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The aim of this article is to prove that the pseudovariety generated by JUB,
that is to say, the join of the pseudovariety of / -trivial semigroups and
of the pseudovariety of idempotents semigroups, is decidable. The tech-
niques used were developed by Almeida and are based on the study of the

topological semigroup of implicit operations.

1. Introduction

Eilenberg’s theorem on varieties [21] states that some classes of rational
languages, called varieties, are in one-to-one correspondence with some
classes of finite semigroups, the pseudovarieties, also called varieties of
finite semigroups. These classes play a central role in the theory of ra-
tional languages and finite semigroups, and numerous works have been
devoted to their study. Like in other domains of computer science, deci-
sion problems are frequently proposed. In particular, a crucial question is
to determine an algorithm for checking whether a given recognizable lan-
guage (resp. a given finite semigroup) belongs to a fixed class of languages
(resp. of semigroups). If such an algorithm exists, then the membership
problem for this class is said to be decidable.

The theories of rational languages and of finite semigroups motivate
a systematic study of some fundamental operators on pseudovarieties. Re-
searchers have concentrated their attention on the following ones:
- The unary operator P_ that associates to each pseudovariety V the
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pseudovariety PV generated by the power semigroups of all semigroups
of V. It is related to several problems in language theory ([4,5,27]).

- The semidirect product V « W of two pseudovarieties V and W, which
is connected to the Rhodes’ theory of semigroups complexity.

- The Mal’cev product V@ W of two pseudovarieties V and W that oc-
curs also frequently in language theory and in semigroup theory ([22]).

- The join V V W of two pseudovarieties V and W, whose definition
is probably the most natural: the pseudovariety V V W is the smallest
pseudovariety that contains V and W. It leads to the study of lattice
properties. It corresponds to the parallel computation of automata.

This last operator is the central subject of this paper. More precisely,
we are interested in the decidability problem for V.V W.

Despite the elementary nature of its construction, the join of two de-
cidable pseudovarieties might not be decidable. A very surprising example
was given by Albert, Baldinger and Rhodes [1]: there exists a finite set of
identities in two variables ¥ such that [X] V Com is undecidable, where
[X] denotes the (decidable) class of all finite semigroups satisfying the
identities of ¥ and Com denotes the class of finite commutative semi-
groups. Actually, no general method to solve the membership problem of
a pseudovariety is known as yet.

Rhodes [29], Almeida [2] and Kharlampovich and Sapir [24] proposed
a list of problems on pseudovarieties, most of which are still open. The
aim of this article is to give an answer to problem 22 of [2]: “Compute
JVB”, where J denotes the pseudovariety of _#-trivial semigroups and B
the pseudovariety of idempotents semigroups. The word “compute” may
be understood as:
- find a finite basis, or prove that the pseudovariety is not finitely based;
- solve the membership problem for the pseudovariety.
On the positive side, we show here that the pseudovariety J V B is decid-
able. On the negative side, we will show elsewhere that this pseudovariety
is not finitely based ([33]).

Most of the few known results concerning calculations of joins of pseu-
dovarieties are due to Almeida, Azevedo and Weil. Almeida [2] introduced
a technique based on the theory of implicit operations that he developed.
It requires some ad hoc arguments, but is successful to compute some non
trivial joins: amongst them R V L ([11]), where R (resp. L) denotes the
pseudovariety of Z-trivial (resp. Z-trivial) semigroups, G V Com ([6]),
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where G is the pseudovariety of finite groups, PermVJ ([15]) where Perm
is the pseudovariety of all semigroups satisfying a non-trivial permutation
identity, G V B ([16]), and more recently, G V (J NInv) ([13]) where Inv
is the pseudovariety of all semigroups whose idempotents commute. See
[2,32] for a more complete list of results.

The idea is the following: to prove the equality V.= W; VW, where
V is the candidate, one checks first that W, and W, are contained in
V. These inclusions are in general easy because V is precisely chosen to
contain W, and W,. This gives the inclusion W, vV W, C V.
In the opposite direction, Reiterman’s theorem (theorem 2.2.1 bellow)
states that W, VW, can be written [X]y;, where X is a set of pseudoiden-
tities for V. Therefore, it suffices to show that for every pseudoidentity
(m,p) of ¥ (and such pseudoidentities are satisfied by W, and W,), 7
and p are identical.

The paper is organized as follows. Section 2 contains basic facts
about pseudovarieties and implicit operations. In section 3, we guess and
study a natural candidate for J vV B and its implicit operations. This
gives an infinite basis for J vV B (sections 3.1 and 3.2). The proof of the
decidability of J V B is based on the above technique, but also requires
some arguments of automata theory. It is given in section 3.3.

