5

Ergodic decomposition

For convex subsets of vector spaces with finite dimension, it is clear that every
element of the convex set may be written as a convex combination of the
extremal elements. For example, every point in a triangle may be written as
a convex combination of the vertices of the triangle. In view of the results in
Section 4.3, it is natural to ask whether a similar property holds in the space
of invariant probability measures, that is, whether every invariant measure is a
convex combination of ergodic measures.

The ergodic decomposition theorem, which we prove in this chapter
(Theorem 5.1.3), asserts that the answer is positive, except that the number
of “terms” in this combination is not necessarily finite, not even countable.
This theorem has several important applications; in particular, it permits the
reduction of the proof of many results to the case when the system is ergodic.

We are going to deduce the ergodic decomposition theorem from another
important result from measure theory, the Rokhlin disintegration theorem.
The simplest instance of this theorem holds when we have a partition of
a probability space (M, u) into finitely many measurable subsets Pq,...,Py
with positive measure. Then, obviously, we may write x as a linear
combination

u=puPpr~+--+ u(Py)puy

of its normalized restrictions y;(E) = u(ENP;)/ 1 (P;) to each of the partition
elements. The Rokhlin disintegration theorem (Theorem 5.1.11) states that this
type of disintegration of the probability measure is possible for any partition
‘P (possibly uncountable!) that can be obtained as the limit of an increasing
sequence of finite partitions.

5.1 Ergodic decomposition theorem

Before stating the ergodic decomposition theorem, let us analyze a couple of
examples that help motivate and clarify its content:
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5.1 Ergodic decomposition theorem 143

Example 5.1.1. Let £ : [0,1] — [0,1] be given by f(x) = x>. The Dirac
measures dy and J; are invariant and ergodic for f. It is also clear that x =0 and
x =1 are the unique recurrent points for f and so every invariant probability
measure @ must satisfy u({0,1}) = 1. Then, u = u({0})dy + ({1})d; is a
(finite) convex combination of the ergodic measures.

Example 5.1.2. Letf: T? — T2 be given by f(x,y) = (x+,y). The Lebesgue
measure m on the torus is preserved by f. Observe that every horizontal circle
H,=S§ ! {y} is invariant under f and the restriction f : Hy, — H, is the rotation
R,. Let m, be the Lebesgue measure on H,. Observe that m, is also invariant
under f. Moreover, m, is ergodic whenever y is irrational. On the other hand,
by the Fubini theorem,

m(E) = /my(E) dy for every measurable set E. (5.1.1)

The identity is not affected if we consider the integral restricted to the subset
of irrational values of y. Then (5.1.1) presents m as an (uncountable) convex
combination of ergodic measures.

5.1.1 Statement of the theorem

Let us start by introducing some useful terminology. In what follows, (M, B, 1)
is a probability space and P is a partition of M into measurable subsets. We
denote by 7 : M — P the canonical projection that assigns to each point x € M
the element P (x) of the partition that contains it. This projection map endows
‘P with the structure of a probability space, as follows. Firstly, by definition, a
subset Q of P is measurable if and only if its pre-image

7' (Q) = union of all P € P that belong to Q

is a measurable subset of M. It is easy to check that this definition is consistent:
the family B of measurable subsets is a o-algebra in P. Then, we define the
quotient measure [i by

2(Q) = pu(x~1(Q)) forevery Qe B.

Theorem 5.1.3 (Ergodic decomposition). Let M be a complete separable
metric space, f : M — M be a measurable transformation and p be an
invariant probability measure. Then there exist a measurable set My C M
with u(My) = 1, a partition P of My into measurable subsets and a family
{up: P € P} of probability measures on M, satisfying

(i) wp(P) =1 for fi-almost every P € P;

(ii) P+ up(E) is measurable, for every measurable set E C M;
(iii) up is invariant and ergodic for fi-almost every P € P;
(iv) u(E)= [ up(E)di(P), for every measurable set E C M.
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144 Ergodic decomposition

Part (iv) of the theorem means that x is a convex combination of the ergodic
probability measures up, where the “weight” of each up is determined by the
probability measure ji. Part (ii) ensures that the integral in (iv) is well defined.
Moreover (see Exercise 5.1.3), it implies that the map P — M (M) given by
P+ upis measurable.

