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Framework: classification of regular languages

» From logical definability/combinatorial properties to algebraic properties.

ngh-!evel description ¢ = ab*, ¢ = aAXGh L?glcs, '
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» |s it possible to recover some properties of L from S(L)?
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Semigroups

Semigroup: (.5, -) where - is associative.
Examples: A" (free semigroup), A*, square matrices,. ..
Idempotent e € S: e =e.

In a finite semigroup, s* = unique idempotent of {s, s?,s%,...}.



High-level vs. algebraic properties

Logical
Language L Amin (L) M(L) definability
Star free Counter free A FO(<),LTL
[Sch65,McN-P71,K68]
: FO5 (<),
trjf I non ambiguous 2-way part. ord. DA UTL. S N 1L,
[Sch76,SchThV01, Thwos,EVW97,PWO7]
Loc. threshold testable | Forbidden patterns | ACom x LI FO(<)
[s85,Thwas,BP89]
W, I left det. Very weak R
[Ei74]
Piecewise testable Very weak + ... J Bool(X)

[575]




Some hierarchies

. . . Membership
Hierarchy of languages Hierarchy of semigroups decidability
Straubing-Thérien V. ?
Brzozowski V, * LI, ?
(Product nesting/quantifier alternation) [PW95,P98]
‘ Krohn-Rhodes complexity ‘ (A% G)™*A. ‘ ?
| Until depth | (RxMD,"xD)". | Yes
[Thwos]
‘ Since-Until depth ‘ DA O MNB™ O LI ‘ Yes

[Thwo2]
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Pseudovarieties

» In previous examples, properties can be tested on the syntactical semigroup.

v

All corresponding classes of semigroups are closed by
> quotient,
> sub-semigroup,
» direct finite product.

v

These closures properties define a pseudovariety.
Eilenberg '74: Varieties of languages < pseudovarieties of semigroups.

v

Summary

Deciding combinatorial properties/logical definability of a rational language
is frequently equivalent deciding the membership problem for a
pseudovariety...

. obtained by combining smaller pseudovarieties using operators.
Goal: to obtain tools to decide membership of such pseudovarieties.



Pseudovarieties: some examples

All (finite) semigroups: S.

Commutative semigroups: Com = [zy = yx].

Bands (idempotent semigroups): B = [2? = z].

Semilattices: Sl = ComNB = [2? = z, 2y = yz].
Groups-free semigroups: A = [z = 2vH1].

Groups: G = [z¥y = ya* =y].

R-trivial semigroups: R = [(zy)¥z = (zy)“].

J-trivial semigroups: J=[(zy)“z = (yx)¥ = y(zy)“].

A pseudovariety is decidable if it has a decidable membership problem.
Above pseudovarieties are trivially decidable.

What about combinations through operators (e.g., join)?



Decidability through operators

» Pseudovarieties arising from natural properties are usually decidable.
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Decidability through operators

Pseudovarieties arising from natural properties are usually decidable.
Common operators do not preserve decidability [ABR92,R99]. Com V V.
Idea: strengthen decidability property to gain preservation through
operators.

Several successive attempts during the last decade.

Tameness [AS98,A02]

» a property of “uniform resolution” of equation systems.
» a word problem.



Pseudowords and pro-V topology

v

SkEu=uv(uveAT)iff foralln: AT — S, n(u) =n(v).

> u,v € At dy(u,v) = 277(?) where
r(u,v) = min{|S|/S € V, S £ u=v}

» Fact 1 dy is a distance over F .V = A1 /~y.
» Fact 2 At /~vy,dy is not complete: 2™ is a Cauchy sequence for any V.
» F4V: completion of (A*/~v,dy) is the topological semigroup of

pseudowords.

Examples
» V=N = [2¢ = 0], then FAN ~ AT U {0}.
» V =Sl =[zy = yz,2? = 2], then F4SI ~ (24, V).
» In general, F4V noncountable (if A # ().



Definability by pseudoidentities

> A morphism ¢ : A%t — S €V has a unique continuous extension
@ :FaV—S.

» u,v € F4V. Define S = u = v if ¢(u) = ¢(v).
» This gives a precise definition of [X].

[E]={SeS|SEx}

Theorem [Reiterman '82] Pseudovarieties are (pseudo)-equational classes

A class V of finite semigroups is a pseudovariety iff it is defined by pseudoidentities:

3% C F4V X F4V such that V = [3].
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How systems of equations appear

» The Basis Theorem for semidirect products gives
Sl V = [wu? = wu, wuv =wou: V = wu =wv = wl.

» To check that a finite semigroup S belongs to Sl * V, it suffices to verify:
If w,u,v € S are such that wu? # Wi or Wuv # WU,
then there are no pseudowords w,u,v € F4S and evaluation of
the generators A in S such that:

1. w,u,v are evaluated to w, u, v, respectively;
2. VEwu=wv=uw.

