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Algelryaic recognizabilit?
The word case
How do we extendalgelvaic recognizabilit beyond words?
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(ab) a

8x 8y
:(9zx<z<y)) (Rax, Ryy)
N Ramin A Rymax
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Algebraic recognizability?

Our claimtoday: the algelraic point of view s especiallyrelevant
and useful,in the caseof words and alsoin other settings

The rest of this talk is an attempt to substantiatethis claim by

I analyzingthe word case
I discussingvhat we can expect in other settings

I and reviewinga number of situationswhereinterestingresults
haveemerged
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Star-free languages and FO-de nabilit y
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Locally testable languages
E cient decision procedures

Syntacticmonoidvs. minimalautomaton

[plals
a lq|s|s
b ||s|p]|s
a |[s]s]s
ab |p|s|s
ba|s|qls
b?> |s|s|s b?=a=0
abajlg|s|s aba= a; bab=b

S((ab) a) = fa;b;ab; ba; Og

S(L) is the transition monoidof A (L)
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Syntactic monoid vs. minimal automaton
Star-free lang es and FO-de nabilit y

The word case

Syntacticmonoidvs. minimalautomaton

L, recognizabldanguage:2 computableinvariants

I A(L), the minimal automatonof L
I S(L), the syntactic monoid of L

Classi cationof recognizabléanguages.chaacterizeand decidesig-
ni cant classes
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monoid vs. minimal automaton

The word case

anguages
procedures

Sta-freelanguagews. FO-de nability

Theaem (Schutzenkerger,McNaughton,Pappert, Kamp)
TFAE

I L is star-free

I L is FO-de nable

I LisPTL-de nable

I A(L) is counter-free
I S(L) is aperiodic

essentiallythe sameproperty; providesdecidabiliy

A counter-free:if ¢ u" = q,thenq u=q
S aperiadic: if s" = s, thens?='s
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FO is equivalentto FO3 (useonly 3 variables)but not to FO,
Theaem (EtessamiPin, Schutz, Therien,Weil, Wilke)
TFAE
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I L is PTL-de nable without until

I L can be obtainedfrom the letters usingonly disjoint unions
and unambiguousconcatenations

I S(L) isin DA
S isin DA if, whenevexyx = x for somey, then x2 = x
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E cient decision procedures

Dot-depthhierachy and quanti er alternation

n,» n andBool( ) are alsochaacterizedalgelyaically andin
terms of the complexiy of a star-free expression(dot-depth),

... butforn 2 or 3, we do not know any decisionalgaithm

n: FO formulasin normal prenexform, with n alternationsof
guanti ers, starting with 9
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Locally testablelanguages

Locally testablelanguages:determinedby a Booleancombination
of conditionson the presenceof a nite number of pre xes, factors
and su xes

Theaem (Simon,McNaughton,Ladner)
L is locally testablei S(L) (semigroupversion)is locally
idempotent and commutative

that is, if e = €2, then (es§? = eseand esete= etese a decidable
property
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This approachis systematizedn Eilenkerg's variety theaem
I Often, decidabiliy is possibleon the syntactic monoid
chaacterization,and in manyimportant casesonly that way
I ComputingS(L) from A(L) may leadto exponential
blow-up.. .
I ... but S(L) is the transition monoidof A (L), and the

algelraic decisionprocedurecan often be translated to one on
the automaton

I Sometimeswith signi cant bene t: givenA(L), local
testability, », FO, are decidedin PTIME

I but decidingFO is PSPACE-complete(Cho, Huynh)
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Choosing an algebraic structure
Logical de nabilit y vs. recognizability

How do we extend algebraic recognizability beyond words?

-lab eledtrees,where is a ranked alphaket: a node labeled
hasrank( ) linealy orderedchildren

Theaem (Doner, Thatcher, Wright)

Let L be a languageof -trees. TFAE
I L is acceptedby a bottom-up tree automaton
I Lis MSO-de nable

MSO-famulas, interpreted on the nodes, using the parent-child
predicate,the order betweensiblings,and the -lab eling
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How do we extend algebraic recognizability beyond words?

-lab eledtrees,where is a ranked alphaket: a node labeled
hasrank( ) linealy orderedchildren

Theaem (Doner, Thatcher, Wright)
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Trees

In nite  words

Choosing an algebraic structure
Logical de nabilit y vs. recognizability

How do we extend algebraic recognizability beyond words?

