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4 inputs fromE outputs to E N

reads observable
actions
Controller Open system| |Speci cation
C S '
enables/disables

controllable actions
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I Decide whether there exists a controller s{tS C)kE F ', 8E.

I Controller synthesis: If so, compute such a controller.

Solution for discrete event systems [RW89]
Decidable/computable for nite sequential DES, regular speci cations.




Control as a game

Games well suited to solve the control synthesis problem.

System

Controller
Environment
Allowed transitions
Behavior

Good behavior
Finding a controller

game arena (graph).

a player.

opponent.

moves.

play.

winning condition.

nding a winning strategy.



Controller synthesis, synthesis, model-checking

Controller synthesis
Input: S;'
Output: C suchthatS CfF'.

Universal system, observable

No controllable action :
and controllable actions

Model-checking Synthesis
Input: S;' Input: '
Output: SFE"'? Output: C such thatC F ' .
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Distributed controller synthesis

4 inputs fromE outputs toE A
C Controlled open distributed systenmS N
(S [
NN / J
Again:

I Decide whether there exists alistributed controller such that
(&1 C)k k(S C)KEF'.
I If so, compute such distributed controller.

Peterson-Reif 1979, Pnueli-Rosner 1990

In general, distributed synthesis and controller synthesis arendecidable
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Distributed architectures

Distributed architecture hP; ©™: S¥S:|oci

I P nite set of processes
o= &W] %S nite set of actions

I W actions of the environment.
I S¥S actions of the system.

| Location mappingoc: ! 2°nf?g.
loc(a): set of processes involved in actica
I p=fajp2loc(a)g.
I Ex. loqa) = loc(c) = f1g, logb) = loc(d) = f2g loc(e) = f1;2g

o= i=I )
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Systems: Asynchronous automata
A= r(Sp)pzp;so;( a)az | asynchronous automatoon hP; €™, SYS:|oci:

IS, nite set of local states, for each procesp 2 P.

For X P, letS = szx So- Fors2 Sp, let sy = (p)p2x-
I 8% 2 Spinitial global state.
I a  Soga) Swca) legal transitions fora 2

Induced word automaton.

| State set Sp,

| Transitiong % sOif
1. (qoc(a);q%c(a)) 2 4 and
2. 5 = & for all g 2 loc(a).



Asynchronous automata

All states considered as nal.

L(A): word language recognized b.

Independence relation on : al bif loc(a)\ loc(b) = 2.
L(A) is closed under

can be viewed as a trace language.



Games on asynchronous automata

GameG = (A;W) onhP; €W, S¥s;oci:

I Two versions:

I Actions of as players ( ¥° cooperate against ).
I Processes as players.



Games on asynchronous automata

GameG = (A;W) onhP; €W, S¥s;oci:

I Two versions:

I Actions of as players ( ¥° cooperate against ).
I Processes as players.

| Play: Mazurkiewicz trace on °= f(a;s)ja2 ;s2 Seqa)J

(a,1) (a,4)
(#,0,0) (e,2,1) (e,0,0)
a el

a
(b,1)» (b,2) (b,1)

I Move: extension of the current trace following the rules.
I Game isnot turned based

I Winning condition: set of Mazurkiewicz tracesv  R( %D).
Controller wins the plays ofW and loses other plays.



Which memory for controllers?

As in the sequential case, controllers can use memory.
Controllers only observdocally, on their own site.No global view,
The choice for an action cannot depend on a concurrent action.

Memory has to becomputable in the distributed architecture

I allowed: extra data in communications (piggy-backing),
i ruled out additional communications.



Memory

I Each player has a partial view of the history of a play.
| Strategies use this view in order to choose next move.
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Memory

I Each player has a partial view of the history of a play.
| Strategies use this view in order to choose next move.
I Memoryless: a move can depend only on the current state.
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Memory

Each player has a partial view of the history of a play.

Strategies use this view in order to choose next move.

Memoryless: a move can depend only on the current state.

Local memory: remembers write actions on the processes it writes 1

o o ¢’ /a\e/a\e/?%
N NN,

#

By
)
o
R e




Memory

I Each player has a partial view of the history of a play.

| Strategies use this view in order to choose next move.

I Memoryless: a move can depend only on the current state.

I Local memory: remembers write actions on the processes it writes f

»—."i‘/\/\/r)r)
NN,

Causal memory (intuitively, maximal history a player can sérve)
I Players gather and forward as much information as possible.
I By extension: nite abstraction of full causal memory.




Memory

I Each player has a partial view of the history of a play.

| Strategies use this view in order to choose next move.

I Memoryless: a move can depend only on the current state.