2. Background

We briefly review the main definitions and some useful facts about semi-
groups, pseudovarieties and implicit operations. The reader who wants
more details is referred to the books of Almeida [2], Pin [26], the article
of Almeida [7] or for a brief introduction, to the surveys of Almeida and
Weil [8], [13], [14], and [31]. We assume the reader to be familiar with
some basic notions of topology, universal algebra and semigroup theory
(see [19], [20], [26]).

2.1. Semigroups and pseudovarieties

In the sequel, A,, denotes the finite alphabet {z;,...,z, } and A the count-
able alphabet | J,,-( A, For a word u € A}, the content ¢(u) of u is the
set of all letters appearing in .

A pseudovariety of semigroups is a class of finite semigroups closed
under formation of finitary product, homomorphic image and subsemi-
group. The pseudovariety of all finite semigroups is denoted by S, and
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the one of all finite aperiodic (or group-free) semigroups is denoted by
A. For any pseudovariety V, DV is the pseudovariety of all semigroups
whose regular Z-classes are semigroups of V. An idempotent semigroup
is called a band. The pseudovariety of finite bands is denoted by B. The
pseudovariety of finite commutative bands (that is, of finite semilattices)
is denoted by Sl. Finally, J denotes the pseudovariety of all _#-trivial
semigroups.

The free band is a finite semigroup, quotient of the free semigroup
Al by the congruence generated by z = 22 (see [23,25]). We denote this
congruence over At by = . Notice that one can define the content of an
element of the free band, since two =, -congruent words have the same
content.

The only fact on bands we will require is the following basic proposi-
tion. It is the key lemma for solving the word problem in the free band:

Proposition 2.1.1. ([23,25])  Let u, v, and w be words of A
such that c¢(v) C c(u) = c(w). Then uvw =, vw.

2.2. Implicit operations

Given a pseudovariety V, an implicit operation for V is a family (7g)gcv
such that

(1) for every S € V, mg is a function from S™ into S;

(71) for every morphism ¢ : S — T between members of V, the diagram

comimutes.

The set of all implicit operations for V is denoted by F, (V). Notice
that a word v defines an implicit operation (ug)gcy: one evaluates u over
the semigroup S. An implicit operation that can be defined by a word is
said to be explicit. The set of all explicit operations is denoted by F, (V).
The set of all implicit operations is equipped with the product topology.
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If the multiplication of 7, p € F,, (V) is defined by

(ﬂ-p)S(xlv SR >xn) = 7TS("ED SR ,:En)ps(l‘l, e 7xn)

then F, (V) is a compact totally disconnected topological semigroup. A
pair (m,p) € F, (V) x F,,(V) is called a pseudoidentity. Let (m,p) be a
pseudoidentity. A semigroup S € V satisfies (m, p) if and only if 7¢ = pg.
We will then write S = m = p. If ¥ is a set of pseudoidentities for a
pseudovariety V, S satisfies X if S satisfies every pseudoidentity of 3, and
a class € of semigroups satisfies X if every semigroup of & satisfies >.
The class [X]y; of all semigroups of V satisfying 3 is a pseudovariety.

Given an implicit operation 7, one can define another implicit opera-
tion 7 as the limit of the sequence ™. If z is a letter, it is easy to see that
the evaluation of x* over an element s of a semigroup is the idempotent of
the subsemigroup generated by s. The notation z**! is an abbreviation
for xa*. It is well known that the function m — 7% is continuous.

The following characterization of pseudovarieties is fundamental:

Theorem 2.2.1. (Reiterman, [28]) Let V be a pseudovariety
of semigroups and let W be a subclass of V. Then, W is a pseudovariety
if and only if there exists a set of pseudoidentities ¥ C F, (V) x F, (V)
such that W = [X]y,.

w w—+1

For example, J is defined by (zy)* = (yx)*, 2% ==z

In the sequel, we will write [¥] instead of [X]g. We will say that
the pseudoidentities of a set ¥ imply those of a set X/ if every semigroup
that satisfies ¥ also satisfies ¥/. Notice that Birkhoff’s completeness the-
orem doesn’t hold for pseudovarieties, and there are no rules to derive
pseudoidentities of ¥/ from pseudoidentities of 3 (see [2,9]).

The notion of content can be generalized for implicit operations as follows:

Theorem 2.2.2. (Almeida, Azevedo, [2,16]) Let V be a pseu-
dovariety containing S1. Then

c:F, (V)—F,(S])
T (Tg)sesi

s a continuous homomorphism.

The study of implicit operations for DS was done by Almeida and Azevedo:
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Theorem 2.2.3. (Almeida, Azevedo, [2,12,16,17])  Every im-
plicit operation m € F,(S) admits a factorization of the form m = m ...
where 7; 1s either explicit or its restriction to DS is regular.