-lab eledtrees,where is a ranked alphaket: a node labeled
hasrank( ) linealy orderedchildren

Theaem (Doner, Thatcher, Wright)

Let L be a languageof -trees. TFAE
I L is acceptedby a bottom-up tree automaton
I Lis MSO-de nable
I L isrecognizableby a nite -algelya

in a -algebra, each 2 de nes an operation of arity rank( ).
T , the setof all -trees, isa -algebra

considermorphismsfrom T into nite -algebras, or equivalently
nite-index congruence®n T
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Choosing an algebraic structure
Logical de nabilit y vs. recognizability

How do we extend algebraic recognizability beyond words?

-lab eledtrees,where is a ranked alphaket: a node labeled
hasrank( ) linealy orderedchildren

Theaem (Doner, Thatcher, Wright)
Let L be a languageof -trees. TFAE
I L is acceptedby a bottom-up tree automaton
I L is MSO-de nable
I L isrecognizableby a nite -algelya
I L is equational

i.e, L is a component of a solution of a system of equationsin

the -algebra T (can be expessedalsoin terms of context-free
grammas)
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I MSO-de nability
I recognizabiliy by a nite -algebra
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expessions
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Trees

In nite  words

Choosing an algebraic structure
Logical de nabilit y vs. recognizability

How do we extend algebraic recognizability beyond words?

I bottom-up tree automaton
I MSO-de nability
I recognizabiliy by a nite -algebra

I equationaliy

Positive points:

I thereis an equivalentnotion of generalizedational
expessions

I deterministicbottom-up tree automata provide an e cient
implementation
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I bottom-up tree automaton
I MSO-de nability
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I bottom-up tree automaton
I MSO-de nability
I recognizabiliy by a nite -algebra
I equationaliy
Disapminting points:

I deterministicbottom-up tree automataand nite -algebras
are essentiallythe samething
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In nite  words

Choosing an algebraic structure
Logical de nabilit y vs. recognizability

How do we extend algebraic recognizability beyond words?

I bottom-up tree automaton
I MSO-de nability
I recognizabiliy by a nite -algebra

I equationaliy
Disapminting points:

I deterministicbottom-up tree automataand nite -algebras
are essentiallythe samething

I no classi cationresults: in particular, we do not know how to
chaacterizeor decideFO-de nable tree languages

Pascal Weil Algebraic Recognizability



Trees

In nite  words

Choosing an algebraic structure
Logical de nabilit y vs. recognizability

How do we extend algebraic recognizability beyond words?

In nite words

In nite words, AN Al = A [ AN

Pascal Weil Algebraic Recognizability



Trees

In nite  words

Choosing an algebraic structure
Logical de nabilit y vs. recognizability

How do we extend algebraic recognizability beyond words?

In nite words

In nite words, AN Al = A [ AN

This Bechi automatonacceptsall words in AN with in nitely many
a andin nitely manyb

Pascal Weil Algebraic Recognizability



Trees

In nite  words

Choosing an algebraic structure
Logical de nabilit y vs. recognizability

How do we extend algebraic recognizability beyond words?

In nite words

In nite words, AN Al = A [ AN

Bechi automata, Muller automata, Rabin automata, are equivalent
to MSO-de nability, andto ! -regula expessionsj.e., nite unions
of KL' (K;L recog.languageof nite words)

This Bechi automatonacceptsall words in AN with in nitely many
a andin nitely manyb
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How do we extend algebraic recognizability beyond words?

In nite words: usingmany-soted algelvas

I The proper algebraic setting, called! -semigroupsemerged
more recently (Wilke, Pin, after work by Arnold, Pecuchet,
Perrin)
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Perrin)

I ConsiderA! (not AN) and 2 sats of elements: nite and
in nite and 3 operations
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How do we extend algebraic recognizability beyond words? Clitaresili) 2w ElERlET: S,”UCMP‘
Logical de nabilit y vs. recognizability

In nite words: usingmany-soted algelvas

I The proper algebraic setting, called! -semigroupsemerged
more recently (Wilke, Pin, after work by Arnold, Pecuchet,
Perrin)

I ConsiderA! (not AN) and 2 sats of elements: nite and
in nite and 3 operations

I binary nite product nite  nite !  nite
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more recently (Wilke, Pin, after work by Arnold, Pecuchet,
Perrin)

I ConsiderA! (not AN) and 2 sats of elements: nite and
in nite and 3 operations

I binary nite product nite  nite !  nite
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I The proper algebraic setting, called! -semigroupsemerged
more recently (Wilke, Pin, after work by Arnold, Pecuchet,
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I ConsiderA! (not AN) and 2 sats of elements: nite and
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I Algelraic recognizabiliy is equivalentto rational expessions,
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In nite  words

Choosing an algebraic structure
Logical de nabilit y vs. recognizability

How do we extend algebraic recognizability beyond words?

