.2. The mapping b̂m is invariant under the action of the
orthogonal group O(m) on Bm.

Proof. The group O(m) is generated by subgroups O(2) acting by rotating
coordinate planes. Therefore, it is sufficient to prove the proposition for the
action of the group O(2) on a pair of letters x1, x2.

Now, let a be an arc diagram. The image b̂m(a) is a sum of monomials.
Consider the O(2)-change of variables x1 = ax′

1 + bx′
2, x2 = cx′

1 + dx′
2. We

need to check that each monomial of the type . . . (x′
1)
α1 . . . (x′

2)
β1 . . . appears

in the transformed image if and only if the monomial . . . (x1)α1 . . . (x2)β1 . . .

appears in b̂m(a). Otherwise the monomial must have coefficient 0.
This is indeed the case. If there is no monomial of the above type in b̂m(a),

then there exists a pair . . . x′
1 . . . x′

2 . . . on two ends of the same arc. Such a
monomial comes from two types of monomials

. . . x1 . . . x1 . . . and . . . x2 . . . x2 . . .

after substitutions, and we take ax′
1 times dx′

2 from the first monomial and
cx′

1 times bx′
2 from the second monomial. Thus the coefficient is a multiple of

ad + bc = 0 since our matrix is orthogonal.
Similarly, if there exists a monomial of the above type in the original image

b̂2(a), then all letters x′
1 as well as x′

2 are split into pairs corresponding to the
ends of the arc. Each pair . . . x1 . . . x1 . . . introduces a factor in the coefficient
of the type (a2 + b2) = 1, while the pair . . . x2 . . . x2 . . . provides the factor
(c2 + d2) = 1 and the product equals 1.

The mapping b̂m descends to a linear mapping (which we also denote by
the same letter) b̂m : A → Bm. The image b̂m(A) forms a subalgebra in Bm.
The image b̂m(A(4)) ⊂ b̂m(A) of the subspace of all 4-term elements forms a
two-sided ideal in this subalgebra.

Theorem 6.5.3. The quotient mapping bm:M=A/A(4) → b̂m(A)/b̂m(A(4))
is a weight system.

The proof follows directly from the definition.
Of course, having an arbitrary associative algebra B with a system

x1, ..., xm of generators and a quotient mapping Bm → B one may construct
a composite weight system with values in an appropriate quotient of a subal-
gebra in B.

The weight system bm is difficult for calculations. Each of the weight sys-
tems bm is more complicated than the previous one due to the natural embed-
ding Bm ⊂ Bm+1. The sequence of mappings bm carries important information
about a chord diagram.
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6.5.2 Universal Enveloping Algebras of Lie Algebras

A special (and the most important) case of the above construction is given by
the universal enveloping algebra of a Lie algebra.

Let H be a Lie algebra. For simplicity we restrict ourselves to complex
Lie algebras. Consider a basis {x1, . . . , xm} ⊂ H . The universal enveloping
algebra U(H) of H is the quotient algebra of the algebra of noncommutative
polynomials in variables xi modulo the ideal generated by elements of the
form xixj−xjxi− [xi, xj ]. The mapping b̂m : A → Bm descends to a mapping
bHm : A → U(H). We denote the last mapping simply by bH since the value
of m is encoded in the Lie algebra H as well. The mapping bH depends, of
course, on the choice of the basis in H .

Suppose now that H admits a nondegenerate bilinear invariant form (·, ·).
Here the word “invariant” means that ([x, y], z) = (x, [y, z]) for each triple
x, y, z ∈ H . Let {x1, . . . , xm} be an orthonormal basis with respect to this
form, i.e., (xi, xj) = δij .

Theorem 6.5.4. If {x1, . . . , xm} is an orthonormal basis in H, then we have

• A(4) ⊂ Ker bH;
• Im bH is a subset of the center Z(U(H)) ⊂ U(H);
• bH does not depend on the choice of the orthonormal basis.

The proof will be given on page 389.

Thus, having a Lie algebra H endowed with a nondegenerate bilinear in-
variant form, the mapping bH determines a weight system with values in the
center of the universal enveloping algebra of H .

Example 6.5.5. For the only chord diagram with one chord, the value of the
weight system bH is x2

1+x2
2+· · ·+x2

m. The latter element in Z(U(H)) is called
the Casimir element for arbitrary Lie algebra H ; we will denote it by CH .

There are two chord diagrams of order 2. One has

bH
( )

= C2
H� 

!"
since this diagram is the square of the one-chord diagram.

This chord diagram has two distinct arc representations. These two differ-
ent representations give the relation:

x2
1x

2
2 + x2

1x
2
3 + · · · = x1x

2
2x1 + x1x

2
3x1 + . . . (6.11)

Since we have
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x2
ix

2
j − xix

2
jxi + x2

jx
2
i − xjx

2
i xj = x2

ix
2
j − xixjxixj + xixjxixj − xix

2
jxi +

x2
jx

2
i − xjxixjxi + xjxixjxi − xjx

2
i xj

= xi[xi, xj ]xj − xj [xi, xj ]xi +
xixj [xi, xj ]− xjxi[xi, xj ],

(6.12)

it follows that relation (6.11) can be rewritten as∑
i�=j

(xi[xi, xj ]xj − xj [xi, xj ]xi) = −
∑
i�=j

[xi, xj ]2.

The last equality allows one to calculate the value of the invariant bH on
the second diagram of order 2 for arbitrary Lie algebra H :

bH
( )

=
∑

xixjxixj� 
!"
�

��
�

and ∑
xixjxixj =

∑
xixjxixj −

∑
x2
i x

2
j +

∑
x2
i x

2
j

= −
∑
i�=j

xi[xi, xj ]xj + C2
H

=
∑
i�=j

[xi, xj ]2 + C2
H (6.13)

The simplest noncommutative Lie algebra with a nondegenerate bilinear
form is the simple Lie algebra sl2(C). It is generated by three elements x, y, z
such that

[x, y] = z, [y, z] = x, [z, x] = y.

The bilinear form is given by the relations

(x, x) = (y, y) = (z, z) = 1, (x, y) = (y, z) = (z, x) = 0.

The center of the universal enveloping algebra coincides with the polyno-
mial algebra in the Casimir element

Csl2 = x2 + y2 + z2.

Thus we obtain a weight system with values in the ring of polynomials in one
variable. The value of (6.13) becomes C2

sl2
+ 2Csl2 .

Corollary 6.5.6. Let R : H → GLN be a representation of the Lie algebra
H, let R̂ : U(H)→ GLN be the corresponding representation of the universal
enveloping algebra, and let Tr : GLN → C be the trace mapping. Then the
composition mapping

1
N

Tr ◦R̂ ◦ bH : A → C

provides a multiplicative weight system with values in C.
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The coefficient 1/N results from the requirement that the unit matrix must
go to 1 ∈ C under this homomorphism.

Proof of Theorem 6.5.4. Fix a numbering on the set of arcs that do not
participate in the 4-term relation. The part of the 4-term element value cor-
responding to this numbering looks like

Δ =
∑
i,j

w0xixjw1xiw2xjw3 −
∑
i,j

w0xjxiw1xiw2xjw3

−
∑
i,j

w0xiw1xjxiw2xjw3 +
∑
i,j

w0xiw1xixjw2xjw3, (6.14)

where w0, w1, w2, w3 are fixed words in the alphabet {x1, . . . , xm} correspond-
ing to the given numbering of the arcs. Transforming the expression (6.14) one
obtains

Δ =
∑
i,j

w0[xi, xj ]w1xiw2xjw3 +
∑
i,j

w0xiw1[xi, xj ]w2xjw3

=
∑
i,j,k

Ck
i,jw0xkw1xiw2xjw3 +

∑
i,j,l

Cl
i,jw0xiw1xlw2xjw3,

or, changing indices i→ l, k → i in the first sum,

Δ =
∑
i,j,l

Ci
l,jw0xiw1xlw2xjw3 +

∑
i,j,l

Cl
i,jw0xiw1xlw2xjw3

=
∑
i,j,l

(Ci
l,j + Cl

i,j)w0xiw1xlw2xjw3

= 0.

Here Ck
i,j are the structure constants for the basis {x1, . . . , xm}, i.e.,

[xi, xj ] =
∑
k

Ck
ijxk

in the Lie algebra H . The last sum in the expression for Δ equals zero since
for an orthonormal basis the structure constants are anticommutative under
the exchange of the upper and the left lower indices: Ci

l,j = −Cl
i,j .

In order to prove that the image of bH belongs to the center of U(H) it
suffices to show that xjb

H(a) = bH(a)xj for each j, say for j = 1, and for each
arc diagram a. We will proceed step by step, moving the letter x1 through the
element bH(a). Fix an arc A and consider “the contribution” of this arc:
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Δ(A) =
∑
i

w0x1xiw1xiw2 −
∑
i

w0xix1w1xiw2

−
∑
i

w0xiw1x1xiw2 +
∑
i

w0xiw1xix1w2

=
∑
i,k

Ck
i,1w0xkw1xiw2 +

∑
i,k

Ci
k,1w0xiw1xkw2

= 0.

Here we made use of the orthonormality of the basis {xi} once again.
Thus, the contribution of each arc equals zero, as required.
The last statement of the theorem follows from Theorem 6.1.22.

6.5.3 Examples

In these examples we use the term complete weight system to refer to a Lie
algebra weight system with values in the center of the enveloping algebra, and
we specify the representation otherwise.

Example 6.5.7 (The standard representation of gl(N)). Elaborating
the above construction for the standard representation of the Lie algebra
gl(N) one obtains the following picture. It will be more convenient for us to
change our convention and to choose not an orthonormal basis of gl(N), but
a basis eij such that (eij , eji) = (eii, eii) = 1, i, j = 1, . . . , N , and we set all
other scalar products equal to zero. Under this choice, when associating an
element in U(gl(N)) to a chord (or arc) diagram, we write on the ends of each
chord (or arc) not the same element xi, but the pair of elements eij , eji. For
example, the chord diagram of order 2 with two intersecting chords is taken
to

N∑
i,j,k,l=1

eijeklejielk.

Obviously, this mapping coincides with bgl(N).
The basis eij can be chosen in such a way that in the standard repre-

sentation these elements are taken to the N × N -matrices having 1 in the
(i, j)-cell, and 0 in all other places. (Recall that the standard representation
of gl(N) is its representation as the Lie algebra of all N ×N -matrices.) The
nondegenerate invariant scalar product is (A,B) = tr(AB

t
).

Proposition 6.5.8. The weight system associated to the standard represen-
tation of the Lie algebra gl(N) takes each chord diagram c to Nf(c)−1, where
f(c) is the number of faces of the diagram.

In order to prove this statement let us consider the one-vertex map dual
to the chord diagram in question. Marking the edges of the map (= chords)
by a pair of elements eij , eji is equivalent to marking the two sides of the edge
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by the indices i and j. Similarly to the case of Hermitian matrix integrals
(see Sec. 3.3.2), the contribution of an indexed gluing is 1 if the sides of
each face are marked with the same index; otherwise the contribution is zero.
Indeed, the product of matrices corresponding to an indexed gluing is zero if
the indexing does not agree with the gluing, and it contains a single unit on
the diagonal otherwise. The final step consists in summing over all possible
markings, and the required assertion follows.

We have seen already (see Example 6.3.13) that not only Nf(c)−1, but the
value f(c) itself is a weight system, and it satisfies the “2-term relation”. The
relationship of this weight system with the corank of the adjacency matrix is
discussed in Example 6.4.13 and Proposition 6.4.32.

Example 6.5.9 (The standard representation of so(N)).
The similar construction is valid for the representation of the Lie algebra

so(N) as the Lie algebra of N ×N skew symmetric matrices.

Proposition 6.5.10. The weight system associated to the standard representa-
tion of the Lie algebra so(N) takes each chord diagram c to

∑
I(−1)|I|Nf(cI)−1,

where the sum is taken over all subsets I ⊂ V (c) of the chords of c, cI is the
surface obtained from c by thickening all chords, with chords belonging to I
twisted, and f(cI) is the number of faces of the surface cI .

