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Context: control and synthesis

EnvironmentE

Open system
S

Speci�cation
'

acts on

Two problems(Ramadge,Wonham)

I Decidewhetherthere existsa �nite memory controller st. (S 
 C) k E j= ' .
I Synthesis:if so, computesucha controller.
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Control as a game

Classicalframework

Gameswell suited to solvecontroller synthesisproblems.

I System ; gamegraph.
I Controller ; a player.
I Environment ; the opponent.
I Correct behavior ; winning condition.
I Finding a controller ; �nding a winning strategy.

In general

For reasonablesequentialsystemsand speci�cations, both problemsare decidable.
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Distributed controller synthesis

EnvironmentE
acts on

Open distributed systemS

S1 S2

S3 S4

Speci�cation
'

Two problems,again

I Decidewhetherthere existsa distributed controllerwith �nite memory, st.
(S1 
 C1) k � � � k (Sn 
 Cn ) k E j= ' , and if so, synthesizeit.

I Distributed gamesystemagainstenvironment.
I Winning distributed strategy; correct distributed controller.
I In general,undecidable(Peterson-Reif1979,Pnueli-Rosner1990).
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Distributed controller synthesis

I Input
I Communicationarchitecture.
I Interactions betweensystemand environment.

I Output Finite memory distributed controller,which can inhibit some
controllableactions,and realizesthe speci�cation.

I As in the sequentialgames,can usememory.
I Controllersonly observelocally, on their own site. No global view.
I eg, the choicefor an action cannotdepend on a concurrentaction.

I Onerequiresthe memory to be computablein the distributedarchitecture.
I oneallows: extra data in communications(piggy-backing),
I onerulesout: additional communications.
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A toy example: Alice and Bob
Game

I Want to communicatevia the samecommunicationline.
I At any time, exactlyonecommunicationline broken by the environment.
I Environment: looks whereA&B are connected,and, atomically, choosesto

breaka (possiblydi�erent) line.
I A/B looks its own position and the broken line and, atomically, reconnectsto

a (possiblydi�erent) line.

I Statesof processi : Qi = f 1; 2; 3; 4g.
I Q1 : Alice's line.
I Q2 : Number of the broken line.
I Q3 : Bob's line.

I DependencebetweenmovesA � E � B.

A B

4 4

3 3

2 2
Broken line

1 1 Q1

Q2

Q3

A

E B

Communicationarchitecture

read-writeability
read-onlyability
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Example: plays

Moves
I Exampleof move: B reads1, 2 on processes2, 3 and writes 4 on process3.
I Play: sequenceof moves.
I Winning condition: �nite play whereA & B are on the samenon-broken line

at the end.
I In this example,onecan add somefairness:E losesif it monopolizesthe game

Q1

Q2

Q3

1

1

1
#

2

A

2B 4B

3

E

1

A 4

E 1B

#
1
1
1

B
2

B
4

A
2

E
3

A
1

E
4

B
1

Distributed plays are labeledpartial orders
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Architectures

I (� ; P ; R; W )
I P: set of processes
I Eachplayer a of � , atomically

I readsthe state of processesin a �xed set R(a) � P .
I writes the state on processesof a �xed set W (a) � P .

8a 2 � ; ; 6= W (a) � R(a)

8a; b 2 � ; R(a) \ W (b) 6= ; ( ) R(b) \ W (a) 6= ;

I Dependence:a D b ( ) R(a) \ W (b) 6= ; ( ) R(b) \ W (a) 6= ;

Legalarchitectures

a

b

Forbidden(non symmetric)

A

E B

OK (cellular)

a

c

d

e
b

OK (purely asynchronous)
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Games and plays

Gameon (� ; P; R; W )

I G = (� 0; � 1; (Qi ) i 2P ; (� a )a2 � ; q0; W).
I � = � 0 ] � 1: partition of the set of players(actions) in teams0 and 1.

Playersof team 0 cooperateagainstteam 1.
I Rulesof the gamefor player a are givenby � a � QR(a) � QW (a) .

Finite play Mazurkiewicztrace on � 0#
1
1
1 B

2
B
4

A
2

E
3

A
1

E
4 B

1

� 0 = f (a; p) j a 2 � ; p 2 QW (a) g [ f (# ; q0)g; (a; p) D (b;q) , a D b

I Move: extensionof the current trace following the rules.
I The gameis neitherpositionalnor turned based.
I Winning condition: set of MazurkiewicztracesW � R(� 0; D ).

