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Dot-depthhierarchy andquanti�er alternation

� n, � n and Bool(� n) are alsocharacterizedalgebraically and in
terms of the complexity of a star-free expression(dot-depth),

. . . but for n � 2 or 3, we do not know any decisionalgorithm

� n: FO formulasin normal prenexform, with n alternationsof
quanti�ers, starting with 9
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Locally testablelanguages:determinedby a Booleancombination
of conditionson the presenceof a �nite number of pre�xes, factors
and su�xes

Theorem (Simon,McNaughton,Ladner)
L is locally testablei� S(L) (semigroupversion)is locally
idempotent and commutative

that is, if e = e2, then (ese)2 = eseand esete= etese: a decidable
property
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Syntactic monoid vs. minimal automaton
Star-free languages and FO-de�nabilit y
Around FO-de�nabilit y
Locally testable languages
E�cient decision procedures

This approachis systematizedin Eilenberg'svariety theorem

I Often, decidability is possibleon the syntacticmonoid
characterization,and in many important cases,only that way

I ComputingS(L) from A(L) may leadto exponential
blow-up.. .

I . . . but S(L) is the transition monoidof A (L), and the
algebraic decisionprocedurecan often be translated to oneon
the automaton

I Sometimeswith signi�cant bene�t: givenA(L), local
testability, � 2, FO2 are decidedin PTIME

I but decidingFO is PSPACE-complete(Cho, Huynh)
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�-lab eledtrees,where� is a ranked alphabet: a node labeled�
hasrank(� ) linearly orderedchildren

Theorem (Doner,Thatcher,Wright)
Let L be a languageof � -trees. TFAE

I L is acceptedby a bottom-up tree automaton
I L is MSO-de�nable

MSO-formulas, interpreted on the nodes, using the parent-child
predicate,the order betweensiblings,and the �-lab eling
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�-lab eledtrees,where� is a ranked alphabet: a node labeled�
hasrank(� ) linearly orderedchildren

Theorem (Doner,Thatcher,Wright)
Let L be a languageof � -trees. TFAE

I L is acceptedby a bottom-up tree automaton
I L is MSO-de�nable
I L is recognizableby a �nite � -algebra

in a �-algeb ra, each� 2 � de�nes an operation of arity rank(� ).
T � , the set of all �-trees, is a �-algeb ra

considermorphismsfrom T � into �nite �-algeb ras, or equivalently,
�nite-index congruenceson T �
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Logical de�nabilit y vs. recognizabilit y

�-lab eledtrees,where� is a ranked alphabet: a node labeled�
hasrank(� ) linearly orderedchildren

Theorem (Doner,Thatcher,Wright)
Let L be a languageof � -trees. TFAE

I L is acceptedby a bottom-up tree automaton
I L is MSO-de�nable
I L is recognizableby a �nite � -algebra
I L is equational

i.e., L is a component of a solution of a systemof equationsin
the �-algeb ra T � (can be expressedalso in terms of context-free
grammars)
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I bottom-up tree automaton

I MSO-de�nability

I recognizability by a �nite � -algebra

I equationality

Positivepoints:

I there is an equivalentnotion of generalizedrational
expressions

I deterministicbottom-up tree automataprovidean e�cient
implementation
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How do we extend algebraic recognizabilit y beyond words?

Posets, trees and graphs

Trees
In�nite words
Choosing an algebraic structure
Logical de�nabilit y vs. recognizabilit y

I bottom-up tree automaton

I MSO-de�nability

I recognizability by a �nite � -algebra

I equationality

Disappointing points:

I deterministicbottom-up tree automataand �nite �-algeb ras
are essentiallythe samething

I no classi�cation results: in particular, we do not know how to
characterizeor decideFO-de�nable tree languages
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Trees
In�nite words
Choosing an algebraic structure
Logical de�nabilit y vs. recognizabilit y

