
Tracesofterm-automaticgraphsAntoineMeyerLIAFA–Universit´eParisDiderot–Paris7Case7014,2placeJussieu,75251ParisCedex05,Franceameyer@liafa.jussieu.frAbstract.Informallanguagetheory,manyfamiliesoflanguagesaredefinedusinggrammarsorfiniteacceptorslikepushdownautomataandTuringmachines.Forinstance,context-sensitivelanguagesarethelan-guagesgeneratedbygrowinggrammars,orequivalentlythoseacceptedbyTuringmachineswhoseworktape’ssizeisproportionaltothatoftheirinput.Afewyearsago,anewcharacterisationofcontext-sensitivelanguagesasthesetsoftraces,orpathlabels,ofrationalgraphs(infinitegraphsdefinedbysetsoffinite-statetransducers)wasestablished.Weinvestigateasimilarcharacterisationinthemoregeneralframeworkofgraphsdefinedbytermtransducers.Inparticular,weshowthatthelanguagesofterm-automaticgraphsbetweenregularsetsofverticescoin-cidewiththelanguagesacceptedbyalternatinglinearlyboundedTuringmachines.Asatechnicaltool,wealsointroduceanarborescentvariantoftilingsystems,whichprovidesyetanothercharacterisationoftheselanguages.IntroductionInclassicallanguagetheory,context-sensitivelanguages,oneofthefamiliesoftheChomskyhierarchy[Cho59],aredefinedasthelanguagesgeneratedbygrowinggrammars.Theywerelatercharacterisedasthelanguagesacceptedbylinearlyspace-boundedTuringmachines[Kur64],i.e.Turingmachineswhoserunsonanyinputwordoflengthnuseatmostk·nworktapecells,forsomeconstantk.In[LS97],itwasshownthatcontext-sensitivelanguagesalsocoincidewiththelanguagesacceptedbyboundedtilingsystems.In2001,[MS01]providedyetanothercharacterisationofthisfamilyasthesetofpathlanguagesofrationalgraphs[Mor00],i.e.infinitegraphswhosever-ticesarewordsandwhosesetsofedgesaredefinedbyfinitetransducers.Thisresultwaslaterextendedin[Ris02]tothemorerestrictedfamilyofautomaticgraphs(Cf.[KN95]),andeventosynchronousrationalgraphswhenaninfinitenumberofinitialandfinalverticesareconsidered(seealso[MR05]).Inaway,thisprovidesa“forward”,automata-basedcharacterisationofcontext-sensitivelanguages,asopposedtolinearlyboundedmachineswhichareessentiallyatwo-waymechanism.Toprovetheinclusionofcontext-sensitivelanguagesinthesetofpathlanguagesofthesefamiliesofgraphs,thesepapersuseanormalformforgrowinggrammars,duetoPenttonen[Pen74].In[CM06],theseresultswere



reformulatedusingsimplerprooftechniquesbasedontilingsystems.Thisalsoal-lowedtoinvestigateinterestingsub-cases,inparticularconcerningdeterministiccontext-sensitivelanguagesorvarioussub-classesofrationalgraphs.Theaimofthisworkistoextendtheresultsof[LS97]and[CM06]tothemoregeneralfamilyETIMEoflanguagesacceptedbydeterministicTuringma-chinesworkingintimelessthan2O(n),orequivalentlybyalternatinglinearlyboundedmachines.Thisfamilyliesbetweencontext-sensitiveandrecursively-enumerablelanguagesintheChomskyhierarchy.Weobtaintwonewcharacter-isationsofETIME,firstasthelanguagesacceptedbyarborescenttilingsystemsandsecondasthetracesofinfinitegraphsdefinedbyvariousclassesoftermtransducers,namelyterm-synchronousandterm-automatic(ortree-automatic)graphs[BG00].AfterrecallingdefinitionsandnotationsinSection1,weintroducetheno-tionofarborescenttilingsystemsinSection2andprovethattheycharacteriseETIME.Finally,weextendpreviouslymentionedproofsoverrationalgraphstothefamilyofterm-automaticgraphsinSection3.1Notations1.1Words,termsandtreesAworduoveralphabetΣcanbeseenasatuple(a1,...,an)ofelementsofΣ,usuallywrittena1...an.Itsi-thletterisdenotedbyu(i)=ai.ThesetofallwordsoverΣiswrittenΣ∗.Thenumberoflettersoccurringinuisitslength,written|u|(here|u|=n).Theemptywordiswrittenε.Theconcatenationoftwowordsu=a1...anandv=b1...bmistheworduv=a1...anb1...bm.Theconcatenationoperationextendstosetsofwords:forallA,B⊆Σ∗,ABstandsfortheset{uv|u∈Aandv∈B}.LetF=⋃n≥0Fnbeafiniterankedalphabet,eachFnbeingthesetofsymbolsofFofarityn,andXbeafinitesetofvariablesdisjointfromF(allsetsFnarealsodisjoint).Wedenotethearityofasymbolf∈Fbya(f).Variablesareconsideredofarity0.Thesetoffinitefirst-ordertermsonFwithvariablesinX,writtenT(F,X),isthesmallestsetincludingXsuchthatf∈Fn∧t1,...,tn∈T(F,X)⇒ft1...tn∈T(F,X).Wordscanbeseenastermsoverarankedalphabetwhosesymbolshavearityexactly1andwhoselastsymbolisavariableoraspecialconstant.Toimprovereadability,ft1...tnwillsometimesbewrittenf(t1,...,tn).AfiniteorderedtreetoverasetoflabelsΣisamappingfromaprefix-closedsetdom(t)⊆N∗intoΣ.Elementsofdom(t)arecalledpositions,andforeveryp∈dom(t),t(p)isthelabelofthenodeatpositionp.Thenodeatpositionεiscalledtherootofthetree,nodesatmaximalpositions(i.e.positionsxsuchthat@y6=ε,xy∈dom(t))arecalledleaves,othernodesarecalledinternal.AnytermtoverarankedalphabetFandsetofvariablesXcanberepre-sentedasafiniteorderedrankedtree,whoseleavesarelabelledwithconstantsinF0orvariablesinXandwhoseinternalnodesarelabelledwithsymbolsof