In nite words: usingmany-soted algelvas

I The proper algebraic setting, called! -semigroupsemerged
more recently (Wilke, Pin, after work by Arnold, Pecuchet,
Perrin)

I ConsiderA! (not AN) and 2 sats of elements: nite and
in nite and 3 operations

I binary nite product nite  nite !  nite
I binary mixedproduct nite  innite ! in nite
I unay in nite power nite ! in nite

I Algelraic recognizabiliy is equivalentto rational expessions,
Bechi automataand MSO-de nability, and

I an Eilenkerg-syle variety theaem holds, with many
interestingclasseshaacterized(Perrin, Pin, Caton)
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How do we extend algebraic recognizability beyond words?

To study setsof structures(words, trees,posets,graphs,
etc)

I we do not always havea model of automata

I MSO formulasare clealy de ned oncethe structuresare
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How do we extend algebraic recognizability beyond words? Cliaesiie) & elFEeE structure
Logical de nabilit y vs. recognizability

To study setsof structures(words, trees,posets,graphs,
etc)

I we do not always havea model of automata

I MSO formulasare clealy de ned oncethe structuresare
decidedupon

I but algelraic recognizabiliy dependson the choiceof an
algebaic structure
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Trees
In nite  words

How do we extend algebraic recognizability beyond words? Cliaesiie) & elFEeE structure
Logical de nabilit y vs. recognizability

To study setsof structures(words, trees,posets,graphs,
etc)

I we do not always havea model of automata

I MSO formulasare clealy de ned oncethe structuresare
decidedupon

I but algelraic recognizabiliy dependson the choiceof an
algebaic structure

Usually the structuresare given,and we needto invent the
abstractalgebaic structure: monoidsfor words, -algebras for
-trees, ! -semigroupdor Al etc
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Logical de nabilit y vs. recognizability

How do we extend algebraic recognizability beyond words?

What is a good choiceof algelvaic structure?

Not always clea (posets,graphs)... A good algelraic structure
should

I match someother speci cation method: automata, logics,...
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How do we extend algebraic recognizability beyond words?

What is a good choiceof algelvaic structure?

Not always clea (posets,graphs)... A good algelraic structure
should

I match someother speci cation method: automata, logics,...
I allow usto chaacterize,and hopefully decidesigni cant
classeqtypically: FO-de nability)
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Choosing an algebraic structure
Logical de nabilit y vs. recognizability

How do we extend algebraic recognizability beyond words?

What is a good choiceof algelvaic structure?

Not always clea (posets,graphs)... A good algelraic structure
should

I match someother speci cation method: automata, logics,...
I allow usto chaacterize,and hopefully decidesigni cant
classeqtypically: FO-de nability)

We can put more or lessoperationsin our signature,but more
operationsgive fewer recognizabldanguages
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How do we extend algebraic recognizability beyond words? Cliaesiie) & elFEeE structure
Logical de nabilit y vs. recognizability

What is a good choiceof algelvaic structure?

Not always clea (posets,graphs)... A good algelraic structure
should
I match someother speci cation method: automata, logics,...
I allow usto chaacterize,and hopefully decidesigni cant
classeqtypically: FO-de nability)
We can put more or lessoperationsin our signature,but more
operationsgive fewer recognizabldanguages

On A , considerthe usual concatenationproduct, and the unay

mirror operationa; an 184 7! awa, 1 @, then the classof
recognizablesetsis unchanged
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Trees
In nite  words

How do we extend algebraic recognizability beyond words? Cliaesiie) & elFEeE structure
Logical de nabilit y vs. recognizability

What is a good choiceof algelvaic structure?