Thus, we have the system of equations
2r =2y =2

upon whose variables x, y, z we impose constraints in the semigroup S.
» We want to decide whether there is a solution of the system modulo V.
» Equation systems also appear for other operators. Mal'cev products:

SV = [u?* =u, ww=vu: VEu*=u=1].



Solving equations: the general problem

Input A finite system of equations u; = v; (i € I) over a finite set X of
variables with constraints s, (z € X) in a finite semigroup S.

» A mapping ¢ : X — F4S (the solution modulo V),
» A continuous morphism % : F4S — S such that

1.VzeX, ¢(p(x)) = s

Output

The problem is to decide whether such a solution exists.



Semi-algorithm for non-solvability

If the system has a solution in fAS modulo V then it also has a solution
modulo any A-generated semigroup from V.

By a compactness argument, the converse is also true.

For a specific A-generated semigroup T' from V/, existence of solutions
modulo T" can be determined by checking a finite number of candidates.

Semi-algorithm to enumerate non-solvable systems of equations:
» enumerate all (A, X, (u; = v;)ier, S, 0, (Sz)zex,T), where

A and X are finite sets,

(u; = v;)ier is a system of word equations,

S is an A-generated finite semigroup and ¢ : AT — S

sz Is a constraint for variable x € X,

T is an A-generated finite semigroup from V.

vV VY V. VY VY

» for each such tuple, test whether the system has a solution mod T'.
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2 and gv!

By definition of dy, a sequence (uy, ), converges in ?AV iff
VS eV,3N,p,g >N = S = u, = uq.
ForerAVand forp: AT - SeV,
p(a™) = p(a)" = p(x)* for n > [S].

! . T
Hence the sequence (z™),en converges in F4V.

The limit is the unique idempotent x* of the closed subsemigroup (x).
Idem, z«~1.
Signature k = {_-_, ¥~}

> F%: algebra of k-terms,

» F%4V: k-semigroup induced by k-terms.



Semi-algorithm enumerating solvable systems

Difficulty 1: F 4S uncountable if A = 0, too many candidates for solutions.

Difficulty 2: determine whether a candidate is actually a solution modulo V.

Difficulty 1 overcome if one can reduce the existence of solutions modulo V
in F4S to the existence of solutions modulo V' in some recursively
enumerable subset of F4S. (Almeida-Steinberg'00)

V is completely r-reducible if the existence of a solution modulo V of a
system of equations of k-terms implies the existence of a solution given by
K-terms.

Difficulty 2 now consists in solving the word problem for x-terms.



Reducibility and w-word problem vs. decidability

» Sufficient condition for decidability, more robust under operators.

» If V is recursively enumerable, reducible, and has a decidable k-word
problem, then V is decidable (in fact, much more [AS98]).

Proof

» Semi-alg. to decide S € V since V is recursively enumerable.
» Semi-alg. to decide S ¢ V = [u; = v;,i € I|: S ¢ Viff 3i, S FE u; = v;.
U; Uy

In FAS:

In S: InV
s # t
» Enumerate tuples (w, z,s,t) € F5% x S2 .
» Test equality on V (k-word problem) and S.



Reducibility and w-word problem vs. decidability

» Sufficient condition for decidability, more robust under operators.

» If V is recursively enumerable, reducible, and has a decidable k-word
problem, then V is decidable (in fact, much more [AS98]).

Proof

» Semi-alg. to decide S € V since V is recursively enumerable.
» Semi-alg. to decide S ¢ V = [u; = v;,i € I|: S ¢ Viff 3i, S FE u; = v;.
w; Zi
In F’4S, via reducibility for = =y

InS: ® InV
s # t
» Enumerate tuples (w, z,s,t) € F5% x S2 .
» Test equality on V (k-word problem) and S.



Known tame pseudovarieties

Définition [AS98]

A pseudovariety V is k-tame for a class of equation systems C if

» V is k-reducible for systems of C,

v

the word problem for k-terms is decidable over V.

v

Quite few common pseudovarieties shown to be reducible.
G is k-reducible (Ash'91)
G is not completely x-reducible (Coulbois-Khélif'99):

v

v

[z%a,y 1 2%y] = 3

v

G, is not k-reducible but o-reducible for a another signature o Almeida’02.
Ab = G N Com is completely k-reducible (Almeida-Delgado’05).
J, R is completely k-reducible (Almeida-Costa-MZ).

v

v

v

A has decidable word problem (McCammond'03), reducibility open.
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Word problem for x-terms over V

> Input: u,v € F.
> Question: does V Eu=w,ie, VS eV, SEu=0v?

Examples

» G. On groups :
> k-terms can be seen as words over AW A7';
> rewriting system aa”! — 1, a 'a — 1 produces a normal form.

» A : rewriting system, normal form, decidable [McCO01], difficult.
» R : decidable.



The case of R

» A semigroup S belong to R if the prefix relation is acyclic.
» Generated by transition semigroups of very weak deterministic automata.