5.1.2 Disintegration of a measure

We are going to deduce Theorem 5.1.3 from an important result in measure
theory, the Rokhlin disintegration theorem, which has many other applications.
To state this theorem we need the following notion.

Definition 5.1.4. A disintegration of y with respect to a partition P is a family
{up : P € P} of probability measures on M such that, for every measurable set
EcM:

(i) up(P) =1 for si-almost every P € P;
(ii) the map P — R, defined by P+ up(FE) is measurable;
(i) u(E) = [ up(E)di(P).

Recall that the partition P inherits from M a natural structure of probability
space, with a o-algebra B and a probability measure /. The measures up are
called conditional probabilities of u with respect to P.

Example 5.1.5. Let P ={P,,...,P,} be a finite partition of M into measurable
subsets with x(P;) > 0 for every i. The quotient measure i is given by
1({P;}) = u(P;). Consider the normalized restriction u; of u to each P;:

u(ENP;)

u(Py)
Then {ui,...,u,} is a disintegration of x with respect to P: it is clear that
w(E) =31, a({P;}) i (E) for every measurable set E C M.

wi(E) = for every measurable set £ C M.

This construction extends immediately to countable partitions. In the next
example we treat an uncountable case:

Example 5.1.6. Let M = T? and P be the partition of M into horizontal circles
S x {y}, y € S'. Let m be the Lebesgue measure on T? and 72 be the Lebesgue
measure on S'. Denote by m, the Lebesgue measure (arc-length) on each
horizontal circle S! x {y}. By the Fubini theorem,

m(E) = f my(E)dm(y) for every measurable set E C T2.

Hence, {m, : y € S'} is a disintegration of m with respect to P.

The next proposition asserts that disintegrations are essentially unique, when
they exist. The hypothesis is very general: it holds, for example, if M is a
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5.1 Ergodic decomposition theorem 145

topological space with a countable basis of open sets and B is the Borel
o -algebra:

Proposition 5.1.7. Assume that the o-algebra B admits some countable
generator. If {up: P € P} and {u', : P € P} are disintegrations of u with respect
to P, then up = p)p for ji-almost every P € P.

Proof. Let T be a countable generator of the o -algebra B and A be the algebra
generated by I'. Note that A is countable, since it coincides with the union
of the (finite) algebras generated by the finite subsets of I'. For each A € A,
consider the sets

Or={PeP: ,Llp(A) > ,u;;(A)} and Rp={PeP: ,up(A) < ,u})(A)}

If P € Q4 then P is contained in 7 ~'(Q4) and, using property (i) in the
definition of disintegration, up(A N 7 1(Q4)) = up(A). Otherwise, P is
disjoint from 7 ~'(Qy4) and, hence, up(A N7 ~'(Q4)) = 0. Moreover, these
conclusions remain valid when one takes z in the place of up. Hence, using
property (iii) in the definition of disintegration,

Jpur(ANT=1(Q))dit(P) = [o, 1p(A)dfi(P)
wANT () =
Jpup(ANT =1 (Qn)) dit(P) = [, up(A)di(P).

Since up(A) > up(A) for every P € Qy, this implies that f1(Q4) = 0 for every
A € A. A similar argument shows that i (R4) = 0 for every A € A. So,

U QuURY
Ae A

is also a subset of P with measure zero. For every P in the complement of
this subset, the measures up and x4, coincide on the generating algebra A and,
consequently, they coincide on the whole o -algebra 5.

