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The Whitehead minimization problem

I F, a free group of rankr < 1 . A a �xed basis
I Elements ofF are represented by reduced words on~A = A t �A
I Problem: To �nd a minimum length word in the automorphic

orbit of a given wordu
I . . . or a minimum length element in the automorphic orbit of

a conjugacy class of a word (aka a cyclic word [u])
I u = ab�cea�dca (u and [u] have length 8)
I Let ' : a 7! �cac, b 7! �cbc, c 7! c, d 7! dc, e 7! ec, then

' (u) = �cabea�dac and cc(' (u)) = abea�da. So j' (u)j = 8 and
j' ([u])j = 6
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The Whitehead minimization problem (2)

I Problem: To �nd a minimum length element in the
automorphic orbit of a given word or cyclic word

I Interest in the algorithmic complexity of this problem
I It is decidable by theWhitehead method
I The word case reduces to the cyclic word case at little extra

cost
I Application: decide whether a given elementu 2 F is primitive
I This is the so-called easy part of the equivalence problem

(doesv belong to the automorphic orbit ofu?)

Pascal Weil The Whitehead minimization problem



Outline
What about the Whitehead minimization problem?

A fully polynomial solution
The subgroup case

The Whitehead minimization problem
The Whitehead method

The Whitehead method

I W(A) the set of non-length preserving Whitehead
automorphisms

Pascal Weil The Whitehead minimization problem



Outline
What about the Whitehead minimization problem?

A fully polynomial solution
The subgroup case

The Whitehead minimization problem
The Whitehead method

The Whitehead method

I W(A) the set of non-length preserving Whitehead
automorphisms

I Theorem (Whitehead). If there exists' 2 Aut(F) such that
j' ([u]) < j[u]j, then there exists such a' 2 W(A)

Pascal Weil The Whitehead minimization problem



Outline
What about the Whitehead minimization problem?

A fully polynomial solution
The subgroup case

The Whitehead minimization problem
The Whitehead method

The Whitehead method

I W(A) the set of non-length preserving Whitehead
automorphisms

I Theorem (Whitehead). If there exists' 2 Aut(F) such that
j' ([u]) < j[u]j, then there exists such a' 2 W(A)

I Algorithm . Try every Whitehead automorphism' until
j[' (u)]j < j[u]j. If there is one, replace [u] by [' (u)] and
repeat. If there is none, [u] has minimum length.
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I Let r = rank(F) = card( A) and n = j[u]j. At most n
iterations. Trying one Whitehead automorphism takes time
O(n). card(W(A)) = O(r4r ). The complexity is inO(n2r4r )

I Suggestion that this is can be done faster (Myasnikovet al.,
Kapovich, Schupp, Shpilrain, etc)

I Our result (A. Roig, E. Ventura, P. Weil): an algorithm that is
polynomial inn and in r

I In fact, a modi�cation of the algorithm below: do not try
every' 2 W(A), but choose an optimal one fast

I Algorithm . Try every Whitehead automorphism' until
j[' (u)]j < j[u]j. If there is one, replace [u] by [' (u)] and
repeat. If there is none, [u] has minimum length.
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The Whitehead automorphismsW(A)

I x 2 ~A = A t �A. Y � ~A is anx-cut if x 2 Y and �x 62Y
I if Y is anx-cut, (x; Y ) de�nes ' 2 W(A)

Y

x �x ' (x) = x and if a 6= x; �x

' (a) = x� ax� with

� = � 1 if �a 2 Y , O otherwise

� = 1 if a 2 Y , O otherwise
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I x 2 ~A = A t �A. Y � ~A is anx-cut if x 2 Y and �x 62Y
I if Y is anx-cut, (x; Y ) de�nes ' 2 W(A)

Y

x �x ' (x) = x and if a 6= x; �x

' (a) = x� ax� with

� = � 1 if �a 2 Y , O otherwise

� = 1 if a 2 Y , O otherwise

I Givenu, is there (x; Y ) such that j' ([u])j � j [u]j < 0?
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The Whitehead automorphismsW(A)