This weight system is related to matrix integrals over the space of sym-
metric matrices (see Exercise 3.2.12) in the same way as the gl(N) standard
representation weight system is related to the Hermitian matrix integration.
We leave the proof to the reader.

Example 6.5.11 (The complete sl(2) weight system). The complete
sl(2) weight system was studied by Chmutov and Varchenko [55]. The center
of the universal enveloping algebra of the Lie algebra sl(2) is naturally identi-
fied with the algebra C[C] of polynomials in a single variable C, the Casimir
element. Chmutov and Varchenko found recurrence relations allowing one to
compute the value of the complete sl(2) weight system on chord diagrams
with n + 1 chords knowing its values on diagrams with fewer chords or with
fewer chord intersections.

The value of bsl(2) is equal to C on the chord diagram with one chord, and
it equals C(C − 1) on the chord diagram of order two with two intersecting
chords. More generally, if a chord diagram contains a chord intersecting a
single other chord (a leaf), then the leaf can be eliminated, and the value of
bsl(2) on the initial chord diagram equals the one on the chord diagram with
the eliminated leaf times C − 1. In particular, the value of bsl(2) on a chord
diagram of order n whose intersection graph is a tree is equal to C(C−1)n−1.

If a chord diagram does not contain a leaf, then the recurrence relation of
Chmutov and Varchenko is more complicated. It is presented in Fig. 6.28. In
fact, the relation shown in the figure differs slightly from the one from [55].
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Firstly, we use a different normalization of the weight system; this normal-
ization is more convenient and leads to smaller coefficients in the invariant
values. Secondly, we give only the two first of the four Chmutov–Varchenko
recurrence relations. The reason is that they are, in fact, sufficient: each inde-
composable chord diagram of order greater than two without leaves contains a
triple of chords looking like the triple in the leftmost chord diagram in the two
equations in Fig. 6.28. It suffices to take for the “vertical” chord the “shortest”
chord of the diagram (the “length” of a chord is the minimum of the number
of chord ends in the two parts in which the chord splits the circle).
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Fig. 6.28. The recurrence relation for the complete sl(2) weight system

Example 6.5.12 (The complete gl(1|1) weight system). In [282] Vain-
trob extended the construction of weight systems to Lie superalgebras. In [100]
his construction was elaborated in the special case of the Lie superalgebra
gl(1|1). In this case the center of the universal enveloping algebra is graded
by a weight and is generated by two elements: the Casimir element C of
weight 1 and an element y of weight 2. It was shown that the value of the
gl(1|1)-invariant on a chord diagram can be expressed as the following linear
combination of its values on chord diagrams of smaller order:
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D Da Da,i Da,j

a

i

j

D+−
a,ij D−+

a,ij Dl
a,ij Dr

a,ij

Fig. 6.29. Chord diagrams entering the recurrence relation for the complete gl(1|1)
weight system. Besides the chords indicated in the figure, each diagram may contain
many other chords, but they are common to all of them and do not change from
one diagram to another

W (D) = C ·W (Da)− y
∑
i

W (Da,i)

+y
∑
i<j

(W (D+−
a,ij) + W (D−+

a,ij)−W (Dl
a,ij)−W (Dr

a,ij)),

where a is a fixed chord in the chord diagram D, i, j run over the set of
chords in D intersecting the chord a, and the diagrams participating in the
recurrence relation look like those shown in Fig. 6.29.

6.6 Some Other Algebras of Embedded Graphs

In this section we describe briefly other algebras appearing in relation to
embedded graphs.

6.6.1 Circle Diagrams and Open Diagrams

In the original construction of Bar-Natan [18] the Hopf algebra of chord di-
agrams comes together with the Hopf algebra of circle diagrams, which is
isomorphic to the first one. A circle diagram is a connected graph with all
vertices of order 3 and with a distinguished oriented simple cycle. (In [18]
these objects were called “Chinese characters”.) The vertices lying on the dis-
tinguished cycle are called the external vertices of the diagram, while all the
other vertices are internal. At each internal vertex, a cyclic order of darts is
chosen. If we remove the distinguished circle from a diagram, then the un-
derlying graph splits into a finite number of connected components, and we
require that each connected component contains at least one external vertex.
Chord diagrams are circle diagrams without internal vertices; the number of
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connected components in the graph obtained by removing the distinguished
circle from a chord diagram coincides with the number of chords in it.

The STU-relation for circle diagrams is shown in Fig. 6.30. Modulo the
STU-relation each circle diagram is equivalent to a linear combination of chord
diagrams. The module spanned by all circle diagrams is graded by half the
number of the vertices in the diagram. It is endowed with a natural product,
and with the coproduct shown in Fig. 6.31.

� 
!"

�
�
�
�

= −

(a) (b)

Fig. 6.30. (a) A circle diagram, and (b) the STU-relation. All internal vertices
are presumed to be oriented counterclockwise, and points of chords’ intersection are
phantoms
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Fig. 6.31. The coproduct of a circle diagram

Proposition 6.6.1 ([18]). The module of circle diagrams endowed with the
multiplication and the comultiplication defined above is a commutative co-
commutative bialgebra. The mapping which associates to a circle diagram the
corresponding linear combination of chord diagrams is well defined, and it
induces the bialgebra isomorphism.

The graph with oriented vertices obtained by removing the distinguished
circle from a circle diagram is called an open diagram. It has vertices of valency
only 3 and 1, and each its connected component contains at least one vertex
of valency 1. Consider the module spanned by open diagrams modulo the
antisymmetry and the IHX-relations (see Fig. 6.32). This module is endowed
with the bialgebra structure with respect to the multiplication induced by the
disjoint union of open diagrams, and the comultiplication for which connected

����
= − = +

(a) (b)

Fig. 6.32. (a) The antisymmetry, and (b) the IHX relations
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open diagrams are primitive elements. It is graded by half the number of
vertices of an open diagram.

Let k be the number of vertices of valency 1 of an open diagram. Fix
k distinct points at the circle and consider all possible ways to attach the
1-valency vertices to the circle (in a generic case, there is k! ways of such an
attachment). Summing over all these ways we obtain a linear combination of
circle diagrams.

Theorem 6.6.2 ([18]). Both the mapping from the space of circle diagrams
to the space of open diagrams and the mapping from the space of open diagrams
to the space of circle diagrams described above identify them as graded vector
spaces. The first of the two mappings is an isomorphism of the two bialgebra
structures, while the second one induces a new multiplication on the space of
open diagrams, compatible with the comultiplication.

6.6.2 The Algebra of 3-Graphs

The algebra of 3-graphs introduced in [51] is obtained from the algebra of
circle diagrams by forgetting the distinguished circle (the Wilson loop). The
resulting object carries a well-defined multiplication, but considered as an
algebra it admits nontrivial relations between generators, and therefore carries
no cocommutative coalgebra structure compatible with the algebra structure.

By definition, the algebra of 3-graphs is the k-module freely generated by
connected graphs whose all vertices are oriented and of valency 3, modulo the
antisymmetry relation and the IHX-relation shown in Fig. 6.32.

The product of two graphs is defined as their connected sum obtained by
choosing an arbitrary edge in the first graph and an arbitrary edge in the sec-
ond graph, cutting them and gluing the ends pairwise. The algebra of 3-graphs
is graded by half the number of vertices in the graph. The multiplication re-
spects this grading.

Table 6.3 presents the dimensions of the spaces of 3-graphs for small values
of the grading.

Table 6.3. Dimensions of homogeneous spaces in the algebra of 3-graphs

n 0 1 2 3 4 5 6 7 8 9 10 11

dim 1 1 1 1 2 2 3 4 5 6 8 9

6.6.3 The Temperley–Lieb Algebra

Here we follow the approach of [82]. The Temperley–Lieb algebra TLn(q) (in-
troduced in [276], see also [236]) on n strings with the parameter q is the
associative algebra over Z[q] in n generators 1, e1, . . . , en−1 satisfying the re-
lations
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• e2
i = qei, i = 1, 2, . . . , n− 1;

• [ei, ej] = 0 if |i− j| > 1;
• eiei±1ei = ei, i = 1, 2, . . . , n− 1.

The generator ei of TLn(q) admits the following pictorial presentation:

�� ��. . .

. . .

i
i + 1

The multiplication of two monomials consists in attaching the right-hand side
of the pictorial representation of the first monomial to the left-hand of the
second one, which implies the relations above:

�� �� �� �� �� �� �� �� �� ��
ei ei ei ei+1 ei

The relations show that closed loops can be eliminated from a product of
generators causing the factor q each. Hence, each product of generators is
equal to an element without loops (a reduced element) times some power of
q. Now, there is a one-to-one correspondence between reduced elements in
TLn(q) and arc diagrams on n arcs, see Fig. 6.33.

�
��
���� � � ���� ��� ����

Fig. 6.33. Associating an arc diagram to a reduced element in the Temperley–
Lieb algebra: the vertical strip opens as a fan; its vertical sides form together the
horizontal line; and the strings of the algebra element become arcs of the arc diagram

In particular, the algebra TLn(q) is finitely generated over Z[q] and has a
basis consisting of Catn = (2n)!/n!(n + 1)! elements. For two basis elements
a1, a2, it is possible to define their scalar product (a1, a2) according to the
following rule. Attach the arc diagram corresponding to the basis element a
to the rotated arc diagram corresponding to b and obtain a system of meanders
(see Fig. 6.34, cf. Sec. 3.4.3).
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� ���� ��� ����� �	 
 !  !  !" #
Fig. 6.34. A system of meanders with three connected components

Then, by definition, (a1, a2) = qc, where c is the number of connected
components in the meander system. For example, for the system in Fig. 6.34
we have c = 3. All pairwise scalar products of the basis elements form the
Lickorish bilinear form. This bilinear form was introduced in [197] in relation
with the calculation of the Jones polynomial. Lickorish also posed the problem
of computing the determinant of this matrix: such a computation would give
a new, purely combinatorial approach to construction of certain invariants of
3-manifolds. This determinant is a polynomial in q, and it suffices to find its
zeroes together with the multiplicities. The zeroes were found in [175], and
in [82] the multiplicities were also computed. The determinant in question is
expressed in terms of the Chebyshev polynomials of the second kind in q.

∗ ∗ ∗

Vassiliev knot invariants constitute a part of his far-reaching theory of
the complements to discriminants and their topology (see [286]). The com-
binatorics of chord diagram bialgebras and that of their bases is not well
understood. It may seem strange that while Hopf algebras play an important
role in the group representation theory (see, e.g., [109], [305]), the permuta-
tional representation of embedded graphs does not play any role at all in the
theory presented in this chapter. The future research must shed more light on
all these intricate questions.

Algebraic structures associated to embedded graphs did not yet reveal all
their potential power. See, for instance, their applications to the renormaliza-
tion in quantum field theory [61], [103].
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Applications of the Representation Theory
of Finite Groups

by Don Zagier

This appendix consists of two sections. In the first we give a self-contained
and fairly complete introduction to the representation and character theory of
finite groups, including Frobenius’s formula and a higher genus generalization.
In the second we give several applications related to topics treated in this book.

A.1 Representation Theory of Finite Groups

A.1.1 Irreducible Representations and Characters

Let G be a finite group. A (finite-dimensional; we will always assume this)
representation (V, π) of G is a finite-dimensional complex vector space V and
a homomorphism π : G → GL(V ). Thus each g ∈ G defines a linear map
v 
→ π(g)v from V to V , with π(g1g2) = π(g1)π(g2). One often drops the “π”
and writes the action simply as v 
→ gv. Alternatively, one often drops the
“V ” and simply denotes the representation itself by π. The definition given
here corresponds to left representations; one also has right representations
(where v 
→ vg with v(g1g2) = (vg1)g2); this leads to an isomorphic theory,
by replacing g by g−1.