On the other hand, disintegrations may fail to exist:

Example 5.1.8. Letf:S' — S! be an irrational rotation and P be the partition
of S! whose elements are the orbits {f"(x) : n € Z} of f. Assume that there
exists a disintegration {up : P € P} of the Lebesgue measure u with respect to
‘P. Consider the iterates {f,up : P € P} of the conditional probabilities. Since
the partition elements are invariant sets, fiup(P) = up(P) = 1 for z-almost
every P. It is clear that, given any measurable set E C M,

—1
P> fupp(E) = up(f~ (E))
is a measurable function. Moreover, since u is an invariant measure,

W(E) = u(F~\(E)) = / wp (N E) AR (P) = f For(E)diL(P).
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146 Ergodic decomposition

These observations show that {f,up : P € P} is a disintegration of x with
respect to the partition P. By uniqueness (Proposition 5.1.7), it follows that
fettp = up for i-almost every P. That is, almost every conditional probability
4 p is invariant. That is a contradiction, because P = {f"(x) : n € Z} is an infinite
countable set and so there can be no invariant probability measure giving P a
positive weight.

The theorem of Rokhlin states that disintegrations always exist if the
partition P is the limit of an increasing sequence of countable partitions and
the space M is reasonably well behaved. The precise statement is given in the
section that follows.

5.1.3 Measurable partitions

We say that P is a measurable partition if there exists some measurable set
My C M with full measure such that, restricted to M,

for some increasing sequence P; < P> < --- <P, < --- of countable partitions
(see also Exercise 5.1.1). By P; < P;.; we mean that every element of P, is
contained in some element of P; or, equivalently, every element of P; coincides
with a union of elements of P, ;. Then we say that P; is coarser than P;; or,
equivalently, that P, is finer than P;.

Represent by \/7~, P, the partition whose elements are the non-empty
intersections of the form ()2, P, with P, € P, for every n. Equivalently, this
is the coarser partition such that

o0
P, < \/Pn for every n.

n=1

It follows immediately from the definition that every countable partition is
measurable. It is easy to find examples of uncountable measurable partitions:

Example 5.1.9. Let M = T2, endowed with the Lebesgue measure m, and let
P be the partition of M into horizontal circles S' x {y}. Then P is a measurable
partition. To see that, consider

P,={S' xI(i,n):i=1,...,2"},

where I(i,n), 1 <i < 2" is the segment of S' = R/Z corresponding to the
interval [(i — 1)/2",i/2") C R. The sequence (P,), is increasing and P =
Vi1 P
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On the other hand, not all partitions are measurable:

Example 5.1.10. Let f : M — M be a measurable transformation and u
be an ergodic probability measure. Let P be the partition of M whose
elements are the orbits of f. Then P is not measurable, unless f exhibits an
orbit with full measure. Indeed, suppose that there exists a non-decreasing
sequence P} < P, < .-+ < P, < --- of countable partitions such that P =
\/o2, P, restricted to some full measure subset. This last condition implies
that almost every orbit of f is contained in some element P, of the partition
P,. In other words, up to measure zero, every element of P, is invariant
under f. By ergodicity, it follows that for every n there exists exactly
one P, € P, such that u(P,) = 1. Denote P = ﬂzilP,,. Then P is an
element of the partition \/;’i, P, = P, that is, P is an orbit of f, and it has

w(P)=1.

Theorem 5.1.11 (Rokhlin disintegration). Assume that M is a complete
separable metric space and P is a measurable partition. Then the probability
measure u admits some disintegration with respect to P.

Theorem 5.1.11 is proven in Section 5.2. The hypothesis that P is
measurable is, actually, also necessary for the conclusion of the theorem (see
Exercise 5.2.2).

5.1.4 Proof of the ergodic decomposition theorem

At this point we are going to use Theorem 5.1.11 to prove the ergodic
decomposition theorem. Let I/ be a countable basis of open sets of M and
A be the algebra generated by U{. Note that A is countable and that it generates
the Borel o-algebra of M. By the ergodic theorem of Birkhoff, for every
A € A there exists a set My C M with u(M4) = 1 such that the mean sojourn
time 7 (A,x) is well defined for every x € M. Let My = ﬂAeA M,. Note that
1 (Mp) = 1, since the intersection is countable.