arityequaltothenumberofchildrenofthatnode.Inthatcase,thedomainoft,additionallytobeingprefix-closed,alsohasthefollowingproperties:1.∀p∈dom(t),t(p)∈Fn≥1=⇒{j|pj∈dom(t)}=[1,n],2.∀p∈dom(t),t(p)∈F0∪X=⇒{j|pj∈dom(t)}=∅.Insuchatree,positionpiwithi∈Nalwaysdenotesthei-thchildofnodep.Conversely,anyfiniteorderedtreetlabelledoverΣcanberepresentedasarankedtreet′,andhenceasaterm,bymappingeachnodelabelatoasetofsymbols(a,n)inΣ×N,witha(a,n)=n,andbyrenumberingallpositionssuchthatdom(t′)verifiestheaboveproperties.Thiswillusuallybeleftimplicit.Afinitetree(orterm)automatonisatupleA=〈Q,F,q0,δ〉,whereQisasetofcontrolstates,Farankedalphabet,q0theinitialsetandδthesetoftransitionrulesofAoftheform(q,f,q1,...,qn)witha(f)=n.ArunofAoveratreetisamappingρfromdom(t)toQsuchthatρ(ε)=q0andforallnodeu∈dom(t)ofaritya(u)=n,(ρ(u),t(u),ρ(u1),...,ρ(un))∈δ.IfAhasavalidrunont,wesaythattisacceptedbyA.Thesetoftreesacceptedbyafiniteautomatoniscalleditslanguage,andallsuchlanguagesaresaidtoberegular.1.2GraphsAlabelled,directedandsimplegraphisasetG⊆V×Σ×VwhereΣisafinitesetoflabelsandVanarbitrarycountableset.Anelement(s,a,t)ofGisanedgeofsources,targettandlabela,andiswrittensa→Gtorsimplysa→tifGisunderstood.Anedgewiththesamesourceandtargetiscalledaloop.ThesetofallsourcesandtargetsofagraphformitssupportVG,itselementsarecalledvertices.Asequenceofedges(s1a1→t1,...,skak→tk)with∀i∈[2,k],si=ti−1iscalledapath.Itiswrittens1u→tk,whereu=a1...akisthecorrespondingpathlabel.Vertexs1iscalledtheoriginofthepath,tkitsdestination.Apathiscalledacycleifitsoriginanddestinationarethesamevertex.Thelanguage,orsetoftracesofalabelledgraphbetweentwosetsIandFofverticesisthesetofallwordswsuchthatthereexistsapathlabelledbywwhoseoriginisinIanddestinationinF.1.3TuringmachinesATuringmachineisatupleM=〈Γ,Σ,Q,q0,F,δ〉whereΣistheinputalpha-bet,Γthetapeorworkalphabet(withΣ⊆Γ),Qisasetofstatesamongwhichq0isaninitialstateandFisasetoffinalstates,andδisasetoftransitionrulesoftheformpA→qBεwherep,q∈Q,A,B∈Γ∪{�}(�beingablanksymbolnotinΓ)andε∈{+,−}.ConfigurationsofMaredenotedaswordsupv,whereuvisthecontentoftheworktape(whereprefixandsuffixblanksymbolsareomitted),pisthecurrentcontrolstateandtheheadscansthecellcontainingthefirstletterofv.Atransitiond=pA→qBεisenabledonanyconfigurationcoftheformupAv,andyieldsanewconfigurationd(c)=uBqv′(withv′=vifv6=ε,or�



otherwise)ifε=+andu′qCBv(withu′C=uifu6=εoru′=εandC=�otherwise)ifε=−.Ifdisnotenabledonc,thend(c)isleftundefined.AnalternatingTuringmachineMisdefinedsimilarly,withtheexceptionthatrulesareoftheformd=pA→∧i∈[1,n]qiBiεi.Thealternationdegreenofdiswrittena(d),byanalogywiththenotionofarity.Foralli≤a(d),wewritedithenon-alternatingtransitionpA→qiBiεi.ArunofMoninputwordwisatreewhoserootislabelledbyconfigurationq0w,andsuchthatthechildrenofanynodelabelledbyconfigurationcarelabelledbyc1,...,cnifandonlyifthereexistsatransitiond∈δenabledoncsuchthata(d)=nand∀i∈[1,n],ci=di(c).SucharunissuccessfulifallitsleavesarelabelledbyconfigurationswhosecontrolstateisinF.ATuringmachineislinearlyboundedifoneveryrunthetotalworktapespaceitusesisatmostproportionaltothelengthofitsinputword.Bystandardcodingtechniques,itissufficienttoconsidermachineswhosetapeislimitedtothecellsinitiallycontainingtheinputword.Thismaybeenforcedbyforbiddingtransitionrulestorewritetheblanksymbol�.Thelanguagesofnon-alternatinglinearlyboundedmachinesformthecomplexityclassSPACE(O(n)),whichisequivalenttocontext-sensitivelanguages[Kur64].Addingalternation,oneobtainsthemoregeneralclassASPACE(O(n)).Byclassicalcomplexityresults[CKS81],itisalsoequivalenttotheclassDTIME(2O(n)),alsocalledETIME.2ArborescenttilingsystemsTofacilitatetheproofsofourmainresults,thissectionprovidesanimportanttechnicaltool,whichwasalsocentraltosomeversionsofthecorrespondingproofsonrationalgraphsandcontext-sensitivelanguages(Cf.[CM06]).Tilingsystemswereoriginallydefinedtorecogniseorspecifypicturelan-guages,i.e.setsoftwo-dimensionalwordsonfinitealphabets[GR96],calledlocalpicturelanguages.However,byonlylookingatthewordscontainedinthefirstrowofeachpictureofalocalpicturelanguage,oneobtainsacontext-sensitivelanguage,andtheconverseistrue:foranycontext-sensitivelanguagethereex-istsalocalpicturelanguage(andatilingsystemacceptingit)whosesetofupperfrontiersisthatlanguage[LS97].Inthissection,weextendthisresulttoanarborescentextensionoftilingsystems,andprovethatthisnewformalismcharacterisespreciselytheclassETIME.2.1DefinitionsInsteadofplanarpictures,weconsiderso-calledarborescentpictures,whicharetoordinarypictureswhattermsaretowords.Definition1(Arborescentpicture).LetΓbeafinitealphabet,anarbores-centpicturepoverΓisamappingfromthesetX×[1,m]toΓ,whereX⊆N+∗isafinite,prefix-closedsetofsequencesofpositiveintegers(calledpositionsin