Team0 wins the plays of W and losesother plays.
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Memo ry
Memory

I Eachplayer hasa partial view of the history of a play.
I Strategiesusethis view in order to choosenext move.
I Memoryless:a movecan dependonly on the current state.
I Local memory: a player rememberswrite actionson the processesit writes to.

1

1

1

#

2

B

2

A

4

B 3E

1

A

1

B 4E

1

B

#
1
1
1

B
2

B
4

A
2

E
3

A
1

B
1

E
4

B
2

Causalmemory (intuitively, maximalhistory a player can observe)

I Playersgatherand forward as much information as possible.
I By extension:�nite abstractionof full causalmemory.
I Thanksto the symmetrycondition, causalmemory can be implemented.
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Winning strategies

Tuple (f a)a2 � 0 wheref a indicatesto player a 2 � 0 how to play.

Memoryless f a : QR(a) ! QW (a) [ Stop

Full local memory f a : Q�
W (a) QR(a) ! QW (a) [ Stop

Full causalmemory f a : M(� 0; D 0) � QR(a) ! QW (a) [ Stop

Rem9 memorylessstrategy)9 local mem. strategy) 9 causalmem. strategy

f -consistentf -maximalplays

For a strategyf = (f a)a2 � 0 , one looks at all plays t which are
I consistentwith f : eacha-movein t is played according f a .
I maximal: f predictsStop for all possiblea-moveof � 0 on t.

Winning strategies

A strategyf is winning if all f -consistentf -maximalplays are in W.
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(Un)decidabilit y of distributed games

I Evenfor reachability conditions,distributed gamesare not determined.
I Evenfor reachability conditions,team 0 may needmemory to win.

Rationalwinning conditions(folklore)

Proposition For rational winningconditions. it is undecidablewhetherteam 0 hasa
winningdistributedstrategy(with causal,localmemory, or memoryless).

Peterson-Reif,Madhusudan-Thiagarajan, Bernet-Janin-Walukiewicz

It is undecidablewhetherteam 0 hasa winning strategywith local memory even:
I for reachability or safety conditions,
I with 3 players+ environment.

With causalmemory, this undecidability result (with 3 players) doesnot hold.
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Causal memory games on cographs

Classof dependencealphabets containingsingletonsand closedby

I parallel composition (A [ B ; D A [ DB ),
I sequentialcomposition (A [ B ; D A [ DB [ A � B [ B � A).

Behaviors on cographsare calledseries-parallel.

Main decidability result

Theorem Distributed games with causal memory are decidable for controlled
reachability conditionsand symmetricseries-parallel systems.

Corollary Distributedgameswith causalmemory with recognizablewinningcondition
on �nite tracesare decidablefor symmetricseries-parallel systems.

Proof technique

I Constructionof boundedmemory strategyfrom an arbitrary winning strategy.
I Induction on � .
I Gluestrategiesfor small gamesobtainedby induction.
I Main problem: computeinformation in a distributedway [Th90,CMZ93,EM93].
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Controlled reachabilit y conditions

I q(t): global state reachedon t.
I P(t): set of global statesseenalong �nite pre�xes of t.

#

q(t)
| {z }

P (t )

I Controlledreachability condition: F � 2QP � (QP ] f1g ).
I A play t wins if (P; q)( t) 2 F .
I Particular cases:reachability, safety.
I Example:Reach(X ) correspondsto

F =
n

(P; q) j X \ (P [ q) 6= ?
o

[
n

(P; 1 ) j X \ P 6= ?
o
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Pro of outline
Induction on �

� 0 hasa winning strategy ) there is a �small winning strategy.

Di�cult case:seriesproduct.

# BA A

�

� � �

1. From a play, extract subplays on A; B + and inducedstrategies.

2. ReplacetheseA; B -strategiesby strategieswith boundedmemory (induction).

3. Finally glue theseboundedmemory strategieson A, B to obtain a strategyon
� , with boundedmemory.

Main problem

I Playersof team 0 haveto know on which small gamethey are is playing.
I This information must be computedin a distributed way.
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Perspectives

I Generalizationto recognizablewinning conditionsof in�nite traces.
I Generalizationto arbitrary dependencealphabets.
I Generalizationto non symmetricarchitectures.
I Reasonablecomplexity boundsfor synthesis.
I Control of systemswith asynchronouscommunications(eg, MSC).
I May randomizedstrategieshelp?

Conjectures

I Distributed gameswith causalmemory are decidable.
I Alternating asynchronousautomataacceptonly than recognizablelanguages.
I The previousconjecturesare equivalent.
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