Now consider the partition P of M, defined as follows: two points x,y € M
are in the same element of P if and only if 7(A,x) = 7 (A,y) for every A € A.
We claim that this partition is measurable. To prove that it is so, consider any
enumeration {A; : k € N} of the elements of the algebra 4 and let {g; : k € N} be
an enumeration of the rational numbers. For each n € N, consider the partition
P, of My defined as follows: two points x,y € My are in the same element of
P, if and only if, given any i,j € {1,...,n},

either 7(A;,x) < g; and 7(A;,y) < g;
or 7(A;,x) > gjand T (A;,y) > gj.
It is clear that every P, is a finite partition, with no more than 2" elements. It

follows immediately from the definition that x and y are in the same element
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148 Ergodic decomposition

of \/7~, P, if and only if 7 (A;,x) = 7 (A;,y) for every i. This means that

P= \OO/Pm
n=1

which implies our claim.

So, by Theorem 5.1.11, there exists some disintegration {¢p : P € P} of u
with respect to P. Parts (i), (ii) and (iv) of Theorem 5.1.3 are contained in the
definition of disintegration. To prove part (iii) it suffices to show that up is
invariant and ergodic for zi-almost every P, which is what we do now.

Consider the family of probability measures {f,up : P € P}. Observe that
every P € P is an invariant set, since mean sojourn times are constant on orbits.
It follows that

Futtp(P) = pp(F~ (P)) = pp(P) = 1.

Moreover, given any measurable set E C M, the function

P> foup(E) = up(f ' (E))

is measurable and, using the fact that x is invariant under f,

#(E)=,u(f_'(E))=/ﬂp(f_1(E))dﬁ(P)=/f*#P(E)dﬁ(P)~

This shows that {f,up : P € P} is a disintegration of u with respect to P. By
uniqueness (Proposition 5.1.7), it follows that f, 1 p = up for almost every P.

We are left to prove that up is ergodic for almost every P. Since u(My) =1,
we have that up(MyN P) =1 for almost every P. Hence, it is enough to prove
that, given any P € P and any measurable set £ C M, the mean sojourn time
7(E,x) is well defined for every x € M,y N P and is constant on that set. Fix P
and denote by C the class of all measurable sets E for which this holds. By
construction, C contains the generating algebra A. Observe that if E{,E; € C
with E| D E, then Ey \ E; € C:

T(Ey\ Ez,x) = 7(E),x) — 7(E2,X)

is well defined and it is constant on My N P. In particular, if E € C then E€ is
also in C. Analogously, C is closed under countable pairwise disjoint unions: if
E; € C are pairwise disjoint then

T (UEj,x) = Z T(Ej,x)

is well defined and it is constant on My N P. It is easy to deduce that C is a
monotone class: given any sequences A,,B, € C, n > 1 with A,, C A, and
B, D B, for every n, the two previous observations yield

GAn:AluG(AnH\An)ec and ﬁBn:(GB;)CeC.
n=1 n=1

n=1 n=1
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5.1 Ergodic decomposition theorem 149

By Theorem A.1.18, it follows that C contains the Borel ¢ -algebra of M.
This concludes the proof of Theorem 5.1.3 from Theorem 5.1.11.

5.1.5 Exercises

5.1.1. Show that a partition P is measurable if and only if there exist measurable subsets
My,E\,E,,...,E,,... such that u(M,) = 1 and, restricted to M,

o)
P =\/IE.M\E,}.
n=1
5.1.2. Let u be an ergodic probability measure for a transformation f. Then x is also
invariant under f* for any k > 2. Describe the ergodic decomposition of u for the
iterate f*.
5.1.3. Let M be a metric space and X be a measurable space. Prove that the following
conditions are all equivalent:
(a) themap v : X — M, (M), x> v, is measurable;
(b) themap X — R, x — f(pdvx is measurable, for every bounded continuous
function ¢ : M — R;
(c) themap X — R, x —~ f v dv, is measurable, for every bounded measurable
function v : M — R;
(d) the map X — R, x> v,(E) is measurable, for every measurable set E C M.
5.1.4. Prove thatif {yp : P € P} is a disintegration of u then

[vau=[( [ vau)are)

for every bounded measurable function y : M — R.

