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Foreword to the first edition

Thermodynamics is still, as it always was, at the center of physics, the standard-
bearer of successful science. As happens with many a theory, rich in applica-
tions, its foundations have been murky from the start and have provided a
traditional challenge on which physicists and mathematicians alike have tested
their latest skills.

Ruelle’s book is perhaps the first entirely rigorous account of the foundations
of thermodynamics. It makes heavier demands on the reader’s mathematical
background than any volume published so far. It is hoped that ancillary volumes
in time will be published which will ease the ascent onto this beautiful and
deep theory; at present, much of the background material can be gleaned from
standard texts in mathematical analysis. In any case, the timeliness of the content
shall be ample reward for the austerity of the text.

GIOVANNI GALLAVOTTI
General Editor, Section on Statistical Mechanics
and
GIAN-CARLO RoTA
Editor, Encyclopedia of Mathematics and its Applications.
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Preface to the first edition

The present monograph is based on lectures given in the mathematics depart-
ments of Berkeley (1973) and of Orsay (1974-1975). My aim has been to
describe the mathematical structures underlying the thermodynamic formalism
of equilibrium statistical mechanics, in the simplest case of classical lattice spin
systems.

The thermodynamic formalism has its origins in physics, but it has now
invaded topological dynamics and differentiable dynamical systems, with ap-
plications to questions as diverse as the study of invariant measures for an
Anosov diffeomorphism (Sinai [3]), or the meromorphy of Selberg’s zeta func-
tion (Ruelle [7]). The present text is an introduction to such questions, as well
as to more traditional problems of statistical mechanics, like that of phase tran-
sitions. I have developed the general theory — which has considerable unity —
in some detail. I have, however, left aside particular techniques (like that of
correlation inequalities) which are important in discussing examples of phase
transitions, but should be the object of a special study.

Statistical mechanics extends to systems vastly more general than the classi-
cal lattice spin systems discussed here (in particular to quantum systems). One
can therefore predict that the theory discussed in this monograph will extend
to vastly more general mathematical setups (in particular to non-commutative
situations). I hope that the present text may contribute some inspiration to the
construction of the more general theories, as well as clarifying the conceptual
structure of the existing formalism.

XVii






Preface to the second edition

Twenty-five years have elapsed since the first printing of Thermodynamic For-
malism, and in the meantime a number of significant developments have taken
place in the area indicated by the subtitle The Mathematical Structures of Equi-
librium Statistical Mechanics. Fortunately, our monograph was concerned with
basics, which have remained relatively unchanged, so that Thermodynamic For-
malism remains frequently quoted. In the present re-issue, some misprints have
been corrected, and an update on the open problems of Appendix B has been
added. We shall now outline briefly some new developments and indicate un-
systematically some source material for these developments. The mathematical
aspects of the statistical mechanics of lattice systems, including phase transi-
tions, are covered in the monographs of Sinai [a], and Simon [b]. It may be
mentioned that research in this important domain has become less active than
it was in the 1960s, *70s, and 80s (but a really good idea might reverse this
evolution again). The relation between Gibbs and equilibrium states has been
extended to more general topological situations (see Haydn and Ruelle [c]). For
a connection of Gibbs states with non-commutative algebras and K-theory, see
for instance [d] and the references given there, in particular to the work of Put-
nam. Particularly fruitful developments have taken place which use the concepts
of transfer operators and dynamical zeta functions. In the present monograph
these concepts are introduced (in Chapters 5 and 7) in a situation corresponding
to uniformly hyperbolic smooth dynamics (Anosov and Axiom A systems, here
presented in the topological setting of Smale spaces). The hyperbolic orienta-
tion has led to very interesting results concerning the distribution of periods of
periodic orbits for hyperbolic flows (in particular the lengths of geodesics on a
manifold of negative curvature). These results have been beautifully presented
in the monograph of Parry and Pollicott [e]. More recent results of Dolgopyat on
exponential decay of correlation for hyperbolic flows [f,g] may be mentioned at
this point. It was realized by Baladi and Keller that the ideas of transfer operators

XixX



XX Preface to the second edition

and dynamical zeta functions work well also for piecewise monotone maps of
the interval (which are not uniformly hyperbolic dynamical systems). This new
development can in particular be related to the kneading theory of Thurston and
Milnor. We have thus now a much more general theory of transfer operators,
very usefully presented in the monograph of Baladi [h], which has in particular
an extensive bibliography of the subject. For a general presentation of dynam-
ical zeta functions see also Ruelle [i]. As we have seen, the ideas of statistical
mechanics, of a rather algebraic nature, have found geometric applications in
smooth dynamics, and particularly the study of hyperbolic systems. Extensions
to nonuniformly hyperbolic dynamical systems are currently an active domain
of research, with SRB states playing an important role for Sinai, Ruelle, Bowen,
Strelcyn, Ledrappier, Young, Viana, .. .). This, however, is another story.

References

[a] Y. G. Sinai. Phase Transitions: Rigorous Results. Pergamon Press, Oxford, 1982.

[bl B. Simon. The Statistical Mechanics of Lattice Gases I. Princeton University Press,
Princeton, 1993.

[c] N. T. A. Haydn and D. Ruelle. “Equivalence of Gibbs and equilibrium states
for homeomorphisms satisfying expansiveness and specification,” Commun. Math.
Phys. 148, 155-167 (1992).

[d] A. Kumjan and D. Pask. “Actions of Z* associated to higher rank graphs,” Ergod.
Th. and Dynam. Syst. 23, 1153-1172 (2003).

[e] W. Parry and M. Pollicott. Zeta Functions and the Periodic Orbit Structure of Hy-
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[f] D. Dolgopyat. “On decay of correlations in Anosov flows,” Ann. of Math. 147,
357-390 (1998).
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[h] V.Baladi. Positive Transfer Operators and Decay of Correlations. World Scientific,
Singapore, 2000.

[i] D. Ruelle. “Dynamical zeta functions and transfer operators,” Notices Amer. Math.
Soc. 49, 887-895 (2002).



Introduction

0.1 Generalities

The formalism of equilibrium statistical mechanics — which we shall call ther-
modynamic formalism — has been developed since G. W. Gibbs to describe
the properties of certain physical systems. These are systems consisting of a
large number of subunits (typically 10%7) like the molecules of one liter of air
or water. While the physical justification of the thermodynamic formalism re-
mains quite insufficient, this formalism has proved remarkably successful at
explaining facts.

In recent years it has become clear that, underlying the thermodynamic for-
malism, there are mathematical structures of great interest: the formalism hints
at the good theorems, and to some extent at their proofs. Outside of statistical
mechanics proper, the thermodynamic formalism and its mathematical methods
have now been used extensively in constructive quantum field theory* and in
the study of certain differentiable dynamical systems (notably Anosov diffeo-
morphisms and flows). In both cases the relation is at an abstract mathematical
level, and fairly inobvious at first sight. It is evident that the study of the physical
world is a powerful source of inspiration for mathematics. That this inspiration
can act in such a detailed manner is a more remarkable fact, which the reader
will interpret according to his own philosophy.

The main physical problem which equilibrium statistical mechanics tries to
clarify is that of phase transitions. When the temperature of water is lowered,
why doits properties change first smoothly, then suddenly as the freezing pointis
reached? While we have some general ideas about this, and many special results,

* See for instance Velo and Wightman [1].
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a conceptual understanding is still missing.” The mathematical investigation of
the thermodynamic formalism is in fact not completed; the theory is a young
one, with emphasis still more on imagination than on technical difficulties. This
situation is reminiscent of preclassic art forms, where inspiration has not been
castrated by the necessity to conform to standard technical patterns. We hope
that some of this juvenile freshness of the subject will remain in the present
monograph!

The physical systems to which the thermodynamic formalism applies are
idealized to be actually infinite, i.e. to fill R” (where v = 3 in the usual world).
This idealization is necessary because only infinite systems exhibit sharp phase
transitions. Much of the thermodynamic formalism is concerned with the study
of states of infinite systems.

For classical systems the states are probability measures on an appropriate
space of infinite configurations; such states can also be viewed as linear func-
tionals on an abelian algebra (an algebra of continuous functions in the case of
Radon measures). For quantum systems the states are “expectation value” linear
functionals on non-abelian algebras. Due to their greater simplicity, classical
systems have been studied more than quantum systems. In fact attention has
concentrated on the simplest systems, the classical lattice systems where R”
is replaced by Z” (a v-dimensional crystal lattice). For such systems the con-
figuration space is a subset Q2 of [], czw S2x (where €, is for instance the set
of possible “spin values” or “occupation numbers” at the lattice site x). We
shall assume that €2, is finite. Due to the group invariance (under Z” or R")
the study of states of infinite systems is closely related to ergodic theory. There
are however other parts of the thermodynamic formalism concerned with quite
different questions (like analyticity problems).

The present monograph addresses itself to mathematicians. Its aim is to give
an account of part of the thermodynamic formalism, and of the corresponding
structures and methods. We have restricted ourselves to classical lattice systems.
The thermodynamic formalism extends to many other classes of systems, but
the theory as it exists now for those systems is less complete, more singular,
and filled with technical difficulties. The formalism which we shall describe
would not apply directly to the problems of constructive quantum field theory,
but it is appropriate to the discussion of Anosov diffeomorphisms and related
dynamical systems.

At a more phenomenological level, a good deal is known about phase transitions and much
attention has been devoted to critical points and “critical phenomena”; the latter remain
however for the moment inaccessible to rigorous investigations.



Description of the thermodynamic formalism 3

The mathematics underlying the thermodynamic formalism consists of gen-
eral methods and special techniques. We have restricted ourselves in this mono-
graph to the general methods; we hope that a complement on special techniques
will be published later. As a rough rule, we have decided that a result was not
“general” if it required that the configuration space of the system factorize com-
pletely in the form Q = [] 2., where 2, is the finite set of “spin values” at
the lattice site x. The body of general methods thus defined has considerable
unity. As for the special techniques, let us mention the correlation inequalities,
the method of integral equations, the Lee-Yang circle theorem, and the Peierls
argument. These techniques look somewhat specialized from the general point
of view taken in this monograph, but are often extremely elegant. They provide,
in special situations, a variety of detailed results of great interest for physics.

0.2 Description of the thermodynamic formalism

The contents of this section are not logically required for later chapters. We
describe here, for purposes of motivation and orientation, some of the ideas and
results of the thermodynamic formalism.* The reader may go over this material
rapidly, or skip it entirely.

I. Finite systems

Let ©2 be a non-empty finite set. Given a probability measure o on €2 we define
its entropy

S(0)=—)_oft}logo(k).

EeQ

where it is understood that# logt = 0if ¢ = 0. Givena functionU : Q@ — R, we
define a real number Z called the partition function and a probability measure
p on 2 called the Gibbs ensemble by

Z =7 exp[-UG)],

£eQ
pig} = Z ' exp[-U(&)]. (0.1)

Proposition (Variational principle). The maximum of the expression

S(o) — o(U)

* We follow in part the Séminaire Bourbaki, exposé 430.
T 'We write o(U) = ZS o{&}U (&) or more generally o(U) = f U(&)o(d§).
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over all probability measures o on 2 is log Z, and is reached precisely for
o =p.

For physical applications, €2 is interpreted as the space of configurations of a
finite system. One writes U = B E, where E(£) is the energy of the configuration
&,and B = 1/kT, where T is the absolute temperature and k is a factor known
as Boltzmann’s constant. The problem of why the Gibbs ensemble describes
thermal equilibrium (at least for “large systems”) when the above physical
identifications have been made is deep and incompletely clarified. Note that the
energy E may depend on physical parameters called “magnetic field,” “chemical
potential,” etc. Note also that the traditional definition of the energy produces
a minus sign in exp[—BE], which is in practice a nuisance. From now on we
absorb B in the definition of U, and call U the energy. We shall retain from the
above discussion only the hint that the Gibbs ensemble is an interesting object
to consider in the limit of a “large system.”

The thermodynamic formalism studies measures analogous to the Gibbs
ensemble p in a certain limit where €2 becomes infinite, but some extra structure
is present. Imitating the variational principle of the above Proposition, one
defines equilibrium states (see Il below). Imitating the definition (0.1), one
defines Gibbs states (see 111 below).

II. Thermodynamic formalism on a metrizable compact set

Let €2 be a non-empty metrizable compact set, and x — t* a homomorphism of
the additive group Z"(v > 1) into the group of homeomorphisms of . We say
that 7 is expansive if, for some allowed metric d, there exists 6 > 0 such that

d(x*E,T'n) <8 forallx) = (§ = ).
Definition of the pressure. If 2 = (2;), B = (°B;) are covers of €2, the cover

24 v B consists of the sets 2; N B ;. This notation extends to any finite family
of covers. We write

T = (7)),
AN = v T if AcZ,
xXeA

diam 2 = sup diam ;,

where diam %; is the diameter of 2; for an allowed metric d on .

The definition of the pressure which we shall now give will not look simple
and natural to someone unfamiliar with the subject. This should not alarm the
reader: the definition will give us quick access to a general statement of theorems
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of statistical mechanics. It will otherwise recur only in Chapter 6, with more
preparation.

We denote by ¢ = ¢(£2) the space of continuous real functions on 2. Let
A € ¢, 2 be a finite open cover of 2, and A be a finite subset of Z”; define

ZA(A, ) = min {Zexp |:sup > A(rxs)}

§€Bj xeA
: (°B) is a subcover of QLA}.
Ifa',...,a" are integers >0,leta =(a',...,a") and
A)={(x',....x")eZ :0<x' <d' fori=1,...,v}.

The function a — log Zx)(A, ) is subadditive, and one can write
(with |A(a)| = card A(a) =[], a’)

1
P(A, A li 10g Zaa)(A, A
(4.8) = lim oo )] 08 A (A, R0)

1
= inf log Z aw)(A, ),
o [A@)] FoM@

and

P(A)= 1 P(A .
(4) dian'}rﬁ?eo (4,2

The function P : ¢ — R U {+00} is the (topological) pressure. P(A) is finite
for all A if and only if P(0) is finite; in that case P is convex and continuous
(for the topology of uniform convergence in €). P(0) is the topological entropy;
it gives a measure of the rate of mixing of the action t.

Entropy of an invariant measure. If o is a probability measure on €2, and
A = (2;) a finite Borel partition of 2, we write

H(o.2) ==Y o(@)loga(@L).

i

The real measures on €2 constitute the dual ¢* of €. The topology of weak dual
of € on €* is called the vague topology. Let I C €* be the set of probability
measures ¢ invariant under 7, i.e. such that 0 (A) = o0 (A o t%); I is convex and
compact for the vague topology. If 2 is a finite Borel partition and o € I, we
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write
h(o, ) = lim H(o, A @)
a',...a’—oo |A(a)|
1
= inf —— H (o, A @);

a |Aa)

h(o) = lim h(o,2).
diam 2A—0

The function /2 : I — R U {+00} is affine > 0; it is called the (mean) entropy.
If t is expansive, A is finite and upper semi-continuous on I (with the vague
topology).

Theorem 1 (Variational principle).

P(A) = sup[h(o) + o (A)]

oel

forall A € C.

This corresponds to the variational principle for finite systems if — A is
interpreted as the contribution to the energy of one lattice site.

Let us assume that P is finite. The set /4 of equilibrium states for A € Cis
defined by

Iy={o €l :h(c)+0(A)=P(A)}.
I 4 may be empty.

Theorem 2 Assume that h is finite and upper semi-continuous on I (with the
vague topology).

(@) Iy ={c € :P(A+ B) > P(A)+ o(B) for all B € ¢}. This set is not
empty, it is convex, compact; it is a Choquet simplex and a face of I.

(b) The set D = {A € ¢: card I, = 1} is residual in C.

(c) Foreveryo € 1,

h@) = inf[P(4) = o (A)]

The fact that 14 is a metrizable simplex implies that each o € 14 has a unique
integral representation as the barycenter of a measure carried by the extremal
points of 4. It is known that [ is also a simplex. The fact that I, is a face
of I implies that the extremal points of /4 are also extremal points of I (i.e.
T-ergodic measures on £2).
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III. Statistical mechanics on a lattice

The above theorems extend results known for certain systems of statistical
mechanics (classical lattice systems). For instance, if F' is a non-empty finite
set (with the discrete topology), we can take Q = FZ with the product topology,
and t* defined in the obvious manner. More generally we shall take for 2 a
closed t-invariant non-empty subset of FZ . For the physical interpretation,
note that €2 is the space of infinite configurations of a system of spins on a
crystal lattice Z”. Up to sign and factors of 8, P can be interpreted as the “free
energy” or the “pressure,” depending on the physical interpretation of F as the
set of “spin values” or of “occupation numbers” at a lattice site. For simplicity
we have retained the word “pressure.”

If x = (x') € Z', we write |x| = max |x/|. Let0 < A < 1;if £, n € Q, with
S = (‘i:x)xez"’ n= (Ux)xez% we define

dg,my=x"  with k=inf{|x|: & # n.}.

d is a distance compatible with the topology of 2. One checks with this defini-
tion that 7 is expansive; hence Theorem 2 applies.

We shall henceforth assume that there exists a finite set A C Z" and G C F*
such that

Q={tecF? :t"€|AeG  forall x}.

If A C Z" we denote by pry, pry the projections of FZ on F» and FZ\A
respectively.

Let0 < o < 1, and denote by ¢* the Banach space of real Holder continuous
functions of exponent o on 2 (with respect to the metric d). Let £ = (&,) €
Q,n=(n,) € Q. If & = n, except for finitely many x, and A € €%, we can
write

ga€.m =[] explAGz*&) — A(r*n)]
xeZ’
because |A(t*E) — A(t"n)| — 0 exponentially fast when |x| — oo. For finite
A, a continuous function f, : pr, Q2 x pr, @ — R is then defined by

-1
fA(s) — |: Z gA('I7§)j| if S € Q,

neQpry n=pry&

0 if £¢Q.

Definition. Let A € ¢*; we say that a probability measure ¢ on 2 is a Gibbs
state if the following holds.
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For every finite A C Z", let €, be the measure on pr, Q2 which gives to each
point of this set the mass 1. Then

o = fa-(er ®pryo);

(we have again denoted by o the image of this measure by the canonical map
Q> pryQ X pr'af2).

Another formulation of the definition is this: o is a Gibbs state if, for every
finite A, the conditional probability that £|A is realized in A, knowing that
&|(Z"\A) realized in Z"\ A, is fo(&).

Theorem 3 Let A € ¢°.

(a) Every equilibrium state is a t-invariant Gibbs state.
(b) If @ = FZ', every t-invariant Gibbs state is an equilibrium state.

In view of (a), the Gibbs states are the probability measures which have
the same conditional probabilities f, as the equilibrium states. Part (b) of the
theorem holds under conditions much more general than Q = FZ'. The as-
sumption A € ¢* can also be considerably weakened. For simplicity we have in
this section made an unusual description of statistical mechanics, using (Holder
continuous) functions on €2, rather than the “interactions” which are much more
appropriate to a detailed study.

Theorem 4 The set of Gibbs states for A € ¢* is a Choquet simplex.

Every Gibbs state has thus a unique integral decomposition in terms of
extremal (or “pure”) Gibbs states.

Physical interpretation. The extremal equilibrium states are T-ergodic mea-
sures. They are interpreted as pure thermodynamic phases. Since the equilib-
rium states correspond to tangents to the graph of P (Theorem 2(a)), the dis-
continuities of the derivative of P correspond to phase transitions. One would
thus like to know if P is piecewise analytic (in a suitable sense) on ¢*. An ex-
tremal equilibrium state o may have a non-trivial decomposition into extremal
Gibbs states (those will not be t-invariant, because of Theorem 3(b)). This
is an example of symmetry breaking (the broken symmetry is the invariance
under 7).

The main problem of equilibrium statistical mechanics is to understand the
nature of phases and phase transitions. Because of this, the main object of
the thermodynamic formalism is to study the differentiability and analyticity
properties of the function P, and the structure of the equilibrium states and
Gibbs states. As already mentioned, detailed results are known only in special
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cases, but we shall restrict ourselves in the present monograph to the general
theory, as it is known at the time of writing.

For “one-dimensional systems,” i.e. for v = 1, there are fairly complete
results, which can be summarized by saying that there are no phase transitions.
Let us assume that

Q={8 =Gz € F%. Ire, =1 for all x},

where t = (t,,) is a matrix with elements O or 1. We assume also that there
exists an integer N > 0 such that all the matrix elements of tV are > 0.

Theorem 5 If the above conditions are satisfied, P : ¢* —R is real analytic.
Furthermore for every A € ¢* there is only one Gibbs state (which is also the
only equilibrium state).

All these properties are false for v > 1.

0.3 Summary of contents

Chapters 1 to 5 of this monograph are devoted to the general theory of equi-
librium statistical mechanics of classical lattice systems; complete proofs are
generally given. Chapters 6 and 7 extend the thermodynamic formalism outside
of the traditional domain of statistical mechanics: here the proofs are largely
omitted or only sketched.” We give now some more details.

Chapters 1 and 2 give the theory of Gibbs states, without assuming invariance
under lattice translations (the lattice Z” is thus replaced by a general infinite
countable set L). Chapter 3 assumes translation invariance and develops the the-
ory of equilibrium states and of the pressure for classical lattice systems; general
results on phase transitions are also obtained. Chapter 4 is central, and estab-
lishes the connexion between Gibbs states and equilibrium states. Chapter 5
deals with one-dimensional systems and prepares Chapter 7. Chapter 6 extends
the theory of equilibrium states to the situation where the configuration space 2
is replaced by a general compact metrizable space on which Z” acts by home-
omorphisms. Chapter 7 extends the theory of Gibbs states (and related topics)
to a certain class of compact metric spaces, which we call Smale spaces, on
which Z acts by homeomorphisms. Smale spaces include Axiom A basic sets
and in particular manifolds with an Anosov diffeomorphism.

Some extra material is given in the form of exercises at the end of the chapters.

Bibliographic references are given either in the text or in notes at the end
of the chapters. For purposes of orientation, it may be good to read these notes

" Of course references to the literature are indicated as needed.
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before the corresponding chapter. The reader is particularly advised to con-
sult the following original papers: Ruelle [1], Dobrushin [2], [3], Lanford and
Ruelle [1], Israel [1], and Sinai [4].

Some background material has been collected in Appendices A.1 to A.5.
These appendices recall some well-known facts to establish terminology, and
also provide access to less standard results. In general the reader is assumed to
be familiar with basic facts of functional analysis, but no knowledge of physics
is presupposed.

A few open problems are collected in Appendix B. Appendix C contains a
brief introduction to flows.

Concerning notation and terminology we note the following points. We shall
often write | X| for the cardinality of a finite set X. We shall use in Chapters
5-7 the notation Z..,Z>, Z_, Z¢ for the sets of integers which are respec-
tively >0, > 0, <0, < 0. A measure p will (unless otherwise indicated) be a
Radon measure on a compact set Q. If f : Q — Q' is a continuous map, the
image of p by f (see Appendix A.4) is denoted by fp (not f*p).

We refer the reader to Ruelle [3] for a wider study of equilibrium statisti-
cal mechanics, and to the excellent monograph by Bowen [6] for applications
to differentiable dynamical systems.” Let us also mention the monograph by
Israel [2] and the notes by Lanford [2], Georgii [1], and Preston [1], [2]. Mono-
graphs are planned by various authors on aspects of statistical mechanics not
covered here, but at this time, much interesting material is not available in book
form.

Before proceeding with Chapter 1, the reader is invited to go rapidly through
the Appendices A.1-A.5.

* For modern introductions to ergodic theory and topological dynamics, see Walters [2]: Denker,
Grillenberger, and Sigmund [1].



1
Theory of Gibbs states

This chapter is devoted to the general theory of Gibbs states. No invariance
under translations is assumed.

1.1 Configuration space
The following are supposed to be given:

L : an infinite countable set;
€, : afinite set for each x € L;
F: a set of finite subsets of L, which is locally finite (i.e. each x € L is an
element of only a finite number of the A € 5);

(Q24)ae5: a family where Q5 C [],cp Q.
We can then define a configuration space

Q:igenszx:(vz\ezngmem ) (1.1)
xel
We shall always assume that Q # Q.

An important example is when § is empty. In this case Q = [[,, Q..

It will be convenient to think of L as describing a crystal lattice. At each
site x € L the system may be in a finite number of different states &, € €2,. For
instance, in the description of an alloy, €2, is the list of atom species which may
occur at x. For a spin system €2, is the list of possible spin orientations of the
atom at x. One frequently considers a lattice gas with 2, = {1, 0} (the site x
is occupied by an atom, or empty) and a spin system with 2, = {1, —1} (spin
up and spin down). A configuration of our system is given by an element § =
(&x)xer Of erL Q.. We impose a certain number of conditions (£,),ep € Q4.
For alattice gas an example of such conditions would be that two “neighboring”

11
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lattice sites cannot be occupied simultaneously (the particles on the lattice have
hard cores).
For any set S C L, let

QS=igel_[Qx:(VAefF:ACS)SIAeQA}. (1.2)

xeS

Since Q # @, no Qg is empty. We put on €2, the discrete topology and on
[ 1.5 €2x the product topology, which is compact. The spaces Qg, in particular
2, are then also compact. We have continuous maps o : 2 + g defined by
asé = &|S orag(éx)ver = (x)res- More generally we can define arg : Qg —
QrifS O T.LetC = €(2) be the algebra of real continuous functions on 2. € is
a Banach space with respect to the uniform norm, and the probability measures
on 2 form a convex compact subset E of the weak dual ¢* of € (C* is the space
of real measures on 2; the topology of weak dual is the vague fopology). E is
metrizable. For finite A C L, let ¢, be the algebra of functions A ca, where
A € ¢ (R25). By the Stone—Weierstrass theorem the union of the ¢, is dense
inC.

We may consider the elements of Cas observables of our classical lattice sys-
tem. The elements of ¢, are then the physical quantities which can be observed
in the finite region A. A probability measure u € E is a state. We interpret
it as an expectation value functional on the observables, i.e. a positive linear
functional on € such that p(1) = 1.

1.2 Interactions

An interaction is a real function ® on

U

A finite C L

such that ®|Qg = 0 and for each x € L

1
@], =Y — sup [D(&)] < +o0, (1.3)
Xox |X| SEQX

where |X| = card X. Given ®, an energy function Uy : Q4 + R is defined
for each finite A C L by

URE) =Y ®EIX), (1.4)

XCA
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We write U, instead of U when there is no confusion. We have
1

U@ =) Y —=DEX). (1.5)
xeAXmeXCA|X|
Therefore
UAl <Y 1@l (1.6)

xeA

For the rest of this chapter we shall impose instead of (1.3) the stronger require-
ment

Pl = Z sup [®(§)] < +oo0. (1.7)
Xox §€S%

If A, M are disjoint subsets of L such that A is finite and & € Q,up, We can
define

Wan() =Y *®(E|X), (1.8)
X
where Y " extends over the finite sets X C A U M such that X N A # @ and
X UM # @. We have thus

(Wanl <Y 1@l (1.9)
xeA

If A, M are finite, we have also

Usnom = Un + Uy + Wan. (1.10)

1.3 Gibbs ensembles and thermodynamic limit

The Gibbs ensemble for the region A (A finite C L) and the interaction & is
the probability measure 14y on 2, defined by

nafE) = Zy exp [-UR ()],
Zn= Y exp[-UR(®)]. (1.11)

£eQp
The general name of thermodynamic limit is given to a limit when A “tends
to infinity.” In particular we write A — L if eventually A D A for every fi-
nite A C L (limit on the increasing net of finite subsets of L ordered by
inclusion).
We shall now prove the existence of thermodynamic limits for the Gibbs
ensembles by a compactness argument.
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1.4 Proposition

Let (M) be a sequence of finite subsets of L such that M,, — L, and for each
n let pu,) be a probability measure on Q2y,. One can choose a subsequence
(M) such that the following limit exists for all finite A C L:

lim o Mg’y = Pa- (1.12)

n—0o0

Furthermore there exists a unique probability measure p on S2 such that

PA = OAP (1.13)
forall A.

Notice that o, f4(um,) is defined only for M, D A, i.e. for n sufficiently
large. Since the finite subsets A of L form a countable family, and the €2, are
finite, the existence of a subsequence (M) such that (1.12) holds follows from a
diagonal argument. As a consequence of (1.12) we have appy oy = pa if A C
M. Therefore we can define consistently p(A o ap) = pa(A) for A € A(24)
and extend p by continuity to ¢.* The uniqueness of p follows from the density
of Ux€, in €. We shall say that p is a thermodynamic limit of the probability
measures [4(a)-

No use has been made of the fact that the probability measures () were
Gibbs ensembles. If this is the case, the thermodynamic limit p has however
special properties, as we shall see in Section 1.6.

1.5 Gibbs states

We say thato € E is a Gibbs state (for the interaction @) if, for all finite A C L,
there exists a probability measure o7\ 5 on €2\, such that for all £, € Q4

(@r0)(En) = / oA dnitan(En), (1.14)

QA
where
e~ UnEn)=Wa n\aEavi)
i, (Ead = > e Un(ma)=Wa n\anava)
NAES2)
In this formula &, Vv nis the element § of Q suchthat ¢ |A = &5, C[(L\A) =1,
and it is understood that terms with £, V 1 or no V n not defined are omitted.

(1.15)

* Given A one can choose M finite such that axy Q2 = ap Q. Then [p(A o ap)| = |pa(A)| =
lom(Aocaam) < 1A oapml =[|Acanll
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This means thatif §, V 7 is not defined we putexp[—Wx 1\a(a V )] = 0. We
also put the fraction (1.15) equal to zero if its numerator vanishes. Notice that,
since 5 has been assumed locally finite, the sets {# € Q\x : §4 V 1 € 2} and
{n € Qp\a : &4 V 1 not defined} are both open. On the other hand W 1\ 4 is on
{n € Qp\a : Ex V 1 € Q} auniformly convergent sum of continuous functions
(see (1.7), (1.8)). Therefore the functions n — exp[—Wx \a(Ea vV D], n >
HamlEa} are continuous on Q4.

1.6 Thermodynamic limit of Gibbs ensembles

We prove now that if p is a thermodynamic limit of Gibbs ensembles 1) for
the interaction @, then p is a Gibbs state for the interaction ®.
Using the definition (1.11) we have, for A C M,

(ammoiEnl = Y monléa v n}
LISYIVVN
= 3 [Z3 e D] expl—Un(En) — Waana(a v )]
NEQp\A
= Y [@mammon)intima mnnl, (1.16)
NEQp\A
where
e~ UnEN)=WamaEavn)
Heamniat = S o TR W (1.17)

NAESRA

We adopt conventions similar to those of Section 1.5 concerning the meaning
of £, V 7. In particular we put the expression (1.17) equal to zero when the
numerator vanishes. We now investigate what happens when we replace M in
(1.16) by the sequence (M) of Proposition 1.4, and let n — 0.

(a) We notice that the function on Q4 defined by

n= M(A,Mn/)(mMn/\A){SA}

converges uniformly to n — ), {€a} because of the convergence of the
sum deﬁning WA.L\A(EA \ 17)

(b) Using Proposition 1.4 for the sequence ay\a,m, (m7), We see that it has a
thermodynamic limit o7\, which is a probability measure on 27\4.
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From (a), (b), and (1.16) we obtain
tim @asgsean)(6a) = [ pua@nian(én)
n— Qi

In view of Proposition 1.4 this expresses that p is a Gibbs state.

1.7 Boundary terms

Let a probability measure 1, on Q, be defined for each finite A C L, or for
a sequence (A,) such that A, — oo, or for a suitable net. Suppose that j( ,, is
of the form

MEA){EA} = Z;\_le*UA(EA)*BA(EA)’

Z;\ — Z e~ Un(a)=Ba(na)

NAESRA

If the boundary term B, has a suitable behavior in the thermodynamic limit,
the results of Section 1.6 can be extended to (,uE A)).
Instead of (1.16) we have here

(amtin)Ent = Y wonlEa Vi)

€A
— Z [Z/A*/Ile*UM\A(’I)*B/(’I)]
€A
X exp [—Ua(Er) — Wama(En vV 1) — B"(Ex, )]

(1.18)

provided By (éx VvV 1) = B'(n) + B"(Ex, n). Corresponding to (a) of Sect-
ion 1.6, suppose that the function on £, defined by

n > exp[—Un(Er) — WamnaGa V (@ana,nam) — B (Ea, apna,ian)]
(1.19)

tends uniformly to 7 > exp[—Ua(éx) — Wa,\a(Ea V n)]; then the argument
in Section 1.6 carries over to the present case, and a thermodynamic limit of
(,uEA)) is a Gibbs state.

‘We now consider an example. For each finite A C L, let n;\ 5 be the restric-
tion to L\ A of some 7y, € Q. Using (1.15) we define u' () = p(ay,,,- We
thus have

Ba(Ep) = WA \a(a V nLAA)-



Boundary terms 17

If A CM,E5 CQna,n € Quy\a, We can write by (1.8)

Bya v n) =Wy nmEaVnVnom)
= B'(n) + B"(éA, n),

where

B'(n) = Z OV npwm|X) = Wana, o V ),
X

B'(En,m) =Y P V1V nomlX).
X
The sum Y " extends over the finite sets X C L\ A such that X N (M\A) # @
and X N (L\M) # @. The sum > ** extends over the finite sets X C L such
that X N A # @ and X N (L\ M) # @. We now have to worry about the fact
that £4, vV 1V np\a need not be defined, i.e. that there need be no ¢ € Q with
restrictions &5, 1, Ny 0 4, Qana, Ly Given A, if M is sufficiently
large this means that either €5 V' n or n V np\y is not defined (we use the
fact that 5 is locally finite). Our conventions are thus respected in (1.18) by
putting e~"amaEavi — 0 if £, v 5 is not defined, e 5™ =0 if n Vv np\m
is not defined, and ®(&x vV 1 VvV np\u|X) =0 1in B” if &5 VvV V np\m is not
defined. The uniform convergence of (1.19) to the limit n > exp[—Ux(€p) —
Wa,\a(a V n)] is then easily checked. In conclusion a thermodynamic limit
of ((ayn,,,) is necessarily a Gibbs state.
We now derive an important result from the above estimates. We have

KMy m {5a V) = [Z/;/Ile_UM\A(n)_B/(n)]
x exp [—Ux(Ex) — WamnaGa vV 1) — B"(Ex, )],
(1.20)

where B” is uniformly small for large M. We remark that by the definition
(1.14), a Gibbs state o'is such that oj, 0 is an average over 1y, » of the measures
My, - We can thus estimate the conditional probability with respect to o (d§)
that £|A = &€, when it is known that £|(M\ A) = n. According to (1.20), this
is given by

(OlMO'){gA Vv 77} - e UnGEn)=WamaEavn)

S (amo)na vl Y e Urt-Waaalmvn’
NAESRA NAESA

where the error is uniformly as small as one likes for large M. From this
follows that for a Gibbs state o the conditional probability that £|A = &,,
when itis known that £[(L\A) = 1, is j1(a), {6 }. Conversely, if the conditional
probability has this form, (1.14) clearly holds.