I x 2 ~A = A t �A. Y � ~A is anx-cut if x 2 Y and �x 62Y
I if Y is anx-cut, (x; Y ) de�nes ' 2 W(A)

Y

x �x ' (x) = x and if a 6= x; �x

' (a) = x� ax� with

� = � 1 if �a 2 Y , O otherwise

� = 1 if a 2 Y , O otherwise

I Givenu, is there (x; Y ) such that j' ([u])j � j [u]j < 0?
I Givenu, �nd ( x; Y ) that minimizesj' ([u])j � j [u]j
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The Whitehead graph of a cyclic word

u = ab�cea�dca

a b c d e

�a �b �c �d �e

A subwordxy in the cyclic word yields an edge betweenx and �y

I ' 2 W(A), determined by (x; Y )
I Evaluatej' ([u])j � j [u]j in graph-theoretic terms, depending

on x, Y and the Whitehead graph of [u]
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A cut formula

I cap(Y ) = number of edges betweenY and Y c

I Y1 = f a; b; c; d; eg, cap(Y1) = 4

a b c d e

�a �b �c �d �e

Y1
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I cap(Y ) = number of edges betweenY and Y c

I Y2 = f a; �a; �b; c; d; eg, cap(Y2) = 0
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I cap(Y ) = number of edges betweenY and Y c

I Y2 = f a; �a; �b; c; d; eg, cap(Y2) = 0

a b c d e

�a �b �c �d �e

Y2

I If ' 2 W(A) is determined by (x; Y ), then
j' ([u])j � j [u]j = cap(Y ) � deg(x)
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A cut formula

I cap(Y ) = number of edges betweenY and Y c

I Y2 = f a; �a; �b; c; d; eg, cap(Y2) = 0

a b c d e

�a �b �c �d �e

Y2

I If ' 2 W(A) is determined by (x; Y ), then
j' ([u])j � j [u]j = cap(Y ) � deg(x)

I This is a rewording of a formula in [Lyndon-Schupp]
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I Y2 = f a; �a; �b; c; d; eg, cap(Y2) = 0
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I If ' 2 W(A) is determined by (x; Y ), then
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A cut formula

I cap(Y ) = number of edges betweenY and Y c

I Y2 = f a; �a; �b; c; d; eg, cap(Y2) = 0

a b c d e

�a �b �c �d �e

Y2

I If ' 2 W(A) is determined by (x; Y ), then
j' ([u])j � j [u]j = cap(Y ) � deg(x)

I if '  ! (c; Y2), then j' ([u])j = j[u]j � 2
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A fully polynomial solution
The subgroup case

Representing a Whitehead automorphism
The Whitehead graph of a cyclic word
A cut formula
The min-cut theorem

A cut formula

I cap(Y ) = number of edges betweenY and Y c

I Y2 = f a; �a; �b; c; d; eg, cap(Y2) = 0

a b c d e

�a �b �c �d �e

Y2

I If ' 2 W(A) is determined by (x; Y ), then
j' ([u])j � j [u]j = cap(Y ) � deg(x)

I (x; Y ) and (�x; Y c) have the same e�ect on length
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I Givenu, �nd ( x; Y ) that minimizesj' ([u])j � j [u]j
I Givenu, �nd ( x; Y ) that minimizes cap(Y ) � deg(x)
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I Givenu, �nd ( x; Y ) that minimizesj' ([u])j � j [u]j
I Givenu, �nd ( x; Y ) that minimizes cap(Y ) � deg(x)
I Givenu, for eachx 2 A, �nd Y that minimizes cap(Y )
I This is a standard problem in combinatorial optimization: the

min-cut problem
I There exists an algorithm (Dinic, based on the max-
ow

min-cut theorem) that solves this problem inO(nr2) (recall:
n = j[u]j and r = rank(F))
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I Givenu, �nd ( x; Y ) that minimizesj' ([u])j � j [u]j
I Givenu, �nd ( x; Y ) that minimizes cap(Y ) � deg(x)
I Givenu, for eachx 2 A, �nd Y that minimizes cap(Y )
I This is a standard problem in combinatorial optimization: the
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I There exists an algorithm (Dinic, based on the max-
ow

min-cut theorem) that solves this problem inO(nr2) (recall:
n = j[u]j and r = rank(F))