I Local memory: remembers write actions on the processes it writes f

B N AN
NN,

Py Py

By
)
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Causal memory (intuitively, maximal history a player can sérve)
I Players gather and forward as much information as possible.
I By extension: nite abstraction of full causal memory.
I Causal memory can be implemented.
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Action based control: strategies

Tuple (fa)a2 ss Wheref, indicates to playera2 Y5 how to play.
For simplicity, assume AA deterministic.

Memoryless faSoca) !> ;79
Full causal memory fy: M( ;D) !'f> ;?g
Controller is willing to play a on u where its view isu i. fa(u) = >.

fa can only depend ore-view.
Viewy(u) = smallest trace pre x of u containing all actionsa.



Action based control: strategies

Tuple (fa)a2 ss Wheref, indicates to playera2 Y5 how to play.
For simplicity, assume AA deterministic.

Memoryless faSoca) !> ;79
Full causal memory fy: M( ;D) !'f> ;?g
Controller is willing to play a on u where its view isu i. fa(u) = >.

fa can only depend ore-view.
Viewy(u) = smallest trace pre x of u containing all actionsa.

(as)



Action based control: strategies

f -consistentf -maximal plays
For a strategyf = (fa)a2 ss, one looks at all playsu which are

I consistentwith f: eacha-move inu is played accordingf,.
I maximal f predicts? for all possible a-move of Y5 onu.

Winning strategies
A strategy f is winning if all f-consistentf-maximal plays are inW.



(Un)decidability of distributed games

I Even for reachability conditions, distributed gamesot determined
I Even for reachability conditions, controller may need memory to win

Prop. For rational winning conditions, it is undecidable whether there is
a winning distributed strategy (with causal, local memory, or memoryless

Peterson-Reif, Madhusudan-Thiagarajan, Bernet-Janin-&\lkiewicz
Existence of a winning strategy witHocal memoryis undecidable

I for reachability or safety conditions,

I with 3 players+ environment.
For causal memory and 3 players, undecidability does not hold.




Causal memory games on cographs

Class of dependence alphabets containing singletons and closed by
I parallel composition (A[ B;Da[ Dg),
I sequential composition (A[ B;DA[ Dg[ A B[ B A).
Behaviors on cographs are called series-parallel.

TheoremAction-based control with causal memory igecidable for
controlled reachability conditions and series-parallel systems.

Corollary Decidable forrecognizable winning condition on nite traceson
series-parallel systems.



Action based control: decidability

Proof technique:
I Construct abounded memorgtrategy given arbitrary winning
strategy.
I Induction on (cograph).
I Glue strategies for subgames obtained by induction.

I Main problem: compute information in a distributed way
[Th90,CMZ93,EM93].



Controlled reachability conditions

s(t): global state reached ort, or+1 if t is in nite.
R(t): set of global states seen along nite, strict pre xes of.

#
I {2

R(t) s(t)

Controlled reachability condition:F 2% (Sp]flg ).
A play t is winning if (R(t);s(t)) 2 F.
Particular cases: reachability, safety.



Induction on

¥$ has a winning strategy )

Proof outline

Di cult case: series product.

there is a small winning strategy.

# A

B

A

A

[

(Ris) (R

A

=)

1. From a play, extract subplays oi\; B and induced strategies.

2. Replace theseA; B-strategies by "small" strategies (induction).

3. Finally glue these bounded memory strategies ofy, B to obtain a
strategy on , with bounded memory.

Main problem

I Controller players must know in which game (A/B) they are playing.
I This information must be computed in a distributed way.
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Process-based control: strategies

Now, players areprocesses

Tuple (fy)a2p Wheref, indicates actions thatp 2 P agrees to play.
View, (u) = smallest trace pre x of u containing all p-actions.
Strategy for processp: function

fp : View,(M( &D%) 1 2 »



Action-based vs. process-based

It is harder to control a system in the process-based version.
Intuition: actions have more information than processes.
An action seesat oncestates of all processes it acts on.

In process-based version, a process has to propose actions without
knowing other local states.

Ex. ®"W= fap;ap;by;beg, 5= f=;60.



Action-based vs. process-based

It is harder to control a system in the process-based version.
Intuition: actions have more information than processes.
An action seesat oncestates of all processes it acts on.

In process-based version, a process has to propose actions without
knowing other local states.

Ex. ®"W= fap;ap;by;beg, 5= f=;60.

Controller looses onfa;; ap; 6 g and f by; by; 6 g, and wins otherwise.
Strategy exists for action-based control.
No strategy for process-based control.



Process-based control: decidability

I Restriction on asynchronous automatazonnectedly communicating

I Means that in every prime trace, each action has a bounded numbe
of concurrent events.

I 2 processes acting in // for a long time won't ever synchronize agair

Theorem Process-based control with causal memory @ecidable for
connectedly communicating AA.

Proof technique encoding existence of winning strategies into SAT of an
MSO formula on event structure derived from.
Observation Same kind of encoding work for action-based systems.