18 Theory of Gibbs states

1.8 Theorem

A probability measure o on Q is a Gibbs state if and only if, for each finite
A C L, the conditional probability that | A = &, knowing that §|(L\A) = n,
is puay{&at as given by (1.15).

Notice that we may thus take 7\p = ar\a0 in (1.14). In particular a vague
limit of Gibbs states is a Gibbs state. The set of Gibbs states is thus compact;
it is clearly also convex.

1.9 Theorem

Let ® be an interaction. The probability measures [y and (i p)y, on Q25 (Gibbs
ensemble and Gibbs ensemble with boundary term) are defined by (1.11) and
(1.15) wheren € Q. is the restriction to L\ A of some element n* of Q2 (which
may depend on N). Thermodynamic limits are defined by Proposition 1.4.

(a) Any thermodynamic limit of ((a)) is a Gibbs state.

(b) Any thermodynamic limit of (M(AM\A) is a Gibbs state.

(c) The closed convex hull of the Gibbs states obtained in (b) is the set K¢ of
all Gibbs states.

(d) Ko # @; Ko is convex and compact; K¢ is a Choquet simplex.

(a) and (b) have been proved in Sections 1.6 and 1.7 respectively.

Because of (a) the set K¢ of Gibbs states is not empty, and we have seen
after Theorem 1.8 that K¢ is convex and compact. Therefore the closed convex
hull K of the Gibbs states obtained in (b) is contained in K ¢. Suppose K # K.
There is then A € ¢and 0 € K¢ such that

0(A) > max p(A), (1.21)
peK

and we may assume that A = Booay, B € €(£2,) for some finite A. By (1.14)
we have ), (B oapy) > o(A) forsome n € Qpyy andall M D A If p is
a thermodynamic limit of (uyg),), 0(A) > o (A) in contradiction with (1.21).
We have thus proved (c) and the first two parts of (d).

Let &) € Q, forafinite A C L. If 0(d§) is any measure on 2, let o7\ a)g,
be the measure on 27\ 4 obtained by “setting §|A = &, (restricto to {§ € Q :
&|A = &,}, then take the image of the restriction by a7\ »). If o is a Gibbs state,
then by Theorem 1.8,

ow\ne ([dn) = wa{éatonaldn); (1.22)
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hence

e—UA(SA)—WA.L\A(EAWI) =Ur(ma)=Wa.\a(mavn)

o\n)e, (dn)
(1.23)

o\, dn) =e

forall £, na € 2,. Conversely if o is a probability measure and (1.23) holds
for all A, &4, na, then (1.22) holds and o is a Gibbs state. Consider now the
closed linear subspace $ of ¢* consisting of the real measures o such that (1.23)
holds for all A, &5, na.Itisclearthatifo € 9, also |o| € 9. From this it follows
that K¢ is a simplex (see Appendix A.5.5).

1.10 Algebra at infinity

Let o be a probability measure on 2. We let 7 (A) be the class of A in L*°(€2, o).
Define

B, = m closure[
AfiniteCL

n(@M)], (1.24)

MfiniteCL\A

where the closure is taken with respect to the topology of L*°(2, o) as weak
dual of L'($2, o). Then % will be called the algebra at infinity associated with
o . We shall now characterize the o which have trivial algebra at infinity (i.e. 8
consists of the almost everywhere constant functions) by the following cluster

property.
(C) For all A € Cthere exists A finite C L such that
(BetCy, MNA=0)=|0(AB)—0o(A)a(B)| < |B].
Suppose first that (C) holds. Then for all A € Cand B, € 4,
l0(ABo) — 0(A)o(Boo)| < [|Bcll-
Replacing A by LA and letting A — 0o, we obtain
0(ABy) = 0(A)o(Bw);

hence By is constant and % is trivial.
Suppose now that (C) does not hold. There exist then A € €, and B\ for
each finite A C L, such that

Bpa C U > 1Bl =1,
MCIL\A

lo(ABp\a) — 0 (A)o(Bra)l > 1.
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Let By, be a weak limit of the net (m(Br\A)) in L*°(£2, 0); then By, € B and
we have

|0(ABo) — 0(A)o(Bxo)| = 1.
Therefore By, cannot be constant: 4 is not trivial.

We can now characterize the extremal points of the set K¢ of Gibbs states
(pure Gibbs states).

1.11 Theorem (characterization of pure Gibbs states)

Let 0 € Ko, then the following conditions are equivalent;

(A) o is an extremal point of K .
(B) The algebra at infinity %, associated with o is trivial.
(C) Forall A € Cthere exists A finite C L such that

(Be€,, MNA=0)=|0(AB)—o(A)o(B) < |B].

We showed the equivalence of (B) and (C) in Section 1.10. We now prove
(A) < (B).

The non-extremality of o in K¢ is equivalent to the existence of By €
L>(R2, 0), Bo = 0, such that By, is not a constant and B0 is proportional to
a Gibbs state. By (1.23) this is equivalent to

g*UA(EA)*WA,L\A(EAVV/)BOO (UA Vv U)O—(L\A)n/\ dn)
= ¢ UrI)=WarnalnVin g (g, v Mo\ e, (dN)

for all A finite and &4, np € 2,. But this means
By (6A V) = Boo(na V 1)

(almost everywhere with respect to (ap\a0)(dn)) when &5 vV 1, na V 1 are
defined. Equivalently B, is in the closure of Upcp\a7(C,,) for all A, and thus
By, € 8. The non-extremality of o is thus equivalent to the existence of a
non-trivial By, € %, .

1.12 The operators 91,
Given a finite A C L we define a linear map 9%, : ¢ — Cby

O AYEA V) = Y faaw(natA(ma v ) (1.25)

NAEQ

for all %.A vne 2, with %‘A € Qp, ne QL\A~
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Clearly ||9n, Al < ||A]l and there is a function B on 2,4 such that
O, A)Ep Vv 1) = B(n). Therefore, if o is a Gibbs state, (1.22) yields

5O, (A)) = (@£,20)(B) = / (@020)dn) Y. fanmlnalAGa v )

LINS N

Z /O(L\A)nA(dn)A(nA V) =o(A). (1.26)

NAESRA

(Conversely if the state o is such that (91, A) = o(A) for all A and A, then o
is a Gibbs state.)

Suppose that, for each A, 9, A tends in € to a constant ¢ when A — L (i.e.
given € > 0 there exists A finite such that |97, (A) —c|| < € if A D A). Let
then o, 0’ € Kg; we have

o(A) = lim 0N, (4)) = lim &'ON, (4)) = o'(4)

and therefore K¢ consists of a single point.

Suppose now that 91, A does not tend to a constant limit. We assume, as
we may, that A = B o ap € ¢, for some A. We can find sequences (M,,), (M)
and &,, &, € Qsuchthat M, - L, M, — L and

. . ,
Tim (9, (A)(E) # lim O, (A)E).
But this means
lim eqa,yg, (B ooam,) # Hm oy (Beaam,),
n—oo n—oo

where 1, = &,|(L\M,,), n, = &,|(L\M)). Therefore K¢ consists of more than
one point.

1.13 Theorem (characterization of unique Gibbs states)
Let o € Ko, then we have the implications (A") & (B') = (C).

(A) Ko = {p}.
(B') Forall A € ¢, 9, A tends in € to a constant when A — L.
(C') For all A € Cthere exists A finite C L such that

0<Be¢,, MNA=0)=|c(AB)—o0(A)a(B)| < o(B).
Furthermore (C') = (B) if supp 0 = Q.

Notice that (C') is a cluster property stronger than (C) of Section 1.10.
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We have shown in Section 1.12 that (A") < (B'). If (B") holds and A is given
we can choose A such that

My A — 0o (A < 1
hence if B € ¢,, M N A = @, then
o(AB) = 0, (AB)) = o((9, A) - B);
andif B > 0,
lo(AB) — o (A)o(B)| = [o((MyA — o (A)B)| < o(B).

Thus (B') = (C).

We prove now that (C') = (B’) if supp o = Q. Suppose that (B’) does
not hold. Then there exist A and sequences (A,), (§,) such that A, — L and
(O, A)Ey) — ¢ # 0(A). By changing A we can assume that ¢ — 0(A) = 4.
By continuity of 9, A we can find M, such that M, N A, = @ and
1O, A)(m) — O, A)E)| < 1if n|M, = §,|M,. Let B, be the characteristic
function of {n € Q2 : n|M,, = §,|M,}; then for sufficiently large n

O, A)) > a(A)+2 if B,(n) #0.
Therefore
0(ABy) =0, (ABy)) =0 (O, A)- By) = (6(A) + 2)a(By);
hence
lo(AB,) — 0(A)o(B,)| = 20(B,).

This contradicts (C') because o (B,) > 0 by our assumption supp o = .

1.14 Remark

Suppose that 2 has the following property.

(D) Forall &, n € Q and A finite C L, there exists a finite M C L, and { € Q
such that

SIA=E&IA,  CI(L\M) = n|(L\M)
(in other words, foralln € <2, thesetX:,7 ={¢ € Q: AM finiteand ¢ |(L\M) =
n|(L\M)} is dense in Q2).

Then, for every Gibbs state o, supp o = Q2 (this follows readily from the
definition (1.14) of Gibbs states). The conditions (A’), (B'), (C") of Theorem 1.13
are then all equivalent.
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Notes

The important notion of Gibbs state was introduced by Dobrushin [1], [2], [3]
(and rediscovered by Lanford and Ruelle [1]). Gibbs states are probability mea-
sures for which certain conditional probabilities are prescribed (Theorem 1.8).
Equivalently they are probability measures satisfying a certain set of equations
(14) sometimes called the DLR equations. In this chapter, we largely follow
Dobrushin, with a slightly more general framework and some additions: the
simplex property and the notion of algebra at infinity (Lanford and Ruelle [1]),
the 9, operators (Ledrappier [1]).

Exercises

1 If @ =J],., Q2 (F empty) and ®|Q, = O for |A| > 1, there is only one
Gibbs state: o =[], o((x)-

2. Show that the set of thermodynamic limits of (i(a)y,, , ) — see Theorem 1.9(b)
—is closed, and contains all the extremal points of K¢. [The second point,
first noted by Georgii [2], follows easily from Milman’s theorem: see Ap-
pendix A.3.5.]

3. Two distinct pure Gibbs states are disjoint [i.e. mutually singular] measures
on 2. (See Appendix A.5.5.)

4. Let @, ¥ be interactions and o € K.

(a) For finite A C L, and & € Q2,, define
winlE) = 2 exp [-UY ()] - (ano)(E},
Z* = (apo)(exp[-U} ).

Prove that any thermodynamic limit of (44,,) belongs to Ko 4y.
(b) Using (a), show that when A — L, any limit of

Z exp[-UY (¢ |AN)] - 0(d?)

belongs to K¢t .
(c) Find analogues of (a) and (b) where U, is replaced by Up + Wa 1\a-
[Caution: the denominator Z* must be different from zero.]
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Gibbs states: complements

In this chapter we study how interactions and Gibbs states transform under
maps.

2.1 Morphisms of lattice systems

We shall call the object (L, (2,)ce, (24 )aes) introduced in Chapter 1 a lat-
tice system. To this lattice system we have associated a configuration space 2
defined in Section 1.1. Let ’ be similarly the configuration space of the lattice
system (L', (Q\)ver, (@) aes). Suppose now that the family (Fy)ce has
the following properties.

M1) F, is a map Q/M(x) > Q. where M(x) is a finite subset of L’.

(M2) The family (M (x))xcy, is locally finite (i.e., {x : x' € M(x)} is finite for
each x' € L).

M3) If&" € Qumuyxexy then (Fy(§'|M(x)))xex is an element FXE'
of QX whenever X C L.

It suffices to check (M3) for X € &.
A continuous map F : Q' — Q is defined by

(F&'): = F(§'|M(x)).

Let Zé C 2 consist of those 1 such that n, = &, except for finitely many
x € L, and similarly for ", C . Then F maps > into Y- . We say that
F is a morphism, from (L', () )ver, () )aes) 10 (L, (Ru)xers (24)aes), if
it satisfies

(M4) F restricted to Zé is a bijection to Y _ . for each &' € Q.

Notice that distinct families (Fy)yc; may define the same map F, and
therefore the same morphism. It is readily verified that the identity map of

24
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2 is a morphism (identity morphism) and that composition of two mor-
phisms yields another morphism (Exercise 1). Suppose that F’ is a morphism
from (L, (Qu)rer, (Qa)aes) 0 (L', (. )ver, (y)aes), and that FF’ and
F'F are the identity maps on € and Q' respectively; then F is called an
isomorphism.

2.2 Example

Suppose that the lattice system (L', (Q2.)ver, (Qa)aey) is given. Let
(M(x))xer be a partition of L’ into finite subsets. Define 2, = Q;\/I(x) and
F,: Q;\/I(x) — , be the identity. We take A € & if there exists A’ € §’ such
that A’ N M(x) # @ for all x € A, we may then define Q = {(§'|M(x));en :
& e Q/U{M(x):xeA}}' It is easily seen that (Fy),c, defines a morphism F from
(L', (2 )vers () )aes) to (L, (R)rer, (2a)aes), and in fact an isomor-
phism.

2.3 The interaction F*®

Let F be a morphism defined by a family (F}).<, as in Section 2.1. Given an
interaction ® for (L, (2))rer, (€4)aes), We introduce an interaction F*® for
(L', (2 )ver, () )nes) by

(Fro)@EY= Y. ®FE) if & eQy.

X:U{M(x):xeX}=X'

The sum is finite because of (M2). Furthermore, using (M3),

IF*®@ = Y sup [(F*®)&)|

Xox §'€Q,
< > sup |D(Fx&')|
Xow geq),

X:UM@) :xeX) =X

= ) sup |D(Fy&")|
X:U{M(x):xex}ax'é?/esz’x/

<) sup [0E)
X:XN{xox eM(x))#£0 § €2

< D0 el

x:x'eM(x)

Notice that F*® depends on (F; )<, and not only on the morphism F.
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2.4 Lemma

The conditional probabilities ;/.(FA*:E, (&4} depend only on the morphism F,
L\A

and not otherwise on (Fy)yer.
We have
exp[—Un (§p) — Warina (€ Va0
> expl=Un(ny) — Warina(y vV Epaa)]

), €2},

wrenng, AEnY =

’
L'\A

(2.1)
where U, W are computed from the interaction F*®. Thus

exp [—=Un(my) — Warina (my vV §pp0)]

= exp |:— O(Fx((ny Vv $£/\A/)|X/))}
X:XMA#D X:UIM(0meX)=X'

= exp [— O(F (), v sif\A,NX))}
X:U{M (x):xeXINA'#D

- il exp [—CD(F(r];\, v éi,\A,)|X)] . 2.2)
X:U{M(x):xeXINA'#£D

Another choice of (F, )<, would give the same expression apart from a change
in the sets M(x); (2.1) would however remain the same due to cancellations
between numerator and denominator.

2.5 Proposition

If o’ is a Gibbs state on Q' for the interaction F*®, then Fo' is a Gibbs state
on 2 for the interaction .

Let& e @, & = F&' € Q, and let A, A’ be finite subsets of L, L’ respec-
tively. We write

En=EIA, Ena =EIL\A), &0 =& I(L\A).

In view of (M4) there is, for given A and sufficiently large A’, a bijection f
from

A ={np € Q4 :na V &L\ is defined}
to

{ny € Q) 1 0y v Epn o is defined and F (), v EL\ 4 )I(L \ A) = £y}
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such that

F((fna) vV Ea) =na VEna. (2.3)

Let now P be the conditional probability with respect to o’(dn’) that
(Fn")|A = &5, knowing that »'|(L'\A') = &'}‘,\A, and that (Fn')|[(L\A) =
&r\a- We have, since o' is a Gibbs state,

M{A*;Dg, L fEal
Z M(A)E, /{an}

NAEA
exp [~Un (/€)= Wi (FE0) V )]
S exp[~Un(fna) = Wanan (f1n) v )|

NA€EA

Using (2.2) and (2.3), this is

exp[—P(x V EnalX)]
X:U{M (x):xeXINA'#D

P = ;
exp[—P(ma V EpalX)]

Na€A X:U{M(x):xeXINA'#D

the factors with X N A = @ are the same in the numerator and denominator.

Therefore

expl— ). @ VELAIX)]

X:XNA#D @
P= = .
Y expl— Y. @O vELAX] g 1)
NAESRA X:XNA#D

This does not depend on & i,\ A» and therefore the conditional probability with
respect to o'(dn’) that (Fn')|A = &x, knowing that (Fn')|[(L\A) = &\a, is
again u&)&m {€A}. This is then also the conditional probability with respect to
(Fo')(dn) that n]A = &4, knowing that n|(L\ A) = &;\a. Therefore Fo' is a
Gibbs state for the interaction .

2.6 Remarks

If Fo F' is the morphism obtained by composing two morphisms F, F’, it is
easily seen (Exercise 1) that

(FeF')" = F*F* 2.4

when F o F’ is defined by a suitable family (F xeL-
If I is the identity morphism of (L, (Qy)rer, (€4a)aes) and @ is an in-
teraction, Lemma 2.4 shows that & and I*® define the same conditional
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probabilities:

TN (TN DTS (Y (2.5)

and have therefore the same Gibbs states.

If F: Q'+ Qis anisomorphism, F is a bijection of the set of Gibbs states
for F*® on Q' to the set of Gibbs states for ® on . This follows from Propo-
sition 2.5 and from (2.4), (2.5).

2.7 Systems of conditional probabilities

For every finite A C L, we write
Qpp =16 : (38" € Q) =E"|(L\ M)}

This set is closed in 27\4 (see Section 1.5). The conditional probabilities
MayeaiEat for all allowed interactions @ (i.e. | @, < +oo for all x — see
Section 1.2) satisfy the following conditions.

@) If &\a €2\, and En € Qp, then [y, (Ea} 20 and 3, o
M(A)SL\A{ﬂA} = 1. Furthermore (A n {6a} > Oifand only iféx vV Epa €
Q.

(b) Ifép € Q4, the real function Ep\p = W(r)e, 154} On Q’Z\A is continuous.
(c) Let A C M,&x € Qn, Eina € Q\a» Em € Qr\m, and Ex NV Eyppa V
%-L\M € Q; then

M(A)EM\AVEL\M{SA} X Z /'L(M)&\M{n Vv EM\A}
neQn

= Lne{6a V Emal-

(a) and (b) follow from Section 1.5; (c) agrees with the interpretation of the
M(aya 164t as conditional probabilities and can be checked by direct compu-
tation.

A family (u(a),,,) satistying (a), (b), (c) will be called a system of
conditional probabilities. The main part of the theory developed till now
with interactions applies with trivial modifications to systems of conditional
probabilities.

The definition of Gibbs states (Section 1.5) is unchanged. We now want
to show that any thermodynamic limit of the (s, , (With §2\4 € £7,,) is @
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Gibbs state. Let A C M C N C L. The conditional probability with respect to
CMN (VYL that n|A = &5, knowing that n|(M\ A) = &x\a, is
amn Lvyew 1Ea V Emnal

D AN g A V Emal
NAERA

Y e lEa V Ena YV v

NN\M

Y e na VEma vV v}

NA NMN\M

P =

If this expression is ambiguous we can define it in an arbitrary manner. Using
(c) we get

P = Z H(N\MUMEavENEA Y TN}

NN\M

= Z H(Eravanmm VEL N

NN\M

X Z H(N\MYUMEwavELN ETIA Y TN\ Y-
UIN
Therefore, using (a), P is the average over ny\ y, with respect to some weight,
of

(M) Vv VELN {EA}

In view of the continuity property (b), the oscillation of this quantity with respect
to ny\m Vv Ep\w tends to zero uniformly when M — oo.
From this it follows that a thermodynamic limit of (4 )y, ) is a Gibbs state.

2.8 Properties of Gibbs states

The proofs of the results of Chapter 1, from Theorem 1.8 on, remain applicable
with obvious changes in the present situation. More explicitly, Theorem 1.8 and
parts (b), (c), (d) of Theorem 1.9 hold for systems of conditional probabilities.
The characterization of pure Gibbs states (Theorem 1.11) and of unique Gibbs
states (Theorem 1.13, Remark 1.14) remain valid.

Let a morphism F' be defined as in Section 2.1, and (u(a)g,, , ) be a system of
conditional probabilities for (L, (£2;)recr, (€24)aes). We now introduce a system
(F*peang,, ) on (L', () ver, () ares).

For finite A" C L"and §;,\ ,, € Q7 \pnlet A={x e L: M(x)N A" # @}
Then, by the properties of a morphism,

Fy v Epa) = Fa(ly V Epaa) V Epya



30 Gibbs states: complements

for some fixed &1\ a € 27, 5, Whenever 0y, v &/, ,, € Q2. We define

e AFa R vV Epna)}
> e AFAMy vV EL A}

1y €2,

F*pang, €0} =

The family (F*/(a, ) is a system of conditional probabilities on

(L', (2 )wer, () aes). Notice that, by (2.1) and (2.2), if @ is an interaction,

[

* O _ F*
F™ inre, = g, 00

L\A
It is not hard to see that Proposition 2.5 and Remarks 2.6 apply to systems of
conditional probabilities (consider (F* i A/)El/w) instead of F*®).

2.9 Remark

The interest in considering systems of conditional probabilities rather than in-
teractions is on the one hand that they are a priori more general, and on the
other that they behave better under morphisms. Indeed, if F is a morphism, F*
is uniquely defined on systems of conditional probabilities, but not on inter-
actions. Furthermore, on systems of conditional probabilities, morphisms act
functorially in the sense that (F o F')* = F™*F*, and that I* is the identity if /
is the identity morphism.

Systems of conditional probabilities are however not always the natural
objects to consider®, and it is always convenient to have interactions at one’s
disposal.

Notes

This chapter is of a somewhat formal nature; it is an attempt at removing the ar-
bitrariness present in the choice of L, (Qy)rer, (€4)aes and the interactions &
of Chapter 1. This is done by introducing an isomorphism notion between “lat-
tice systems” (L, (Q)xer, (24) Aefy), and by associating with each interaction
a “system of conditional probabilities.” One can define not only isomorphisms
of lattice systems but — more interestingly — morphisms. These morphisms
transport systems of conditional probabilities contravariantly, and Gibbs states

* This is because they do not permit the definition of the pressure P when there is invariance
under translations (see Chapters 3, 4).
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covariantly. Morphisms can be used to formalize some procedures commonly
used in statistical mechanics.*

For the notion of system of conditional probabilities, see Sullivan [1]; the
rest of this chapter is largely original.

Exercises

1. Let F, F’ be morphisms

F (L, (Q)vers (2 )aes) = (L, ()rer, (24)aes)s
F' o (L, () wrerr, () aresn) > (L', (Q)vers () ares)

defined by families (Fy)yer, (F|)yer With Fy : Q;Vl(x) — Q, and F), :
Qe P> . Let M(x) = UIM'(x") : x € M(x)} and Fy : QXZ(;C) = Qy
be such that F(§") = F(Fy;,6")

Check that the map F = F o F’ is a morphism defined by the family
(F)cer. Check that F*® = F™*F*® where F*, F™*, F* are defined by the
families (F\), (F..), (F ) respectively.

2. If we suppress the condition that p(a,, , {§a} > O when &5 V &4 € Qin
Section 2.7(a), we obtain a more general notion of systems of conditional
probabilities. Check that the properties listed in the first paragraph of Sec-
tion 2.8 (except Remark 1.14) remain valid.

3. Letasystem of conditional probabilities (1(a)g,, , ) be given. Whenever &, n €
2 and there exists A finite such that £|(L\ A) = n|(L\ A), define

V&, n) = log waemm{§IA} — log nayeay{nl Al *)

Check that this definition does not depend on the choice of A, and that the
following properties hold:

(a) Visareal functionon {(§,7n) € Q x Q : £[(L\A) = n|(L\ A) for some
finite A}.

(b) If §5, na € Qa, the function &1\p = V(Ea V Er\a, 14 V &L\ 1 cOn-
tinuous on {104 € Qp\a 1 Ea VEa € Qandnp VEp € QF.

©) V(E, n)+V(n, &)+ VL, &) = Owhenever the left-hand side is defined.

Check that (x) establishes a one-to-one correspondence between sys-
tems of conditional probabilities and objects V satisfying (a), (b), (c). These

* See the reduction to transitive and mixing systems in Theorems 5.2, 5.3. Another example is the
use of “contours” to study the Ising model in zero magnetic field.
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objects form a linear space. Check that the natural action of F* on the V’s
is linear (F: a morphism).

4. Consider two lattice systems, with configuration spaces 2 and '; let ®, @’
be interactions for them. Give natural definitions of sum and product of the
two lattice systems: these are lattice systems with configuration spaces Q* =
QU Q' (disjoint union) and Q** = Q x Q' (product) respectively. Define
also sum and product of ® and &’.

(a) Show that the injection 2 > Q* is a morphism.
(b) Show that if o, o’ are Gibbs states for ® and @', then o ® o’ is a Gibbs
state for ® x @’.

[To define the sum (L*, (2})xer*, (Q’j\) Aes+), Use an arbitrary identification
of the countable infinite sets L and L', and take L* = L = L', Qf = Q, U Q/.
Choose (Qj‘\) Ay sothaté € Q*onlyif& € Qoré e Q'. To define the product,
let L** = L U L’ (disjoint union).]



3

Translation invariance. Theory of
equilibrium states

In this chapter we assume invariance under translations, and we develop the
theory of equilibrium states and of the pressure. General results on phase tran-
sitions are also obtained.

3.1 Translation invariance

The theory of Gibbs states has very interesting developments when invariance
under a “sufficiently large” symmetry group G is assumed. We shall take G =
Z', v > 1, but remark that other groups may be of interest.” In the present
chapter we shall not consider Gibbs states, but develop instead the theory of
equilibrium states. The relation between Gibbs states and equilibrium states
will be discussed in Chapter 4.

We take L = Z" and let G = Z" act on L by translations

(a,x)—~ a+x.
Furthermore we take Q, = @, for all x € Z", so that [T,z Q, = (Q,,)Zv. For
all S C L, define maps t¢ : I1,c5Qy > Tlie5—o 2y by
(Tag)x = Ex+a-
In this chapter we do not introduce the family (Qa)pes of Chapter 1, and

simply assume that Q C I,cz° €2, and Q5 C T4 2, (for A finite C Z") are
defined such that

(@) Qa_qg = 1R]4.
(b) QD QuIAIfACM.
() R#@,and &€ € Qifand only if £|A C Q4 for all A.

* Cf. the hierarchial model of Dyson [1].

33



34 Translation invariance. Theory of equilibrium states

As far as Q2 is concerned these conditions amount to assuming that €2 is an
arbitrary non-empty closed t-invariant subset of T, cz> Q.

We let ap, apum, €, €, be as in Chapter 1. Notice that the 7¢ are homeomor-
phisms of the compact set 2. For each a, an automorphism of the algebra € is
defined by A — A 7“. This automorphism is an isometry and maps ¢, onto

e
A+a*
An interaction & is (translation) invariant if it satisfies

P(r78) = d(§) 3.1

foralla € Z", & € Qu, A finite CZ". These interactions form a Banach space
@ with respect to the norm

HESY L sup (&), (3.2)
X350 1 X1 £eQ,

We shall use the dense linear space (t, C (@ consisting of finite range interac-
tions; ® is a finite range interaction if there exists A finite such that ®(£|X) = 0
unless X — x C A whenever x € X.

In the present setup we may give L = Z" the physical interpretation of a v-
dimensional crystal lattice. The assumed group invariance is that under lattice
translations.

3.2 The function Ay

For each interaction ® € @ we now introduce a continuous function A¢ on 2.
We want Ag € Cto be so defined that — A (£) can be physically interpreted as
the contribution of one lattice site (say 0) to the energy in the configuration &.
This is achieved by writing

1
ApE) == —DE[X).
X0 X1
Other definitions are possible, however, with the same physical interpretation
and giving the same value to o (A ) when o is an invariant state (see Section 3.5
below). We could thus take

Ao(E) ==Y DEIX) (3.3)

X
where Y extends over those X such that, if X is lexicographically ordered,
0 is its first element (or O is its last element). Lexicographic order is here any
total order on Z" which is compatible with the translations of Z". We could
also define Ag by (3.3) where > * extends over those X such that 0 is the
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[(|X] 4+ 1)/2]th element” (“middle element”) of X in lexicographic order. We
shall use this last definition in what follows. It has the virtue that

{Ap: ® €@} = U ¢, and {A¢:®ea=c
A finite

Toseethateach A € ¢, is of the form A, choose X suchthat X D A andOis the

[(|X] + 1)/2]th element of X (in lexicographic order). Define ®(£|X) = —A(&)

and ®(£|Y) = 0if Y is not a translate of X. Then |®| = ||A| and A = Ag. For

general A € ¢, wecanwrite A = ) A, where A, € ¢, and ), [|A,| < +oo.

Therefore if ®,, is chosen as above, we have A = Ap with ® = Zn d,.
Notice that the map & — A is linear, and that

Aol < Z— sup |B(E)] = |®].

X30 |X| EEQX
More precisely
Al = inf{|®]: A = Ag}. 3.4)

Thus we have a continuous linear map & — Ag from (@ onto C.

3.3 Partition functions

Given S C Z", we let
Q ={6: (%" e Qf =£7|S}.

If A is finite and @ € @, we define the partition functions

Zy =Y exp[-UR(®)],

£€Qp
Z% =) ep[-URE)]:
EeQy

If A € ¢ we define also

Zi(A)= ) exp ) A(T'E"),

£eQ) xeA

where, for each & € Q% , an arbitrary choice of £* € Q has been made so that

A =E.

"L0X| + 1)/2] is the integer part of (| X |+ 1)/2.
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Let PP = |A|7'log Z¢, then

d ~UY ()
P<I>+t\11 (Zd>+z\11) Z A exp [_UI?-H\IJ(S)]’
dt fem, |A|
and therefore
d2
|A| P(CD + 1)
1=0
) 2
= (Zf) Y S LurE - Utm] exp[-ULE) - U]
gEQA V]EQA
= 0. (3.5)
This proves that ® > Py is convex. On the other hand
d o
_p +tW < N7 :
dar Il
hence
d
Py — Pyl < sup | =PV Lo — W) (3.6)
o<tk | dt
Notice also that
—|®| < Py < |®| +log |S]. 3.7

Properties similar to (3.5), (3.6), and (3.7) hold if Z§ ® is replaced by Z*?\’ or
Z’ (A). Inparticular let Py (A) = |A|~ Mog 7% A(A);then A — P;(A)is convex
and

|PA(A) — PX(B)| < lA — B, (3.8)

where some fixed choice of the £* € € has been made in the definition of Z.

3.4 Theorem

Givenay, ...,a, > 0, define

Aa)={xeZ :0<x <a)
and write a — oo foray, ...,a, — +00. If ® € @, A € G, the following limits
exist:

= lim [A(a)|” "og Z3y ) = lim |A(a)]” "og 2%, (3.9

P(4) = lim [A(@)]|™" log Z} ,(A). (3.10)
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Furthermore P® = P(Aq). The function P, called the pressure, is convex and
continuous on G in fact

|P(A) — P(B)| < |A — B]. (3.11)
Ift € R we have also
P(A+Bot* —B+1)= P(A)+1. (3.12)

We shall see later that the thermodynamic limit @ — oo in (9), (10) can be
replaced by a more general limit A 1 oo (Section 3.9 and Corollary 3.13). For
further properties of P see Section 6.8.

Letfirst ® € @:if§ € Qyand X — X ¢ A, then ®(§) =0.If A C M we
have

Zi < Za(12]e! M I=IAL (3.13)
where
I = sup | D).
X350 5€%%

If A; N A, = @ we have also
Zauny < Za, Zp, eV A1 (3.14)

where N(A») is the number of points x € A, such that x + A ¢ A».
Let

= 11m1nf|A(a)|_1 log Z3 - (3.15)
Given ¢ > 0, we can choose b such that
N (A(b)) €
— Il < =,
[A(D)] 2
|ADb) " log Z3y,,, < P® + 5.
Therefore if ay, . . ., a, are integral multiples of by, ..., b,, use of (3.14) yields

|A(a)|’ logZ Aa) < P® +¢.

It is then easy to conclude, using (3.13), that

hmsup|A(a)|_l log ZA(u) < PP, (3.16)
a— o0
Therefore, by (3.15),
lim |A(a)|” "log 23, = P°. (3.17)

The case of general @ e (t follows from the equicontinuity property (3.6).
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Notice now that (3.14) may be replaced by
Zaons < Za Zp, NN, (3.18)

where

Zn =Y expl~Ur()],

5691\1

Qa, = {E|A1 1 € € Qpunks
and similarly for Z A,- A generalization of (3.18) where A| U Aj is replaced by
A U---U A, is easily obtained. Taking Ay, ..., A, to be translates of A(b)
and AjU---UA, = A(a), we find
N(A(D))

lim [A@)]""log Zaw < |AB)| " og Z as +
lim [A(@)]7 log Zaw < [AB)I 1og Zaw) |AD)]

[l (3.19)

where Z ) is now computed with

Qap) = {EIAD) : € € Qup)tals

and A is any finite set containing 0. [To see this notice that A ; + A C A(a) for
most j between 1 and n, when a — 00.] Since (3.19) holds for all A, we also

have
N(A(b))

P < |AD)| log Z7F, + “AG)

®l;
and since Zj‘\(b) < Z @), We obtain

lim |A(a)|”" log Z*3,, = P?,

a— 00

concluding the proof of (3.9).
If&* € @, (3.3) gives
URE M) + ) At E) = D @EIX) = DY DE"X +x).
xeA XCA xeA X

Therefore, if ® € (i,

URE M) + ) Ae(t™E%)| < N(A)|®|

xeA

and

lim |A@)| ™" [log Z*3,) — log Z} ) (As)] = 0.