theframeworkoftrees)andmisapositiveintegercalledthewidthofp.Thesetdom(p)=X×[1,m]isthedomainofp.ThesetofarborescentpicturesoverX×[1,m]iswrittenAP(X,m).Likeinthecaseoftrees,weassumethatXisnotonlyprefix-closedbutalsoleft-closed,i.e.∀i>0,ui∈X=⇒∀j<i,uj∈X.Foragivenpicturep∈AP(X,m),wewritefr(p)thewordw∈Γmsuchthatw(i)=p(ε,i),whichwecallthe(upper)frontierofp.ArborescentpicturesofdomainX×[1,m]areisomorphictoorderedtreesofdomainXwithnodeslabelledoverthesetΓm.Assuch,ifm=1theyareisomorphictoΓ-labelledorderedtrees.OnecanobservethatanybranchofanarborescentpictureseenasaΓm-labelledtree,aswellasanyarborescentpicturewhosesetofpositionsXisasubsetof1∗,isanordinary,planarpicture.Definition2(Sub-picture).Foranyarborescentpicturep∈AP(X,m),thesub-picturep′=p|x,i,Y,nofpatoffseto=(x,i)withx∈Xandi∈[0,m−1]isthearborescentpictureofdomainY×[1,n]suchthatYisprefix-andleft-closedand∀(y,j)∈Y×[1,n],(xy,i+j)∈X×[1,m]andp′(y,j)=p(xy,i+j).Wecannowdefinearborescenttilingsystems,whichallowthespecificationofsetsofarborescentpictures.Similarlytoplanartilingsystems,inordertobeabletorecognisemeaningfulsetsofpictures,wefirstaddaborderorframetoeachpictureusinganewsymbol#.Definition3(Framedpicture).LetpbeanarborescentpictureofdomainX×[1,m]overΓand#6∈Γanewsymbol,wedefinethe#-framedpicturep#asthepictureofdomainX′×[1,m+2]withX′={ε}∪{1}X∪X′′andX′′={1x1|x∈X∧@y∈N,xy∈X}suchthatp#(ε,i)=#foralli∈[1,m+2],p#(1x,1)=#andp#(1x,m+2)=#forallx∈X,p#(x,i)=#forallx∈X′′,i∈[1,m+2],p#(1x,i+1)=p(x,i)forallx∈X,i∈[1,m].Anarborescenttilingsystemisthendefinedasasetoftilingelementsofwidthandheight2,whichcanthenbecombinedtoformlargerframedpictures.Definition4(Arborescenttilingsystem).Anarborescenttilingsystem(orATS)Sisatriple(Γ,#,∆),whereΓisafinitealphabet,#6∈Γaframesymboland∆isasetofarborescenttilingelements(tiles)in{¯Γ×¯Γ×¯Γn×¯Γn|n>0}with¯Γ=Γ∪{#}.Eachtilingelementd∈∆isoftheformd=(A,B,¯C,¯D)withA,B∈¯Γand¯C,¯D∈¯Γnforsomepositiveintegern.Wedefineadditionalnotationstoconvenientlymanipulatetilingelements.Letd=(A,B,¯C,¯D)with¯C=C1...Cnand¯D=D1...Dn,wewritea(d)=ntodenotethearityofd,anddiwithi∈[1,a(d)]todenotethe(planar)tile(A,B,Ci,Di).



Notethatanytilingelementd=(A,B,¯C,¯D)ofaritynisisomorphictoanarborescentpicturepdofdomainX×[1,2],whereX={ε,1,...,n}andpd(ε,1),pd(ε,2),pd(i,1)andpd(i,2)arerespectivelyequaltoA,B,CiandDi(foralli∈[1,n]).Ingeneralwedonotdistinguishpdfromdandwritesimplyd.Well-formedtilingsystemsshouldobeyacertainnumberofrestrictionsovertheirsetoftiles,regardinginparticulartheoccurrencesoftheframesymbol#insidetiles.Foralld=(A,B,¯C,¯D),1.(A,B)=(#,#)=⇒a(d)=1∧(C1,D1)6=(#,#),2.∃i,(Ci,Di)=(#,#)=⇒a(d)=1∧(A,B)6=(#,#),3.∃i,Ci=#∧Di6=#=⇒A=#∧∀i,Ci=#,4.∃i,Di=#∧Ci6=#=⇒B=#∧∀i,Di=#,Beforedefiningthesetofpicturesandthewordlanguageacceptedbyanarborescenttilingsystem,wedefineforanyarborescentpicturepofdomainX×[1,m]overΓthesetT(p)oftilingelementsofpasthesetofallsub-picturesp|x,j,X′,2ofpsuchthatxisaninternalpositioninX,j∈[1,m−1]andX′={ε}∪{i′>0|xi′∈X}.Definition5(Languageofatilingsystem).ThesetofarborescentpicturesacceptedbyanarborescenttilingsystemS=(Γ,#,∆)isthesetP(S)={p∈AP|T(p#)⊆∆}.The(word)languageacceptedbySisthesetL(S)={w∈Γ∗|∃p∈P(S),w=fr(p)}ofallupperfrontiersofpicturesofP(S).Aspreviously,notethatarborescenttilingsystemsareasyntacticalgen-eralisationofplanartilingsystems:framedpictureswithadomainX⊆1∗orbranchesofframedarborescentpicturesareplanarframedpictures,andar-borescenttilingsystemswhoseelementsallhavearity1areordinary,planartilingsystems.aaabbbccc×××bb++cc×××b++++c×××++++++aa++bb×××a++++b×××++++++×××############aaabbbccc##×××bb++cc##×××b++++c##×××++++++#############aa++bb×××##a++++b×××##++++++×××############Fig.1.Arborescentpicturepandthecorrespondingframedpicturep#