We call two representations V and V ′ isomorphic, denoted V � V ′, if
there is a G-equivariant isomorphism from V to V ′, and write V ∼= V ′ if
such an isomorphism has been fixed. If V is a (left) representation of G and
A a complex vector space, then both V ⊗C A and HomC(A, V ) are (left)
representations in the obvious way (g(v ⊗ a) = (gv)⊗ a, (gφ)(a) = gφ(a)). If
dimC A = k, then both of these representations are isomorphic to V ⊕ · · ·⊕V
(k copies), the isomorphisms being canonical if one has chosen a basis of
A. Similarly, the dual space V ∗ = HomC(V,C) is in a natural way a right
representation of G via (φg)(v) = φ(gv) and the space HomC(V,A) is also a
right representation, isomorphic to k copies of V ∗. Finally, if V and V ′ are
two representations of G, then we write V ⊗G V ′ for the quotient of V ⊗C V ′

by the relation gv⊗v′ = v⊗gv′ and HomG(V, V ′) for the set of G-equivariant
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linear maps from V to V ′; these are simply vector spaces, without any natural
G-action.

A representation V of G is called irreducible if it contains no proper sub-
space which is invariant under the action of G. As a simple example, let
G = Sn and V = Cn with the obvious action of G by permutation of the
coordinates. Then V is not irreducible, since it contains the two subspaces
W1 = {(x, . . . , x) | x ∈ C} and W2 = {(x1, . . . , xn) ∈ Cn | x1 + · · ·+ xn = 0},
of dimensions 1 and n − 1 respectively, which are obviously invariant under
the action of G. On the other hand, these two representations are irreducible
and V is their direct sum. More generally, one has:

Lemma A.1.1. Any representation of G is a direct sum of irreducible ones.

Proof. Pick a G-invariant non-degenerate scalar product on V . (To obtain
one, start with any positive-definite scalar product and replace it by the ob-
vious average over G.) If V is not already irreducible, it contains a proper
G-invariant subspace W . But then the orthogonal complement W⊥ of W is
also G-invariant, and V = W ⊕W⊥. The result now follows by induction on
the dimension. �

This will be used in conjunction with the following property of irreducible
representations:

Lemma A.1.2 (Schur’s Lemma). Let V and V ′ be two irreducible repre-
sentations of G. Then the complex vector space HomG(V, V ′) is 0-dimensional
if V �� V ′ and 1-dimensional if V � V ′. The space HomG(V, V ) is canonically
isomorphic to C.

Proof. Since neither V nor V ′ has a non-trivial G-invariant subspace, any
non-zero G-equivariant map φ : V → V ′ has trivial kernel and cokernel.
Hence HomG(V, V ′) = {0} if V and V ′ are not isomorphic. If they are, then
we may assume that V ′ = V . Then for any eigenvalue λ of φ, the map φ− λ
has a kernel and therefore is zero. Hence HomG(V, V ) ∼= C canonically. �

These two lemmas already suffice to prove one of the first basic facts of
the theory, the “first orthogonality relation for characters.” If (V, π) is an
irreducible representation, we define its character as the function χπ(g) =
tr (π(g), V ) from G to C. Then we have:

Corollary A.1.3 (First orthogonality relation). Let (V, π) and (V ′, π′)
be two irreducible representations of G. Then

1
|G|

∑
g∈G

χπ(g)χπ′(g) =
{

1 if π � π′,
0 otherwise. (A.1)
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Proof. The dimension of the space V G of G-invariant vectors in any represen-
tation V of G is given by dim(V G) = |G|−1

∑
g∈G tr (g, V ). (Proof. The linear

map v 
→ |G|−1
∑

g∈G gv is a projection from V to V G, so its trace equals
dimV G.) Apply this to the G-representation HomC(V, V ′) ∼= V ⊗C V ′∗, with
G acting by g(v, φ) = (gv, φ ◦ g−1). (Recall that V ′∗ is naturally a right
representation of G, so that we have to replace g by g−1 when we act from
the left.) Then the trace of g ∈ G equals χπ(g)χπ′(g), and the dimension of(
Hom(V, V ′)

)G = HomG(V, V ′) is 1 or 0 by Schur’s Lemma. �

Now let {(Vi, πi)}i∈I be a full set of non-isomorphic irreducible representa-
tions of G. Lemma A.1.1 tells us that any representation V of G is isomorphic
to a direct sum

⊕
i∈I

Vi ⊕ · · · ⊕ Vi︸ ︷︷ ︸
ki

of the representations Vi or equivalently, by

what was said above, that

V ∼=
⊕
i

Vi ⊗C Ai
∼=

⊕
i

HomC(Bi, Vi) (A.2)

for some ki-dimensional vector spaces Ai and Bi over C, but we do not yet
know that these spaces, or even the multiplicities ki, are independent of the
decomposition chosen. The following lemma shows that this is true and gives
a canonical description of the spaces Ai and Bi.

Lemma A.1.4. Let V be an arbitrary representation of G. Then we have
canonical G-equivariant isomorphisms⊕

i∈I
Vi ⊗C HomG(Vi, V ) ∼−→ V, V

∼−→
⊕
i∈I

HomC(HomG(V, Vi), Vi) (A.3)

given by sending x ⊗ φ ∈ Vi ⊗ HomG(Vi, V ) to φ(x) and v ∈ V to the
homomorphism φ 
→ φ(v) from HomG(V, Vi) to Vi. Conversely, given any
decompositions of V of the form (A.2), there are canonical isomorphisms
Ai
∼= HomG(Vi, V ) and Bi

∼= HomG(V, Vi) as complex vector spaces.

Proof. Since both isomorphisms in (A.2) are additive under direct sums, we
may assume by Lemma A.1.1 that V is irreducible, say V = Vj for some j ∈ I.
Then both statements in (A.3) follow immediately from Lemma A.1.2, since
Vj ⊗C C ∼= HomC(C, Vj) ∼= Vj . The proof of the last statement, which will not
be used in what follows, is similar and will be left to the reader. �

We next introduce the group algebra C [G]. This is the set of linear com-
binations

∑
g∈G αg[g] (αg ∈ C) of formal symbols [g] (g ∈ G), with the ob-

vious addition and multiplication. It can be identified with Maps(G,C) via
α(g) = αg. The group algebra is a left and right representation of G via
g1[g]g2 = [g1gg2], or equivalently (g1αg2)(g) = α(g−1

1 gg−1
2 ) if α is a map from

G to C. The central result of the representation theory of finite groups is the
following assertion.
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Theorem A.1.5. Let G be a finite group. Then there is a canonical (G×G)-
equivariant algebra isomorphism

C [G] ∼=
⊕
i∈I

EndC(Vi) (A.4)

sending [g] to the collection of linear maps πi(g) : Vi → Vi.

Proof. For any representation V of G, HomG(C [G], V ) ∼= V as G-representa-
tions, since an equivariant map φ : C [G] → V is uniquely determined by
φ([1]) ∈ V , which is arbitrary. Applying this to V = Vi (i ∈ I) and then
applying the second isomorphism in (A.3) to V = C [G], we obtain the as-
sertion of the theorem. We can also obtain the isomorphism (A.4), in the
reverse direction, by applying the first isomorphism in (A.3) to V = C [G]
and using the canonical isomorphisms HomG(Vi,C [G]) ∼= V ∗

i and Vi⊗C V ∗
i
∼=

HomC(Vi, Vi) ∼= EndC(Vi). �

Essentially all important general facts about representations of finite
groups are corollaries of this theorem. To state them, let us introduce the
notation C for the set of conjugacy classes in G and R for the set of isomor-
phism classes of irreducible representations. (Of course R and the index set
I used above are in canonical bijection, but we will no longer need to have
picked representatives for the elements of R.) Since the value of the character
χπ(g) depends only on the isomorphism class of π and the conjugacy class
of g, we can write, with some abuse of notation, χπ(C) for any π ∈ R and
C ∈ C. For instance, with these notations the first orthogonality relation (A.1)
becomes ∑

C∈C
|C|χπ(C)χπ′(C) = |G| δπ,π′ (π, π′ ∈ R) . (A.5)

Then Theorem A.1.5 has the following consequences.

Corollary A.1.6. The cardinality of R is finite and∑
π∈R

(dimπ)2 = |G| . (A.6)

Proof. Compare the dimensions on both sides of (A.4). �

Corollary A.1.7. The sets C and R have the same cardinality: there are as
many irreducible representations of G as there are conjugacy classes in G.

Proof. A basis for the center Z(C [G]) of C [G] is clearly given by the elements
eC =

∑
g∈C [g] (C ∈ C). On the other hand, EndC(Vi) is the matrix algebra

MdimVi(C), with 1-dimensional center. Hence the algebra isomorphism (A.4)
tells us that |C| = dimC Z(C [G]) = |R|. �
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Corollary A.1.8 (Second orthogonality relation). Let C1, C2 ∈ C. Then∑
π∈R

χπ(C1)χπ(C2) =
{
|G|/|C1| if C1 = C2,
0 otherwise. (A.7)

Notice that this formula agrees with (A.6) when C1 = C2 = {1}, since χπ(1) =
dimπ.
Proof. This follows from (A.5) and Corollary A.1.7, since these imply that the
matrix

(
|C|1/2|G|−1/2χπ(C)

)
π∈R, C∈C is square and unitary, and the inverse

of a unitary matrix is also unitary. But we can also obtain (A.7) directly (and
then, if we wish, deduce (A.5) from it) by computing the trace of the action
of (g1, g2) ∈ C1×C2 on both sides of (A.4). The action of (g1, g2) on the basis
{[g]}g∈G of C [G] is given by the permutation [g] 
→ [g1gg

−1
2 ] (as before, we

have to invert g2 to turn the right action into a left one), so its trace is the
number of fixed points of this permutation, which is clearly |G|/|C1| if g1 and
g2 are conjugate and 0 otherwise. On the other hand, the trace of (g1, g2) on
EndC(π) = π ⊗C π∗ equals χπ(g1)χπ(g2). �

A.1.2 Examples

We illustrate the theory explained in Sec. A.1.1 in a few important special
cases.

Abelian groups. If G is a cyclic group of order n, with generator γ, then
there are n obvious 1-dimensional (and hence irreducible!) representations of
G given by V = C and γv = ζv with ζ ∈ C a (not necessarily primitive) nth
root of unity. By the dimension formula (A.6), these are the only irreducible
representations. More generally, for any finite abelian group one sees easily
that all irreducible representations of G are 1-dimensional (because the com-
muting operators π(g) on any representation V have a common eigenvector,
or alternatively by reducing to the cyclic case) and that the corresponding
characters are simply the homomorphisms from G to C∗.

Symmetric groups of small order. The symmetric group Sn has two
1-dimensional representations 1 (the trivial representation, V = C with all
elements of G acting as +1) and εεεn (the sign representation, V = C with
odd permutations acting as −1) and an (n − 1)-dimensional irreducible rep-
resentation Stn which is the space W2 ⊂ Cn mentioned at the beginning of
this section. For n = 2 and n = 3, the dimension formula (A.6) shows that
these are the only irreducible representations (and Stn � εεεn for n = 2), with
character tables given by
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C Id (1, 2)
|C| 1 1
1 1 1
εεε2 1 −1

C Id (1, 2) (1, 2, 3)
|C| 1 3 2
1 1 1 1
εεε3 1 −1 1
St3 2 0 −1

(Here the numbers in the second row show the size of the conjugacy classes,
needed as weights to make the rows of the table orthogonal; the columns are
orthogonal as they stand.) For n = 4, the orthogonality relations again have
a unique solution and the character table must take the form

C Id (1, 2) (1, 2, 3) (1, 2)(3, 4) (1, 2, 3, 4)
|C| 1 6 8 3 6
1 1 1 1 1 1
εεε4 1 −1 1 1 −1
A 2 0 −1 2 0

St4 3 1 0 −1 −1
St4 ⊗ εεε4 3 −1 0 −1 1

for some 2-dimensional irreducible representation A of S4. We can construct A
explicitly as {(xs)s∈S |

∑
xs = 0}, where S is the 3-element set of decompo-

sitions of {1, 2, 3, 4} into two (unordered) subsets of cardinality 2. The reader
may wish to attempt constructing “by hand” the 7×7 character table for the
group S5, where the dimensions of the irreducible representations are 1, 1, 4,
4, 5, 5 and 6.