By the equicontinuity property (3.8) and the density of the Ag, ® € @, in
€ we obtain (3.10) and P® = P(Ag) for all ® € @. The convexity of P and
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(3.11) follow from the corresponding properties of Py . One checks readily the
properties

ali)rgo[PX(a)(Ad:' +Ayeott — Ay) — PX(Q)(ACD)] =0, D,V e 1,
Zho(A+1D) =75 (A,

from which (3.12) follows.

3.5 Invariant states

Foreacha € Z” alinear map t* in the space ¢* of real measures on 2 is defined
by

(t“0)A)=o(Ao1Y), o, AccC.

.[d

topology) and maps the set E of probability measures (states) onto itself. We
let I be the set of r-invariant states:

: @* > @* is continuous for the topology of ¢* as weak dual of € (vague

I={c€eE:t°%0c =0 foralla € Z"}.

We also say that these states are translation invariant states, or simply invariant
states.

3.6 Proposition

The set I of invariant states is convex and compact; it is a Choquet
simplex.

This is a general property of the set of probability measures invariant under
a group of homeomorphisms of a compact set. It is readily seen that [ is convex
and compact. If o is a T-invariant measure, then |o| is also t-invariant. From
this it follows that / is a simplex (see Appendix A.5.5).

The extremal points of [ are called ergodic states. The unique decomposition
of an invariant state p into ergodic states is called the ergodic decomposition;
it is given by a probability measure m, on I such that

2
~2
A=l AITYY ATt
mp()Aggop(llz r>,

XeA
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where A is the function on / defined by A(o) = o(A) (see Appendix A.5.6).
An invariant state p is thus ergodic if and only if, for all A € €,

2
li AITPY ATt ) | =[p(AP
Jim p (|| ZA r) o(A)]

This is a weak cluster property. Its physical interpretation is discussed in Sec-
tion 3.15 below.

3.7 Theorem
Given A € G let Iy C C* be the set of measures o on S2 such that
P(A+ B) > P(A)+o0(B) forall B eC.

@) @# I, CI; Iy is convex and compact. We shall see later that 14 is a
Choquet simplex and a face of I (Corollary 3.14).
(b) The set

D = {A € ¢: 14 consists of a single point}
is residual in C.

Let now 9Cbe a separable Banach space and ¢ : 9C +— Ca continuous linear
map such that ¢ is dense in C.

(c) For ® € ¢, define
I, ={F € X*: Pop(®+ W) > Pog(d)+ F(V) forall W € &},
D' = {® € 9 : I} consists of a single point}.
Then I ={o°¢:0 € lye}, and D' = ©~'D is residual in 9C.
(d) Iyo is the closed convex hull of the set of p such that
P = lim Pns Pn € prd)n’
n—o00
lim ||®, — ®| =0, o, cp'D.
The elements of 1, are called equilibrium states for A; the elements of 14,
are the equilibrium states for the interaction .
I4 # @ and (b) hold for any convex continuous function P on a separable
Banach space (see Appendix A.3.6 and A.3.7). Therefore also the set D’ is

residual in 9C.
If F € I}, we have, using (3.11),

FU) S Pog(®+ W) — Pog(P) < lloWl;
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hence, replacing ¥ by —W, we obtain |F(¥)| < |[¢¥|, or
sup |[F(W)| < 1; (3.20)

lowlI<1

and there exists o € €* such that ' = o o ¢. By the density of ¢9Cin ¢, o is
unique, and o € I,e. Thus I, C {0 °¢ : 0 € I,¢} and therefore Ij, = {o o ¢ :
o € I,¢}. In particular [, consists of a single point if and only if 7, does (use
the density of ¢ in€) : D' = ¢~ 'D. Since we know that D’ is residual, (c) is
proved.

To prove (a), we already know that I, # @ and, taking 9C = €in (3.20), that
lo|l < 1if o € I4. We also have, by (3.12),

ol)=—-o(=D)=2—-[P(A-1) - PA)] =1

But|lo|| < lando (1) > limplyo > Oand|lo| = 1,i.e.,c € E.Furthermore,
by (3.12) again,
0=PA+Bet"—B)—P(A)>0(B°t" — B)
> —[P(A—=Bet"+B)— P(A)] =0,
sothato € I. Thus I4 C I. Clearly 1,4 is convex and compact, concluding the

proof of (a).
Let p, p,, ©, ®, be as in (d). We have

P(p®, + B) = P(p®,) + p.(B)
for all B € ¢; hence
P(p® + B) > P(pd) + p(B),

showing that p € I,o.

Suppose now that o € I, were not in the closed convex hull of those p. By
the separation theorem for compact sets (see Appendix A.3.3(c)) there would
then exist ¥ € 9C such that

sup o (W) > sup p(pW¥).

o€lyo P
Let ®, = ® + (1/n)¥ + X,,, where || X,|| < 1/n* and ®, € ¢~'D. Write
Iy0, = {o.}. By the convexity of P we have, if o € 1,0,

(o)) <nfof o))

lel lell
olp¥) — == < pulp¥) + ==

hence

_’
n
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and if p is a limit point of p,,,

o(p¥) < p(p¥),

contradicting our assumption on W. This concludes the proof of (d), which
could also be obtained from a general property of convex functions (see Ap-
pendix A.3.7).

3.8 Entropy

Given a probability measure o, on 2, (for finite A C Z”) the corresponding
entropy is defined by

S(op) =— Y oal€}logoait).

E€Qp
One checks readily that
0 < S(oa) < [Allog [l

When A = @, the entropy vanishes.
If o is another probability measure, and 0 < o < 1, the following inequal-
ities hold:

aS(op) + (1 —a)S(oy) < S(aon + (1 — a)oy)
<aS(opa)+ (1 —a)S(oy) + log 2. (3.21)

Writing oz = o, {§}, O’é = 0, {€}, we have indeed, using the convexity of 7 —
t logt and the monotonicity of the logarithm,

— Z[O(O’g logog + (1 — a)o; log ;]
§

N

_ Z[aa,g + (1 — oz)oé’] loglaoe + (1 — Ol)(Té]
3

N

- Z[otcrg logaoe + (1 — oz)aé log(1 — a)aé]
&
= — Z[aog logo: + (1 — a)aé logaé] —aloga — (1 — a)log(l — )
&
< - Z[omS log oz + (1 — )0 log /] + log 2.
§

Let now o € E, then S(xp0) is an increasing function of A, and satisfies
the strong subadditivity property

S(ap,ua,0) + S(@a,n4,0) < S(@p,0) + S(a,0). (3.22)



Theorem 43

The increase follows directly from the monotonicity of the logarithm. To prove
(3.22) we shall use the inequality — log(1/¢) < t — 1. We have

S(“A]UAZO-) + S(aAlﬁAzo.) - S(aA]O-) - S(a/\zo-)

o Z Z Z Otve've” log Tevive O

Oser Osen
SEQAIHAZ E’GQA]//\Z E”EQAz/A] EvEOEveE

Osve Os\ en
<Y orvener [M - 1}

EEE Ogveve O¢
Ogvg!
=D 2 Oee = D Oevener = ) 0k =1 =0,
g 98 g EE'E" £/

(To avoid undefined expressions one may, in the above calculation, first assume
oeverver > 0 forall £, &7, &7, and then take a limit.)

3.9 Infinite limit in the sense of van Hove

We say that the finite sets A C Z” tend to infinity in the sense of van Hove (and
we write A 7 00) if |A| — o0 and, for each a € Z",
[(A +a)/Al
[A]

Roughly speaking this means that the “boundary of A” becomes negligible in
the limit as compared to A.

— 0.

3.10 Theorem

If o € I, the following limit exists:

s(@) = lim |A|7'S(apo) = inf|A|" S(wp0).
A oo A

The function s, called the (mean) entropy, is > 0, affine, and upper semicontin-
uous on 1.

If we take A; and A, disjoint, (3.22) becomes subadditivity:
S(oa,ua,0) < S(op,0) + S(oep,0). (3.23)

Assuming o € I, we have also

S(@ax0) = S(@n0). (3.24)
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Defining A(a) as in Theorem 3.4, we let
5 = iralf|A(a)|*IS(aA(a>a) (3.25)
and, given ¢ > 0, choose b such that
|AD)| ' S(aapo) < s +&.
If we translate A(b) by elements of
Z2’b)={xeZ :x;=nibj,n; €Z,i=1,...,v},

we obtain a partition of Z”. Let A, be the union of those translates which
have non-empty intersection with A. Then A, D A and |A,|/|A] — 1 when
A " o0. Since S(xp0) is an increasing function of A, and (3.23), (3.24) hold,

[A+]
S <S < S < A ;
(ap0) < S(ap,0) AD)| (@ap)o) < [A+](s +¢)
therefore
limsup|A|_lS(oon) <s+e. (3.26)

A 00
From (3.25) and (3.26) we obtain in particular
lim |A(@)]7' S(@r@o) = 5.
Strong subadditivity (3.22) shows that
S(eraugyo) — S(apo) = S(apuxo) — Slaao) (3.27)

when x ¢ A’ D A. This permits an estimate of the increase in the entropy
for a set A to which points are added successively in lexicographic order.
In particular, if A is fixed (up to translations) and one takes for A’ the sets
successively obtained in the lexicographic construction of a large A(a), (3.27)
holds for most A’. Therefore

S(@aum0) = S(eao) > lim |A@)|™' S(@awo) = s.
Hence
S(aao) = [Als
for all A. From this and (3.26) we get

. —1 . —1 _
Al%m' S(aAU)—ugflAl S(apo) =35,

proving the first part of the theorem.
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Since § > 0, we also have s > 0. That s is affine follows from (3.21).
Finally s is upper semicontinuous as the inf of the continuous functions
o |Al7'S(ap0).

3.11 Lemma
If E 5 is the set of all probability measures on 25, then
log Z§ = max [S(O’A) - UA(UI(\D)].
or€E)

We have indeed, by the concavity of the logarithm

Son) —oa(UR) = Y oalé)log & i <log 3 e @

£eQn IS

and equality holds if oA {£} = (Z2)7le Ua® = 15 {£).
The following theorem gives a version of this variational principle in the
thermodynamic limit A /' oo.

3.12 Theorem

Forall A €¢,

P(A) = max [s(o) +a(A)]; (3.28)

and the maximum is reached precisely on I15. For all o € I,

s(o) = j;nfs[P(A) —o(A)]. (3.29)
We first prove that
P(A) =sup[s(o) + o(A)] (3.30)
oel

when A = Ag, ® € (). By Lemma 3.11 we have
P(Ag) 2 s(0)+ 0(Ag) for all oel, (3.31)
where we have used
0(Ag) = — lim |A@| ™ @awo)(U)- (3.32)
Using the Gibbs ensembles ji(4) for the interaction @, we now define

panlEl=1A@)I™" D (@arettir@)it E)

x:A+xCA(ay)
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It is readily seen that the sequence (a,) can be chosen such that a, — oo and
the following limit exists for each finite A C Z":

pa = lim pp . (3.33)

n—oo

The unique state p such that p, = ap p for all A then belongs to I, and we
have

s(p) = lim A" S(paw)

= = lim 1im |AD)™" Y pawa{é}log paalé)

§€Qawm)

> limsuplimsup [A(D)| "' [AG@)™ Y S@aw)iriiaay)

b—oo  n—00 x:A(b)+xCA(ay)
> limsup | A(an)] " S(ia,)- (3.34)
n— 00

[In the last step we used (3.23) and the fact that A(a,) can be written in |A(b)|
ways as a union of translates of A(b) plus k, points where k,/|A(a,)] — O
when n — 00.] From (3.34) we obtain

. _ exp[ — UL, (&)
s(p) + p(Ag) = lim |A(a,)| ™" Z (Aa, €} log [~ Uy ®)]
e €€ Ma@nié}

= lim [A(a,)| ' log Z3, ) = P(Ao). (3.35)

n—00 "
Equations (3.31) and (3.35) prove (3.30) when A = Ag, ® € (i,. But since
both sides of (3.30) are continuous in A, this relation holds, by density, for all
A € €. Furthermore, since o is upper semicontinuous, the sup is reached and

(3.28) holds.
We want now to prove (3.29). We already know by (3.28) that

s(o) < P(A) —o(A),

and it remains to show that by proper choice of A the right-hand side becomes
as close as desired to s(o). Let

C={(o,)ec® xR:o0eland0 <1t <s(0)}.

Since s is affine upper semi-continuous, C is convex and compact. Given p € 1
and u > s(p), there exist (see Appendix A.3.3) A € ¢and ¢ € R such that

—p(A)+c=u
and

—0(A)+c > s(o) forall o €l;
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hence
—0(A)+u + p(A) > s(o).
If o is chosen such that P(A) = s(o) + o (A), we obtain
0 < P(A) —s(p) — p(A)
=s(0) +a(A) —s(p) — p(A)
< u—s(p).

The right-hand side is arbitrarily small, and (3.29) follows.
The condition p € 14, i.e.

P(A+ B) > P(A)+ p(B) forall Bec¢
is equivalent to
P(A+ B)— p(A+ B) > P(A) — p(A) forall Be¢,
or to
Inf [P(C) — p(C)] = P(A) — p(4),
or by (3.29) to
s(p) = P(A) — p(A);

hence the max of (3.28) is reached precisely on /4, concluding the proof of the
theorem.

3.13 Corollary

The formulas
P® = lim |A| 'logZ® = lim |A| 'log Z%® .
Agl;ol |~ logZy Agr;ol |~ log Z}~, (3.36)
P(A) = lim |A| "log Z%(A) (3.37)
A oo

hold, generalizing (3.9) and (3.10).
We notice first that, if ® € (1, the argument leading to (3.16) yields

limsup |A| ™" log Zf\) < PO,
A o0

On the other hand Lemma 3.11 shows that, forall o € I,

liminf|A|™" log Z$ > s(0) + 0(As),
A o0
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so that
lim [A|'logZ§ = P®
Alm |A[™" log Z
when @ € (1. The general case ® € (i follows as usual by the density of (1 in
(t and equicontinuity. Replacing €2, by ©} we find that
lim |A|™'log Z}®
Alm |Al log Z)

exists. By Theorem 3.4 this limit is equal to P®. This proves (3.36). The proof
of (3.37) follows that of (3.10) in Theorem 3.4.

3.14 Corollary

For each A € C, 14 is a Choquet simplex, and a face of L.

We know that / is a simplex (Proposition 3.6). If p € 1,4, letm, be the unique
probability measure on /, carried by the extremal points of 7, and with resultant
p. Writing A(o) = 6(A), we have (see Appendix A.5.1)

my(s + A) = s(p) + p(A) = P(A).

Hence the support of m,, is contained in {o € I : s(o) + 0 (A) = P(A)} = I4.
This implies that /4 is a simplex, and a face of [.

3.15 Physical interpretation

We have indicated in Section 1.1 that an element A of ¢ may be considered as
an observable. If p € E, the probability measure ity = A, on R is defined by

na(p) = p(peoA) (all continuous ¢ : R — R).

4 describes the distribution of values of the observable A in the state p. In
general A fluctuates, i.e., the support of 4 consists of more than one point.
Consider now the average of A over translations in A defined by

(A)a = A7) AT,

xeA

Let p € I. The condition

Jim p(I(A) s - p(A) =0 forall Aec
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holds if and only if p is ergodic (see Section 3.6). This condition means that (A) 5
fluctuates little for large A: we express this by saying that p is a (pure thermody-
namic) phase. A phase is indeed characterized by the fact that “coarse-grained”
quantities (i.e. the averages (A),) do not fluctuate (in the limit A /* 00). On
the other hand, for a mixture some coarse-grained quantities fluctuate. Notice
that, on physical grounds, every mixture should have a unique decomposition
into pure phases.

Let now p be an equilibrium state for A. Since [, is a simplex, p has a unique
decomposition into extremal points of 74. Since 1, is a face of I, this decom-
position is the same as the ergodic decomposition of p (see Section 3.6). This
decomposition is physically interpreted as the decomposition of an equilibrium
state into pure thermodynamic phases.

The residual set D C € (or <p‘1D C 9 where 9, ¢ are as in Theorem 3.7)
may be considered as a “large” set. Therefore “in general” there exists only one
pure thermodynamic phase associated with A € € (or with ® € 9). This is a
weak form of the Gibbs phase rule.

3.16 Theorem

Given A € C(respectively ® € @), 0 € I, and ¢ > 0, there exist A’ € C(respec-
tively @' € Q) and o' € 14 such that

o' —ol <e
and

1
IA"— Al < SLP(A) - o(A) —s(o)]

1
(respectively (D — @ < —[P® —0(Ap) — s(o)]) .
P

This is precisely the theorem of Bishop and Phelps given in Appendix A.3.6,
with V = € (respectively V = (i: in this case notice that the tangent functionals
are given by Theorem 3.7(c), and use (3.4) to get |0’ — o || < €).

3.17 Corollary

(a) The union of the 14, for A € C, i.e. the set of all equilibrium states, is dense
in I for the norm topology.

) If p1, . .., py are ergodic states there is an interaction ® € (U for which these
are all equilibrium states.
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(a)isclear. In particular, given py, . . ., p, ergodic there is an equilibrium state
p for some interaction ® € @suchthat ||p — (1/n)(p1 + ...+ p)ll < 1/n.Let
m, give the ergodic decomposition of p; then we have

1
mp - ;(8/01 +eet 8971)

< —
n

(see Appendix A.5.5), and therefore m,({p1}) > O, ..., m,({p,}) > 0. Thus
01, - - ., Py are equilibrium states for @ by Corollary 3.14.

3.18 Approximation of invariant states by
equilibrium states

We have just seen that every invariant state o can be approximated in norm by
an equilibrium state ¢’ for some interaction in @. This interesting result should
however be viewed as a pathology from the physical point of view, because
the interactions in (@ are not all physically acceptable. In fact, to be able to
define Gibbs states we shall in the next chapter introduce a smaller space % of
interactions. It will then be seen (Proposition 4.7(b)) that if ®, ®' € B have an
equilibrium state p in common, they are in some sense equivalent, and all their
equilibrium states are the same. [This is quite different from the situation of
Corollary 3.17(b).]

Physically meaningful results can be obtained by approximating invariant
states by equilibrium states, using a general theorem on convex functions due
to Israel (see Appendix A.3.6). With this theorem one shows that an interaction
in a certain subspace or cone of (i can be found, which has an equilibrium state
satisfying certain inequalities. If these inequalities express that a certain cluster
property does not hold, physical consequences can be derived. Theorem 3.20
below gives an example where it is shown that there are several distinct equi-
librium states for the same interaction. (For another example see Exercise 1 of
Chapter 4.)

3.19 Lemma

Let Ay, Ay € Cand S C Z". We define a convex cone

1
2 = {alAl +aAr + > Z(bel (Aot +b_((AjoTY) - Ay)

xeZ’

tay,ay, by €R by > 0,b, =0ifx ¢ 5, by < +oo}.

xeS
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We assume that Ay, A, € €, for some finite A C Z". Givenoy € I, By € ¢ and
& > 0, there exist B € By + g and o € Ip such that

1B — Boll < é[P(Bo) — 0 (By) — s(00)] (3.38)
and
o(A; - (Ayo %) — 0 (Ao (As)
2 00(A1 - (A20 1Y) — 00(A1)on(Az) — e[| Arll 1| Azl (3.39)
forallx €.

We may assume that 0 is the “middle” element of A in lexicographic order.
Given ay, ay, by € Rsuch that b, > 0,b, =0ifx € S, and }_ b, < +o0, let
® € @ be defined by

—®(E|A) = a1A1(§) + a2 Aa(§) + boAi(§) - Ax(8),
—PE|AU(A +x))

= b, A1(§) - Ax(T7E) + b A(T7E) - Ar(§) if  x#0,
PEIX)=0 if X is not a translated of A or A U (A + x).

Using the expression (3.2) for the norm, we see that the set of these ® is a
closed convex cone R C Q.

Let Wy € @be such that Ay, = By. We now use Israel’s theorem (Appendix
A.3.6) and the characterization of tangent planes to ® — P® given in
Theorem 3.7(c). We find thus ¥ € Wy + R, and o € Iy, such that

W — Wl < é[P% — 00(Ay,) — 5(00)] (3.40)
and, forall ® € {,
0(Ao) = 00(Ag) — €| P|. (3.41)
From (3.41) one gets in particular
o (A1) —oo(AD| < ellArll,  |o(A2) —oo(A2)l < €llAzll,  (3.42)
and (for all x € §)
o (A1 - (Az0TY) Z 09(A; - (A20TY)) — €|l Ayl - [[Az]. (3.43)
(3.42) implies
lo(A1)o(Az) — 0o(A1)o0(A2)| < 2¢e[|Arll - || Azl
which, together with (3.43), proves (3.39).
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Let C be the element of Q¢ formed with the same ay, a», b, which define

W — g in R If we let B = By + C, we have B € By + 2 and, using (3.40),

1

1B — Boll = IC]| < [V — Wo| < "

which proves (3.38). Furthermore p(C) = p(Ay_y,) forall p € I,sothat Iz =
14, > o, which concludes the proof.

[P(Bo) — 00(Bo) — s(00)],

3.20 Theorem

Let A € €, for some finite A C Z', and define a convex cone

Szz{aA+beA~(Aor"):a,bxeR,bx>O,be<+oo )

xeZ’

(a) Let 6, oy € I be such that o(A) # o (A). Given C € €, there exist B €
C + Qand two equilibrium states o', o” € Ig such that o'(A) # ¢”(A).

(b) Let o}, o be equilibrium states for C € €, such that 6 (A) # o (A). Given
& > 0, one can choose § > 0 such that, if C' € Cand |C' — C|| < 4, there
exist B € C' + Qwith |B — C’'|| < &, and two equilibrium states ', " €
I with o'(A) # " (A).

Write oy = %(06 + o). The assumption oj(A) # o (A) implies that

2
~2 . - x
ma, (A7) = lim oy <|A| ‘ZAor) > 00(A)’

xeA

(see Section 3.6). Choose ¢ > 0 such that

2
. —1 2 2
Jim_ oo <|A| ZAor*) > 00(A)” + 4el| A,

xeA

We apply Lemma 3.19 with A} = A, = A and S = Z" (we shall choose By
later), obtaining B € By + 2and o € I such that

1
B — Boll < - [P(By) — 0o(By) — s(00)]

and

xeA

2
o <|A|IZAOTX> —0(A)? > oy

2
x <|A|‘12Aor"> —0p(A)? — 3¢e|| A%

XeA
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Therefore

2
22 . -1 x 2 2
A) =1 A Ao >o0(A All”.
mo(A) = lim o <| "y r) o (A7 + ¢ Al

xeA

From this it follows that there exist o', o” in the support of m, with o’(A) #
o”(A). Taking By = C we obtain (a).

Suppose now that o, o € Ic. Choose § > 0 such thatif C' € ¢and ||C’ —
C| < &, we have

P(C") = 0o(C") — s(0p) < &>.

Taking By = C’, we have B € C' 4+ 2, and (3.38) gives ||B—C'| <,
proving (b).

3.21 Coexistence of phases

In the above lemma and theorem we could restrict our attention to interactions ®
such that ®(£|X) = 0 when | X| > 2|A|. Such interactions belong to the space
% to be introduced in Chapter 4, and are “physically acceptable.” Theorem 3.20
deals with the situation where there are at least two different equilibrium states.
This corresponds physically to the coexistence of at least two phases. Part (b)
of Theorem 3.20 shows that an interaction W, (or a function C) for which
several phases coexist cannot be isolated: it lies in an “infinite-dimensional
manifold” of such interactions. One should check that these interactions are not
all “physically equivalent” (see Section 4.7). For this see Exercise 2.

The coexistence of at least n 4 1 phases can be treated in a similar manner.
Let Ay,..., A, € ¢y, and let

A=Y "aA;,  with Y al=1

We assume that oéo), aél), e O’én) € [ are such that
0 1
0y (A) = 0" (A) = -+ = 03" (A)
does not hold for any choice of ay, . .., a,. Defining

1 & o
oy = o, ,
we have
A2
Moy (A7) — 0g(A)* = 4e| Al

with some ¢ > O independentof ay, ..., a,. Let 2 be the linear space generated
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by the A; and A; - (A; o 1t¥), and let By € C. There exists B € By + 2 such that
B — Boll < é[P(Bo) — 00(Bo) — s(00)],
and o € I such that
|0(A - (AeT") = 0(A) = [o0(A - (A T¥)) — 00(A)]] < 3e| Al
forallay, ..., a, and all x € Z'. Therefore
mo(A%) — (A > el AI%,

proving that the dimension of Iy is at least n: at least n + 1 phases coexist.
Again an interaction for which at least n + 1 phases coexist cannot be isolated.

Notes

The statistical mechanics with translation invariance described in this chapter
has been developed by physicists, mostly earlier than the theory of Gibbs states
in Chapters 1 and 2. The thermodynamic limit for the pressure has been proved in
various forms by various people, and the notion of equilibrium state has emerged
progressively. Gallavotti and Miracle [1] noted the important fact (Theorem
3.7(b)) that for a residual set of interactions there is only one equilibrium state.
For the discussion of the entropy (Sections 3.8 to 3.10) see Robinson and Ruelle
[1]; for the variational principle (Theorem 3.12) see Ruelle [1]).” Sections 3.16
to 3.21 are based on the work of Israel [1], which has recently shed some light
on the general nature of phase transitions.

Exercises
1. We write |x| = max; |x;| whenx € Z". Let 0 < A < 1.If &, n € , define

dE,n) =1 where  k=inf{|x|: & # n.}.

(a) Check that d is a metric compatible with the topology of 2.
(b) Let 0 < < 1. A function A : Q +— R such that |A(§) — A(n)| <
cd(&, n)* for some ¢ > 0 is said to be Holder continuous of exponent «.

“In general, see Ruelle [3] for further details and references.
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Such functions form a Banach space ¢*(€2) with the norm

_ |AG) — Al
[Alle = max (mglx |AE)I, ziIn) TdE )" ) :

Write diamX = max{|y — x| : x,y € X}, and let @ = A*/2. Show that if
A € C¥(R2),then A = Ag, with

sup 0~ 9mX gup | B(£|X)| < +00.
X EeQ

[For (b), let A, = {x € Z":|x| < n} and write A =) - A,, where
Ay €€, and [|A,| < |Allo(A")". Proceed then as in Section 3.2.]
2. We consider a system (“lattice gas™) with ¢ = {0, 1} and 2 = {0, 1}%. We
define A € o) by A(§) = & (A takes therefore the values 0 and 1). We shall
use “pair” interactions @, such that ®(£|X) = 0if | X| > 2 and

PEH0}) = —nA),
D0, x}) = p()AG)A(«"E)  for  x #0.

Here 1 € R, and ¢(x) = ¢(—x) € R is defined for x # 0. Notice that

1
@1 = lul+ 5 ) lg@l.
x#0
(a) Let0 € M C 2", M finite, M = —M. Suppose that a function @ : M \

{0} — R is given such that @(x) = @(—x). One can then extend @ to
¢ :Z"\ {0} — R such that

D o)) < o0
x#0

and find p such that there are two equilibrium states o’, ¢” for ® satis-
fying 6'(A) # o”(A).

(b) Let pio, ¢o correspond to a pair interaction ®y. We assume that o), o are
equilibrium states for ®g, and that 0j(A) # o (A). Given & > 0, there
exists § such that the following holds.

Let0 € M C Z¥, M finite, M = —M. Suppose that  : M\{0} — R
satisfies @(x) = @(—x) and

1
5 2 1900 — @l <.

xeM\{0}

One can then extend @ to ¢ : Z" \ {0} — R and find wu such that
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P(x) = p(—x), (x) < po(x) if x ¢ M,

1
= pol + 5 D 1o(0) — o)l < &,
x¢M
and there are two equilibrium states o’, ¢” for the interaction ® corre-
sponding to u, @, satisfying 6'(A) # o”(A). [Imitate the proof of The-
orem 3.20, using Lemma 3.19 with § = Z" \ M. Notice that

;2 = | -2 o1X). oY
mp<A>-Alggop[|A| HZEA(A ) (Aot >].
x—y¢M

Remark: It will be seen (Exercise 2 of Chapter 4) that & and @, are physically
equivalent only if u = g and ¢ = ¢y.]



4

Connection between Gibbs states
and Equilibrium states

This chapter establishes the connection between the Gibbs states and the equi-
librium states introduced earlier.

4.1 Generalities

In the present chapter we use the general assumptions of both Chapter 1 and
Chapter 3. Thus a family (Q4)es is given, it is translation invariant, and if
S C Z¥ we write

Qg = SEHQX:(VAefF:ACS)EIAeQA}.
xeS

We introduce also the Banach space B of translation invariant interactions

with the norm
@ > [0 =) sup [®&)] < + oo;
X0 §€8x
clearly (i, C % C (. If we define ¢ : B+ Cby ¢ ® = Ag ¢% is dense in Cand
@ 1s continuous:
[Pl = [P] = [[Aall-

Therefore Theorem 3.7(c) and (d) apply with 9C = S$.

If & € %, then the set K of Gibbs states for @ and the set 1, of equilibrium
states for @ are defined. We shall see that I, C Ko N I. The reverse inclu-

sion I,e D Ko N I is not generally true, but holds if §2 satisfies the following
condition.

(D) There exist sequences (Ay,), (M) with A, /' 00, A,, C My, |A,|/IM,| —
1, and for each &, n € Q and n there exists ¢, € 2 such that

CalAn = E| Ay, &l (@Y \ M,) = nl(Z" \ M,).

57
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Notice that this condition is stronger than (D*) of Remark 1.14. (D) and (D*)
reduce to “mixing” when v = 1 (see Chapter 5).

4.2 Theorem

If ® € B, then 14, C Ko N 1. If furthermore Q satisfies the above condition
(D), then 14, = Ko N1, i.e., an invariant state is an equilibrium state if and
only if it is a Gibbs state.

If ® € @, the Gibbs ensemble with boundary (4, depends only on n|(M \
A) for some finite set M = A + A (the set A depends on &, and also on ).
Using the definition (3.33) in the proof of Theorem 3.12, one checks easily
that

pafEY =D, {E}oanaln.

NEQp\A

The state p® defined by py = app® is thus a Gibbs state. On the other hand
the proof of Theorem 3.12 shows that 0% e I,o. We have thus established the
existence of p® € I, N Ko when @ € d,.

Letnow & € (p’lD, O =1lim,_o ®,, , € (iO.Anylimitof,oq’" whenn —
oo isin I, = {pe} and also in K¢, as one sees immediately. Therefore there
exists p® € Iyp N Ko if ® € ' D.

For an arbitrary ® € % we see, applying Theorem 3.7(d), that I, is in the
closed convex hull of states p € Ko N . Therefore I,o C Ko N 1.

We assume now that 2 satisfies (D) and have to show that if o € K¢ N 1,
then o € I,o. Somewhat more generally we shall prove that if 0 € Ko, then

limiinf |M,| ™" [S(aw,0) — (am,0) (Us)] > P®.

By the definition of a Gibbs state,
@0 = [ oz @i )
QZV\Mn
and by the concavity of the entropy,

S(ap, o) — (aM,,U)(U;%) > f ozo\m, dm[ St m) — /L(Mn)r;(UE“)]
sz\Mn

=f oz'\m,(dn) Z At
sz\Mn

£eQy,
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X |:WM,,,Z"\M,1(‘§ Vv ) + log Z

CGQM,,
expl—Un,(8) — Wy, z2\m, (& V ﬁ)]j|~

Thus
.. -1 _ o]
lim inf | M|~ [Steew, o) = (n,0)(U}; )]
> liminf|M,| ™! / oz"\m,(dn)
n— o0 QZV\M,,

xlog > expl—Un,(§) = Wiy, z\u, (€ V 1].
LEQu,

In view of (D) we have (when n = n*|(Z"\M,,) for some n* € Q)
> expl—Un, () = Wy, 22, V)] = Y expl—Ua, (&) + Ry,

L€Qp, e,

where lim,,_, », |R,,|/|M,| = 0; hence
. —1 _ [}
liminf [ M, |~ [S(e,0) = (@u,0) (UF,)]

> lim |M,| "' log Y exp[—U,, (&) + R,] = P°.
n—00

e,

4.3 Physical interpretation

When a pure thermodynamic phase for the interaction ® € % has a non-trivial
decomposition into pure Gibbs states, we say that there is symmetry breakdown,
or more precisely that the translation invariance of the theory is broken.

4.4 Proposition

Let condition (D) hold. If 0 € K¢, ® € B, and C € C, then

1
lim _| logo <exp Z Corx> = P(Ap + C) — P(Agp).

n—00
|A” x €A,

By density and equicontinuity it suffices to consider the case C = Ay,
W € (@, . We then have

1 AU
lim A—|logo (exp Z Cot ) =n11)no10—10g(a1\”o)(exp(— UX’))

n—oo [Ay, xeh, [Anl
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If &, n € Q, it follows from (D) that

[(ern,0) (& 1A exp UR, EIA) _
[(ca,0) (| An}lexp UYL (n]Ay)

where R,/|A,| — 0 when n — oo. Therefore

e B En,} < (an,0)En,) < eRrpaptén,ls
hence
82322, < @n(exp(~ UL)) < 2822,

and the proposition follows.

4.5 Remark

Let 7 be an action of Z" by homeomorphisms of a metrizable compact space
2, 0p a T-invariant probability measure, and A a continuous real function on
Q. For finite A C Z", define

Zy =09 (epoAOt“> .
aeln
Sinai [4] has proposed (for v = 1) to call a Gibbs state any limit as A — Z" of
z:! |:exp > A(r“é)i| oo(dé&).
aeA

A result relevant to this definition is as follows.

Let ®,¥ € B and o € Kg. For finite A C 2", and & € Q,, define
Zy=o0 <epoAq,or“> .
ael
Then any limitas A — Z" of
z:! |:exp Z Ay o r":| o
ael

belongs to Koy y.