Example1.Figure2.1representsanarborescentpicturepwhosefrontieristheworda3b3c3,aswellasthecorrespondingframedpicture.Byconsideringallsub-picturesofheightandwidth2ofthatframedpicture,oneobtainsasetoftilingelements∆,whichcontains,amongothers,tilingelements(#,#,a,b),(a,+,+,+)and(+,+,#,#)ofarity1and(b,c,b+,×+)ofarity2,butnot(b,c,b+,c+)or(#,+,#,+)forinstance.OnecanseethatthetilingsystemS=({a,b,c,+,×},#,∆)acceptsallarborescentpicturessimilartopwhosefrontiersarewordsoftheformanbncnwithn≥2:theleftbranchofeachsuchpictureensuresthatthenumberofa’sandb’sisequalbyreplacingateachsuccessiverowoneoccurrenceofaandoneoccurrenceofbbysomesymbol+.Occurrencesofcareirrelevantandarereplacedwithsymbol×.Alowerframeborderscanonlybegeneratedoncealloccurrencesofaandbhavebeenreplaced.Asimilarcheckisperformedbytherightbranchforsymbolsbandc.NotethatSdoesnotacceptthewordabc,sinceacceptingasimilarpicturewithfrontierabcwouldrequiresomeadditionaltilingelements,likeforinstance(a,b,+×,++)and(b,c,++,×+).Consequently,thelanguageL(S)is{anbncn|n≥2}.2.2LanguagesofarborescenttilingsystemsInthissection,weprovethatarborescenttilingsystemsandalternatinglinearlyboundedmachinesdefinethesamefamilyoflanguages,namelyASPACE(O(n)),alsoequalaspreviouslymentionedtoDTIME(2O(n))=ETIME.Proposition1.ForeveryarborescenttilingsystemS,thereexistsanalternat-inglinearlyboundedmachineMsuchthatL(M)=L(S).Proofsketch.LetS=(Γ,#,∆)beanarborescenttilingsystem.WebuildanalternatinglinearlyboundedmachineM=(Γ,Γ′,Q,q#,f,δ)acceptingL(S).ItsworkalphabetΓ′istheunionofall¯Γkfork∈[1,a(S)],where¯Γ=Γ∪{#}anda(S)=max{a(d)|d∈∆}.WeinformallydescribeM’sbehaviourasfollows:1.Mstartsinconfiguration[q#w],wherew∈Γ∗istheinputword.Inafirstsweep,itchecksthatwisapossiblefrontierofapictureacceptedbyS.2.Inthenextsweep,Mgeneratesan-tupleofpossiblenextrowsbasedonthecurrentconfigurationandthetilesin∆.Mthenusesuniversalbranchingtoevaluatethesub-pictureswhoseupperfrontiersareeachoftheserows.3.Thelastgeneratedrowconsistsinasequenceofframesymbols#ifandonlyifthelastwrittensymbolis#.Ifthisisthecaseonthecurrentcomputationbranch,reachacceptingstatef.Otherwise,repeatthepreviousstep.Steps2and3arerepeateduntilallcomputationbrancheshavereachedtheacceptingstatef.utProposition2.ForeveryalternatinglinearlyboundedmachineM,thereexistsanarborescenttilingsystemSsuchthatL(S)=L(M).



Proofsketch.LetM=(Σ,Γ,Q,q0,F,δ)beanalternatinglinearlyboundedmachine.WebuildanarborescenttilingsystemS=(Γ′,#,∆)suchthatL(S)=[L(M)],where[and]aretwonewsymbols.Thesetoftilingelements∆isbuiltinordertoconformtothefollowinginformalspecification.Sfirstneedstosetaninputwordwastheupperfrontierofanypictureitaccepts.ItthenencodestheinitialconfigurationofMonwasthesecondrow.SubsequenttilessimulatetheapplicationofatransitionofMontheconfigu-rationencodedbythecurrentrow,andcheckthattheprevioustransitionwascorrectlysimulated.Thisrequiresadditionalinformation,inparticularaboutthepositionoftheheadandtheindexofthelastsimulatedtransition,tobeaddedtothepicturealphabet.Arityntilingelementsareusedwhenthesimulatedruleisofalternationdegreen.ThisprocessgoesonuntilanacceptingstateisreachedbyMonagivenexecutionbranch.Inthatcase,abottomborderisgeneratedbySonthecorrespondingpicturebranch.utFromPropositions1and2,wededucetheannouncedtheorem.Theorem1.ThelanguagesofarborescenttilingsystemsformthecomplexityclassETIME.NotethatthelanguageacceptedbythetilingsystemofExample1isacontext-sensitivelanguage,whichcouldalsobeacceptedbyanon-arborescenttilingsystem.3Tracesofterm-automaticgraphsWenowturntothemainresultofthispaper,whichisthestudyoflanguagesofgraphscharacterisedbyautomata-definedbinaryrelationsoverterms,andinparticularterm-automaticgraphs.Wedefinetheserelationsandthegraphstheygenerate,thenpresentatwo-stepsproofthatthelanguagesofterm-automaticgraphsindeedcoincidewithASPACE(O(n)).First,weestablishthisresultforthesimplerterm-synchronousgraphsinSection3.2,thengeneraliseittoterm-automaticgraphsinSection3.3.3.1DefinitionsLets=f(s1...sm)andt=g(t1...tn)betwotermsoversomerankedalphabetF.Wedefinetheoverlap[st]ofsandtasatermoverdomaindom(s)∪dom(t)andextendedalphabet(F∪{⊥})2(eachelement(f,g)ofthisalphabetbeingwrittensimplyfg),suchthat∀p∈dom(s)∪dom(t),[st](p)=fgwithf=s(p)ifp∈dom(s)or⊥otherwise,andg=t(p)ifp∈dom(t)or⊥otherwise.Thisnotationisextendedtosetsinthenaturalway.Wecannowdefineterm-automaticandterm-synchronousrelations.WesayabinaryrelationRisterm-(ortree-)automaticifthetermlanguage[R]={[st]|(s,t)∈R}isregular.Iffurthermoreforall(s,t)∈R,dom(s)=dom(t),itiscalledsynchronous.Inotherwords,asynchronousrelationisanautomatic