I The Whitehead minimization problem is thus solved in
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Representing a Whitehead automorphism
The Whitehead graph of a cyclic word
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The min-cut theorem

The min-cut problem

I Givenu, �nd ( x; Y ) that minimizesj' ([u])j � j [u]j
I Givenu, �nd ( x; Y ) that minimizes cap(Y ) � deg(x)
I Givenu, for eachx 2 A, �nd Y that minimizes cap(Y )
I This is a standard problem in combinatorial optimization: the

min-cut problem
I There exists an algorithm (Dinic, based on the max-
ow

min-cut theorem) that solves this problem inO(nr2) (recall:
n = j[u]j and r = rank(F))

I The Whitehead minimization problem is thus solved in
O(n2r3)

I w.l.o.g. r � n, so there is a solution inO(n5)
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Representing subgroups
The Whitehead method still applies
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The Whitehead problem for subgroups

I A �nitely generated subgroupH of F is represented by a
�nite, A-labeled graph �(H) (Stallings foldings)
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Representing subgroups
The Whitehead method still applies
A cut formula again

The Whitehead problem for subgroups

I A �nitely generated subgroupH of F is represented by a
�nite, A-labeled graph �(H) (Stallings foldings)

1

�( H1)

H1 = hb� 1ab2; b� 1ab� 1abi

a b

b
b

a

Pascal Weil The Whitehead minimization problem



Outline
What about the Whitehead minimization problem?

A fully polynomial solution
The subgroup case

Representing subgroups
The Whitehead method still applies
A cut formula again

The Whitehead problem for subgroups

I A �nitely generated subgroupH of F is represented by a
�nite, A-labeled graph �(H) (Stallings foldings)

1

�( H1)

H1 = hb� 1ab2; b� 1ab� 1abi

a b

b
b

a

1

�( H2)

H2 = ha2b� 1; b2a� 1i

a

b a

b

Pascal Weil The Whitehead minimization problem



Outline
What about the Whitehead minimization problem?

A fully polynomial solution
The subgroup case

Representing subgroups
The Whitehead method still applies
A cut formula again

The Whitehead problem for subgroups

I A �nitely generated subgroupH of F is represented by a
�nite, A-labeled graph �(H) (Stallings foldings)

1

�( H1)

H1 = hb� 1ab2; b� 1ab� 1abi

a b

b
b

a

1

�( H2)

H2 = ha2b� 1; b2a� 1i

a

b a

b

I H1 and H2 are conjugates, and the conjugacy class
[H1] = [ H2] is represented by a cyclically reduced graph

�([ H1]) = �([ H2])

a

b a

b
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The Whitehead problem for subgroups

I A �nitely generated subgroupH of F is represented by a
�nite, A-labeled graph �(H) (Stallings foldings)

I Say that thesizeof H is the number of vertices.
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A fully polynomial solution
The subgroup case

Representing subgroups
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A fully polynomial solution
The subgroup case

Representing subgroups
The Whitehead method still applies
A cut formula again

The Whitehead problem for subgroups

I A �nitely generated subgroupH of F is represented by a
�nite, A-labeled graph �(H) (Stallings foldings)

I Say that thesizeof H is the number of vertices.
I Problem: To �nd a minimum size element in the automorphic

orbit of a given subgroupH, or of the conjugacy class [H]
I A part of the equivalence problem (does [K ] belong to the

orbit of [H]?)
I Application: decide whether a given f.g. subgroupH � F is a

free factor ofF
I The cyclic word problem is a special case: ifH = hui , then H

(or �([ H])) can be identi�ed with the cyclic word [u].
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j' ([H]) < j[H]j, then there exists such a' 2 W(A)

Pascal Weil The Whitehead minimization problem



Outline
What about the Whitehead minimization problem?