5.1.5. Let u be a probability measure invariant under a measurable transformation
f:M— M. Let f‘ : M — M be the natural extension of f and & be the lift
of i (Section 2.4.2). Relate the ergodic decomposition of u to the ergodic
decomposition of /.

5.1.6. When M is a compact metric space, we may obtain the ergodic decomposition of
an invariant probability measure u by taking for M, the subset of points x € M
such that

1 n—1
px=Tim =% "Gy

n n# o

J=

exists in the weak* topology and taking for P the partition of M, defined
by P(x) = P(y) & px = uy. Check the details of this alternative proof of
Theorem 5.1.3 for compact metric spaces.

5.1.7. Leto : £ — X be the shift map in £ = {1,...,d}?. Consider the partition W* of
X into “stable sets”

W ((an)n) = {(Xn)n : X, = @, for every n > 0}.

Given any probability measure x invariant under o, let {xp : P € P} be an ergodic
decomposition of u. Check that P < W, restricted to a full measure subset of M.
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150 Ergodic decomposition

5.2 Rokhlin disintegration theorem

Now we prove Theorem 5.1.11. Fix any increasing Py < P, < -+ <P, < ---
of countable partitions such that P = \/ .-, P, restricted to some full measure
set My C M. As before, we use P, (x) to denote the element of P, that contains
a given point x € M.

5.2.1 Conditional expectations

Let v : M — R be any bounded measurable function. For each n > 1, define
e () : M — R as follows:

1
_ d if u(P, 0
()= W) Iy VM PN > (5.2.1)

0 otherwise.

Since the partitions P, are countable, the second case of the definition
corresponds to a subset of points with total measure zero. Observe also that
e, () is constant on each P, € P,; let us denote by E, (i, P,,) the value of that
constant. Then,

[van=% [ van=uwEwr= [aman 22
P, VPn P,

for every n € N (the sums involve only partition elements P, € P, with positive
measure).

Lemma 5.2.1. Given any bounded measurable function v : M — R, there
exists a subset M, of M with (M) = 1 such that

(i) e(y,x) =lim,e,(y,x) exists for every x e M, ;
(ii) e(y): M, — R is measurable and constant on each P € P;
(iit) [wdu= [e(y)du.

Proof. Initially, suppose that v > 0. For each o < f, let S(a, f) be the set of
points x € M such that

liminfe,(y,x) <a < f <limsupe,(y,x).

It is clear that the sequence e, (i, x) diverges if and only if x € S(a, §) for some
pair of rational numbers a < f. In other words, the limit e(y,x) exists if and
only if x belongs to the intersection M, of all S(a, £)¢ with rational a@ < . As
this is a countable intersection, in order to prove that x (M, ) = 1 it suffices to
show that x(S(a,f)) =0 for every a < . We do this next.

Let a and f be fixed and denote S = S(a, ). Given x € S, fix any sequence
ofintegers 1 <aj <bj <--- <a; <b} <--- such that

eq(y,x) <a and ep(y,x)>p foreveryi=>1.
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5.2 Rokhlin disintegration theorem 151

Define A; to be the union of the partition elements A;(x) = Pa;‘ (x) and B; to be
the union of the partition elements B;(x) = P (x) obtained in this way, for all
points x € S. By construction, S C A;;1 C B; C A; for every i > 1. In particular,
S is contained in the set

S=(\B:=()A,.

DX
DX

Il
-

I i=1

Since the sequence P,, n > 1, is monotone increasing, given any two of the sets
Ai(x) = Pax (x) that form A;, either they are disjoint or one is contained in the
other. It follows that the maximal sets A;(x) are pairwise disjoint and, hence,
they constitute a partition of A;. Hence, adding only over such maximal sets
with positive measure,

/ ydu=
Aj

for every i > 1. Analogously,

[watu=3 [ vanz Y putin = pus.