Action-based control with causal memory igecidable for connectedly
communicating AA.



Reduction from process-based to action-based

FromA;' , one can construcB; such that

9 a process-based strategy foA ;'

9 an action-based strategy foiB;

Idea: addlocal system actiondor each proces®.
Each such local actionproposes a set of original actions
The environment picks action present in each of these sets.



Reduction from process-based to action-based

FromA;' , one can construcB; such that

9 a process-based strategy foA ;'

9 an action-based strategy foiB;

Idea: addlocal system actiondor each proces®.
Each such local actionproposes a set of original actions
The environment picks action present in each of these sets.

Result on cographs do not transpose to process-based with this
reduction



Open problems

Common framework encompassing both approaches.

Generalizations: arbitrary dependence alphabetsrelaxed
communications.

Reasonablecomplexity bounddor controller synthesis.
Control of systems withasynchronous communicatior(eg, MSC).
May randomized strategieshelp?
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Reactive programs

Inp_uts from X f A Outputs
environment

Qx: domain for input variablex. Input: xax2 2 Q' .

Qy: domain for output variabley.

Reactive programf : Q,™ ! Q.

Synchronous behaviorf outputsy, as soon as inputx, arrives.



Reactive programs

Inp_uts from X f A Outputs
environment

Qx: domain for input variablex. Input: xax2 2 Q' .

Qy: domain for output variabley.
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Reactive programs

Inp_uts from X f A Outputs
environment

Qx: domain for input variablex. Input: xax2 2 Q' .

Qy: domain for output variabley.

Reactive programf : Q,™ ! Q.

Synchronous behaviorf outputsy, as soon as inputx, arrives.
X1, y1= f(x)
X2, Y2 = f(xax2)

Xn; Yn = F(Xe Xp)iii:
( ! )

X1X2X3 . |
= f(x X :
V1YoV J'Yn (x1 n) (& S)

Tree T =fonS;; Ti(") arbitrary

Language B =



Church's problem: synthesis of reactive programs

Inputs from X i 1+ outputs
environment

Qx: domain for input variablex. Input: x1xo 2 Qy'.

Qy: domain for output variabley.

Reactive programf : Qx* ! Q.

Synchronous behaviorf outputsy, as soon as inputx, arrives.



Church's problem: synthesis of reactive programs

Inputs from X i 1+ outputs
environment

I Qx: domain for input variablex. Input: x1xo 2 Qy'.

I Qy: domain for output variabley.

| Reactive programf : Q" I Q.

I Synchronous behaviorf outputsy, as soon as inpuix, arrives.

Church's problem (1962)

I Given input-output linear or branchingspeci cation ' ,
| Decide/Computea programf such thatBs ' or Ty F ' .



Synthesis: two key steps

1. Translate' into an word or tree automatorA(' ) onS,  S,.

S1S S2S LTL, ELTL -calculus
Biichi '62 | Rabin '72 | Vardi-Wolper '83 | Street-Emerson '84

2. ImplementA (' ) sequentially: producey; as soon asx; produced.

| Q>< = Qy = fo,lg’
I LTL speci cation: output 1 now i environment will eventudy input 1.

' Fy=1( x=1

I Cannot be synthesized. ..
I Even though for each input, there is a matching output makihgtrue.

I Buchi-Landweber '69, Rabin '72Pnueli-Rosner '89
. . . 203 ) .
For' 2 LTL, construct a nite state implementation ip2 g ])—tlme.



Synthesis: the distributed case

Inputs from

. Outputs
environment

Distributed architecture
Church's problem again

I Find strategiesf; so thatjoint behavior meets a given speci cation.
Problem eachf; must decide with apartial view of the global state.

Peterson-Reif 1979, Pnueli-Rosner 1990

In general: synthesis problem for distributed architecture isndecidable

Parameters: architectures / semantics / speci cations / implementations.



Architectures with shared variables

ArchitectureA = (P;V;R; W)

P nite set of processes\El
V nite set of variables @

. processp is one of the readers on variable .
. processp is the (unigue) writer on variablex .



0-delay synchronous semantics

Local memory programdsf, : S, ! Scandf,: (S¢ S) ! S,

Ur Ux U
| Input: Vi V; Vz 2(Ss S
0 1
Ui Uz U3
| Behavior:%xl xz X3 gz(a, s) S S
1 X2 X3
Zy Zp Z3
, Xn = fx(Uu1  up)
with n— x n for all n > 0.
Zn = f((X1;v1)  (Xn; Vn))

Input-output speci cations: Can only assert if theprojectionof a run

(tree) onto (S, S)) S



Global versus distributed synthesis




Global versus distributed synthesis

IR
S R

I Spec': G(u; = = Us= U)" G(vy = = Vg = V).
I Trivial synthesis of' if a single process.