Finally, the knowledge of implicit operations for J will be very useful:

Theorem 2.2.4. (Almeida, [10])  Every implicit operation m €
F,,(J) has a canonical factorization ™ =, ..., where:
1. Every m; is either explicit or of the form uy with u; explicit.
2. If m; us idempotent, then every letter of u; appears only once and if
J <k, then x; appears before xj.
3. Two consecutive factors cannot both be explicit.
4. Two consecutive idempotent factors have incomparable contents.
5. If m; is explicit and ;1 idempotent, then the last letter of m; doesn’t
appear in m;, .
6. If m; is idempotent and ;| explicit, then the first letter of w, 1 doesn’t
appear in ;.

Ifr,peF,(J), where m = my...m, and p = p;...p; are the canonical
factorizations, then m = p if and only if k =1 and for every 1 =1,... k,

i = Pi-

3. The pseudovariety Jv B

It is clear that the pseudoidentities satisfied by W,V W, are those satisfied
by both W, and W,. We will start from a finite set of simple pseudoiden-
tities satisfied by J and B. A natural approach is to find pseudoidentities
of J VvV B are implied from them: if all the pseudoidentities of J V B are
implied from them, to try to find a finite basis. We will find however a
semigroup that satisfies our first pseudoidentities but that doesn’t belong
to J V B. Nevertheless, the knowledge of the pseudoidentities satisfied
by J and by B gives a description of an (infinite) basis of J vV B. The
regularities of this basis lead to the main result:

Theorem 3.1. The pseudovariety J V B is decidable.

Using Eilenberg’s theorem on varieties ([21]) and Simon’s characteriza-
tion of the languages recognized by _#-trivial semigroups ([30]), one gets
another formulation of this theorem:
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Theorem 3.2. One can decide whether a rational language of A}
is a boolean combination of piecewise testable languages and of =,, —classes

3.1. A natural upper bound of JvB

There are several choices for an upper bound of J V B. Three natural
candidates are:

= [z(xy)” = (zy)* = (xy)“y]

= [(=*y*)* = (zy)¥, ¥ = 2¥ 1]

=[{@...a8) = (z;...2,)" [ n €N}, ¥ = a¥ 1]
(

We denote by (1) (resp. (2), (3)) the pseudoidentities defining V (resp.
V' V). Let us first verify that V| for instance, is not too large:

Proposition 3.1.1. 'V is a subpseudovariety of DA.

Proof. Note that (1) implies aperiodicity (take z = y). It remains
to show that V satisfies (xy)*(yx)“(zy)¥ = (zy)¥. Let S be a semigroup
satisfying (1) and z,y € S. Then the following equalities hold in S:

(2y)° (y2)* (zy)* = (2y)* " (y2)* (2y)*" by aperiodicity
= (zy)“zy(yz)z.y(zy)”
= (zy)“w.(y2)* y(zy)” by (1)
= (zy)¥ by aperiodicity
One could check that the inclusion V. C DA is strict, by noting that
F, ([x1z9yz 29 = X292, 25]) is a finite semigroup of DA which doesn’t
belong to V.
It is natural to ask which of the pseudoidentities V, V" and V" is the
smallest. In fact, they are equal:

Proposition 3.1.2. The pseudovarieties V, V', and V" are equal:

[w(xy)* = (2y)* = (xy)“y] = [ = 2T, (ay*)* = (2y)*]
= [[{(:C‘ijj)‘“ =(zy...2,)“|ne€ N}]]A
The inclusion V” C V' is clear since the pseudoidentities of V' are also

pseudoidentities of V”. The remaining inclusions V.C V', V C V" and
V'’ C V are proved separately in lemmas 3.1.3, 3.1.4 and 3.1.5.
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Lemma 3.1.3. The pseudoidentities (1) imply
(2y®)* = (ay)* = (a%y)
and the pseudoidentities (2). Therefore, V.C V',

Proof. Let S be a semigroup satisfying the pseudoidentities (1) and
let z,y € S. Then the following equalities hold in S

(zy)” = (wy)” (zy)”
“(xy)“y by (1)

in the same way

yz)“ y(yzy)“y by (1)

in the same way

I
—~
8
<

One could show in the same way that S satisfies (zy)¥ = (22y)~.
It follows that for each pair (r,s) € N2

(a7y*)” = (@*y>) = ... = (a¥y*)”
and in particular (zy)¥ = (z¥y“)“.
The following lemma is obtained in a similar way:
Lemma 3.1.4. The pseudoidentities (1) imply the pseudoidentities
(3). Therefore, V.C V",
Proof. Let S be a semigroup satisfying the pseudoidentities (1) and
let z,y,2 € S. Then the following equalities hold in S:
(zy2)” = (zy2)”(zyz)”
=z(y.zx)’yz(xyz
= x(y?z2)“yz(zyz) ! by lemma 3.1.3
= (2y°2)* (zy2)

)w—l
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Similarly, (zy%2)* = (zyz)¥(zy?z)*. Hence (zy2)* Z (vy*2)“. By du-
ality, (zyz)¥ £ (zy?2)“, and finally (zyz)® = (zy?2)*. Therefore, S
satisfies: (ryz)¥ = (2y?2)¥ = (1y“2)*¥, and in particular, for r > 1:
(xy"2)¥ = (z(y")¥2)¥ = (xzy“2)¥ = (xyz)¥. Now, since (1) implies (2) by
lemma 3.1.3, one gets:

(129 ... 2,)" = (2F2§ ... 2)"

using n times (2) or (zy"2)¥ = (xyz)“.