relationwhichonlyassociatestermswiththesamedomain.Bothfamiliesofrelationsareclosedunderrelationalcomposition.Term-automaticandterm-synchronousrelationsaresyntacticalextensionsofthecorrespondingfamiliesofrelationsoverwords.Assuch,theyalsodefineextendedfamiliesofgraphs.Definition6.AΣ-graphGisterm-automatic(resp.term-synchronous)ifitisisomorphictoagraph{ua→v|a∈Σ,(u,v)∈Ra},where(Ra)a∈Σisafamilyofterm-automatic(resp.term-synchronous)relations.3.2Term-synchronousgraphsThissectionpresentsdirectsimulationsofalternatingtilingsystemsbysyn-chronousgraphsandconversely,showingthatthelanguagesofterm-synchronousgraphsbetweenregularsetsofverticesformtheclassETIME.Proposition3.Foreveryterm-synchronousgraphGandregularsetsIandFthereexistsanarborescenttilingsystemSsuchthatL(S)=L(G,I,F).Proofsketch.LetG=(Ra)a∈Σbeasynchronousgraph,andI,FtworegularsetsofverticesofG.WebuildatilingsystemS=(Γ,#,∆)suchthatL(S)=L(G,I,S).Foralla∈Σ,letAabeafinitetop-downtermautomatonacceptingthelanguage[Ra](asdefinedinSection3.1),andAI,AFsimilarautomataforIandFrespectively.Foreverya∈Σ,wealsodefinerelationsRI◦a=IdI◦RaandRa◦F=Ra◦IdF,whereIdLdenotestheidentityrelationoversomesetL.LetalsoAI◦aandAa◦Fbetwoautomataacceptingthelanguages[RI◦a]and[Ra◦F]respectively.Thecontrolstatesetsofalltheseautomataaresupposeddisjoint.Theideaofthisconstructionisthat,foreverypatht0a1→t1...an→tninGwitht0∈I,tn∈Fand∀i,dom(ti)=X,Sshouldacceptanarborescentpicturepwhoseupperfrontieriswandwhosesuccessivevertical“slices”correspondtoencodingsofrunsofAI◦a1,Aa2,...,Aan−1andAan◦Frespectively.Conversely,SshouldonlyacceptallsuchpictureswhichcorrespondtopathsinGbetweenIandF.TheseconditionsaresufficientforL(S)tobeequaltoL(G,I,F).Toensuretheyindeedhold,wedefine∆inordertobeabletocheckthatthei-thand(i+1)-th“slices”areindeedcompatible.utProposition4.ForeveryarborescenttilingsystemS,thereexistsaterm-syn-chronousgraphGandregularsetsIandFsuchthatL(G,I,F)=L(S).Proofsketch.LetS=(Γ,#,∆)beanarborescenttilingsystem.Webuildaterm-synchronousgraphGsuchthatL(S)=L(G,I,F)forsomeregularsetsIandF.Inthefollowing,symbol#isoverloadedtomakethenotationlesscumbersome,andrepresentsfunctionalsymbolsofvaryingarities,whichcanbededucedfromthecontext.Inparticular,wewrite#Xforagivenprefix-closedsetXthetermofdomainXwhosenodesarealllabelledwith#.LetRa,a∈Σ,bethebinaryrelationbetweenallterms#(s)and#(t)(i.e.sandtwithanadditionalunary#attheroot)suchthatalabelstheroot



oftandforagivenp∈P(S),eithers=p|ε,i,X,1andt=p|ε,i+1,X,1forsomei>0ors=#Xandt=p|ε,0,X,1.LetGbethegraphdefinedby(Ra)a∈Σ,weshowthatGisterm-synchronousbyconstructingautomata(Aa)a∈ΣsuchthatL(Aa)=[Ra]={[st]|(s,t)∈Ra}.Foralla,Aahastransitions:q0##→qAB,1if(#,#,A,B)∈∆,q¯A¯B,iAB→q¯C¯D,1...q¯C¯D,kifd=(Ai,Bi,¯C,¯D)∈∆,k=a(d),Ai=¯A(i)andBi=¯B(i),q¯A¯B,iAiBi→εif(Ai,Bi,#,#)∈∆,Ai=¯A(i)andBi=¯B(i).WedefineIastheregularsetofalltermslabelledover{#},andFasthesetofallpossiblerightmostcolumnsofpicturesacceptedbyS.ThissetoftermsisacceptedbyanautomatonAFwhoseconstructionisstraightforward.ByconstructionofI,AFandeachoftheAa,thereisapathinGlabelledbyawordwbetweenavertexinIandavertexinFifftheverticesalongthatpatharethesuccessivecolumnsofapictureinP(S)withfrontierw.ut3.3Term-automaticgraphsInthissection,weshowthatthemoregeneralfamilyofterm-automaticgraphsdefinesthesamefamilyoflanguagesastheirsynchronouscounterparts.Proposition5.Foreveryterm-automaticgraphGandregularsetsoftermsIandF,thereexistsaterm-synchronousgraphG′andregularsetsI′andF′suchthatL(G′,I′,F′)=L(G,I,F).Proofsketch.LetGbeaterm-automaticgraphdefinedbyafamily(Ra)a∈ΣofautomaticrelationsandI,Fbetworegularlanguages,each[Ra]beingacceptedbyanautomatonAa,IbyAIandFbyAF.WedefineasynchronousgraphG′=(R′a)a∈ΣandtworegularsetsI′andF′suchthatL(G,I,F)=L(G′,I′,F′).Recallthatterm-automaticrelationsaredefinedusinganotionofoverlapbetweenterms(Cf.Section3.1).Twotermssandtwithdifferentdomainsbelongtoaterm-automaticrelationRdefinedbyautomatonAiftheoverlap[st]ofsandtisacceptedbyA.Thisnotionofoverlapconsistsin“unifying”thedomainsofsandt,andpaddingundefinedpositionswithaspecialsymbol⊥.Wewishtoreusethisidea,butinsteadofunifyingthedomainsoftwotermsonly,wehavetounifythedomainsofallverticesalongagivenpath.Indeed,inaterm-synchronousgraph,edgescanonlyexistbetweentermswithpreciselythesamedomain.ForeverytermsstandingforavertexinG,wewillthushavetoconsideraninfinitesetof“versions”ofsinG′,oneforeachpossibletermdomainlargerthanthatofs.LetΓbearankedalphabet,wedefinealphabetΓ′asΓ′=Γ0∪ΓnwithΓ′0=#0andΓ′n=Γ∪#n,wherenisthemaximalarityofsymbolsinΓ.Let