Not always clea (posets,graphs)... A good algelraic structure
should

I match someother speci cation method: automata, logics,...
I allow usto chaacterize,and hopefully decidesigni cant
classeqtypically: FO-de nability)
We can put more or lessoperationsin our signature,but more
operationsgive fewer recognizabldanguages

On A , considerthe usual concatenationproduct, and the unay

mirror operationa; an 184 7! awa, 1 @, then the classof
recognizablesetsis unchanged

On the other hand, if we add the unay shift operation
a an 187 7! ana @&y 1, thena b isnot recognizable
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In nite  words

How do we extend algebraic recognizability beyond words? Cliaesiie) & elFEeE structure
Logical de nabilit y vs. recognizability

What is a good choiceof algelvaic structure?

Not always clea (posets,graphs)... A good algelraic structure
should
I match someother speci cation method: automata, logics,...
I allow usto chaacterize,and hopefully decidesigni cant
classeqtypically: FO-de nability)
We can put more or lessoperationsin our signature,but more
operationsgive fewer recognizabldanguages

Too few operationsgive too many recognizabldanguages:if there
are no operations,then everypartition is a congruencegverysubset
is recognizable
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How do we extend algebraic recognizability beyond words?

And what is a good choiceof logic?

I Obviouscandidate: monadicsecondorder logic (MSO)
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I Obviouscandidate: monadicsecondorder logic (MSO)
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with 9 Mod dy ' (x) where' is MSO
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How do we extend algebraic recognizability beyond words?

And what is a good choiceof logic?

I Obviouscandidate: monadicsecondorder logic (MSO)

I CountingMSO (CMSO) is better. CMSO= MSO extended
with 9 Mod dy ' (x) where' is MSO

For instance,considerN”, the free commutativesemigroupon A,
and a typical element,say, 3a+ 5b
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Logical de nabilit y vs. recognizability

How do we extend algebraic recognizability beyond words?

And what is a good choiceof logic?

I Obviouscandidate: monadicsecondorder logic (MSO)

I CountingMSO (CMSO) is better. CMSO= MSO extended
with 9 Mod dy ' (x) where' is MSO

For instance,considerN”, the free commutativesemigroupon A,
and a typical element,say, 3a+ 5b

I model it by a discretegraph (no edges)with 8 A-labeled
vertices
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How do we extend algebraic recognizability beyond words? Logical de nabilit y vs. recognizability

And what is a good choiceof logic?

I Obviouscandidate: monadicsecondorder logic (MSO)
I CountingMSO (CMSO) is better. CMSO= MSO extended
with 9 Mod dy ' (x) where' is MSO
For instance,considerN”, the free commutativesemigroupon A,
and a typical element,say, 3a+ 5b

I model it by a discretegraph (no edges)with 8 A-labeled

vertices
thenL NA is MSO-de nablei L is nite or co nite { and

L is CMSO-de nablei L isrecognizable
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How do we extend algebraic recognizability beyond words?

And what is a good choiceof logic?

I Obviouscandidate: monadicsecondorder logic (MSO)

I CountingMSO (CMSO) is better. CMSO= MSO extended
with 9 Mod dy ' (x) where' is MSO

For instance,considerN”, the free commutativesemigroupon A,
and a typical element,say, 3a+ 5b

I model it by a discretegraph (no edges)with 8 A-labeled
vertices
thenL NA is MSO-de nablei L is nite or co nite { and
L is CMSO-de nablei L isrecognizable

I modelit by a pair of words (chains) (a; b®) (dependence
graphin trace theay)
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And what is a good choiceof logic?

I Obviouscandidate: monadicsecondorder logic (MSO)

I CountingMSO (CMSO) is better. CMSO= MSO extended
with 9 Mod dy ' (x) where' is MSO

For instance,considerN”, the free commutativesemigroupon A,
and a typical element,say, 3a+ 5b

I model it by a discretegraph (no edges)with 8 A-labeled
vertices
thenL NA is MSO-de nablei L is nite or co nite { and
L is CMSO-de nablei L isrecognizable

I modelit by a pair of words (chains) (a; b®) (dependence
graphin trace theay)
then L is MSO-de nablei L isrecognizable
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Very often, CMSO-de nabiliyy impliesrecognizabilit
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Choosing an algebraic structure
Logical de nabilit y vs. recognizability

How do we extend algebraic recognizability beyond words?