In�nite words

In�nite words, AN A1 = A� [ AN

B•uchi automata,Muller automata,Rabinautomata,are equivalent
to MSO-de�nability, and to ! -regular expressions,i.e., �nite unions
of KL! (K ; L recog. languagesof �nite words)

p q
a

b

b a

This B•uchi automatonacceptsall words in AN with in�nitely many
a and in�nitely manyb
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In�nite words: usingmany-sorted algebras

I The proper algebraic setting, called! -semigroups, emerged
more recently(Wilke, Pin, after work by Arnold, P�ecuchet,
Perrin)

I ConsiderA1 (not AN) and 2 sorts of elements:�nite and
in�nite and 3 operations

I binary �nite product �nite � �nite ! �nite
I binary mixedproduct �nite � in�nite ! in�nite
I unary in�nite power �nite ! in�nite

I Algebraic recognizability is equivalentto rational expressions,
B•uchi automataand MSO-de�nability, and

I an Eilenberg-style variety theorem holds,with many
interestingclassescharacterized(Perrin, Pin, Carton)
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In�nite words
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To studysetsof structures(words, trees,posets,graphs,
etc)

I we do not always havea model of automata
I MSO formulasare clearly de�ned oncethe structuresare

decidedupon
I but algebraic recognizability dependson the choiceof an

algebraic structure

Usually, the structuresare given,and we needto invent the
abstract algebraic structure: monoidsfor words, �-algeb ras for
�-trees, ! -semigroupsfor A1 , etc
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Trees
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Logical de�nabilit y vs. recognizabilit y

What is a good choiceof algebraic structure?
Not always clear (posets,graphs).. . A good algebraic structure
should

I match someother speci�cation method: automata, logics,.. .
I allow us to characterize,and hopefully decidesigni�cant

classes(typically: FO-de�nability)

We can put more or lessoperationsin our signature,but more
operationsgive fewer recognizablelanguages

On A� , considerthe usual concatenationproduct, and the unary
mirror operation a1 � � � an� 1an 7�! anan� 1 � � � a1, then the classof
recognizablesetsis unchanged
On the other hand, if we add the unary shift operation
a1 � � � an� 1an 7�! ana1 � � � an� 1, then a� b is not recognizable
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Logical de�nabilit y vs. recognizabilit y

What is a good choiceof algebraic structure?
Not always clear (posets,graphs).. . A good algebraic structure
should

I match someother speci�cation method: automata, logics,.. .
I allow us to characterize,and hopefully decidesigni�cant

classes(typically: FO-de�nability)

We can put more or lessoperationsin our signature,but more
operationsgive fewer recognizablelanguages

Too few operationsgive too many recognizablelanguages:if there
are no operations,then everypartition is a congruence,everysubset
is recognizable
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and a typical element,say, 3a + 5b

I model it by a discretegraph (no edges)with 8 A-labeled
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I model it by a discretegraph (no edges)with 8 A-labeled
vertices
then L � NA is MSO-de�nablei� L is �nite or co�nite { and
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I model it by a pair of words (chains) (a3; b5) (dependence
graph in trace theory)
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Very often, CMSO-de�nability impliesrecognizability

Onceall the ingredientsare in place,

Theorem (Courcelle)
Underappropriate conditions,CMSO-def=) recognizability

Appropriate conditions:
the algebra S must be �nitely generated, so there is a �nite � s.t.
everys 2 S is described by a �-term (�-tree)
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Logical de�nabilit y vs. recognizabilit y

Very often, CMSO-de�nability impliesrecognizability

Onceall the ingredientsare in place,

Theorem (Courcelle)
Underappropriate conditions,CMSO-def=) recognizability

Appropriate conditions:
the algebra S must be �nitely generated, so there is a �nite � s.t.
everys 2 S is described by a �-term (�-tree)
and the valuationmap val: Terms! S must be MS-de�nable

Converse:
if we havea MS-de�nableparsing mapping,parse: S ! Terms
suchthat val(parse(x)) = x, then recognizability implies
CMSO-de�nability
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The word case

How do we extendalgebraic recognizability beyond words?

Posets,treesandgraphs
Posetmodels
Graphs
Revisitingtrees
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c b c

a
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the trace a2bcbcab= abacbcba
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How do we extend algebraic recognizabilit y beyond words?