Lemma 3.1.5. The pseudoidentities (2) and aperiodicity imply the
pseudoidentities (1). Therefore, V! C V.

Proof. First, the pseudoidentities (2) imply (z%y)” = ((2?)“y~)* =
(z¥y“)¥ = (zy)*¥. Therefore, the following pseudoidentities are satisfied
in V":

(xy)? = (zy)“xy by aperiodicity
= (a%y)“zy by (2)
= 22y (z?y) zy by aperiodicity
= a?y(wy)“wy by (2)
= z(xy)” by aperiodicity

One proves in the same way that (zy)* = (xy)“y. This concludes the
proof of lemma 3.1.5 and of proposition 3.1.2.

Corollary 3.1.6. The following pseudovarieties are equal:

[o(zy)* = (zy) = (ay)“y] = [+ = 2%, {u¥ = " [u =, v}]

Proof. One first proves the inclusion from left to right. Aperiodicity
follows from (1). Next, the above proof of proposition 3.1.2 shows that V
satisfies the pseudoidentities of the form (rst)¥ = (rs*t)“ where s denotes
a letter and r and t denote either a letter or the empty word. The inclusion
from right to left also follows from proposition 3.1.2 and corollary 3.1.6
since [{u = v [u=, v}], C [(2%y)” = (2y)* = (2y*)*], = V' =V,
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3.2. Implicit operations of V

Now, we want to have some information about implicit operations of V.
Notice that although they have a very simple form, we won’t find any
canonical form (“canonical” means that if two implicit operations for JVB
coincide over J and over B, then they have the same canonical form).

Lemma 3.2.1. The idempotents of F, (V) are of the form u* where
u is an explicit operation of ¥, (V). Furthermore, the idempotent u® is
determined by the natural projection of u over F, (B).

Proof. The second part of this lemma has already been mentioned:
it v and v are two words such that v =, v, then V satisfies the pseudo-
identity u* = v“ (corollary 3.1.6).

Let now m = 7 in F,,(V). The implicit operation 7 is the limit of a se-
quence of explicit operations 7, € F,,(V). But F,(B) is a finite semigroup
of V. Therefore, there exists ¢ € N such that:

VkeN k>i=F,(B) =7=m,

By the second part of this lemma, 7" and 7} coincide in V if [,k > 4.
Since F,, (B) is a finite band, 7 coincides with an explicit operation u over
B. Thus, the sequence (7)., is constant, say of value u“. By continuity

of m— m¢, it follows that 7 = 7% = lim 7 = u“.
n—oo

This lemma provides a nice decomposition of implicit operations of Fn(V):

Proposition 3.2.2.  Fvery implicit operation w of the pseudovariety
V admits a decomposition as a product of the form m, ...m, where the
are either explicit or of the form u¥ with u; € F,, (V).

_ Proof. Tt is sufficient to apply theorem 2.2.3, and to notice that in
F,(V), the regular elements are idempotent since V is contained in DA.
The result follows then from the preceding lemma.

In fact, we are trying to have something approximating a canonical
form for the implicit operations for V.

Lemma 3.2.3. [fu and v are two words such that c(u) C ¢(v), then
V satisfies uv® = (uv)¥ = u“v* and vYu = (vu)¥ = v¥Yu?.

Proof. It suffices to show each of the three following pseudoidenti-
ties:
w(zy)” = (zy)”, w(yz)” = (zyz)”, 2(yr2)*” = (vyzz)”
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and the desired ones follow by induction on the length of w. The first one
of these pseudoidentities is straightforward. For the second one, if S € V
and x,y € S, one can write:

(zyx)” = (zyz)“yx by (1)
= (zyz)* (yz)* ! in the same way
= (zyx)* ! (xy)“x
= (J}y:(;)w_2xy:(:(xy)wx
= (zya)* 2wy (zy)s by (1)
= (zyx)* " (xy)?z by aperiodicity
= (zyx) 3 (zy) x in the same way
= (zy)*x
= z(yx)”

Finally, we have:

x(yxz)” = x(yrzeyrz)” as yrz =5 yrzryzrz (by 2.1.1)
= vyxza(yrze.yrz)” by (1)
= z.(yrzz)¥ (yrzoyxz)® in the same way
= (zyzz)“z(yrz)”
= (zyzz)?ryxz(yxz)” by aperiodicity
= (x.yx2)“(yzz)” by aperiodicity
= (zyzz)” by (1)

This gives the result.