Observe that in the above tables for Sn the character values χπ(g) are
all integers. This is a general fact. For arbitrary finite group representations,
χπ(g) is a sum of roots of unity and hence an algebraic integer, and its Galois
conjugates are simply the values of χπ(g�) with " ∈ Z prime to the order of g.
(This is because the action of Gal(Q/Q) on roots of unity is given by ζ 
→ ζ�

with " prime to the order of ζ.) For G = Sn, however, g� and g are conjugate
since they have the same cycle structure, so χπ(g) is Galois invariant and
hence belongs to Z.

Symmetric groups of arbitrary order. We will not give a complete ac-
count of the general representation theory of Sn here, since it is a little com-
plicated and there are many good accounts, but will only mention some high-
lights, following the approach given in the beautiful paper [OV], which we
highly recommend to the reader. The statements given here will be used only
in Sec. A.2.3. We denote by Rn the sets of isomorphism classes of irreducible
representations of Sn. We will also consider Sn−1 as a subgroup of Sn (namely,
the set of elements fixing n), and similarly for all Si, i < n.
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A. The first basic fact is that each irreducible representation of Sn, when
restricted to the subgroup Sn−1, splits into the direct sum of distinct irre-
ducible representations of Sn−1. For π ∈ Rn and π′ ∈ Rn−1 we write π′ ≺ π
if π′ occurs in π|Sn−1 , so π|Sn−1 = ⊕π′≺ππ

′. Similarly, each π′ ≺ π when re-
stricted to Sn−2 splits into a sum of irreducible rerpresentations π′′ of Sn−2,
and continuing this process, we see that π splits canonically into a direct sum
of 1-dimensional spaces Vξ indexed by all possible chains ξ : π1 ≺ · · · ≺ πn = π
with πi ∈ Ri. (Specifically, we have Vξ = V1 ⊂ · · · ⊂ Vn = π where each Vi is
Si-invariant and isomorphic to πi.) Notice how unusual this behavior is: for
general finite groups G it is more modern, and of course better, to think of
representations as actions of G on abstract vector spaces, without any choice
of basis, rather than as collections of matrices satisfying the same relations
as the elements of G, but for the symmetric groups the irreducible repre-
sentations come equipped with their own nearly (i.e., up to scalar multiples)
canonical bases, and we have matrices after all!

B. The next key idea is to introduce the so-called Jucys-Murphy element

Xn = (1, n) + (2, n) + · · · + (n− 1, n)

of the group algebra Z[Sn]. We can write this element as e[T ]n − e[T ]n−1 ,
where e[T ]n ∈ Z(Z[Sn]) as in the proof of Corollary A.1.7 above is the sum of
all elements in the conjugacy class [T ]n of T = (1, 2) ∈ Sn and e[T ]n−1 is the
corresponding element for n−1. Since e[T ]n is central, by Schur’s lemma it acts
on each π ∈ Rn, and hence on each subrepresentation π′ ≺ π, as multiplication
by a scalar νπ(T ) (which belongs to Z by the remark on integrality made
above), and similarly e[T ]n−1 acts on π′ as a scalar νπ′(T ), so Xn acts on π′

as multiplication by the number an = νπ(T ) − νπ′(T ). By induction on i it
follows that for each chain ξ = (π1, . . . , πn) each element Xi ∈ Z[Si] ⊂ Z[Sn]
acts on πi−1 as multiplication by some integer ai(ξ), so we can associate to
the chain ξ a weight vector a(ξ) = (a1(ξ), . . . , an(ξ)) ∈ Zn.

C. Conversely, the weight vector a(ξ) determines ξ (and hence also π) com-
pletely, and there is a complete description of which vectors a = (a1, . . . , an) ∈
Zn occur as weight vectors. (The conditions are (i) a1 = 0, (ii) for each j > 1,
we have |aj − ai| = 1 for some i < j, and (iii) if ai = aj for some i < j
then both ai − 1 and ai + 1 occur among the ak with i < k < j.) Further-
more, two weight vectors a, a′ ∈ Zn correspond to the same representation
π if and only if they are permutations of one another, so that π is uniquely
characterized by the function f : Z → Z≥0 defined by f(r) = #{i | ai = r},
and this sets up a bijection between Rn and the set of finitely supported
functions f : Z → Z≥0 satisfying f(r + 1) − f(r) ∈ {0, |r| − |r + 1|} for
all r and

∑
r∈Z

f(r) = n. These functions in turn correspond bijectively to
the elements of the set Yn of Young diagrams (= subsets Y ⊂ N2 such that
(x, y) ∈ Y ⇒ (x′, y′) ∈ Y whenever 1 ≤ x′ ≤ x, 1 ≤ y′ ≤ y) of cardinality n,
the correspondence f ↔ Y being given by f(r) = #{(x, y) ∈ Y | x − y = r}
and Y = {(x, y) ∈ N2 | min(x, y) ≤ f(x − y)}. In the bijection between Rn



406 A Representation Theory

and Yn obtained in this way one has π′ ≺ π if and only if the corresponding
Young diagrams Y ′ ∈ Yn−1 and Y ∈ Yn satisfy Y ′ ⊂ Y .

D. Finally, there is an explicit inductive procedure, given by the so-called
Murnaghan-Nakayama rule, to compute the value of the character χπ(C) for
any π ∈ Rn and conjugacy class C ⊂ Sn in terms of the Young diagram
associated to π and the partition of n associated to C. However, we will not
use this and do not give the details here, noting only that the case C = [T ]n,
which will be needed in Sec. A.2.3, follows from B. and C. above.

A.1.3 Frobenius’s Formula

We end Sec. A.1 by describing a formula which has applications to combina-
torial problems in many parts of mathematics and in particular to several of
the topics treated in this book; some of these applications will be discussed
in Sec. A.2. This formula computes the number

N (G;C1, . . . , Ck) := #
{
(c1, . . . , ck) ∈ C1 × · · · × Ck | c1 · · · ck = 1

}
for arbitrary conjugacy classes C1, . . . , Ck ∈ C in terms of the characters of the
irreducible representations of G. Note that N (G;C1, . . . , Ck) is independent
of the order of the arguments, because the identity cici+1 = ci+1(c−1

i+1cici+1)
lets us interchange Ci and Ci+1.

Theorem A.1.9 (Frobenius’s formula). Let G be a finite group and C1,
. . . , Ck conjugacy classes in G. Then

N (G;C1, . . . , Ck) =
|C1| · · · |Ck|
|G|

∑
χ

χ(C1) · · ·χ(Ck)
χ(1)k−2

, (A.8)

where the sum is over all characters of irreducible representations of G.

Before giving the proof, we note three special cases. If k = 1 or k = 2,
then (A.8) reduces to the orthogonality relation (A.7), applied to (C1, 1) or
(C1, C

−1
2 ), respectively. For k = 3, we write (C1, C2, C3) = (A,B,C−1) with

A, B, C ∈ C. Then N (G;C1, C2, C3) = nCAB, where

nCAB = #
{
(a, b) ∈ A×B | ab ∈ C

}
.

The integers nCAB are nothing but the structure constants (i.e., the numbers
defined by eAeB =

∑
C nCABeC) of the center of the group ring Z[G] with

respect to the basis {eC} defined in the proof of Corollary A.1.7 above. For-
mula (A.8) therefore describes the ring structure of this commutative ring in
terms of the character theory of G. This formula plays a role in mathematical
physics in connection with the so-called “fusion algebras.”

Proof. If C is any conjugacy class of G, then the element eC =
∑

g∈C [g] is
central and hence, by Schur’s lemma, acts on any irreducible representation
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π of G as multiplication by a scalar νπ(C). Since each element g ∈ C has the
same trace χπ(g) = χπ(C), we find

|C|χπ(C) =
∑
g∈C

χπ(g) = tr(π(eC), V ) = tr(νπ(C) · Id, V ) = νπ(C) dim π

and hence

νπ(C) =
|C|

dimπ
χπ(C) =

χπ(C)
χπ(1)

|C| . (A.9)

Now we compute the trace of the action by left multiplication of the product of
the elements eC1 , . . . , eCk

on both sides of (A.4). On the one hand, this product
is the sum of the elements [c1 · · · ck] with ci ∈ Ci for all i, and since the trace
of left multiplication by [g] on C [G] is clearly |G| for g = 1 and 0 otherwise,
the trace equals |G| N (G;C1, . . . , Ck). On the other hand, the product of
the eCi acts as scalar multiplication by

∏
νπ(Ci) on π and hence also on the

(dim π)2-dimensional space EndC(π). Formula (A.8) follows immediately. �

Theorem A.1.9 has a clear topological interpretation. Let X be the 2-
sphere with k (numbered) points P1, . . . , Pk removed. Then π1(X) is a (free)
group on k generators x1, . . . , xk with x1 · · ·xk = 1, and N (G;C1, . . . , Ck)
simply counts the number of homomorphisms ρ from π1(X) to G with ρ(xi) ∈
Ci for each i. As explained in the text of the book, if G acts faithfully on some
finite set F , then each such homomorphism corresponds to a (not necessarily
connected) Galois covering of X with fibre F , Galois group G, and ramification
points Pi, such that for each i the permutation of the elements of a fixed fibre
induced by the local monodromy at Pi belongs to the conjugacy class Ci.
Hence N (G;C1, . . . , Ck) counts the coverings with these properties. Observe
that the above-mentioned invariance of N (G;C1, . . . , Ck) under permutation
of its arguments is clear from this topological point of view.

A natural idea is now to generalize this to ramified coverings of Riemann
surfaces of arbitrary genus g ≥ 0. In view of the structure of the fundamental
group of a k-fold punctured surface of genus g, this boils down to computing
the number

Ng(G;C1, . . . , Ck) = #
{
(a1, . . . , ag, b1, . . . , bg, c1, . . . , ck) ∈

G2g × C1 × · · · × Ck

∣∣ [a1, b1] · · · [ag, bg] c1 · · · ck = 1} .

The result, given in the theorem below, turns out to be surprisingly simple,
but was apparently not given in the classical group-theoretical literature and
was discovered first in the context of mathematical physics ([DW], [FQ]). The
proof is an almost immediate consequence of the special case g = 0.

Theorem A.1.10. With the same notations as above, we have for all g ≥ 0

Ng(G;C1, . . . , Ck) = |G|2g−1 |C1| · · · |Ck|
∑
χ

χ(C1) · · ·χ(Ck)
χ(1)k+2g−2

. (A.10)
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Proof. Note that [a1, b1] · · · [ag, bg] = a1(b1a1b
−1
1 )−1 · · · ag (bgagb−1

g )−1 and
that, for a and a′ in the same conjugacy class A, there are |G|/|A| elements
b ∈ G with bab−1 = a′. Hence

Ng(G;C1, . . . , Ck) =
∑

A1,...,Ag∈C

|G|
|A1|

· · · |G||Ag|
×

N (G;A1, A
−1
1 , . . . , Ag, A

−1
g , C1, . . . , Ck) .

Now applying Theorem A.1.9 we find

Ng(G;C1, . . . , Ck) = |G|g−1|C1| · · · |Ck|
∑

A1,...,Ag∈C
|A1| · · · |Ag| ×(∑

χ

χ(A1)χ(A1) · · ·χ(Ag)χ(Ag)χ(C1) · · ·χ(Ck)
χ(1)k+2g−2

)

= |G|g−1|C1| · · · |Ck|
∑
χ

χ(C1) · · ·χ(Ck)
χ(1)k+2g−2

(∑
A∈C
|A|χ(A)χ(A)

)g

.