Global versus distributed synthesis

I Spec': G(u; = = Us= U)" G(vy = = Vg = V).
I Trivial synthesis of' if a single process.

I Fact: only 3independent functionf 0;1g? ! f 0; 1g.
=) no synthesis of on this architecture.



Undecidability

Architecture Ag

Theorem (Pnueli-Rosner FOCS'90)

The synthesis problem for architecturd oy and LTL (or CTL) speci cations
is undecidable.

Proof. Reduction from the halting problem on the empty tape.



Decidability: Pipeline

Pnueli-Rosner (FOCS'90) - Peterson-Reif (FOCS'79)
r

The synthesis problem for pipelines and LTL speci cations is non eleme
tary decidable (lower bound matched).

Kupferman-Vardi (LICS'01)

I Same for one-way chain and ring, delays, CTlspeci cations

I On all variables )
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Uniformly well connected architectures

For an output variabley, View(y) is the set of input variablesx such that
there is a path fromx to y.
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Uniformly well connected architectures

For an output variabley, View(y) is the set of input variablesx such that
there is a path fromx to y.

An architecture isuniformly well connected (UWCI)f there is a single
routing which, for each output variable, sends variables in Vielw) to v.




Uniformly well connected architectures

Uniformly well connected (UWCE single routing of View(v) to v.

W O ORNOXD O
[a]  [b] [af—(2—{b] [af—(2—b]
® O (® ¥ (® ¥

Undecidable, UWC Decidable, UWC Undecidable, not UWC




Incomparable information

An architecture hasncomparable informationf there existys,y> output
variables such that Vieyy,) nView(y;) 6 ? and Viewy1) nView(y,) 6 ?.

?_%
O @
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An architecture hasncomparable informationf there existys,y> output
variables such that VieWy,) nView(y;) 6 ? and View(y1) nView(y,) 6 ?.

Otherwise it is said to havepreordered information
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Incomparable information

An architecture hasncomparable informationf there existys,y> output
variables such that Vieyy,) nView(y;) 6 ? and Viewy1) nView(y,) 6 ?.

Otherwise it is said to havepreordered information
TTYY
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Incomparable information yields undecidability

Architectures with incomparable information are undecidable for LTL |c
CTL input-output speci cations.
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Incomparable information yields undecidability

Architectures with incomparable information are undecidable for LTL |c
CTL input-output speci cations.
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Uniformly well connected architectures

Uniformly well connectedarchitectures withpreordered informatiorare de-
cidable for CTL*input-output speci cations.
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Uniformly well connected architectures

Uniformly well connectedarchitectures withpreordered informatiorare de-
cidable for CTL*input-output speci cations.

b ¢
=X
b b0 o

From Kupferman-Vardi (LICS'01), synthesis is decidable for pipeline
architectures and CTL speci cations on all variables QED.




Well-connected architectures

An architecture iswell connectedif, for each output variabley, the
subarchitecture formed by its ancestors is uniformly well connected.




Well-connected architectures

An architecture iswell connectedif, for each output variabley, the
subarchitecture formed by its ancestors is uniformly well connected.

Proposition (derived from Rasala-Lehman Lehman '04)
Well-connectedness decidable in polynomial time.




Well-connected architectures

An architecture iswell connectedif, for each output variabley, the
subarchitecture formed by its ancestors is uniformly well connected.

Proposition (derived from Rasala-Lehman Lehman '04)
Well-connectedness decidable in polynomial time.




Well connected preordered architectures

The synthesis problem for LTL speci cations andell connectedarchitec-
tures with preordered informatioris undecidable

Proof. Try to simulate the basic undecidable architecture of
Pnueli-Rosner.
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Well connected preordered architectures

The synthesis problem for LTL speci cations andell connectedarchitec-
tures with preordered informatioris undecidable

Proof. Try to simulate the basic undecidable architecture of
Pnueli-Rosner.




Open problems

Find a decidability criterion for input-output speci cations and
well-connectedarchitectures.

Decidability of the distributed synthesis problem forobust and
input-output speci cations.

Control synthesis?



Information fork criterion (Finkbeiner Schewe LICS
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Information fork criterion (Finkbeiner Schewe LICS

'05)
u v
p
X0 X1
a b
Yo Y1
q




Robust speci cations

De nition

Spec.' isrobustif' = s20ut z @and z only depends on Viez)[f zg.




Robust speci cations

De nition
Spec.' isrobustif' = s20ut z @and z only depends on Viez)[f zg.

The synthesis problem foruniformly well-connected architectures and
input-output and robustCTL speci cations is decidable




Speci cation and routing
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Speci cation and routing
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Speci cation and routing




Speci cation and routing

One bit of u hidden to pg yields undecidability
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