To shorten the notations, we adopt the following conventions:

(1) Given a finite sequence of words of A¥: (ug, ..., uy), we write |u, 2k
for the implicit operation (Hf:_ol U US; +1> uq. Frequently, the existence
of the sequence (uy, ..., uy,) will be understood.

(2) Given two finite sequences of words of AY (u) = (ug,...,uy,) and
(v) = (vg, - .., ), we say that the pair ((u), (v)) satisfies:

o Py if |u,2k] and |v,2[] satisty condition 3. of theorem 2.2.4.

e P if [[w; =, [;v
o Py if k = [ and if for every integer i, 0 < i < k — 1 implies c(uqg; 1) =
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c(vg;41) and 0 < 7 < k implies uy; = vo;.
o Py if |u,2k] and |v,2[| satisfy conditions 4., 5. and 6. of theorem
2.2.4.

The next proposition describes some sets of pseudoidentities defining JVB:

Theorem 3.2.4. Consider the following sets of pseudoidentities:

Z(()n):{(ﬂ,p)eﬁn(Vf’J):W:pandB):W:p}

51 = {2k, [0,21)) € F, (V)" | (w), (v) satisfies Py, Py and Py |
2
|

n() = {(Lu, 2%k], [v,21]) € F, (V) | ((w), (v)) satisfies P,,0 < i < 3}

and, fori=0,1,2, we set ¥, = | Zgn).
n>0

Then, IV B = [Sol 5 = [%1]a = [S]a-

Proof. From the inclusions between sets of pseudoidentities ¥, C
Y1 C Yy, one deduces the inclusions between pseudovarieties [[EO]] A C
[Z1] 4 € [P 4

It remains to show that [5,] A satisfies Xy, First, 1] A Satisfies
(2%y)¥ = (zy)® = (xy?)“. Therefore, it is included in V by proposition
3.1.2 and for i = 0,1, 2, [[ZJ]A = [[ZiﬂV' Let then (m,p) € ¥,. From
proposition 3.2.2; each of m and p has a factorization as a product of
explicit operations and of w-powers of explicit ones. As [[Eﬂ] A SV,
proposition 3.1.2 and lemma 3.2.3 imply that [[22] A satisfies the pseu-
doidentities # = 7’ and p = p/, where 7’ (resp. p’) is obtained from
7 (resp. from p) using, until a reduced element is obtained, the follow-
ing confluent rewriting rules: (zy...2,_j2¥2, ... 2,)" — (21...2,)",
and if c(u) C c(v), VvWu* — (vu)¥, uWv¥ — (wv)¥, vWu — (vu)¥
and wv¥ — (uv)¥. In fact, 7 and p have been replaced by two implicit
operations of the form 7’ = |u,2p| and p’ = |v,2¢] such that ((u), (v))
satisfies the conditions of Py. As J satisfies by hypothesis 7 = p, and as
the two members of every rewriting rule are equal in F, (J), J satisfies
7’ = p’ too. From theorem 2.2.4, it follows that ((u), (v)) satisfies also
P,. Therefore, (7', p') € ¥y, and 3, satisfies finally 7 = 7/ = p’ = p.

We can now show that V # JV B:
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Proposition 3.2.5. The inclusion JV B C 'V is strict.

Proof. It suffices to find a semigroup of V that doesn’t satisfy a
pseudoidentity of J V B. Consider the pseudoidentity

Ty a(ay) 2y = mys(yn) ays
It is clear that it is satisfied by J V B.

Let S be the transition monoid of the following automaton:

Figure 3.2.1. The automaton A

Then S € Vand S ¢ JV B.

Let us call exponent of a finite semigroup the smallest integer k such
that s* is idempotent for every element s of the semigroup.

First, S is aperiodic of exponent 3. Indeed, its exponent cannot be
less than 3 since 3- (cba)? # 3 - (cba)®. As a, b and c generate S, it suffices
to check that q-u? = ¢-u* for every word u € {a, b, ¢} and for every state
q. If u contains the letter ¢, then ¢ - v and ¢ - u* are undefined for every
state ¢ since u® and u? contain at least three occurrences of the letter ¢
and there is no such path that stays in A. If u € {a,b}T, ¢-u3 and ¢ - u*
are again undefined for ¢ € {1,2,3,6,7,8}, since u? and u? are of length
at least 3 and one cannot read from these states a word of length at least
3 over {a,b}. It remains to see that ¢ -u? = ¢ -u* for ¢ € {4,5} and
u € {a, b}, but this is immediate because the final state only depends of

the last letter of u. In the sequel, we write ¢ - u* instead of ¢ - u3.