φbeamappingfromT(Γ)to2T(Γ′)suchthatforanytermt∈T(Γ),φ(t)={t′∈T(Γ′)|dom(t)⊂dom(t′),∀p∈dom(t),t′(p)=t(p)and∀p∈dom(t′)\dom(t),t′(p)∈{#0,#n}}.Inotherwords,toanytermt,φassociatesthesetofalltermsobtainedby“padding”twithsilentsymbols#0and#n.Thismappingisextendedtosetsoftermsinthenaturalway.Notethat,givenanyt′∈F(Γ′),thereexistsatmostonetermt∈T(Γ)suchthatt′∈φ(t).Wenowdefine,foreverya∈Σ,relationR′aas{(s′,t′)|(s,t)∈Ra,s′∈φ(s),t′∈φ(t)anddom(s′)=dom(t′)}.Thissynchronousrelationcanbechar-acterisedbyafinitetreeautomatonA′adefinedfromAa.WealsoletI′=φ(I)andF′=φ(F),forwhichautomatacanbesimilarlydefinedfromAIandAF.LetG′betheterm-synchronousgraphdefinedby(R′a)a∈Σ.OnecanshowthatforeverypathlabelledwinG′betweensomei′∈I′andf′∈F′,thereexistsauniquepathbetweenIandFinGwiththesamelabel,andthatconverselyforeveryw-pathbetweenIandFinGtheremustexistatleastonecorrespondingpathinG′betweenI′andF′.ThisensuresthatL(G,I,F)andL(G′,I′,F′)areindeedequal.utRemark1.Notethatforeveryterm-automaticgraphGandregularsetsIandF,thereexistsaterm-automaticgraphG′andfinitesetsI′andF′suchthatL(G′,I′,F′)=L(G,I,F).Indeed,foranyregularIandFandfiniteI′andF′therelationsI′×IandF×F′areautomatic.Sinceterm-automaticrelationsareclosedunderunionandcomposition,thiscanbeusedtobuildG′fromG.This,however,doesnotholdintheterm-synchronouscase.Indeed,sinceeachconnectedcomponentofaterm-synchronousgraphisfinite,thelanguageofanysuchgraphfromafinitesetofinitialverticesisregular.CombiningTheorem1,Propositions3,4and5,aswellasRemark1,weobtainthefollowingresultconcerningthefamilyoflanguagesacceptedbyterm-synchronousandterm-automaticgraphs.Theorem2.Thelanguagesofterm-synchronousgraphsbetweenregularsetsofverticesandofterm-automaticgraphsbetweenregularorfinitesetsofverticesformthecomplexityclassETIME.4ConclusionWehaveprovedthattheclassoflanguagesacceptedbyalternatinglinearlyboundedmachines(ETIME)canalsobecharacterisedasthesetsoffirstrowsofpicturesacceptedbyarborescenttilingsystems,aswellasthesetsofpathlabelsofterm-automaticgraphsbetweenregularorfinitesetsofinitialandfinalvertices.AnaturalextensionofthisworkwouldbetogeneraliseTheorem2tographsdefinedbymoreexpressiveclassesoftreetransducers,inordertofullyextend
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AProofdetailsA.1ProofofProposition1Proof.LetS=(Γ,#,∆)beanarborescenttilingsystem.Webuildanalternat-inglinearlyboundedmachineM=(Γ,Γ′,Q,q#,f,δ)acceptingL(S).ItsworkalphabetΓ′istheunionofall¯Γkfork∈[1,a(S)],where¯Γ=Γ∪{#}anda(S)=max{a(d)|d∈∆}.ThecontrolstatesandtransitionrulesofMare(only)thoseappearinginthefollowingdescriptionofM’sbehaviour.1.Mstartsinconfiguration[q#w],wherew∈Γ∗istheinputword.Forall(#,#,C,D)∈∆withD6=#,δcontainsaruleqCD→qDD+.Foreverytile(#,#,C,#)∈∆andpositiveintegern≤a(S),McanreverseitsheadwitharuleqC]→p1##n]−.ThisfirstsweepchecksthatwisapossibleupperfrontierofapictureacceptedbyS.2.Inthenextsweep,Mgeneratesatonceapossiblen-tupleofnextrowsbasedonthecurrentconfigurationandthetilesin∆.Forall¯A=A1...Am,¯C=C1...Cnand¯D=D1...Dnwithm,n∈[1,a(S)]andforallk∈[1,m],δcontainstherulespk##n¯A→pkAk¯C¯C−forall(Ak,#,¯C,#n)∈∆,pkBk¯D¯A→pkAk¯C¯C−forall(Ak,Bk,¯C,¯D)∈∆,pkBk¯D[→∧i∈[1,n]qi##l[+forall(#,Bk,#n,¯D)∈∆,l∈[1,a(S)].Rulesofthelattertypeperformaheadreversalwithuniversalbranchingattheendofasweep.Oneachnewcomputationbranch,proceedtothenextstep.3.Thelastrowgeneratedoncomponentkconsistsofasequenceofframesymbols#ifandonlyifthelastsymbolwrittentotherightoftheleftbordersymbolis#.Ifthisisthecaseonthecurrentcomputationbranch,reachacceptingstatefwithrulesoftheformqk##n¯B→f¯B+forallm∈[1,a(S)],k∈[1,m]and¯B=B1...BmwithBk=#.Otherwise,proceedtothenextstep.4.Thisstepistheright-to-leftcounterpartofstep2.Forall¯B=B1...Bm,¯C=C1...Cnand¯D=D1...Dnwithm,n∈[1,a(S)]andforallk∈[1,m],δcontainstherulesqk##n¯B→qkBk¯D¯D+forall(#,Bk,#n,¯D)∈∆,qkAk¯C¯B→qkBk¯D¯D+forall(Ak,Bk,¯C,¯D)∈∆,qkAk¯C]→∧i∈[1,n]pi##l]−forall(Ak,#,¯C,#n)∈∆,l∈[1,a(S)].Aspreviously,rulesofthelattertypeperformaheadreversalwithuniversalbranchingattheendofasweep.Oneachnewcomputationbranch,proceedtothenextstep.



5.Converselytostep3,ifthelastsymbolwrittenoncomponentktotheleftoftherightbordersymbolis#,thenreachacceptingstatefwithrulesoftheformpk##n¯A→f¯A−forallm∈[1,a(S)],k∈[1,m]and¯A=A1...AmwithAk=#.Otherwise,proceedtostep2.Steps2to5arerepeateduntilallcomputationbrancheshavereachedtheac-ceptingstatef.Itthenonlyremainstocheckthatthishappensif,andonlyif,theinputwordwisacceptedbyS.AcontrolstateofMoftheformpkBk¯D,occurringinaright-to-leftsweepofthetape(step2),carriestheinformationthatatthepreviousstep,thetapecelltotherightoftheheadcontainedsomeword¯Bofk-thletterBk,thatthiscellnowcontains¯D.TransitionsfromthiscontrolstatetoacontrolstatepkAk¯Carenowenabledif,andonlyif,thecurrentcellcontainsaword¯Awhosek-thletterisAk,andthereexistsin∆atilingelement(Ak,Bk,¯C,¯D),whichMcannon-deterministicallytrytosimulate.Ifsuchatransitionisused,¯Aisthenreplacedwith¯Candthesimulationcontinues.Onceacompletesweepisachieved,itisensuredthatthenewtapecontentisconsistentwiththetilingelementsin∆asfarascomponentkoftheprevioustapecontentisconcerned.Oncethelefttapedelimiterisreached,eitherthewholetapecontainsbordersymbols,inwhichcasethecurrentexecutionbranchshouldreachanacceptingstate(step3),orMhastolaunchasmanyalternatingcomputationsasnecessarytoproceedwiththesimulation.SimilarexplanationsthenholdforstatesoftypeqkAk¯Cduringstep4.ConsiderarunρofMoverwordwwith|w|=n.Letwxbethetapecontentreachedafter|x|completesweepsofthetapewherexisasequenceofindicesdenotingthecomputationbranchwherethistapecontentappears(i.e.xisthesequenceofindiceskofcontrolstatesofMencounteredaftereachheadreverseonthisparticularexecutionbranch),andletXbethesetofallsuchx.Definewx(k)astheword¯A(x,1)(k)...¯A(x,n)(k),wherewx=¯A(x,1)...¯A(x,n).LetpbethearborescentpictureofdomainY={y|1y∈X}whoserowatpositionεiswandwhoserowatpositionykispreciselyw1y(k).ItistediousbutstraightforwardtoprovethatpbelongstoP(S)(andhencewtoL(S))ifandonlyifρisanacceptingrun(andhencew∈L(M)).utA.2ProofofProposition2Proof.LetM=(Σ,Γ,Q,q0,F,δ)beanalternatinglinearlyboundedmachine.WebuildanarborescenttilingsystemS=(Γ′,#,∆)suchthatL(S)=[L(M)],where[and]aretwonewsymbols.WesupposewithoutlossofgeneralitythateveryruledofMisgivenundertheformd=pA→q1B1µ1∧...∧qnBnµn.BydiwerefertothefragmentpA→qiBiµiofd,andweleta(d)=n.TilingelementsofSconsistinthefollowingsets.First,weneedasetoftilesofarity1tosettheinputwordasupperfrontier.Foralla,b∈Σ,∆contains(#,#,#,[),(#,#,[,a),(#,#,a,b),(#,#,b,]),(#,#,],#).