[This can be proved easily by the methods of Chapter 1; see Exercise 4 of
that chapter.]
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4.6 Strict convexity of the pressure

We know by Theorem 3.4 that the function ® — P® = P(Ag) is convex and
continuous on %. Suppose that the graph of this function contains a straight-line
interval, i.e. there exist ®, W € B, ¥ £ 0, such that

PO — PP 4 ¢t for te[—1,+1].

By Theorem 3.7, if p is an equilibrium state for ®, it is also an equilibrium
state for ® + rW when |7| < 1. Therefore p is a Gibbs state for ® + ¥ when
[t] < 1. Since the expression

[ P dDRSY En)
QA

is real analytic in ¢ and constant for |f| < 1, it is constant for all real 7. Hence
p is a Gibbs state for ® + ¢\, all real ¢. If condition (D) is satisfied, Theorem
4.2 shows that p is also an equilibrium state and thus

max(s(0) + 0 (Ae) +10(Aw)] = 5(0) + p(Aaire) = P® +ct

for all ¢+ € R. This implies 6(Ay) = cforallo € I, or 6(Ay — ¢) = 0 for all
translation invariant measures o on 2. Therefore Ay — ¢ belongs to the closed
subspace 9 of C generated by the elements Aot* — A with A € C,a € Z".
Summarizing, we have proved the following result.

4.7 Proposition

Let ¢ : B+ C be defined by p® = Ag, and let d be the closed subspace of C
generated by the elements A°t% — A, with A € C, a € Z'. We denote by [®]
the image of ® € % in the quotient B /(B N 9).

(a) Thefunction[®] — P(Ag)iswelldefinedonpB/(pB N 9), and if condition
(D) holds, this function is strictly convex on the subset {{®] € pB/(B N I) :
0(Ag) = 0}, where o is some arbitrarily chosen element of I.

(b) If (D) holds and if p is an equilibrium state for both ®, ' € B, then Ae —
Aq;. € J+ R.

Let us say that ®, &' € B are physically equivalent if there are ¢ € R and
B € dsuch that Ag'_¢ = B + ¢ (or in other notation [®'] = [®] + ¢ with ¢ €
R). Two physically equivalent interactions in 3 then have the same equilibrium
states. Conversely, if two interactions in % have an equilibrium state in common,
they are physically equivalent. The restriction of P to an equivalence class
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{®' € B: Ap_o € 9+ R} is affine, and the equivalence classes are maximal
affine sets on which P is affine.

4.8 Z'-lattice systems and Z’-morphisms

In Section 2.1 we have introduced objects (L, (S )xer, (a)aes) called lattice
systems. In the present chapter we have assumed that L = 2", Q, = €, and
(QA)pes is invariant under translations of Z”. Such a lattice system with the
added structure provided by the translations will be called a Z"-latfice system,
and will be denoted by (Z”, Q, (24) Aef;). We say that

F (2", 90, (Qa)ner) = (27, Q0, (Q4)aes)
is a Z"-morphism if a family (F,),cz> exists with the properties (M1)-(M4) of
Section 2.1 and furthermore
(M5) Fi_qt® = F.

In particular, F is a morphism. If it is an isomorphism we say that F is a
Z'-isomorphism.

4.9 Proposition

Amap F : Q' +— Q is a Z'-morphism if and only if it has the following prop-
erties:

(a) F is continuous;

(b) F is equivariant, i.e. t©°F = Ft°;

(¢c) F restricted to Z;, ={n e Q:lim,_od (%0, t%&) = 0} is a bijection
to Zpg, ={neQ:limyod(t*n, *F&) = 0}. [Here d, d’ are distance
compatible with the topologies of 2, ' respectively.]

(M1)-(M5) clearly imply (a)—(c). Suppose now that (a), (b), and (c) hold.
Since F is continuous, there is a finite M C Z" such that (F&')y depends
onlyon&’|M.Define M’ = M| JU{M + A : 0 € A € 5}. By compactness one
can choose a finite M” D M’ such that for all ' € Q),, there exists n* €
satisfying

n|M =M
Define M(x) = M” + x, and F, : Q’M(X) — Q, by

Fo(t™n") = (Fn®)o.
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(M1), (M2), (M4), and (M5) are clearly satisfied. f A € 5, A C X, and §' €
QUmoyrex) take xo € A andletn’ = t&'|M". There exists n* € € such that
n*|M' = n'|M' = t™&'|M’; therefore, if x € A, we have n*|M + (x — xp) =
T’ |M + (x — x0) by definition of M’. Notice that
Fu(E'M(x)) = F(t ™t 7 (e |M" + (x — x0)))
= F(@ " 0" IM" + (x — x0)))
= (FTX_XUU*)O = (Fn*)x—x[)’

and therefore (M3) holds.

4.10 Corollary

(@) If F:Q +— Q is an equivariant homeomorphism, then F is a 2Z'-
isomorphism.
(b) For each Z'-lattice system (Z', Q, (Qa)aes) there is a Z°-isomorphism

F: (ZV, 96, (Q/A’)A’eff’) = (sz Lo, (QA)AGTF)a

where § consists of the two-point sets {x, y} such that x and y are nearest
. . v
neighbors, i.e. y ;_, |x; — y;| = L.

The proof of (a) is immediate.

To prove (b) let M(x) = {y € Z" : max;|x; — y;| <1}, where [ > 0 is such
that if x € A € 5, then A C M(x). Let also Q. = Q). As announced, we
take

§ = {{x, y}:x and y are nearest neighbors}.
If {x, y} € ¥ we let
Qg = {E, 1) € Qo X Ly : EIMX) N M(y) = nIM(x) N M(y)}.

The map F : Q'+  such that (F&'), = (£]), is an equivariant homeomor-
phism; hence, by (a), it is a Z"-isomorphism.

4.11 Remark

The results of Chapter 2 apply immediately to Z”-morphisms and translation-
ally invariant interactions. In particular if ® € B(Z", Qo, (Qa)pes), and F is
a Z'-morphism, then F*® € B(Z", €, (€' p) ey ), as follows from the norm
estimate in Section 2.3.
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4.12 Proposition
Let F : (2", 2, (' a)arey) > (27, Q0, (Qa)aes) be a Z’-morphism.
(a) If o’ is any t-invariant state on ', then s(c’) > s(Fa'), and
0'(Ap-e) = (Fo')(Ag).
(b) If F is a Z'-isomorphism, then P¥"® = P®,

We have S(UQ{M(X)%A}) > S((Fo'),); hence s(o”) > s(Fo’). Furthermore

1
o' (Apg) ==Y —0/(F*®)oay)

/
X'30 |X |

_Z Z Lo "(@oayoF)

X'30 X:U{M(x):xeX}= |X |

1
- _ Z (Fo')(®oay)
X'U{M(x)'xeX}BO UM (x) : x € X}

~Y L Fo@oay)
XZBO X X

(Fo')(Ag).

This proves (a); (b) follows from (a) and the variational principle for P (Theo-
rem 3.12).

4.13 Restriction of Z' to a subgroup G

Let G be a subgroup of finite index of Z” (hence G is isomorphic to Z") and let
(Z", 2, (€' A)ares) be a Z¥-lattice system. Choose M(0) C Z' to contain ex-
actly one element of each residue class of Z” mod G, and let M (x) = M(0) + x
for each x € G. The family (M(x))iec is a partition of Z', and the con-
struction of Example 2.2 yields an isomorphism F : (Z", €2, (A rrey)
(G, Q)y0)» (2a)aes). (Note that this isomorphism is not a Z’-morphism if

G # Z'.) We shall say that the G-lattice system (G, Qj‘,,(o), (Qa)aes) is ob-
tained from (Z", €2, (S a)arer) by restriction of Z¥ to the subgroup G. This
definition is unique only up to G-isomorphism, because of the arbitrariness of
the choice of M(0).
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4.14 Proposition

With the above notation, let ®' € B (Z°, ), (¥ p)arey) and & = (F~1)*®’
(we define (F~"), to lze the restriction map Q;W(a) — Q. whenx € M(a)). Then
CD/* € H\)(Ga Q;W(())v (QA)AEfY)'
(a) If o is any 1g-invariant state on 2, then
0(Agyo F) = Z 0 (Ag).
xeM(0)

(b) The pressure for the interaction ®™ and the group G is
P®* = |M(©0)|P®.

Similarly, if A is real continuous on Q'

P( > Aoron—l) = |[M(0)|P(A).

xeM(0)
That ®* € % follows from the norm estimate in Section 2.3 and the fact that

@’ is clearly G-invariant.
We have

Ag-(F&) = = Y *(F~')y ®')(F§|X)

xCG

== > ®'E1X).

xCG  X':{aeG:X'NM(a)£B)=X

For each finite Y’ C Z" and x € M(0), exactly one translate X" of Y’ + x by an
element of G occurs in the sum on the right-hand side. This proves (a).

To prove (b) we apply the variational principle for P (Theorem 3.12), making
use of (a) and of the following easily verified facts:

(i) the entropy of o with respect to G is equal to the entropy of 770, and
therefore to the entropy of ¢’ = |[M(0)| ™' 2, Mm©)T* o with respect to G,

(ii) the entropy of o’ with respect to G is |M(0)| times its entropy with respect
to Z'.

4.15 Undecidability and non-periodicity

The following curious facts are known about Z2-lattice systems (for a readable
account of (a)—(c), see Robinson [1]).

(a) Let¥ denote the set of nearest-neighbor two-point subsets of Z? (see Corol-
lary 4.10(b)). Consider the following data: a finite set €2, and a translation
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invariant family (Q,)aes such that €, C (©20)?. The problem of finding
when these data determine a non-empty configuration space

Q=1{tec(Q)% : (VA e F)E|A € Q)

is undecidable (Berger [1]).

(b) There is a Z>-lattice system as in (a) with no periodic configuration, i.e., if
& € Qand t%¢é = &, thena = 0. An example with |2y| = 56 and zero topo-
logical entropy (see Section 6.20) has been constructed by Robinson [1].
The existence of a Z>-lattice system with no periodic configuration is an
ingredient in the proof of the undecidability property of (a), and is in turn
implied by this property.

(c) Robinson [1] has constructed a system as in (a), with || = 36, for which
the following completion problem is undecidable: for an arbitrary finite
A C Z*>and & € Q,, find if there exists £* €  with £*|A = &.

(d) Let K(I)={x €Z®: |x1| <1, |x2] <1}. Using the Z2-lattice system of
(c), we define F to be the smallest function from the positive integers to
the positive integers with the following property. An element & € Q)
can be extended to some £* € Q if and only if it can be extended to some
&** € Qk(ry- Since the completion problem in (c) is undecidable, F is not
a computable function. In particular it grows extremely fast. This shows
that, while the conditions &£|A € Q, extend only over nearest-neighbor
pairs A € §, the effect of these conditions propagates over extremely large
distances.

Notes

Dobrushin [2] showed that translation invariant Gibbs states are equilibrium
states. The converse is due to Lanford and Ruelle [1]. The equivalence of the
two notions is the main result of this chapter, and is of central importance in
statistical mechanics. As an application, a theorem of “strict convexity of the
pressure” is proved, following Griffiths and Ruelle [1]. The rest of the chapter
is devoted to general results on morphisms compatible with the action of Z".

Exercises

1. Let Ay, Ay €¢,, A finite, and suppose that, for some oy € I, og[A; -
(A °t¥)] does not have a limit when x — oo. There is then an ergodic
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equilibrium state o for some interaction ® € B, such that o[A; - (A ° )]
does not have a limit when x — oo. In particular o is not a pure Gibbs state
for ®. [See Israel [1], Theorem 5. Define

1
Q= !5 D (bxAr- (Ao T) +boy(Ar°TY) - Ag)

xeZ’

:bxeR,Z|bx|<+oo

xeS

and proceed as in the proof of Lemma 3.19. This gives o’ (not necessarily
ergodic) with the desired property. There is also a state ¢ in the ergodic
decomposition of o’ with the property, and Theorem 1.11 implies that o is
not a pure Gibbs state.]
. We assume that $ =0, ie. Q = (Qo)zu. Let §;, C % be the subspace of
interactions @ such that

D PEV) =0

§€Qy

for all pairs of disjoint finite sets A, M, and all n € Q. If Qy = {0, 1},
let 5, C % be the subspace of interactions ® such that ®(§]|X) = 0 unless
&, =1 for all x € A. Prove the following statements for & = &, and for
$=35,.

(a) If o is a Gibbs state for both ® and ®’, where, ®', ® € §, then ® = &’.
(b) If ® and @’ are physically equivalent, and ®, &’ € §, then & = P’.

(c) The restriction of P to & is strictly convex.

[See Griffiths and Ruelle [1]. To prove (a) observe that, by Remark 1.14,
suppo = Q. Since o is a Gibbs state, the ratios

exp[—Un(En) — Wr z\a(6a vV )]
exp[—Ua(&)) — Wa z\a () V 0)]

(with &, &" € Qa, n € Qzv\4) are the same for ® and @'. In the case of &,
define “partial traces” T, : ¢ — €, for X finite by

(TAXE) = lim [Quxl™ Y AGEIX) V).

nNEQy\x

Using T, one see that U (€x) — Ux (£),) is the same for &, ®’. One obtains
®|Qx = &’'|Qx by induction on |X|. In the case of §,, take n such that
ny = 0 for all x € Z"\ A. This gives that U, (£§4) — Ua(§},) is the same for
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®, @', and one obtains again ®|Qy = ®’|Qx by induction on |X|. For (b)
and (c), see Section 4.7.]

3. Let € = {0, 1} and assume that if, for some finite A C 2", & € ()%
satisfies £|A € Q2 and &, =0 for x &€ A, then & € Q. Show that the re-
sults of Exercise 2, with § = §,, extend to such a Z"-lattice system (called
“lattice gas with hard cores”).



5

One-dimensional systems

The theory of Gibbs states on a “lattice” Z" is best understood in the one-
dimensional case, v = 1, which we shall now study. A Z-lattice system
(Z, Q, (Qa)res) is also called a subshift of finite type. Notice that here t¢
may be interpreted as the ath power of the “shift” 7 = t!.

Going over to a Z-isomorphic system (see Corollary 4.10(b)), we may
assume that § consists of the two-point sets {x, x 4 1}. Let ¢ be the square matrix

indexed by Qg x €29, with elements

o { 1 it (i.)) € Qo)
Y 0 it (0,)) & Qxxt1-

Then & € (Qo)z is an element of 2 if and only if
e g, =1 forall x eZ.

In what follows it will be convenient to use the notation (£2g, ¢) for this Z-lattice
system. We shall also assume, as we may, that for each i € € there exists
& € Qsuchthat & =i.

We say that a Z-lattice system is transitive if the action of T on 2 is topo-
logically + transitive® — i.e., given two non-empty open sets U, V C 2, and
N > 0, there exists n > N such that U N t"V # @. For (Q, 1) to be transitive
it is necessary and sufficient that, for all i, j € €, one can choose an integer
a > 0 such that (t*);; > 0.

We say that a Z-lattice system is mixing if the action of T on Q is topologically
mixing' — i.e., given two non-empty open sets U, V C  there exists N > 0
such that U N t"V £ @ for alln > N. For (L, t) to be mixing it is necessary

* See Appendix A.2.
T See Appendix A.2.

69



70 One-dimensional systems

and sufficient that one can choose an integer a > 0 such that (¢*);; > 0 for all
i,j € Q.

Let B, = %,(Z, Qo, (€24)aes) be the Banach space of translation invariant
interactions with the norm

[l = [®] + D], (5.1
where
diamX
(@ =) —— sup [®(E)] < +oo (5.2)
X>0 | | EeQy
and diam {xi,...,x} =x — x; if x; <--- < x;. Notice that B, C % and

Il i = |l || (see also Remark 5.17 below).
LetRC{xeZ:x<a}, SC{xel:x >a}l.If € B,,Wgs is well de-
fined even for infinite R, S, and we have

|Wgs(§)] < Z [PEIX)] < [P1. (5.3)
X:X N R#Q,
X NS#D

5.1 Lemma

If F:(Z, Q) (2 a)ner)| = Z, Q0, (Q)aes) is a Z-morphism, and ® €
B, (Z, Q, (Qa)aes), then F*® € B,(Z, 2, (' n)ae5) and the map F* is con-
tinuous.

From section 2.3 we find indeed
|[F*®| < [M (0)] - [P,
and similarly
|[F*®[; < [M(0)] - [(diam M(0)) - [ @] + |P];].

Theorems 5.2 and 5.3 below show that the study of Gibbs states on a Z-
lattice system, with an interaction ® € %,, reduces to the study of Gibbs states
on mixing Z-lattice systems.

5.2 Theorem

Given a Z-lattice system (Z, Qqo, (Qa)aes), there exist finitely many transitive
(Q(()a), t@), and injective Z-morphisms

F@ (@7, 1) > (Z, Q0. () aev).
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such that

(a) the images F9Q® are disjoint;

(b) every Gibbs state for an interaction ® € %, is a convex combination of
Gibbs states F o' @ where 0 is a Gibbs state for F“*® on (ng), 1@,

(c) If & € Q is periodic (i.e., TP& =& with p > 0), then & is in one of the
F@OQ@

5.3 Theorem

Given a transitive Z-lattice system (Z, Q, (Qa)acs), there exists an integer
N > 0, N mixing NZ-lattice systems™ (Q(()ﬂ ), t®), and injective NZ morphisms

FO (@, 1P) > (NZ, Quay. (¥ a)ner).

where (NZ, Qu(0), (' a)arey) is obtained from (Z, 2, () aes) by restriction
of Z to the subgroup NZ, with the following properties.

(a) Theimages F® QP form a partition of Q and are cyclically permuted by t.

(b) Let @ € B,(Z, Q0, (Q4)acs) and ®* be the corresponding interaction for
(NZ, Qu0), (' o) ares) defined in Proposition 4.14. Then every Gibbs state
for @ is a convex combination of Gibbs states F®o®) where o is the
unique Gibbs state for F#*®* on (Qéﬂ), t®.

(c) If & € Q is periodic and tP§ = &, then p is a multiple of N.

To prove the above theorems we shall assume, as we may, that
(Z, Q0, (24)aes5) = (Q, 1). There exists an integer J > 0 such that (t*/);; > 0
if and only if (¢’ )ij > 0. [Clearly one can find integers k,! > 0 such that
[ > 2k and (t*);; > 0 if and only if (+');; > 0. Take J = [* — kI and notice
that J =1k +( —2k)[,2J =11 + (I — 2k)l.]

Define

(i<j) e @y >o.

The relation < is independent of the choice of J [because i < j is equivalent
to ("), ; > 0 for every integer J' > 0]. Furthermore i < j and j < k imply
i <k.Ontheset{i € Q:i < i} we define the equivalence relation ~ by

(i~j)e (<jand j <i).

* Using the isomorphism Z — NZ, we consider the Z-lattice system (Qéﬁ), t®) as a NZ-lattice
system.
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Let [{] be the equivalence class of i for this relation. An order < among equiv-
alence classes is defined by*

(i1 <D < G < ).

5.4 Lemma
Leta,beZ, a <b, and
A={xeZ:aJ <x<blJ}, M={xeZ:(a—1)J <x<(®B+1J}.

There exists K > 0, independent of a, b, such that if n, n' € Qz\yu and

[Ma—1)71 = a_1ys] < Mesns] = Mg,],

then

(aAMM(M)n){E} <K (OlAM,Uv(M)n'){S}- (5.4)

First we notice that if £, ¢’ € Q and ¢|A = {’|A, then

exp[—U (¢ |M) — Wiy zm (O] < Ky exp[—U (' |M) — Wi zm(E)],

where K| = exp[2 x 2 x (2|®|; 4+ J|P|)]. Therefore

Y expl—UGEH M) — Wi zm(¢)]
$*igr|IA=E,
SHEZ\M)=n

<Ky Y expl—=UC* M) = Wi zm(C¥)], (5.5)
¢t IA=E,
¢HI@\M)=n

where K> = |Q0]*/ K. Summing over ¢ and interchanging 1, 1’ yields
exp[—U (¥ IM) — Wy, zm($)]
R @\M)=n

> (K'Y expl=UE M) = Wy zm(@ )] (5.6)
e @\M)=n'

Dividing (5.5) by (5.6) yields (5.4) with K = (K»)?.

* The definition of equivalence classes and order in this context is standard in the theory of
Markov chains. See for instance Chung [1], I, Section 3.
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5.5 Proof of theorems 5.2 and 5.3

Given classes [i], [j], define a function C on 2 by

1 if lim [§,,]=[i] and liI}g [E.s1=Lj],
0 otherwise.

CE) =

For any probability measure o on €2, C belongs to the algebra at infinity (see
Section 1.10), and therefore if o is a pure (= extremal) Gibbs state, C is almost
everywhere 0 or 1. Therefore, given a pure Gibbs state o for an interaction
® e B, there are (uniquely defined) classes [i], [j] such that

Jim 8,1 =1i],  lim [£&,]=[/]

o-almost everywhere.
Suppose first that [i] # [j]. Given ¢ > 0, there exists N such that

o({§ : [&] = [i]forn < —N and [§,;] = [j]forn > N}) > 1 —e&.

Since o is a Gibbs state, we can estimate the probability p_ that [§_y ;] = [i]
in terms of wy),{&}, where M is a large interval centered at —NJ and

[] for n <O,

11 = { ] for n > 0.

Similarly for the probability p, that [§,;] = [i]. By translation invariance of
@ and Lemma 5.4 we have

p- < Kps.

This is incompatible with p_ > 1 — ¢, p; < ¢if ¢ has been chosen sufficiently
small. Therefore we cannot have [i] # [].

Suppose now that [i] = [j]. We show that there is only one pure Gibbs state
in this situation. Let A, M be as in Lemma 5.4, and [,,]1 = [,,;1 = [i] for all
n. Fixing n’, we define

1
ﬂ(A)n{E} = (aAMM(M)n){S} - E(aAMM(M)r]’){é} > 0.
Then
ol = Z B, i} =1-K".

§€Qp

If o, o’ are two Gibbs states, we have

an(o — o)(E) = / (o2 (dn) — oy (A r, 1E);
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hence

lo =o'l = _lim Jlaa(e o < llo =o'l = K7,

so that |jc — o/ = 0.
We have thus shown that for each pure Gibbs state o on (€2, ¢) there is a
different class [i] such that o is carried by

Qi = (£ € Q:[£,y] =[i] forall n € Z)}.

Let, & € Qand 0 < a < J;then (1), > Oand (+'~*)z;» > 0 for some
i,i" € [i]. Since (t7); 7 > 0, we have (1*/)gs, > 0; hence &, < &,. Therefore
&, and & are in the same class [j]. This shows that t*Ql" C QUI. Therefore
similarly /=2QU1 ¢ Q1] so that T2 Ql!! = QU1

Let « be the set of classes [j] such that QU = 72Ql for some a € Z
(or equivalently 0 <a < J). If [j],[k] € ¢ and [j] < [k], we show that
[j]1 = [k]. We have 7¢Q¥ = QU1 for some a, 0 < @ < J; hence (+*);; > O for
some j € [j], k € [k]. On the other hand [j] < [k] means (t])jk > 0; there-
fore (1(*+1a+17), . > 0 for all integers [ > 0. Taking [ + 1 = J gives k < j, so
that [j] = [k]. We have thus proved that distinct classes [ ], [k] € o are not
comparable.

Let Qéa) C € be the union of the classes [j] € «, let t® be the restriction
of t to ng) X ng), and let

QW = {é € (Qg”)z 11} = 1forallx € Z } .
We define F@ : Q@ > Q to be the inclusion map. If £ € FOQ@ et
lim,, . _o[&:s] = [j]andlim, . [&,s] = [k]. Then[j] < [k];hence[j] = [k]
and & € QUI1. Therefore

FOQ@ = | J Qi (5.7)

[j]ea

We can now prove Theorem 5.2. First it is clear that for all j, k € Qg’) there
isa > Osuch that (t) jx > 0, and therefore (QE)“ ), @) s transitive. It is easy to
see that F® is a Z-morphism; the main point is to check that if £ € Q® then
Y e C F@Q@. Since we may (by (5.7)) suppose F@¢ € QU we have
indeed ) ;o C QU C F®Q®. The distinct sets o of classes [i] which can
be defined are disjoint, proving part (a) of Theorem 5.2. Remember now that
every pure Gibbs state of ® € %, on Q has its support in one of the Q! and
therefore in one of the F Q@ Such a state, restricted to Q®, is then also a
Gibbs state for the restriction of ® to U {Q(;) : X finite}, i.e. for F@*®. This

proves (b). The proof of (¢) is immediate.
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To prove Theorem 5.3, we assume that (€29, ¢) is transitive, i.e., there is only
one « and Q = Q@. Let N be the number of distinct classes [ j] in o, then the
QU1 are cyclically permuted by 7 with period N, and (5.7) becomes

N—1
Q= U rPQl, (5.8)
B=0

The map x — Nx is an isomorphism of Z on its subgroup NZ. Restriction of Z
to NZin (R, t) yields a NZ-lattice system which (in view of the isomorphism
Z — NZ)may be considered as a Z-lattice system (27, *). Here we take Qf =
Qo,ny, and if £, € QF, & = (&, &1, ..., En—1), & = (EL, &, ... EN_)), We
write £fy, = tg, . For B=0,1,...,N — 1, let @ = {(£0. &1, ..., En-1) €
Q5 : &5 € [1). If £, &' belong to different 2, then 1}, = 0. We let ¥) be the
restriction of ¢* to Qgg ) x Qgﬁ . Define

QB = {E € (Q(()ﬂ))z : ts(fg)m =1 forall x € Z} ,
and F® : Q® > Q be the inclusion; then
FOQE — r-BQlil — QU]

for some []. Since N is a divisor of J, (R, 1#)) is mixing by definition of
the equivalence classes [ j]. Part (a) of Theorem 5.3 follows then from (5.8). To
prove (b) we notice that if ® € $,(£2y, 7), then the corresponding interaction
®* on (2%, t*) isin B, (25, t*). It suffices then to apply Theorem 5.2(b) and the
fact proved above that the pure Gibbs states are carried by the QU!. The proof
of (c¢) is immediate.

5.6 Corollaries to theorems 5.2 and 5.3

Let (Z, Qo, (Q4)aes) be a Z-lattice system and ® an interaction in B,.

(a) If (Z, Qo, (Qa)aes) is transitive, there is a unique equilibrium state,* which
coincides with the unique translation invariant Gibbs state; its support
is Q.

(b) If(Z, Q, (Qn)ney) is mixing, there is a unique Gibbs state.

(c) In the situation of Theorem 5.2, we have (with A € €)

P® = max PF*® P(A) = max P(Ao F®).
o o

* One can prove that there is a unique equilibrium state for A under slightly less restrictive
conditions than A = A with ® € %,. See section 7.14.
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(d) In the situation of Theorem 5.3, we have for all B

P<I> =N71PF(ﬂ)*q>*’ P(A):NﬁIP((A+AOT+-~-—|—AOTN71)OF(/3)).

In the transitive case, an invariant Gibbs state is necessarily of the form
1 V=t
_ -B
N Z Too,
B=0

where o is a Gibbs state with support in QU and therefore unique. By remark
1.14, supp o = QI!. There is thus at most one invariant Gibbs state, and its
support is . Since there is at least one equilibrium state, Theorem 4.2 proves
(a); (b) is immediate.

(c) follows from the variational principle for P (Theorem 3.12) and Propo-
sition 4.12(a).

(d) follows from (c) and Proposition 4.14(b).

5.7 Theorem

Let ®, &' € B, for a transitive Z-lattice system, and let p, p' be the corre-
sponding equilibrium states. Then p = p’ if and only if there exist c € R and
C € Csuch that

A¢/—A¢=C+COT—C. (59)

In this formula c is uniquely determined by ® — ®, and C is determined up to
an additive constant.

If (5.9) holds, then P(A¢ + B) = P(Ae + B) + ¢ for all B € ¢ (Theorem
3.4), and it follows that p = p’ (Theorem 3.7).

Conversely, let p = p’. By convexity of P, p is an equilibrium state for
(1 —t)® + r®" whenever 7 €[0, 1]. We are thus in the situation discussed in
Section 4.6: p is a Gibbs state for (1 — 1)® + t®” when 7 € [0, 1] and, by ana-
lytic continuation, for all real . Since p is a translation invariant Gibbs state,
and the Z-lattice system is transitive, Corollary 5.6(a) shows that p is an equi-
librium state for (1 — ¢)® +t®’ (allreal 7). Let ¥ = ®' — ® and ¢ = p(Ay);
then

méIIX[S(O') +0(Ao) + 10 (Ay)] = 5(p) + p(Apriw) = P® +ct
for all + € R. This implies 6 (Ay) = ¢ forall o € I, or

Aqy—Aq;:C—I—B, (510)
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where o (B) = 0 for all o € I. In particular, if £ € Q2 has period n,
n—1
> B(ig)=0. (5.11)
j=0

Since the Z-lattice system is transitive, there is n € © with dense orbit I' =
{t*n : k € Z}. Define C on T by

k-1
Z% B(t/n) it k>0,
k =
Ci@'n) = - '
-3 B(t'n) if k<O.

j=k

Letn’,n” € ['andn, =y’ for |x| < m.1fn’ = ¥y, n” = t'n,and k < I, then

-1

C(n")y—C()=>_ By
j=k

and ng4x = N4y for |x| < m. If m is large enough, then there exists § € 2 such
that t/~%& = £ and &, = n, whenk —m < x <[+ m. Using (5.11),

-1
C("y—C@) =) [B(r/n) — B(x/&)].
j=k

If (t/n), = (t/&), for |x| < r, we have
|B(z/n) — B(t'8)| = |Au(t/n) — Ag(r/€)]
1
<2 ), s WElL (12

X 30 : diamX>r |X| §eQy

Therefore

> 1
ICo —CuI<4d. > — sup W)

r=m X30 : diamX>r X1 §eQiy

diamX
sup |W(&)l.

<4
|X| £eQy

X>30 : diamX>m

Since ¥ € %,, this is small when m is large, showing that C extends to a
continuous function on 2. Clearly

Cotr—C=8B

and therefore (5.9) follows from (5.10).
It is clear from the construction that c is unique, and C unique up to an
additive constant.
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5.8 Mixing Z-lattice systems

In view of Theorems 5.2 and 5.3 we shall now concentrate our attention
on mixing Z-lattice systems. Thus let (2, #) be mixing. We use the nota-
tion Z>, 2, Z., Z_ for the sets of integers which are respectively > 0, < 0,
> 0, < 0. We define then

Qs = (€ € (%> i 1z, = | forall x € Z},

and similarly for Q, Q., Q.. Given an interaction ® € %$,(8, 1), we
can restrict it to the subsets of Z>,Z¢,Z.,Z_, obtaining interactions
@2, (Dg, q>>5 (D<,

5.9 Lemma

(a) There is a unique Gibbs state o> (respectively o<, 0~,0_) on Q> (respec-
tively Q¢, Q-., Q) for the interaction @3 (respectively ¢, O, P).
(b) There is K > 0 such that

o<(dég) x 0. (dE-)exp[—Wz_z. (< V &)l = Ko (d(6< Vv §.)),

where o is the unique Gibbs state for ® on 2.
(c) Given g > O there exists n(e) such thatif B € C(Qx x Q.), [|B|| < 1, and
B(é<, &) does not depend on &, for |x| < n(e), then

/ o(d(E< v E))Bo<, E.)

- / / o(d(EL v ENOW(EL v ENBEL, &) <.

To establish (a) it suffices to follow the proof (Section 5.5 and Lemma 5.4)
that there is a unique Gibbs state with support in QUl, replacing Z by Z>
(respectively Z<, Z.,Z_) and [i] by Qo.

The fact that ® € %, ensures thatexp[— Wz <.z is continuous on Q¢ x ...
Using the definition of Gibbs states then yields (b).

Consider the lattice system (L, (S2)xer, (24)aes) Where L =Z =Z U
Z>7 Qx = QO’

S={{x,x+1}:x €Zand x # 0},
Q(x,erl) = {(x, &4 : legy = 1}.

The configuration space of this lattice system is Q¢ x €. Aninteraction ®* is
defined such that ®*(§|X) = ®(¢|X)if X CZcor X C Z.,and ®*(£]X) =0
otherwise. Using the definition of Gibbs states and (a), it is clear that there
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is only one Gibbs state for ®*, namely o< ® o... [For a generalization, see
Exercise 4 of Chapter 2.]
We may thus apply Theorem 1.11(C) with

2
A<, §>) = - expl=W(Ec vV &),

where we have written W = Wz_ z_. Using (b) we find that if B € € (¢ X
Q.), |B]l £ 1, and B(£) does not depend on &, for x| < n, then

' / o(d (< V E)BE<. &)

£ (5.13)
< — .
2

- // o<(dé)o-(d§-)B(E<. §5)
for sufficiently large n. Similarly, taking

2
ML = 5z | [ o-aehewi-w e v e

x [ / o<(d8L)expl—W (EL v s;’)]] :
we find

‘ / / o< (dE)o- (dE.)B(E<, £.)

- / f o(d (€L v E)o(d €LV ENBEL, £

)
= 5.14
<3 (5.14)

for sufficiently large n. Comparison of (5.13) and (5.14) yields (c).

5.10 Theorem*

Let & € B, be an interaction for the mixing Z-lattice system (Qo, t), and o the
unique Gibbs state. If Q consists of more than one point, the dynamical system
(2, 0, T) is equivalent to a Bernoulli shift.

The sets (;, = {§ € Q: § =i} form a partition (¢ of Q. According to the
Friedman-Ornstein theorem (see Appendix A.4.6) it suffices to show that (1 is
weak Bernoulli for the system (€2, o, t). This means that, given ¢ > 0, there
exists n(e) such that for n > n(e), and all k,1 > 0,

> @ nk—momasno) 0 v £}
n.¢

_(a[—n—k,—n]a){n} . (a[n,n+l]0){§}| < é&. (515)

* See Gallavotti [1], Ledrappier [1].



80 One-dimensional systems

Let B(n v ¢) be £1 depending on the sign of the quantity between the modu-
lus bars. If £E¢|[—n —k, —n] =n and &.|[n,n +[] = ¢, we put B(¢,§.) =
f?(n V ¢). With this choice of B, (5.15) results from Lemma 5.9(c).

5.11 The transfer matrix and the operator £

If & € Q> we write &5 =& v & with & € Q¢, §&. € Q.. Given a measure
pon £, let 9N* . be the measure on Q3 such that

o) =Y [ nderae v e
&
exp[—Ui0;(60) — Wioy,z. (6o V &-)].