It is easy to see that S ¢ J V B, since precisely S doesn’t satisfy the
pseudoidentity zyz(zy)“zyx = xyz(yxr)“zyx. Indeed, 1 - abe(ab)®cab is
not defined when 1 - abc(ba)¥cab = 8.
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Let us check that the pseudoidentities z(zy)* = (zy)* = (zy)“y hold
in S. Again, it suffices to check the equality ¢ - [u(uv)*] = ¢ - [(uv)¥] =
q- [(uv)“v] for all words u and v constructed over the three letters a, b, and
c and for every state ¢ of the preceding automaton. Since there is no cycle
with the letter ¢ in the automaton, if ¢ appears in u or v, then ¢ - [u(uv)¥],
q-[(uv)“] and q-[(uv)“v] are both undefined since ¢ appears in uv. Assume
now that ¢ doesn’t appear in wv. In this case, if ¢ € {1,2,3,6,7,8}, then
q - [u(uwv)®], q - [(uww)*] and g - [(uv)“v] are once again undefined. Indeed,
from one of the states {6, 7,8}, one cannot read in A a word with more
than three letters; from one of the states {1,2,3}, the words with more
than three letters that one can read staying in A have to contain the letter
¢, to have access to the cycle of A.

It remains to treat the case ¢ € {4,5}, u,v € {a,b}*. But for every word
w € {a,b}* and ¢ € {4,5}, ¢ - w stays in {4,5}. Therefore we have to
show that the syntactic semigroup of the automaton deduced from A by
keeping only the states 4 and 5 is in V. But this syntactic semigroup only
contains the elements 1, a and b which are both idempotents. Thus, it is
in B, and therefore in V.

Remark This proves once again that JV B is a strict pseudovariety
of DA by giving a semigroup that separates DA and JV B (this semigroup
contains 28 elements).

3.3. The pseudovariety JVv B is decidable

This section is devoted to the proof of the decidability of J Vv B.

If a recognizable subset R of a semigroup S is recognized by (M, n, P),
where M is a finite semigroup, n : S — M a morphism and P a subset
of M such that n~'(P) = R, then (M,n, P) will be called a recognizing
triple, the recognized subset R as well as the semigroup S being sometimes
understood.

The idea of the proof is roughly the following: a semigroup has to
be aperiodic to belong to J V B, and that is easy to check. The other
pseudoidentities to verify are, for instance, those of the set ¥, of theorem
3.2.4. The number of such pseudoidentities is infinite. However, one can
prove the decidability using some arguments explained by Berstel in [18].
More precisely, one can:
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a) reduce the problem to the membership to a pseudovariety given by a
set of identities in a finite number of variables, and then find an effective
algorithm that furnishes a rational expression of this set of identities.

b) find an algorithm whose input is a finite semigroup S and an integer m
and whose output is a semigroup M, a morphism ¢ : A% x A% — M and
a subset P of M recognizing exactly the set of all identities in m variables
or less satisfied by S.

c¢) show that given a rational expression I' C X* x Y* where X and Y are
finite alphabets, and a set © of identities recognized by a given semigroup
M, a given morphism ¢ : A% x A* — M and a given subset P of M,
there exists an effective algorithm to decide whether © contains I'.

Then, one gets the desired algorithm: to decide whether S belongs to
J Vv B, it suffices to see whether the set of identities given as output of the
second algorithm contains the one described by the rational expression
given as output of the first algorithm.

Point ¢) being used in the proof of point a), we will show ¢), then b), and
finally a).

We begin by a straightforward lemma that proves in particular that A is
decidable:

Lemma 3.3.1. There exists an algorithm whose input is
(1) a finite semigroup S.

(2) a finite set & of pseudoidentities, each of them having its members de-
scribed by an expression built from letters of A,, using a finite number
of times the concatenation and the operation x — x“.

and whose output is 1 if S is in the pseudovariety [X] and 0 otherwise.
In particular, A s decidable.

Proof. For every s € S, s"5 is idempotent where ng is the exponent
of S. One can therefore formally replace w by ng, that one can compute,
in every pseudoidentity of . Thus, we obtain a finite set of identities
¥/ such that S € [¥] & S € [¥'], and the problem is reduced to the
membership problem for a finitely based equational pseudovariety (that is,
a pseudovariety defined by identities), which is well known to be decidable.

We can now begin the proof of point c):
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Lemma 3.3.2. Let X andY be two finite disjoint alphabets. There
exists an algorithm whose input s

(1) a rational expression of a subset I' of X™* x Y™*.

(2) a triple (M,n, P) where M is a semigroup, n a morphism of X* x Y*
in M and P a subset of M recognizing a subset © of X* x Y™*.

and whose output is a rational expression of 'NO. In particular, one can
compute effectively a rational expression for such a recognizable subset ©,
and one can decide whether ' N © = & and whether I' C ©.