Inthesecondrowwethenneedtoencodetheinitialconfiguration[q0w]ofM.Thusforalla,b∈Σ,∆containsthearity1tiles(#,[,#,[(⊥)l),([,a,[(⊥)l,a(⊥)q0),(a,b,a(⊥)q0,b(⊥)r),(a,b,a(⊥)r,b(⊥)r),(b,],b(⊥)r,](⊥)),(],#,](⊥)r,#),where⊥denotesadummytransitionofarityconsideredas1.Subsequenttileschecktheconsistencyofthepreviouslyappliedtransitiondthroughoutarow,andsimulatetheapplicationofanewtransitiond′ofM.Arityntilesareusedwhend′isofalternationdegreen.ForallA,B,B′,C,C′∈Γandd∈δ,∆thuscontains(#,[(d)p,#n,([(d′)l)n)foralld′=(p[→q1[+∧...∧qn[+)∈δ,(#,[(d)l,#n,Y)foralld′∈δwitha(d′)=n,where∀i∈[1,n],Yi=[(d′)qior[(d′)lifd′i=pC→qiC′−[(d′)lotherwise,(A(d)l,B(d)l,(A(d′)l)n,Y)foralld′∈δwitha(d′)=n,where∀i∈[1,n],Yi=B(d′)qiorB(d′)lifd′i=pC→qiC′−B(d′)lotherwise,(A(d)l,B(d)p,X,Y)foralld′∈δwitha(d′)=n,where∀i∈[1,n],Xi=A(d′)qiandYi=B′r(d′)ifd′i=pB→qiB′−Xi=A(d′)landYi=B′l(d′)ifd′i=pB→qiB′+aswellasalltilingelementsoftheform(](d)p,#,(](d′)p)n,#n),([(d)l,#,X,#n),(A(d)r,B(d)r,X,(B(d′)r)n)and(A(d)p,B(d)r,X,Y),defineddually.Furthermore,ifthelastsimulatedtransitionendsinafinalcontrolstate,tilesof∆shouldallowonetogeneratealowerborder:wethushavecopiesofallthepreviousruleswithX=Y=#,withtheadditionalconstraintthattransitiondreachesanacceptingstateofM.ItremainstoprovethatoneindeedhasL(S)=[L(M)],whichcanbedonebyprovingthatinanypicturepacceptedbyS,ifarowrencodessomeconfigurationcofM,thenthechildrenofraccuratelyencodethedirectsuccessorsofcthroughanalternatingtransitiond∈δ.Consequently,eachpictureofupperfrontier[w]acceptedbySisafaithfulencodingofanacceptingrunofMonw.Conversely,wheneverMhasanacceptingrunoversomewordw,itsencodingasapicturehastobeacceptedbyS.DefiningatilingsystemwhichacceptspreciselyL(M)andnot[L(M)],i.e.removingthebordersymbolsfromL(S),isthenasimpleexercise.ut



A.3ProofofProposition3Proof.LetG=(Ra)a∈Σbeaterm-synchronousgraph,andI,FtworegularsetsofverticesofG.WebuildanarborescenttilingsystemS=(Γ,#,∆)suchthatL(S)=L(G,I,S).Foralla∈Σ,letAibeafinitetop-downtermautomatonacceptingthelanguage[Ra](asdefinedinSection3.1),andAI,AFsimilarautomataforIandFrespectively.Foreverya∈Σ,wealsodefinerelationsRI◦a=IdI◦RaandRa◦F=Ra◦IdF,whereIdLisashorthandnotationfortheidentityrelationoversomesetL.LetalsoAI◦aandAa◦Fbetwoautomataacceptingthelanguages[RI◦a]and[Ra◦F]respectively.Foreverypatht0a1→t1...an→tninGwitht0∈I,tn∈Fand∀i,dom(ti)=X,wewantStoacceptanarborescentpicturepsuchthat–p|ε,1,X,1isisomorphictotheterma1,(ρ1),where[isconsideredaunarysymbolandρ1isanacceptingrunofAI◦a1over[t0t1],–p|ε,i,X,1isisomorphictothetermai(ρi)foralli∈[2,n−1],whereρiisanacceptingrunofAaiover[ti−1ti]–p|ε,n,X,1isisomorphictotheterman(ρn),whereρn+1isanacceptingrunofAan◦Fover[tn−1tn],andconversely,SshouldonlyacceptallsuchpictureswhichcorrespondtopathsinGbetweenIandF.TheseconditionsaresufficientforStoacceptthewordlanguageL(G,I,F).Toensuretheyindeedhold,wedefine∆ascontainingthefollowingtiles.Fortheleftmostcolumnsofpictures,wesimulateforeveryathepossiblerunsofautomatonAI◦awithtiles(#,#,#,a),(#,a,#,px)ifpinitialinAI◦a,(#,px,#k,p1x1...pkxk)ifpx→p1x1...pkxk∈AI◦a.(#,px,#,#)ifpx→ε∈AI◦a,Forpairsofintermediatecolumnsinsideapicture,wesimulatetwoautomatasidebysidewhilecheckingforconsistency.Henceforalla,b∈Σ,wehavetiles(#,#,a,b),(a,b,px,qy)withpinitialinAa,qinitialinAbandx=fgandy=ghforsomef,g,h,(px,qy,p1x1...pkxk,q1y1...qkyk)if{px→p1x1...pkxk∈Aaqy→q1y1...qkyk∈Aband∀i∈[0,k],xi=fgandyi=ghforsomef,g,h(px,qy,#,#)ifpx→ε∈Aa,qy→ε∈Abandx=fgandy=ghforsomef,g,h.