From the definition of Gibbs states, we find that 91t* 0. is proportional to a Gibbs
state for @ on Q3. Therefore, by Lemma 5.9(a),

N0 = Ao>

with some A > 0. The map 7' : Q> > Q. is defined according to Section
3.1, and it is clear that r’lo> = o... Therefore

L0, = ro-, (5.16)
where we have written
£F = ok,

The operator £* on measures is called the transfer matrix. It is the adjoint of
an operator £ on € (2. ) defined by

(LA)ES) = Z A(r™'(& v £2)) exp[—Ujoy(50) — Wioy,z. (5o V E2)].
o

Notice that
L[A - (B caz.z, °T)] = (LA)-B 5.17)

when A, B € ¢ (2).

As we shall see, the study of the operator £ yields important results on
Gibbs states and the pressure function in the case of exponentially decreasing
interactions.
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5.12 The function /.

A continuous function .. is defined on Q2. by
V-6 = ¢ [ octdsexpl-Wz 2 G v
where K is given by Lemma 5.9(b). In view of this lemma
o-(Y- -A)=0(A°az) (5.18)

when A € €(2.); in particular o (.) = 1.
Since (€2, 1) is mixing and o is a Gibbs state for ®¢ (respectively, o is
a Gibbs state for ®. ), we know that

supp o¢ = 2, supp o> = Q2= (5.19)
(see Remark 1.14). From the definition we also obtain
d7' <y <d (5.20)

for some d > 0.
Using (5.17), (5.18) we have

0-((£Y>) - B) = 0= (£[Y> - (Boaz.z, °1)])
= r0- (V> - (Boaz.z, °1)) = Ao (Boaz ) = 0 ((AY>) - B)

and therefore, using (5.19),

5.13 Proposition
The eigenvalue A of £ and £* defined by (5.21) and (5.16) satisfies
logh = P®.
Using (5.20) we have indeed
1
logh = lim —log £y (§.)
n—oon
1
= lim — log(£")(E.)
n—oon

1
= nlggo p log Z expl—Ui—ni1,...00(6—nt1 V- -+ V &)
§-nt1..5

Wi,z Eapn V- VE VES)]
=p®

by Theorem 3.4.
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5.14 The operator S
In view of (5.20) a bounded operator S on € (£2.) is defined by
SA = (=) ALY - A).

It satisfies

and therefore

8l = 1.
Notice also that, by (5.17),
S"[A-(Bo(az.z, °T)")] = (8"A)- B (522)
if B € ().
5.15 Lemma
The functions
S e W>(€>) /0"<(d€<)A(§<)exp[ Wz_z (< VE)]

with A € C(R2¢) and ||A|l < 1, are uniformly bounded and equicontinuous on
Q..

Let A be the set of these functions. We have §"B € A whenever B €
C(R2>), |Bll <1, and B(§-) depends only on &y, ..., &,.

The map Q2. — € (Q¢) defined by

§> = eXP[—Wzg,L(' Vv §>)]

is continuous. From this the boundedness and equicontinuity follow. That 8"B €
A is readily checked by calculation.

5.16 Proposition

If B € C(2.), then

lim "B = o(B°az.), (5.23)
lim 2"$"B = 0.(B) - -.. (5.24)
n—00

The convergence is uniform on compact subsets of A(2-.), in particular on A.



Exponentially decreasing interactions 83

Since ||| = 1, it suffices to prove (5.23) under the assumption that B(£..)
depends only on &1, .. ., &y for some integer N. By Lemma 5.15, the sequence
(8" B) has then a uniformly convergent subsequence; let B be its limit. For any
C € ¢(2-) we have, using (5.22) and (5.18),

o-(Y- - B-C)=limo. (¥~ - 8"B - C)
= limo. (¢~ - 5"[B - (Ce(az.z, °T)")])
=limo. (Y- - B-(Ce(az.z, °1)"))
=limo((Boaz ) - (Coaz ot"))
=o0(Boaz ) - 0(Couz.)
=o0(Beaz ) 0-(y- - C)

because o is a pure Gibbs state (Theorem 1.11(C)). From (5.19), (5.20) it
follows then that B is a constant: B = o(B °az_), proving (5.23). We obtain
(5.24) immediately from (5.23).

Since ||8"|| = 1foralln > 0, the convergence in (5.23) and (5.24) is uniform
on compact sets.

5.17 Remark

Aset X C Zisa(finite) intervalifitisoftheform X = [k, 1] = {x : k < x < I}.
If ® € $,, there is an interaction @, € %, such that

(a) ®,(£/X) = Ounless X is an interval,

b)) U? = Uf* whenever A is an interval,

(c) Wf\b_ M= W/?,*M whenever A, M are intervals,
(@) 1Pl = 1Pslly < [1Pl1-

To see this, let ®, satisfy (a), and ®,(£]|[k, []) be the sum of the quantities
®(£]X) over all X which have k as smallest element and / as largest element;
(b) and (c) are clear, and (d) follows from (5.1), (5.2).

In view of (b), (¢), (d), it would have been sufficient for the purposes of this
chapter to use instead of %, the subspace %, of & consisting of the interactions
satisfying (a).

5.18 Exponentially decreasing interactions

If0 <0 < 1,let %Y = B%(Z, Qo, () acs) be the Banach space of translation
invariant interactions @ such that ®(£|X) = 0 unless X is an interval, with the
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norm

@l = sup &~ 4™ sup |B(&)| < +oo. (5.25)
X £eQyx

We shall say that such interactions are exponentially decreasing. If ® is allowed
to be complex-valued we obtain, instead of %%, a complex Banach space .‘B%
with norm (5.25).

Notice that %’ C 4, and that

-1 < =)72 - o

If0 <6, then®’ c B and || - llo = || - llor-

If the set M (0) in the definition of a Z-morphism F : (Z, ), (A )arey) —>
(Z, 0, (Qa)aes) is chosen to be an interval (which is always possible) and
® e B?, then F*® € $°(Z, 2, () p'ev). Restriction of Z to a subgroup NZ
replaces ® € B? by ®* € %7 where §” = 6", as one readily checks. Therefore
one can apply Theorems 5.2 and 5.3 without leaving the realm of exponentially
decreasing interactions. In view of this we shall often restrict our attention to
mixing Z-lattice systems.

We note for later use that the map ® — F®*®* of Theorem 5.3 is linear
continuous %%(Qo, 1) .‘B"N(Qgﬂ ). t®)Y and extends to a C-linear continuous
map B (Q, 1) > B (2, 1),

5.19 The space 5’ and related spaces
If A € € [respectively A € € (£2-)], define
var, A = sup{|A(§) — A& : & = &, for |x| < n}
[respectively
var, A = sup{|A(£-) — A(EL)[ 1 & = & for I <x < n}l.

We denote by 5 [respectively 5] the subspace of € [respectively € (£2-)]
consisting of those A such that

|Allg = sup (072" "'var, A) < +00
n>—1

[respectively

|Allg = sup(@ "var,A) < +0o0].

n=0
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These quantities define norms on the quotients F?, F? of 5% and 5 by the
subspaces of constant functions. F¥ and F? are Banach spaces with respect to
these norms. 5% and 5 ¢ are Banach spaces for the norms

1Alllg = max([|All, | Allo)-

Using complex rather than real functions, one defines similarly complex Banach
spaces .‘fg, ffg>, Fg, Fg>.

5.20 Proposition
The image of %° by the map ® — Aqg is 5°.
If & = & for |x| < n, then

Ao(€) — Ap(E) =) *[DE'|X) — PEIX)],

X

where the sum extends over those X such that O is the “middle” element of X
in lexicographic order (Section 3.2), and diam X > 2n. Therefore

- k_ 21®le ot
var,Ag < ) 2[@llb* = T 67,
k=2n+1 1-0

so that Ag € 59.

Conversely, if A € 59, we can write A = Z:o:o Ay, where A, € C (_,p],
and ||A,|| < var,_;A for n > 0. We have then A = Ag if ® € %Y is chosen
such that ®(&|[—n, n]) = —A, (&) and ®(£]X) = 0if X is not a translate of an
interval [—n, n]. We note for later use that the map A + & can be chosen to

be linear, and thus to have a C-linear continuous extension 5§ — B2.

5.21 Theorem

Assume that (2, t) is transitive. Let A, A’ € 5% and p, p’ be the corresponding
equilibrium states. Then p = p' if and only if there exist c € R and C € 59
such that

A—A=c+Cor—C. (5.26)

Wehave A = Ag, A’ = Ay with @, &' € B¢ (Proposition 5.20). Therefore
we are in the situation of Theorem 5.7 and we only have to prove that if ®, ®’ €
%% and p = p’, then (5.26) holds with C € 5. For this we use the construction
of C in the proof of Theorem 5.7.
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If (t/n), = (7€), for |x| < r,r > 0, then (5.12) can now be replaced by

|B(z/n) — B(r/§)| = IAw(Tjn) — Ag(t/8)|

<2 Z sup |W(E)| < 2[1Wlo Z 0

s=2r+15€20.51 s=2r+1
2| lo

— €2r+1,
1-6

and therefore
HWllg o orpt
C /4 —C / < 9r+
1"y — €l —1_9;
A
1-6)1 —6?) ’

so that C € 57.

5.22 Remarks
(a) If (2, t) is mixing, a condition equivalent to (5.26) is

S Io(A" = A) - TH(A = A)) — (p(A' = A)P] = 0.

xel

See Exercise 5(c).

(b) The map § : C — C o1 — C is continuous from F? to a closed subspace
of FY. The proof of Theorem 5.21 shows that it has a continuous inverse
§71:8F% — FP.

5.23 Lemma
Let ® € B9(Q, 1), where (Q, t) is mixing.

(@) Y- and (Y-)"" belong to 5.
b) IfA e ‘fe , then

var,&"A < cyvar, A + 029k||A||
where c1, ¢, are constants (depending on ®,0).
First notice that, if A and A’ belong to 5% , so does their product, and
IA-Ale < IAI- 1A 6 + 1Al - 1A']]. (5.27)
If A€ 5% andinf|A(£.)| > 0, then A7 € 59, and
1A= e < TATHIZ - 1A, (5.28)
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We have

o0 o0
var Wz  z (E< V) <2 @llg Y| Y om

m=0 n=k+1
2| ®@llo giq
= orFt!, 5.29
167 (5.29)

Therefore the definition of .. in Section 5.12 gives . € & ‘9>. From (5.20) and
(5.28) we obtain also (y-)~! € 57, proving (a).
From Sections 5.11, 5.12 we have

ATEN (Yo - A) = %f <(d&)exp[—Wz_z (E< VvV )]
x[Acazot"(E< V)]
hence, using (5.29),
vand "L (Y. - A) < Y- [Ivan, 1, A + 0¥ A,

where c is a constant (depending on ® and 6). From this and (5.27), we ob-
tain (b).

5.24 Proposition

Let ® € $°(Q, 1), where (Q2, t) is mixing. The operator S maps 5% _into itself
and, passing to the quotient by constant functions, defines a bounded operator
S on the Banach space F? introduced in Section 5.19. The spectral radius of S
is strictly less than 1.

From Lemma 5.23 it follows that Smaps 59 intoitself. Since $1 = 1 (Section
5.14), we may pass to the quotient by constant functions, obtaining a map
S Ff + F?. Part (b) of the lemma gives

var S"A < cyvar, A + c0%varpA. (5.30)
On the other hand, since
{Aec(2):lAllle <1}

is compact in C(€2..), Proposition 5.16 shows that, given § > 0, one may choose
n such that

vargS" A < 8||Alle. (5.31)
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From (5.30) and (5.31) we obtain

varg S? A = c¢yvar, 41 S" A + c20%varyS" A
< ei(ervary, kA + 20" FvargA) + c,0%8|| Ao
< (10" + c1620" + 28)[| Allo6";
hence
152" Allg < (€367 + c1c20™ + c28) | Allo.

If § has been chosen sufficiently small and n sufficiently large, the operator
norm of 2" : F? + F? is strictly less than 1. Therefore the spectral radius of
S is strictly less than 1.

5.25 Remark

That the spectral radius of S is strictly less than 1 implies “exponential decrease
of correlations”; see Exercise 4(c).

5.26 Theorem

Assume that (Qo, t) is transitive. The function ® — P® on 7 is real analytic.

We first assume that (2, 1) is mixing. If ® € 9, the formula*

(LA)ES) = Z A(r ™' (& V &) expl—Ujoy(§0) — Wioy.z. (6o V £2)]
&

defines a bounded operator £ on ffg>, and ® — £ is an entire analytic func-
tion from fﬁé to the bounded operators on ffg>. To see this notice that, for
each &,

D = (& = Uyy(&o) + Wioyz. (6o Vv E5)}

is C-linear and continuous, and hence analytic, R > F2_ . Since exp : F >
(o] C> C>
ffg is analytic, also
>

® = {&. = exp[—U1(§0) — Wioy,z. (6o V &-)]}

is analytic SB?: — ffg>. From this and (5.27) the analyticity of & — £
follows.

* Cf. Section 5.11. The various Banach spaces used here are defined in Sections 5.18 and 5.19.
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If @ is real, i.e. ® € B?, we have
CA=h-y. -5y A),

and Proposition 5.24 shows that the spectrum of £ consists of {A} and a set
contained inthe disk {z : |z| < A} with | < A.From this it follows by standard
arguments that ® — X, and therefore ® > P®, extends to a function analytic
in a neighborhood of %Y in SB(@:.

The general case of transitive (€29, #) reduces to the mixing case by use of
Theorem 5.3. We have indeed

po — Nl pFOror
by Corollary 5.6 (d), and the map ® > F®#*®* extends to a C-linear con-

tinuous, and therefore analytic, map SBg(QO, t) — SB%N (Qéﬂ ), t®) (see Section
5.18).

5.27 Corollary

9 is real analytic.

Assume that (2, t) is transitive. The function P on §
We can indeed write A — P(A) as
A @ > P® = P(Ag) = P(A),

where A — @ extends to an analytic map ffg = SBS as noted at the end of the
proof of Proposition 5.20.

5.28 Zeta functions

Given a Z-lattice system (L2, t) and A € ¢, we write
Fixt" = {£ € Q:1"& = &},
m—1
Zu(A,T) = Z exp Z A(rkx),
xeFixt™ k=0
and define a power series
o m
z
te(ze) =exp » Zu(A. T)=. (5.32)
m=1 m

Every t-periodic point is in one of the sets F Q@ of Theorem 5.2. There-
fore ¢, (ze?) is a product of factors corresponding to transitive Z-lattice systems.
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If (R, 1) is transitive, then Theorem 5.3 shows that Z,,(A) = O unless m is a
multiple of N and

Zin(A, 1) = NZy(A+ Act + -+ AotV QP VW),
Ce(ze™) = Eovjaw 2V exp(A + Aot + - + AotV H QP

The quantity Z, (A) is apartition function with periodic boundary conditions,
and the methods of Chapter 3 show that, if (€20, 7) is mixing,
lim llome(A, ) = P(A).
m—00 m
Therefore the power series (5.32) converges for |z| < exp[—P(A)] to a holo-
morphic function of z. In view of Corollary 5.6(c) and (d), this remains true
when (€2, t) is not mixing or transitive. It is in fact easily seen that the se-
ries (5.32) diverges at z = exp[— P(A)]. Therefore the radius of convergence
of the series (5.32) is exp[— P(A)]; this series defines for |z| < exp[—P(A)]
a holomorphic function of z, which we call the zeta function (associated
with A).
We shall now show that the domain of analyticity of this function can be
extended when A is in a space 5 9.

5.29 Theorem*

Let (Q, t) be mixing and A € 5 9. There exists R(A) > exp[— P(A)] such that
00 m m—1
z
da(2) = ¢(ze™) ! = exp [— Do D ep) ACKE >]
m=1 &eFixtm k=0

extends to an analytic function in {7 : |z| < R(A)} with only one zero, this zero
is simple and located at exp [— P(A)].

By Proposition 5.20 we have A = Ag with ® € $¢. Define ®™ by

P(X) if diamX < n,
() —
P = {O if diamX > n.
Then
; g+l
A0 — Aol < D 160" = 1Pl —-

I>n

* This theorem was announced in Ruelle [6]; see also Exercise 7.
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For integers m > 1, n > 0, we write

m—1
aimy= Y expy A(r*¢),
0

& eFixt™ k=

m—

1
b(m,n) = Z epoA(p(n)(tké)

EeFixt™ k=0
m—1 n
= Y exp [— O ok k +1])} :
EeFixt™ k=0 1=0

Then

(o}
am) _ 1| <exp I1%lle mo™ ) — 1.
b(m,n) 1-06

Leta € (0, 1). If n = [wm] (integer part of am) we find

(1) (0] 53
b(m, [am]) 1-6 =0

We have
da(z) = exp |:—m2=:1b(m, [am])§i|

xexp Y [—a(m) + b(m, [am])]%.
m=1

If r is the radius of convergence of the first series in the right-hand side, (5.33)
shows that the second series converges for |z| < r/6%. Therefore it suffices to
prove the theorem for

d'(z) = exp |:— Zb(m, [am])%:|
m=1

instead of d4(z).
An operator L, is defined on €(£2[1 ,,7) by

(LyB)E1s -+ 6n)
= B ... &) expl—Ujo)(50) — Wiop.(1...yGo vV &1 V - V&)
o
The trace of an operator on the finite-dimensional space € (£2[1,,,) is defined

in the usual way, and one checks readily that trLE’}l) = b(m, n). This quantity
can thus be estimated in terms of the eigenvalues of L. Notice that every
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eigenvalue of L, is an eigenvalue of the operator £, : f'fg> = fFfb defined
to be the operator £ for the interaction ®". But we know from the proof of
Theorem 5.26 that ® — £ is entire analytic (on .‘Bg, where we choose 8’ > 6).
In particular there exists ' > 0 such that, for sufficiently large n, the spectrum
of £(,) has only one eigenvalue larger than 7'~! in absolute value. This eigen-
value A, is positive and simple, and tends to A = exp P® when n — oo. For
sufficiently large n we have

lb(m, n) — A6y | < 12l -7

and we can write

> 1
d'(z) = exp [— > ;(M[amnz)’”}

m=1
m

o0
m 2
X exp Z[—b(m, [am]) + )‘([am])];

m=1

The radius of convergence of the first series is A~!, and that of the second
series is >r’/|S2|*. Taking o such that r'/|2o|* > A7, it suffices to prove the
theorem for

m

7" = ()‘Z)m m
d"(z) = exp —Z . xexpz Mamp T A ]m

m=1

The first factor is explog(l — Az) = 1 — Az. To study the second factor we
estimate

)”W[lam]) )‘m| sm- [maX ()" )‘([“m]))]m_l : |)‘([am]) — Al

By Theorem 5.26, the function ® > A is analytic on %°. Replacing 6 by 6’,
where 0 < 0’ < 1, we find that

Ay — Al < Col|® — O™ g,
[® — &Py < (B/0')Y | Dlp.

Therefore the radius of convergence of the series

m

Z ([otm]) %

is atleast [A - (8/6")*]7!, or since we canlet @ tend to 1, 1/A6%. This concludes
the proof of the theorem.
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5.30 Remark

The function z — ¢(ze”) does not in general extend to a meromorphic function
in C. Gallovotti [2] has constructed counterexamples of the type discussed in
Exercise 8.

Notes

The main fact of the statistical mechanics of one-dimensional systems is the
“absence of phase transitions.” In particular there is only one Gibbs state: this is
true for mixing systems, and interactions in a suitable space %, (see Corollary
5.6(b)). The uniqueness of the Gibbs state was proven independently by Ruelle
[2] using the transfer matrix and Dobrushin [3] using different methods. Here
we generalize Dobrushin’s idea, and establish the structure of Gibbs states
without the mixing assumption in Theorems 5.2, 5.3. Notice that the case of
interactions with finite range reduces to the theory of Markov processes, and
had been understood by physicists for a long time. Notice also that mixing
systems with “long-range” interactions (® € $\%,) may have several Gibbs
states, as seen in Section 3.21*.

The curious Theorem 5.7, and its specialized forms Theorem 5.21, Corollary
7.10(c), Remark 7.11, come from LivSic [1], [2], and Sinai [4]; see also Bowen
[6].

The transfer matrix associated with an interaction ® € %, is the adjoint of an
operator £ which satisfies a Perron-Frobenius-type theorem! : £ has a positive
eigenvalue equal to the spectral radius. This positive eigenvalue is exp P®;
furthermore the spectral properties of £ are related to cluster properties of the
Gibbs state and to analyticity properties of the zeta function. These facts justify
the study of £, which is done here by a new method.

The uniqueness of the Gibbs state is one aspect of the “absence of phase
transitions” in one-dimensional systems. Another aspect is constituted by real
analyticity properties of the pressure P restricted to suitable subspaces of in-
teractions. Here we consider exponentially decreasing interactions, and prove
analyticity of P by showing that exp P? is an isolated eigenvalue of £ (we
use an idea already present in a paper by Araki [1] on one-dimensional quan-
tum spin systems; see Sinai [4], and Ruelle [5], Appendix B). A zeta function

* In Section 3.21 we followed Israel [1], who proves the existence of interactions with several
Gibbs states without explicitly constructing them. Simple examples were known earlier from
Dyson [1]. Other examples are obtained in a model due to Fisher [1] and sketched in Exercise 8.

1 See for instance Gantmaher [1].
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is introduced in Section 5.28: it counts the t-periodic points of € with the
weights usual in statistical mechanics. This function has a pole at exp[—P®]
corresponding to the eigenvalue exp P® of £. A number of other properties of
systems with exponentially decreasing interactions are given in the exercises
(in particular the exponential decrease of correlations); these properties will be
useful in the study of Smale spaces in Chapter 7.

While a strong condition on the interaction, like exponential decrease, seems
necessary to obtain that exp P® is an isolated eigenvalue of £, analyticity prop-
erties of P can be obtained under less restrictive assumptions. This is a beautiful
and somewhat unexpected result of Dobrushin [4]; unfortunately the proof is
difficult, and the conditions imposed on the lattice system are probably too
stringent. We therefore refer the reader to the original paper for the statement
and proof of Dobrushin’s theorem.

Exercises

1. Let Q¢ beafinite set,and ¢ # 0 a square matrix indexed by 2y x €2¢ such that
t;; is an integer > O for all 7, j. Define Qf = {(i, j,m) € Qo x Qo x Z. :
m < tijyand 4G ;0 .y = 1if j =k and = 0 otherwise. Then (€2, 1) is a
Z-lattice system, which we also denote by (€2, #)* (we assume that 7 is such
that Q* # @).

(a) Suppose that #; takes only the values 0 and 1, so that (R, ¢) is a Z-
lattice system. If £* € Q* and &} = (i, j, 1), define (F&*), = i. Show
that F : (25, t*) — (o, t) is a Z-isomorphism.

(b) Show that the Z-lattice system obtained by restriction of Z to NZ, and
use of the group isomorphism Z — NZ, is Z-isomorphic to (Qq, t")*.
(Cf. Williams [1].)

2. Let (20, t) be a mixing Z-lattice system and o € I. If g Vv n- € Q3, let
Ps(no V 1) be the conditional probability that £|{0} = 1y knowing that
&|1Z. = n-. Let also g,(§) = —log p,(&, vV &-). Then g, is defined o-
almost everywhere, g, > 0, and it is known that

/gado =s(0)

[see Billingsley [1], Section 13].
If ® € B, and o is the corresponding Gibbs state, show that g, extends
to a continuous function on €2, again denoted by g,, such that

og V- (& Vv E2)) expl— Uy (§0) — Wioy.z. (6o V €-)]
A I/f>(%<>)

ga(%-) = —1
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Show that [ g,do’ < [ godo’ forall o’ € I, with equality only if o = o’
[See Parry [2], and also Keane [1], Ledrappier [2].]

3. Let @, &' € $,(R, t), where (o, 1) is mixing, and o, ¢’ be the correspond-
ing Gibbs states. Prove the following.
(a) If A € ¢(R2-)and n > 0 then

o(Acaz. ) =0((8"A)ouz.).
If A, B € ¢(R2.), then

o((Acaz. ) - (Boaz °t") =0 (((8"A)eaz.) - (Boaz.)).

(b) Write
0
Z, =0 (exp Z Ap_q © ‘L'x> ,
X=—n
Zh=0o (exp Z Ap—o© rx> .
x=1
and define

0
~ . — —1 X /
6 = vagur?l}rfoo(ZnH) (exp E Ap_q¢°T ) -0

X=—n
n
— : +y—1 X
= vaguelim (Z) exp Ap_o°oT' |- 0.
n——+oo 1
=

Show that
16 =6 -expl[Ae — Agp — P® + P®].

[Part (b) is due to Sinai: see Gurevi¢ and Oseledec [1]. To prove
the existence and equality of the limits use Lemma 5.9(a). Clearly
16 = CexpAg—o - &, where C =lim, . Z,,,/Z, = lim(Z,)"/" =
exp(P® — P®") by Proposition 4.4.]
4. Let & € 3Y(Q, 1) where (Q, 1) is mixing, and o be the corresponding

Gibbs state. Prove the following.

(a) If0 < A € C(Q[1,m), then || (A e o1 m),z. lg < co (A °apy ;) for some
c independent of A, m.

(b) If 0 < A € C(Rq1,m) and 6 (A o opy ) > 0, then

S"M Aoy m,z.) _

o(Aca m)

< eafbn ,

1

with real a, b independent of A, m, and b > 0.
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(c) (Exponential decrease of correlations.) If 0 < A € € [_p+1,0; and 0 <
Bec [n+1,n4m]> then

l0(AB) — 0(A)o(B)| < e“ "o (A)o(B).
(d IfA e €001 and B € C(u41,400), then
|6(AB) — 0(A)a(B)| < e "o (|A])o(|B)).
(e) If b’ < min(b, 2|log y|), there exists a’ real such that, if A, B € 5V,
|o(A- (Bot) — o(A)a(B)| < e "M Al, 1B, .

For fixed 8 and M > 0 one can choose a’, b’ such that this formula holds for
all ® with || @y < M.

[(a) follows from the proof of Lemma 5.23, and one can choose c to be a
continuous function of || ®||4 for fixed 8. From (a) and Proposition 5.24 one
obtains (b), and one can choose a, b, to be continuous functions of ||®]|y (to
see this use analyticity with respect to ® € B,, where 6 < 6’ < 1, and the
fact that {® : ||®]ls < M} is compact in B,,). From (b) and exercise 3(a),
one obtains (c) and (d). To prove (e) write A = X A,, B = ¥ B, as in the
proof of Proposition 5.20.]

. Let (S, ) be mixing and o = o4 be the unique equilibrium state for A € 5.
IfBy,..., B € ffa, write

I

0
D'(By,....B)=——P|A i Bi
(B 1) PR <+,Zs )

Sp=-=5 =0

(a) D'(By) =0 (By).

(b) D*(By, By) = Zyez[o(By - (By°1%)) — 0(B1)o(By)].

(c) By — D?(By, B)) is a positive semi-definite quadratic form on 5 ¢. Its
kernelis {c + Cot — C : ¢ € R, C € 5%} and is thus independent of A.
There is R > 0 such that [D*(B;, B1)]"> < R||Bi|ls.

(d) For all p € R (mod 27),

>0 (B, - (Bi=) — 0(Bo(B)] > 0.

xeZ

[Using Exercise 4(e), it suffices to prove (b) when A, By, B, € ¢, for finite A. Going
over to a Z-isomorphic system (see the proof of Corollary 4.10(b)), one can assume
that

A=Acaq, B =Bcaqg, B,=DBr°qy,
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where A, By, By € €(2). Let U(&) = exp[A(&) + s B2(&)] and define the proba-
bility measure o, ; on [_, , such that o, ;{(§_,, ..., &,)} is proportional to

UG-nte e UE—ns1) < - 15,15, U(Ep).

Then the thermodynamic limit of o, ; is 01,5, by uniqueness of the Gibbs state.
One finds

d = - - -
7 n.s (B1 © oy [—n,n1) = Z [0, ((B1 © (0, [—n,m)) (B2 © @y [=n,m1))

X=-—n

- G)l.x(Bl °© a(O).[fn,n])Odn,s(BZ © a(x},[fn.n])]-

The expression in square brackets decreases exponentially with |x|, uniformly in n
(and in s for small s). Therefore

. d -
fim =0, (B1 ° o) (i) = D [0arsny(Br - (B2oT")

n—o00
xel

—0A458,(B1)0 458, (B2)];

hence

d )
—<Oars(B1) = Y _[0arsn,(By - (B2 7)) = 0oy (B0, (B)], *)
s xel

and (b) follows. That D*(B,, B;) > 0 follows from the convexity of P. In partic-
ular D*(B,, B,) = 0 implies D?*(B;, B,) = 0. By induction on [/, (*) permits the
calculation of D', and one checks that D*(B;, B;) =0 implies D'(B;,...,B)=0
for I > 2. Therefore d'o 45, (B2)/ds' vanishes for s = 0,/ > 1, and the function
§ > 0a4sp, (By), being real analytic, is constant. The determination of the kernel
of B, — D?(By, B)) follows then from Theorem 5.21. The estimate D*(B;, B,) <
R2(|| B |lp)? follows for instance from Exercise 4(e). To prove (d) notice that there is
V unitary in L?(R2, o) such that V1 = 1 and VB = B o . The expression considered
is then

S e By~ (1, B, V(B — (1, B,
xeZ

. Let (R, t) be a Z-lattice system.
(a) If A is complex continuous on €2, the radius of convergence of

o _m m—1
z
Ge(ze) =exp) = Y exp )y A(T%é)
=1 M £ CFixem =0

(or its inverse) is at least exp[— P (ReA)].
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(b) The functions A — ¢,(e?), A — ¢, (e*)~! are holomorphic in the “con-
vex tube” {A : P(ReA) < 0} of the Banach space of complex continuous
functions on £2.

. Let (€29, #) be mixing. There is a real continuous function R on .‘fg such that

(@) R(A) = exp[—P(ReA)].

(b) Ifds(z) = expl— Yo o Y cpixen €XP Yo A(T*€)], then the func-
tion (z, A) > d4(2) is analytic on

{(z, A) € C x 5& : |z] < R(A)}.

(c) If Aisreal, then R(A) > e~ and d4(-) has only one zeroin {z : |z| <
R(A), }. This zero is simple and located at exp[— P(A)].
[(c) follows from Theorem 5.29, with R continuous on §? and R > e~ ": let
5= logr' + P(A)
"~ log || —log8’

according to the proof one can take

e PP =1 /1QF if B <1,

R4) = :eP(A)/G if B> 1.

From Exercise 6, the function (z, A) > d(z) is holomorphic on {(z, A) €
C x 5% : |z < exp[—P(ReA)]}. If A € 5%, write A= B +iC, where B,
C € 5 9. We have bounds on the derivatives

d}’l

dz"
when ¢ is real (corresponding to Theorem 5.29), and when ¢ is not real

(corresponding to Exercise 6) as seen above. Using conformal mapping and
the formula

dp+1c(0) *)

1 2T )
o / log | f(re'®)|d6 > log | f(0)]
7T Jo

(Jensen’s theorem), we obtain new bounds on (*). Using these one can extend
R continuously from 57 to .‘fg so that (a) and (b) hold.]
. Let Q¢ = {0, 1}, define an interaction ® by

e if X is an interval and &, = 1 forall x € X,
dE|X]) =
1x1) { 0 otherwise;

and write

oo

W,=) (n—k+Dpi, C=) o
k=1

k=1
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Verify that

00 m—1
sz Z expz(; Ao(the) = —z% [log(l —z)+log(l — e )

m=1 EeFixtm k=l
z 00
E k ,—W, .
+10g (1 — : e k):| 5

k=1

and therefore

k=1

[The potential introduced here corresponds to the model of Fisher [1]; see
Gallavotti [2].]

. Let @ € 8%(Q, 1), where (2, 1) is mixing, and o be the corresponding
Gibbs state. Given A € 5 ¢ and a finite interval A C Z, let

ArE) = A7) TA@TE) — o(A)],

xeA

D= Z[O’(A -7¥A) — 6(A)’] = D*(A, A) > 0.

xeZ

Let y be the gaussian probability measure (1 /«/2nD)e”z/2Ddt on R if
D > 0, the unit mass §y at 0 if D = 0.
(a) For any integern > 0
2n)! D"
lim o (a2) = E0D i oAz o)

|A|l— 00 n! 27 |Al—o00

(b) (Central limit theorem.) When |A| — oo, the measure Ao tends
vaguely to y. In fact, if ¢ : R — R is continuous with at most poly-
nomial growth, (Axo)(¢) — v ().

(¢) More generally, let A = (Aq,...,A,): Q2 — R" with Ay,..., A, €
59 and write

ANE) = [A]T2 Y TTAGTE) — o (A)],

xeA
Dy =Y [0(A;i - T"A)) — 0(A)o(A))] = D*(Ai, A)).

xel

The matrix (D;;) is > 0. Suppose (for simplicity) that it has an inverse
(Ajj), and let y be the gaussian probability measure

1
Q2m) ™™/ (det(D;;))""/* exp (-5 Z A,,r,,) dty - - dty.
i,j
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Then, when |A| — oo, we have (Ax0)(p) — y(¢) for all continuous ¢ :
R™ — R with at most polynomial growth.

[Notice first that D = D*(A, A) > 0 by Exercise 5, and D = O only if A =
¢+ Cot — Cwithe € R, C €57, (a) follows from Exercise 4. Notice that
yay = SEDL =
n! 2
hence (Ap0), (¢) — y(¢) when ¢ is a polynomial; (b) results then from the
fact that y is uniquely determined by its moments. (c) can be easily obtained
using Wick’s theorem (see for instance Simon [1], Proposition 1.2).]



6

Extension of the thermodynamic formalism

In this chapter we present extensions of some of the results of previous chap-
ters to a more general situation. Proofs will only be sketched, but references
to the literature will be given (in the text or in the bibliographic note at the
end of the chapter). The extensions consist in replacing the configuration
space 2 by a more general compact metrizable space €2 on which Z" acts by
homeomorphisms.