Bi(x)? Bi) Bi(x)
Since A; D B; and we are assuming that y > 0, it follows that

S [ vdns Y autn) =an,

A A Ai()

aﬂ(Ai)Z/ t//dﬂz/ wdu > Bu(B),
A; B;

for every i > 1. Taking the limit as i — co, we find that oc,u(g) > ,B,u(§). This
implies that y(g) = 0 and, hence, 1 (S) = 0. This proves the claim when v is
non-negative. The general case follows immediately, since we may always write
w =yt —w~, where ¥ are measurable, non-negative and bounded. Note that
e,(y) =e,(y) —e,(y™) for every n > 1 and, hence, the conclusion of the
lemma holds for y if it holds for y* and w ~. This ends the proof of claim (i).

The other claims are simple consequences of the definition. The fact that
e(y) is measurable follows directly from Proposition A.1.31. Since P, is
coarser than P, it is clear that e¢,(y) is constant on each P € P, restricted to a
subset of M with full measure. Hence, the same is true for e(y). This proves
part (ii). Observe also that |e,(y)| < sup|y| for every n > 1. Hence, we may
use the dominated convergence theorem to pass to the limit in (5.2.2). In this
way, we get part (iii).

We are especially interested in the case when y is a characteristic function:
v = X, for some measurable set A C M. In this case, the definition means that

1(Pa(x) NA)
#(Pu(x))

We denote by P4 the subset of elements P of the partition /P that intersect

M,,. Observe that /1(P4) = 1. Moreover, we define E(A) : Py — R by setting
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E(A,P) = e(y,x) for any x € M, N P. Note that e(y) = E(A) o =. Hence, the
function E(A) is measurable and satisfies:

/wd,u :/e(z//)d,u =/E(A)d,&. (5.2.4)

5.2.2 Criterion for o -additivity

The hypothesis that the ambient space M is complete separable metric space is
used in the proof of the important criterion for ¢-additivity that we now state
and prove:

Proposition 5.2.2. Let M be a complete separable metric space and A be an
algebra generated by a countable basis U = {Uy : k € N} of open sets of M.
Let it : A— [0, 1] be an additive function with (@) = 0. Then u extends to a
probability measure on the Borel o -algebra of M.

First, let us outline the proof. We consider the product space X = {0, ny,
endowed with the topology generated by the cylinders

[0;a0,...,a,] = {(iken : io = ao,...,Iis=ag}, s>0.

Note that X is compact (Exercise A.1.11). Using the fact that M is a complete
metric space, we will show that the map

y M- X,y =(Xy, (x))keN

is a measurable embedding of M inside X. Moreover, the function u yields an
additive function v defined on the algebra Ay generated by the cylinders of X.
This algebra is compact (Definition A.1.15), since every element is compact.
Hence, v extends to a probability measure on the Borel g-algebra of X; we
still represent this extension by v. We will show that the image y (M) has full
measure for v. Then, the image y,'v is a probability measure on the Borel
o-algebra of M. Finally, we will check that this probability measure is an
extension of the function u.

Now let us detail these arguments. In what follows, given any set A C M, we
denote A' =A and A® = A°.

Lemma 5.2.3. The image y (M) is a Borel subset of X.

Proof. Letx € M and (ix); = y (x). It is clear that

(A) ﬂ;‘zo Ujl’ # ( for every k € N,

since x is in the intersection. Moreover, since I/ is a basis of open sets of M,
(B) there exists k € N such that iy = 1 and diam Uy < 1, and

(C) forevery k € N such that iy = 1 there exists /(k) > k such that i;) = 1 and
Uyry C Uy and diam Uy < diam Uy/2.
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5.2 Rokhlin disintegration theorem 153

Conversely, suppose that (i), € X satisfies conditions (A), (B) and (C). We are
going to show that there exists x € M such that y (x) = (ix),. For that, define