Very often, CMSO-de nabiliyy impliesrecognizabilit

Onceall the ingredientsare in place,

Theaem (Courcelle)
Underappropriate conditions,CMSO-def=) recognizabiliy

Appropriate conditions:

the algelya S must be nitely generategdsothereisa nite  s.t.
everys 2 S isdescriledby a -term (-tree)

and the valuationmapval: Terms! S must be MS-de nable
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In nite  words

Choosing an algebraic structure
Logical de nabilit y vs. recognizability

How do we extend algebraic recognizability beyond words?

Very often, CMSO-de nabiliyy impliesrecognizabilit

Onceall the ingredientsare in place,

Theaem (Courcelle)
Underappropriate conditions,CMSO-def=) recognizabiliy

Appropriate conditions:

the algelya S must be nitely generategdsothereisa nite  s.t.
everys 2 S isdescriledby a -term (-tree)

and the valuationmapval: Terms! S must be MS-de nable

Converse

if we havea MS-de nable parsing mapping,parse: S! Terms
suchthat val(parsek)) = x, then recognizabiliy implies
CMSO-de nability
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Revisitingtrees
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trace is a dependencegraph
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Poset models
Graphs
Revisiting trees

Posets, trees and graphs

Traces

I The alphalet is equipped with a dependencerelation, and a
trace is a dependencegraph

a a—a a
T~ S~ b—¢C ~
_— — ~

b b b
alphatet the trace a’bcbcab= abaclkcba
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Poset models
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Revisiting trees

Posets, trees and graphs

Traces

I The alphalet is equipped with a dependencerelation, and a
trace is a dependencegraph
I the algebraic structure is the so-calledpartially commutative

monoid

a a—a a
\ c \ C—p—o0=C /
_— — ~

b b b
alphatet the trace a’bcbcab= abaclkcba
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Traces

I The alphalet is equipped with a dependencerelation, and a
trace is a dependencegraph

I the algebraic structure is the so-calledpartially commutative
monoid

I Recognizabily is equivalentto MSO-de nability, but not to
rationality ((ab) is not recognizable)

a a—a a
T~ S~ b—¢C ~
_— — ~

b b b
alphatet the trace a’bcbcab= abaclkcba
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trace is a dependencegraph

I the algebraic structure is the so-calledpartially commutative
monoid

I Recognizabily is equivalentto MSO-de nability, but not to
rationality ((ab) is not recognizable)

I Recognizabilif is equivalentto Zielonka's automata
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trace is a dependencegraph

I the algebraic structure is the so-calledpartially commutative
monoid

I Recognizabily is equivalentto MSO-de nability, but not to
rationality ((ab) is not recognizable)

I Recognizabilif is equivalentto Zielonka's automata

I FO-de nability is characterizedby algelyaic means,and
decidable(Guaiana,Restivo,Salemi,Ebinger,Muscholl)
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Poset models
Graphs
Revisiting trees

Posets, trees and graphs

Traces

I The alphalet is equipped with a dependencerelation, and a
trace is a dependencegraph

I the algebraic structure is the so-calledpartially commutative
monoid

I Recognizabily is equivalentto MSO-de nability, but not to
rationality ((ab) is not recognizable)

I Recognizabilif is equivalentto Zielonka's automata

I FO-de nability is characterizedby algelyaic means,and
decidable(Guaiana,Restivo,Salemi,Ebinger,Muscholl)

I but few other classef recognizabldrace languageshave
beenchaacterizedthat way. . .
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Series-pallel pomsetsand Messagesequenc€hats

| sp-posetsare obtainedfrom singletonsby usingparallel and
sequentialproducts { chaacterizedasthe N-free posets
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Series-pallel pomsetsand Messagesequenc€hats

| sp-posetsare obtainedfrom singletonsby usingparallel and
sequentialproducts { chaacterizedasthe N-free posets

I natural algelyaic structure: 2 binary assaiative operations,
one of whichis commutative

I Recognizabily is equivalentto CMSO-de nability (Kuske)
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Series-pallel pomsetsand MessageSequenc&hats

| sp-posetsare obtainedfrom singletonsby usingparallel and
sequentialproducts { chaacterizedasthe N-free posets

I natural algelyaic structure: 2 binary assaiative operations,
one of whichis commutative

I Recognizabily is equivalentto CMSO-de nability (Kuske)

I FO-de nability is characterizedalgelyaically but only for
bounded-widthlanguageqKuske)
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Poset models
Graphs
Revisiting trees