Posets, trees and graphs

Poset models
Graphs
Revisiting trees

Traces
I The alphabet is equipped with a dependencerelation, and a

trace is a dependencegraph
I the algebraic structure is the so-calledpartially commutative

monoid
I Recognizability is equivalentto MSO-de�nability, but not to

rationality ((ab) � is not recognizable)
I Recognizability is equivalentto Zielonka's automata
I FO-de�nability is characterizedby algebraic means,and

decidable(Guaiana,Restivo,Salemi,Ebinger,Muscholl)
I but few other classesof recognizabletrace languageshave

beencharacterizedthat way. . .
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I sp-posetsare obtainedfrom singletonsby usingparallel and
sequentialproducts { characterizedas the N-free posets
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sequentialproducts { characterizedas the N-free posets
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oneof which is commutative
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The word case
How do we extend algebraic recognizabilit y beyond words?

Posets, trees and graphs

Poset models
Graphs
Revisiting trees

Series-parallelpomsetsandMessageSequenceCharts

I sp-posetsare obtainedfrom singletonsby usingparallel and
sequentialproducts { characterizedas the N-free posets

I natural algebraic structure: 2 binary associative operations,
oneof which is commutative

I Recognizability is equivalentto CMSO-de�nability (Kuske)
I FO-de�nability is characterizedalgebraically, but only for

bounded-widthlanguages(Kuske)

I an automatonmodel is known to match recognizability under
the samehypothesis(Lodaya, Weil)
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The word case
How do we extend algebraic recognizabilit y beyond words?

Posets, trees and graphs

Poset models
Graphs
Revisiting trees

Series-parallelpomsetsandMessageSequenceCharts

I sp-posetsare obtainedfrom singletonsby usingparallel and
sequentialproducts { characterizedas the N-free posets

I natural algebraic structure: 2 binary associative operations,
oneof which is commutative

I Recognizability is equivalentto CMSO-de�nability (Kuske)

I For MSCs,recognizability hasbeenconsideredonly with
referenceto a monoidstructure (i.e. considering
linearizations), and severallogicshavebeenproposed
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3 signaturesarise from the literature: modular, HR, VR
I VR comesfrom vertex-replacementgrammars
I HR comesfrom hyperedgereplacementgrammars

I HR and VR are in�nite signatures,de�ning an in�nitely-sorted
algebra.

I HR and VR admit many technicalvariants, but the
correspondingnotionsof recognizability are stable
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3 signaturesarise from the literature: modular, HR, VR
I VR comesfrom vertex-replacementgrammars
I HR comesfrom hyperedgereplacementgrammars
I The modular signatureF 1 comesfrom the modular

decomposition of graphs.

I HR and VR are in�nite signatures,de�ning an in�nitely-sorted
algebra.

I HR and VR admit many technicalvariants, but the
correspondingnotionsof recognizability are stable
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How do we extend algebraic recognizabilit y beyond words?

Posets, trees and graphs

Poset models
Graphs
Revisiting trees

An algebraic structurefor the set of �nite graphs?
No obviouschoice!

3 signaturesarise from the literature: modular, HR, VR
I VR comesfrom vertex-replacementgrammars
I HR comesfrom hyperedgereplacementgrammars
I The modular signatureF 1 comesfrom the modular

decomposition of graphs.

I HR and VR are in�nite signatures,de�ning an in�nitely-sorted
algebra.

I HR and VR admit many technicalvariants, but the
correspondingnotionsof recognizability are stable

I F1 is alsoan in�nite signature,and it de�nes a one-sorted
algebra
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I The modular signatureF 1 comesfrom the modular
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Posets, trees and graphs

Poset models
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Revisiting trees

An algebraic structurefor the set of �nite graphs?
No obviouschoice!

3 signaturesarise from the literature: modular, HR, VR
I VR comesfrom vertex-replacementgrammars
I HR comesfrom hyperedgereplacementgrammars
I The modular signatureF 1 comesfrom the modular

decomposition of graphs.