F,= ﬁvk,
k=0

where Vi = U if iy =0 and V; = (_]](k) if iy = 1. Then (F,), is a decreasing
sequence of closed sets. Condition (A) assures that F,, # ( for every n > 1.
Conditions (B) and (C) imply that the diameter of F, converges to zero as
n — oo. Then, since M is a complete metric space, the intersection ﬂn F,
contains some point x. By construction, F), is contained in [);_, U,i" for every

n. It follows that
o0
xe ﬂ Uk,
k=0

that is, y (x) = (ix)x. In this way, we have shown that the image of y is perfectly
characterized by the conditions (A), (B) and (C).

To conclude the proof it suffices to show that the subset described by each of
these conditions may be constructed from cylinders through countable unions
and intersections. Given k € N, let N (k) be the set of (k+ 1)-tuples (ao,...,ax)
in {0, 1} such that Uy’ N---NU* # §. Condition (A) corresponds to the subset

ﬂ U [0;ao,... a].
k=0

(ag,....ar)eN(k)
Let D = {k € N : diam U, < 1}. Then, condition (B) corresponds to

U U [0;ao, . ..,a5_1,1].

keD  (agp,....ax—1)

Finally, given any k € N, let L(k) be the set of all / > k such that U; C U and
diam U; < diam U} /2. Condition (C) corresponds to the subset

]

m U ([O;ao,...,ak,l,O]

k=0 AQ)se. s A1
U U U [0;ao,~-,ak—1,l,ak+1,---,a1—1,1])-

leL(k)  Qy1se-01—1

This completes the proof of the lemma.

Corollary 5.2.4. The map y : M — y (M) is a measurable bijection whose
inverse is also measurable.

Proof. Given any points x # y in M, there exists k € N such that U contains
one of the points but not the other. This ensures that y is injective. For any
s> 0and qy,...,a, € {0,1},

y M(0za0,....a)) = U N--- N US. (5.2.5)
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154 Ergodic decomposition

This implies that y is measurable, because the cylinders generate the Borel
o-algebra of X. Next, observe that

y (U N---NU%) =[0;aq,...,a] Ny (M) (5.2.6)

for every s,ay,...,a,. Using Lemma 5.2.3, it follows that y (Ug0 Nn---NUY)
is a Borel subset of X for every s,ay,...,a,. This proves that the inverse

1

transformation y ~' is measurable.

Now we are ready to prove that u extends to a probability measure on
the Borel o-algebra of M, as claimed in Proposition 5.2.2. For that, let us
consider the algebra Ay generated by the cylinders of X. Note that the
elements of A are the finite pairwise disjoint unions of cylinders. In particular,
every element of Ay is compact and, consequently, Ay is a compact algebra
(Definition A.1.15). Define:

v([0dp,...,a,) = u(UL N---NUS), (5.2.7)

for every s > 0 and ay,. ..,a, in {0, 1}. Then v is an additive function in the set
of all cylinders, with values in [0, 1]. It extends in a natural way to an additive
function defined on the algebra Ay, which we still denote as v.

Itis clear that v(X) = 1. Moreover, since the algebra Ay is compact, we may
use Theorem A.1.14 to conclude that the function v : Ay — [0, 1] is o -additive.
Hence, by Theorem A.1.13, the function v extends to a probability measure
defined on the Borel ¢ -algebra of X. Given any cover C of y (M) by cylinders,
it follows from the definition (5.2.7) that

v(UJe)=u(Ur"©)=r0n=1.
CceC CeC
Taking the infimum over all covers, we conclude that v(y (M)) = 1.

By Corollary 5.2.4, the image y_'v is a Borel probability measure on M.

By definition, and using the relation (5.2.6),

7 (UL N NUE) =0 (y (Ug"ﬂn-ﬂUf‘)) =v([0;a,...,a;]Ny (M))

=v([0:ay,....a,)) = u(Uy’ N---NU*)

for any s,ay,...,a;. This implies that y*_lv is an extension of the function
u : A— [0,1]. Therefore, the proof of Proposition 5.2.2 is complete.