> R=[(ey) = (ey)“a].

[Almeida-Azevedo 89]

Let u,v € ?A such that

> u=wujaus, a(uy) = a(u) \ {a}

> v =v1bug, a(v1) = a(v) \ {b}.
ThenREu=viffa=0b REu; =v; and R = ug = vs.

The left basic factorization (u1, a, u2) of u € FaR'is given by
u = ujaug with a(ur) = a(u) \ {a}

Example:
(ab’ca)” = (ab¥ca)(ab®ca)”
= ab® -c-a(ab¥ca)®
~~~ S——

uy Uz



Word problem for x-terms over R

» lterate left-basic factorization on k-terms to test equality.

» Construction of a characteristic DFA from a s-term.
Exemple (ab¥a)v.

Theorem The word problem over R for k-terms u, v can be solved in
O(JA|(u] + |v])) time.
No rewriting system found.
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r-variety generated by V: axiomatization

33 set of k-identities.

= reflexive transitive closure of {(uav,ufv) | (o = 8) € X}.
If w=w, then X deduces u = v, denoted ¥ - u = v.

Y is a basis of x-identités for the x-variety generated by V if

Yu,v e F, VEu=v<=Xtu=v

Bases of k-identities known for G, J, A...

R: analogy with “long words” [Bloom-Choffrut'01].



Long words [BCO1]

Labeled posets endowed woth

» series concatenation P - (@Q). Order : P < Q.
» w-power, P¥ = w x P. Lexicographic order.

W (A) = subalgebra generated by singletons {a}, a € A.
Long words

The variety V generated by W(A) is defined

z-(y-2)=(x-y) 2
(z-y)* =x-(y-z)*
(z™)¥ =z pour n > 2.

The variety V has no finite basis.

Word problem for w-terms : O(|u|?|v|?)-time decidable.

Rli
The variety R™ of w-semigroups generated by R has the following basis.

Exgi“:ww = (zy)*z = 2(y2)” = (2y)
(z7)* = z¥pourn > 2

The variety R” has no finite basis.



Reducibility: simplifications

» One starts with a finite system of equations given by x-terms (possibly with
constants given by x-terms).
» As in the word case, one can reduce the problem to one single equation.

» One can further assume that this equation is a word equation.

Elements of /F\AR can be seen as labeled ordinals.

» Use combinatorics on these ordinals. If R = u = v;v9, then u = ujuy with
R ': U; = V5.
» A factorization process cannot continue forever on the left.



Reducibility: main difficulty

Let u=21- -2, v=2,41 -5, where the x; are not necessarily distinct
variables from a set X.

Suppose that ¢ : X — /F\AS is a solution of the equation © = v modulo a
given pseudovariety V, satisfying prescribed constraints in a finite
semigroup S.

Suppose that V determines some kind of unique factorization in the free
profinite semigroup F oS and that we may assume that the solution is such
that the resulting factorizations of w and v under the solution are of that
kind.

Then the two factorizations must match. For example:

el w[=2] o |=ly 2] = [o]
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Reducibility: main difficulty

Let u=21- -2, v=2,41 -5, where the x; are not necessarily distinct
variables from a set X.

Suppose that ¢ : X — /F\AS is a solution of the equation © = v modulo a
given pseudovariety V, satisfying prescribed constraints in a finite
semigroup S.

Suppose that V determines some kind of unique factorization in the free
profinite semigroup F oS and that we may assume that the solution is such
that the resulting factorizations of w and v under the solution are of that
kind.

Then the two factorizations must match. For example:

o] v =] & |
Ly =] = | y]

How to manage the propagation of these factorizations?



Complete x-reducibility of R: proof technique

Theorem [J. Almeida, J.C. Costa, MZ]

The pseudovariety R is completely  reducible.

» Values of variables in different positions are matched in pairs:

v1 v1 v2 U2

U3 U5 U3 v V4
U5 4

» Each box is identified by the position of its beginning together with the
new variable that determines it:

%0 V0|4 Vo
10 v1|t1 v3|ig U513 V2|4 V4 i5v5 16 Valtr U4
13 U1|t4 U3

» A quadruple of the form (i,v, j, 0) is called a boundary equation.



v

Reducibility of R: additional ingredients

General scheme: refine factorization and match corresponding factors.

Termination: the process lowers the underlying ordinal, or the number of
boxes.

With finite words, when we use a boundary equation (i, v, j,7) to match
two segments of a solution, the words are actually equal.

For pseudowords and solutions modulo V, the situation is more
complicated: under the solution, the two sides are not really equal but only
equal over V.

Need to handle separately systems of the type 1 =z = - - - .

A boundary equation (i, v, j,7) can be elastic, ie with the following form:

J

1]




Perspectives

» Adapt techniques of boundary equations (Makanin's algorithm) to apply to
other classes.

» Short term : DA, A.

» Application to common operators V, *, (... (partial, but ad-hoc results for
V).
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