2 options for logic:

I CMSO[E]{ the domainis V (vertices),and E is the binary
edgepredicate

I CMSO[inc]{ the domainis 2-sorted (V ; E), and inc is the
incidencepredicate
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Poset models
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Revisiting trees

Generalimplications

The following implicationsare known, and strict (Courcelle,Weil)

VR-recog

F1 -recog

HR-recog

CMSO[E]-def CMSO[inc]-def
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VR-recog

F1 -recog

HR-recog

CMSO[E]-def CMSO[inc]-def

Under certain �niteness conditions, which can be interpreted in
terms of �nitely generatedalgebras, we get equivalenceresults
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VR-recog

F1 -recog
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CMSO[E]-def CMSO[inc]-def

I For boundedtree-width, CMSO[inc]( ) HR-recog(Lapoire)
I For graphswithout ~Kn;n, VR-recog( ) HR-recog(Courcelle,

Weil)

Let F be a �nite subsetof F 1 . For F -graphs,

I VR-recog( ) F -recog(Courcelle,Weil)
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Poset models
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Revisiting trees

Finitenessconditionsyieldequivalenceresults

VR-recog

F1 -recog

HR-recog

CMSO[E]-def CMSO[inc]-def

I For boundedtree-width, CMSO[inc]( ) HR-recog(Lapoire)
I For graphswithout ~Kn;n, VR-recog( ) HR-recog(Courcelle,

Weil)

Let F be a �nite subsetof F 1 . For F -graphs,

I VR-recog( ) F -recog(Courcelle,Weil)
I and if F is weaklyrigid, this is equivalentto

CMSO[E]-de�nability (Weil)

Pascal Weil Algebraic Recognizability



Outline
Algebraic recognizabilit y?

The word case
How do we extend algebraic recognizabilit y beyond words?

Posets, trees and graphs

Poset models
Graphs
Revisiting trees

Revisitingtrees

I �-algeb ras havenot givena tool to characterizeor decide
FO-de�nability for languagesof �-trees, so
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I �-algeb ras havenot givena tool to characterizeor decide
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I with Z. Esik, we proposeda newalgebraic structure to discuss
�-trees, calledpreclones
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Posets, trees and graphs

Poset models
Graphs
Revisiting trees

Revisitingtrees

I �-algeb ras havenot givena tool to characterizeor decide
FO-de�nability for languagesof �-trees, so

I with Z. Esik, we proposeda newalgebraic structure to discuss
�-trees, calledpreclones

I Unfortunately more complexthan the �-algeb ras, in�nitely
sorted (and treesrepresentjust onesort of elements)

I but the classof recognizabletree languagesis not modi�ed
(no cheating,we are talking of the sametree languages)

I FO-de�nable setsof treesare now characterizedalgebraically,
by their syntacticpreclone
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I �-algeb ras havenot givena tool to characterizeor decide
FO-de�nability for languagesof �-trees, so

I with Z. Esik, we proposeda newalgebraic structure to discuss
�-trees, calledpreclones

I Unfortunately more complexthan the �-algeb ras, in�nitely
sorted (and treesrepresentjust onesort of elements)

I but the classof recognizabletree languagesis not modi�ed
(no cheating,we are talking of the sametree languages)

I FO-de�nable setsof treesare now characterizedalgebraically,
by their syntacticpreclone

I the characterizationdoesnot yet provedecidability. . .
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I In the caseof word languages,monoid theory is a great tool

for classi�cation and decision
I For languagesof other discreteobjects,automataare not

always available,it is a tool to systematicallydiscussthe
decidability of logicallyde�ned and other classes.

I Problem: to identify the appropriate algebraic structure; must
match a natural logic or automatonmodel, and allow the
characterizationof signi�cant subclasses

I Whereverit works (e.g. in�nite words), it providesa
clari�cation of complexalgorithms or di�cult results

I Unavoidablyvery complexif we want to discussgraphor
poset languageswithout restrictions,but adding�niteness
conditionsoften helps
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Thankyou for your attention!
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