5.2.3 Construction of conditional measures

LetU = {Uy : k € N} be a basis of open sets of M and A be the algebra generated
by U. It is clear that A generates the Borel o-algebra of M. Observe also that
A is countable: it coincides with the union of the (finite) algebras generated by
the subsets {Uy : 0 < k < n}, for every n > 1. Define

Pu= () Pa-
Ae A
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5.2 Rokhlin disintegration theorem 155

Then i (P,) = 1, since the intersection is countable. For each P € P,, define
up: A—[0,1], wup(A)=E(A,P). (5.2.8)

In particular, up(M) = E(M,P) = 1. It is clear that up is an additive function:
the definition (5.2.3) gives that

ANB=0 = E(AUB,P):E(A,P)+E(B,P) for every P € P,.

By Proposition 5.2.2, it follows that this function extends to a probability
measure defined on the Borel o-algebra of M, which we still denote as up.
We are left to check that this family of measures {up : P € P,} satisfies all the
conditions in the definition of disintegration (Definition 5.1.4).

Let us start with condition (i). Let P € P, and, for every n > 1, let P, be the
element of the partition P, that contains P. Observe that if A € A is such that
AN P, = for some n then

_ . u(ANP)
ﬂp(A)—E(A,P)—]lr};nm—O,

since P,, C P, for every m > n. Fix n. For each s > 0, let P} be the union of all
sets of the form Ug" N---N U that intersect P,. By the previous observation,
the cylinders of length s 4 1 that are not in P} have measure zero for up.
Therefore, up(P;) = 1 for every s > 0. Passing to the limit when s — oo,
we conclude that xp(U) =1 for every open set U that contains P,. Since the
measure up is regular (Proposition A.3.2), it follows that up(P,) = 1. Passing
to the limit when n — oo, we find that up(P) = 1 for every P € P,.

Finally, let C denote the family of all measurable sets E C M for which
conditions (ii) and (iii) hold. By construction (recall Lemma 5.2.1), given any
A € A, the function P +— up(A) = E(A, P) is measurable and satisfies

() = f E(A.P)dR(P) = / 1p(A) i (P).

This means that .4 C C. We claim that C is a monotone class. Indeed, suppose
that B is the union of an increasing sequence (B;); of sets in C. Then, by
Proposition A.1.31,

P up(B) =supup(B;) isameasurable function
J

and, using the monotone convergence theorem,

1@ =tim (8, =tim [ ur(B)di = [timueE)dii= [ woid)d

This means that B € C. Analogously, if B is the intersection of a decreasing se-

quence of sets in C then P+ up(B) is measurable and u(B) = [ 1p(B) di(P).

That is, B € C. This proves that C is a monotone class, as we claimed. By

Theorem A.1.18 it follows that C coincides with the Borel o -algebra of M.
The proof of Theorem 5.1.11 is complete.
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5.2.4 Exercises

5.2.1. LetP and Q be measurable partitions of (M, B3, 1) such that P < Q up to measure
zero. Let {up : P € P} be a disintegration of x with respect to P and, for every
PeP,let{upp:0 e Q,0 C P} be adisintegration of up with respect to Q. Let
7 : @ — P be the canonical projection, such that O C #(Q) for almost every
0 € Q. Show that {1 ()0 : Q € Q} is a disintegration of x with respect to Q.

5.2.2. (Converse to the theorem of Rokhlin) Let M be a complete separable metric
space. Show that if P satisfies the conclusion of Theorem 5.1.11, that is, if u
admits a disintegration with respect to P, then the partition P is measurable.

523. Let Py <--- <P, <--- be an increasing sequence of countable partitions such
that the union | J, P, generates the o -algebra /5 of measurable sets, up to measure
zero. Show that the conditional expectation e(y) = lim, e, () coincides with
at almost every point, for every bounded measurable function.

5.2.4. Prove Proposition 2.4.4, using Proposition 5.2.2.
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