A fully polynomial solution
The subgroup case

Representing subgroups
The Whitehead method still applies
A cut formula again

The Whitehead method still applies

I Theorem (Gersten). If there exists' 2 Aut(F) such that
j' ([H]) < j[H]j, then there exists such a' 2 W(A)

I Algorithm . Try every Whitehead automorphism' until
j' ([H])j < j[H]j. If there is one, replace [H] by [' (H)] and
repeat. If there is none, [H] has minimum size.
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The Whitehead method still applies

I Theorem (Gersten). If there exists' 2 Aut(F) such that
j' ([H]) < j[H]j, then there exists such a' 2 W(A)

I Algorithm . Try every Whitehead automorphism' until
j' ([H])j < j[H]j. If there is one, replace [H] by [' (H)] and
repeat. If there is none, [H] has minimum size.

I We propose a modi�cation of this algorithm: do not try every
' 2 W(A), but choose an optimal one fast

I GivenH, �nd ( x; Y ) that minimizesj' ([H])j � j [H]j
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The Whitehead method still applies
A cut formula again

The Whitehead hypergraph of a cyclically reduced graph �

I This Whitehead hypergraph is a generalization of the
Whitehead graph of a cyclic word. Vertex set~A

I A vertexv of � yields a hyperedgedv : the set of letters that
label edges intov
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d1 = f �a; �bg

d2 = f a; b; �c; �dg

d3 = f c; d; �eg

d4 = f a; �ag

d5 = f a; �a; c; �cg

d6 = f d; eg
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I
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a

b

d c d
e

a
c

a

d1 = f �a; �bg

d2 = f a; b; �c; �dg

d3 = f c; d; �eg

d4 = f a; �ag

d5 = f a; �a; c; �cg

d6 = f d; eg

I cap(Y ) = number of hyperedges that meetY and Y c
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I cap(Y ) = number of hyperedges that meetY and Y c

I If ' 2 W(A) is determined by (x; Y ), then
j' ([H])j � j [H]j = cap(Y ) � deg(x)
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I GivenH, for eachx 2 A, �nd Y that minimizes cap(Y )
I This min-cut problem for hypergraphsis an instance of a

standard problem in combinatorial optimization: the
minimization of submodular functions

I There exists an algorithm (Cunningham) that solves this
problem inO(nr3 log(nr))

Pascal Weil The Whitehead minimization problem



Outline
What about the Whitehead minimization problem?

A fully polynomial solution
The subgroup case

Representing subgroups
The Whitehead method still applies
A cut formula again

and an algorithm exists in the literature

I GivenH, for eachx 2 A, �nd Y that minimizes cap(Y )
I This min-cut problem for hypergraphsis an instance of a

standard problem in combinatorial optimization: the
minimization of submodular functions

I There exists an algorithm (Cunningham) that solves this
problem inO(nr3 log(nr))

I The Whitehead minimization problem is thus solved in
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A fully polynomial solution
The subgroup case

Representing subgroups
The Whitehead method still applies
A cut formula again

and an algorithm exists in the literature

I GivenH, for eachx 2 A, �nd Y that minimizes cap(Y )
I This min-cut problem for hypergraphsis an instance of a

standard problem in combinatorial optimization: the
minimization of submodular functions

I There exists an algorithm (Cunningham) that solves this
problem inO(nr3 log(nr))

I The Whitehead minimization problem is thus solved in
O((n2r4 + n3r2) log(nr))

I w.l.o.g. r � n, so there is a solution inO(n6 logn)
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Representing subgroups
The Whitehead method still applies
A cut formula again

Thank you for your attention!
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