6.1 Generalities

Let €2 be a non-empty compact metrizable space, and x — t* a representation
of Z" by homeomorphisms of €2 (z° is the identity and 75" = t¥17). We
denote by € the Banach algebra ¢ (£2) of real continuous functions on € with
the uniform norm. The probability measures on €2 (also called states) form a
convex compact metrizable subset of the weak dual ¢* of € (C* is the space
of real measures on {2; the topology of weak dual is the vague topology). The
set I of r-invariant states is convex compact; it is a Choquet simplex (see
Appendix A.5.5). The extremal points of I are the ergodic states and, since I
is a metrizable simplex, every o € I has a unique decomposition into ergodic
states: the ergodic decomposition (see Appendix A.5.6).

We shall make use of a metric d compatible with the topology of €2, but our
results will not depend on the special choice of d.

6.2 Expansiveness

The Z"-action T on §2 is called expansive if there exists & > 0 such that

d*E,t'n) <e forallx € 2% = (€ =1n).

101
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The number ¢ is then called an expansive constant (with respect to the metric
d). It is easily seen that the action t on €2 considered in Chapter 3 is expansive.

Suppose that 7 is expansive with expansive constant €. Given § > 0 there
exists L > 0 such that

d(t*€,t"n) < e whenever x| < L)
= (d& n) <9). (6.1)

[Proof: by compactness.]

6.3 Covers

A family 2 = (2(;) of subsets of € is a cover of Q if U;2A; = Q; it is a finite
cover if the index set is finite, an open (respectively Borel, measurable) cover
if the 2A; are open (respectively Borel, measurable). A partition is a cover (2;)
such that i # j implies A; N 2A; = @.

Let A = (2;),B = (*B;) be covers of 2. The cover 2 v ‘B consists of the
sets ; N B ;. This notation extends to any finite family of covers. The cover
%% consists of the sets T7*%;, and we write

AN = \/ T .

XEA
We also write

|2l] = number of indices i such that 2; # @;
diam 2 = sup diam ;,
1
where diam 2; is the diameter of 2(; with respect to the metric d.

If &l = (2;) is an open cover of the compact metrizable set €2, there is a
number § > 0 (Lebesgue number) such that, if diam X < §, then X C %; for
some i. [Proof: by compactness.]

Suppose that 7 is expansive with expansive constant &, and that diam 2 < e.
Then, given § > 0, there exists a finite A C Z" such that

diam A* < $. (6.2)

[This follows from (6.1).]
If 2 is a cover of 2 and B a subfamily of 2 which is again a cover of €2,
we say that ‘B is a subcover; obviously |B| < ||.
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6.4 Entropy
If o €I and 2l is a finite Borel partition of €2, let

H(o, %) =—) o@)logo(@;)

(where 0log0 = 0 as usual). Then the following exist:

1
he(o, ) = 1{1}& mH(a, AN

.1 A
= 12me(a, A™M). (6.3)

[Proof: Define 2 = (QO)ZV as in Chapter 3, with Q¢ = {2, }; thereistheno € [
such that H(o, A") = S(apo) for all finite A C Z"; one then applies Theo-
rem 3.10.] One checks readily that for any nonempty finite A C 2",

he(o, ) = he(o, AL). (6.4)
The (mean) entropy of o is

h(o) = h (o) =suph. (o, ).
2A

This is a real number > 0, or +o00. The entropy is an invariant of the abstract
dynamical system (€2, o, t) (the Kolmogorov-Sinai invariant for v = 1).

6.5 Proposition
Let o € 1, and U be a Borel partition of Q2.

(a) h. (o, ) tends to h(o) when diam A — 0. Therefore h. is affine on I.

(b) If T is expansive with expansive constant €, then h.(o,?2l) = h(o) when
diam® < . In particular, if T is expansive, h is upper semi-continuous
onl.

[The proof given by Bowen [6], Section 2A, for v = 1, extends readily. One
shows (see Exercise 1) first that

hi(o,2) —h.(o,B)< Ho,UAVB)— H(o,DB), (6.5)

and then that, given 2|, the (positive) right-hand side is arbitrarily small for
small diam B. This proves (a). When 7 is expansive, (6.2) and (6.4) show that
h.(o,2A) = h.(o) when diam 2 < ¢. Given p € I, one can choose 2 such that
diam 2 < ¢, and the boundaries of the elements 2(; of the partition 2 have
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p-measure 0; then the function o0 — H(o, %) is continuous at p for each A,
and therefore h.(-) = h.(-, ) is upper semi-continuous at p by (6.3).]

6.6 Pressure

Let 2l be any finite cover of Q2. Given A € € and a finite A C Z", we define a
partition function

Za(A ) = mm{ Zexp [sup ZA(t"{):|

§€B xen
: (°B,) is a subcover of A* }
We have
Zax(A, ) = Zx(A,2), (6.6)

and if A; N Ay = @, it is readily checked that
Zpun (A, ) < Zp (A, ) - Zp, (A ). (6.7)
We define
P(A,20) = lim |A(a)| ' 1ogZ pw) (A, 2A)
= il(}f [A(a)| " ogZ pw) (A, ). (6.8)

That the limit exists and is equal to the inf follows from the subadditivity of
a — logZ (A, 20) implied by (6.6), (6.7) (see Appendix A.1.4). We have

exp(—|Al - |Al) < ZA(A,2) < (™| exp [|A]D™. (6.9)

From the first inequality (6.9) we see that P(A, ) is finite. Using (6.7) and the
second inequality (6.9), we can compare Z, (A, 2) with the partition function
for a union of disjoint translates of A(a) contained in A. We find thus

lim sup —logZA(A 2A) = P(A, Q). (6.10)
A0 | |
For finite open covers 2 = (2;) of € the limit

P(A)=P(A)= lim P(A.2) (6.11)

diam A—0
exists, finite or +-o00. [Bowen [6], Proposition 2.8. The idea is that if B = (*B;)
is an open cover such that each B; is contained in some ;, then P(A, ) <
P(A,B) + 8, where § is the maximum of the oscillation of A on a set ;
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(i.e. 8§ = max; sup{|A(§) — A(n)| : &, n € 2A;}). This holds in particular if diam
B is a Lebesgue number for 2.] The limit P(A) defined by (6.11) is called the
(topological) pressure of A € C.

If we have a sequence (or net) of open covers 2 and, for each 2, a non-empty
finite set A C Z”, so that diam * — 0, then P(A, 2A) — P(A). [The proof is
similar to that of (6.11): if diam B* is a Lebesgue number for 2, then

Za@(A, ) < Zp@+a(A, B)exp[|A@)|s + (|A@) + Al — [A@DIIAI]

and therefore P(A,2) < P(A, B) + 6.] In particular, if t is expansive and
diam 2 an expansive constant, then P(A,2) = P(A).

6.7 Other definitions of the pressure

Let again A € € and 2 be a finite open cover of 2. We define a new partition
function

ZX)(A, ) = mm{ Zexp |: inf Z A(r“‘ﬁ):|

B; xeA

(%8 ) is a subcover of AN }

Then
Za(AW)
= z0a, 21)

)

where § is the maximum of the oscillation of A on a set of 2%, and one checks
that

1
P(A) = dlarlnngtll_)oh‘r/\n sup ﬁ1ogz“>(A )

1
= sup lim sup —logZB\l)(A, ).
A Ao Al

One can in this formula replace A by A(a) and A /0o by a — oco. One also
has

P(A)= lim liminf

(€Y]
diamA—o00 a—>o0 |A( )|10gZA(a)(A,Q[).

Let S be a finite subset of 2. We say that S is (A, €)-separated if §,m € S
and § # n imply

d(t*€,7°n) > ¢ forsome x € A.
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We say that S is (A, €)-spanning if for all n € €2 there exists £ € S such that
d(t*€,1"n) < ¢ forall x € A.
One can then define partition functions

ZE\Z)(A, g) = sup {Zexp Z A(TYE) : Sis (A, 8)—separated} ,

tes XEA
ZES)(A, &) = inf{z expz A(T*E) : Sis (A, s)-spanning} ;
£es xeA
and, fori =2, 3,
1 )
- e o)
111}\1/?015.13 Al logZ, (A, €)

increases as € decreases. One shows [Walters [1], Section 1] that

P(A) = hm lim supmlogz(l)(A )

= lim lim sup——1logZ") (A, ¢)
e=0 a0 |A( |
(see Exercise 2). One also has
P(A) = lim lim inf ——1Io gszu)(A g).

e>0 a—oo |A ( )|

If t is expansive, it is not necessary to let diam 2 — 0 or ¢ — 0 in the
formulae for the pressure (of this section and the preceding one). It suffices to
take for diam %l or ¢ an expansive constant. In particular

1
P(A) = lim ———1ogZx (A, 2
(A) a~>OO|A( ) 2Z A )

= lim logZ(l)a (A,2)
a=00 |A<a)| @

1
= lim ——1logZ%) (A,e), i=2,3.
a>oo [A(a)| - M@

Therefore the definition of the pressure given in Theorem 3.4 is a special case
of that given here.

6.8 Properties of the pressure

Either P(A) = +oo for all A € ¢, or P(A) is finite for all A € €. In the latter
case P is convex, and increasing [1.e. A < B implies P(A) < P(B)]on¢; P is
also continuous:

|P(A) — P(B)| < ||A — B,
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and, if € R,

P(A+Bet* —B+1)=P(A)+1 (t€R),
P(A + B) < P(A) + P(B),
|[P(A)| < P(JA]).

[For the easy proofs, see Walters [1], Theorem 2.1.]

6.9 The action t¢

Given integers ay, . .., a, > 0, write ax = (axy, ..., a,x,). A Z"-action t¢ is
defined by (t%)* = t*, and one checks easily that

he(o,A) = hpa (o, AL@), 6.12
@0 = ") o
1
P(A,A)= ——Pu Aot*, Y@ ) 6.13
( ) |A(a)| (x;\:(a) ! ) ( :
[Bowen [6], Lemma 2.9.]
6.10 Lemma

Let B be a finite open cover of 2, and A a finite subset of Z'. There exists a
Borel partition B » of Q2 such that

(a) each set of B, is contained in some set of B
(b) each & €Y is in the closure of at most |A| - |B| sets of Ba.

[Bowen [6], Lemma 2.12. The idea is as follows. A partition of unity sub-
ordinate to B gives a map « : 2 — A where A is a (|B| — 1)-dimensional
simplex. Let 8 = (@ °T*)cep : © > A®; one takes for B, the inverse image
by B of a suitable partition of the (|B| - |A| — | A|)-dimensional set A%.]

6.11 Lemma

If A is a Borel partition of Q2 such that each & € S is in the closure of at most
M members of A, then

h(o, %) + o(A) < P(A) + logM. (6.14)
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[Bowen [6], Lemma 2.11. Denote by Q(f\(i =1,2,...) the non-empty sets
in A%, and for each i choose & € A* such that

[ @Y ace <o@) Y awe,

i xeA xeA

Then

he(o, )+ o(A) < |A|7! [H(a, A+ o (ZA 0 z)}

xeA

< AT Z (AL) (—loga (A2) +ZA(rx$i))
XEA
< AT llogZepoA(r &).

xeA

Let B be a finite open cover of €2 such that each member of B intersects
at most M members of 2, and let B’ = (%;-) be a subcover of B*. For
each A" choose ', > §; this map AL — 2B/, is at most M to one; there-
fore

he(o, ) + o(A) < |A]™! 1ogZM'A‘ sup Y A(*€).
EE%/, XeEA

Taking the minimum over the subcovers (%’j) we have
he(o, %) + o(A) < logM + |A| 'logZA (A, B).

Taking A /0o, then diam B — 0, we obtain (6.14).]

6.12 Theorem (variational principle)
Forall A € ¢,

P(A) = suplh(o) + o(A)].

oel

This is the main general theorem on pressure. We give the outline of a proof
(assuming for simplicity P(A) finite). In part (a) we follow Bowen ([6], Section
2.B), in part (b) we follow Denker ([1], Theorem 2).

(a) Given A € G we have forall o € 1

h(o) + a(A) < P(A). (6.15)
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The idea is to eliminate the term logM in (6.14) by replacing the Z"-
action t by 7¢. Let 2 be a Borel partition of £2. By (6.12) we have

— 1 Ala) o
he(o, )+ o(A) = NG |:hra(cr,Ql )+ o (XEXAZ;)A T )]

Choose now ‘B 5 () according to Lemma 6.10 with any finite open covering
B with small diam B. According to (6.5), and Lemma 6.11 applied to
B A(a), the above expression is

1
S @l {h i %A(“))”( 2.0 )

xeA(a)

+ H(o ANy Barw) — H(o, %A<a)):|

S IA(a)| [ ( D AT >+log(|A(a)| - I%B))

xeA(a)

+ H(O', YA @ %A(a)) - H(a, %A(a)):| :

This first term is P(A) by (6.13); |A(a)| "' log(|A(a)| - |B]) tends to zero
when @ — o00; finally one has [see Exercise 1(a)]

1

[Aa)l

1

g [

[A(a)l
1

[A(a)l

[H(O', AL D %A(a)) — H(o, sBA(a))]

Z [H(o, (07" V Baw) — H(o, Baw)]

xeA(a)

> [H(o. %AV ' Brw) — H(o, 7' Baw)]

xeA(a)

and, since diam 7B 5,y < diam ‘B, this is arbitrarily small [see Exercise
1(b)].
(b) Given A € Cand ¢ > 0, there exists o € I such that
h(o) 4+ o(A) > P(A) — 3e. (6.16)
Choose a finite open cover ‘B such that
P(A,B) > P(A) —¢

and diam ‘B is so small that |A(§) — A(n)| < ¢ if £, n € B;. Now choose a
such that |A(a)| "' log(|A(a)| - |B]) < &, and choose 2 = B () according to



110 Extension of the thermodynamic formalism

Lemma 6.10. Writing €29 = {%;}, construct the spaces

Q= {(le;) € ()% : ﬂ closure T, # 0, ,

xez’

QF = {(g, A)N)exQ:€e ﬂ closure t’”Qlix} .
xez¥
Let p: Q" > Q, g : Q" — Q be the projections, and define B € C(2) by

B@;)= max sup Y A(r'¢).

J o CB) £€B; xeA(a)

Then

P(A) — P(A,B » Aot*, BA@
()8()|A()| (Z’ )

xeA(a)

< P(B) =
[Aa)] ) |Aa)]

where we have used Theorem 3.12 and o is a translation invariant probabil-
ity measure on 2. There exists (by the Hahn—Banach and Markov—Kakutani
theorems — see Appendix A.3.2 and A.3.4) a translation invariant probability
measure o* on Q* such thatgo* = 0. Let & = po*; then & is t“-invariant and

o(B) < & ( Z Aor") +|Aa)le,

xeA(a)
$(0) < hea(6) + log(|Aa)| - |B));

[s(o) + a(B)],

[estimate h.«(6) with the partition formed by the intersections of the closures
of the 2;]. Therefore

P(A) — ¢ IA( T [hru(a)Jr& ( Z Aor">j| + 26,

xeA(a)

or writing o = |A(a)|‘12x€,\(a)rx& el,

P(A) -3¢ < A )|h «(0) + 0(A) = he(o) + o(A).

6.13 Equilibrium states
Suppose that P is not +00. The set of equilibrium states for A € Cis by definition

I, = {0 e€l:h(o)+ o(A) = P(A)}.
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This set can be empty (see for instance Gurevi€ [1]. In particular, it need not
coincide with

I,={c€c:P(A+B)> P(A)+0o(B) forall Bec. (6.17)

The interesting case (next theorem) is when /. is upper semi-continuous on I.
This happens if 7 is expansive (Proposition 6.5(b)).

6.14 Theorem

Let h, be finite upper semi-continuous on I.

(a) I4 =1y # @; 14 is convex, compact, a Choquet simplex, and a face of I.
(b) The set

D = {A € €: I 4 consists of a single point}

is residual in C.
(c) Forallo € 1,

h(o) = inf[P(A) — o(A)].
AeC
As in the proof of Theorem 3.7, one sees that I'; is convex, compact, and
contained in I, and that
D’ = {A € ¢: I, consists of a single point}

is residual in €.

Since h, is upper semi-continuous, we have I 4 # @, and the proof of (c)
is the same as that of the corresponding statement of Theorem 3.12. The proof
of Theorem 3.12 also shows that I, = I',. Therefore D = D’ is residual in €,
proving (b).

Finally the proof that I 4 is a Choquet simplex and a face of I is the same as
that of Corollary 3.14.

6.15 Remark
Suppose that P(0) < +oo and that, forall o € I,

h(o) = inf[P(A) — o(A)]. (6.18)

Then & is upper semi-continuous, as the inf of continuous functions. By Theo-
rem 6.14(c), (6.18) is thus equivalent to the upper semi-continuity of /.
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Israel’s theorem (Appendix A.3.6) applies to the present situation, permitting
the approximation of invariant states by equilibrium states. In particular the
following analogs of Theorem 3.16 and Corollary 3.17 hold.

Let h, be finite and upper semi-continuous. Given A € ¢, o € I, and ¢ > 0,
there exist A’ € Cand o' € I 4 such that

o' —oll <e
and

1

A" — Al < S[P(A) = o(A) = he(0)].

The union of the I for A € G, i.e., the set of all equilibrium states, is dense in
I for the norm topology.
If p1, ..., p, are ergodic states, there is A € Csuch that py, ..., p, € I 4.

6.16 Commuting continuous maps

If, instead of a Z"-action t on €2, generated by v commuting homeomorphisms,
we are given v commuting continuous maps, we can extend most of the previous
results of this chapter. This is indicated in Section 6.18. We omit (for simplicity)
considerations of expansiveness.

7" is now defined only when x € Z"> ={xeZ:xy,...,x, > 0};itis thus
a Z"?-action. We indicate how to associate with it a Z"-action.

6.17 Extension to a Z"-action

First, let

Q = ﬂ Q. (6.19)

v
xeZy

The Z;-action 7 restricts to €', and ¥ : Q' — Q' is onto for all x € Z"}. We
construct now a compact metrizable space £ with Z"-action t and a continuous
map 7 : © — €, such that

T =

and w1 = t%m whena € Z%.
We let

Q= (&) e (@) 1%, =& ifa e Z, andx € ZL).
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This is compact metrizable as a closed subset of a countable product of compact
metrizable sets. We also let

(¢ =(my) with n, =1,

ifa,b e Z‘;. The consistency of this definition is easily checked, and yields a
Z'-action by homeomorphisms t* of Q. Finally we write

7(&x) = &o-

It is then clear that w7¢ = t%m when a € Z”}. One also verifies easily
that

Q=

If o is a t-invariant probability measure on €2, then supp o C £2'. By the
Hahn-Banach and Markov-Kakutani theorems* there is a probability measure
oonQsuchthat mo = o,and t*g = g forall x € Z‘;. Then t*o = o forall
x € 2’ (because the t* are homeomorphisms of 2). In fact o is unique because
the functions A e eo7*, with A € Cand x € Z", are dense in € (£2). Therefore
T : o > o is a bijection of the t-invariant states on 2 to the t-invariant states
on 2 (it is an affine homeomorphism).

6.18 Results for Z‘;-actions

As already mentioned, we omit all considerations of expansiveness. Apart from
that the definitions and results of Sections 6.1, 6.3, 6.4, 6.5 carry over to the
present case, with the following remarks.

(a) We define and consider 2(* only when A C Z”}.
(b) If o € I, let o be obtained by the construction of Section 6.17. Then

H(o, A% = H(g, 77'%") = H(g. (x~')"),
and the existence of the limit (6.3) follows:
h(o, ) = h(o, ©~'A).
For any finite A C Z, (6.4) gives
h(g, 7~'%) = h(g, (x~'A)").

* See Appendix A.3.2 and A.3.4.
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Since diam(7r~'0)* is arbitrarily small when diam 2 is sufficiently small and
A sufficiently large, Proposition 6.5(a) holds, and

h(o) = h(a). (6.20)

Concerning the definition of the pressure in Section 6.6, we note that (6.6)
need not hold for a Z‘;-action, but that we have

Zaix(AA) S Za(A W) for ACZY, xe€Zl

because T C 2. Therefore a +— log Z)(A,2) remains subadditive,
and (6.8), (6.10) hold. Furthermore

P(A, ) = lim |A(a)|"'l0gZ} (A, 2),

where

ZE(A, ) = lim Za, (A, ).

Let Z), (A, ) denote the partition function computed from the restriction of A
and 2 to 2’ (defined by (6.19)). We have

Z\ (A, ) = Za(Aom, ')
and
ZH (A, ) < ZE(A, ) < Z\ (A, el
where § is the maximum of the oscillation of A on a set ;. Also

lim P(Aew,w ') = P(Aom),
diam2(—0

because diam (7r~!R0)* is arbitrarily small when diam 2 is sufficiently small and
A sufficiently large (see end of Section 6.6). Therefore finally (6.11) holds with

P(A)= P(Aom). (6.21)

Sections 6.7, 6.8, 6.9 carry over to Z”}-actions without any problem. Lem-
mas 6.10 and 6.11 will not be needed (but carry over). Theorem 6.12 remains
correct because the case of a Z;-action reduces to that of a Z"-action by (6.20)
and (6.21). Finally, with the definitions of I 4, I, givenin Section 6.13, Theorem
6.14 and Remark 6.15 remain correct.
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6.19 Remark

If t* is a Z"-action on €2, and t the Z‘;—action obtained by restriction of 7*
to Z‘;, the t-invariant states coincide with the t*-invariant states, h, = h.«,
and P; = P;-. In fact the map 7 : Q > € introduced in Section 6.17 is a
homeomorphism.

6.20 Topological entropy

P.(0) is called the ropological entropy of the Z”}—action 7. From the various
definitions of Sections 6.6 and 6.7 one sees that the topological entropy gives a
measure of how mixing t is. We have for instance

P(0) = supinf |A(a)|’1 log (least cardinal of a subcover of QlA(“)).
Q‘ a

The variational principle becomes here

P(0) = sup h(o).

oel

If v>1and P;(0) > 0, it is easily seen that the topological entropy of the
Z. -action associated with each generator of 7 is +ooc.

6.21 Relative pressure

Let 2 and Q' be metrizable compact sets with Z% actions t and 7’ each gen-
erated by v continuous maps. We assume that the diagram

!

o' o

pob

o—' .0

is commutative, where 7 is continuous and onto 2. We denote by I (respectively
I') the set of t-invariant probability measures on 2 (respectively of t’-invariant
probability measures on £2).

Let A’ € ¢(2), £ € 2, and A be a finite subset of Z;.
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If 2 is a finite open cover of ', we write

ZA(A', €, 2) = min {Z exp |: sup Z A’(t”‘ﬁ’)]
J

£eB;NT1E xep

: (B)) is a subfamily of A™ which covers 7r_'£ },

and define ZE\I) similarly with infg replacing sup,..
If ¢ > 0 we write"

ZP(A € e) = sup [Z exp Z AT

£es xeA

S cw'¢and Sis (A, 5)-separated},

Z(3)(A’ = inf {Z exp Z A'(r™E)

£es x€eA
: S C Qand Sis (A, €)-spanning for w‘lﬁ}.

With this notation the following results hold.

6.22 Theorem!
(a) If o € 1, for o-almost all & the following limit exists:

P(A,¢) = lim limsup ——

——logZ A
diamA—0 400 |A( )| 0og A(a)( 5 Q[)

= lim limsup logZE\]()a)(A/, £

diamA—0 ;500 |A( )|

= lim lim sup ——logZ® (A, €, ¢)
=0 a—>oop | ( )l g A £
= lim lim sup long()a)(A’, ¢, ),

>0 400 |Ala)l

and it defines a measurable t-invariant function P(A’, -) on L.

* Other possible definitions would be to take S C !¢ maximal (A, &)-separated in Z®
(instead of sup) and § C 7w~ '€ in Z® (instead of § C €2).
T Ledrappier and Walters [1].
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(b) The following variational principle holds:

[Pagoae = s [h@mrow]. 62
o'el'mo'=0
where the relative entropy hy(o'|m) reduces to hy(o') — h (wo’) when
ht(wo') < +oo.
If o is ergodic one can of course assume that P(A’, £) is independent of
&, and write P(A’, o) instead.

6.23 Corollary

Let v = 1, F be a finite set, and M : € R" be a continuous function with
value in the F x F matrices with entries M jx > 0. The limit

1
Pe = lim —log | ME)M(TE)--- MO (6.23)

exists for o-almost all €. If we take Q' = Q x FZ and let 7 : Q' +— Q be the
canonical projection, we have P¢ = P(A’, §), where

A€, (o)rez) = logM (), »
and the formula (6.22) holds.

[For the existence of the limit (6.23) see Furstenberg and Kesten [1],
Oseledec [1].]

Notes

The notion of entropy is due to Kolmogorov and Sinai. It is now classical for
v = 1 (see Billingsley [1]). For v > 1, see Conze [1].

Much of the rest of the theory of this chapter is due to Walters [1]. He defined
topological pressure and proved the variational principle (Theorem 6.12) for
v =1 (actually for a continuous map); the extension to v > 1 was done by
Elsanousi [1].

Walters’s variational principle is a generalization of the variational principle
for lattice systems (Theorem 3.12). Walters was inspired in part by an inter-
mediate generalization (Ruelle [4], where the “pressure” is introduced), and in
part by the earlier work on topological entropy (see Section 6.20). Topological
entropy was first defined by Adler, Konheim, and McAndrew [1]; equivalent def-
initions were later given by Bowen [3]. Goodwyn [1] proved that P(0) > h(o)
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for all o € I. That P(0) is the supremum of the h(o) was shown by Dinaburg
[1] for finite-dimensional €2, and then by Goodman [1] in general. Technically
the idea contained in Lemma 6.10, and due to Goodwyn, played an essential
role.

In the presentation given here we have largely followed Bowen [6], except
for the simple proof of one half of Theorem 6.12, due to Denker [1]. Another
very simple proof of the whole theorem is due to Misiurewicz [1]. Theorem 6.14
in this setting appears to be new. In general, the reader is urged to consult Bowen
[6] for further details.

Exercises

1. [See Bowen [6], Lemma 2.2 and Lemma 2.3.]
(a) Let2l', 2", B be Borel partitions of 2. Show that

Ho, A vA'vVB)—H(o,A'VvB)— H(o,A"vB)+ H(o,B) <0.

[This is, in a new guise, the strong subadditivity of the entropy; see
Equation (3.22).] This can be rewritten
Ho, A vA"VvB)— H(o,B)
< H(o, A VvB)—H(o,B)+ H(o, A" vB)— H(o,B).

Therefore if 2, B are Borel partitions we have

H(o, A% — H(o,B") < H(o, A" v B2) — H(o, B")
< ) [H(o, (x 7% v BY) — H(o, BY)]
XEA
<D [H(o, (t7*0) v (r7*B)) — H(o. 7 *B)]
XEA
= [A|[H(o, 2V B) — H(o, B)].
From this (6.5) follows.
(b) Given %, o, and & > 0, show that one can choose § > 0 such that

H(o,AVvB)—- H(o,B) <¢

if diam B < §.

[Denote by A the symmetric difference: AAB = (AU B) \ (AN B).
One can choose o > 0 such that if the partition 2" has the same index
set as A and

oA AA) <« for all , *)



Exercises 119

then

H(o, AV A)— H(o,A) =) o@; NAlog @) Lo
k

ik
For diam 8 < § sufficiently small there exists a partition 2l coarser than
B (i.e. its sets are unions of sets of 2B) such that (*) holds; then

Ho,AVvB)—H(o,B)=Ho,AVvA vB)— H(o,A vB)
< He,AvA)—H(o,A) <¢].

2. We have defined Z, (Section 6.6), and Z'’ fori = 1,2, 3 (Section 6.7). Let
also
Zﬁ\z)/(A, g) = Z exp Z A(T*E),
£es XEA
where S is an arbitrarily chosen maximal (A, ¢)-separated set.
(a) Zf) < Zf)’ < ZS\Z) [a maximal (A, €)-separated set is (A, €)-spanning].
(b) ZP(A, diam2) < Z4(A, ).
© ZVA, 20 < 20(A, 8/2) if § is a Lebesgue number for 2.
(d) Prove the assertions of Section 6.7.
(e) Define P in terms of ZE\Z)/.
3. Let €2, ©* be compact metrizable with Z -actions 7 and t*. Let f : Q" —
2 be continuous and such that f o7*" = t¥o f.
(a) If o* is a t*-invariant probability measure on Q*, then h «(o™*) >
h.(fo*). If f is injective we have equality.
(b) If A is a real continuous function on €2 and f is surjective, then

Pr(A) < Peo(Ac f).
(c) If A is a real continuous function on 2 and f is injective, then
Pr(A) =2 Pr(A° f)

(P}(Ac° f)isthe pressure of A restricted to fQ2*). If the support of every
T-invariant measure is contained in fQ*, we have equality.

4. Suppose that Q@ = U, Q®, where the Q® are closed and r-stable (i.e.
Q@ c Q@ forall x € 2”2). Then P, (A) is the sup over « of the pressure
of A restricted to Q®. [Choose o € I such that P(A) < h(o) + o(A) + ¢,
and decompose o into measures with appropriate supports; cf. Walters [1],
Corollary 4.12(i).]

5. Let €, ©, be compact metrizable with Z; actions 71, 7o, and let ¥ =
T x iy on )y x Q. If A € €(Q)), Az € €(§2), and A(§. &) = A)) +
A(&,), then P.(A) = P (A1) + P, (A»). [Cf. Walters [1], Theorem 2.2(viii).
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Use the definition of P in terms of Z® to prove that P,(A) < Py, (A)) +
P,,(A»), and the variational principle to prove the reverse inequality.]
6. If P(0) < 400, then

{ocec*:0(Ad) < PA)forallAec)=1.

7. If P(0) < 400, let I, be defined by (6.17). Show that I 4 C I';, and that the
set D' = {A € ¢: I, is reduced to a point} is residual.

Show that I’, is equal to the set I’} of limits o of sequences o, such that
lim,,—, o[h(07) + 0,(A)] = P(A).

[Let 0 = lim o, where h(o,,) + ,(A) > P(A) — 1/n. Since P(A + B) >
hoy)+0,(A+B) > P(A)+0,(B)—1/nforall B €, wehave o € I,
andhence I’y C I',. Thereforeif A € D’,thenl’} = I',.Toshow thatI’, C I'},
use the fact that I, is contained in the closed convex hull of limits of o,,, where
o} =T o A, € D,and A, — A (Appendix A.3.7).]
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Statistical mechanics on Smale spaces

Part of the thermodynamic formalism can be extended to the case of a gen-
eral Z"-action by homeomorphisms of a compact metrizable space €2, as we
have seen in Chapter 6. We shall here extend the richer formalism of one-
dimensional systems, described in Chapter 5, to a certain class of Z-actions by
homeomorphisms of compact metric spaces. Such Z-actions have been met and
studied in the theory of axiom A diffeomorphisms by Smale [1]. We present
here an abstract version of the relevant part of this theory. For the proofs we
shall mostly refer to the publications on axiom A diffeomorphisms. These pub-
lications should also be consulted for motivation, particularly Smale [1] and
Bowen [6]. The main new assumption here is that of a local product structure.
The space €2 is “foliated” by “stable manifolds™ VI which contract exponen-
tially under iterates of f, and “unstable manifolds” V,~ which contract under
iterates of f~!'. If x and y are sufficiently close, V" and Vy determine a
point [x, y] € V" N V" and the local product structure is defined by the map
x,y — [x, y].

7.1 Smale spaces

Let €2 be a non-empty compact metric space with metric d. We assume that we
are given ¢ > 0 and [-, -] with the following property:
(SS1)

[]:{(x,y) e xQ:d(x,y)<e} > Q
is a continuous map such that [x,x] = x and
[[x, y], z] =[x, z], [x, [y, z]l] =[x, 2]

when the two sides of these relations are defined.

121
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Note that there exists €, > 0 such that any expression with nested square
brackets of points xi, . .., x, (in this order) is defined and equal to [x|, x,,] when
diam {x, ..., x,} < &,.

Let in particular d(x, y) < &4. If we write u = [y, x], v = [x, y], then

dlu,x) <e, d,x)<e, du,v)<e,
(7.1)
u=I[ux], v=I[x,v], [u,v]=y.

Conversely, if u, v satisfy these conditions, then u = [u, x] = [[u, v], x] =
[y, x] and similarly v = [x, y]. This implies that [, -] : V() x V;’(S) — Q
is a homeomorphism onto an open subset of 2, where we have defined
Vi@)={u:u=1[u,x] and d(x,u) <8}, (7.2)
V;’(S) ={v:v=|[x,v] and d(x,v) < d}, (7.3)
and chosen § such that d(x, u) < § and d(x, v) < § imply d(x, [u, v]) < &4.
If d(x, y) < &4, we obtain from (7.1), (7.2), (7.3)
{lx, Y} = V(&) NV, (o). (7.4)
Assume now given A € (0, 1) and f with the following property:

(SS2) f is a homeomorphism of € such that f[x,y] = [fx, fy] when both
sides are defined and

d(f"y, f'2)<A"d (y,z) if y,zeVI(©S), n>0,
d(f "y, f")<Ad (y,2) if y,zeV (), n>0.
Replacing possibly § by a smaller number, we have
VIS ={y:d(f"x, f'y) <8 foralln >0}, (7.5)
Vo) ={y:d(f"x, f"y)<é foralln > 0}. (7.6)

[Choose &' such that d(x, y) < & implies
d(x, [x,y]) < d,d(x, [y, x]) <.
We have the following implications of properties each valid for all n > 0:
d(f"x, f'y) <8 =d(f"x, f'ly,x]) <$

= [y, x] € V., .(06)

= d(x, [y, x]) < A"d(f"x, f"[x, y]D) < 1"8

= d(x, [y, x]) =0=y = [y, x], [x, yIl = [x, [x, y]] = [x, y].
Therefore

VIS D {y :d(f"x, f"y) < & forall n > 0}.

The converse inclusion follows from (SS2). We have thus proved (7.5) with §
replaced by the smaller number §’. The proof of (7.6) is analogous].
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We define a Smale space to be a compact metric space €2 with a map [, ]
and a homeomorphism f satisfying (SS1) and (SS2) for suitable ¢, A.

Notice that there is a natural duality which replaces f by f~!, [x, y] by
[y,x], VT by V—, etc.