Finally,fortherightmostcolumnswehavethefollowingsetoftiles,whichisanalogoustotheleftmostcase.Foreveryletterb,∆contains(#,#,b,#),(b,#,qy,#)ifqinitialinAb◦F,(qy,#,q1y1...qkyk,#k)ifqy→q1y1...qkyk∈Ab◦F.(qy,#,#,#)ifqy→ε∈Ab◦F.Itthenonlyremainstocheckthatgiventhissetoftiles,Sindeedenjoysthepropertiescitedabove,andhenceacceptsL(G,I,F).utA.4ProofofProposition4Proof.LetS=(Γ,#,∆)beanarborescenttilingsystem.Webuildaterm-synchronousgraphGsuchthatL(S)=L(G,I,F)forsomeregularsetsIandF.Inthefollowing,symbol#isoverloadedtomakethenotationlesscumbersome,andrepresentsfunctionalsymbolsofvaryingarities,whichcanbededucedfromthecontext.Inparticular,wewrite#Xforagivenprefix-closedsetXthetermofdomainXwhosenodesarealllabelledwith#.LetRa,a∈Σ,bethebinaryrelationbetweenallterms#(s)and#(t)(i.e.sandtwithanadditionalunary#attheroot)suchthatalabelstherootoftandforagivenp∈P(S),eithers=p|ε,i,X,1andt=p|ε,i+1,X,1forsomei>0ors=#Xandt=p|ε,0,X,1.LetGbethegraphdefinedby(Ra)a∈Σ,weshowthatGisterm-synchronousbyconstructingautomata(Aa)a∈ΣsuchthatL(Aa)=[Ra]={[st]|(s,t)∈Ra}.Foralla,Aahastransitions:q0##→qAB,1if(#,#,A,B)∈∆,q¯A¯B,iAB→q¯C¯D,1...q¯C¯D,kifd=(Ai,Bi,¯C,¯D)∈∆,k=a(d),Ai=¯A(i)andBi=¯B(i),q¯A¯B,iAiBi→εif(Ai,Bi,#,#)∈∆,Ai=¯A(i)andBi=¯B(i).WedefineIastheregularsetofalltermslabelledover{#},andFasthesetofallpossiblerightmostcolumnsofpicturesacceptedbyS.ThissetoftermsisacceptedbytheautomatonAFwhosetransitionsare:q0#→qA,1if(#,#,A,#)∈∆,q¯A,iAi→q¯C,1...q¯C,kifd=(Ai,#,¯C,#k)∈∆andAi=¯A(i),q¯A,iAi→εif(Ai,#,#,#)∈∆andAi=¯A(i).ByconstructionofeachoftheAa,ofIandofAF,thereexistsapathinGlabelledbyawordwbetweenavertexinIandavertexinFifandonlyiftheverticesalongthatpathsarethesuccessivecolumnsofapictureinP(S)whosefrontierisw.ut



A.5ProofofProposition5Proof.LetGbeaterm-automaticgraphdefinedbyafamily(Ra)a∈Σofauto-maticrelationsandI,Fbetworegularlanguages,eachRabeingacceptedbyanautomatonAaandI,FbyAIandAFrespectively.WedefineasynchronousgraphG′=(R′a)a∈ΣandtworegularsetsI′andF′suchthatL(G,I,F)=L(G′,I′,F′).LetΓbearankedalphabet,wedefinealphabetΓ′asΓ′=Γ0∪ΓnwithΓ′0=#0andΓ′n=Γ∪#n,wherenisthemaximalarityofsymbolsinΓ.LetφbeamappingfromT(Γ)to2T(Γ′)suchthatforanytermt∈T(Γ),φ(t)={t′∈T(Γ′)|dom(t)⊂dom(t′),∀p∈dom(t),t′(p)=t(p)and∀p∈dom(t′)\dom(t),t′(p)∈{#0,#n}}.Inotherwords,toanytermt,φassociatesthesetofalltermsobtainedby“padding”twithsilentsymbols#0and#n.Thismappingisextendedtosetsoftermsinthenaturalway.Notethat,givenanyt′∈F(Γ′),thereexistsatmostonetermt∈T(Γ)suchthatt′∈φ(t).Wenowdefine,foreverya∈Σ,relationR′aas{(s′,t′)|(s,t)∈Ra,s′∈φ(s),t′∈φ(t)anddom(s′)=dom(t′)}.Thissynchronousrelationcanbechar-acterisedbyafinitetreeautomatonA′adefinedfromAa.Foreverytransitionpx→q1...qkinAa,with0≤k≤n,A′ahasatransitionp′x→q′1...q′k(q#)n−k,aswellastransitionsq##n→(q#)nandq##0→ε.TheinitialstateofA′aisq′0.WealsoletI′=φ(I)andF′=φ(F),forwhichautomatacanbesimilarlydefinedfromAIandAF.LetG′betheterm-synchronousgraphdefinedby(R′a)a∈Σ.Foreverypathi′=t′0a1→t′1...t′n−1an→t′n=f′inG′withi′∈I′andf′∈F′,bydefinitionofG′andφ,andforalli∈[1,n],theremustexistuniqueti−1andtisuchthatti−1ai→ti∈G,t′i−1∈φ(ti−1)andt′i∈φ(ti).Also,bydefinitionofIandF,t0∈Iandtn∈F.Hencea1...an∈L(G,I,F),andmoregenerallyL(G′,I′,F′)⊆L(G,I,F).Conversely,consideranypathi=t0a1→t1...tn−1an→tn=finGwithi∈Iandf∈F.OnecaneasilyseethatforsomesufficientlylargedomainX,foralli∈[0,n]thereexistst′i∈φ(ti)withdom(t′i)=X.Fromthere,itisnotdifficulttoconcludethatthereisapathinG′labelledbya1...an,hencethatL(G,I,F)⊆L(G′,I′,F′).ut