Proof. Let Z be X UY and ¢ : Z* — X* x Y* the morphism
defined over Z by:
(2) = (z,1) ifzeX
PRV (1,2 itzeYy
Note that for every C, D C Z*:
p(CUD) =o(C)Ue(D), ¢(C-D)=p(C)p(D), »(C)=(p(C))

e One can compute a rational subset G of Z* such that ¢(G) = I". Indeed,
if I' = {(z,y)}, choose G = {xy}; if ' = AU A, the preceding remark
shows that if C' and D are found such that ¢(C) = A, p(D) = A, then
one can choose G = CUD. In the same way, if ' = A- A, take G =C"-D.
Finally, if I' = A*, choose G = C*.

e One can compute a rational expression for ¢~ 1(0) = (n o ¢)~1(P).
To do this, just build the automaton whose set of states is M, whose
initial state is 1 and whose final states is P, the transitions being given
by m -z =m(nop(z)). Therefore, one can compute a rational expression
for G N p~1(O), by building once again the automaton for instance.

e Since (G N~ 1(0)) =T'NO, one can find an algorithm that gives a
rational expression for I' N ©. Indeed, let £ = GNp~1(0). If E = {2},
one chooses {(zy, zy)} as rational expression for p(F), where zy and zy
are the projections of z over X* and Y™* respectively. In the same way, by
the former remark, if F is of the form K U L, and if one can find a rational
expression for p(K) and ¢(L), one will choose ¢(K) U ¢(L) as a rational
expression for p(F). If E = K - L, one will take ¢(E) = ¢(K) - p(L), and
finally if £ = K*, one will choose ¢(F) = (¢p(K))*.

In particular, since a rational expression of X* x Y is known, namely
(Ux (2, 1))". (Uy(1,9))", we are able to compute effectively a rational
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expression for © = © N (X* x Y*). Moreover, one can decide whether a
rational subset of X* x Y™ is empty or not given a rational expression that
describes it. One can therefore decide whether I'NO is empty. Finally, I' C
O is equivalent to ' N ©¢ = @. But, given a triple (M, n, P) recognizing
O, the triple (M, n, P¢) recognizes ©¢, and one can apply the preceding
result to conclude.

The proof of ¢) being finished, we prove b). The following lemma says
that one can effectively compute a recognizing triple for the set of identities
in a finite given number of variables satisfied by a finite semigroup.

Lemma 3.3.3. For every semigroup S and every integer m, let us
call ¥, (S) the set

{(u,v) € Ay, x Ax | for every morphism ¢ : Ay, — S, up = vy}

of all identities in at most m variables satisfied by S. Then, there exists
an algorithm whose input is:

(1) a finite semigroup S.
(2) an integer m € N.
and whose output is a triple (M, ¢, P) recognizing 3,,(5).

Proof. By definition, one can write ¥, (S) = [\ ¢ '(A) with

p:Ax, —S

A ={(z,x) | x € S}. Now, there is a finite number of morphisms of A%,
in S and one can compute them by giving the images of letters. As S x §
is finite, one can compute effectively a recognizing triple for every o1 (A).
But if the sets E;, i = 1,...,k, are recognized by (M;,n;, P;), then their
intersection is recognized by ([, M;, (my % ... x ), [[; B)-

The next lemma says that to check whether a semigroup S is in a
given equational pseudovariety, it suffices to check that it satisfies every
identity in | S| variables of the pseudovariety (a more general result is that
the membership of a semigroup S to a pseudovariety can be tested by
checking every pseudoidentity in |S| variables only).

Lemma 3.3.4. Let X be a set of identities. Let

»5) = {(up,vyp) € A} x A7 | there exist n, p, p < [S|,p <n, and

n

oA — A; semigroup morphism such that (u,v) € ¥ N A% X AZ}
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Then, S € [X] if and only if S € [SU5D].

Proof. The implication from left to right is clear because the iden-
tities of USD are deduced from those of ¥ by semigroup morphism. Let
then S be a semigroup that satisfies LS. Taking n = p < |S| and the
identity for ¢, one sees that S satisfies every identity of ¥ with less than
|S| variables. Let (u,v) € ¥ N A% x A, with n > |S|. One has to show
that if s;, 4 =1,...,n are in S, then ug(sy,...,s,) =vg(sy,...,s,). Let
p be the number of distinct s;,. Thus, p < n. It suffices then to choose a
morphism ¢ : A} — A7 such that ¢(z;) = s;, and this is possible. As
S € 208D S satisfies ug(@(xy),...,0(x,)) = ve(p(zy),. .., o(x,)) and

therefore, ug(sy,...,s,) =vg(sy,...,5,)

We can now prove a).