7.2 Example

Let Q be the configuration space of a Z-lattice system (2o, ), and t the cor-
responding shift (see Chapter 5). Given A € (0, 1), we define a distance d on
Q by

dg,n) =1 (1.7)

if & = (Enez € L, 0 = Mpnez € R, and k = inf{|n| : &, # n,}.
Ifd(&, n) < 1, then & = ny and we can define

[5777]=(---,77—1,---’77—1750751»---151,~--)eQ~

It is then easy to check that the conditions of Section 7.1 are satisfied with
N=Q, f=1,e=8=1.

It is also readily seen that the Banach space ¢*(£2) of real Holder continuous
functions of exponent « is identical with the space 5 introduced in Section 5.19,
with 6 = A%/2.

7.3 Properties of Smale spaces

f 1is expansive (see Section 6.2) with expansive constant § if § is sufficiently
small [obvious from (7.5), (7.6), (7.4)]. More precisely, there is C > 0 such that
if d(ka, fky) < 6 for |k| < n, then d(x, y) < CA". [We can take C = max
(diam €2, 2¢/A). Using (SS2) we have indeed for n # 0

d(x, [x, D) < A" x £ Ry,
d(lx, y1,y) <A v1, 7)1

Let S be a finite or infinite interval* of Z, x = (x3)res € Q°, and o > 0. We
say that x is an «-pseudo-orbit if

d(fxi, Xp+1) < o whenever k,k+1¢€S.
We say that x € Q a-shadows x if
d(f*x,x) <a  forall ke S.

Given B > 0 there is « > 0 so that

* S is a finite interval [k, I] (see Section 5.17) or [k, +00), or (—o0, [], or Z.
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(a) every a-pseudo-orbit x is B-shadowed by a point x € Q,

) ifx e Qandd(f"x, x) < «a, then thereis y € Q with f"y = y and
d(f*x, f*y)y < B forall k>0, n].

[See Bowen [6], Proposition 3.6 and Corollary 3.7.]

The non-wandering set of (S, f),

er:UﬂUf"U;éQforeveryopen U>suxy¢,

n>0

is the closure of the set
{x € Q: f"x = x for some n > 0}
of periodic points.

This is Anosov’s closing lemma [see Bowen [6], 3.8.] Notice that the non-
wandering set is not empty (see Appendix A.2).

7.4 Smale’s “spectral decomposition”

The non-wandering set of (2, f) is the union of finitely many disjoint compact
sets Q%, with fQ¥ = Q% and f|Q%topologically + transitive.*

Each QY is the union of n, disjoint compact sets Q*F which are cyclically
permuted by f and such that f"« 1Q% is topologically mixing.

These properties determine uniquely the %, n,, and QP

[See Bowen [6], Theorem 3.5.] This extends part of Theorems 5.2 and 5.3
on Z-lattice systems. Notice that the non-wandering set of (€2, f) and the sets
Q% are again Smale spaces; Q2 is a Smale space with respect to f"«| Q.

The 2% are called basic sets. Any f-invariant measure on 2 has its support
in the non-wandering set. In particular, every f-ergodic probability measure
has its support in one of the basic sets.

7.5 Markov partitions and symbolic dynamics

Let § > 0 be sufficiently small and x € . Suppose that C C V7 (8) is the
closure of its interior in V,;7(28), and D C V" (8) the closure of its interior in

* See Appendix A.2 for the definition of topological + transitivity, transitivity, and mixing.
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VX+(28). Then R = [C, D] is the closure of its interior in €2, and is called a
rectangle. Its boundary is

R = 3TRUJ R,
where
d™R =[dC, D], 9 R =[C, D],

and 9C, 8D are the boundaries of C, D in V7 (28), V.1 (28) respectively.
A Markov partition is a finite cover (R;) of €2 by rectangles such that

(a) int R; NintR; = @ if i # j;
(b) ifx €int R; N f~'int R;, then
f[Civ-x] D [C]’ fx]’
flx, Di] C [fx, D;l,
where we have written R; = [C;, D;], R; = [C}, Dj].
A Smale space S has Markov partitions of arbitrarily small diameter.

[See Bowen [1]; or [6], Theorem 3.12.]
If (R;) is a Markov partition, we write

ot =|_Jo'R:, o= =[JoR.
One can then show that
fot cat, famcao.
Let ¢ be the set of rectangles R; in a Markov partition, and define
1 if intR; N f~lintR; # @,
IR,R; = .
J 0 otherwise.

The set Q2 (symbol set) and the matrix t (transition matrix) define a Z-lattice
system (€29, 7) (see Chapter 5), with configuration space 2 and shift 7. The
dynamical system (€2, t) constitutes the symbolic dynamics of the dynamical
system (€2, f). This terminology is justified by the following results, valid for
a Markov partition of sufficiently small diameter.

7.6 Theorem

If & = (80, € 2, then Nyc, f7"&, consists of a single point 7w (§). Further-
more
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(@) The map  : Q +— S is continuous onto.

(b) mot = fom.

(c) " is uniquely defined on the residual set @\ U,z f"(37 U 37).

(d) There is an integer d such that, for all x, 77 x has at most d elements.

(e) If fis topologically + transitive (respectively mixing), then (2, t) is tran-
sitive (respectively mixing).

For (a), (b), (¢), (e) see Bowen [1], Section 4; or [6], Theorem 3.18 and
Proposition 3.19. For (d) see Bowen [2], Proposition 10; one can in fact take
d = |Q|?> (R. Bowen, private communication).

7.7 Holder continuous functions

Part (a) of the above theorem can be made more precise. If the number A used
in (7.7) to define the metric on <2 is the same as appears in (SS2) for Q, then
7 is Lipshitz, i.e., there exists C > 0 such that

d(m§, ) < Cd(E, n). (7.8)

If £ £ n we have d(&, n) = A" for some n > 0, and &, = n; for |k| < n.
Assuming that the diameter of the Markov partition is < §, we have

d(f*ne, ffnn) <8 for |k| <n,
and therefore
d(mé, mn) < CA",

as noted in Section 7.3. From this (7.8) follows.

Since m is Lipshitz, if A € ¢*(£2), i.e., if A is a Holder continuous function
of exponent & on §2, then A o7 € ¢¥(Q) = 57 with § = A%/? (see Section 7.2).
This defines a bounded linear map ¢%(£2) > 5°.

7.8 Pressure and equilibrium states

The study of pressure and equilibrium states can be reduced to the same problem
for basic sets (see Section 7.4 and Exercises 3(c) and 4 of Chapter 6). We may
thus suppose that (€2, f) is topologically + transitive. Notice that

Pr(A) < P(Aom) (7.9)

(see Exercise 3(b) of Chapter 6).
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Suppose now that A € ¢¥(£2), with (2, f) topologically + transitive. Since
Aom € 59 with = A%/2, there is a unique t-invariant probability measure p
on 2 such that

he(p) + p(Aem) = Pr(Aom);

furthermore supp p = (see Corollary 5.6(a)). The sets 7! Nn>0
frot, w7 Ny>o "9 are closed the t-invariant. Their complements are not
empty, and thus have p-measure different from zero. Using ergodicity gives

0 (T[l ﬂ fn8+> =p (TCI ﬂ f}’la) — 0,
n>=0 n>=0
hence
p(a'o") = p(x™'97) = 0;

hence

neZ

0 <n—' ety a—)> =0.

In view of Theorem 7.6(c), w : (2, p) — (€2, 7wp)is an isomorphism of abstract
dynamical systems. In particular

hy(p) = h(p),
and therefore
P/(A) = h(mp) + (p)(A) = Py(A ).
Comparing with (7.9) shows that
Pr(A) = Pr(A°m) (7.10)

and that 7o is an equilibrium state for A.

If o is any equilibrium state for A, there exists a r-invariant state o such
that mo = o [use the Hahn—-Banach and Markov—Kakutani theorems, Ap-
pendix A.3.2 and A.3.4]. Then

Pr(Aem) = hi(0) +o(Aom)

2
2 hy(o) + a(A) = Pr(A)

[use Exercise 3(a) of Chapter 6]. Thus o is an equilibrium state for A o 7; hence
o =p.

Notice that (7.10) remains true for A € €(£2), because of the density of ¢*(£2)
in C(€2). We have thus proved the following result.
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7.9 Theorem
If (2, f) is topologically + transitive and A € C(S2), then
Ps(A) = Pr(Aom).

If A € ¢*(), there is a unique equilibrium state py = 1w p where p is the unique
equilibrium state for Ao . The map 7w : (2, p) — (S, pa) is an isomorphism
of abstract dynamical systems.

Here are a few consequences.

7.10 Corollary

Assume that (S2, f) is topologically + transitive.

(a) The function Py is real analytic on ¢*(£2).

(b) If A € c*(2), then supp ps = L.

(c) Let A, A’ € C*(2). Then ps = py4 if and only if there exist c € R and C
continuous such that

A—A=c+Cof—C.

c is unique, and C is unique up to an additive constant.
(d) IfA € () and (2, f) istopologically mixing, then (p4, f) is isomorphic
to a Bernoulli shift.

(a) follows from Corollary 5.27; (b) follows from Corollary 5.6(a); (c)
is proved like Theorem 5.7 (use (a) and see Exercise 2); (d) follows from
Theorem 5.10.

7.11 Remark

The function C in Corollary 7.10(c) is Holder continuous: C € ¢*(£2) when the
following condition is satisfied (see Exercises 2, 3).

(SS3) There is a constant L > 0 such that
d(x,[x,y]) < Ld(x, y).

This condition will be used only when explicitly stated. It is satisfied in the
example of Section 7.2.
Here are other consequences of Theorem 7.9.
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7.12 Corollary

We assume that (S2, f) is topologically mixing. Let o € (0, 1) be fixed, and
define
!

0
D'(By,....,.B)=——P| A i Bi
(B 1) 351 35, <+Xi:s )

for A, By, ..., B; € ¢*(Q). In particular DY(B) = pa(By).

[p—|

(a) Given M > Q there exist a, b > 0 such that
[paA(B1 - (B2o ) — pa(BDpa(B)| < ¢ "M|IBi 4| Bll

whenever || Alle < M(|| || denotes the norm in €% (2)).

(b) D*(By, By) = Y [pa(By - (B2° f5)) — pa(B)pa(B)].
keZ

(c) By — D*(By, By) is a positive semi-definite quadratic form on C*().
If (8S3) holds, its kernel is {c+ Co f —C :c € R, C € C*(Q)}. There is
R > 0 such that

[D*(By, BDI'? < R|B |-
(d) Forall p € R (mod2r),

S e pa(By - By £4) — pa(Bpa(BY] > 0.
keZ

(e) (Central limit theorem.*) Define

Ba =|A[7? ) [Bio f — o (B,

keA

where A is a finite interval of Z. Let y be the gaussian probability measure
(I/N/ZJTD)e”Z/zD dt on R if D = D*(By, By) > 0, the unit mass 8 at 0 if
D,(By, By) = 0. When |A| — oo, the measure Bxo tends vaguely to y.

All this is a translation of Exercises 4(e), 5, and 9 of Chapter 5.

7.13 Corollary

Let (2, f) be topologically + transitive and A, B € C*(Q2). Write

b—1
Z[a,b] = PA (expz B Ofk) .

k=a

* See Ratner [1]; this result can be improved and generalized following Exercise 9 of Chapter 5.
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Then

li
(a) b—jI—I}oo —a

IOg Z[u,b] = P(A + B) - P(A)
b=1
(b) Z[_a}b](exp 3" Bo f*). py tends to payp in the vague topology when a —
k=a
—00,b — 4o00.
See Proposition 4.4 and Remark 4.5 for the mixing situation. The + transitive
case follows readily.

7.14 Equilibrium states for A not Holder continuous

In this section we describe a result valid for dynamical systems somewhat more
general than Smale spaces.

Let €2 again be a general compact metrizable space, and f: Q2+ Q a
homeomorphism. Choose a metric d on §2. We say that f satisfies specification
if, for each 6 > 0, there is p(§) > 0 such that the following holds:

if A1, ..., A, are finite intervals of Z contained in [a, b], with d(A;, Aj) >

p(8) wheni # j, and x1, ..., x, € S, then there is x € Q such that
fb—cl+p(6)x =x,

and

d(f*x, fkx) <8 for ke A;.

Let A be a real continuous function on £2. We introduce the condition
(S) There exist § >0 and K >0 such that if d(f*x, f*yv) <8 for k =
0,1,...,n, then

DA =Y A Y| < K.
k=0 k=0
With this terminology, Bowen [5] has obtained the following uniqueness
criterion:

Ifthe homeomorphism f : Q2 — S is expansive and satisfies specification, and
if A € C(QQ) satisfies condition (S), then A has a unique equilibrium state.

In the case of Smale spaces, mixing implies specification, as can be seen using
symbolic dynamics (Theorem 7.6(e)). We have thus the following corollary:

If (2, f)is a topologically + transitive Smale space, and if A € € (Q2) satisfies
condition (S), then A has a unique equilibrium state.
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[The topologically + transitive case reduces to the mixing case.]
For any A € ¢ (£2), define

var, s A = sup{|A(y) — A(x)| : d(f*x, f*y) < 8 for |k| < n).

Suppose that > - var, sA < +00; then A satisfies condition (S) with k =
23" ,var, sA. For Smale spaces this holds in particular if A is Holder con-
tinuous [because d(x, y) < CA" when d(f*x, f*y) < 8 for |k| < n; see Sec-
tion 7.3].

In the special case of a Z-lattice system (see Example 7.2), A¢ satisfies (S)
when @ € B,.

7.15 Conjugate points and conjugating homeomorphisms
Let again €2 be a general Smale space. We say that x, y € €2 are conjugate if

lim d(f*x, f*y)=o0.

|k|— 00

One can thus find n > 0 such that
[y eV @), [Ty eV, (6

and for z in some neighborhood O of x one can define

oz =[f"Lf "z, x), ") £ Ly, T 2
¢ is such that px = y and

(a) ¢ is continuous in O,
(b) limy— o0 d(f¥z, f*@z) = O uniformly in z.

We express (a), (b) by saying that (O, ¢) is a conjugating map. Let (O’, ¢')
be another conjugating map suchthaty € O’, ¢’y = x.Then (0 N ¢~ 0’, ¢'p)
is a conjugating map, and it follows from (a), (b) that ¢’y is the identity in some
neighborhood of x. One can thus replace O by a smaller open neighborhood of
x such that ¢ is a homeomorphism. We say then that (O, ¢) is a conjugating
homeomorphism.

The following facts are now clear.

If x, y are conjugate, there is a conjugating homeomorphism (O, ¢) such that
x € 0,9x =y. Let (0, 9), (0, ¢) be conjugating homeomorphisms. If O N
0 10" # @, then (O N~ 0, ¢'p) is a conjugating homeomorphism. If x €
O N O and px = ¢'x, then ¢ = ¢’ on a neighborhood of x.
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7.16 Proposition

(a) If x is non-wandering and y is conjugate to x, then y is non-wandering.
(b) If x € Q% then Q°° is the closure of the set of points conjugate to x.

To prove (a) we may assume that x is periodic [because of the existence
of conjugating homeomorphisms (Section 7.15) and Anosov’s closing lemma
(Section 7.3)]. Let x have period p, and O be a neighborhood of y. By (7.4)
one can choose 84 so small that

VEENV, (8)#D
if d(u, v) < 4. We take an arbitrary large m > 0 such that

d(f™y,x) < 84/2, d(f™™y, x) < 84/2,
and, using (SS2),
vy,

m +
ey (8) C O, f PV y((S) C 0.

fmp
Then

f"ONfT"O0 DV )NV, 6) # O,

proving (a).

The sets 2% have mutual distances > 0, and are invariant under fN for
suitable N > 0. Therefore if y is conjugate to x € Q% then y € Q% because
limy oo d(f*Nx, f¥Ny) = 0. To prove (b) it suffices to show that the set of
points conjugate to x is dense in Q. The points x, y € Q% are conjugate if
and only if lim, oo d(f*"x, f¥ey) = 0, i.e., if and only if they are conjugate
for (%, f=). All we have to prove is thus that the points conjugate to x are
dense in €2 when f is topologically mixing. It suffices to show that if & = x,
the points conjugate to £ are dense in 2: this is the property (D*) of Remark 1.14
and it holds because ({2, ) is mixing (Theorem 7.6(e)).

7.17 Theorem

Let (X2, f) be topologically + transitive, and py be the f-invariant probability
measure which realizes the maximum of the entropy (Bowen measure).

(a) Foreachx € S there are positive measures o~ on V. (8) and ot on V;’ ()]
such that the image of 6~ x o© by [-, ] : V() x VX+(8) — Q is the re-
striction of poy to [V, (8), V.F(8)].

(b) If (O, @) is a conjugating homeomorphism, the image by ¢ of py restricted
to O is py restricted to ¢ O:

0(polO) = poleO.
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(a) is proved by Sinai [1], and by Ruelle and Sullivan [1], Theorem 1. It
corresponds to the fact that py = 7 pp, where (pg, T) is a mixing Markov process
when (€2, f) is topologically mixing (Parry’s theorem: Parry [1]).

In proving (b) we may assume that O is a small neighborhood of x, use (a),
and check that the factorizations of py near x and ¢x correspond by the natural
maps V= — V1.

7.18 Gibbs states

Let A € c¥(2). If (O, ) is a conjugating homeomorphism define g : O — R
by

o0
g =exp Y [A(ff92) — A(f“2).
k=—o00
Since d(f*z, f¥¢z) tends to zero in a uniform exponential way, the function g
is continuous. One can say that a probability measure o on €2 is a Gibbs state
for Aif

plg-(0|0)] =0olpO

for all conjugating homeomorphisms (O, ¢). This formula expresses that the
image by ¢ of the restriction of o to O multiplied by g is o restricted to ¢ O.

If o is an equilibrium state for A, then it is a Gibbs state for A. [Since o
is f-invariant, its support is in the non-wandering set (Section 7.4). We also
know that a point conjugate to a point in a basic set is in the same basic set
(Proposition 7.16(b)). Therefore it suffices to prove the statement when (€2, f)
is topologically + transitive. The statement holds for A = 0 (Theorem 7.17(b))
and therefore for all A € ¢*(£2) by Corollary 7.13(b).]

7.19 Periodic points

Let Fix ' denote the set of fixed points under a map F. If A is a continuous real
function on €2, and n an integer > 0, we define a partition function

n—1
ZiA)= ) exp) A(fin).

x€eFix fn k=0
Since f is expansive with expansive constant § (Section 7.3), Fix f" is
([1, nl, §)-separated.
Let (€2, f) be topologically mixing. Given « > 0 one can find m such that
if x, y € €, there is z such that

d(y,z) <a, dx, f"z) < a.
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[Let € be covered by finitely many balls of radius «/2 centered at periodic
points y;. All y; are in Fix f" for some N > 0. Since U,>0 /™" V, (a/2) is
dense in €2 (Proposition 7.16(b)), there exists n such that every x €Qis at
distance < o from f™V V.. (a/2) for each i.] In view of the statements (a) and
(b) of Section 7.3, one can thus choose m such thatif n > m and x € € there is
x’ € Fix f" such that d(f*x, f*x’) < & for all k € [1,n — m]. In other words
Fix f™ is ([1, n — m], §)-spanning.

Since Fix f” is ([1, n], §])-separated and ([1, n — m], §)-spanning when f
is mixing, it follows from Section 6.7 that

P(A) = lim — log Z epoA(f X)
e xeFix f?

if A € €. Without the mixing assumption it follows from Smale’s spectral de-
composition that

n—1
P(A):limsupllog Z epoA(ka). (7.11)

n—>oo M FEm k=0

7.20 Theorem
Let (2, f) be topologically mixing.
(a) The functions P, on C = C(§2) defined by
P,(A) = log Z expz A(f X)
xeFix

tend pointwise to P when n — 0o0.
(b) Define an f-invariant probability measure o, with support in Fix f" by

n—1
exp > A(f*y)

k=0

n—1
> exp ;;o A(f*x)

xeFix

o.{y} =

when y € Fix f. If there is a unique equilibrium state pa for A, then o,
tends to p4 in the vague topology when n — oo. This is in particular the
case if A is Holder continuous, or satifies conditions (S) of Section 7.14.

(a) was proven above. Since we have

d d
—Py(A+5B)| = o0o(B), —P(A+5B) = pa(B),
ds 5=0 ds

(b) follows from (a) and the convexity of the P,.
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7.21 Study of periodic points by symbolic dynamics

Periodic points for f can be studied by symbolic dynamics. In fact & € Q is
periodic if and only if T& is periodic (not necessarily of the same period): this
is an immediate corollary of Theorem 7.6(d). It is also known that if 7& = 7 n
is periodic and &y = no, then & = n [Bowen [2], Proposition 12].

7.22 Proposition

There are finitely many Z-lattice systems (2;, t;) corresponding to shifts T
acting on spaces ;, and there are continuous maps 7; : 2; — 2 and numbers
s; = x1 such that the following hold.

(a) m; is Lipshitz, and m;v; = fy,.

(b) There is one value, say 1, of the index i, such that sy = +1, and t,, 21, m;
are the shift, space, and map t, 2, w associated with a Markov partition.

(c) Ifi # 1, then m;Q2; # 2.

(d) Foreach x € 2,

card[{x} N Fix f"] = Y _ sicard[7; ' {x} N Fix r/"].

The shifts t; are explicitly constructed by Manning [1] so that (d) holds; (a),
(b), (c) follow from the construction (see Section 7.7 for (a)).

7.23 Zeta functions

Consider the formal power series

(@) =gy =exp ) [Fix f"| =
n=1

Because of the above proposition
(o] n Si
. a2
t(z) = 1_[ |:expz |F1x 7! |;j| .
i n=I1
One checks readily that
|Fix /'] = tref';

and therefore

¢(z) = [ Jlexptr(—log(1 — z£;))]"

= [ Trdetd — zp1—,
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proving that ¢ has non-vanishing convergence radius, and that it extends to a
rational function of z.
More generally, if A € €, define

et oS T e

n=1 xe Fix fn k

n—1

A(f*x)
=0

oo n
b4
= exp E Z, (A);.

n=1

If A = 0 this reduces to the previous ¢-function. In general the series
00 "
> Zu(A)=
n=1 n

converges for |z| < e~ "4 because of (7.11). Therefore 7 +> ’r (ze?)is analytic
and does not vanish when |z| < e~ @,

Notice that ¢ s (ze?) is the product, over the basic sets 2% of Smale’s spectral
decomposition, of the functions

m=0

ng—1
Eflae (2¢™MY) = L pngjun (Zna exp ) A fmmaﬂ),

so that it is possible to restrict attention to the case where (€2, f) is topologically
mixing.
By Proposition 7.22 we have then

n—1

o8 Zn
§f(zeA)=epol;ZSi > P OA(f"mE)
n= i & eFixt/ =

si

00 n n—1
= l_[ expz% Z epoAon,-(riké)
i =0

n=1 "" geFixc"

- H[cn (ze TP

As noticed above, the factor

[£r (ze™ )]

is analytic and non-zero when |z| < e~ P4 %),

By Theorem 7.9, P(Acom) = P(A). If i # 1, we have (using Theorem
7.6(d))

Zy(Aom) < d - Zy(Almi ),
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and P(Aom;) < P(A|m;Q2;). Since 7; Q2; is aclosed f-invariant subset of €2 and
7;2; # Q (Proposition 7.22(c)), it follows that P(A|m;2) < P(A) (Corollary
7.10(b)).

7.24 Theorem

Let (2, f) be topologically mixing and A € ¢*(S2). There is R(A) >
exp[—P(A)] such that 7 — ¢(ze?) is meromorphic, without zero, and with
only one pole in the disk {z : |z] < R(A)}. The pole is simple and located at
exp[—P(A)].

It remains to prove this for ¢;(ze# ° ™) instead of ¢ f (ze™), and this has been
done in Theorem 5.29.

Notice that for a general Smale space 2, and A € C“(S2), there is R(A) >
exp[— P(A)] such that z > ¢(ze?) is meromorphic in the disk {z : |z| < R(a)},
without zero, with poles located at e~ "™ times a root of unity.

Notice also that z — ¢(ze?) does not in general extend to a meromorphic
function in C (see Remark 5.30).

7.25 Corollary

Let (2, f) be topologically mixing.

(a) If A € ¢*(2), the series

> >
Zn (A)Zn _ enP(A)Zn
n=1 n=1

converges for |z| < R(A); therefore
Z,(A)e™PW

tends to zero exponentially fast when n — 00.

(This improves part (a) of Theorem 7.20 when A € ¢*(£2).)

(b) The rational function extending z — ¢(z) to C has a simple pole at e *©,

where P(0) is the topological entropy, and every other pole or zero has an
absolute value strictly larger than e~ *©,
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7.26 Expanding maps

Let €2 be a compact metric space, with metric d, and f a continuous map of €2
onto itself*. We say that f is expanding if there exist e > O and A € (0, 1) such
that the following property holds:

(E)Ifd(fx,y") < 2¢, there exists a unique y such that fy =y and d(x, y) <
2¢. Furthermore

d(x,y) < Ad(fx, fy).
(E) implies that
d(fx, fy)=2""d(x, y)

whenever d(x, y) < 2Xe.
We define a map

y {x,y) e QxQ:d(fx,y) <e}— Q
by the conditions
fre,y)=y,  dx yx ) <2e
In view of (E) this defines y uniquely and we have
d(x, y(x,y)) < 2d(fx,y).

Furthermore y is continuous. [Let(x,y’) = (xp,y;) and y(x,y") =
¥, v(xo, ¥p) = Yo. We have

d(yo, ¥) < d(yo, x0) + d(xo, x) +d(x,y) < 2Ae

because d(yo, xo) + d(x,y) < Ad(fxo, ¥,) + rd(fx,y") < 2xre and d(xo, x)
is arbitrarily small. Therefore (E) gives d(yo, y) < Ad(y;, ¥') — 0.] In partic-
ular, f is a local homeomorphism (and therefore an open map).

We let

Q= {(x,l)nez< :x, € Q and fx,_; = x, for all n},
f) = (fx0), £ (x0) = (1),

(x,) = Xo.

This agrees with the definitions of €2, r, 7 in Section 6.17. 2 is a compact

* If f is not onto, replace Q2 by N, >0 f"$2.
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metric space with respect to the metric
d((xp), (Yu)) = sup )\ln‘d(xn, Yn)-
n<0

f is ahomeomorphism of €2 such that f7r = 7f, and 7 is a continuous and open
map of £ onto 2.

If d((xn), (yn)) < &, define (z,) = [(xn), (ya)] bY 20 = xo and d(zu, ya) < €
for all n. Equivalently,

20 = Xo, Zn—1 =Y (Yn-1, Zn)-

The map [, -] is continuous because y is, and it is readily seen that (SS1)
holds; (SS2) holds also (with § = ¢). Finally condition (SS3) of Section 7.11
is satisfied:

d((yn), [(x), (y)]) = d(x0, y0) < d((xn), (Yn));

and we have also
dE ), £ ) < A7), () (7.12)

The space 2 (with map [-, -] and homeomorphism f) is thus a Smale space
canonically associated with the expanding map f.

7.27 Remarks

(a) Since the construction of €2, f, 7 is the same as that performed in Section
6.17, 7 induces a bijection o + o of the f-invariant states on {2 to the
f-invariant states on €2 such that i(o) = h(o). If A € A(2) we also have
P(Aom) = P(A) (Section 6.18).

(b) 7 is a bijection of Fix f” to Fix f” [the proof is immediate].

(c) 7 is a contraction. Therefore if A is Holder continuous on 2, then A o 7 is
Holder continuous on £2.

(d) f is topologically + transitive (respectively, mixing) if and only if f is.
[f is topologically + transitive if and only if, given non-empty open sets
U,VCQ,p,q>0,and N > 0, there exists n > N such that

(@' U)NETV) £ 0,
or if there exists n > N 4+ p — ¢ such that
(m'H)NE"7m'V) £ G;
but £V = (@) 'V = (f"n)"'V =77 (f") v, so that the
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condition becomes
@) N @ TV # O,
or
UN(fMH '@ or f'UNV #£0.

The mixing case is analogous.]

7.28 Results for expanding maps

In view of the above remarks, the theory of the pressure and of equilibrium
states for a Smale space extends to the situation where an expanding map is
given. In particular, if f is topologically + transitive and A € ¢*(£2), there is a
unique equilibrium state py4, i.e. a unique f-invariant state which makes

h(p) + p(A)

equal to its maximum P(A). Similarly, the reader may check that most results
mentioned in Corollaries 7.10, 7.12, 7.13 apply here directly or with simple
modifications.

Using Remark 7.27(b) on periodic points, it is seen that Theorems 7.20, 7.24,
and Corollary 7.25 remain true in the present case.

Further results are obtained by using a Markov partition of €2.

7.29 Markov partitions

Let (R;) be a Markov partition of 2. Each R; is of the form [C;, D;] where
C; is the closure of its interior in Ve (8) for some x;. Each set wC; C € has
thus dense interior. We define sets S; C €2 to be the closures of the minimal
non-empty intersections of the sets 7 int C;. Therefore the S; are closed and
non-empty, they have dense interior, and they cover 2. Furthermore

(@ intS; Nint S; =@ if i # j;
(b) each fS; is a union of sets ;.

We call such a family (S;) a Markov partition* for the expanding map f.

* Markov partitions for expanding maps can also be obtained directly by a simplification of the
construction of Markov partitions for Smale spaces; cf. Bowen [1].
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(m~'S;) is formally a Markov partition of €2 (the sets v~ S; do not have small
diameter, but we may assume that for some N > 0, (¥ w~1S;) is a true Markov
partition of £2). Therefore there is a symbolic dynamics. More precisely, let 2
be the set of S;, and write

1 if intS; N f"intSi + @,
Iss, = . ‘
g 0 otherwise.

We define Q2 as in Section 5.8, and the one-sided shift T : Q3 — Q> by
Z(&)n>0 = (§441)n>0- This one-sided shift is related in obvious manner to the
shift T on €.

7.30 Theorem

If€ = (&)nx0 € Qx, then Ny >0 f ", consists of a single point 7w (§). Further-
more

(a) The map m : Q> +— S is continuous onto.

b)) meT = fom.

(c) 7~ is uniquely defined on the residual set Q\ U,>of "0, where 3 =
U,»(S,-\int Sl)

(d) There is an integer d such that, for all x, 77 x has at most d elements.

(e) If f is topologically + transitive (respectively mixing), then the shift T is
transitive (respectively, mixing).

Everything follows readily from Theorem 7.6, using Remark 7.27(d) for (e).

7.31 Applications

Let f be an expanding map of €2, and A a real continuous function. A map
L4 :€(2) > ) is defined by

(LaB)x) = Y "V B(y),
y:fy=x

Let D C €2 be the residual set of points for which 7! is uniquely defined. If
& € D, we have

(EaB)YwE) = Y e TWBon()

n:in=£

= (£(°m))(E),

where £ is an operator on €(£23) of the type defined in Section 5.11. One can
apply or adapt the arguments of Chapter 5 to the present situation.
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We consider an example. If f is topologically mixing and A € ¢*(S2), there
exist A € ¢*(Q2) and a probability measure o such that

suppo = 2
and

lim "™ B = o(B)- A

uniformly on Q for each B € C(£2).
[The limit is uniform on D by Proposition 5.16, and hence on €2 by the
density of D. Suppose that |C(x") — C(x)| < cd(x, x")* ford(x, x') < 2¢; then

exp[A(y") + C(Y)]
(L4€C)(x") y’:%’;w

(L4)(x) fZ exp[A(y) + C(y)]
yify=x

< expla(d(x, x)* + c(Ad(x, x))*],

so that |A(x) — A(x")| < a@d(x, x')*, where @ = ar*(1 — 1%)~1.]
As another example suppose that the map f has a jacobian e” with respect
to a probability measure p on €2. This means that when B € ¢(£2),

[f(B - p)l(dx) = [ > e/“”B(y)} - p(dx).

y:fy=x
Then
f'(B-p) = (L4B) - p.
In particular if f is topologically mixing and A € ¢%(£2) as above, then P(A) =
Oand f"p > A p, the convergence being in norm and exponentially fast [see
Exercise 4(b) of Chapter 5]. In particular, A p is f-invariant and equivalent
to p.

The above argument often permits us to show that g"o has a limit when o
is a measure on a compact set A but g : A — A does not satisfy our condition
(E). It suffices to find a surjective map w : £ — A and f expanding such that
we f = gow and o~ ! is uniquely defined o -almost everywhere.

Suppose for instance that A = U!_; A; and that for each i there is a set /(i)
and a continuous map g; : A; > Ui A ; with the following properties:

(@) U; 1) ={1,...,n}
(b) The A; are closed and o(A; NA;) =0ifi # j.
(c) The maps g; are bijective and

d(x,y) < Ad(fx, fy).
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(d) Thereis A; € €*(A;) such that
gi(a|A)(dx) = exp[A; o g7 'x] - (0] Ujery Aj)(dx).

Letg : A — A haverestriction g; to A; (g need not be well defined on A; N
Ajfori # j). Then g"o hasalimitequivalent to 0 whenn — oo. To see this let
2 be the set of sequences (x,, i,) withn > 0 such that x,, € A;,, in41 € 1(iy),
and x,41 = &, Xn. Let f(xp, in) = (Xnt1, Ing1), 0(Xy, 1) = Xo. Then wo f =
g °w, and if we define

d((xnv in), (ym ]n)) = sup )‘n[d(xn’ yn) + 2e(1 — 5injn)]

the condition (E) is satisfied. Let p = w~ !0 and A(x,, i,) = A;,(xi,). Then
A € %(Q) and the map f has jacobian e with respect to p.

Notes

Axiom A diffeomorphisms have been introduced by Smale [1], and his paper is
still the best introduction to the subject. Smale’s definition extends the earlier
notion of Anosov diffeomorphism (see Anosov [1]). The idea of an “abstract”
study of axiom A diffeomorphisms restricted to the non-wandering set (or to
a hyperbolic set) is present in Bowen [1] (cf. the “Fact 1” used in that paper).
Our study is based on axioms (SS1), (SS2), and we use the term Smale space
for a dynamical system with these properties. The results obtained here apply
to axiom A, and in particular to Anosov diffeomorphisms.

A basic tool is the existence of Markov partitions, and of symbolic dynam-
ics, first proved by Sinai [1], [2] for Anosov diffeomorphisms. This proof was
improved and extended to axiom A diffeomorphisms by Bowen [1]. Sinai [4]
realized that, using symbolic dynamics, the methods of statistical mechanics
permit the study of invariant measures on a manifold with an Anosov dif-
feomorphism. This idea extends again to axiom A diffeomorphisms (Ruelle
[5], Bowen and Ruelle [1]). The present exposition follows Sinai’s ideas, and
Bowen’s monograph [6], with addition of some new facts.