The theorem now follows from the case π = π′ of the orthogonality rela-
tion (A.5). �

We observe that, by formula (A.9), both Frobenius’s formula and its higher
genus generalization can be written more naturally in terms of the eigenvalues
νπ(C) than the character values χπ(C). In particular, equation (A.10) when
expressed in terms of the νπ(C) takes the simple form

Ng(G;C1, . . . , Ck) = |G|2g−1
∑
π∈R

νπ(C1) · · · νπ(Ck)
(dim π)2g−2

. (A.11)

A.2 Applications

In this section we give several applications of the character theory of finite
groups in the case when G = Sn, the symmetric group on n letters. In this
case the conjugacy classes are described simply by the partitions of n, the
conjugacy class of an element g ∈ Sn with d1 one-cycles, d2 two-cycles, etc.,
corresponding to the partition λ = 1d12d2 · · · of n. It turns out that much of
the part of the information which we are interested in can be captured by any
of three polynomials Φg(X), Pg(r) or Qg(k) which mutually determine each
other but which encode the interesting combinatorial information about g in
different ways.
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A.2.1 Representations of Sn and Canonical Polynomials
Associated to Partitions

In this subsection we define the three polynomials Φg(X), Pg(r) or Qg(k)
mentioned above and prove their main properties. Applications to several of
the topics treated in the main text of the book will then be given in Sec. A.2.2–
A.2.4. Since each of these three polynomials depends only on the conjugacy
class C of g ∈ Sn or equivalently only on the partition λ � n corresponding
to C, we will also use the notations ΦC(X), PC(r) or QC(k) and Φλ(X), Pλ(r)
or Qλ(k).

We recall from Sec. A.1.2 the standard irreducible representation Stn =
Cn/C of Sn of dimension n − 1. We define Φg(X) as the characteristic poly-
nomial of g on Stn:

Φg(X) = det
(
1 − g X, Stn) . (A.12)

It is easy to see that, if g has the cycle structure 1d12d2 · · · , then the charac-
teristic polynomial of g on Cn = Stn ⊕ 1 is simply

∏
(1 −X i)di , so in terms

of λ we have

Φλ(X) =
(1−X)d1(1 −X2)d2 · · ·

1 − X
(λ = 1d12d2 · · · ) . (A.13)

This is the first of our three polynomials.
From linear algebra, we know that the coefficient of Xr in the characteristic

polynomial of any endomorphism φ of a finite-dimensional vector space V
equals (−1)r times the trace of the endomorphism induced by φ on the rth
exterior power

∧r(V ). We therefore have

Φg(X) =
n−1∑
r=0

(−1)r χr(g)Xr , (A.14)

where we have abbreviated

χr(g) := tr(g, πr) , πr :=
r∧

(Stn) (0 ≤ r ≤ n− 1) .

We shall show below that the representations πr are irreducible and distinct,
so the χr are distinct characters of Sn. We have χr(1) = dim πr =

(
n−1
r

)
. Now,

since there is a unique polynomial of degree n− 1 having specified values at
any n specified points, we can define a polynomial Pg(r) by the requirements
that degPg ≤ n− 1 and that

Pg(r) =
χr(g)
χr(1)

=
(
n− 1

r

)−1

χr(g) (0 ≤ r ≤ n− 1) . (A.15)

This is our second polynomial attached to (the conjugacy class of) g.
Finally, we recall the notations "(g) =

∑
di and v(g) =

∑
(i− 1)di for the

number of cycles of an element g of Sn and for its complement v(g) = n−"(g).
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(Again, since both depend only on the conjugacy class of g, we will use the
alternative notations "(C), v(C) or "(λ), v(λ) as the situation requires.) Let
σ denote the cyclic element (1 2 . . . n) of Sn. We then define

QC(k) =
1
|C|

∑
g∈C

k�(gσ) (A.16)

for any conjugacy class C of Sn. This is our third polynomial.
Before stating the main result, which describes how each of the three

polynomials just defined determines the other two, we need two simple (and
well-known) lemmas concerning the representations πr.

Lemma A.2.1. The representations πr =
∧r(Stn) (0 ≤ r ≤ n−1) of Sn are

irreducible and distinct.

Proof. Set V = π0 ⊕ · · · ⊕ πn−1, a representation of G = Sn of dimen-
sion 2n−1. By the results of Sec. A.1, we know that V can be decomposed
uniquely as

⊕
π∈R m(π)π, where R is a set of representatives of the iso-

morphism classes of irreducible representations of G and the multiplicities
m(π) are non-negative integers. Since V is by construction a sum of n non-
trivial representations, we have

∑
m(π) ≥ n. Define χV : Sn → C by

χV (g) = tr(g, V ). Then χV decomposes as χV =
∑

m(π)χπ. We define a
scalar product on the vector space of conjugacy-invariant functions f : Sn → C

by (f1, f2) = |G|−1
∑

g∈G f1(g)f2(g) . By equation (A.1) (first orthogonality
relation) we know that the characters χπ of the irreducible representations of
G form an orthogonal basis for this vector space with respect to this scalar
product, so (χV , χV ) =

∑
m(π)2. If we can show that (χV , χV ) = n, it will

follow that
∑

(m(π)2 − m(π)) ≤ 0 and hence that each multiplicity m(π)
equals 0 or 1, with m(π) = 1 for exactly n distinct irreducible representations
of G, proving the lemma.

To calculate (χV , χV ), we first use equations (A.14) and (A.13) to obtain
that

χV (g) =
n−1∑
r=0

χr(g) = Φg(−1) =
{

2(d1+d3+··· )−1 if d2 = d4 = · · · = 0,
0 otherwise

for g with the cycle structure
∏

idi. Since the number of elements with this
cycle structure is n!/

∏(
di! idi), we obtain

(χV , χV ) =
1
n!

∑
g∈Sn

|χV (g)|2

=
1
4

∑
d1, d3, d5,···≥0

d1+3d3+5d5+···=n

4d1+d3+d5+···

d1! d3! d5! · · · 1d1 3d3 5d5 · · ·

=
1
4
· coefficient of xn in

∏
i≥1
i odd

e4xi/i = n ,
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since 4
∑
i odd

xi

i
= 2 log

1 + x

1− x
and

(
1 + x

1− x

)2

= 1 + 4
∑
n≥1

nxn. �

Lemma A.2.2. The value of the character of an irreducible representation π
of Sn on the conjugacy class of the cyclic element σ ∈ Sn is given by

χπ(σ) =
{

(−1)r if π � πr for some r, 0 ≤ r ≤ n− 1,
0 otherwise.

Proof. The first statement follows immediately from formulas (A.14) and
(A.13), since

n−1∑
r=0

(−1)r χr(σ)Xr = Φσ(X) =
1−Xn

1−X
=

n−1∑
r=0

Xr .

The second then follows immediately from the second orthogonality relation
for characters, since

∑
π∈R |χπ(σ)|2 = n!/(n− 1)! = n =

∑n−1
r=0 |χr(σ)|2 . �

Theorem A.2.3. For any integer n ≥ 1 there are canonical linear isomor-
phisms between the three n-dimensional vector spaces

〈1, X, . . . , Xn−1〉 , 〈1, r, . . . , rn−1〉 , 〈k, k2, . . . , kn〉 ,

such that the three polynomials ΦC(X), PC(r) and QC(k) correspond to one
another for every conjugacy class C in Sn. These isomorphisms are given
by Φ ↔ P ↔ Q, where Φ(X), P (r) and Q(k) are related by the generating
function identities

Φ(X) =
n−1∑
r=0

(−1)r
(
n− 1

r

)
P (r)Xr = (1−X)n+1

∞∑
k=1

Q(k)Xk−1 , (A.17)

or alternatively in terms of bases of the three vector spaces by

(1 −X)n−1−s ↔
(
n− 1− r

s

)/(
n− 1

s

)
↔

(
s + k

s + 1

)
(A.18)

or

Xs(1−X)n−1−s ↔ (−1)s
(
r

s

)/(
n− 1

s

)
↔

(
k

s + 1

)
(A.19)

for 0 ≤ s ≤ n − 1. These isomorphisms are equivariant with respect to the
three involutions ∗ defined by

Φ∗(X) = (−X)n−1Φ(1/X), P ∗(r) = P (n− 1− r),
Q∗(k) = −Q(−k),

(A.20)

under which the polynomials ΦC(X), PC(r) and QC(k) are invariant or anti-
invariant according to whether C is a conjugacy class of even or odd permu-
tations.
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Proof. The fact that the formulas (A.17) give isomorphisms between the
spaces in question can be checked either directly or by using the binomial
theorem to check that the collections of functions listed in (A.18) or in (A.19),
each of which forms a basis for the relevant vector space, satisfy the identities
in (A.17). The equivariance of the isomorphisms with respect to the involu-
tions (A.20) follows most easily by noting that these involutions exchange the
bases given in (A.18) and (A.19) up to a factor (−1)s. The fact that Φg(X)
and Pg(r) are related by the first formula in (A.17) follows immediately from
equations (A.13) and (A.14) above. The statement about the invariance or
anti-invariance of Φg, Pg and Qg under the involutions ∗ is easy in each case
(although of course it would suffice to verify only one of them and then use
the rest of the theorem): for Φg it follows immediately from formula (A.13)
and the fact that sgn(g) = (−1)v(g) with v(g) =

∑
(i− 1)di ; for Pg it follows

from (A.15) and the fact that
∧n−1−r(Stn) is dual to the tensor product of∧r(Stn) with the sign representation εεεn (because

∧d−r
V⊗

∧r(V ) ∧→
∧d(V ) is

a perfect pairing for any d-dimensional vector space V and
∧n−1(Stn) = εεεn);

and for Qg it follows from the fact that "(gσ) = n− v(gσ) ≡ v(g)+1 (mod 2)
for any g ∈ Sn. The only thing we have to show is therefore that the polyno-
mials ΦC(X) and QC(k) are related by the generating series identity

∞∑
k=1

QC(k)Xk−1 =
ΦC(X)

(1−X)n+1
, (A.21)

for any conjugacy class C in Sn. For this we use the following lemma.

Lemma A.2.4. For any integers n, r and k with 0 ≤ r ≤ n− 1 we have

1
n!

∑
g∈Sn

Pg(r) k�(g) = coefficient of Xk−1 in
Xr

(1−X)n+1
.

Proof. By a calculation similar to the one in the proof of Lemma A.2.1, we
have

1
n!

∑
g∈Sn

Φg(Y ) k�(g) =
∑

d1, d2, ...
d1+2d2+···=n

kd1+d2+···

d1! d2! · · · 1d1 2d2 · · · ×

(1− Y )d1(1 − Y 2)d2 · · ·
1− Y

=
1

1− Y
· coefficient of un in

∞∏
i=1

exp
(

k(1− Y i)ui

i

)

=
1

1− Y
· coefficient of un in

(
1− uY

1− u

)k

= coefficient of Xk−1 in
(1−XY )n−1

(1−X)n+1
, (A.22)
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where the last equality follows either by using residue calculus to get

1
1− Y

Resu=0

((
1− uY

1− u

)k
du

un+1

)
= −ResX=1

(
(1 −XY )n−1

(1 −X)n+1

dX

Xk

)
= + ResX=0

(
(1 −XY )n−1

(1 −X)n+1

dX

Xk

)
(here u = 1−X

1−XY ) or else from the geometric series identity

∞∑
k=1

Xk−1

(
1− uY

1− u

)k

=
1− uY

1− u−X + uXY

=
1

1−X
+ (1− Y )

∞∑
n=1

(1−XY )n−1

(1 −X)n+1
un .

The lemma follows by comparing the coefficients of (−1)r
(
n−1
r

)
Y r on both

sides of (A.22). �

Remark A.2.5. Lemma A.2.4 implies that

1
n!