Notation For a semigroup S whose cardinality is |S| and whose
exponent is exp(S), we set ng = lem(|S|, exp(S)). Furthermore, for n, N €

N, we denote by Egnj)v the set of identities of the form (u,v) € A*? with

k—1
i=0

k—1
v = (H V(9411 - - -U21+1,N))-U2k

1=0
such that
(4) if 0 <@ < k, then ug; # 1 # vy,.
(5) if 0 < i < k, then ug; = vy;.
(6)if0<r<k—Tland 1<i,j <N, then c(ug ;) = c(vy1q ;)
() u=, v.

Let us begin by an elementary and very classical lemma:

Lemma 3.3.5. Let S be a finite semigroup of cardinality n and

ap,...,a, €S. Then, there exists a non empty factor a; ...a; of ay...a,

such that ay ...a, =a;...a;_4(a; .. .aj)QajJrl c .
Proof. Just notice that either there exist ¢« and j such that i < j
and

2

— 18 —



or the n prefixes a; ...a;, 1 <1 < n are pairwise distinct. The first case
immediately leads to the desired result, when in the second case, one of
the a; ...a; is idempotent. This gives again the result.

Lemma 3.3.6. Let S be a semigroup of cardinality at least 2. Then,

SeJvB+ SE=x) mdse A

Proof. Assume S in JV B, let (u,v) be an identity of S5 and ©

17”5

a morphism from ATy, into S. Let us show that o(u) = ¢(v). One writes

k—1

o(u) = ( SO(UQZ')@(UQHM - -U21+1,ns))-90(uzk)
i=0
k—1

p(v) = ( 80(U21)S0(U2¢+1,1 - -U2¢+1,ns))-<ﬁ(vzk)
i=0

By lemma 3.3.5, there exist for every 0 < i < k — 1 some integers m;, m},
n; and n; such that

@(U2¢+1,1 - -U2¢+1,ns) = SO(U21'+1,1 ce (U2¢+1,m¢ . -U2¢+1,m;)w . -U2¢+1,ns)

90(021+1,1 . -Uzi+1,ns) = 90(U2i+1,1 e (UQi—l—l,ni U2i+1,n;)w o Uzz'+1,ns)

But since S lies in J V B, it satisfies in particular the pseudoidentity
(m, p) where 7 (resp. p) is obtained from of u (resp. of v) by changing

U2it1,m; + - - U2it-1,m) by (U2i+1,mi---u21+1,m;)w (resp. V2it1,m; + - V2it1,n!
by (U2i+1,m .. -U21+1,n;)w)- That is to say ¢(u) = ¢(v).

Conversely, if S is an aperiodic semigroup of cardinality at least 2 of
[[Z(|S|)ﬂ, S satisfies in particular (z%y)¥ = (22y)"s = (zy)"s = (xy?)"s =

1,ns
(xy?)“, hence S is in V. Moreover, S satisfies also every identity of
2(1"22 in which one takes ug, 1 ; = ug,1; ; and vy, ; = vg, 4 ; for every
(i,7) € [1,N]?. Since ng divides the exponent of S, S satisfies all the

pseudoidentities of Eg'SD, and S € [¥;] by lemma 3.3.4. The theorem
3.2.4 implies then S € J V B.
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Lemma 3.3.7. There exists an algorithm taking two integers N and

(n)

n as input and whose output is a rational expression of Xy 4.
)

Proof. Let

A, = {(u,u) |ue Al}
Ap, sy = {(u,u) [u e F,(S)}
Ap, @) = {(uw,u) [uc F,(B)}
and 3 the canonical morphism of A in F, (B). Thus, one can summarize

the conditions (4) to (7) that E(ln])v has to verify as follows:

(
(

T = (A (AR )Y ) A, N BT AR, )

Now, we know a rational expression of A, = (U,ca. (:c,x))*. Further-
more, the sets Ap (g and Ag (g are finite and we are able to enumerate
them (using the word problem for the free band). Therefore, one knows a
triple recognizing C_1<AFn(Sl)) and another one recognizing 5_1(AF,L(B))-
By lemma 3.3.2, there exists an effective algorithm to compute a rational
expression for (c_l(AFn(Sl)))N , and finally for E(ln])v

We conclude the proof of the main theorem:

Proof of 3.1: if the cardinality of S is 1, the problem is trivial.
Otherwise, one checks whether S is aperiodic, and that is decidable by
lemma 3.3.1. If S is not aperiodic, it is not in J V B. Otherwise, it

suffices to check by lemma 3.3.6 that it is in [[Zﬂigﬂ. Therefore, one

has to see whether Eg'ig C ¥ (S). But lemma 3.3.3 gives an effective
algorithm to compute a triple (M, ¢, P) recognizing X9 (5), and the last
(1S1)

Lng - The conclusion follows from

lemma gives a rational expression for X
lemma 3.3.2.
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