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Context: control synthesis

Speci cation
ControllerC

- J

EnvironmentE

actson

enables/disablesctions
Open systemS

providesinfo

Two problems(Ramadge Wonham)

Decidewhetherthere existsa nite memay controllerst. (S C)kE F '.
Synthesis:If so,computesucha controller.



Control as a sequential game

Classicaketting
Gameswell suitedto solvethe control synthesisproblem.

Good behavio
Finding a controller

Generalesult

For reasonablesystemsand speci cations, the problemsare decidable.

winning condition.
nding a winning strategy

System = gamegraph.
Controller = aplayer.
Environment = opponent.
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Distributed control synthesis
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Two problems,again

Decidewhetherthere existsa nite memay distributed controller st.
(81 Ci)k k(Sn Cn)KE F ', andsynthesizevhenpossible.

Distributed gamesystemagainstenvironment.
Winning distributed strategy= carrect distributed controller.
In general,undecidablgPeterson-Reifl979, Pnueli-Rosned 990).



Distributed control synthesis

Main points
Input communicationarchitecture, systeminteractionswith environment.
Output nite memay distributed controller, can disablecontrollableactions.
As in sequentialgames,strategiesmay needextra memay.

Controllersare local. No global view, only observetheir own site.
In particular, choicefor an action cannotdepend on a concurrentaction.

Onerequiresthe memay to be computablein the distributed architecture.

allow additional contentsinsideexistingcommunicationgpiggy-backing),
rule out extra communications.
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Want to communicatethrough the samecommunicationline.
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Example

Romeoand Juliet againstthe environment
Want to communicatethrough the samecommunicationline.
At anytime, oneline is broken.

Environmentlooks whereR&J are connected,and then, atomically possibly
changeghe broken line.

Romeo/Julietlooks status of linesand, atomically chooseswhereto connect.
Dependencebetweenmovesk { E {J

If no fairnessassumption:E can monopolize the gamebreakinglinesforever
Communicationarchitecture
Qy -+Eherpenees
R
oread-writeability
@ @ o read-onlyability




Example (continued)

Movesand plays
Fairness:E losesif it monoplizesthe game.
Statesof processi: Q; = f1;2;3;4g.

Q1: Romeo'scurrent line.
Q2: number of the line currently broken.
Q1: Juliet's current line.

Exampleof move: E reads3, 1, 4 on processed, 2 and 3 and
writes 4 on process2.

A distributedplay of the asynchronousystem,R&J againstE
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Architectures

C(SPIRW)
1 P: setof processes
1 Eachplayera of atomically

I readsstates of processedrom a givensetR(a) P.
I changesthe state valuesfor processeof W(a) P.

8az2 ; ; 6 W(a) R(a)
8a;b2 ; R(a)\ W()6; () R\ W(a)6 ;

i Dependence:laD b() R(a)\ Wb 6 ; () R(bh\ W(a) 6 ;

Legaland forbiddenarchitectures

Forbidden (not symmetric) OK OK



Games and plays

Gameover( ;P;R;W)

©G=( 05 1:(Qiizp i ( a)az ;A% W).
! = o] 1: patition of the setof players(actions) in teams0 and 1.
Players of team O cooperatetogetheragainstteam 1.

' Rulesof the gamefor player a givenby o Qg Qw (a)-

R R
1 %, ;73 47N
2 4 1
°=f(apja2 ;p2Quwwal f#:;d)g (P D (g, aDb

1 Move: extensionof the current Mazurkiewicztrace following the rules.
1 The gameis not \p osition based",nor \turn based".

1 Winning condition: setof nite or in nite Mazurkiewicztraces R( %D).
TeamO wins plays of \/ and losesplaysof R( % D) n

0

A nite play Mazurkiewicztrace over



Memory for strategies
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Memory for strategies

I Eachplayer only hasa partial view of the global histary.
1 Memayless: movecan depend only on the current state.
I Local memay: a player can rememler the write actionson its processes.

R R R
2 1\ /??
E
3 4\
J
4 1 2

1 Playersgatherand forward as much information as possible.
I Strategiesin distributed gamescan usean abstractionof causalmemay
1 Dueto symmetrycondition: causalview is implementable.



Winning strategies
Tuple (fa)az , Wheref, tellsplayera2 ( how to play.

Memayless fa:Qr ! Qw [ Stop
Local memay fa:Qw@Qre ! Qwa [ Stop
Causalmemay fa:M( ;D) Qg ! Qw)[ Stop
R R R
1 2 1 ??
1#/ \E/

1 3 4\

J
2 4 1 2

f -maximalf -plays

Givena strategyf = (fa)az ,, onelooksat playst which are
1 consistentwith f ; all a-movesplayed accading to f 5 (f -play).
I maximal f predictsto Stop for all a-movesfrom .

Winningstrategies
A strategyf iswinningin G if all f -maximalf -playsin G arein W.