∑
g∈Sn

Pg(r) k�(g) =
(
k + n− r − 1

n

)
−

(
n− r − 1

n

)
as polynomials in r and n, since both sides of this identity are polynomials
in k and r, both have degree ≤ n− 1 in r, and they agree for k ∈ N and for
r = 0, 1, . . . , n− 1.

We can now complete the proof of equation (A.21) and hence of Theo-
rem A.2.3. Frobenius’s formula (Theorem A.1.9) in the case k = 3 can be
rewritten in the form

1
|C|

∑
c∈C

F (bc) =
∑
π

χπ(b)χπ(C)
(

1
|G|

∑
A∈C
|A| χπ(A)

χπ(1)
F
(
A−1

))
for any finite group G, conjugacy classes A and C of G, and class function
(= conjugacy-invariant function) F : G → C, where the sum is over all ir-
reducible representations of G. Specializing to G = Sn and b = σ and using
Lemma A.2.2, we find

1
|C|

∑
c∈C

F (σc) =
n−1∑
r=0

(−1)rχr(C)
(

1
n!

∑
g∈G

Pg(r)F
(
g−1

))
.

Now specializing further to F (g) = k�(g) and using Lemma A.2.4 and equation
(A.14) gives

QC(k) = coefficient of Xk−1 in
ΦC(X)

(1−X)n+1
. �
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We mention two simple consequences of Theorem A.2.3 which will be used
later.

Corollary A.2.6. Let λ = 1d12d2 · · · be a partition of n. Then the polynomial
Pλ(r) has degree v(λ) =

∑
(i − 1)di and leading coefficient (−1)v(λ)K(λ),

where

K(λ) =
(n− 1− v(λ))!

(n− 1)!
1d12d2 · · ·ndn . (A.23)

The polynomial Qλ(k) has degree v(λ) + 1 and leading coefficient∏
idi

(v(λ) + 1)!
.

Proof. From equation (A.13) we see that Φλ(X) ∼ (n−1)!
(n−1−v(λ))! K(λ) ×

(1 − X)n−1−v(λ) as X → 1. But this means that Φλ(X) is a linear combi-
nation of the basis elements (A.18) with s ≤ v(λ), with the coefficient for
s = v(λ) being (n−1)!

(n−1−v(λ))! K(λ). The correspondence (A.18) then tells us
that Pλ and Qλ have the degrees and leading coefficients stated. �

Corollary A.2.7. The polynomial Qλ(k) takes integer values for k ∈ Z.
Moreover, the value of Qλ(k) for k ∈ N depends only on the numbers n− d1,
d2, . . . , dk−1, the first few being

Qλ(0) = 0, Qλ(1) = 1, Qλ(2) = n+2−d1, Qλ(3) =
(
n + 3− d1

2

)
−d2 .

Proof. Equations (A.21) and (A.13) give

QC(k) = coefficient of Xk−1 in
(1 −X)d1−n−2(1−X2)d2(1 −X3)d3 · · · (1−Xk−1)dk−1 . �

Remark A.2.8. The fact that degQλ ≤ v(λ) says that "(gσ) ≤ v(g) for all
g ∈ Sn. Equivalently, v(g)+v(gσ) ≥ n−1 = v(σ). This is a special case of the
general fact that v(g1) + v(g2) ≥ v(g3) for any three elements g1, g2, g3 ∈ Sn
with product 1, which can be seen most easily by noticing that v(gi) is the
codimension of the fixed point set of gi acting on Cn (or on its irreducible
subspace Stn) and that codimensions of subspaces behave subadditively. The
statement that the polynomial Qλ(k) depends only on n− d1 and the di with
i ≥ 2 says that it is stable under the inclusions Sn ⊂ Sn+1 and hence depends
only on the class of g in S∞. This is not difficult to see directly from the
definition, but there does not seem to be any obvious reason why the value of
Qλ(k) for k ∈ N depends only on the di with i < k or why it is an integer.
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A.2.2 Examples

We give a number of examples of the polynomials introduced in Sec. A.2.1 for
special conjugacy classes and for small values of n.

Trivial element: g = 1. Here the cycle structure is simply 1n, so equa-
tion (A.13) gives Φ1(X) = (1−X)n−1, while from equations (A.4) and (A.5)
we immediately get P1(r) = 1 and Q1(k) = k.

Transposition: T = (1, 2). Now the cycle structure is 1n−22, so equa-
tion (A.13) gives

ΦT (X) = (1−X)n−3(1−X2) = (1−X)n−2(1 + X) . (A.24)

From equation (A.14) we therefore obtain

χr(T ) =
(
n− 2

r

)
−

(
n− 2
r − 1

)
=

(
n− 3

r

)
−

(
n− 3
r − 2

)
(with the obvious conventions when r < 2), so from (A.15) and the formula
χr(1) =

(
n−1
r

)
we obtain

PT (r) = 1 − 2r
n− 1

(A.25)

while equation (A.17) or (A.18) or (A.19) gives

QT (k) = k2 .

Note that this last formula, unlike the formulas for ΦT (X) and PT (r), is
independent of n. This is a special case of the above-mentioned fact that
Qg(k) is stable under Sn ⊂ Sn+1 .

Cyclic permutation: σ = (1, 2, · · · , n). Here the cycle structure is simply
n1, so, as we have already seen, Φσ(X) = 1 + X + · · · + Xn−1 and χr(σ) =
(−1)r. However, the explicit forms of the polynomials Pσ and Qσ are quite
complicated, as can be seen from the examples for n = 5 and 6 below.

Free involution: τ = (1, 2)(3, 4) · · · (n − 1, n). Here n must be even, say
n = 2m. The cycle structure of the conjugacy class of τ is 2m, so (A.13) gives

Φτ (X) =
(1−X2)m

1−X
= (1 + X)(1−X2)m−1 (A.26)

and hence

χr(τ) = (−1)[(r+1)/2]

(
m− 1
[r/2]

)
,

but here again the polynomials Pτ and Qτ have no simple closed form.
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Small n. Finally, to give the reader a better feel for the Φλ ↔ Pλ ↔ Qλ

correspondence, we give a complete table of these three polynomials for par-
titions of n with 1 ≤ n ≤ 6 (see the next page). For convenience we tabulate
the polynomial P̃λ(t) := P

(
n−1

2 − t
)

instead of Pλ(r), since by the last state-
ment of Theorem A.2.3 this is an even or an odd polynomial in t for all λ.
The stability of Qλ mentioned in the remark at the end of the last section is
visible in this table: for example, the first seven entries in the column giving
Qλ(k) for n = 6 agree with the values for n = 5.

A.2.3 First Application: Enumeration of Polygon Gluings

This is the combinatorial question which was discussed in Chapter 3 in con-
nection with the evaluation of the (orbifold) Euler characteristic of the moduli
space of curves of genus g. The problem was to count the number εg(m) of
ways to identify in pairs (with reverse orientation) the sides of a (2m)-gon
such that the closed oriented surface obtained has a given genus g. Clearly
this is the same as the number of free involutions in S2m whose product with
the standard cyclic permutation σ has m + 1 − 2g cycles, so formula (A.16)
gives

Qτ (k) =
1

(2m− 1)!!

∑
0≤g≤m/2

εg(m) km+1−2g , (A.27)

where τ denotes any free involution (and where we have used that the conju-
gacy class of τ has cardinality (2m−1)!!). On the other hand, from equations
(A.21) and (A.26) we get

∞∑
k=1

Qτ (k)Xk−1 =
Φτ (X)

(1 −X)2m+1
=

(1 + X)m

(1−X)m+2
,

which we can rewrite equivalently by using the same calculation as in the last
line of (A.22) (with n replaced by m + 1 and Y by −1) as

Qτ (k) =
1
2
· coefficient of um+1 in

(
1 + u

1− u

)k

.

Since the sum on the right-hand side of (A.27) is the polynomial denoted
Tm(k) in Sec. 3.1, this reproduces the evaluation of εg(m) in terms of gener-
ating functions given in Theorem 3.1.5.
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n λ P̃λ(t) Qλ(k) Φλ(X)
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
1 11 1 k 1
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
2 12 1 k 1−X

21 2t k2 1 + X
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
3 13 1 k 1− 2X + X2

1121 t k2 1−X2

31 1
2
(3t2 − 1) 1

2
(k3 + k) 1 + X + X2

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
4 14 1 k 1− 3X + 3X2 −X3

1221 2
3
t k2 1−X −X2 + X3

1131 1
8
(4t2 − 1) 1

2
(k3 + k) 1−X3

22 1
6
(4t2 − 3) 1

3
(2k3 + k) 1 + X −X2 −X3

41 1
6
(4t3 − 5t) 1

6
(k4 + 5k2) 1 + X + X2 + X3

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
5 15 1 k 1− 4X + 6X2 − 4X3 + X4

1321 1
2
t k2 1− 2X + 2X3 −X4

1231 1
4
t2 1

2
(k3 + k) 1−X −X3 + X4

1122 1
3
(t2 − 1) 1

3
(2k3 + k) 1− 2X2 + X4

1141 1
6
(t3 − t) 1

6
(k4 + 5k2) 1−X4

2131 1
4
(t3 − 2t) 1

4
(k4 + 3k2) 1 + X −X3 −X4

51 1
24

(5t4 − 15t2 + 4) 1
24

(k5 + 15k3 + 8k) 1 + X + X2 + X3 + X4

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
6 16 1 k 1− 5X + 10X2 − 10X3 + 5X4 −X5

1421 2
5
t k2 1− 3X + 2X2 + 2X3 − 3X4 + X5

1331 1
80

(12t2 + 5) 1
2
(k3 + k) 1− 2X + X2 −X3 + 2X4 −X5

1222 1
20

(4t2 − 5) 1
3
(2k3 + k) 1−X − 2X2 + 2X3 + X4 −X5

1241 1
60

(4t3 − t) 1
6
(k4 + 5k2) 1−X −X4 + X5

112131 1
90

(4t3 − 9t) 1
4
(k4 + 3k2) 1−X2 −X3 + X5

1151 1
384

(16t4 − 40t2 + 9) 1
24

(k5 + 15k3 + 8k) 1−X5

23 1
30

(4t3 − 13t) 1
3
(k4 + 2k2) 1 + X − 2X2 − 2X3 + X4 + X5

2141 1
240

(16t4 − 64t2 + 15) 1
15

(k5 + 10k3 + 4k) 1 + X −X4 −X5

32 1
640

(48t4 − 216t2 + 115) 1
40

(3k5 + 25k3 + 12k) 1 + X + X2 −X3 −X4 −X5

61 1
960

(48t5 − 280t3 + 259t) 1
120

(k6 + 35k4 + 84k2) 1 + X + X2 + X3 + X4 + X5

The proof just given follows the exposition in [Z], where the identity (A.21)
was proved and a few other applications were given. We mention two briefly:

• the probability that the product of two random cyclic permutations in Sn
has exactly " cycles is (1+(−1)n−�) times the coefficient of x� in

(
x+n
n+1

)
. In

particular, for n odd the probability that such a product is cyclic equals
2

n+1 , as opposed to the probability that a random even element of Sn is
cyclic, which equals 2

n .
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• the number of representations of an arbitrary even element of Sn as a
product of two cyclic permutations is ≥ 2(n−1)!

n+2 , as opposed to the aver-
age number of such representations for even permutations, which equals
2(n−1)!

n .

A.2.4 Second Application: the Goulden–Jackson Formula

Our second application, again reproducing a result proved by a different
method within the main text of the book, is the formula of Goulden-
Jackson given in various forms in Theorems 1.5.12, 1.5.15, 1.6.6 and 5.2.2.
The problem, in our present language, is to count the “Frobenius number”
N (Sn;C0, C1, · · · , Ck) of (k + 1)-tuples (c0, . . . , ck) ∈ C0 × · · · × Ck when C0

is the class of the cyclic element σ ∈ Sn and C1, . . . , Ck are arbitrary conju-
gacy classes in Sn. The Goulden-Jackson formula says that this number is 0
if v = v(C1) + · · ·+ v(Ck) is less than n− 1 and gives an explicit formula for
it when v(C1)+ · · ·+ v(Ck) = n−1. We give a somewhat more general result.