Posets, trees and graphs

Series-pallel pomsetsand MessageSequenc&hats

| sp-posetsare obtainedfrom singletonsby usingparallel and
sequentialproducts { chaacterizedasthe N-free posets

I natural algelyaic structure: 2 binary assaiative operations,
one of whichis commutative

I Recognizabily is equivalentto CMSO-de nability (Kuske)
I FO-de nability is characterizedalgelyaically but only for
bounded-widthlanguageqKuske)

I an automatonmaodel is known to match recognizabiliy under
the samehypothesis(Lodaya, Weil)
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Poset models
Graphs
Revisiting trees

Posets, trees and graphs

Series-pallel pomsetsand MessageSequenc&hats

| sp-posetsare obtainedfrom singletonsby usingparallel and
sequentialproducts { chaacterizedasthe N-free posets

I natural algelyaic structure: 2 binary assaiative operations,
one of whichis commutative

I Recognizabily is equivalentto CMSO-de nability (Kuske)

I For MSCs,recognizabiliy hasbeenconsiderednly with
referenceto a monoid structure (i.e. considering
lineaizations), and severalogicshavebeenproposed
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Poset models
Graphs
Revisiting trees

Posets, trees and graphs

An algelvaic structurefor the setof nite graphs?

No obviouschoice!
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3 signaturesarise from the literature: modular, HR, VR
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3 signaturesarise from the literature: modular, HR, VR
I VR comesfrom vertex-replacemengrammas
I HR comesfrom hyperedgereplacemenigrammas
I The modular signatureF; comesfrom the modular
decompmsition of graphs.

I HR and VR are in nite signaturesde ning an in nitely-sorted
algeba.

I HR and VR admit many technicalvariants, but the
caresmpnding notions of recognizabiliy are stable

I F1 isalsoanin nite signature,andit de nes a one-soted
algebra
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An algelvaic structurefor the setof nite graphs?
No obviouschoice!

3 signaturesarise from the literature: modular, HR, VR

I VR comesfrom vertex-replacemengrammas

I HR comesfrom hyperedgereplacemenigrammas

I The modular signatureF; comesfrom the modular
decompmsition of graphs.

2 optionsfor logic:

I CMSOI[E]{ the domainisV (vertices),andE is the binary
edgepredicate

I CMSQJinc]{ the domainis 2-sated (V;E), andinc is the
incidencepredicate
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Generalmplications

The following implicationsare known, and strict (Courcelle,Weil)

F1 -recog

/

VR-recog—— HR-recog

CMSO[E]-def———— CMSO]inc]-def
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Finitenessconditionsyield equivalenceesults
F1 -recog

VR-recog—— HR-recog

T !

CMSO[E]-def———— CMSO]inc]-def

I For boundedtree-width, CMSOJinc]( ) HR-recog(Lapoire)

I For graphswithout Ky.n, VR-recog( ) HR-recog(Courcelle,
Weil)

Let F be a nite subsetof F; . For F-graphs,

I VR-recog( ) F-recog(Courcelle,Weil)

I andif F is weaklyrigid, this is equivalentto
CMSOIE]-de nability (Weil)
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Reuvisitingtrees

I -algebrashavenot givena tool to chaacterizeor decide
FO-de nability for languagesf -trees, so

I with Z. Esik, we proposeda new algelyaic structure to discuss
-trees, calledpreclones

I Unfartunately maore complexthan the -algebras, in nitely
sated (and treesrepresentjust one sat of elements)

I but the classof recognizabldree languagess not modi ed
(no cheating,we are talking of the sametree languages)

I FO-de nable setsof treesare now chaacterizedalgelyaically
by their syntactic preclone

I the characterizationdoesnot yet prove decidabilify. . .
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Conclusion

I In the caseof word languagesmonoidtheay is a greattool
for classi cationand decision

I For languagesof other discreteobjects,automataare not
always available,it is a tool to systematicallydiscussthe
decidabiliy of logicallyde ned and other classes.

I Problem: to identify the appropriate algelyaic structure; must
match a natural logic or automatonmodel, and allow the
chaacterizationof signi cant sulclasses

I Whereverit works (e.g. in nite words), it providesa
clari cation of complexalgaithms or di cult results

I Unavoidablyvery complexif we want to discussgraph or
posetlanguageswithout restrictions,but adding niteness
conditionsoften helps
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Thankyou for your attention!
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