Outline

O Results



Getting rid of the memory

1 Onecande ne similaly memay as an abstractionof perfect (local/causal)
memay.

1 For sequentialgames,from a strategywith memay , one can build a new
gameincarporating this memay.

1 This is alsothe casefor distributed games.

Embeddingcausalmemay insidegames

PropositionFor a distributed gameG and a distributed memay , one can build
a gameG suchthat team 0 hasa WDS in G with memay i it
hasa memaylessWDS in G .

Proof G = G



From distributed to sequential games

Theaem
Givena nite distributed game(G; W), we can e ectively build a nite sequential
2-playersgame(G; W) st. the following are equivalent:

I There existsa memaylessdistributed WS for team 0 in (G; W).

I There existsa memaylessWS for player 0 in (G;W).

I There existsa WS for player 0 in (G; W).

Considerthe gameon the globaltransition system.
The controllerhas more information than its causalmemary.

Solution

1 The opponentcontrolsthe lineaization to be played.
1 Usingresetsmoves,he canreplay di erent lineaizationsfor the sameplay.

1 The winning condition W makessurethat the strategyfollowed by the
controlleris indeeddistributed.



(Un)deciding games

(Folklare)

Proposition Decidingwhetherteam 0 hasa causaldistributed (memayless)WS is
undecidabléor rational winning conditions.
Proof. Simplereductionof the universaliy problemfor rational trace languages.

Peterson-ReiMadhusudan{Thiagajan Bernet{Janin{W\alukiewicz

Deciding whether team 0 has a winning local distributed strategy is undecidable
even:

1 for reachabiliyy or safety winning conditions.
1 with 3 players.
With causalmemay, this undecidabiliy result (with 3 players) doesnot hold.

ConjectureWhetherteam 0 hasa causaldistributed (memayless)WS for
reachabiliy/safety/recognizablewinning conditionsis decidable
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Problem
b hasa global view of the scene.
a;d and c; e are constrainedto insidetheir own room.
a;d; c;e are ableto pushbuttons which light their respective greenlamp.
b can pushon resetto recad the current con guration of the lamps,and
switcho both lamps.
a; b;c cooperate and haveto recad a sequenceontaininga given
subsequence
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Causal vs. local memory: example
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Descriptionof the example
N

o= fa;b;egand 1 = fd;eg with dependencerelation ;l,l/b\(l;
Processeslights. State setsare identical for the 2 processes ;0; 1g.
b can at any time resetboth statesto
a;c;d and e can at any time set the state of their own processto 0 or 1.
Oneexecutionas a Mazurkievgicztrace: e e

#/O\b/l O\b

~Na__d~ ~_.a_—
0 1 0

Winning condition: b recads a subsequencwhich was chosenbefarehand.



Winning strategies
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Again, one needsto add fairnessconditions.
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Winning strategies

Decidingthe game
Again, one needsto add fairnessconditions.
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Winning strategies

Decidingthe game
Again, one needsto add fairnessconditions.
No memaylesswinning distributed strategy
No local memay winning distributed strategy
Thereis a winning causaldistributed strategy
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Winning conditions

Controlledreachabiliy conditions

q(t): globalstate reachedon t.
P(t): setof globalstatesseenalong( nite) pre xes of play t

I {Z

Controlledreachabiliy condition: F~ 2°*  (Qp ] flg )
A play t is winningif (P;q)(t) 2 F
Particular cases:reachabiliy, safety

ExampleReacl{X ) correspond to

n O n (0]
F= (P,ojX\(P[q)6? [ (P;1)jX\P8&?




Decidability of causal memory games on
cographs

Cographs:dependencealphatets ( ;D) built from singletonsusing
1 parallel composition.
I seriescomposition.
If A\ B =;,and(A;Dpa), (B;Dg) are cographsthen soare
' (A[ B;Da[ Dg), and
" (A[ B;DA[Dg[A B[ B A).
Cographsare exactlya b b d-freealphatets.
They induceseries-peallel behavias.

Main result
Thearem Distributed gameswith controlledreachabiliyy conditionsare decidablefor
symmetricseries-peallel systemsand causalmemay strategies.

Caollary Distributed gameswith recognizableconditions on nite behavias are
decidablefor symmetricseries-peallel systemsand causalmemay strategies.



Proof outline of the main result

Inductionon : ¢ hasawinningstrategy ) thereis a\small" winningstrategy
Di cult case:seriesproduct.

# A B A

1. From a play, extract playson A and B, and inducedstrategies.
2. Replacethe strategieson A, B by strategieswith \small* memay (induction).

3. Finally, gluetogetherall thesestrategieson A and B to obtain a strategyon
usingsmallmemay.

Main problem
TeamO must know on which smallgameit is playing.
TeamO hasto computethis information in a distributed way.



Open problems

I Generalizatiorto arbitrary recognizablevinning conditionson in nite traces.
1 Generalizatiorto arbitrary dependencealphalets.

I Generalizatiorto non-symmetricarchitectures.

1 Reasonableipper boundsfor synthesis?

I Richermodels (probabilistic strategies,asynchronougommunicationstimed
paradigm.)
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