Theorem A.2.9. Let C1, . . . , Ck be arbitrary conjugacy classes in Sn and C0

the class of the cyclic element σ. Then

N (Sn;C0, C1, . . . , Ck) =
(−1)n−1

n
|C1| · · · |Ck| ·Δn−1

(
PC1 · · ·PCk

)
(0),

(A.28)
where PCi(r) is the polynomial of degree v(Ci) associated to the conjugacy
class Ci as in Sec. A.2.1 and Δ denotes the forward differencing operator
ΔP (r) = P (r + 1)− P (r).

For the conjugacy class C of Sn corresponding to a partition λ = 1d1 · · ·ndn
of n, let us write N(C) for the number N(λ) = (d1+···+dn−1)!

d1! ··· dn! defined in 1.5.11.
Then we have:

Corollary A.2.10 (Goulden-Jackson formula). Let the Ci be as in the
theorem. Then the number N (Sn;C0, C1, . . . , Ck) vanishes if the number v :=
v(C1) + · · ·+ v(Ck) is less than n− 1 and is given by

1
(n− 1)!

N (Sn;C0, C1, . . . , Ck) = nk−1 N(C1) · · ·N(Ck) (A.29)

if v = n− 1.

Proof. The theorem is an immediate consequence of Frobenius’s formula
(Theorem A.1.9) and Lemma A.2.2, which says that χ(C0) equals (−1)r if
χ = χr and vanishes for all other irreducible characters, together with defini-
tion (A.15), which together give

N (Sn;C0, C1, . . . , Ck) =
1
n
|C1| · · · |Ck|

n−1∑
r=0

(−1)r
(
n− 1

r

)
PC1(r) · · ·PCk

(r) .
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The corollary follows immediately from the theorem together with Corollary
A.2.6 above and the formula |Ci|K(λi) = nN(λi) (compare equation (A.23)
and the definition of N(λ)), since the polynomial PC1(r) · · ·PCk

(r) has degree
v and the mth difference of a polynomial of degree v is 0 for m > v and equal
to m! times the leading coefficient of the polynomial if m = v. �

Remark A.2.11. The fact that N (Sn;C0, C1, . . . , Ck) = 0 unless v ≥ n− 1
is also obvious from the remark at the end of Sec. A.2.1, which says that
the function v satisfies the triangle inequality and hence necessarily v(c1) +
· · · + v(ck) ≥ v(c0) if c0c1 · · · ck = 1. It also follows from the topological
interpretation of N (Sn;C0, C1, . . . , Ck) as the counting function for ramified
coverings of S2 with ramification types Ci, since v − n − 1 equals the Euler
characteristic of the total space of the covering, which has the form 2−2g ≤ 2
because a covering one of whose ramification types is cyclic is necessarily
connected. This shows also that the number N (Sn;C0, C1, . . . , Ck) vanishes
unless v ≡ n− 1 (mod 2). To see this from Theorem A.2.9, it is convenient to
rewrite formula (A.28) in the form

nN (Sn;C0, C1, . . . , Ck)
|C1| · · · |Ck|

= Δn−1
+

(
P̃C1 · · · P̃Ck

)
(0) , (A.30)

where P̃C(t) = PC

(
n−1

2 − t
)

is the shifted version of PC(r) mentioned in
Sec. A.2.2 and Δ+ is the symmetric difference operator Δ+f(t) = f(t + 1

2 )−
f(t − 1

2 ). This expression obviously vanishes if v �≡ n − 1 (mod 2) because
of the symmetry property P̃C(−t) = (−1)v(C)P̃C(t) and the fact that Δ+

reverses the parity of an even or odd function.

Remark A.2.12. As a special case, we can take C1 = · · · = Ck = [T ], the
class of transpositions in Sn. Then P̃Ci(t) = 2t

n−1 by formula (A.25), so equa-
tion (A.30) gives

N
(
Sn; σ, T, . . . , T︸ ︷︷ ︸

k

)
= nk−1 Δn−1

+

(
tk
)∣∣
t=0

.

Using the identity

Δn−1
+

(
tk
)∣∣
t=0

=
n−1∑
r=0

(−1)r
(
n−1
r

)(n−1
2
−r

)k
=

dk

duk
[(

eu/2−e−u/2
)n−1]∣∣

u=0

and the residue theorem, we can write this equivalently as

N
(
G; σ, T, . . . , T︸ ︷︷ ︸

k

)
= k! · nk−1 · Sg(n) for k = n− 1 + 2g (g ≥ 0), (A.31)

where Sg(n) is the polynomial of degree g in n given by
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Sg(n) = coefficient of u2g in
(

sinhu/2
u/2

)n−1

=
n− 1

n− 1 + 2g
· coefficient of s2g in

(
s/2

asinh s/2

)n+2g−1

, (A.32)

the first values of which are given by

S0(n) = 1, S1(n) =
n− 1
24

, S2(n) =
(n− 1)(5n− 7)

5760
. (A.33)

Formula (A.31) for N (Sn;σ, T, . . . , T ) was given in [SSV].

Remark A.2.13. Another observation is that, from formula (A.10) together
with the fact that χ(σ) = χ(σ)3 for all irreducible characters χ of Sn (Lemma
A.2.2), we have the formula

Ng(Sn;σ, C1, . . . , Ck) = n2g N (Sn;σ, . . . , σ︸ ︷︷ ︸
2g+1

, C1, . . . , Ck) (A.34)

for the “generalized Frobenius number” of Theorem A.1.10, for any integer
g ≥ 0 and any conjugacy classes C1, . . . , Ck in Sn. This allows one to generalize
Theorem A.2.9 to the case of ramified coverings of a Riemann surface of
arbitrary genus with cyclic ramification at at least one point.

In view of the very simple form of equation (A.34), it might be of interest
to give a direct combinatorial or topological proof, without using character
theory.

In the rest of this subsection, we show how one can use Theorem A.2.9 to
give explicit formulas for N (Sn;C0, C1, . . . , Ck) for arbitrary values of v. The
calculation and the results are considerably simplified if we use the symmetric
formula (A.30) instead of (A.28), but still rapidly become complicated as the
number 2g = v − n + 1 grows.

The main step in the calculation is a refinement of Corollary A.2.6 of
Theorem A.2.3 giving more leading terms of Pλ(r) (or equivalently, of P̃λ(t))
for an arbitrary conjugacy class λ of Sn. Write λ = n1 + · · ·+ ns = 1d12d2 · · ·
and define invariants "h(λ) (higher moments) of λ by

"h(λ) = nh1 + · · ·+ nhs =
∑
i≥1

ih di (h = 0, 1, . . . ), (A.35)

so that "0(λ) = "(λ), "1(λ) = n. Assign to "h(λ) the weight h. Then we have:

Lemma A.2.14. The polynomial P̃λ(t) = Pλ

(
n−1

2 − t
)

has the form

P̃λ(t) = K(λ)
(

1 + a1(λ) tv(λ)−2 + a2(λ) tv(λ)−4 + · · ·
)

,
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where K(λ) is given by (A.23) and each aj(λ) is a universal polynomial of
weighted degree ≤ 2j in n and the invariants "h = "h(λ) with h even, the first
two values being

a1(λ) = ("0 + 1)"0
"2 − 1

24
− (n− 1)n(n + 1)

24
,

a2(λ) = ("0 + 3)("0 + 2)("0 + 1)"0
5("2 − 1)2 − 2("4 − 1)

5760

− (n− 1)n(n + 1)
24

("0 + 1)"0
"2 − 1

24

+
(n− 3)(n− 2)(n− 1)n(n + 1)(5n + 7)

5760
.

Proof. We already know that P̃λ(t) is a polynomial of degree and parity v(λ)
and hence has the form K(λ)

∑
j aj(λ)tv(λ)−2j for some numbers aj(λ). Define

a power series Φ̃λ(u) ∈ Q[[u]] by Φ̃λ(u) = e(n−1)u/2 Φλ(e−u). Then equations
(A.14) and (A.15) give

Φ̃λ(u) =
n−1∑
r=0

(−1)r
(
n− 1

r

)
P̃λ

(n− 1
2
− r

)
e(n−1

2 −r)u

= K(λ)
∑
j≥0

aj(λ)
dv(λ)−2j

duv(λ)−2j

[n−1∑
r=0

(−1)r
(
n− 1

r

)
e(n−1

2 −r)u

]

= K(λ)
∑
j≥0

aj(λ)
dv(λ)−2j

duv(λ)−2j

[(
eu/2 − e−u/2

)n−1
]

= K(λ)
∑
j≥0

aj(λ)
dv(λ)−2j

duv(λ)−2j

[∑
g≥0

Sg(n)un−1+2g

]

= (n− 1)!K(λ)
∑
j, g≥0

aj(λ) Ŝg(n)
un−v(λ)−1+2j+2g

(n− v(λ) − 1 + 2j + 2g)!
,

where Sg(n) is as in (A.32) and

Ŝg(n) =
(n− 1 + 2g)!

(n− 1)!
Sg(n) =

1
(n− 1)!

Δn−1
+

(
tn−1+2g

)∣∣
t=0

, (A.36)

a polynomial of degree 3g in n. On the other hand, from formula (A.13) and
the expansion

ex/2 − e−x/2 = x exp
( ∞∑
h=2

Bh

h

xh

h!

)
= x exp

(
x2

24
− x4

2880
+ · · ·

)
,

where Bh denotes the hth Bernoulli number, we have
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Φ̃λ(u) =
∏
i≥1

(
eiu/2 − e−iu/2

)d∗
i

=
(∏

i

idi
)
· u�(λ)−1 · exp

( ∞∑
h=2

Bh

h
"∗h(λ)

xh

h!

)
=

(n− 1)!K(λ)
(n− 1− v(λ))!

un−v(λ)−1

×
(

1 +
"∗2(λ)
24

u2 +
5"∗2(λ)2 − 2"∗4(λ)

5760
u4 + · · ·

)
,

where d∗i = di − δi,1 and "∗h(λ) =
∑

i≥1 ihd∗i = "h(λ)− 1. Comparing with the
previous formula for Φ̃λ(u), we find

a0(λ) = 1 ,

a1(λ) + Ŝ1(n) =
(n + 1− v(λ))!
(n− 1− v(λ))!

"∗2(λ)
24

,

a2(λ) + Ŝ1(n) a2(λ) + Ŝ2(n) =
(n + 3− v(λ))!
(n− 1− v(λ))!

5"∗2(λ)2 − 2"∗4(λ)
5760

,

etc. The lemma now follows by induction on j. �

Returning to the situation of Theorem A.2.9, we consider arbitrary conju-
gacy classes Ci ↔ λi (i = 1, . . . , k) of Sn. From Lemma A.2.14 we get

k∏
i=1

P̃λi (t) =
( k∏
i=1

K(λi)
)(

tv+a1(λ1, . . . , λk)tv−2 +a2(λ1, . . . , λk) tv−4 + · · ·
)

where v =
∑

v(λi) as before and

a1(λ1, . . . , λk) =
∑

1≤i≤k

a1(λi) ,

a2(λ1, . . . , λk) =
∑

1≤i<j≤k

a1(λi)a2(λj) +
∑

1≤i≤k

a2(λi) ,

etc. Substituting this into equation (A.30) and recalling that |Ci|K(Ci) =
nN(Ci), we find

1
(n− 1)!

N (Sn;C0, C1, . . . , Ck)
nk−1 N(λ1) · · ·N(λk)

=
1

(n− 1)!
Δn−1

+

(∑
j≥0

aj(λ1, . . . , λk) tv−2j

)∣∣∣∣
t=0

=
g∑

j=0

Ŝg−j(n) aj(λ1, . . . , λk) (v = n− 1 + 2g),
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where the polynomials Ŝg−j(n) are given by (A.36) and (A.32). This is the
desired generalization of the Goulden-Jackson formula (A.29) to the case of
ramified coverings of S2 by surfaces of arbitrary genus g with at least one
cyclic ramification point. We note the case g = 1 separately since it is not too
complicated:

Corollary A.2.15. With the notations of Theorem A.2.9 and Corollary
A.2.10, we have

1
(n− 1)!

