Defect Theorems for Trees^�

Juhani Karhumäki^y

Department of Mathematics, University of Turku.

and Turku Center for Computer Science.

FIN 20014 Turku - FINLAND

(karhumak@cs.utu.fi)

Sabrina Mantaci^z

Dipartimento di Matematica, Università di Palermo Via Archirafi 34 – 90123 Palermo – ITALY and Turku Center for Computer Science.

(sabrina@altair.math.unipa.it)

EXTENDED ABSTRACT

1 Introduction

The defect theorem is one of the fundamental results of the combinatorial theory of words (cf. [9]). It states that if a set of n words satisfies a nontrivial relation, then these words can be expressed as a catenation of at most n�1 words. Actually there does not exist just one, but several results which formalize the above defect effect (cf. [4, 6]). Also, instead of finite relations, one-way infinite ones can be used (cf. [3, 4]), and, very recently, a defect theorem for two-way infinite relations was proved in [8].

Research on combinatorial problems of node-labeled k-ary trees, viewed as extensions of words, was initiated by Nivat in [12]. One of such natural problems is to ask whether defect theorems hold for trees. This question was answered affirmatively in [11, 10], by showing that the most basic defect theorem – stating that the cardinality of the base of the free hull of a finite noncode is strictly smaller than the cardinality of the set itself – has a counterpart in trees.

We propose a systematical study of the defect theorems for trees. More concretely, we look at which defect theorems on words can be extended to trees. It turns out that in many cases this is possible. However, interestingly, the proofs are not just translations,

∗This work was done when the second author visited Turku Center for Computer Science as a postdoc. †Research supported by the Academy of Finland, Grant n.14047. ‡Research partially supported by the italian Consiglio Nazionale delle Ricerche.

but contain several different features compared to those for words. Moreover, due to the above differences, some results cannot be extended, like, for example, a defect theorem for the prefix rank.

We begin by defining finite and infinite factorizations of trees, and in particular different kinds of “free factorizations”. Moreover we introduce algebraic notions characterizing these free factorizations. In particular, we give the definitions of stable, ω-stable, left unitary and right unitary set of trees, generalizing the analogous notions for sets of words and we prove that these sets of trees are exactly the ones having as minimal generating set a tree code, an ω-tree code, a suffix tree code and a prefix tree code, respectively. The notions of free, ω-free, suffix and prefix ranks are given as the size of these minimal generating sets. Then we give the different variants of the defect theorem, regarding the stable, the ω-stable and the suffix rank. We show also, by giving an example, that there is no defect effect witnessed by the prefix rank. This shows that when we are dealing with trees we have sometimes a very different behaviour to the one we have in the word case. This is mainly due to the branching structure of trees.

Finally we also show that there is no defect theorem for two-dimensional words, i.e. for pictures.

The full version of this paper, with the complete proofs of the theorems can be found in [7] and will appear in Fundamenta Informaticae.

References

[1] J. Berstel, D. Perrin. Theory of Codes. Academic Press, 1985.

[2] J. Berstel, D. Perrin, J. F. Perrot, A. Restivo. Sur le théorème du défaut. Journal of Algebra 60, 169-180, 1979.

[3] V. Bruyere. Codes. In: J. Berstel and D. Perrin (Eds.), Algebraic Combinatorics on Words (to appear).

[4] C. Choffrut, J. Karhumäki. Combinatorics on words. In: G. Rozenberg and A. Salomaa (Eds.), Handbook of Formal Languages vol.1, 329–438 (Springer), 1997.

[5] D. Giammarresi, S. Mantaci, F. Mignosi, A. Restivo. Periodicities on trees. Theoretical Computer Science 205(1-2), 145–181, 1998.

[6] T. Harju, J. Karhumäki. On the defect theorem and simplifiability. Semigroup Forum 33, 199-217, 1986.

[7] J. Karhumaki, S. Mantaci. Defect theorems for trees. Technical Report of the Turku Center for Computer Science (TUCS), 221, December 1998. To appear in Fundamenta Informaticae.

[8] J. Karhumäki, J. Maňuch, W. Plandowski. On defect effect of bi-infinite words. Proceedings of MFCS’98. Lecture Notes in Computer Science 1450, 674–682, 1998.

[9] M. Lothaire. Combinatorics on Words. Addison-Wesley, Reading, MA 1983.

[10] S. Mantaci, A. Restivo. On the defect theorem for trees. Proceedings of the “8th International Conference Automata and Formal Languages”, Salgótarján (Hungary), 1996 (to appear).

[11] S. Mantaci, A. Restivo. Codes and Equations on trees. TUCS Technical Report 194, August 1998. Submitted to Theoretical Computer Science.

[12] M. Nivat. Binary tree codes. In: M. Nivat, A. Podelski (Eds.), Tree automata and languages. Elsevier Science Publishers B.V. (North-Holland), 1–19, 1992.