The theory of Gibbs state presented in Sections 7.15 to 7.18 corresponds to
a general definition of Gibbs states given by Capocaccia [1].

The study of periodic points in Sections 7.19 to 7.25 follows Bowen [2] and
Manning [1]. Theorem 7.24 was announced in Ruelle [6].

The theory of expanding maps developed in Sections 7.26 to 7.31 is
an application of the theory of Smale spaces. It is more general (and thus
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less rich) than the theory of expanding diffeomorphisms given by Shub
[1] and Hirsch [1]. The study of the iterates of £4 in Section 7.31 is an
extension of the Perron—Frobenius theorem, as was Proposition 5.16. For
other developments see Walters [3], [4], and in another direction Lasota and
Yorke [1].

Exercises

1. Prove that a Smale space has finite Hausdorff dimension.*
[Let § be as in Section 7.3, and cover 2 with a finite number N of sets
with diameters < 8. For any n > 0, 2 is covered by at most N>*~! sets S;
of diameter < CA". Therefore, if « > (2log N)/|log A|, then
lim CA" =0,

n—oo

C(X
lim § (diam §;)* < lim N~ 1(CA")* = =— lim (N*A*)" =0,
n—oo - n—oo N n—oo

and this implies that dim 2 < (2log N)/| log A[; see for instance Billingsley
[1], Section 14.]
2. Let (€2, f) be a topologically + transitive Smale space. The following con-

ditions on B € €%(£2) are equivalent:
(a) o(B)=0forall o € I.
(b) Y°¢Zy B(f*x) =0 for all n and all x € Fix f".
(c) B=Co f —C with C € ().

In (c¢), C is determined up to an additive constant, and C € €*(2) if
condition (SS3) of Section 7.11 holds.

[(c) = (a) = (b) are trivial. To prove (b) = (c) one chooses y such that
I' = {f*y : k € Z} is dense in €, and constructs C|T" as in the proof of
Theorem 5.7. Letnow u, v € Q, f*y — u, f'y - v,1 — k — +00. There
is zwith =%z = zand d(f"z, f*™y) < 8 form € [0,1 — k] (if d(u, v) is
sufficiently small; see Section 7.3). Thus

C(v) — C(u) = im[C(f'y) — C(f*y)]
I—k—1 I—k—1

=lim Y B(f**y)=1lim Y [B(f**y) - B(f/2).
j=0 j=0

* This result, due to Rosenberg, was communicated to me by R. Bowen.
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This can be majorized term by term using
d(f*7y, fiz) < constant x max(r/, A\¢=077),

One can thus take the limit/ — k — o0, z — [u, v]:

o0

Cw)— Cwy = Y [B(fu) = B(f/[u, v])]

Jj=0

+ Y [B(fv) = B(f[u, v])].

Jj=1
Hence

|C(v) — C(u)| < constant x [d(u, [u, v])* + d(v, [u, v])*].

This implies C € ¢(2), and C € ¢*(€2) if (SS3) is satisfied.]

. Using Exercise 2, show that the function C of Corollary 7.10(c) is Holder

continuous if condition (SS3) of Section 7.11 holds.

. Let f be an expanding map.

(a) If f is topologically mixing, the periodic points are dense in €2.

(b) f is topologically mixing if and only if for every non-empty open set
O C Q thereis an N > 0 such that f¥N O = Q.

(c) If the periodic points are dense in €2 and €2 is connected, then f is
topologically mixing.

[(a): By Remark 7.27(d), f is topologically mixing; hence €2 is non-
wandering, hence the periodic points are dense in €2, and therefore in €2 by
Remark 7.27(b). (b): Let f be topologically mixing, O open non-empty con-
tained in 2. Using (a), let x € ONFix f?. Replacing O by asufficiently small
ball around x, and using (E), we have f” O D O,sothat f"” O increases with
n.If y € Uy,=of" O, then (E) implies that {z : d(z, ¥) < 2¢} C U= f"" O,
and since U~ f"? O is dense in €2 by mixing, this set is equal to 2. Since
the f"P O are open and €2 is compact, there is some n such that 7O = (2.
The converse is immediate. (c): The proof is like that of (b).]
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Miscellaneous definitions and results

A.1.1 Order

Let < be an order relation on a set E, and S C E. There is at most one a € S
such that a > x for all x € S (a is the greatest element of §S); there is also at
most one b € S such that b < x for all x € S (b is the least element of S).

Ifae Eanda > x for all x € S, a is an upper bound of S, and if the set
of upper bounds of S has a least element, this is called the least upper bound
or sup of S, and denoted by VS.If b € E and b < x forall x € S, b is a lower
bound of S, and if the set of lower bounds of § has a greatest element, this is
called the greatest lower bound or inf of S, and denoted by AS.*

An ordered set E is called a lattice if every finite S C E has a least upper
bound and a greatest lower bound. For this it suffices to require that every two-
element subset {x, y} has a least upper bound x Vv y and a greatest lower bound
XAY.

A.1.2 Residual sets

Let E be a topological space. A subset S of E is called residual if it contains
a countable intersection of dense open sets. If E is metrizable and complete,
then every residual subset is dense in E (Baire’s theorem). We say that a prop-
erty (of points x of E) is generic if it holds for all x € S, S a residual subset
of E.

* Note that our use of the symbols Vv, A for covers (Section 6.3) does not quite conform to these
definitions.
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A.1.3 Upper semi-continuity

A function f with values in R U {—o0} on the topological space E is upper
semi-continuous if for every x € E and a > f(x) there is a neighborhood 91,
of x such that

yeN = f(y) <a.

It is equivalent to require that, for every real a, {x € E : f(x) < a} is open or
{x e E: f(x) > a} closed.

The greatest lower bound of a family of real continuous functions on E is
upper semi-continuous. If E is compact, and f is upper semi-continuous, there
exists x € E such that

J(x) = sup f(y).

yeE

Thus, on a compact set, an upper semi-continuous function reaches its maxi-
mum.

A.1.4 Subadditivity

Let F(ay, ..., a,)bereal and defined when ay, . .., a, are integers > 0. We say
that F is subadditive if

F(ai,...,ap+ay,...,a,) < F(ay,...,ap,...,a,)+ Fay,...,a;,...,ay)
for all k. We have then
. F(a17"'aal)) . F(ala"-’av)
lim ———— = inf —————.
ay,...,a,—>00 ap,....a,
[T a [T a
k=1 k=1

The limit is a real number or —oo. [This is implicit in the proof of (3.17).]
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Topological dynamics

Let 2 be a non-empty Hausdorff topological space, and f : Q2 +— €2 a contin-
uous map. The pair (2, f) is a topological dynamical system. A point x € 2
is wandering if it has a neighborhood U such that U N U, f*U = @. A point
x is non-wandering if, given a neighborhood U of x, and N > 0, there ex-
ists n > N such that f"U N U # @. The non-wandering points constitute the
non-wandering set A; A is closed and fA C A. If f is a homeomorphism,
the non-wandering set for f~! is the same as that for f. If Q is compact, the
non-wandering set is not empty.

We say that (X2, f), or f, is topologically + transitive if it satisfies the fol-
lowing condition.

+T) IfU, V C Q2 are non-empty open sets, and N > 0, there exists n > N
such that f"U NV # Q.

If f is topologically + transitive, then 2 is the non-wandering set. A homeo-
morphism f is topologically + transitive if and only if £~ is. If Q is a compact
metrizable space, (+7) is also equivalent to the following conditions.

(+T') There is x € Q such that the set of limit points of the sequence (f"x)n=0
is Q.

(+T") Those x € Q such that the set of limit points of (f"x)ns¢ is Q form a
residual subset of Q2.

[Let (Vi)k>0 be a countable basis of the topology of €2. The set of limit points
of (f"x)is Qif {f"™x : n > 0} is dense in Q for all m > 0. The set of x for
which this is true is a countable intersection of open sets:

AU

k>0m=>0 n

If (+T) holds, this set has a non-empty intersection with each open U # @,
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and hence is dense; hence (+T) = (+T”). Clearly (+T") = (+T). If U,V
are non-empty open sets and (+T') holds, then f"x € U and f™"x € V for
some m, n > N; hence (4+T) holds.]

Notice that if the set of limit points of (f"x) is €, then { f"x : n > 0} is
dense in 2; the converse is true if 2 contains no isolated point.

We say that (€2, f), or f, is topologically mixing if it satisfies the condition

M) IfU, V C Q are non-empty open sets, there exists N > 0 such that
ffluUnNnv #0@ forall n > N.

If f is topologically mixing, then f is topologically + transitive. A home-
omorphism f is topologically mixing if and only if £~ is.

We say that a homeomorphism f is topologically transitive if it satisfies the
condition

(T) If U,V are non-empty open sets, there existsn € Z suchthat f"U NV # Q.

A homeomorphism f is topologically + transitive if and only if f is topo-
logically transitive, and €2 is the nonwandering set:

(+T) < (T) and K is the non-wandering set.

[It is trivial that (+T) = (T) and 2 is the non-wandering set. Assume now (T)
and that €2 is the non-wandering set. Let U,V be non-empty open subsets of €2,
and N > 0. We want to prove that

ffunNnv £0 with m > N.

By (T)wehave f"U NV # @ withn € Z. Since any pointx of W = f"U N V
is non-wandering, there exists m > N such that W N f™"W # @; hence
ffUNVOIWN f" "W #@.]

If 2 is a compact metrizable space, and f a homeomorphism, (T) is equiv-
alent to the following conditions (see Walters [2], Chapter 5, Section 2):

(T") There is x € Q such that { f"x : n € Z} is dense in Q.
(T”) Those x € Q2 such that { f"x : n € Z} is dense in Q form a residual subset
of Q2.
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Convexity

A.3.1 Generalities

Let V be a real vector space. A set S C V is convex if ax +(1 —a)y € S
wheneverx, y € Sand0 < o < 1. The convex hullof aset S C V isthe smallest
convex set containing S.

Let S be convex. A function f : § +— Riscomvexif{(x,1) e VxR:x e S
and ¢t > f(x)} is convex; fis concave if — fis convex; f'is affine if fis convex
and concave. More generally if W is a real vector space, we say that f : S
W is affine if it satisfies f(ax + (1 —a)y) = af (x) + (1 — ) f(y) whenever
x,y € Sand 0 < o < 1. In particular a linear map V — W is affine.

If S is a convex open subset of R", then every convex function on S is contin-
uous. If fis a real function on the open interval (a, b) C Rand d? f(x)/dx> > 0
for x € (a, b), then fis convex.

Convexity is central in the theory of topological vector spaces (see Kothe
[1]). Here we indicate only some results used in the text.

A.3.2 Hahn-Banach theorem

Let P : V — R be convex, and let W be a linear subspace of V. Suppose that
w : W R is linear and satisfies w < P|W. Then there exists v: V — R
linear and such that

v< P, v|W=w.

If V is a topological vector space and P is continuous, then v is continuous.
(Standard application: V is normed and P is the norm.)
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A.3.3 Separation theorems

We say that two subsets S, S’ of the topological vector space V are separated

by a (closed) hyperplane if there is a continuous linear function f : V — R

and ¢ € R such that f(x) < cforx € Sand f(x) > cforx € §'. If f(x) <c

forx € Sand f(x) > cforx € §', we say that S, S’ are strictly separated.
Let S and §’ be disjoint convex sets.

(a) If S is open, then S and §’ are separated by a hyperplane.

(b) If S and S’ are open, then S and S’ are strictly separated by a hyperplane.

(c) If Vis locally convex, S compact, and S’ closed, then S and S’ are strictly
separated by a hyperplane.

[Note that (a) and (b) are forms of the Hahn—Banach theorem].

A.3.4 Convex compact sets

Let V be a normed space. Its dual V* (space of continuous linear functionals
on V) is a Banach space with the norm

o |oll=sup |o).
xeVixlI<1

The weak topology on V* is the topology of pointwise convergence of linear
functionals on V; V* with the weak topology is locally convex, and its dual is
V. The closed unit ball {o € V* : ||o|| < 1} is compact for the weak topology
of V* (this is a special case of the Alaoglu—Bourbaki theorem).

Let K be a convex compact subset of the locally convex topological vector
space V, and let ( f,,) be acommuting family of continuous affine maps K +— K.
Then the f;, have a common fixed point (Markov—Kakutani theorem).

A.3.5 Extremal points
Let V be a real vector space and S C V. A point z € S is extremal if
z=ax+ (1 —a)y with x,ye S, O<a<l

implyx =y =z

Let K be a convex compact subset of the locally convex topological vector
space V, and let & be the set of its extremal points. Then the closure of the
convex hull of § is K (Krein—Milman theorem).



152 Appendix A.3

Let S be a subset of the locally convex topological vector space V, such that
the closure K of its convex hull is compact. Then the extremal points of K are
in the closure of S (theorem of Milman).

A.3.6 Tangent functionals to convex functions

Let V be a topological vector space and P : V + R be convex continuous. A
linear functional o : V + R s called fangent to P at x if

P(x+y)>Px)+o(y) forall yeV.
More generally, o is called P-bounded if there exists ¢ € R such that
o—c<P.

By the Hahn—Banach theorem, o is then continuous, i.e. o is in the dual V* of
V. Furthermore at each x € V the set of tangent functionals is nonempty.

Let V be a Banach space, P : V — R be convex continuous, and C be a
closed convex cone with apex O in V. If oy € V* is P-bounded, xy € V, and
& > 0, there is 0 € V* tangent to P at x with x € xo + C,

1
[lx — xoll < E[P(xo) — op(xg) — s(op)].
and

o(y) zoo(y) —ellyll  (Vy € O), *)

where we have written s(og) = inf{ P(y) — ao(y) : y € V}. (Theorem of Israel
[1]. If C is a linear subspace, the condition (*) becomes ||(c — 0p)|C|| < ¢; if
C = V one recovers a theorem by Bishop and Phelps.)

A.3.7 Multiplicity of tangent functionals

If V is a separable Banach space and P : V — R is convex continuous, the
set of points x € V at which there is only one tangent functional is residual
(theorem of Mazur [1]).

If V is a separable Banach space and P : V +— R is convex continuous, the
set

{o € V*: o is tangent to P at x}
is the closed convex hull (for the weak topology) of the set of limits

o = lim o,
n— o0

where o), is the only tangent functional to P at x,, and lim,,_, .cx,, = x (theorem
of Lanford and Robinson [1]).
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Measures and abstract dynamical systems

A.4.1 Measures on compact sets

Let © be a compact space, and € (£2) the Banach space of continuous real
functions on 2 with the norm
A ||A]l = sup [A(x)]
xeQ
(uniform norm). The dual € (2)* of € (£2) consists of the real measures on .

We call vague topology the weak topology on € (2)* (see Appendix A.3.4).
€ (£2)* is also a Banach space with the norm

p=llpll= sup [p(A)l.
A AN
If Q' is another compact space and f : Q —  a continuous map, we define
f ()" > (R)* by

(fP)A) = p(Aof) for pec(Q), Aec(Q),

and call fp the image of the measure p by the continuous map f.

If A ec () and p € ¢ ()%, we define the product A - p € € (2)* by
(A - p)(B) = p(AB) for all B € ¢(S).

If p1, 02 € C(2)* and p;(A) < p2(A) whenever 0 < A € C (2), we write
p1 < p2. This is an order relation, with respect to which € (2)* is a lattice
(see Appendix A.1.1). A measure p on 2 is called a probability measure if it.
satisfies two (and thus all) of the following conditions:

(@ p 20,
(®) p(1) =1,
© llpll=1.
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If p € C(2)" and A € €(2), we use the notation
p(A) = / Adp = / A(x)p(dx).

This integration with respect to p can be extended from € (£2) to a large class
of functions, in particular to the characteristic functions of many subsets of €2,
defining the measure of these sets (measurable sets). Among the measurable
subsets of a metrizable compact space are the Borel sets: they are the elements
of the o-ring generated by the compact sets. [A non-empty class of sets is a
o-ring if it is closed under symmetric differences and countable unions.] The
measurable sets are precisely the sets X U N where N C Y, X, Y, are Borel,
and Y has measure zero.

The theory just sketched is that of Radon measures on compact spaces (see
for instance Bourbaki [1], [2]). Radon measures on locally compact spaces are
defined analogously (an example is that of Lebesgue measure on R"). Except
when stated otherwise, measures which occur in this monograph are Radon
measures.

A.4.2 Abstract measure theory

It is possible to develop an “abstract” measure theory without assuming a topol-
ogy on 2 (see for instance Halmos [1]). The fundamental object is then a mea-
sure space (2, @, p) where (0is a family of subsets of 2 (measurable sets) and
the measure p is a countable additive function @ — R. We assume p > 0 and
p(2) < +oo. Isomorphisms of measure spaces are measure preserving maps
defined and one-to-one up to sets of measure zero. One can show that the mea-
sure space defined by a positive Radon measure on a metrizable compact space
is a Lebesgue space, i.e. isomorphic to the union of an interval of R with the
Lebesgue measure, and a countable set (finite or infinite) such that each point
has a measure or “mass” > 0 (see Rohlin [1]). In particular if a probability
measure p on a compact metrizable space is non-atomic (i.e. p{x} = 0 for each
point x), it defines a measure space isomorphic to the unit interval (0, 1) C R
with the Lebesgue measure.

A.4.3 Abstract dynamical systems

We call a quadruple (€2, @, p, T) an abstract dynamical system when (L2, @, p)
is a measure space and 7 : Q2 +— 2 is an invertible map which preserves
and p. We assume furthermore that (€2, @, p) is isomorphic to the unit interval
(0,1)C R with the Lebesgue measure.
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An isomorphism of two abstract dynamical systems (€2, @, p, 7) and
(,d, p',t') is an isomorphism f :(22,Q, p) — (', d, p’) of measure
spaces, such that fot =1t'0 f.

The entropy, or Kolmogorov—Sinai invariant, of an abstract dynamical sys-
tem is defined as in Section 6.4, replacing Borel partitions by measurable par-
titions. In particular this definition coincides with that of Section 6.4 for the
abstract dynamical system defined by a homeomorphism of a metrizable com-
pact space and an invariant probability measure. The entropy is anumber 7 > 0
or +00; it depends only on the isomorphism class of the abstract dynamical
system.

A.4.4 Bernoulli shifts

Let © be a probability measure on the finite set (. The product measure
p= /,L®Z on Q = ()? is invariant under the shift t (see Chapter 5). We
call the resulting abstract dynamical system (or any abstract dynamical system
isomorphic to it) a Bernoulli shift. Notice that the entropy is

h=—Y" u{€}log uit}.
£€Qo

We assume that # > 0.

A.4.5 Partitions

For the definition of partitions and related definitions, see Section 6.3.

Let (2, @, p) be a measure space and ¢ > 0. Let A = (2;);c; and B =
(®B;) e be finite measurable partitions. We say that 2 is e-independent of B
if there is J' C J such that ), p(B;) < & and

D 1@ NB)/p(B)) — p@)| <
iel
if j ¢ J’. This relation is not symmetric, but it implies the symmetric relation
D0 1@ N B ) — p(A)p(B))| < 3e,
iel jeJ
and is implied by
D 1@ N B)) — p(A)p(B ) < .
iel jeJ
The partition2l = (2;) is called generating for the abstract dynamical system
(2, @, p, 7) if the sets T°A;(k € Z) generate (1 (by countable intersections and
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unions, and up to sets of measure zero). We say that 2 is a weak Bernoulli par-
tition if, for each ¢ > 0 there exists n such that Ve[, 4472l is e-independent
of Vxe[,k,,l]‘[xm forall k > 0.

A.4.6 Isomorphism theorems

Two Bernoulli shifts with the same entropy are isomorphic (theorem of Orn-
stein).

If an abstract dynamical system (with non-atomic Lebesgue measure space)
has a weak Bernoulli partition which is generating, then this system is isomor-
phic to a Bernoulli shift (theorem of Friedman and Ornstein).

For more details on the isomorphism theorems, see Ornstein [1], Shields [1],
Smorodinsky [1].



Appendix A.5S

Integral representations on convex compact sets

This summary follows Appendix A.5 of Ruelle [3]. Proofs of the results will
be found in Bourbaki [1] and a paper by Choquet and Meyer [1], referred to in
what follows as [B] and [C-M]. See also Phelps [1], Lanford [1].

A.5.1 Resultant of a measure

Let V be a locally convex topological vector space and K a convex compact
subset of V. The dual € (K)* of ¢ (K) consists of the real measures on K;
we denote by 91, the convex cone of positive measures and by 91, the set of
positive measures of norm 1 on K (91, is the set of probability measures on K).
If p € K, we denote by §, € 9, the unit mass (=Dirac measure) at p.

If m € 9, there exists p € K such that, for all f € V* (=dual of V),

flp)= /f(a)m(da)-

p is called the resultant of m ([B], p. 216, Corollaire). If m € 91, has resul-
tant p, then m can be approximated vaguely (see Appendix A.4.1) by mea-
sures m’ € 9, with resultant p and finite support (i.e., m’ = Zl'.':l Aibp, Ai =
0,  A=1,p€K,>_,Ap; =p; see [B], p. 217, Proposition 3). If
m € 91, has resultant p and the function f is affine upper semi-continuous
on K, then m(f) = f(p) ([C-M], Lemme 10).

A compact subset S of K is called a face of K if supp m C S whenever the
resultant of the probability measure m is in S.
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A.5.2 Maximal measures

Let S C € (K) be the convex cone of convex continuous functions on K. We
introduce an order relation < on 91 by

(my <mp) & (forall f €8 :mi(f)<ma(f)).

If m; < my and f is an affine continuous function, then m(f) = my(f); in
particular ||m || = [|[m2| and (if m; € 9,) m, m, have the same resultant. If
m e, and p € K,

(rm has resultant p) < (m > §,).

We say that m € 91 n is maximal if it is maximal for the order <. If m € 9,
there is a maximal measure >m ([C-M], Théoréme 3). In particular, if p € K,
there exists a maximal measure with resultant p.

A.5.3 Uniqueness problem

Letus assume that K is a basis of a convex cone C with apex O in V. This means
that K is the intersection of C with a closed hyperplane H ¥ O of V which
meets all generating half-lines of C. This situation can always be arranged,
replacing V by R x V and imbedding K in R x V as {1} x K. The cone C
defines an order in V (where & < & means & — & € C); if C is a lattice for
this order (see Appendix A.1.1), we say that K is a simplex (Choquet). This
definition does not depend on the choice of C.
The following conditions are equivalent ([C-M], Théoréme 11):

(a) K is a simplex.
(b) If p € K, there is a unique maximal measure m, > 4,
(i.e., every p € K is the resultant of a unique maximal measure m,).
If K is a simplex, the mapping p > m, is affine ([C-M], proof of
Théoreme 11).

A.5.4 Maximal measures and extremal points

Let &(K) be the set of extremal points of K. If m € 91 is carried by 6(K)
(i.e.if §(K) is m-measurable and m(K\&(K)) = 0), then m is maximal ([C-M],
Proposition 15). Conversely, if K is metrizable and m € 91, is maximal, then
m is carried by &(K) ([C-M], Lemme 13).

Therefore if K is metrizable and m € 9,

(m maximal) < (m carried by §(K)).
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In particular every p € K is the resultant of a measure m, carried by &(K), and
if K is a simplex, p — m,, is one-to-one from K onto the probability measures
on K carried by 6(K). In this case we may say that every p € K has a unique
integral representation on &(K') by a measure m, such that f(p) = m,(f) for
any affine continuous function f on K.

A.5.5 Simplexes of measures

Let 2 be a compact space. We put on the space € (2)* of real measures on 2
the vague topology (see Appendix A.4.1). The set E = 91, (£2) of probability
measures on €2 is then compact; E is metrizable if <2 is.

Let S be a closed linear subspace of € (Q2)*. If 0 € § implies |o| € 9, then
K = EN¢gis asimplex. If p, o’ € ENG, then ||p" — p|| = |my —m,||. In
particular if p, p’ are distinct extremal points of E NG, then || — p|| = 2, i.e.
p and p’ are disjoint measures. [Let H = {0 € $: 0(1) =1} and $, be the
convex cone of positive measures in . Since ENG = H NG, this set is a
basis of 9, . Let 01, 05 € 9, ; then 01 = 1(01 + 05 & |07 — 02), which are the
sup and inf of o7 and o5 in ¢(2)*, are in § by assumption, and hence in &_.
Therefore o are the sup and inf of o1, o, for the order defined by 9, : G,
a simplicial cone and E N § is a simplex. Let now p, p’ € E N 8. Define px =
HIp' = pl £ (0" = p)) > Oandletmy = ||pxlm,, ip, or Oif | s || = 0. Then
m,, m_ are disjoint (because p,, p_ are disjoint), and m, —m, =m, —m_
(because p’ — p = p. — p_ and 0 — m,, is affine). Thus

is

Io" = pll = llo+ — p—ll = oIl + llp-ll = llmo ]| + [lm_]|

=lmy —m_|| = llmy —m|.]

A.5.6 Z"-invariant measures

Let Q be a compact space, T a Z"-action by homeomorphisms on €2, and
I C ¢(2)* the simplex of t-invariant probability measures on 2. The unique
maximal measure m, on I with resultant p € [ is determined by

i I
m A;]l= lim A7 Aiot™ ],
8 (E l) Al,..A,A//'OO p (E (| l| ); l ))

where A : I — Ris defined by A(o') = o (A).

We say that p € [ is ergodic if it is an extremal point of /; this is the case if
and only if m p(Az) = p(A)*forall A € €. The integral representation p — m,,
is called the ergodic decomposition. (See Ruelle [3], Chapter 6.)



Appendix B
Open problems

In this appendix some open problems — of rather different levels of difficulty
and interest — have been collected.

B.1 Systems of conditional probabilities (Chapter 2)

How general is a system of conditional probabilities (u(a)g,,,) of the form
(,ufj\)&m), where @ is an interaction? (On this problem see in particular Sulli-
van [1].)

B.2 Theory of phase transitions (Chapter 3)

Show that in a suitable space of interactions the set of points of coexistence of
n + 1 phases is a manifold of codimension n. What are the incidence relations
of the manifolds thus obtained? How do critical points arise? (For a “heuristic
theory” see Ruelle [8].)

B.3 Abstract measure-theory viewpoint (Chapter 4)

In Remark 4.5 a Gibbs state is obtained from another one by multiplication
by a continuous function and taking a certain vague limit. Is there an abstract
measure-theory version of this? In particular, can one make use of the Bernoulli
property of Theorem 5.10?

B.4 A theorem of Dobrushin (Chapter 5)

Can the theorem of Dobrushin [4] on the analyticity of the pressure for one-
dimensional systems be extended to mixing systems?
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B.5 Definition of the pressure (Chapter 6)

If 7 is expansive, the pressure can be defined by a limit for a — oo (see end of
Section 6.7). Could one use a limit for A ' co? Notice that this was possible
in the situation of Chapter 3 (Corollary 3.13).

B.6 Shub’s entropy conjecture (Chapter 6)

Let f be a diffeomorphism of a compact manifold and f, the corresponding
linear operator on homology (with real coefficients). Is it true that the logarithm
of the spectral norm of f, is < the topological entropy of f? (On this well-
known conjecture see in particular Manning [2].)

B.7 The condition (SS3) (Chapter 7)
If (SS1) and (SS2) hold, can one find a metric such that (§S3) holds, and also
d(fx,fy) < Ld(x,y), d(f'x, f7'y) < Ld(x, y)

for some constant L > 0 (see Equation (12))?

B.8 Gibbs states on Smale spaces (Chapter 7)

Are Gibbs states on a Smale space (see Section 7.18) necessarily equilibrium
states?

B.9 Cohomological interpretation (Chapter 7)

Can one give a cohomological interpretation of Manning’s formula (Proposition
7.22) and of the rational zeta function ¢(z)? (On this problem see in particular
Franks [1].)

B.10 Smale flows (Chapter 7 and Appendix C)

Can one give a version of the theory of Smale spaces for flows? (On this problem
see in particular Bowen [4].) See also the questions in Appendix C.4.
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Flows

A flow on a set Q is a family (7'),cg of maps 7* : Q + € such that 7'+ =
7' o 7" and 70 is the identity. The replacement of Z by R in the thermodynamic
formalism can be done in several inequivalent ways. Here we shall not consider
the usual statistical mechanics of continuous one-dimensional classical systems
(see Ruelle [3]), but describe the formalism appropriate to the study of flows
on differentiable manifolds.

C.1 Thermodynamic formalism on a metrizable
compact set

Let 2 be compact metrizable and (7) a continuous flow, i.e., (x, ) > T'x is
continuous. The set I of T-invariant probability measures on €2 is convex and
compact for the vague topology. If o € I, then

hri(o) = |t|h. (o),

where h. (o) is called the (mean) entropy of o with respect to the flow (77) (see
Abramov [1]).

Let d be a metric on 2 compatible with the topology. Given ¢ > 0, T > 0,
we say that a subset S of Q is (T, €)-separated if x, y € S and x # y imply

d(t'x, T'y) > ¢ for some t € [0, T].
Then, if A € ¢(£2), we define
T
Zr(A, g) = sup {Zexp/ A(T'x)dt : Sis (T, 8)-separated} ,
xe§ 0

1
P(A) = P-(A) = limlim sup - log Z7 (A, &).

T—o0
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The definition of P(A) is independent of the choice of the metric on €. If
Al(x) = fo] A(T'x)dt, one has P(A) = P;1(A"). The pressure P satisfies the
variational principle

Pr(A) = sup[h,(0) + o(A)]

oel

(see Bowen and Ruelle [1]). The measures o making 4-(o) 4+ o(A) maximum
are called equilibrium states for A.

C.2 Special flows

Let ©Q be a compact metrizable space, 7 : Q2 + 2 a homeomorphism, and
¥ : Q +— R astrictly positive continuous function. In the set

U={¢EueQ2xR:0<u<yE)

we identify (¢, ¥(£)) and (7, 0), obtaining a compact metrizable space (2. A
continuous flow (7') on €2 exists such that

TEw = ut+r)  if 0<utr <Y@).

Let o belong to the set / of T-invariant probability measures on 2. If m denotes
the Lebesgue on R, then o x m /(o x m)(U) defines a measure o € I on (.
The map 0 — o is a bijection / — I, and

h-(o)

he(o) =
@)=

by a theorem of Abramov [1].

C.3 Special flow over a Smale space

With the above notation, let 2 be a Smale space, T topologically mixing,
and ¥ € (). Given A € (), let (&) = [i® A¢, w)du and assume that
@ € C*(2). There is a unique equilibrium state o on S for A; o corresponds
to o € I, where o is the unique equilibrium state for ¢-P(A) - Y on Q (Bowen
and Ruelle [1]). If (7") is topologically mixing, then (o, (7")) is a Bernoulli
flow (Bunimovi¢ [1], Ratner [2]).
Define
~1

) =[] [1 —exp /0 A (e, - ) dt] ,

14
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where the product extends over the periodic orbits y of the flow, A(y) is the
prime period of y, and x, is a point of y. This zeta function can be rewritten

00 1 m—1
Ga)=exp)_ — Y expy lp(r*E) — sy(r*E)].

m=1 " &cFixrm k=0
La is an analytic function of s for Res > P(A), with a simple pole at P(A)
(Ruelle [6]).

C.4 Problems
Assume that (7') is topologically mixing.

(a) Let By, B, € @*(U) and supp By, B, C{(§,u):0 <u < y(&)}). Does
o(By - (Byo71")) — o(B)o(B,) tend to 0 exponentially fast when |¢| —
00?

(b) Is there » > 0 such that {4 is meromorphic for Res > P(A) — r with only
one pole at P(A)?



Appendix D
Update of open problems

Since the present monograph was first published, certain topics discussed in it

have received a lot of attention. A good source of information on this recent

work is provided by:

W. Parry and M. Pollicott. Zeta functions and the Periodic Orbit Structure
of Hyperbolic Dynamics. Astérisque 187-188, Soc. Math. de France, Paris,
1990, pp. 1-268.

Here we only indicate some references relevant to the list of open problems of
Appendix B.

B.2 There are partially negative results:

H. A. M. Daniéls and A. C. D. van Enter. “Differentiability properties of the
pressure in lattice systems,” Commun. Math. Phys. 71, 65-76 (1980).

A. C. D. van Enter. “Stability properties of phase diagrams in lattice systems.”
Thesis, Groningen, 1981.

B.6 Shub’s conjecture has been proved for C* diffeomorphisms:
Y. Yomdin. “Volume growth and entropy,” Israel J. Math. 57, 301-317 (1987).

B.7 This problem has a positive answer; Fried has shown that there is a metric

d such that (SS 3) holds and f, f~! are Lipschitz. In particular the function C of

Corollary 7.10 (c) is Holder continuous.

D. Fried. “Métriques naturelles sur les espaces de Smale.” C. R. Acad. Sc. Paris
297, Sér. 1, 77-79 (1983).

Incidentally, let us mention the following reference on the theory of expanding
maps:

E. M. Coven and W. L. Reddy. “Positively expansive maps of compact mani-
folds,” in Global Theory of Dynamical Systems. Lecture Notes in Math. no.
819, pp. 96-110. Springer, Berlin, 1980.
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B.8 This problem has a positive answer:
N. T. A. Haydn. “On Gibbs and equilibrium states,” Ergod. Th. and Dynam.
Syst. 7, 119-132 (1987).

B10 For this problem see:
M. Pollicott. “Symbolic dynamics for Smale flows,” Amer. J. Math. 109, 183—
200 (1987).

Problems C.4 (a) and (b) have a negative answer:
D. Ruelle. “Flots qui ne mélangent pas exponentiellement,” C. R. Acad. Sc.
Paris 296, Sér. 1, 191-193 (1983).

It has, however, been shown by Parry and Pollicott that ¢, is holomorphic in a

neighborhood of the line Re s = P(0), except for the pole at P(0). This implies

an analogue of the prime number theorem for periodic orbits of an Axiom A

flow:

W. Parry and M. Pollicott. “An analogue of the prime number theorem for the
closed orbits of Axiom A flows,” Ann. Math. 118, 573-591 (1983).
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