N (Sn;C0, C1, . . . , Ck)
nk−1 N(C1) · · ·N(Ck)

=
k∑

i=1

"(Ci)("(Ci) + 1)
"2(Ci)− 1

24
− (k − 1)

n3 − n

24

if v(C1) + · · · + v(Ck) = n + 1, where "2(Ci) denotes the sum of the squares
of the lengths of the cycles in the conjugacy class Ci.

A.2.5 Third Application: “Mirror Symmetry” in Dimension One

“Mirror symmetry”, originally discovered in the context of mathematical
physics (string theory) and intensively studied during recent years, is a pre-
dicted duality between certain families of Calabi–Yau manifolds. It mani-
fests itself on several levels, one of which has to do with the counting func-
tions (Gromov–Witten invariants) that enumerate the holomorphic mappings
C → X of complex curves C into a Calabi–Yau manifold X representing a
given class in the second homology group of X .

A Calabi–Yau manifold of dimension n is a complex (projective) n-
manifold X such that the space of holomorphic i-forms on X is 0-dimensional
for
0 < i < n and 1-dimensional for i = n. The original mirror symmetry phe-
nomenon concerned the case n = 3, but it was observed by Dijkgraaf [D]
that it also occurs in the far simpler case n = 1. Here “Calabi–Yau” is just a
synonym of “genus one”, and the coefficients of the counting functions merely
enumerate the generic mappings Y → X , appropriately weighted, from curves
of genus g to a given complex curve X of genus 1, where both g and the degree
n of the mapping are fixed. Here “generic” means that exactly two sheets of
the covering come together over every ramification point, so that each point
of X has either n or n−1 preimages, and “appropriately weighted” means, as
usual, that each covering is counted with a weight equal to the reciprocal of
the number of its automorphisms over X . Note that, by the Riemann–Hurwitz
formula, a covering of the above type will be ramified over precisely 2g − 2
points of X .

The problem is therefore to compute h0(2g− 2, n), where h0(k, n) denotes
the number of (weighted) isomorphism classes of connected n-sheeted cover-
ings of a given Riemann surface X of genus 1 with generic ramification over k
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given points of X . If we denote by h(k, n) the corresponding number without
the connectedness condition, then a standard argument gives the relation∑

n>0

∑
k≥0

h0(k, n)
Xk

k!
qn = log

(
1 +

∑
n>0

∑
k≥0

h(k, n)
Xk

k!
qn

)
, (A.37)

while another standard argument gives the formula

h(k, n) =
1
n!
N1

(
Sn;T, . . . , T︸ ︷︷ ︸

k

)
(A.38)

for h(k, n) in terms of the generalized Frobenius number N1(Sn;T, . . . , T ) of
(k + 2)-tuples (a, b, c1, . . . , ck) ∈ (Sn)2 × [T ]k with [a, b]c1 · · · ck = 1 as intro-
duced in Sec. A.1.3; here [T ] denotes the conjugacy class of transpositions, see
Sec. A.2.2. (The number h0(n, k) counts the tuples which generate a subgroup
of Sn acting transitively on {1, . . . , n}, but since we have no closed formula
for this we must use (A.37) and (A.38) instead.)

From formulas (A.38) and (A.11) with g = 1 we find

h(k, n) =
∑
π∈Rn

νπ(T )k

where Rn as in Sec. A.1.2 denotes the set of irreducible representations of Sn
and νπ(T ) (π ∈ Rn) as in Sec. A.1.2 and A.1.3 is the eigenvalue of

∑
g∈[T ]n

g
on the representation π. From this we obtain∑

k≥0

h(k, n)
Xk

k!
=

∑
π∈Rn

eνπ(T )X = Hn(eX) , (A.39)

where
Hn(u) =

∑
π∈Rn

uνπ(T ) ∈ Z[u, u−1] ,

a symmetric Laurent polynomial in u which for small values of n can be
computed directly from the information given in Sec. A.1.2:

H2(u) = u + u−1 ,

H3(u) = u3 + 1 + u−3 ,

H4(u) = u6 + u2 + 1 + u−2 + u−6 ,

H5(u) = u10 + u5 + u2 + 1 + u−2 + u−5 + u−10 ,

H6(u) = u15 + u9 + u5 + 2u3 + 1 + 2u−3 + u−5 + u−9 + u−15 .

In general, we see from B. and C. of Sec. A.1.2 that, if π ∈ Rn corresponds
to the function f : Z→ Z≥0 and to the Young diagram Y ∈ Yn, then

νπ(T ) =
∑
r∈Z

rf(r) =
∑

(x,y)∈Y
(x − y) .
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Either of these descriptions leads to a formula for Hn(u), but a more conve-
nient formula is obtained by using a third parametrization of the irreducible
representations of Sn: if π corresponds to the function f and the Young di-
agram Y , denote by s = f(0) = max{i | (i, i) ∈ Y } the number of diagonal
elements in Y and let

ai = max{j | (i + j − 1, i) ∈ Y } , bi = max{j | (i, i + j − 1) ∈ Y }

be the number of elements of Y to the right of or above the point (i, i) ∈ Y ,
respectively, so that Y is described as

⋃s
i=1

(
[i, i+ai−1]×{i}∪ {i}×[i, i+bi−1]

)
.

Then we have

n =
s∑

i=1

(ai + bi − 1) , νπ(T ) =
s∑

i=1

((
ai
2

)
−

(
bi
2

))
, (A.40)

and Rn is parametrized by the set of tuples (s, (a1, . . . , as), (b1, . . . , bs)) sat-
isfying the inequalities a1 > · · · > as > 0, b1 > · · · > bs > 0 and the first of
equations (A.40). This gives the generating function identity∑

n≥0

Hn(u) qn = coefficient of ζ0

in
∏
a≥1

(
1 + u(a2) qa−1 ζ

)
·
∏
b≥1

(
1 + u−(b2) qb−1 ζ−1

)
.

This can be written more symmetrically by shifting a and b by 1
2 to get∑

n≥0

Hn(u) qn = coefficient of ζ0 in

∏
m∈{ 1

2 ,
3
2 ,

5
2 ,...}

(
1− um

2/2 qm ζ
) (

1− u−m2/2 qm ζ−1
)
.

(Here we have multiplied ζ by −q1/2u1/8, which does not affect the coefficient
of ζ0.) Combining this with the previous formulas, we obtain the following
theorem, due to Douglas [Dou] and Dijkgraaf [D].

Theorem A.2.16. For g ≥ 1, let Fg(q) =
∑

n≥1 h0(2g − 2, n) qn ∈ Q[[q]]
denote the counting function of generically ramified coverings of a genus 1
Riemann surface by Riemann surfaces of genus g. Then

∞∑
g=1

Fg(q)
X2g−2

(2g − 2)!
= log

( ∞∑
n=0

Hn

(
eX

)
qn

)
= log

(
coefficient of ζ0 in

∏
m∈Z≥0+

1
2

(
1− um

2/2 qm ζ
)(

1− u−m2/2 qm ζ−1
))

.
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This theorem has an interesting corollary, which was discovered and proved
in the language of mathematical physics by Dijkgraaf [Dij] and Rudd [Ru]
and proved from a purely mathematical point of view in [KZ]. Recall that
a modular form of weight k on the full modular group Γ = SL(2,Z) is a
function F (z), defined for complex numbers z with �(z) > 0, which has a
Fourier expansion of the form F (z) =

∑∞
n=0 a(n)e2πinz with coefficients a(n)

of polynomial growth and which satisfies the functional equation F
(
az+b
cz+d

)
=

(cz + d)kF (z) for all
(
a b
c d

)
∈ Γ . A quasimodular form of weight k on Γ is a

function having a Fourier expansion with the same growth condition and such
that for each value of z the function (cz + d)−kF

(
az+b
cz+d

)
is a polynomial in

(cz +d)−1 as
(
a b
c d

)
∈ Γ varies. The ring of modular forms is generated by the

two functions

E4(z) = 1 + 240
∞∑
n=1

n3 qn

1− qn
= 1 + 240q + 2160q2 + 6720q3 + · · ·

and

E6(z) = 1− 504
∞∑
n=1

n5 qn

1− qn
= 1− 504q − 16632q2 − 122976q3 − · · ·

of weight 4 and 6, respectively, where q = e2πiz , while the ring of quasimodular
forms is generated by these two functions together with the quasimodular form

E2(z) = 1− 24
∞∑
n=1

n qn

1− qn
= 1− 24q − 72q2 − 96q3 − · · ·

of weight 2. Theorem A.2.16 then implies:

Corollary A.2.17. For all g ≥ 2, Fg(q) is the q-expansion of a quasimodular
form of weight 6g − 6.

We omit the proof, referring the reader to the papers cited above. The
first example is

F2(q) =
1

27345
(
5E3

2−3E2E4−2E6

)
= q2 +8q3+30q4+80q5+180q6+ · · · ,

which leads easily to the amusing closed formula h0(2, n) =
n

6
∑

d|n(d3 −
nd) for the number of coverings (generically ramified, with fixed ramification
points) of an elliptic curve by Riemann surfaces of genus 2. In general, however,
the generating functions Fg(q) do not have integral coefficients, e.g., F3(q)
begins

1
12

q2 +
20
3

q3 + 102q4 +
2288

3
q5 + · · · .
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and complex polynomials. – Séminaire Lotharingien de Combinatoire, 1997,
vol. 37, 36 pp. (http://www.mat.univie.ac.at/~slc)

95. El Marraki M., Zvonkin A. Composition des cartes et hyper-
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démonstration directe du Théorème d’Euler sur les polyèdres, et un
examen des diverses exceptions auxquelles ce théorème est assujetti.
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vollständingen dreifärbbaren Graphen. – Comm. Math. Helv., 1970, vol. 45,
152–158.

243. Ritt J. F. Prime and composite polynomials. – Trans. Amer. Math. Soc.,
1922, vol. 23, 51–66.

244. Robertson N., Seymour P. D. Graph minors. XVII. Taming a vortex. – J.
Combinat. Theory, ser. B, 1999, vol. 77, no. 1, 162–210.

245. Royle G. F. Transitive groups of degree twelve. – J. Symbolic Comput., 1987,
vol. 4, 255–268.

246. Schmitt W. R. Incidence Hopf algebras. – Journal of Pure and Applied Al-
gebra, 1994, vol. 96, 299–330.



References 441

247. Schneps L. (ed.) The Grothendieck Theory of Dessins d’Enfant. – London
Math. Soc. Lecture Notes Series, vol. 200, Cambridge Univ. Press, 1994.

248. Schneps L. Dessins d’enfants on the Riemann sphere. – In: “The Grothendieck
Theory of Dessins d’Enfant” (L. Schneps ed.), London Math. Soc. Lecture
Notes Series, Cambridge Univ. Press, 1994, vol. 200, 47–77.

249. Schneps L., Lochak P. (eds.) Geometric Galois Action. Vol. 1: Around
Grothendieck’s Esquisse d’un Programme. – London Math. Soc. Lecture Notes
Series, vol. 242, Cambridge Univ. Press, 1997.

250. Schneps L., Lochak P. (eds.) Geometric Galois Action. Vol. 2: The Inverse
Galois Problem, Moduli Spaces and Mapping Class Groups. – London Math.
Soc. Lecture Notes Series, vol. 243, Cambridge Univ. Press, 1997.

251. Scott G. P. Braid groups and the group of homeomorphisms of a surface. –
Proc. Camb. Phil. Soc., 1970, vol. 68, 605–617.

252. Segal G., Wilson G. Loop groups and equations of KdV type. – Inst. Hautes
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